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Abstract

In recent years, radars have been used in many applications such as precision agriculture and
advanced driver assistant systems. Optimal techniques for the estimation of the overall number of
targets and of their spatial coordinates cannot be employed in real world radars, since they require
solving complicated multidimensional optimization problems and, consequently, entail a huge
computational effort, even in the presence of a small number of targets. This has motivated the
development of various sub-optimal estimation techniques able to achieve good estimation accuracy
at a manageable computational cost. Another fundamental technical issue in radar systems for
advanced driver assistant systems is the tracking of multiple targets. Even if various filtering
techniques have been developed to solve this problem in the past, new computationally efficient
and robust algorithms for target tracking can be devised by exploiting a recent probabilistic
approach, based on the use of the factor graph and the sum-product algorithm.

The two key contributions provided by this dissertation are the investigation of the filtering and
smoothing problems from a factor graph perspective and the development of efficient algorithms
for two-dimensional and three-dimensional radar imaging. As far as the first contribution is
concerned, a new factor graph for the filtering problem is derived and the sum-product rule
is applied to this graphical model; this allows to interpret known algorithms and to develop
new filtering techniques. Then, a general method, based on graphical modelling, is proposed to
derive filtering algorithms that involve a network of interconnected Bayesian filters; moreover,
this method is exemplified by devising a new filtering method. Finally, the proposed graphical
approach is exploited to devise a new smoothing algorithm. Numerical results for specific dynamic
systems evidence that our algorithms can achieve a better complexity-accuracy tradeoff and
tracking capability than other filtering and smoothing techniques appeared in the literature.
Regarding radar imaging, various algorithms are developed for frequency modulated continuous
wave radars; all these algorithms rely on novel and efficient methods for the detection of multiple
superimposed tones in noise and the estimation of their parameters. The accuracy achieved by
these algorithms in the presence of multiple closely spaced targets is assessed on the basis of both
synthetically generated data and of the measurements acquired through two different commercial
multiple-input multiple-output radars.






Sommario

Negli ultimi anni, i radar sono stati utilizzati in molte applicazioni come 1’agricoltura di precisione
e i sistemi avanzati di sistemi di assistenza alla guida (advanced driver assistant systems). Tecniche
ottimali per la stima del numero complessivo di bersagli e delle loro coordinate spaziali non
possono essere impiegate nei sistemi radar reali, poiché richiedono la risoluzione di complicati
problemi di ottimizzazione multidimensionale e, di conseguenza, comportano un enorme sforzo
computazionale, anche in presenza di un piccolo numero di bersagli. Questo ha motivato lo
sviluppo di varie tecniche di stima sub-ottima in grado di ottenere una buona precisione di stima
ad un costo computazionale gestibile. Un’altra questione tecnica fondamentale nei sistemi radar
per sistemi avanzati di assistenza alla guida é 'inseguimento di bersagli multipli. Nonostante
varie tecniche di filtraggio siano state sviluppate per risolvere questo problema in passato, nuovi
algoritmi computazionalmente efficienti e robusti per 'inseguimento dei bersagli possono essere
sviluppati sfruttando un recente approccio probabilistico basato sull’'uso dei grafi di fattore e
sull’algoritmo somma-prodotto (sum-product algorithm).

I due contributi chiave forniti da questa dissertazione sono 'indagine dei problemi di filtraggio
e smoothing utilizzando i grafi di fattore e lo sviluppo di algoritmi efficienti per la generazione di
immagini radar bidimensionali e tridimensionali. Per quanto riguarda il primo contributo, un
nuovo grafo di fattori e stato derivato per il problema del filtraggio e la regola del sum-product
é stata applicata a questo modello grafico; questo permette di interpretare algoritmi noti e di
sviluppare nuove tecniche di filtraggio. In aggiunta, viene proposto un metodo generale, basato
sulla modellazione grafica, per derivare algoritmi di filtraggio che coinvolgono una rete di filtri
Bayesiani interconnessi; inoltre, questo metodo é esemplificato dall’ideazione di un nuovo metodo
di filtraggio. Infine, ’approccio grafico proposto viene sfruttato per ideare un nuovo algoritmo di
smoothing. I risultati numerici per specifici sistemi dinamici dimostrano che i nostri algoritmi
possono raggiungere un migliore compromesso complessita-precisione e capacita di tracciamento
rispetto ad altre tecniche di filtraggio e smoothing apparse in letteratura. Per quanto riguarda
I'imaging radar, vari algoritmi sono stati sviluppati per i radar a onda continua modulati in
frequenza (frequency modulated continuous wave radars); tutti questi algoritmi si basano su
metodi nuovi ed efficienti per il rilevamento di toni multipli sovrapposti al rumore e la stima dei
loro parametri. La precisione raggiunta da questi algoritmi in presenza di piu bersagli ravvicinati
¢é valutata sulla base sia di dati generati sinteticamente che delle misure acquisite attraverso due
diversi radar commerciali a ingresso e uscita multipli.
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“The formulation of a problem is often more essential
than its solution, which may be merely a matter of
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new angle, requires creative imagination and marks real
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— A. Einstein, The Fvolution Of Physics






Introduction

In this chapter, the reference scenario which my PhD work refers to is defined first. Then, the
scope of this dissertation is illustrated and an outline of its contents is provided. Finally, some
notations employed throughout this document are defined.

Reference Scenario

The research work illustrated in this thesis concerns the development of various algorithms that
can be employed in modern systems for radio detection and ranging (briefly, radar systems).
Since its invention, radar has found a number of applications, in both civilian and military fields.
The first experimental work on radars, mainly focused on military applications, dates back to
the 1930s, although the basic principles can be traced back to experiments on electromagnetic
radiation conducted by the German physicist Heinrich Hertz in the 1880s. In 1904, the principles
demonstrated by Hertz were put into practice by Christian Huelsmeyer in the realization of an
anticollision naval system that was patented in the same year [1]; however, this invention had little
interest because of its limitations on the maximum achievable range. Since the 1930s, however,
due to the increasing interest in military applications, different countries, including the United
States and most of the European countries, began testing radar systems that operated in the very
high frequency (VHF) band. The experiments carried out by the Radiation Laboratory of the
Massachusetts Institute of Technology (MIT) on the magnetron paved the way to the use of radar
systems operating in the S-band (2-4 GHz) during World War II. In the years following the end
of that war, the advances in electronic technology and signal processing led to the development of
pulse Doppler radar, monopulse radar, phased array radar and synthetic aperture radar (SAR). In
the last decades of the 1900s, major efforts have been made to achieve significant advancements
in civilian applications (e.g., SAR and weather surveillance radars for ground and meteorological
observations).

In the last years, radar systems have been used in different fields [2], including civilian aviation,
navigation, Earth observation, meteorology, medicine, precision agriculture and advanced driver
assistant systems (ADAS). In particular, as far as the last two fields are concerned, such systems
can substantially benefit from the availability of the antenna arrays, i.e. of the so called multiple-
input multiple-output (MIMO) technology, whose commercial use is now possible thanks to the
recent advances in millimeter-wave semiconductor technology and to the development of novel
signal processing techniques [3]. Radar systems equipped with antenna arrays can be divided in
statistical MIMO radars [4, 5| and colocated MIMO radars [6] on the basis of the distance between
their transmit and receive arrays; in the first case, transmit and receive antennas are widely
separated, whereas, in the second one, they are closely spaced and, in particular, they are usually
placed on the same shield. In this dissertation, we focus on colocated MIMO radars operating
at mmWave; such systems play an important role in a number of applications, because of their
limited cost, their small size and their ability to detect the presence of multiple targets. However,
it is important to keep in mind that the performance achieved by any colocated MIMO radar
system depends not only on some important characteristics of its hardware (e.g., the operating
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INTRODUCTION

frequency, the number of transmit and receive antennas, the configuration of the transmit and
receive arrays, etc.), but also on the techniques that are employed in the generation of its radiated
waveforms and in the processing of the measurements acquired through its receive array.

As far as the last issue is concerned, substantial research efforts have been devoted to the
investigation of signal processing methods that, based on the measurements acquired from
the whole array in a single snapshot (briefly, acquired in a single frame), can estimate the
overall number of targets and their spatial coordinates. Unluckily, optimal (i.e., mazimum
likelihood, ML) techniques cannot be employed in this case, since they require solving complicated
multidimensional optimization problems and, consequently, entail a huge computational effort,
even in the presence of a small number of targets [2]. This has motivated the development
of various sub-optimal estimation techniques able to achieve good estimation accuracy at a
manageable computational cost. For instance, a well known sub-optimal technique that can be
employed in real world radar systems is the one described in ref. [7] for frequency modulated
continuous wave (FMCW) radar systems. It requires: a) the computation of a multidimensional
Fast Fourier Transform (FFT) of the matrix collecting the time-domain samples of the signals
acquired through the receive array of the employed radar device; b) the search for the peaks
of the resulting amplitude spectrum over a range-azimuth-elevation domain or a range-azimuth
domain in three-dimensional (3D) and two-dimensional (2D) imaging, respectively. Despite the
practical importance of this technique, the computational effort it requires is still significant, since
it involves multidimensional spectral analysis of the acquired signals. Moreover, it suffers from the
following relevant drawback: it can miss targets whose electromagnetic echoes are weaker than
those generated by other spatially close targets; this is due to the fact the spectral contribution
due to weak echoes is usually hidden by the leakage originating from stronger echoes. This
drawback may substantially affect the overall quality of radar imaging in the presence of extended
targets, since such targets can be usually modelled as a cluster of point targets characterized by
different radar cross sections [8|.

When multiple frames are available, the information extracted from each of them are merged
to estimate the trajectory of the detected targets. Information fusion can be accomplished through
a proper filtering technique if online processing of the available data is required to achieve target
tracking 9, 10]. However, more accurate results can be obtained if data are processed offline; in this
case, a smoothing technique can be employed [11]. In the past, substantial research efforts have been
devoted to the use of filtering methods for multi target tracking (MTT). Common approaches to
MTT include a) the multiple hypothesis tracking (MHT) or the joint probabilistic data association
(JPDA) methods (e.g., see [12, Section II| and [13], respectively); b) the exploitation of factor
graphs (FGs) and the sum-of-products (SPA) algorithm [14]. In most cases, a point target model
has been assumed in the development of such methods. More recently, various researchers have
focused on the problem of tracking objects whose physical extent is significantly larger than the
resolution of the employed radar sensor; such targets may lead to the generation of multiple
measurements [15]. The algorithms available in the technical literature for extended object tracking
(EOT) are based on:

a) Adaptations of the JPDA or the MHT methods (e.g., see [16] and [12], respectively).
b) Random finite set approaches such as the probability hypothesis density (PHD) (e.g., see [17]).

c) The adoption of different models for the representation of extended objects; these models
include simple geometrical shapes (e.g. circle, rectangle, or ellipse) [18], more flexible
representations known as random hyper-surface models (RHM) for star-convex objects [19]
and point cloud representations [20].

d) The exploitation of factor graph and the SPA [21, 22].

Although the available methods can be employed in real world applications, they may fail in
complicated environments (e.g., in the presence of weak targets in crowded scenarios). In such
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cases, provided that an estimation delay is tolerable, more accurate results can be obtained by
replacing filtering with smoothing. Various technical solutions are available in the literature; for
instance, the use of the Rauch—Tung-Striebel (RTS) smoother in conjunction with the MHT has
been proposed in ref. [23]. However, such solutions are computationally demanding, especially in
the presence of a significant number of targets [24].

Thesis Scope and Outline
My PhD studies have focused on the following two research problems:

1. The development of detection/estimation algorithms for 2D and 3D radar imaging. These
algorithms should be able to detect multiple targets and estimate theirs parameters (namely,
their range, azimuth and elevation) at the price of a limited computational cost.

2. The exploitation of a FG approach to derive filtering and smoothing techniques that involve
a network of interconnected Bayesian filters.

The solutions devised for these problems are new and appealing from a computational
perspective. Unluckily, because of time limitations, the application of the developed filtering
and smoothing techniques to the MTT problem mentioned in the previous section has not been
investigated.

This dissertation is organized as follows. In Part I, a factor graph approach to Bayesian filtering
and smoothing is illustrated. In particular, in Chapter 1, this approach is employed to tackle the
Bayesian filtering problem for conditionally linear Gaussian state-space models; more specifically,
it is shown that: a) marginalized particle filtering can be interpreted as a form of forward only
message passing over the devised graph; b) novel filtering methods can be easily developed by
exploiting the graph structure and/or simplifying probabilistic messages. Then, in Chapter 2, a
general method for deriving filtering algorithms that involve a network of interconnected Bayesian
filters is proposed and new filtering techniques, based on this method, are devised. Moreover, it is
shown that these algorithms can achieve a better complexity-accuracy tradeoff than marginalized
particle filtering and multiple particle filtering. Finally, in Chapter 3, the conceptual approach
proposed in Chapter 2 is exploited to devise new Bayesian smoothing algorithms that can achieve
a better complexity-accuracy tradeoff and tracking capability than other related algorithms
recently appeared in the literature.

In Part II, instead, novel algorithms for 2D and 3D radar imaging are derived. In particular,
in Chapter 4, novel methods for the detection of multiple superimposed tones in noise and the
estimation of their parameters are derived; these methods can achieve a substantially better
complexity-accuracy tradeoff than various related techniques in the presence of multiple closely
spaced tones. Finally, in Chapter 5, the problem of detecting multiple targets and estimating
their spatial coordinates in a colocated MIMO radar system is investigated. Various solutions are
developed for frequency modulated continuous wave (FMCW) radars and the accuracy achieved by
these algorithms in the presence of multiple targets is assessed on the basis of both synthetically
generated data and of the measurements acquired through two commercial MIMO radars.

In both parts, different appendices containing additional results and proofs are provided. Some
conclusions and suggestions for future research are given in Chapter 6.

Notations

In Part I the following notations are adopted: a) the probability density function (pdf) of a
random vector R evaluated at point r is denoted f(r); b) N (r;n,, C,) represents the pdf of a
Gaussian random vector R characterized by the mean 7, and covariance matrix C, evaluated at
point r; c) the precision (or weight) matrix associated with the covariance matrix C, is denoted
W.,., whereas the transformed mean vector W,.n, is denoted w,.
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Part 1

A Factor Graph approach to Filtering and
Smoothing






One

Marginalized Particle Filtering and Related Filtering
Techniques as Message Passing

In this chapter a factor graph approach is employed to investigate the recursive filtering problem
for conditionally linear Gaussian state-space models. First, we derive a new factor graph for the
considered filtering problem; then, we show that applying the sum-product rule to our graphical
model results in both known and novel filtering techniques. In particular, we prove that: a)
marginalized particle filtering can be interpreted as a form of forward only message passing over
the devised graph; b) novel filtering methods can be easily developed by exploiting the graph
structure and/or simplifying probabilistic messages.
Part of this Chapter has been published in [1].

1.1 Introduction

The nonlinear filtering problem consists in inferring the posterior distribution of the hidden state of
a nonlinear dynamic system from a set of past and present measurements [2|. It is well known that,
if a nonlinear dynamic system can be described by a state-space model (SSM), a general sequential
procedure, based on the Bayes’ rule and known as Bayesian filtering, can be easily derived
for recursively computing the above mentioned posterior distribution [2]. Unluckily, the general
formulas describing the Bayesian filtering recursion admit closed form solutions for linear Gaussian
and linear Gaussian mizture SSMs only [3]. On the contrary, approzimate solutions are available
for general nonlinear models; these are based on sequential Monte Carlo (SMC) techniques (also
known as particle filtering methods) which represent a powerful tool for numerical approximations
(e.g. see [4]-]5] and references therein). While SMC filtering methods can be directly applied to an
arbitrary nonlinear SSM, it has been recognized that their estimation accuracy can be improved
in the case of conditionally linear Gaussian (CLG) SSMs [6], [7]. In fact, the linear substructure
of such models can be marginalised, so reducing the dimension of their sample space [6], [8].
This idea has led to the development of the so called Rao-Blackwellized particle filtering (also
dubbed marginalized particle filtering, MPF) [6], [9] and other filtering methods originating from
it [10]-[11]. These methods play a fundamental role, since CLG models are suitable to represent
the behavior of dynamic systems in a number of fields, including econometrics [12], positioning
and navigation [13], magnetic resonance imaging [14|, human motion tracking [15] and acoustic
source localization [16].

Recently, it has been shown that the linear/nonlinear filtering problem and the related
linear /nonlinear smoothing problems can be revisited from a factor graph (FG) perspective. More
specifically, on the one hand, it has been proved that Kalman filtering and PF can be interpreted
as specific instances of the so called sum-product algorithm (SPA) [17], [18] over graphical models
(see [17], [19] and [20], [21], respectively) and, consequently, as message passing procedures on
FGs. On the other hand, it has been shown that the FG approach represents a powerful tool to
develop new Rao-Blackwellized algorithms for filtering [22] and smoothing [23].

The content of this chapter is based on our recent work [22], and aims at providing a FG
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1. MARGINALIZED PARTICLE FILTERING AS MESSAGE PASSING

perspective on MPF and related filtering methods. In the technical literature the derivation of
MPF always relies on the factorization of a specific posterior pdf (e.g., [6, see eq. (7)]). In this
chapter, instead, after developing a novel FG representation of the filtering problem for a CLG
SSM, we prove that MPF can be seen as an application of the SPA to this graphical model. This
approach not only sheds new light on a known filtering algorithm, but allows to analyse the
problems of developing new filtering algorithms based on the same graphical model as MPF from
a message passing perspective. In particular, as far as the last issue is concerned, we focus on
the problems of: a) developing a new filtering method, called dual MPF (DMPF); b) deriving
simplified versions of MPF/DMPF. We believe that these contributions can be of great interest
for all the readers interested in the applications of FGs to statistical signal processing and, more
specifically, in Rao-Blackwellized filtering techniques.

The remaining part of this chapter is organized as follows. A mathematical description of the
considered SSMs is illustrated in Section 1.2, whereas a FG-based representation of the related
filtering problem is provided in Section 1.3. Then, in Section 1.4, it is shown that applying the
SPA and proper message scheduling to a portion of the FG developed for a CLG SSM leads
to MPF. The development of the DMPF technique and the problem of simplifying MPF are
illustrated in Sections 1.5 and 1.6, respectively. The filtering methods analysed in this chapter are
compared, in terms of accuracy and computational effort, in Section 1.7. Finally, some conclusions
are offered in Section 1.8.

1.2 Model Description

In this chapter we focus on a discrete-time SSM whose D-dimensional hidden state in the k-th
interval is denoted xj £ [Z1k, T1 ks -ns xD,k]T, and whose state update and measurement models
are expressed by
Xgr1 = fx (Xk) + Wi (11)
and
Y = Y1k Yk - ypr]”
= hk (Xk) + eg (1.2)

respectively. Here, f}, (xk) (hy, (xk)) is a time-varying D-dimensional (P-dimensional) real function
and wy, (ey) is the k-th element of the process (measurement) noise sequence {wy} ({ex}); this
sequence consists of D-dimensional (P-dimensional) independent and identically distributed (iid)
Gaussian noise vectors, each characterized by a zero mean and a covariance matrix C,, (C).
Moreover, statistical independence between {ek} and {wy} is also assumed.

The general models (1.1)-(1.2) can be rewritten in a different way if the considered SSM
is CLG [6], [7], [23], [24]. In fact, under this assumption, the state vector in the k-th interval
can be partitioned as xj = [(X,(CL))T, (X,&N))T]T, where, X,EL) = [:L'g{/k), xgk), ...,x%27k]T (X]E:N) =

[xgj,i)’:”g\l?v“'vx(D]\Q,k]T) is the so called linear (nonlinear) component of xi, with Dy < D

(Dy = D — D). Moreover, the models! (e.g., see [23, Sec. II] and [24, Sec. 2])
z Z) ((N)y (L Z)( (N z
A7) = AP ) w9 4 69 () 4wl 0

and
v = gr(x") + B (x™M) x{Y + ey (1.4)
can be adopted for the update of the linear (Z = L) and nonlinear (Z = N) components, and for

the measurement vector, respectively. In the state update model (1.3), f,EZ) (X;CN)) (A,(CZ) (X](CN)))

!Note that, unlike [6] and [7], the dependence of the noise terms on the nonlinear state component is not accounted for
in the following models for simplicity. However, including this dependence does not substantially modify the derivation of
the message passing algorithms illustrated in Sections 1.4-1.6, since, as it will become clearer later, this simply implies that
the covariance matrices associated with noise terms depend on the particle representing the nonlinear state component.



1.3. Representation of the Filtering Problem via Factor Graphs

(2)

is a time-varying D z-dimensional real function (Dz x Dy, real matrix) and w,”’ consists of the
first Dy, (last D) elements of wy, if Z = L (Z = N); independence between {WIEL)} and {W]E:N)}

is also assumed for simplicity and the covariance matrix w,(gL) (W,gN)) is denoted CgUL) (CQ(UN)). In

(

the measurement model (1.4), instead, gk(ka)) (B (XI(CN))) is a time-varying P-dimensional real
function (P x Dy, real matrix).

In the following Section we tackle the so-called filtering problem, that concerns the evaluation
of the posterior pdf f(x:|yi.) at an instant ¢ > 1, given a) the initial pdf f(x;) and b) the
t - P-dimensional measurement vector

Yit = [y{,yg,,yﬂT (15)

1.3 Representation of the Filtering Problem via Factor Graphs

From a statistical viewpoint, a complete description of the SSM described by Egs. (1.1)—(1.2) is
provided by the Markov model f(xy+1|xx) and the observation model f(yy|xx) for any k. If the
pdf f(x1) is known, the computation of the posterior (i.e., filtered) pdf f(x¢|y1.:) for ¢ > 1 can
be accomplished by means of an exact Bayesian recursive procedure, consisting of a measurement
update (MU) step followed by a time update (TU) step. Following [17, Sec. II, p. 1297 and [23, Sec.
I1I], the k-th recursion of this procedure (with k = 1,2, ...,¢) is formulated with reference to the
joint pdf f(x¢,y1:+) (in place of the associated a posteriori pdf f(x¢|yi:.¢)), since this leads more
easily to its representation as a message passing algorithm over a proper Forney-style FG [21]. In
practice, in the MU of the k-th recursion, the joint pdf (providing a statistical description of the
forward estimate of xy,)

(i yie) = (% yie—1) f (ye|xk), (1.6)
is computed on the basis of pdf f(xg,y1.x—1) (evaluated in the TU of the previous recursion) and

the present measurement vector y. Then, in the TU of the same recursion, f(xx,y1.x) (1.6) is
exploited to compute the pdf

F (st Y1) = / £ (x| ) £ (o 1) e (1.7)

which represents a one-step forward prediction about the future state xxy1. Since Eqs. (1.6)
and (1.7) involve only products of pdfs and a sum (i.e., integration) of products, their evaluation
can be represented as a forward only message passing over the cycle free FG shown in Fig.
1.1-a) (all the rules adopted in the development of this and in the following graphical models
are illustrated in Appendix A, where the SPA is also described). In fact, if the input message?
Mfp (xk) = f(Xk,y1.k—1) enters this FG, the message going out of the equality node is given by
Mfe (Xk) = My (xk)f(yk‘xk), so that g (Xk) = f(xk,y1.x) (see Eq. (1.6)); then, the message
emerging from the function node referring to the pdf f(xx11|xx) is expressed by

iy (i) = / £ (i) 7o (1) o, (18)

so that Mg, (Xg+1) = f(Xk+1,Y1:4) (see Eq. (1.7)).

In |23, Sec. III] it has been shown that the FG shown in Fig. 1.1-a) can be used to devise
a new graphical model for the CLG SSM described by Eqgs. (1.3)-(1.4). The development of
(N)

this model can be summarized as follows. If the nonlinear portion x, "’ is known for any k, the

computation of the filtered pdf f (x,(CL)]yLk) for the linear state component can benefit not only
from the knowledge of y (1.4), but also from that of the quantity (see Eq. (1.3) with Z = N)
(L)

N N N N N L N
22 2 13— 69 () = AP () 1wl 19)

2In the following the acronyms fp and fe are employed in the subscripts of various messages, so that readers can easily
understand their meaning; in fact, the messages these acronyms refer to represent a form of forward prediction and forward
estimation, respectively.
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Figure 1.1: Factor graphs representing: a) the k-th recursion of Bayesian filtering for an SSM described
by the Markov model f(xi4+1|Xk) and the observation model f(yr|xx); b) the k-th recursion of Bayesian
filtering for the linear state component of a CLG SSM. In both graphical models, the SPA message flow is
indicated by green arrows.

which can be interpreted as a pseudo-measurement (PM) [6], since it does not originate from
real measurements, but from the constraints expressed by the state equation (1.3). Then, the
k-th recursion of Bayesian filtering for the linear state component, given X](CN) ,(ﬁ)l, can be
represented through a graphical model similar to that shown in Fig. 1.1-a). In fact, if the state

X, the Markov model f(xk_H ’xk) and the measurement model f(yk}xk) appearing in that FG
(L)

and x

, f(x k:+1| . (L) XIE:N)) and f(yk]x,(ﬂL),xéN)), respectively, and
the contribution due to the PM model f (zk ](CL) X](CN)) is kept into account, the FG shown in
Fig. 1.1-b) is obtained. It is important to point out that: 1) the new graph contains a node which
does not refer to a density factorization (this peculiarity is also evidenced by the presence of an
arrow on all the edges connected to such a node), but represents the transformation from the

(N)

are replaced by their counterparts x;;

x,(g+)1) to z,iL) (see Eq. (1.9)); 2) the input and output messages appearing in this
(L))

FG (denoted mfp(xl(f)) and mfp<X](€l_;_)1), respectively) and the forward estimate message 1z (X,
refer to the linear state component only.
Actually, following the line of reasoning illustrated above for the linear state component a

couple (x;

dual graphical model can be devised to represent the evaluation of the filtered pdf f (xk |y1 k)

for the nonlinear state component, provided that the linear component X( )i

In fact, in this case, the PM (see Eq. (1.3) with Z = L)

N L)( (N L L
Z](c ) & 1(c+)1 A( )( ( )) ()_f( )( (N ))+w( )7 (1.10)

is known for any k.

described by the pdf f (zk |xk ), becomes available. Consequently, a FG similar to the one

shown in Fig 1.1-b) can be obtained by simply replacing XIE;L)v X’(f_;_)l, f(x,gi)l\xliL),x,gN)) and

f( |xk , (N)) with X](CN), X’(i\pl, f(xlgpﬂx(N) X,(f )) and f(z]iN)|X,(€L)), respectively. Then, the

6
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Figure 1.2: Overall factor graph resulting from the merge of two sub-graphs, one referring to filtering
for x,(f) (in blue), the other one to that for x,(CN) (in red). The equality constraint nodes introduced to

connect these subgraphs are identified by black lines. The flow of the messages along the half edges x,(CL)

and x,(CN) (input) and that of the messages along the half edges x,gi)l and x,(ﬁ)l (output) are indicated by

green arrows.

FGs developed for x,iL) and x,&N) can be merged by simply adding some equality constraint nodes
for the shared variables (namely, XECL), xéN), ngr)l and xg)l), as shown in Fig. 1.2. This merge,

proposed for the first time in [22], can be intepreted as an instance of the more general concept
of concatenation (and, more specifically, of parallel concatenation [25]) of graphical models. Note
that this concept has been widely exploited in the field of channel coding and channel estimation
(e.g., see [18], [26], |27] and references therein). However, as far as we know, the graphical model
shown in Fig. 1.2 represents its first application to the field of filtering techniques; moreover, as
shown in the next Sections, it can provide new insights into Bayesian filtering for CLG SSMs.
Unluckily, the new FG, unlike the FGs represented in Fig. 1.1, is not cycle-free; this property
can be related to the fact that, generally speaking, filtering for X](CN) is not decouplable from

that for xlgL). Given the FG of Fig. 1.2 and its input messages mfp(x,(f)) = f(x,(gL), Vik—1) and

’I’?pr(X](CN)) = f(x,(cN)7 y1:k—1) (entering the FG along the half edges associated with X,&L) and x,gN),
respectively), we would like to derive a forward only message passing algorithm similar to the
one illustrated in Fig. 1.1-a) and generating the output messages mfp(x,(ﬁr)l) = f( ,(Cﬁ_)l, y1:x) and

Tﬁfp(x(N)) = f(X;(g]j_)l,YLk) (emerging from the FG along the half edges associated with <2

k+1 k+1
and Xl(ﬁ)l, respectively). The computation of T?pr(xl(jr)l) and ﬂ_ifp(xl(ﬁ)l) on the basis of ﬁifp(xl(f))

(N

and 7, (%) )) and of the pdfs appearing in Fig. 1.2 requires marginalization with respect to xy.
This can still be done, even if in an approximate fashion, by applying the SPA to the FG of Fig.
1.2, provided that a proper scheduling strategy is adopted in passing the involved probabilistic
messages along the considered FG [18]. In the following Section, we show that following this
approach leads to MPF.
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1.4 Message Passing in Marginalized Particle Filtering

In this Section we prove that the MPF technique can be interpreted as a forward only message
passing algorithm over the FG shown in Fig. 1.2 and that the equations describing its k-th
recursion result from the application of the SPA to that FG. To begin, we note that MPF
processing does not involve the full structure of our graphical model, since it does not exploit the
PM z,iN) (1.10). For this reason, in the following we refer to the simplified FG shown in Fig. 1.3,
which has been obtained from the one illustrated in Fig. 1.2 by removing the block representing
the transformation from (X](CL),X](CI_;_)l) to z,(CN) and all the edges referring to the evaluation of the
last vector. As far as the input and the output messages of this FG are concerned, we assume

(N)

that the a priori information available about x, "’ at the beginning of the k-th recursion are
represented by the set Sf(évlz = {xlgévlij, Jj =1,2,...,N,}, collecting N,, predicted particles, and
by their (uniform) weights {wgp, 1 ; = 1/Np, j = 1,2..., Np}. Therefore, at the beginning of the

considered recursion, our knowledge about XI(CN) is condensed in the particle-dependent message

i () = (k) = x(0 ), (1.11)

with j = 1,2, ..., Np. The a priori information available about x,(CL), instead, is represented by a
set of N, Gaussian pdfs; the j-th Gaussian pdf is conveyed by the particle-dependent message

. L L L L
e (x17) = N (s mih » Chk ) (1.12)

providing a statistical description of XIEL) conditioned on X](CN) = ng ,1 i From the statistical
representation of the state components illustrated above it can be easily inferred that, in developing
a message passing algorithm over the considered FG, we can focus on: a) a single particle and,
g\[;ﬁ b) on the Gaussian pdf i, (x,gL)) associated with
that particle. Moreover, this algorithm must generate the output messages g, ; (x,(ﬁ)l) and

nﬁfp,j(xlger)l), which are required to have the same functional form as mpr(X’(CN)) (1.11) and

77_’)pr7j(Xl(€L)) (1.12), respectively. As far as message scheduling is concerned, our choice is based

on the description of the MPF technique summarized in algorithm 1 of [6, Sec. II] and is
represented in Fig. 1.3, where: a) Gaussian messages (non Gaussian messages) are associated

with blue (red) arrows; b) the notation nL (nL’), nN (nN'), FPL (FPL'), FPN (FPN') and

ZL is employed to represent the messages TﬁnJ(X](CL)) (M5 (X,(j_l)), M, j (X](CN)) (7,5 (x,(c]_\{_)l)),
N (N

- L - L - - 5 L .
7’rpr7j(X,(f )) (mfp7j(Xl(€+)1)), Mgp (x,(C )) (mpr(kar)l)) and mz’j(z,(C )), respectively, passed along
the considered FG. In practice, the computation of the passed messages is accomplished in five

in particular, on the j-th particle x

consecutive steps, according to the following order: 1) T?Ll,j(xéN)), T?Lg}j(XEgN)); 2) mljj(x](f)),

— L - N - N — L — L — L - L
g (x07); 3) s (X)), e (xi30)5 4) 17 (z0), s g (x), i (x(7); 5) i (x)). In

the following, we illustrate the aim of each step and provide the expressions of the evaluated
messages (additional mathematical details can be found in Appendix B).

1) MU for x,gN) - In this step, the weight of the j-th particle xg;[ ,1 j is updated on the basis of
yi- This requires computing

i () = N vkt (). CF (7). (1.13)

N N N L N N N N L N
where 7)57162.()(,(c )) = Bk(xl(C )),nf(p3€7j + hk(x,(C )) and Cik?j(xlg )) = Bk(X;(C )) Ctgp,)k,j Bg(xl(c )) +
C. and

i (i) = i (i) 7k () (1.14)
= wfe,k,j 5(X](€N) — XEI])Y];J)’ (115)
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Figure 1.3: Overall factor graph for the representation of the k-th recursion of MPF. The message flow
referring to the j-th particle is shown. Gaussian messages (non Gaussian) messages computed in the
considered recursion are associated with blue (red) arrows, whereas input and output messages with green
arrows; the integers 1 — 10 are used to specify the adopted message scheduling.

in the last equation, the quantity®
N N
Wte, k,j £ N(Yk§ ?7§,k?j7 Cg,k?j) (1-16)

represents the new particle weight combining the a priori information about X](CN) with the
information provided by the new measurement; moreover,

N) ) (L
775 kg 2 77% k,]( § Ig ) = Bkvj nfp}c,j + hk:j (117)
and
(N) 2 ~N) ((N) (L)
Ci; 2 Cryj(xg,) = Brj Cpi Biy + Ce, (1.18)

with hy ; = hy, (xﬁﬁ%ﬂ and By ; £ Bk(Xg\j]ZJ)- The N, particle weights {wfe  ;} undergo normal-

ization; this produces the new weight

Weekj = wfe,k,j/A;gw) (1.19)

NP
with j = 1,2,..., Np, where A,(gw) = Wre k,j. 1Then, particle resampling with replacement is
j=1
accomplished over the set S; ( ,2 on the basis of the weights { Wk J} Note that, even if resampling
does not emerge from the apphcatlon of SPA to the considered graph, its use, as it will become
clearer at the end of this Section, plays an important role in the generation of the new particles for

XL +)1 Moreover, it can be easily incorporated in our message passing; in fact, resampling simply

entails that the N, particles {ngg ;} and their associated weights {Wi,;} are replaced by the
new particles {xg\g ;} (forming the new set Sf(é\;? ) and their uniform weights {Wie s j = 1/N,},

3In evaluating this weight, the factor [det(CEJ’\,;)J)]*P/2 appearing in the expression of the involved Gaussian pdf is
usually neglected, since this entails a negligible loss in estimation accuracy.
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respectively. Consequently, after resampling, T?LQ(X’(CN)) (1.15) is replaced by
- N N N
i (x ) = 60k = xqo)- (1.20)

and the set of Gaussian messages {T?prJ(X](CL))} (see (1.12)) is properly reordered; this ensures
that, after reordering, the message iy, ; (XI(CL)) is associated with ngk) i and that the messages
belonging to that set and referring to all the discarded particles are not propagated to the next
steps.

2) First MU for X](CL) - In this step our statistical knowlege about X’(CL) is updated on the basis

of y; this requires the computation of the messages

S L) (L
i (k) = N (sl ) (1.21)
and
g (%)) = mfw(x,(f)) i () (1.22)
L
—N(Xk P k‘)j’Cng,j)' (1.23)

The covariance matrix C;L,g ; and the mean vector n;Lk) j (with p =1 and 2) are evaluated on the

basis of the associated precision matrices

L L -1
w2 (cl) ) =Bl W.By, (1.24)
and (L) (L) \—1 (L) (L)
A _
Wy i = (Copy) =W Wil (1.25)
and of the associated transformed mean vectors
L L L
wi 2w gt = BL W, (yi — hyy) (1.26)
and (L) (L) (L) (L) (L)
W2,k,j éWQ kg 772](3] _Wfpkj +W1 kg0 (127)
respectively; here, W, = C_ !, Wg}w = (Cg,)k,j)_l and ng}%j = Wg),g’jnf(ﬁc’j.

3) TU for xéN) - This step aims at generating the j-th particle for Xgﬁ)l and its associated
weight; both these information are conveyed by the message (see Fig. 1.3)

s ) = [ [ L, A g 2 s )P 129

= N (s €5, (1.29)

where WD AL D) ) (1.30)
cy)), 2 e+ Ay cf) (A", (1.31)

AI(C{\;) = A,iN) (xgvlgj) and flgf}[) = f,g )(xg\;)]) Note that, in principle, we should set g, ; (xl(ﬁ)l) =
m3,j(x§ﬁ)1) (see Fig. 1.3). However, as already mentioned above, the output message 'r?prJ(xgﬁ)l)
is required to have the same functional form as 77, J(x,(c )) (1.11). This result can be achieved

by a) sampling* the Gaussian function N(Xk+)17 77:(,, k). Cgi)]) (see Eq. (1.29)), that is drawing a

) 7]’
(V) (N)

sample x¢g ;. j from it and b) assigning to the new particle X b1, & probability wgp 41,5 equal

4 Artificial noise can be introduced in the generation of this particle in order to mitigate the so called degeneracy problem
2, 28].

10
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to the weight er k; = 1/N, (originating from resampling). Note that repeating this procedure

for any j generates the new set Sf(p 12+1 = { fp k+1 ]} the j-th particle of this set is conveyed by
the message
(N) (N) ()
M, (Xpy1) = 0(Xpy) — Xfp,k+1,j)' (1.32)

(L)

This message is also used in the TU for x,”, as illustrated in the next step.
4) Second MU for XLL) - This step aims at accomplishing an additional MU for xlgL) (on the

basis of the PM z( ) (1.9)) and, then, at generating the output message mfp](Xl(c_'_)l) In this step,
the messages

R L L) (N N L L
mj (ng )) = f(zgc )‘Xge,k?,j’ 1Sp,11+1,]) = 6(Z§€ ) - ch ])) (133)
) L N N
with Zl(c,j) £ XEsz+Lj — lg,j)’
. L L) (L L
g (x) = N (<smily 5, C ), (1.34)
and
R L R . (L
e (xf) = m2]< Py (x() (1.35)
L L
= N (i, Ci 20 (1.36)

(L)

are generated. The covariance matrix Cp ko and the mean vector nz()Lk) j (with p = 3 and 4) are

evaluated on the basis of the associated precision matrices W:())Lk) ;= (A,g j))TW( A (N) and

L L —1 L
Wi, 2 (O, = Wi, + (AF)) WiV ALY, (1.37)
and the associated transformed mean vectors w:gL,g = (A,(c]g))T W&N)ZSCLj) and
(L) Ly (L NT
w2, & W, o, = i), + (ALY W) 0

respectively; here, W&N) £ [Cq(UN)]_l.
5) TU for XéL) - In this step, the message
NN o N)\ = L L) , (N
e (<) = | / () ) ) -y (e g () D™ (1.30)
N

(L)
( k+1’ fp,k—i—l,]’ Ciy k1) (1.40)

is computed; here,

L L L
nf(p3f+17j = AI(C ]) l(lk)] + flg j)v (141)
L L LT
Clihin, 2 C + AL € (AT, (1.42)

f(L) = f,EL) (ngk)]) and A(L) = AIEL) (Xng)J) Since the message rﬁfpj(x,(i)l) (1.40) is Gaussian and

the weight associated with 1t is er kj =1 / N,, the statistical representation generated by the SPA
for X](fjr)l is a Np-component Gaussian mizture (GM); note that all its components have the same
weight, since resampling is always used in step 1). In fact, if resampling was not accomplished in
the k-th recursion, the weight of the j-th component of this GM would be proportional to W, . ;
(1.16) (i.e., to the weight assigned to the j-th particle before resampling); this would unavoidably
raise the problem of sampling a GM with unequally weighted components in generating the
particle set Sf(g ,2 41 and that of properly handling the resulting PMs {z,g})} These considerations
motivate the use of resampling in each recursion, independently of the effective sample size |2]

(N)

characterizing the particle set Sfp e

11
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Step 5) concludes the message passing accomplished within the k-th recursion. Note that
this procedure needs a proper initialization. In practice, before starting the first recursion
(corresponding to k = 1), the set Sf(évl) is generated for ng) sampling the pdf f(x gN)) =

J f(xl)dxg and the same weight wg, 1 = 1/N,, and Gaussian model /\/(X1 ,nEpL)l, Cgp)l) for x(lL)

are assigned to each particle.

The processing tasks accomplished in the message passing procedure derived above are
summarized in Algorithm 1 (where T' denotes the overall duration of the observation interval).
Note that our FG-based formulation of MPF, unlike the one appearing in [6, Par. II-D], is mainly
expressed in terms of precision matrices and transformed mean vectors; we believe that this makes
it more compact and easier to interpret.

Algorithm 1: Marginalized particle filtering

(N)

1 Initialisation: For j = 1 to NNV,,: sample the pdf f (x1 ) to generate the particle Xip 1 0 and assign

the weight wg, 1 = 1/N,, and the Gaussian N(xl ,ng)p Cgp,)l) to it (the generated particles are

collected in the set Sf(év 1))

2 Filtering: For k =1 to T:
a- MU for X,EN): For j =1 to Np: compute niAQj (1.17) and ng\,?] (1.18), and the weight wee k. ;
(1.16). ’
b- Normalization of particle weights: For j =1 to Np: compute the normalised particle weights
{Wte,k,; } according to (1.19).
c- Resampling with replacement: For j = 1 to IN,,: generate the new particle Xfe k . by resampling

with replacement over the particle set Sf(g 12 and assign the new weight er,ku = 1/N, to it. Then,
reorder the assoc1ated set of Gaussian models for the linear state component accordingly.
d- First MU for xk : For j =1 to N,: compute Wng)] (1.24) and W(L) (1.26) ; then, compute
L L L L L L L
Wi (1.25), wi (127), ) = (W 1t and S cé,z,jwé,,z,j-
e- TU for x,(cN) For j =1 to N,: compute n:gNk)J (1.30) and C:())]\,]C)J (1.31); then, sample the pdf
N(x (N), néji)], Cé ) )]) to generate the new particle x§g11+17j and assign the weight
Wep 41,5 = 1/Np to it.
f- Second MU for xé ) - For j =1to N,: compute z,(C ) (1.33), WflLk)J (1.37) and wflLk)j (1.38) ;

g- TU for xk - For j =1 to Np: compute ngp L_H 4 (1.41) and Cglf)k—s-l ; (1.42).

Finally, it is worth mentioning that: 1) the forward estimate of xj, is expressed by the pdf

Fxily1e) Z Wre,k,j 0 ) - xgv,ij)mz;,j (x ,(CL)), (1.43)

that represents an approximation of the filtered pdf f(xk|y1.x); in the k-th recursion, estimates
(V) and X](CL) can be evaluated as XéN) = ijl Wre k. j XEP/%]. (see Egs. (1.15) and (1.19)) and

of x;,
as i;L) = Zjvz”l er,k,miLk) ;» respectively.

1.5 Message Passing in Dual Marginalized Particle Filtering

In MPF the estimation of the linear state component can benefit from the availability of PMs in
particle form; the estimation of the nonlinear state component, instead, relies on real measurements
only. However, thanks to the symmetric structure of the FG illustrated in Fig. 1.2, a different
solution, based on the dual graphical model shown in Fig. 1.4, can be developed for the considered
filtering problem. Readers can easily verify that:

1) In the new graphical model, PMs can be evaluated for the nonlinear state component only;
on the contrary, a single MU can be accomplished for the linear state component.

12
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Figure 1.4: Overall factor graph for the representation of the k-th recursion of DMPF. The message flow
referring to the j-th particle is shown. Gaussian messages (non Gaussian) messages computed in the
considered recursion are associated with blue (red) arrows, whereas input and output messages with green
arrows; the integers 1 — 9 are used to specify the message scheduling adopted in the derivation of the
algorithm.

2) In extracting the FG of Fig. 1.4 from that shown in Fig. 1.2, the position of the equality
constraint nodes to which the function node f (yklx,iN), XI(CL)) is connected has been exchanged
with that of the equality constraint nodes appearing on their left; this modification is mainly

(N)

motivated by the way the forward predictions g, J(x,(fL)) and g, j(x, '), and the measurement

yi are employed in evaluation of the PM ZEC ) (1.10).

Based on the FG shown in Fig. 1.4, a new filtering algorithm dubbed dual MPF (DMPF),
can be developed by following the same approach as MPF. The message scheduling adopted in
DMPF for the computation of the output messages g, ; (xg)l) and Mg, ; (x,(jr)l) is illustrated
in Fig. 1.4 (the notation employed for most of the involved messages is the same as Fig. 1.3;
the only new acronym is ZN, representing the message 7, ; (z;N))). In practice, the ordered
SPA-based computation of the passed messages can be organized according to the following five
steps: 1) (o), o (¢ ): 2) i (o, ot (e ): 3) i (x5 ): 4) i ), ks o),
M4 (XIEN)), M, j (x,gjr)l); 5) M5 j (x,(c]_\(_)l), Mip,j (x,i]i)l) In the following, we illustrate the meaning
of each step and provide the expressions of the computed messages; various mathematical details
about the derivation of these expressions can be found in Appendix B.

1) MU for Xl(€ ) _ This step is the same as step 2) of MPF, and involves the computation of the

messages ml,j(xl(f)) and Mg j(x IEL)); these messages are still expressed by Egs. (1.21) and (1.23),

respectively.
2) First MU for x,iN) - This step is the same as step 1) of MPF, and involves the computation
of the messages 71 ; (X](CN)) and g (xéN)), which are still expressed by Eqgs. (1.13) and (1.14),

respectively.

13



1. MARGINALIZED PARTICLE FILTERING AS MESSAGE PASSING

3) TU for XI(CL) - This step aims at generating the message (see Fig. 1.4)

ms,j (Xl(cﬁ-)l) = / f (xl(cﬁ-)l‘xlgzL)’xl(cN)) g (3 7t g (x) dx) dxY) (1.44)
—N( k+17 :(),I;c),ng,Lk),j)v (1.45)

(L)

conveying a new prediction for x;; here,

L X L
”é,k),j = Al(c oy ;3,] +1 J), (1.46)
L L < (L\T
Cék)J 2 ¢ + A ¢l k),j (A;(c,j)) : (1.47)
)

L L AL -

) Second MU for x,(CN) - In this step a new weight, denoted Py ;, is evaluated for the j-th
(N)

particle Xy kg ; then, particle resampling with replacement is accomplished over the set Sf(plz
on the ba51s of the weights { P 1 ;}. In terms of message passing, this requires computing the

messages 1 (ZI(CN)), ms;(x ](CN)) and 1My ;(x ](CN)). The message m](zéN)) conveys the statistical

information about the PM z,(CN) and is given by

m; (ZECN)) = N(ZéN);ng\lev Ci],\Qj)a (1.48)
where
Tk = Fuy + AL (1535 = 6. (1.49)
and
cl), =cP + AN [c) — e 1A (1.50)

The message ﬁng(x,(cN)) is evaluated as® (see Fig. 1.4)

g () = [ [ s (@) - () £ )l (1.51)
= Dg g eXP[% ((U% k?])ngz?j - (ng\li)])TWi]\I/c)] - (fIE,Lj))wauL) FISL]))] = pre §1;52)
and conveys the unnormalized weight pg. . ; for the j-th particle XE;J)\,] ,17 Ix here,
Wi, & W0, = W Wi 5
w2 e =wi) - wip), (1.54)

W(N) L W;N) ni]\;)y W;]\I?j L (Ci]\]?])—l W(L) L [C( )]—1 ng\l? [det(C( ))] Dy, /2 and

é( )2 Cg\,?] + C(L) Note that the weight pre . ; (1.52) represents the correlation between the
(N

pdf 1 (z,iN)) evaluated on the basis of the definition of z, ) (1.10) and the pdf originating from

the fact that this quantity is expected to equal the random vector f £ ) + W,(C ). for this reason, it

expresses the degree of similarity between these two pfds.

(N)>

Finally, the message 4 ;(x; ') is computed as

i () = iz g (i) ) i (Xl(cN))

5In our computer simulations the factor D( ) appearing in the following formula has been always neglected, since it
negligibly influences estimation accuracy.
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1.5. Message Passing in Dual Marginalized Particle Filtering

where (see Egs. (1.15) and (1.52))

Dfek,j = Dfek,j * Wie,k,j- (1.56)

The particle weights {p 1 ;} undergo normalization; this produces the weight

Progj = ﬁfe,k,j/A](cp)v (1.57)

with j = 1,2, ..., Np, where A(p ) & Zﬁvf’l pfe k ] Particle resampling with replacement is accom-

plished now over the particle set Sf(p = { X i j} on the basis of the particle weights { P ;}, so
that the IV, predicted particles and their associated weights are replaced by the new particles
{xg\fk)]} and their weights { P 1 ; = 1/N,}, respectively. After resampling m4(xl,(C )) (1.55) is
replaced by
o N N N

i (3 ) = 9" = x() (1.58)
(L)
k+1
set of output messages {mg, ; (X;f_;_)l)}

and the set of messages {3 j(x;.;)} (see Eq. (1.45)) is reordered accordingly, so providing the

5) TU for x,(CN) - This step aims at generating the j-th particle for x,(ﬁ)l and its associated

weight. These information are conveyed by the message

4= | S A A 30
—N( k+1’775 k)gvcé],?j) (1.60)

in Gaussian form and by the message T?prJ(X](jj_)l) in particle form; here,

N N L
Moy 2 Afy b+ £, (1.61)
(N) N) (L) NNW\T
Ci 2 + A ey (A", (1.62)

A,(c{\;) = A,(CN) (XE&?J) and f]g) £ f,EN) (Xg\’[]g’j). Given the Gaussian function N(x](fj_vi_)l, né k)]v Cg’z?])

(1.60), the new particle X&H ;s generated by sampling it and the weight we, py1,; = 1/N) is

assigned to this particle. Then, the message ﬁifpyj(xg)l) is computed as

- N N N
Mip,j (Xl(c+)1) = 5(X§<:+)1 - pr,lZ-&-l,j)' (1.63)

This concludes the k-th recusion of DMPF. As far as its initialization is concerned, it can be
accomplished exactly in the same way as in MPF.

The scheduling illustrated in the derivation of the DMPF algorithm mimicks the one adopted
in MPF; however, it can be modified for the following reasons. From Eqs. (1.49)-(1.50) it is

easily inferred that the computation of the message n; (zgg )) (1.48) (and, consequently, of the

messages m:gj(X’(CN)) (1.52) and m4j(xl(C )) (1.55)) can be accomplished as soon as the message

(L)

ma (X, ) becomes available (i.e., as soon as step 1) is over). For this reason, in implementing
the k-th recursion of DMPF, the involved messages can be computed according to following

(alternative) order (different from the one indicated in Fig. 1.4): 1) n‘ilyj(x,(f)), mQJ(XéL)),

" S (N N)y N " L)\ L
2) i g (i), a5 0™)s ) 7 (2)), s s (6), g (™) 4) i (621, e 012 )5 9)
mg,,j(x,(§ +)1) Mip, j (x,(§ +)1) Note also that, if this scheduling is adopted, the particle x( )
(L )

(N)

by its counterpart xy, ;. ; (available after particle resampling) in the evaluation of 7,/ j (1.46) and

Cé k) j (1.47). The DMPF technique based on the last scheduling is summarized in Algorithm 2.
Fmally, it is interesting to point out that DMPF, unlike MPF, may not achieve accurate
state estimation in the special case of CLG SSM investigated in |6, Par. III1.B|, i.e. when the

is replaced
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1. MARGINALIZED PARTICLE FILTERING AS MESSAGE PASSING

Algorithm 2: Dual marginalized particle filtering

1 Initialisation: same as step 1 of MPF.
2 Filtering: For k =1 to T:

a- MU for xéL): same as step 2d of Alg. 1.

b- First MU for xch): same as step 2a of Alg. 1.

c- Second MU for x,(CN): For j =1 to N,: compute ngpj (1.49) and CS\,;)J (1.50), the weight pre k.
(1.52) and the overall particle weight pre 1 ; (1.56).

d- Normalization of particle weights: For j = 1 to Np: compute the normalised particle weights
{Pre,k,;} according to (1.57).

e- Particle resampling: For j =1 to Np: generate the new particle xlgév k) ; by resampling with
replacement over the particle set Sf(g ]2 on the basis of the weights { P ;} and assign the new
weight wge ,; = 1/N), to it. Then, reorder the message set {ﬁiz,j(xff))} accordingly.

f- TU for xéL): For j =1 to N,: compute nsh) (1.46) and CéLk)J (1.47) (in doing so, replace fé’Lj)

3,k,j
and A;fj) with f,g? 2 ) (xgévk)j) and A,(fj) 2 A0 (xgvk)J), respectively); then, set
(L) _ (D) (L) _ (D)
Mipot1,j = M,k A0 Cygry ;= Gy e

g- TU for X](CN); For j =1 to N,: compute né?ﬂ (1.61) and Cé]\,?J (1.62); then, sample the pdf
N (x,(CL); né{\;?j, Cf,)]\,? ;) to generate the new particle xg\j ,i +1,; and assign the weight

Wip k+1,7 = l/Np to it.

measurement equation (1.4) depends on the nonlinear state component only (in other words,

when Bk(x,(CN)) =0pp, in Eq. (1.4)); in fact, in this case, new information about the linear state
component can be acquired through the PM z,(CL) (1.9) only and such a PM is unavailable in
DMPEF. Dually, MPF, unlike DMPF, may suffer from the same problem when the measurement
equation depends on the linear state component only (i.e., when hk(xgv)) = 0p in Eq. (1.4)), so
that the edge connecting f (yk|X,E:N), X]E:L)) to X]E:N) in Fig. 1.4 is missing (since f (y/rc|x/,(€]\[)7 X](CL)> =
f(ykl X,iL))). Note also that, in the last case, the first MU for x,(CN) (i.e., step 2b of Algorithm 2)
is not accomplished in DMPF; in practice, this means that m4 ; (XéN)) is not computed and that

(N)

N _ N
1, (X)) = 1 ().

1.6 Simplifying Message Passing in Filtering Algorithms

The message passing procedures illustrated in the previous two Sections show the inner structure
of the processing accomplished by MPF and DMPF within each recursion. Therefore, they pave
the way for the development of new filtering algorithms based on them. In this Section we first
formulate some simple rules for simplifying the computation of messages in MPF and DMPF;
then, we discuss where these rules can be employed. It is worth stressing that some methods
for reducing MPF computational complexity [29] have been already proposed in the technical
literature [10], [30], [11]. More specifically, the method proposed in [10] and [30] is based on

representing the particle set for ka as a single particle (that corresponds to the center of mass
of the set itself), so that a single Kalman filter can be employed for the linear state component.

Unluckily, this simplified MPF algorithm works only if the posterior distribution of x,gN) is

unimodal. Its generalization to the case in which the posterior distribution of XLN) is multimodal
has been illustrated in [11]. The proposed technique is based on: a) partitioning the particles
available in the k-th recursion into G} groups or clusters (the parameter Gy, is required to equal
the number of modes of the posterior density of x,(cN)); b) representing each group through a
single particle that corresponds to the center of mass of the group itself. This allows to reduce the
overall number of Kalman filters from N, to Gj. However, the implementation of this technique

requires solving the following two specific problems: a) identifying the number of modes of the
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1.6. Simplifying Message Passing in Filtering Algorithms

(N

posterior distribution of x; ); b) partitioning the particles into clusters according to a grouping
method in each recursion. Unluckily, solutions to these problems have not been proposed in [11].
We believe that, generally speaking, the following three simple rules can be exploited to
simplify message passing in MPF and DMPF:
R1 - A set of N, equal weight particles {XE»N); j=0,1,..., N, —1} can be represented through
its center of mass XN & Z;y:pal X;.N)/Np (this rule is also adopted in [30] and [11]).

R2 - A GM fam (x(L)) having N,, equal weight components {N (x("); 77(.L), CE.L))} and repre-
senting the statistical model for the linear state component can be approximated through its
projection onto the (single) Gaussian pdf f¢ (X(L)) = N(X(L); na, Cg), where® (e.g., see [31, Sec.
V)

Np—1
a2 Y N, (1.64)
=0
and
Co—C— nG(nG)T vy, (1.65)
with 2, 2 (1/N,) ij:po_l n](L) (UJ(L))T and
Np—1
Caz Y )N, (1.66)
7=0

R3 - The GM faumr (X(L)) defined in R2 can be also approximated through a N,-component
GM, whose Gaussian components have the same means as those of fgus (X(L)), but a common
covariance matriz, expressed by Cy4 (1.66).

In practice, rule R1 can be employed in the MPF/DMPF formulas involving functions (f,EL)(-)
, féN)(-) or hy(+)) and/or matrices (A;L)(-), ALN)(-) or B(+)) depending on xéN), in order to
make the contribution of such terms particle-independent. From a message passing viewpoint,

this corresponds to replacing the set of equal weight messages {m;(x(N)) = §(x(N) — xg-N))} (e.g.,

see My (x,(CN)) (1.11)) with the single particle-independent message m(xV)) = §(x¥) — x(M),

Rules R2 and R3, instead, can be exploited to simplify the processing tasks involving X](CL), which
is represented, in any step of MPF/DMPF, through a N, - component GM. From a message
passing viewpoint, R2 (R3) corresponds to replacing a set of Gaussian messages {n; (x(1)) =
N(x(L);n](.L), CE.L))} (associated with particles having the same weights; e.g., see T?pr’j(xl(f))
(1.12)) with the (particle-independent) message 17(x(X) = N (x(5); 55, Cg) (with the structurally
simpler set {m,;(x()) = N (x1); n§L), C4)}). Note also that, generally speaking, R2 should not
be used if the pdf of x¥) is multimodal.

In principle, a substantially complexity reduction can be achieved by reducing the overall
number of Cholesky decompositions and matriz inversions required by MPF/DMPF in their
k-recursion. Note that, on the one hand, the former are computed by MPF and DMPF in the
generation of the new particle set Sf(g ,2 41 (and involve the N, matrices { C:(SLk) ;}(1.31) and { Céng it

(1.62), respectively). On the other hand, the latter are needed to compute: a) the N,, matrices
{WgNk)j} (employed in step 2-a of Alg. 1 and step 2-b of Alg. 2 for the computation of particle

weights; see Eq. (1.16)); b) the N, matrices {Wg)’”} (employed in step 2-d of Alg. 1 and step
2-a of Alg. 2; see Egs. (1.25) and (1.27)); ¢) the N, matrices {CéLk)j} (employed in step 2-e of
Alg. 1 and step 2-f of Alg. 2; see Eqgs. (1.31) and (1.47), respectively); d) the N, matrices {Cingj}

employed in step 2-g of Alg. 1 (see Eq. (1.42)); e) the IV, matrices {CflL,gj} employed in step 2-g

6Note that the pdf transformations based on rules R2 and R3 preserve both the mean and the covariance of the
considered GM.
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1. MARGINALIZED PARTICLE FILTERING AS MESSAGE PASSING

of Alg. 1 (see Eq. (1.42)); f) the N, matrices W;]\,?j and ng\,?j required in the computation of
the PM-based particle weights in step 2-c of Alg. 2 (see Egs. (1.50), (1.54) and (1.52)).
Unluckily, no mathematical method is available in the technical literature for a priori assessing
the impact of any simplification on estimation accuracy, because of the highly nonlinear behavior
of the two considered algorithms; for this reason, for any SSM, the loss in estimation accuracy due
to simplifications based on the rules R1-R3 can be assessed only via computer simulations. As a
matter of fact, our simulation simulation results have evidenced that the performance degradation
originating from the adoption of the three rules illustrated above is highly dependent on the

structure of the considered SSM.

1.7 Numerical Results

In this Section, we first compare, in terms of accuracy and computational load, MPF, DMPF
and simplified versions of both algorithms for a specific unimodal CLG SSM. Then, we consider a
simple SSM characterized by a bimodal distribution of system state and analyse the impact of
specific simplifications adopted in MPF/DMPF processing.

1.7.1 Unimodal state space model

The CLG SSM considered in this Section (and denoted SSM#1 in the following) refers to an
agent moving on a plane and whose state x; in the k-th observation interval is defined as
X = [pf, V%]T, where pj, £ [pxjk,pyk]T and v, = (Vg e vy7k]T represent the agent position and
its velocity, respectively (their components are expressed in m and in m/s, respectively). As far
as the state update equations are concerned, we assume that the agent velocity is approximately
constant within each sampling interval and the model describing its time evolution is obtained by
including the contribution of a position- and velocity-dependent force in a first-order autoregressive
model (characterized by the forgetting factor p, with 0 < p < 1); therefore, the dynamic model

Vil = pVi + (1 - p)nmk + T a(pk), (1.67)

is used for velocity; here, {n, ;} is an additive white Gaussian noise (AWGN) process (whose
elements are characterized by the covariance matrix Is), a(pk) is the acceleration resulting from
the applied force and T' is the sampling interval. Consequently, the dynamic model

1
Pit1 =Pk + Vi - Ts+ §T32 a(pk) +npp (1.68)

can be employed for the position of the considered agent; here, {n,, ;} is an AWGN process (whose
elements are characterized by the covariance matrix O'Z%IQ), that accounts for model inaccuracy.
We also assume that the position-dependent component of the force acting on the agent points
towards the origin, whereas its velocity-dependent component represents a resistance to the
motion of the agent; therefore, the resulting acceleration is expressed as

a(pr) = —aoupk fo(||pe|]) — @oww fo (|| vel]), (1.69)

where ag and dg are scale factors (in m/s?), u, i £ pk/HpkH (a, = vk/Hka) is the versor

associated with py (vi) and f,(p) ( f»(v)) is a dimensionless function expressing the dependence
of the given acceleration on the distance of the agent from the origin (on the intensity of its
velocity). Moreover, the models f,(x) = x/dy and f,(x) = (z/v9)? are adopted, where dqy (vo) is
a reference distance (reference velocity); note that such models are continuous and differentiable,
and contain a single parameter.

In our model, noisy and unbiased measurements are available for position only; therefore, the
measurement, vector yy is expressed as

Yk = Pk + €k, (1.70)
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where {e;} is an AWGN process, whose elements are characterized by the covariance matrix
02T5. Then, it is easy to show that, if we set XI(CL) = pi and xéN) = vy, the state equation (1.67)
((1.68)) and the measurement equation (1.70) can been interpreted as instances of (1.3) with

Z = N ((1.3) with Z = L) and (1.4), respectively.

For SSM+#1, we have run four filtering algorithms, namely MPF, a simplified version of MPF
(called SMPF), DMPF and a simplified version of DMPF (called SDMPF). Both simplified
algorithms are based on the approach illustrated in [30]; in other words, SMPF (SDMPF) results
from the application of rule R1 only (see Section 1.6) to steps 2-d, 2-f and 2-g of Algorithm
1 (steps 2-a and 2-f of Algorithm 2). This means that the two MUs and the TU (the MU and
the TU) referring to the linear state component are accomplished for a single particle in MPF
(DMPF); in the k-th interval, this particle is evaluated as

Np—1

_(N N

xngz =y x§X7,37j/Np (1.71)
=0

and represents the center of mass the particle set {xg(v ,2 j} (with = p or e); consequently, the

particle dependent quantities By ;, hy ;, f,g]}[), A](gj\;), A,(CL]) and f,ELj) appearing in the formulas of

both MPF and DMPF are all evaluated for X](CN) = )_(g(\g only.

In our computer simulations, the estimation accuracy of the considered filtering methods
has been assessed by evaluating the root mean square error (RMSE) of state estimates. More
specifically, two RMSEs, namely RMSE[ (alg) and RMSEy (alg) have been computed for any
filtering technique (here, ‘alg’ denotes the algorithm these parameters refer to); in practice,
RMSE/ (alg) (RMSEn(alg)) represents the square root of the average mean square error (MSE)
evaluated for the two elements of the linear (nonlinear) state component; this distinction is
important since, as evidenced by our simulation results, the values taken on by these two RMSEs
for a given SSM can be quite different. Our assessment of computational requirements is based,
instead, on assessing the average ezxecution time required over an observation interval lasting
T =300 T s (this quantity is denoted ET(alg) in the following).

In our computer simulations, the following values have been selected for the parameters of the
considered SSM: p =0.99, Ts =0.1s, 0 =1 - 103m, 0. =5-10"2m, ag = 1.5 m/sQ, dop = 0.5
m, dg = 0.05 m/s? and vg = 1 m/s. Moreover, the initial position py = [pw,g,py,O]T and the initial
velocity vo £ [vz.0,0y0]7 have been set to [5 m,8 m]T and [4 m/s,4 m/s]T.

Some numerical results showing the dependence of RMSE; and RMSEy on the number of
particles (INp) for MPF, SMPF, DMPF and SDMPF are illustrated in Fig. 1.5 (simulation results
are indicated by markers, whereas continuous lines are drawn to fit them, so facilitating the
interpretation of the available data). These results show that:

a) RMSE}, is significantly smaller than RMSEy; this is mainly due to the fact that y; (1.70)
depends on XIE;L) only.

b) No significant improvement in RMSEy is achieved for N, 2 100; on the contrary, the
dependence of RMSE}, on N, is really weak.

c) MPF is slightly outperformed by DMPF for N, < 100.

d) On the one hand, SMPF is outperformed by MPF; on the other hand, surprisingly, SDMPF
performs slightly better than the other three filtering algorithms.

Some numerical results showing the dependence of the ET on NN, for all the considered filtering
algorithms are illustrated in Fig. 1.6. These results show that:

a) DMPF is slightly faster than MPF;

b) The simplifications adopted in both MPF and SMPF entail a substantial reduction of the
computational effort; more specifically, ET(SMPF) (ET(SDMPF)) is about 68% (35%) smaller
than ET(MPF) (ET(DMPF)).
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Figure 1.5: RMSE performance versus N, for the linear component (RMSE;,) and the nonlinear component
(RMSEy) of system state; the CLG SSM described by egs. (1.67)—(1.69) and four filtering techniques
(MPF, SMPF, DMPF and SDMPF) are considered.
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Figure 1.6: ET versus N, for the MPF, SMPF, DMPF and SDMPF; the CLG SSM described by egs.
(1.67)—(1.69) is considered.

Therefore, from the results shown in Figs. 1.5 and 1.6 it is easily inferred that, in the considered
scenario, the SDMPF algorithm achieves the best complexity-accuracy tradeoff.

1.7.2 Bimodal state space model

In this Paragraph a simple bimodal SSM (denoted SSM#2 in the following) inspired by [11] and
described by the first-order autoregressive model

Xk+1 = PaXk T ufu(Xk) + (1 - ,Oz) Ny (172)
is considered; here, x = [2) ., 21 /]", pe is a forgetting factor (with 0 < p, < 1) and {n,}} is

an AWGN) process (whose elements are characterized by the covariance matrix Ip), u = [10]7
and f,(xp) = A- sin(xgj\,?). The measurement model is expressed by (see [11, Sec. 3, egs. (2)-(3)])

2
Yk = (m%)) + 2$§Lk) + ek, (1.73)
Y2,k = (x &

N)\2 L

g )) - ngg + ea.k; (1.74)
the observation noise {ey} (with ey = [e1 4, ea]T)
same properties as its counterpart in Eq. (1.70).

is modelled as an AWGN process having the
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Figure 1.7: RMSE performance versus N, for the linear component (RMSE,) and the nonlinear component
(RMSEy) of system state; the CLG SSM described by egs. (1.72)—(1.74) and four filtering techniques
(MPF, SMPF, DMPF and SDMPF) are considered.

In the case of SSM#2, the SMPF and SDMPF algorithms described in the previous Paragraph
and based on R1 only do not work, since the center of mass of any particle set provides a poor
representation of the nonlinear state component [11]. However, in this new case, rule R3 (see
Section 1.6) can be employed to develop new simplified versions of MPF and DMPF (dubbed
again SMPF and SDMPF, respectively). More specifically, our simplified algorithms are based on
the following two simplifications:

1. In step 2-a (2-b) of Algorithm 1 (Algorithm 2), the covariance matrices {ng\li) ;} (see Eq.

(1.18)) have been merged into a single matrix ng\,? on the basis of Eq. (1.66) when computing

the particle weights {wge k. ;} (see Eq. (1.16)); conéequently, a single matrix inversion is required
in this task.

2. In step 2-e of Algorithm 1 the covariance matrices {Cé]i) } (see Eq. (1.31)) have been

7j
merged into a single matrix Cg]\,? according to Eq. (1.66) when computing the new particle set

)

{xgj kb1, j}; consequently, a single Cholesky decomposition is accomplished in the generation of
new particles. The same has been done in step 2-g of Algorithm 2, where the covariance matrices

{Céji) ;} (see Eq. (1.62)) have been merged into a single matrix Cg\,;).

In our computer simulations, the following values have been selected for the parameters of the
considered SSM: p, =0.99, A=5and 0. =5 - 10~2. Moreover, the initial state x has been set
to [2,0.5]” and filtering algorithms have been run over 300 observation intervals. Some numerical
results showing the dependence of RMSE; and RMSEy (referring to the estimation error on
|x§{\,?|) on the number of particles (N,) for MPF, SMPF, DMPF and SDMPF are illustrated in
Fig. 1.7. From these results it is easily inferred that:

a) The performance gap between MPF/DMPF and their simplified counterparts is negligible.

b) The DMPF (SDMPF) is outperformed by MPF (SMPF); for instance, RMSE(DMPF) and
RMSE n(DMPF) are roughly 1.08 and 1.03 times larger than RMSE;,(MPF) and RMSE 5 (MPF),
respectively, for IV, = 100.

As far the computational effort is concerned, the shorter execution time is provided by
SDMPF (in particular, ET(SDMPF) = 1.78 s for N, = 100). The other algorithms are more
computationally intensive, even if the computational gap between them is limited. In fact, in
the considered case, ET(MPF), ET(DMPF) and ET(SMPF) are roughly 1.14, 1.15, 1.04 times
larger than ET(SDMPF), respectively. Therefore, these results lead to the conclusion that, in the
considered scenario, the SMPF technique achieves the best complexity-accuracy tradeoff.
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1.8 Conclusions

In this chapter a FG approach has been employed to analyse the filtering problem for CLG SSMs.
This has allowed us to: a) derive a new graphical model for representing the filtering problem
as message passing; b) provide a new interpretation of MPF as a forward only message passing
algorithm over the devised FG; c) develop a new filtering algorithm, called dual MPF (DMPF).
Moreover, some rules for simplifying the computation of the passed messages in MPF and DMPF
have been briefly illustrated. All the considered filtering techniques have been compared in
terms of both accuracy and computational requirements for specific CLG SSMs. Our ongoing
research activities in this area concern further applications of graphical models to the filtering
and smoothing problems.
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Multiple Bayesian Filtering as Message Passing

In this chapter, a general method for deriving filtering algorithms that involve a network of
interconnected Bayesian filters is proposed. This method is based on the idea that the processing
accomplished inside each of the Bayesian filters and the interactions between them can be
represented as message passing algorithms over a proper graphical model. The usefulness of our
method is exemplified by developing new filtering techniques, based on the interconnection of a
particle filter and an extended Kalman filter, for conditionally linear Gaussian systems. Numerical
results for two specific dynamic systems evidence that the devised algorithms can achieve a better
complexity-accuracy tradeoff than marginalized particle filtering and multiple particle filtering.
Part of this Chapter has been published in [32].

2.1 Introduction

It is well known that Bayesian filtering represents a general recursive solution to the nonlinear
filtering problem (e.g., see |2, Sect. II, egs. (3)—(5)]), that is to the problem of inferring the
posterior distribution of the hidden state of a nonlinear state-space model (SSM). Unfortunately,
this solution can be put in closed form only in a few cases [3|. For this reason, various filtering
methods generating a functional approximation of the desired posterior pdf have been developed;
these can be divided into local and global methods on the basis of the way the posterior probability
density function (pdf) is approximated [10, 33, 34]. On the one hand, local techniques, like
extended Kalman filtering (EKF) [3|, are computationally efficient, but may suffer from error
accumulation over time; on the other hand, global techniques, like particle filtering (PF) [4, 9],
may achieve high accuracy at the price, however, of unacceptable complexity and numerical
problems when the dimension of the state space becomes large [35-37]. These considerations
have motivated the investigation of various methods able to achieve high accuracy under given
computational constraints. Some of such solutions are based on the idea of combining local and
global methods; relevant examples of this approach are represented by: 1) Rao-Blackwellized
particle filtering (RBPF; also known as marginalized particle filtering) [6] and other techniques
related to it (e.g., see [10]); 2) cascaded architectures based on the joint use of EKF and PF
(e.g., see [38]). Note that, in the first case, the state vector is split into two disjoint components,
namely, a linear state component and a nonlinear state component; moreover, these are estimated
by a bank of Kalman filters and by a particle filter, respectively. In the second case, instead, an
extended Kalman filter and a particle filter are run over partially overlapped state vectors. In
both cases, however, two heterogeneous filtering methods are combined in a way that the resulting
overall algorithm is forward only and, within each of its recursions, both methods are executed
only once. Another class of solutions, known as multiple particle filtering (MPF), is based on the
idea of partitioning the state vector into multiple substates and running multiple particle filters
in parallel, one on each subspace [37, 39, 40]. The resulting network of particle filters requires the
mutual exchange of statistical information (in the form of estimates/predictions of the tracked
substates or parametric distributions), so that, within each filter, the unknown portion of the
state vector can be integrated out in both weight computation and particle propagation. In
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principle, the substates estimated by the particle filters forming the network are required to be
separable in the state equation; however, recently, approximate MPF techniques have been also
developed for the more general case of a non-separable state transition pdf [40]. Moreover, the
technical literature about MPF has raised three interesting technical issues that have received
limited attention until now. The first issue refers to the possibility of coupling an extended
Kalman filter with each particle filter of the network; the former filter should provide the latter
one with the statistical information required for integrating out the unknown portion of the state
vector (see [41, Par. 3.2]). The second one concerns the use of filters having partially overlapped
substates (see [42, Sec.1]). The third (and final) issue, instead, concerns the iterative exchange
of statistical information among the interconnected filters of the network. Some work related to
the first issue can be found in [43], [44] and [45]. In this case, however, the proposed solution is
based on Rao-Blackwellisation; for this reason, each particle filter of the network is not coupled
with a single extended Kalman filter, but with a bank of Kalman filters. The second issue has
not been investigated at all, whereas limited attention has been paid to the third one; in fact,
the last problem has been investigated only in [39], where a specific iterative method based on
game theory has been developed. The need of employing iterative methods in MPF has been also
explicitly recognized in [40], but no solution has been developed to meet it.

In this chapter, we first focus on the general problem of developing filtering algorithms
that involve multiple interconnected Bayesian filters; these filters are run over distinct (but not
necessarily disjoint) subspaces and can exploit iterative methods in their exchange of statistical
information. The solution devised for this problem (and called multiple Bayesian filtering, MBF,
since it represents a generalisation of the MPF approach) is based on previous work on the
application of factor graph theory to the filtering and smoothing problems [1, 17]. More specifically,
we show that: a) a graphical model can be developed for a network of Bayesian filters by combining
multiple factor graphs, each referring to one of the involved filters; b) the pdfs computed by all
these filters can be represented as messages passed on such a graphical model. This approach offers
various important advantages. In fact, all the expressions of the passed messages can be derived
by applying the same rule, namely the so called sum-product algorithm (SPA; also known as belief
propagation) [17], [18], to the graphical model devised for the whole network. Moreover, iterative
algorithms can be developed in a natural fashion once the cycles contained in this graphical
model have been identified and the order according to which messages are passed on them (i.e.,
the message scheduling) has been established. The usefulness of our approach is exemplified by
mainly illustrating its application to a network made of two Bayesian filters. More specifically, we
investigate the interconnection of an extended Kalman filter with a particle filter, and develop
two new filtering algorithms under the assumption that the considered SSM is conditionally linear
Gaussian (CLG). Simulation results for two specific SSMs evidence that the devised algorithms
perform similarly or better than RBPF and MPF, but require a smaller computational effort.

The remaining parts of this chapter are organized as follows. In Section 2.2, the filtering
problem is analysed from a factor graph perspective for a network of multiple interconnected
Bayesian filters. In Section 2.3, the tools illustrated in the previous section are applied to a
network consisting of an extended Kalman filter interconnected with a particle filter, two new MBF
algorithms are derived and their computational complexity is analysed in detail. The developed
MBF algorithms are compared with EKF and RBPF, in terms of accuracy and execution time,
in Section 2.4. Finally, some conclusions are offered in Section 2.5.

2.2 Graphical Modelling for Multiple Bayesian Filtering

In this paragraph, we illustrate some basic concepts about factor graphs and the computation of
the messages passed over them. Then, we derive a graphical model for representing the overall
processing accomplished by multiple interconnected Bayesian filters as a message passing on such
a model.
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2.2.1 Graphical Modelling for a Network of Bayesian Filters and Message Passing
on it

In this chapter, we consider a discrete-time SSM whose D—dimensional hidden state at the k-th
instant is denoted x; £ [0k, 1k, ---,$D—1,k]T, and whose state update and measurement models
are expressed by

Xp+1 = £ (x5) + Wy, (2.1)
and
Yk = [0,k Yt s YP—1k)
= hy (x) + ek, (2.2)

respectively. Here, f (x) (hg (x)) is a time-varying D—dimensional (P—dimensional) real
function and wy, (eg) is the k-th element of the process (measurement) noise sequence {wy}
({er}); this sequence consists of D—dimensional (P—dimensional) independent and identically
distributed (i.i.d.) Gaussian noise vectors, each characterized by a zero mean and a covariance
matrix C, (C.). Moreover, statistical independence between {ex} and {wy} is assumed for
simplicity. Note that, from a statistical viewpoint, the SSM described by Egs. (2.1)—(2.2) is
characterized by the Markov model f(xyy1|xx) and the observation model f(yy|xy) for any k.
In the following sections, we focus on the so-called filtering problem, which concerns the
evaluation of the posterior pdf f(x¢|y1.) at an instant ¢ > 1, given a) the initial pdf f(x1) and b)

the ¢ - P-dimensional measurement vector yi.; = [y{, yI, o yE ]T. It is well known that, if the
pdf f(x1) referring to the first observation instant is known, the computation of the posterior (i.e.,
filtered) pdf f(x¢|yi1.t) for ¢ > 1 can be accomplished by means of an exact Bayesian recursive
procedure, consisting of a measurement update step followed by a time update step. In [1, Sec.
I11], it is shown that, if this procedure is formulated with reference to the joint pdf f(x;, y1.¢) (in
place of the associated a posteriori pdf f(x¢|yi:)), its k-th recursion (with k£ =1,2,...,t) can be
represented as a forward only message passing algorithm over the cycle free factor graph shown
in Fig. 2.1. In the measurement update, the message 1M (X) going out of the equality node is
computed as! (see Eq. (A.7))

Mfe(Xk) = 1Mpp (Xk) Mims (X))

= f(%Xk: Y1:8), (2.3)
where
Mip(Xk) = f (X, Y1:k-1) (2.4)
is the message feeding the considered graph and
s (X) = f (Y& [X1) (2.5)

Note that the messages g, (x) (2.4) and mig (X)) (2.3) convey the predicted pdf (i.e., the forward
prediction) of x; computed in the previous (i.e., in the (k — 1)-th) recursion and the filtered pdf
(i.e., the forward estimate) of x; computed in the considered recursion, respectively, whereas the
message Mims(X) (2.5) conveys the statistical information provided by the measurement yy (2.2).
In the time update, instead, the message that emerges from the function node referring to the pdf
f(xXg41]xx) is evaluated as (see Eq. (A.8))

/ £ (it 130) tge () iy = F (X1, Y10): (2.6)

such a message is equal to 7, (Xp41) (see Eq. (2.4)).

'n the following, the acronyms fp, fe, ms and pm are employed in the subscripts of various messages, so that readers
can easily understand their meaning; in fact, the messages these acronyms refer to convey a forward prediction, a forward
estimate, measurement information and pseudo-measurement information, respectively.
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Let us take into consideration now a network of Ng interconnected Bayesian filters. In the
following, we assume that:

a) All the filters of the network are fed by the same measurement vector (namely, yi (2.2)),
work in parallel and cooperate in order to estimate the state vector x;; in doing so, they can
fully share their statistical information.

b) The i-th filter of the network (with ¢ = 1, 2, ..., Np), denoted F;, works on a lower
dimensional space and, in particular, estimates the portion Xg’) (having size D;, with D; < D) of
the state vector xy; therefore, the substate }_c,(;), representing the portion of x; not included in

XL), can be considered as a nuisance vector for F;.

c¢) The set {X,(j)}, collecting the substates estimated by all the filters of the network, covers
Xg, but does not necessarily represent a partition of it. In other words, some overlapping between
the substates estimated by different filters is admitted. This means that the filtering algorithm
running on the whole network may contain a form of redundancy, since one or more elements of
the state vector can be independently estimated by different Bayesian filters.

We are interested in developing recursive filtering algorithms for the whole network of Bayesian
filters. The approach we propose to solve this problem consists of the following three steps: S1)
building N distinct factor graphs that allow us to represent the measurement and time updates
accomplished by each filter of the network and its interactions with the other filters as message
passing algorithms on them; S2) interconnecting the Ng factor graphs devised in the first step in
order to generate a graphical model for the whole network; S3) deriving new filtering methods as
message passing algorithms over the whole graphical model obtained in the second step.

Let us focus, now, on step S1. In developing a graphical model for filter F;, the following
considerations must be taken into account:

1) Since the portion )_c](j) of xi, is unknown to F; (and, consequently, represents a nuisance state),

_(d)

an estimate of its pdf fj (x,(c ) must be provided by the other filters of the network; this allows

F; to integrate out the dependence of its Markov model f (x,(clil\xéz),i,(cl)) and of its observation
model f(yk|x,(;),>_<,(;)) on _,(;).

2) Filter F; can benefit from the pseudo-measurements computed on the basis of the statistical
information provided by the other filters of the network.

As far as the last point is concerned, it is worth pointing out that, in this chapter, any
pseudo-measurement represents a fictitious measurement computed on the basis of the statistical
information provided by a filtering algorithm different from the one benefiting from it; despite
this, it can be processed as if it was a real measurement, provided that its statistical model is
known. In practice, a pseudo-measurement zg) made available to the filter F; is a P,—dimensional
random vector that, similarly as the real measurement yy, (2.2), can be modelled as?

0 = (el 5 )
where hy, (xx) is a time-varying P;—dimensional function and é,(;) is a zero mean P;—dimensional
noise vector; if this notation is adopted, the pseudo-measurement information passed to the
filter F; is represented by pdf of ZS) conditioned on xg). It is also worth mentioning that the
evaluation of pseudo-measurements is often based on the mathematical constraints established
by the Markov model of the considered SSM, as shown in the following section, where a specific
network of filters is considered.

Based on the considerations illustrated above, the equations describing the measurement /time
updates accomplished by F; in the k-th recursion of the network can be formulated as follows. At
the beginning of this recursion, F; is fed by the forward prediction

mfp (XI(CZ)) = f(X](j)vy1:k’—1)7 (28)
(%)
k

2The possible dependence of the pseudo-measurement z](f) (2.7) on the substate X,’ is ignored here, for simplicity.
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originating from the previous recursion. In its first step (i.e., in its measurement update), it
computes two filtered pdfs (i.e., two forward estimates), the first one based on the measurement
Vi (2.2), the second one on the pseudo-measurement z,(;) (2.7). The first filtered pdf is evaluated
as (see Eq. (2.3))

iger (%)) = g () 17ims (%)) (2.9)
where
o () 2 [ 10l 5) g (3) (2.10)

and Mmg1 ()‘(,(;)) are the messages conveying measurement information and a filtered (or predicted)

pdf of i,(;) provided by the other filters, respectively. Similarly, the second filtered pdf is evaluated
as (see Eq. (2.3))

igen (x5 = 1iger (x§)) 7ipm (x1), (2.11)
where3
mpm (x)) 2 £ (2} Ix) (2.12)

is the message conveying pseudo-measurement information. Then, in its second step (i.e., in its
time update), F; computes the new forward prediction (see Eq. (2.6))

) = | [ S5 o ) o) 210

where mmgg(ig)) has the same meaning as mmg1 ()‘(g)) (see Eq. (2.10)), but is not necessarily
equal to it (since more refined information about )‘(,(J) could be made available by the other filters

of the network after that the message mms(xg)) (2.10) has been computed).

Formulas (2.9)—(2.11) and (2.13) involve only products of pdfs and integrations of products;
for this reason, their evaluation can be represented as a forward only message passing over the
cycle free factor graph shown in Fig. 2.2. Note that, if this graph is compared with the one shown
in Fig. 2.1, the following additional elements (identified by blue lines) are found:

(4)
),

1) Five equality nodes - Four of them allow to generate copies of the messages mig,(x,,
T?Lfel(xg)), Mfen (XS)) and mfp(xgil), to be shared with the other filters of the network, whereas
the remaining one is involved in the second measurement update of F;.

2) A block in which the predicted/filtered pdfs {ﬁifp(x,(j)), nﬁfp(xl(grl), n_ifeq(x](gl)); g=1, 2 and
[ # i} provided by the other filters of the network are processed - In this block, the messages

mmgq()_(,(;)) (with ¢ =1 and 2) and mpm(xg)) are computed (see Egs. (2.10), (2.12) and (2.13));
this block is connected to oriented edges only, that is to edges on which the flow of messages is
unidirectional.

Given the graphical model represented in Fig. 2.2, step S2 can be accomplished by adopting
the same conceptual approach as [1, Sec. ITI|, where the factor graph on which RBPF and dual
RBPF are based is devised by merging two sub-graphs, that refer to distinct substates. For this
reason, a graphical model for the whole network of Np Bayesian filters can be developed by
interconnecting N distinct factor graphs, each structured like the one shown in that figure. For
instance, if Ngp = 2 is assumed for simplicity, this procedure results in the graphical model shown
in Fig. 2.3. It is important to note that, in this case, if the substates x,(cl) and x,(f) estimated by
Fy and Fq, respectively, do not form a partition of the state vector x, they share a portion of
it; this consists of Nq £ D; 4+ Dy — D state variables, that are separately estimated by the two
Bayesian filters. The parameter Ny can be considered as the degree of redundancy characterizing
the considered network of filters. The presence of redundancy in a filtering algorithm may result
in an improvement of estimation accuracy and/or tracking capability; however, this is obtained

©)

3If the pseudo-measurement z,(j) (2.7) depends also on X, ’, marginalization with respect to this substate is required in
the computation of the following message.
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g, (Xk ) Mg, (Xk ) iy, (Xk+] )
N > >
;J Xk+]
? My (Xk ) f;‘k+l /Xy
Yy, fh /%

Figure 2.1: Message passing over the factor graph representing the k-th recursion of Bayesian filtering. An
SSM characterized by the Markov model f(xj4+1|xx) and the observation model f(yx|xx) is considered.

at the price of an increased complexity with respect to the case in which F; and Fo are run on
disjoint substates.

Once the graphical model for the whole network has been developed, step S3 can be easily
accomplished. In fact, recursive filtering algorithms for the considered network can be derived by
systematically applying the SPA to its graphical model after that a proper scheduling has been
established for the exchange of messages among its N Bayesian filters. Moreover, in developing
a specific filtering algorithm to be run on a network of Bayesian filters, we must always keep in
mind that:

1) Its k-th recursion is fed by the set of forward predictions {mfp(x,(j)), i=1,2,.. Np}, and

generates Ny couples of filtered densities {('I’?Lfel(xl(j)), Mfe2 (x,(f))), i=1,2, .., Np}and Np new

forward predictions {mfp(xéiil), i=1,2, .., Nrp}. Moreover, similarly as MPF, a joint filtered
density for the whole state xj, is unavailable (unless the substate of one or more of the employed
Bayesian filters coincides with x;) and multiple filtered/predicted pdfs are available for any

substate shared by distinct filters.

2) Specific algorithms are needed to compute the pseudo-measurement and the nuisance
substate pdfs in the {F;, [ # i}—F; block appearing in Fig. 2.3. These algorithms depend on the
considered SSM and on the selected message scheduling; for this reason, a general description of
their structure cannot be provided.

3) The graphical model shown in Fig. 2.3, unlike the one illustrated in Fig. 2.1, is not cycle
free; the presence of cycles is highlighted in the considered figure by showing the flow of messages
along one of them. The presence of cycles raises the problems of a) identifying all the messages
that can be iteratively refined and b) establishing the order according to which they are computed.
Generally speaking, iterative message passing on the graphical model referring to a network
of filters involves both the measurement updates and the time update accomplished by all
the interconnected filters within each recursion of the network itself. In fact, this should allow
each Bayesian filter to a) progressively refine the nuisance substate density employed in its
measurement /time updates, and b) improve the quality of the pseudo-measurements exploited in
its second measurement update. For this reason, if n; iterations are run within each recursion of
the whole network, the overall computational complexity associated with it is multiplied by n;.

In the following section, a specific application of the general principles illustrated in this
paragraph is analysed.

2.3 Filtering Algorithms Based on the Interconnection of an Extended
Kalman Filter with a Particle Filter

In this section we focus on the development of two new filtering algorithms based on the
interconnection of an extended Kalman filter with a particle filter. We first describe the graphical
models on which these algorithms are based. Then, we provide a detailed description of the
computed messages and their scheduling in a specific case. Finally, we provide a detailed analysis
of the computational complexity of the devised algorithms.
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Figure 2.2: Message passing over the factor graph representing the couple of measurement updates and
the time update accomplished by the i-th Bayesian filter in the k-th recursion of the network it belongs to.
The messages ﬁifp(xg)) mfp(x,g_?_l) T?LmS(X](C )) ﬁimgp(x,(c )) (with p =1 and 2), mpm(xg)) and mfeq(x,(;))
(with ¢ =1 and 2) are denoted FPi, FPi', MSi, MGpi, PMi and F Eqi, respectively, to ease reading.
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Figure 2.3: Graphical model based on the factor graph shown in Fig. 2.2 and referring to the interconnection
of two Bayesian filters; the presence of a closed path (cycle) on which messages can be passed multiple
times is highlighted by brown arrows.
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2.3.1 Graphical Modelling
In this section, we develop new filtering algorithms for the class of CLG SSMs [6], [23], [1];

this allows us to partition the state vector at the k-th instant as xj = [(x,(cL))T, (x,(CN))T]T,
where XI(CL) = [ZL’éLk), achk), ...,x(,i)fl W (XéN) = [x((]]\li),xgj\,?, ...,giN)fl W7 is its linear (nonlinear)

component (with Dy + Dy, = D). The devised algorithms rely on the following assumptions:

1) They involve two interconnected Bayesian filters, denoted F; and Fs.

2) Filter Fy is a particle filter* employing N, weighted particles and estimating the nonlinear
state component only (so that xl(f) = XéN) and il(f) = x](CL)).

3) Filter Fy is an extended Kalman filter and works on the whole system state or on the linear

(1)

state component only. Consequently, in the first case (denoted C.1 in the following), x, ' = x;,
and )‘(l(;) is empty, and both the interconnected filters estimate the nonlinear state component (for
this reason, the corresponding degree of redundancy is Ng = Dy). In the second case (denoted
C.2 in the following), instead, x](j) = X](CL) and )‘(,(91) = X](CN), and the two filters estimate disjoint
substates (consequently, Nq = 0).

This network configuration has been mainly inspired by RBPF. In fact, similarly as RBPF,
the filtering techniques we develop are based on the idea of concatenating a local filtering method
(EKF) with a global method (PF). However, unlike RBPF, a single extended Kalman filter is
employed in place of a bank of Kalman filters. It is also worth remembering that, on the one hand,
the use of a particle filter interconnected with an extended Kalman filter for tracking disjoint
substates has been suggested in [41, Par. 3.2|, where, however, no filtering algorithm based on
this idea has been derived. On the other hand, a filtering scheme based on the interconnection of
the same filters, but working on partially overlapped substates, has been derived in [46], where
it has also been successfully applied to inertial navigation. Note also that, in the proposed
filtering scheme, the two filters are aiding each other through the mutual exchange of statistical
information. In fact, on the one hand, the particle filter helps the extended Kalman filter in its
most difficult task, namely in the estimation of the nonlinear state component. On the other hand,
the extended Kalman filter helps the particle filter by providing statistical information about the
linear state component (required for marginalization) and a set of pseudo-measurements.

Based on the graphical model shown in Fig. 2.3, the factor graph illustrated in Fig. 2.4 can be
drawn for case C.1. It is important to point out that:

1) Filter Fy is based on linearised (and, consequently, approximate) Markov/measurement
models of the considered SSM, whereas filter Fs relies on exact models, as explained in more
detail below.

2) Since the nuisance substate )_c,(gl) is empty, no marginalization is required in Fi; for this

reason, the messages {mmgq(ig)); qg=1, 2} (i.e., MG11 and M G21) visible in Fig. 2.3 do not
appear in Fig. 2.4.

3) The new predicted pdf T?pr(Xl(ii)_l) = T?pr(xl(ﬁ)l) and the second filtered pdf ’I’?Lfeg(X](f)) =
(N)

Mie2(x, ') computed by Fy (i.e., the messages FP2 and FE22, respectively) feed the Fy—F;
(U) _

block, where they are jointly processed to generate the pseudo-measurement message mipm (x
Mpm(x;) (PM1) made available to Fy. Similarly, as shown below, the computation of the pseudo-
measurement message exploited by Fa (i.e., of the message mpm(x,(f)) = mpm(x;N)), PM?2)
requires the knowledge of a new predicted pdf that refers, however, to the linear state component
only. In our graphical model, the computation of this prediction is accomplished by the F1—F5
block; this explains why the new predicted pdf n‘ifp(x,glll) = Mgy (Xp11) (FP1) evaluated by Fy
and referring to the whole state of the considered SSM, does not feed the F1—F5 block.

4) Particle resampling with replacement has been included in the portion of the graphical model
referring to filter Fo. This important task, accomplished after the second measurement update of
this filter, does not emerge from the application of the SPA to our graphical model and ensures

4In particular, a sequential importance resampling filter is employed [2].
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Figure 2.4: Graphical model based on the factor graph shown in Fig. 2.3 and referring to the interconnection
of an extended Kalman filter (F;) with a particle filter (F5).

that the particles emerging from it are all equally likely. Note also that, because of the presence
of particle resampling, two versions of the second filtered pdf Mg (x,(f)) = M2 (X](f )) (FE22)
become available, one before resampling, the other one after it. As shown in the next paragraph,
the second version of this message is exploited in the computation of the pseudo-measurement
message mpm(xg)) = Mpm(xk) (PM1).

In the remaining part of this paragraph, we first provide various details about the filters Fy
and Fo, and the way pseudo-measurements are computed for each of them; then, we comment on
how the factor graph shown in Fig. 2.4 should be modified if case C.2 is considered.

Filter F; - Filter Fy is based on the linearised versions of Egs. (2.1) and (2.2), that is on the
models (e.g., see [3, pp. 194-195])

Xp4+1 = Fr X + ug + wi (2.14)
and
yi = Hf xi + vy, + ex, (2.15)

respectively; here, Fj, £ [0f) (%) /8X}x=xfe,k> u; = f, (Xfe,ke) — Fr X 1y H;‘g £ [Ohy, (x) /ax]x:xfpyk,
Vi £ hy (xp) — HExpp o and Xgp o (Xge k) is the forward prediction (forward estimate) of xy,
computed by Fy in its (k — 1)-th (k-th) recursion. Consequently, the approximate models

f~<Xk+1 ’Xk) :J\/(Xk;Fk Xk —|—uk,Cw) (2.16)

and
f(yrlxk) = N (xi; HE x5, + Vi, Ce.) (2.17)

appear in the graphical model shown in Fig. 2.4.

Filter Fo - In developing filter Fy, we assume that the portion of Eq. (2.1) referring to the
nonlinear state component (i.e., the last Dy lines of the considered Markov model) and that the
observation model (2.2) can be put in the form (e.g., see [1, egs. (3)—(4)])

0= AL G R ) e
and N .
i = gi(xiV) + Br(xiV) xi” + ey, (2.19)
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respectively. In Eq. (2.18), féN)(-) (A](CN)(-)) is a time-varying Dy—dimensional real function

(Dn x Dy, real matrix) and WIE;N) consists of the last Dy elements of the noise term wy, appearing

in Eq. (2.1) (the covariance matrix of w/,(€ ) is denoted C¥ )); moreover, in Eq. (2.19), gx(+)
(Bi(+)) is a time-varying P—dimensional real function (P x Dy, real matrix). This explains why
filter Fy is based on the exact pdfs

PO ) = (VA ) < 004, 000) - ea0)
and
f(yk]x,(CN),x,E;L)) :/\/<><:k,gk(x§C )) + By (x; (¥ )) (L) C) (2.21)

that appear in the graphical model shown in Fig. 2.4.
Computation of the pseudo-measurements for filter F1 - Filter F; is fed by pseudo-measurement
information about the whole state xj,, that is about both the substates X](CL) and x,(g ). On the

one hand, N, pseudo-measurements about the nonlinear state component are provided by the N,

particles contributing to the filtered pdf migs (xé )) (FE22) available after particle resampling.
On the other hand, N, pseudo-measurements about the linear state component are evaluated by
means of the same method employed by RBPF for this task. This method is based on the idea
that the random vector (see 6, Par. I1.D, p. 2283, eq. (24a)] and [1, Sec. III, p. 1524, eq. (9)])

N N
a2 g (V)Y (2.22)
depending on the nonlinear state component only, must equal the sum (see Eq. (2.18))

A (<) D) 3 (223

)

that depends on the linear state component. For this reason, N, realizations of z,(gL) (2.22) are

computed in the Fo—F; block on the basis of the messages mfeg(x§C )) (FE22) and mfp(xl(jj_)l)
(L)

(FP2 ) and are treated as measurements about x,
Computation of the pseudo-measurements for filter Fo - The messages feeding F1—F5 block

are employed for: a) generating a pdf of x,(qL), so that the dependence of the state update

N) (L N) (L
and measurement models (i.e., of the densities f(xk+1]x( ), ,g )) (2.20) and f(yk\xé, ),X/,(C ))

(2.21), respectively) on this substate can be integrated out; b) computing pseudo-measurement

information about XECN). As far as the last point is concerned, the approach we adopt is the same
as that developed for dual RBPF in [1, Sec. V, pp. 1528-1529]. Such an approach relies on the
Markov model

L L) (N)y (L L
x( = AP (M) x4 £ () wi, (2.24)
referring to the linear state component [23], [1]; in the last expression, flgL) (x}gN)) (A](CL) (XECN))) is

(N)

a time-varying Dy —dimensional real function (Dy, x Dy, real matrix), and w, "’ consists of the

(L)

first Dy, elements of the noise term wy, appearing in Eq. (2 1) (the covariance matrix of w, " is

denoted C{, and independence between {wk )} and {w } is assumed for simplicity). From
Eq. (2.24) it is easily inferred that the random vector

N L L)/ (N L
A 2 8, — AP () D) 25
equals the sum
£ (xM) 4+ Wi, (2.26)
that depends on x,gN) only; for this reason, z; ) (2.25) can be interpreted as a pseudo-measurement

(N

about x; ) In this case, the generation of pseudo-measurement information can be summarized as

follows. First, V), pdfs, one for each of the particles conveyed by the message miseo (x,(C )) (FE22),
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are computed for the random vector Z](CN) (2.25) by exploiting the statistical information about

the linear state component made available by F;. Then, each of these pdfs is correlated with
the pdf obtained for Z](CN) under the assumption that this vector is expressed by Eq. (2.26); this
procedure results in a set of N, particle weights, different from those computed on the basis of
y& (2.19) in the first measurement update of Fa.

A graphical model similar to the one shown in Fig. 2.4 can be easily derived from the general
model appearing in Fig. 2.3 for case C.2 too. The relevant differences with respect to case C.1
can be summarized as follows:

1) Filters F; and Fg estimate x,(:) = x,(CL) and x,(f) = x,gN), respectively; consequently, their

nuisance substates are )‘(S) = x,(CN) and ig) = X](CL), respectively.

2) The Fy—F; block is fed by the predicted /filtered pdfs computed by Fa; such pdfs are

employed for: a) for providing F; with a pdf for xéN), so that dependence of the Markov model

(see Eq. (2.24))

£ ™ %)y = & (x,(f); AP (xM) <P P (M), c@)) (2.27)

w

and of the measurement model f(yk|x,(€N),X](€L)) (2.21) on this substate can be integrated out; b)
(L)

generating pseudo-measurement information about the substate x; ” only. As far as point a) is

concerned, it is also important to point out that the approximate model f (yk]x,(f)) ( f (xgjr)l xéL)))
(N)

on which Fy is based can be derived from Eq. (2.21) (Eq. (2.27)) after setting x,(CN) =Xp,

(X](CN) = xgvk)), here, xgj,z (xg\fk)) denote the prediction (the estimate) of x,(cN) evaluated on the
basis of the message 'fﬁfp(X](CN)) (Mfe2 (XIEN))) computed by Fa. Moreover, since Egs. (2.19) and

(2.24) exhibit a linear dependence on x,(CL), F1 becomes a standard Kalman filter.

The derivation of a specific filtering algorithm based on the graphical models described in
this paragraph requires defining the scheduling of the messages passed on them and deriving
mathematical expressions for such messages. These issues are investigated in detail in the following
paragraph.

2.3.2 Message Scheduling and Computation

In this paragraph, a recursive filtering technique, called double Bayesian filtering (DBF) and
based on the graphical model illustrated in Fig. 2.4, is developed. In each recursion of the DBF
technique, F is run before Fo; moreover, the presence of cycles in the graph on which it is based
is accounted for by including a procedure for the iterative computation of the messages passed
on them. Our description of the selected scheduling relies on Fig. 2.5, that refers to the k-th
recursion and to the n-th iteration accomplished within this recursion (with n =1, 2, ..., n;, where
n; represents the overall number of iterations). It is important to point out that the following
changes have been made in Fig. 2.5 with respect to Fig. 2.4:

1) A simpler notation has been adopted for the messages to ease reading. In particular, the
symbols FP2M  FP2' (™ ¢ (¢™), gL (¢L™) and ¢N (¢gN™) represent the messages i (XI(CN)),

fp
e (00, g (xi) (Y (x1), g (") (g (xi)) and g (xi™) (75" (%)), respectively;

moreover, the integer parameter n appearing in the superscript of some of them represents the
iteration index.

2) Blue (red) arrows have been employed to identify Gaussian messages (messages in other
forms).

3) The F1—F3 block is fed by the two filtered pdfs of x; computed by Fy (i.e., by the messages

ma(xx) and Tﬁgn) (x1)), but not by the predicted pdf 7ig,(xy), since the last message is useless.

3) The forward prediction ﬁ'Lng ) (x,(CN)) feeding F5 is involved in the proposed iterative procedure

and may change from iteration to iteration because of resampling (in fact, this may lead to
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discarding a portion of the particles conveyed by this message); for this reason, its dependence on
the iteration index n has been explicitly indicated.
4) The same message (namely, ﬁign) (x,(f))) is employed in F5 for integrating out the dependence

of the Markov model f(x,gji)llx,iN), x,(i,L)) (2.20) and of the measurement model f(yk|x,(€N), x,(gL))

(2.21) on the linear component X’(CL)

5) A memory cell (identified by the label ‘D’) has been added to store the last message
evaluated in each iteration (i.e., the pseudo-measurement message min) (x1)), so that it can be
made available to F; at the beginning of the next iteration.

The DBF technique, at the beginning of its k-th recursion, is fed by the message

My (xk) = N(Xk;nfp,ka Cfp,k) (2.28)
and
NP
- N - N
it (xi)) = > gy (x4), (2.29)
j=1

that corresponds to FP2M in Fig. 2.5; here,

- N N N

g (xi ) = wp 0 (xi) = x(}) (2:30)
is the j-th component of 'rﬁfp(x,(CN)), x,(cj\;) is the j-th particle predicted in the previous (i.e., in the

k — 1)-th) recursion and w, £ 1/N,, is its weight. The DBF processes the messages mig, (xy) (2.28
P P P

and T?pr(xéN)) (2.29), and the new measurement yy, (2.19), and generates: a) a couple of filtered
densities for both xj and X,iN); b) the output messages Mg, (xp41) and rﬁfp(xfﬁ)l), having the

same functional form as mg(xy) (2.28) and T_T'pr(XLN)) (2.29), respectively. The message passing

accomplished to achieve these results can be divided in the three consecutive phases listed below.

I - In the first phase, filter F; accomplishes its first measurement update on the basis of
the forward prediction mg, (x) and of the new measurement yj. This leads to the ordered
computation of the messages 71 (xx) and 72 (xg).

II - In the second phase, an iterative procedure involving the first measurement update and
the time update of Fo, and the computation of pseudo-measurements and their exploitation in the
second measurement update of each filter is carried out. The n-th iteration of this procedure can be
divided into six consecutive steps and leads to the ordered computation of the following messages:
1) i Ge), i i) 2) g ), g™ ), s o)) 3) ™ ) 4) g (o) 5)

fp
-(n N - (n

III - In the third phase, the new predictions mig, (Xg41) and Tﬁfp(x,(ﬁ)l) are generated by Fy

and Fo, respectively. This involves the ordered computation of the following messages: T?pr(xg)l),

mé”i“) (x1) and Mg (Xkt1)-

In the remaining part of this paragraph, the expressions of all the messages computed in each
of the three phases described above are provided; the derivation of these expressions is sketched
in Appendix C.

Phase I - In this phase, the forward prediction mg,(xy) (2.28) feeding filter Fy is merged with
the message

i (x) = N (X 11,k, Cr) » (2.31)

conveying measurement information; the covariance matrix Cy j and the mean vector 1y j of the
last message are evaluated on the basis of the associated precision matrix

Wi 2 (Cip) ' = HyW HY, (2.32)
and of the associated transformed mean vector

Wik = Wipne =H W, (yr — Vi), (2.33)
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Figure 2.5: Message scheduling adopted in the k-th recursion of the DBF technique. The circled integers
1-9 specify the order according to which nine distinct messages are computed in the n-th iteration of
phase II.

respectively, with W, £ C_ 1. This results in the first filtered pdf (see Fig. 2.5)

—

M (Xx) = Mgy (Xk) M1 (Xg) (2.34)
= N (xk; m2,k; C2.1) (2.35)

computed by filter F1; here, the covariance matrix Cs;, and the mean vector 7, are evaluated
on the basis of the associated precision matrix

Wy 2 (Cop) ' = Wiy s + Wiy, (2.36)
and of the associated transformed mean vector
wo i = Wa ko = Wiy g + Wi g, (2.37)

respectively, Wy, 1, = (Cfp’k-)_l and wgp, i = Wik M. k-

Phase II - A short description of the six steps accomplished in the n-th iteration of this phase
is provided in the following. As shown below, the elements of the particle set processed by Fo can
change from iteration to iteration, even if its cardinality remains the same. In the following, the
particle set available at the beginning of the n-th iteration is denoted Si[n] = {X;N) n); j=1,2,

., Np}; note that the initial particle set is Si[1] = {x,CJ e , Np} (e x,g]\;)[l] xg)
for any j) and collects the N, predicted particles conveyed by the message mfp(xl,(C )) (2.29).
1) Second measurement update in F1 - The second filtered pdf (see Fig. 2.5)
> (n) — > (n—1) 2.38
Mg (xp) = g (xi) 11y (X%) (2.38)
Nl o) 239

(

is computed by Fi in order to exploit the pseudo-measurement message ’I’7L4n71) (xx) (evaluated

in the previous iteration); since ﬁifln_l)(xk) =1 for n = 1 (note that F; cannot benefit from
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pseudo-measurement information at the beginning of the first iteration) and ﬁifln_l)(xk) =
N(x ,nink 2 Cik )) for n > 1 (see Eq. (2.67)), it easy to show that

CY)) = Cay (2.40)
and
sy = Mo (2.41)
for n = 1, whereas
o) = wi el D, 2.
and
0y = Wi [Cfm Vw7 Y (2.43)

for n > 1; here, W,(cn_l) = [Cink_l)WQ,k—l—ID}’l. Then, the message m(g”) (xx) (2.39) is marginalized

with respect to X](CN) in the F1—F5 block; this results in the message

= N5, €, (2.44)

where C( ,3 and nik) are easily extracted from C(n) (2.42) and n(n) (2.43) forn > 1 (anlg (2.40)

and né ,3 (2.41) for n = 1), respectively, since xch) consists of the first Dj, elements of x.

2) First measurement update in Fg - This step concerns the computation of the message (see
Fig. 2.5)
— . N} > N
" () = i) () ™ (3, (2.45)

fp
(n)( (N

that represents the first filtered pdf computed by Fo. The message Tﬁfp X, )) conveys a set of

predicted particles; its j-th component is given by

g (xi ) = wpd(x) =% [n]) (2.46)

and, consequently, coincides with mfp ](x; )) (2.30) for n = 1 only; note also that the same weight

is assigned to all the messages {mfp J( )} for any n, since particle resampling is employed in
each iteration of this phase (see step 4)) The message (see Fig. 2.5)

) (x / Fyalx™ %) 7 (x4 (2.47)

(N)

instead, conveys measurement information, that is the information about x; "~ provided by yj
(2.19). In particular, the value

wgnk)y = N(Yk5 ﬁg?k),j’ Cg";.z]) (2.48)

taken on by the message m( )(X](c )) (2.47) for X/,(c ) = x,(c]\]f.) [n] represents the measurement-based

weight assigned to the j-th particle x/,(C j)[ ]; here,

iy = Brglnl i + gislnl, (2.49)
C{),; = Biyln €Y (Biy[n)" + €., (2.50)

gr.j[n] = gk ( ](C )[ ]) and By, ;[n] £ Bk(x,(:\]f.) [n]). From (2.45), (2.46) and (2.48) it is easily inferred

that m _’(n ( ) (2.45) conveys the same set of particles as m§ )(X](gN)) and that its j-th component

is

g () = wp )6 (Y = % [n]). (2.51)
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3) Computation of the pseudo-measurements for Fo - This step is accomplished in the F1—F,

(n)( (N

block and aims at computing the message ms3 "’ (x; ))' this conveys the statistical information

(N)

about x, "’ that originates from the pseudo-measurement z]g ) (2.25) (further details about this
message and its meaning are provided in Appendix C). Actually, what is really required in the

next step is the value taken on by this message for x( ) = x,g ) [n] (with j =1,2,..., N},), because

of the Dirac delta function conveyed by the message mg ]) (X; )) (2.51) and appearing in the

right-hand side (RHS) of Eq. (2.58); such a value is

() _ pn) L (=) (n) ~(n) ~(n) i) =(n) (L) 1Ty (L) (L)
Wy .5 = Dy jexp [2 <(n3,k,j) W3k i 113,k (772 k,j ) Wk Taeg — (fk,j [n]) Wi )fk,j [”])} )
(2.52)
and represents a new weight to be assigned to x,g]\;) [n], that is to the j-th particle of the set Sk[n];
here,

xrln ~(n -1 n
Wi, 2 (C) = Wi+ Wi, (2.53)
- (n 37(n) <(n - (n L
s & WL = W+ WIE ), (2.54)
L L), — L L N n n _ - (n 3r(n) <(n
Ww) £ [Cgu )] 1 flg,j)[ ] A f}i )( l(ﬂ,j) [n]), Wi,k),j A ( i,lz,j) L W»(z,k),j A Wz7]37j7]27137j7
~(n L ~(n ~ L T
Cl)y = CE + AL [CF) - Cax| (AL, (2.55)
ﬁink)a - Al(c,Lj) ] [ﬁ?(,nk) — T2k | + f;ng) [n], (2.56)

NG [n] & A,(gL)(x,g\][)[ D, lv)(n) [det(C( ))] 1/2 (VJ,(:J) cn + CQ(U ), and 7, and Cgk (7]:(3,3

k,j z,k,j
and C:(J,k);) are extracted from 7y and Cqy (77:(313 and C( )), respectively (see Egs. (2.35) and
(2.39)), since they refer to the first Dy, elements of xj.

4) Second measurement update in Fg - In this step, the weights of the particles forming the

set Sk[n] are updated on the basis of the weights {wénk) j} computed in the previous step (see Eq.
(2.52)). The new weight for the j-th particle x,(c]\;) [n] is computed as

wz(fk)’] = wy - w§n12J wi(,)n,z] (2.57)

and combines the initial weight w,, (originating from mg ") (%, (v )) (2.46)) with the weights wg ,3 y

(2.48) and wgllij (2.52) related to the measurement yy (2.19) and the pseudo-measurement z,(CN)

(2.25), respectively. Note also that the weight wz(&)yj (2.57) is conveyed by the message (see Fig.

2.5)

i (M) = g (M) Y () (2.58)
= wﬂ),j 5(x,(€N) - x,(é\;) [n]), (2.59)

that represents the j-th component of the message ﬁ'Lin) (x,gN)) (with j =1,2,..., Np).

Once all the weights {winlg j} are available, their normalization is accomplished; this produces
the normalized weights

Wik £ G wi (2.60)

where C} ) 2 / Zj 1 w4 k: . The particles {xg) [n]} and their weights {WZL(Z)]} represent the
second filtered pdf of x,(CN) computed by Fo in the n-th iteration of the considered recursion;
consequently, the final filtered pdf evaluated by Fy is represented by the particles {x,(:\]f.) [n;]} and
their weights {Wi?i} computed in the last iteration.
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Resampling with replacement is now accomplished for the particle set Si[n] on the basis
of the new weights {Wf;)]} (see Eq. (2.60)). This entails that the N, particles {Xg-) [n]} and
their associated weights {Wé? ;} are replaced by the new particles {Xg.) [n + 1]}, forming the
set Sk[n + 1] and having identical weights (all equal to w, £ 1/N,,). Consequently, the effect of

resampling can be represented as turning the message nﬁgnj) (x,(CN)) (2.59) into the message

") (<) = wp o (xY = XY [+ 1]), (2.61)

with j = 1,2, .., N,

5) Time update in Fg - In this step, the message rﬁgj) (X,(ﬁ)l), conveying the predicted pdf
of X,(ﬁ)l, is computed using the same method as RBPF (e.g., see |1, Sec. IV, p. 1526]). For this
reason, for any j, the pdf (see Fig. 2.5)

n N —(n L L N
[ [ O ) ) () i o) (2:62)
N
N(xk+17 77:(1, kjo Cz(a k)j) (2.63)
representing a prediction of x,({:{v‘_)l conditioned on X](CN) = X,(CA;) [n + 1] is computed first; here,
N N ~ N
ngk}JﬁA,g)[ +1 n§,3+f( D n+1], (2.64)
ci) 2 A n+ 1] ST (AL n+ 1)) + V), (2.65)
(N

A,(CZ’\][.) [n4+1] £ A](C )(x]g\;) [n+1]) and f,i )[n—|—1] =1 )(x](”)[n%—l}) Then, the sample )‘(,(ﬁ)m [n+ 1]
is drawn from the Gaussian function (2.63) and the weight w), is assigned to it; these information
are conveyed by the j-th component

—(n N N _(N
mgp,)j (Xl(c+)1) = Wp 6(Xl(c+)1 - Xl(c+)1,j [n+1]), (2.66)

of the message mlgg ) (XLJJ\:)I)

6) Computation of the pseudo-measurements for Fy - This step is accomplished in the Fo—F;
block and aims at generating the message (see Fig. 2.5)

my” (xi) = N (x; 1), CY). (2.67)

that conveys the pseudo-measurement information exploited by Fi in its second measurement

(n)

update of the next iteration. The mean vector 7, / is evaluated as

n ~(MN\T /o(n\T T
ni = [T @D (2.68)
where
LA )
ﬁz(x,k) = N, Na kg (2.69)
7j=1
and
1
<(n N
?74(114) = N X]E:,j)[n] (2.70)
p j=1

are a Dy—dimensional mean vector and a Dy—dimensional mean vector, respectively. The

)

covariance matrix Cfl > instead, is computed as
K

: &
o= S

)

, (2.71)
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where
~(n 1 =(n ~(n) f~(n\T
Crl & - YENL A ()" (2.72)
p

is a Dy, x Dy, covariance matrix,

N
. 1 & B (T
CIL 2 & 2F e ()" (2.73)
p j=1
is a Dy x Dy covariance matrix and
1
. ) _ SN T
o 2 LS o ) )T s
p j=1
is Dr, x Dy cross-covariance matrix. Moreover, rflnlz J £ CE&) gt ﬁink)j( é(:,c)d.)T f-inlzj £ xg) [n+

1](x,(€7j)[n +1nT rfuzj = 774(1 k)j(x,(cvj)[n +1])7, the covariance matrix Cz(L,k):,j and the mean vector
=(n)

My, are computed on the basis of the associated precision matrix

>-(n ~(n -1 N T N

Wi 2 (€)= (A [+ 1) " WAL [0+ 1] (2.75)
and of the associated transformed mean vector

- = (n) ~ N T L

wi) AW A = (AN [+ 1) WMz [+ 1], (2.76)
respectively, and

L N N
2 4 1] 20 [+ 1) — 80 [+ 1], (2.77)

The computation of m(n)( ) (2.67) concludes step 6) and, consequently, the n-th iteration
of phase II. Then, if the iteration index n is less than n;, it is increased by one, so that a new
iteration can be started by going back to step 1); otherwise, phase III is accomplished.

Phase III - In this phase, the message (see Fig. 2.5)

A" () = N (s, €5, (2.78)

conveying the final filtered pdf provided by Fy, is computed on the basis of Eqgs. (2.38)—(2.43)
as if a new iteration (corresponding to n = n; + 1) was started. Then, if £ < ¢, the output
messages g, (ng_\[_)l) and Mg, (Xp+1) (ie., the new predicted densities) are computed; otherwise,
DBF processing is over, since the final measurement has been processed. In the first case, the

j-th component of ﬁ’zfp(x,gi)l) is generated by F; as (see Fig. 2.3)

5 (N)Y _ = (n) ( (N)
Mip,j (Xk+1) mfg] (Xk+1) (2.79)
for j =1, ..., N, (see Eq. (2.46)); this means that the particle set Sjy1[1] available at the

beginning of the next recursion consists of the particles {x,(f_\p1 ;= )‘(,(ﬁ)l ; ni+1;7=1,2, ...,

Np}. Then, the predicted pdf mig, (x511) is computed by Fy as (see Fig. 2.5)

gy (i) = [ F Goner o) 2§ ) (2.80)
=N (X413 Mp k1> Cp het1) 5 (2.81)
where )
Tifp,k+1 = Fk’ 77(”1_‘— ) + ug, (282)
and
Ctpkr1 2 Cy + Fr CYWHVFT. (2.83)
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This concludes the k-th recursion of the DBF technique.
The algorithm described above needs a proper initialization. In our work, a (known) Gaussian
pdf f(x1) = N(x1;m1,Cq) is assumed for the initial x;; for this reason, DBF is initialized

by setting g, (x1) = f(x1) for Fy and by sampling the pdf f(ng)) (that results from the
(L)

marginalization of f(x;) with respect to x;’) IV, times in order to generate the initial particle
set Si[1] = {Xglj), j=1,...,Np}; then, the same weight (w, = 1/N)) is assigned to each particle.

All the processing tasks accomplished by the DBF technique are summarized in Algorithm
1. Note also that, at the end of the k-th recursion, estimates ngk) and X§L) of X](CN) and X](CL),
respectively, can be evaluated as: a) xgvk = Wf]?g X](CJ\;) [n;] (see our comments following
Eq. (2.60)) or xgvk) = né"lfl) where 17:(,) nit+l) CODSlsts of the last Dy elements of 77; nitl) (see Eq.

(2.78)); b) gl)g ﬁénkl+ )7 where 77:,() i +1) consists of the first Dy elements of n(nlﬂ).

Algorithm 3: Double Bayesian Filtering

1 Initialisation: For j =1 to N,: sample the pdf f(ng ) to generate the particles Xg y (forming

the set S1[1]), and assign the weight w, = 1N, to each of them. Set Wg, 1 = Wy = [Cq]7 1,
Wip,1 = Win.
2 Filtering: For £k =1 to ¢:
a- First measurement update in F1: Compute Wy (2.36) and wa j (2.37), Cax = [Wa ]! and
M2,k = Co 1 Wa . Then, extract 7 5 and ézyk from 72, and C, 1, respectively, and set
VVES}g = OD,D and Wz(l(,)l)c = OD.
for n =1 to n; do

b- Second measurement update in Fy: Compute Cé",g and n(") (see Egs. (2.40)—(2.43); then,

extract ngk) and Cl,k from ngk) and ng,g, respectively.

c- Measurement updates in Fa:
for j =1 to N, do
cl- First measurement update: compute 77§nk)J (2.49), C(n) (2. 50) and wgnk)J (2.48).
c2- Computation of the pseudo-measurements for Fa: compute Cz ko (2.55), 7 () (2.56),

Zk?j
W) =[C0) ) and WY = W) i5(% . Then, compute wg;;g] (2.53), W)

z k,j z,k,3'z,k,g"
(2.54), Cé”,z] = [Wénk)j]_ and Vénk)J = Cg",gjvifénk)] Finally, compute wék)] (2.52).

c3- Second measurement update: compute wflnlzj (2.57).

end

d- Normalization of particle weights: compute the normalized weights {Wi';) j} according to
Eq. (2.60).

e- Resampling with replacement: generate the new particle set Sg[n + 1] = {xg\;) [n+ 1]} by
resampling Sy [n] on the basis of the weights {sz)’ it

f- Time update in Fo: For j =1 to N,: Compute nz(,)]\,i)J (2.64) and Cg\lfc)J (2.65), and sample
the pdf N(X,(ﬁ)l, 77:(3{\12]'» ng\,i)j) to generate the new particle x,(ﬁ)lj [n+1].

g- Computation of the pseudo-measurements for Fi: For j =1 to Np: Compute ZECLJ) [n+ 1)

(2.77), W% (2.75) and ("), (2.76), CY) = [W") ]7" and ﬁi",g)j C{ %) . Finally,
(2.7

compute 774(“3 (2.68) and Cfﬁz (2.71) (according to Egs. (2.69)-(2.70) and (2.72)—(2.74),
respectlvely)

end
h- Compute forward predictions (if k < t): For j =1 to N,: set X,(CJPLJ- = Eﬁ)l j[ni] (these particles
form the set Si41[1]). Then, compute C, nLH) (2.42) and n(”‘+1) (2.43). Finally, compute 7, k+1

(2.82), Cip,k+1 (2.83), Wip k1 = [Cfp,k-i-l] and W, k11 = Wiy k176p k41

Following the same line of reasoning, a filtering method similar to DBF can be developed for
case C.2, that is for the second case considered in the previous paragraph. Details are omitted
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for space limitations; however, the relevant differences between this method (called simplified
DBF, SDBF, in the following) and the DBF technique can be summarized as follows:
1) In phase I, x,(gN) = igv ,z is assumed in computing the first filtered pdf of of X,(CL), where igv ,1

denotes the prediction of x,gN) evaluated on the basis of the message mfp(xéN)) (2.29) provided

by FQ.
2) In phase II, the message ﬁiin) (xx) (2.67) is replaced by

il (<) = NV (e 0, 60, (284)

since the pseudo-measurements computed in the Fo—F; block refer to the linear state component

only; here, ﬁf&) and éinlg are given by Egs. (2.69) and (2.72), respectively.

3) In phase III, X]E:N) = ig\/]g is assumed in computing the prediction of xgjr)l, where )“cgvk)

denotes the estimate of X](CN) evaluated on the basis of the final filtered pdf computed by Fs.

2.3.3 Computational complexity

The computational cost of the DBF and SDBF techniques has been carefully assessed in terms
of number of floating operations (flops) to be executed in each of their recursions. The general
criteria adopted in estimating the computational cost of an algorithm are the same as those
illustrated in [40, App. A, p. 5420] and are not repeated here for space limitations. A detailed
analysis of the cost required by each task accomplished by the DBF and the SDBF techniques is
provided in Appendix E.1. Our analysis leads to the conclusion that the overall computational cost
of the DBF and of the SDBF are approximately of order O(Npgr) and O(Nsppr), respectively,
with

Npgr = 2PD?* +4P%D +16D?/3 4 14n;D?/3

+n; - Ny(2PD? + 2P*Dy, + 2P /3
+6D3 + 6D D% +4D%? Dy + D3,/3) (2.85)

and

Nsppr = 2PD3 +4P?Dy, + 16D} /3 + 14n;D3 /3
+n; - Ny(2PD} 4+ 2P?Dy, +2P%/3
+6D3 + 6Dy D% +4D? Dy + D3;/3). (2.86)

Each of the last two expressions has been derived as follows. First, the costs of all the tasks
identified in Appendix E.1 for both the interconnected filters have been summed (see Eqgs. (E.1)-
(E.8)); then, the resulting expression has been simplified, keeping only the dominant contributions
due to matrix inversions, matrix products and Cholesky decompositions and discarding all the
contributions that originate from the evaluation of the matrices A,(CZ) (x,gN)) (with Z = L and
N), Fi, Hy and By and the functions f]gz) (X](CN)) (with Z = L and N), f(xx) and gk(x;N)).
Moreover, the complexity of particle resampling has been ignored. A similar approach has been
followed for EKF, for RBPF and for the MPF technique described in [37]; their complexities are
approximately of order O(Ngkr), O(Nrppr) and O(Nypr), respectively, with

Nekp = 2PD? +2P?D 4 2P% /3 + 6D°, (2.87)
Ngppr = Np(4PD3 +6P?Dy, + 2P /3 + 6D}
+4D3 Dy + 6D D% + D3%/3) (2.88)

and
Nupr =n(2M Ld5/3+ M d3 ;/3); (2.89)
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2. MULTIPLE BAYESIAN FILTERING AS MESSAGE PASSING

note that the symbols appearing in the last formula are the same as those defined in ref. [37].

It is important to keep in mind that a comparison among the computational costs listed
above does not fully account for the gap that can be observed in the execution speed of the
corresponding algorithms. In fact, distinct filtering techniques may have substantially smaller
memory requirements and, as evidenced by our numerical results, this may influence their overall
execution speed. For instance, the DBF /SDBF techniques need to store the state estimates and
predictions generated by a single extended Kalman filter, whereas RBPF needs to memorise those
computed by a bank of N, Kalman filters running in parallel. Finally, it is worth stressing that
Nppr (2.85) and Ngppr (2.86) exhibit a linear dependence on the parameter n;. Actually, in our
computer simulations, n; = 1 has been always selected, since marginal improvements have been
obtained by increasing n; beyond unity.

2.4 Numerical Results

In this section we first compare, in terms of accuracy and execution time, the DBF and SDBF
techniques with an extended Kalman filter (corresponding to F; of the DBF technique) and the
RBPF technique (corresponding to the combination of F5 of the DBF technique with a bank of N,
Kalman filters) for a specific CLG SSM, denoted SSM #1. This SSM is very similar to the dynamic
model described in [1, Par. VII-A| p. 1531], and refers to an agent moving on a plane and whose
state is defined as xj, = [pz,v;{]T; here, vi, £ [v%k,vy’k]T and p; = [px7k,py7k]T (corresponding
to x,(cN) and x,(CL), respectively) represent the agent velocity and its position, respectively (their
components are expressed in m/s and in m, respectively). The dynamic models (see [1, egs.

(67)-(68), p. 1531))

Vig1 = pvi + (1 = p) ny . + a(pr, vi) T, (2.90)
and 1
Pr+1 = Pr + ViTs + 52 (Pr, Vi) T2 + 0y (2.91)

are adopted for the agent velocity and position, respectively; here, p is a forgetting factor
(0 < p < 1), Ty is the sampling interval, {n, ;} and {n,;} are mutually independent additive
white Gaussian noise (AWGN) processes (whose elements are characterized by the covariance
matrices I and ag I,, respectively),

a(pg, vi) = —(ao/do) Px — o fo (V&) o k- (2.92)

is the acceleration associated with position/velocity-dependent forces, ag and ag are scale factors
(both expressed in m/s?), dy is a reference distance, u, ) = vi./||vk| is the versor (i.e., the
vector of unit norm) associated with v and f, (r) = (x/v9)® is a continuous, differentiable
and dimensionless function (the parameter vy represents a reference velocity). Moreover, the
measurement model

T T
Yi = [Pr [[Vell]” + ek, (2.93)
is adopted; here, {e;} is an AWGN process, whose elements are characterized by the covariance
matrix C, = diag(agyp, Uip, Ugyv).

In our computer simulations, the estimation accuracy of the considered filtering techniques
for SSM#1 has been assessed by evaluating two root mean square errors (RMSEs), one for the
linear state component, the other for the nonlinear one, over an observation interval lasting
T = 300 Ts; these are denoted RMSE[ (alg) (m) and RMSEy(alg) (m/s) respectively, where ‘alg’
denotes the algorithm these parameters refer to (note also that RMSE n(DBF) is computed on
the basis of the estimate of v generated by Fo, since this was found to be slightly more accurate
than that evaluated by Fp). Our assessment of computational requirements is based, instead, on
comparing Nppr (2.85), Nsppr (2.86), Npxr (2.87) and Nrppr (2.88), and on assessing the
average execution time required by each algorithm over the whole observation interval. Moreover,
the following values have been selected for the parameters of SSM#1: p = 0.99, Ty = 0.1 s, 0
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Figure 2.6: RMSE performance versus N, for the linear component (RMSE; blue curves) and the
nonlinear component (RMSEy; red curves) of system state (SSM+#1); EKF, RBPF, DBF and SDBF are
considered.

=00l m, 0ep=5-10"2m, gepy =5-1072 m/s, ap = 1.5 m/s?, dy = 0.5 m, dp = 0.05 m/s?
and vg = 1 m/s (the initial position pg = [px,o,py,O]T and the initial velocity vy = [vxyo,vyyo]T
have been set to [5 m,8 m]” and [4 m/s, 4 m/s]”, respectively). These values ensure that: a)
the two components of the position vector are represented by fast and damped oscillations in
the observation interval; b) the time variations of the state vector can be accurately tracked by
RBPF.

Some numerical results showing the dependence of RMSE; and RMSEy on the number of
particles (V) for RBPF, EKF, DBF and SDBF are illustrated in Fig. 2.6 (simulation results
are indicated by markers, whereas continuous lines are drawn to fit them, so facilitating the
interpretation of the available data); in this case, n; = 1 has been selected for DBF /SDBF and
the range [10, 150] has been considered for N,. These results show that:

1) The EKF technique is outperformed by the other three filtering algorithms in terms of both
RMSE}, and RMSEy for any value of N,; for instance, RMSE,(EKF) (RMSEy (EKF)) is about
1.65 (1.80) times larger than RMSE,(DBF) (RMSEN(DBF)) for N, = 100.

2) DBF/SDBF perform slightly worse than RBPF for the same value of N, (for instance,
RMSE[(DBF) and RMSE N (DBF) are about 5% larger than the corresponding quantities evalu-
ated for RBPF).

3) No real improvement in terms of RMSE; and RMSEy is found for N, 2 100, if RBPF,
DBF or SDBF are employed.

4) The SDBF performs very similarly as DBF; for this reason, in this specific case, the presence
of redundancy in the DBF does not allow to achieve a better estimation accuracy.

Despite their similar accuracies, RBPF, DBF and SDBF are characterized by different compu-
tational complexities and execution times. This is evidenced by the numerical results appearing
in Fig. 2.7 and showing the dependence of the execution time and the computational complexity
on N, for the considered filtering algorithms. For instance, from these results it is easily inferred
that the DBF complexity is about 39% smaller that of RBPF for N,, = 100; however, the gap in
terms of execution time is even larger mainly for the reasons illustrated at the end of Paragraph
2.3.3 (in particular, the execution time for the DBF is approximately 0.61 times smaller than that
required by RBPF). Moreover, the results shown in Figs. 2.6-2.7 lead to the conclusion that, in
the considered scenario, DBF /SDBF achieve a better accuracy-complexity tradeoff than RBPF.

The second SSM considered in this work has been inspired by refs. [39] and [41]. In fact, it
refers to a sensor network employing P sensors placed on the vertices of a square grid (partitioning
a square area having side equal to [ m) and receiving the reference signals radiated, at the same
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Figure 2.7: Execution time (black curves and markers) and computational complexity (blue curves) versus
N, for EKF, RBPF, DBF and SDBF; SSM#1 is considered.

power level and at the same frequency, by N independent targets moving on a plane. Each target
evolves according to the motion model described by

Vil = Vi + Dy (2.94)

and Eq. (2.91) with a (pg, vk) = 0 for any k. In this case, the considered SSM (denoted SSM#2

in the following) refers to the whole set of targets and its state vector xj, results from the ordered

concatenation of the vectors {xg); i=1,2, .. N}, where x,(;) = [(v,(;))T, (p,(;))T]T, and v,(;)
(i)

and p;,~ represent the i-th target velocity and the position, respectively. Moreover, the following

additional assumptions have been made about this SSM: 1) the process noises n;fj%c and nz(}i)k,

affecting the i-th target position and velocity, respectively, are given by ni(f;)k = (T2/2) ngi)k and

nff}{ =T ngi)w where {ngi} is two-dimensional AWGN, representing a random acceleration and
having covariance matrix o2 Iy (with i = 1, 2, ..., N); 2) the measurement acquired by the g-th

sensor (with ¢ =1, 2, ..., P) in the k-th observation instant is given by

N
o = 1010g10 (0 Y d3lls, — pf72) + e, (2.95)
=1

where the measurement noise {ex} is AWGN having zero mean and variance o2, ¥ denotes the
normalized power received by each sensor from any target at a distance dy from the sensor itself
and s, is the position of the considered sensor; 3) the overall measurement vector yy results
from the ordered concatenation of the measurements {qu; g=1, 2, ..., P} and, consequently,
provides information about the position only; 4) the initial position p(()l) = [pg(;)o, p;%]T and the
initial velocity V((]z) = [vg(f,)o, UL%]T of the i-th target have been randomly selected (with i =1, 2,
..., N). As far as the last point is concerned, it is important to mention that, in our computer
simulations, the region covered by the sensors has been partitioned into a number of squares (the
overall number of squares is not smaller than N) and distinct targets have been placed in different
squares in a random fashion; moreover, the initial velocity of each target has been randomly
selected within the interval (vVmin, Umax) in order to ensure that the trajectories of distinct targets
do not cross each other in the observation interval. The following values have been selected for
the parameters of SSM#2: P =25 1=103m, Ty = 15, 02 = 0.1 m/s?, 02 = —35 dB, ¥ = 1,
dp =1 m, vpin = 0 m/s and vy = 0.1 m/s. Moreover, a number N of targets ranging from 1 to
5 has been observed for T' = 120 T s.

Our computer simulations for SSM#2 have aimed at evaluating: a) the accuracy achieved by
different filtering algorithms in tracking the position of N targets; b) the probability that each
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filtering algorithm diverges in the considered observation interval (this parameter is denoted Prp
in the following). In practice, the accuracy achieved in position tracking has been assessed by

estimating the RMSE characterizing the whole set {pg); i=1,2, .., N} over each instant of

the considered observation interval; note that, if the i-th target is considered, its position p,(f)

represents the nonlinear component of the associated substate X](J), because of the nonlinear
dependence of yj, on it (see Eq. (2.95)). On the other hand, the probability Prp has been assessed
by carefully identifying all the simulation runs in which the tracking of at least one of the IV targets
fails. Moreover, the tracking accuracy and the probability of divergence have been evaluated
for the following six filtering techniques: 1) EKF; 2) RBPF; 3) the MPF technique developed
in [37] and based on the interconnection of N identical particle filters (one for each target); 4)
DBF; 5) SDBF; 6) a novel filtering algorithm based on the interconnection of Np = N + 1 filters
and dubbed MBF algorithm (MBFA). The last algorithm involves the interconnection of an
extended Kalman filter with N particle filters, each representing the filtered /predicted pdfs of a
two-dimensional vector through Np weighted particles. More specifically, the i-th particle filter
estimates the position pg) of the i-th target (with ¢ = 1, 2, ..., N); consequently, the degree
of redundancy of the MBFA is Ny = 2N, that is the same as DBF. The computation of the
messages passed in the k-th recursion of the MFBA is based on the same equations as those
derived for DBF; the only modifications are due to the fact that:

1) The measurement update accomplished by the i-th particle filter of the MBFA requires
integrating out the dependence of the measurement vector yj on the (N — 1) positions {p](j );
j # i}. This marginalization is accomplished by exploiting the pdfs of the positions {p,(j ); Jj#i}
predicted by the other (N — 1) particle filters. Moreover, the computation of particle weights
requires drawing L particles from the predicted pdfs of the other filters (see |37, eq. (7), p. 354]).

2) The computation of the pseudo-measurements for the extended Kalman filter requires a
particle representation for the whole vector py, that results from the ordered concatenation of the
vectors {p,(;); i=1,2,.., N}. In the MBFA, the j-th particle for pj is generated by: a) taking
the j-th element of the particle set made available, after resampling, by each of the IV particle
filters (with j =1, 2, ..., Np); b) concatenating the N particles obtained in this way.

In our computer simulations, IV, = 500 has been selected for RBPF, DBF and SDBF. Moreover,
in the MPF technique and in the MBFA, each of N particle filters makes use of N, = | N,/N |
particles, where IV, = 500. Note also that: a) the parameter ]\7p corresponds to the parameter M
of [37, Sec. I1I], since J =1 is set in MPF (where J denotes the number of children generated
in the time update step); b) in our simulations, the ratio L/ Np is always close to 1/3 for both
the MPF technique and the MBFA. The choices illustrated above ensure that all the algorithms
involving PF have comparable execution times; for instance, the execution time of RBPF, MPF
and DBF is approximately 21.4%, 3.4% and 0.9% larger, respectively, than that of the MBFA for
N =5 targets. Despite this, these techniques exhibit different behaviours. In fact, our computer
simulations have evidenced that, on the one hand, EKF and SDBF quickly diverge after their
initialization and, therefore, are useless in the considered scenario. On the other hand, the RBPF,
the MPF and the DBF techniques, and the MBFA achieve similar accuracies in tracking conditions,
but are characterized by different probabilities of divergence. This is evidenced by Fig. 2.8, that
shows the dependence of the probability Prp on the overall number of targets. From these results
it is easily inferred that, as the number of target increases, the RBPF and the MPF techniques
are substantially outperformed by the DBF technique and the MBFA. These results lead to the
conclusion that the property of redundancy can play a key role in some applications, since it can
substantially reduce the probability of divergence of a filtering algorithm.

2.5 Conclusions

In this chapter, the problem of developing filtering algorithms that involve multiple interconnected
Bayesian filters running in parallel has been investigated. The devised solution, called multiple
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Figure 2.8: Probability of divergence versus N for the RBPF, the MPF and the DBF techniques, and the
MBFA.
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Bayesian filtering, is based on the factor graph representation of Bayesian filtering. The application
of our graphical approach to a network consisting of two Bayesian filters has been illustrated.
Moreover, a specific instance of the proposed approach has been analyzed in detail for the case in
which the considered SSM is CLG, and the interconnected filters are an extended Kalman filter
and a particle filter. Simulation results for two specific SSMs evidence that the devised filtering
techniques perform closely to other well known filtering methods, but are appreciably faster or
offer a better tracking capability.
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Three

Double Bayesian Smoothing as Message Passing

Recently, a novel method for developing filtering algorithms, based on the interconnection of
two Bayesian filters and called double Bayesian filtering, has been proposed. In this chapter we
show that the same conceptual approach can be exploited to devise a new smoothing method,
called double Bayesian smoothing. A double Bayesian smoother combines a double Bayesian filter,
employed in its forward pass, with the interconnection of two backward information filters used
in its backward pass. As a specific application of our general method, a detailed derivation of
double Bayesian smoothing algorithms for conditionally linear Gaussian systems is illustrated.
Numerical results for two specific dynamic systems evidence that these algorithms can achieve
a better complexity-accuracy tradeoff and tracking capability than other smoothing techniques
recently appeared in the literature.

Part of this Chapter has been published in [47].

3.1 Introduction

The problem of Bayesian smoothing for a state space model (SSM) concerns the development
of recursive algorithms able to estimate the probability density function (pdf) of the model
state on a given observation interval, given a batch of noisy measurements acquired over it
[3], [48]; the estimated pdf is known as a smoothed or smoothing pdf. Two general methods
are available in the literature for recursively calculating smoothing densities; they are known
as the forward filtering-backward smoothing recursion (e.g., see [49] and [50]) and the method
based on the two-filter smoothing formula (e.g., see [51] and [52]). Both methods are based
on the idea that the smoothing densities can be computed by combining the predicted and/or
filtered densities generated by a Bayesian filtering method with the statistical information
produced in the backward pass by a different filtering method; the latter method is paired
with the first one and, in the case of the two-filter smoothing formula, is known as backward
information filtering (BIF). Unluckily, closed form solutions for Bayesian smoothing are available
for linear Gaussian and linear Gaussian mizture models only [3, 48, 53|. This has motivated
the development of various methods based on approximating smoothing densities in different
ways. For instance, the use of Gaussian approximations for the smoothing densities and of sigma
points techniques for solving moment matching integrals has been investigated in [54-56]. Another
class of methods (usually known as particle smoothers) is based on the exploitation of sequential
Monte Carlo techniques, i.e. on approximating smoothing densities through a set of weighted
particles (e.g., see [49, 51, 57-60| and references therein). Recently, substantial attention has
been also paid to the development of smoothing algorithms for the class of conditionally linear
Gaussian SSMs [7, 23, 24, 61, 62]. In this case, the above mentioned approximate methods can
benefit from the so called Rao-Blackwellization technique, i.e. from the marginalisation of the
linear substructure of any conditionally linear Gaussian model; this can significantly reduce the
overall computational complexity of both sigma-point based Gaussian smoothing [24] and particle
smoothing |7, 23, 61, 62] (that is usually known as Rao-Blackwellized particle smoothing, RBPS,
in this case).
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3. DOUBLE BAYESIAN SMOOTHING AS MESSAGE PASSING

In this chapter, we propose a novel general method for the development of computationally

efficient particle smoothers. Our method exploits the same conceptual approach illustrated in
Chapter 2 (see [32]) in the context of Bayesian filtering and dubbed multiple Bayesian filtering.
That approach is based on the idea of developing new filtering algorithms by: a) interconnecting
multiple heterogeneous Bayesian filters; b) representing the processing accomplished by each
Bayesian filter and the exchange of statistical information among distinct filters as a message
passing over a proper factor graph. In [32] the exploitation of this approach has been investigated
in detail for the case in which two Bayesian filters are interconnected, i.e. dual Bayesian filtering
(DBF) is employed. Moreover, it has been shown that accurate and computationally efficient
DBF algorithms can be devised if the considered SSM is conditionally linear Gaussian. In this
chapter, we show that, if DBF is employed in the forward pass of a smoothing method, a BIF
method, paired with DBF and based on the interconnection of two backward information filters
can be devised by following some simple rules. Similarly as DBF, our derivation of such a BIF
method, called double backward information filtering (DBIF), is based on a graphical model. Such
a graphical model allows us to show that: a) the pdfs computed in DBIF can be represented as
messages passed on it; b) all the expressions of the passed messages can be derived by applying
the same rule, namely the so called sum-product algorithm (SPA) [17], [18], to it; c) iterative
algorithms can be developed in a natural fashion once the cycles it contains have been identified
and the order according to which messages are passed on them (i.e., the message scheduling) has
been established; d) the statistical information generated by a DBIF algorithm in the backward
pass can be easily merged with those produced by its paired DBF technique in the forward pass
in order to evaluate the required smoothed pdfs. To exemplify the usefulness of the resulting
smoothing method, based on the combination of DBF and DBIF, and called double Bayesian
smoothing (DBS), the two DBF algorithms proposed in [32] for the class of conditionally linear
Gaussian SSMs are taken into consideration, and the BIF algorithm paired with each of them and
a simplified version of it are derived. This leads to the development of four new DBS algorithms,
two generating an estimate of the joint smoothing density over the whole observation interval, the
other two an estimate of the marginal smoothing densities over the same interval. Our computer
simulations for two specific conditionally linear Gaussian SSMs evidence that, in the first case,
the derived DBS algorithms perform very closely to the RBPS technique proposed in [7| and to
the particle smoothers devised in [23], but at lower computational cost and time. In the second
case, instead, two of the devised DBS techniques represent the only technically useful options,
thanks to their good tracking capability. In fact, such techniques are able to operate reliably even
when their competitors diverge in the forward pass.
It is worth stressing that the technical contribution provided by this chapter represents a significant
advancement with respect to the application of factor graph theory to particle smoothing illustrated
in [23]. In fact, in that manuscript, we also focus on conditionally linear Gaussian models, but
assume that the forward pass is accomplished by marginalized particle filtering (MPF; also
known as Rao-Blackwellized particle filtering); in other words, Bayesian filtering is based on
the interconnection of a particle filter with a bank of Kalman filters. In this chapter, instead,
the general method we propose applies to a couple of arbitrary interconnected Bayesian filters.
Moreover, the specific smoothing algorithms we derive assume that the forward pass is carried
out by a filtering algorithm based on the interconnection of a particle filter with a single extended
Kalman filter.

The remaining part of this chapter is organized as follows. In Section 3.2, a general graphical
model, on which the processing accomplished in DBF, DBIF, and DBS is based, is illustrated.
In Section 3.3, a specific instance of the graphical model illustrated in the previous section is
developed under the assumptions that the filters employed in the forward pass are an extended
Kalman filter and a particle filter, and that the considered SSM is conditionally linear Gaussian.
Then, the scheduling and the computation of the messages passed over this model are analysed
in detail and new DBS algorithms are devised. The differences and similarities between these
algorithms and other known smoothing techniques are analysed in Section 3.4. A comparison,
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in terms of accuracy, computational complexity, and execution time, between the proposed
techniques and three smoothers recently appeared in the literature, is provided in Section 3.5 for
two conditionally linear Gaussian SSMs. Finally, some conclusions are offered in Section 3.6.

3.2 Graphical Model for a Couple of Interconnected Bayesian Information
Filters and Message Passing on it

In this chapter, we consider a discrete-time SSM whose D—dimensional hidden state in the k—th
interval is denoted xj, £ [0k, T1 ks - xD_Lk]T, and whose state update and measurement models
are expressed by
Xp1 = B (Xk) + Wi (3.1)
and
Yk 2 Yoo Yo - YP—1)
= hy, (Xk) + eg, (3.2)

respectively, with k = 1, 2, ..., T. Here, fk(xk) (hy, (xk)) is a time-varying D—dimensional
(P—dimensional) real function, T" is the duration of the observation interval and wy (ey) is the
k—th element of the process (measurement) noise sequence {wk} ({ek}); this sequence consists
of D—dimensional (P—dimensional) independent and identically distributed (iid) Gaussian noise
vectors, each characterized by a zero mean and a covariance matrix C,, (C.). Moreover, statistical
independence between {e;} and {w;} is assumed.

From a statistical viewpoint, a complete statistical description of the considered SSM is
provided by the pdf f(x1) of its initial state, its Markov model f(xp+1|x)) and its observation
model f(yg|xx) for any k; the first pdf is assumed to be known, whereas the last two pdfs can be
easily derived from Eq. (3.1) and Eq. (3.2), respectively.

In the following, we focus on the problem of developing novel smoothing algorithms and, in
particular, algorithms for the estimation of the joint smoothed pdf f(x1.7|y1.r) (problem P.1)
and the sequence of marginal smoothed pdfs {f(xx|y1.7), k = 1,2,...,T} (problem P.2); here,
yiT = [y{, yg, e y%]T is a P - T'—dimensional vector. Note that, in principle, once problem P.1
is solved, problem P.2 can be easily tackled; in fact, if the joint pdf f(x1.7|y1.7) is known, all
the posterior pdfs {f(xx|y1.7)} can be evaluated by marginalization.

The development of our smoothing algorithms is mainly based on the graphical approach
illustrated in our previous manuscripts |23, Sec. II1], [32, Sec. II] and |1, Sec. III] for Bayesian
filtering and smoothing. This approach consists in the following steps:

1. The state vector x; is partitioned in two substates, denoted x,(cl) and x,(f) and having sizes

D1 and Dy = D — D1, respectively. Note that, if ig) represents the portion of x; not included in
(1) (2) (2 (1)

X](j) (with 4 = 1 and 2), our assumptions entail that X’ = x;” and X’ = x, .

2. A sub-graph that allows to represent both Bayesian filtering and BIF for the substate x,(j)
(with ¢ = 1 and 2) as message passing algorithms on it is developed, under the assumption that
the complementary substate )‘(,(f)

densities of x,(;) are represented as messages passed on the edges of this sub-graph and the rules

for computing them result from the application of the SPA to it.

is statistically known. This means that filtered and predicted

3. The two sub-graphs devised in the previous step (one referring to x,gl), the other one to X,(f))

are interconnected, so that a single graphical model referring to the whole state xj is obtained.
4. Algorithms for Bayesian filtering and BIF for the whole state x; are derived by applying
the SPA to the graphical model obtained in the previous step.
Let us analyse now the steps 2.-4. in more detail. As far as step 2. is concerned, the sub-graph
devised for the substate x,(;) is based on the same principles illustrated in our manuscripts
cited above (in particular, ref. [32]) and is illustrated in Fig. 3.1. The k—th recursion (with

k =1,2,..,T) of Bayesian filtering for the sub-state X](j) is represented as a forward message
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passing on this factor graph, that involves the Markov model f (xk 11 |sz), )'(,i )) and the observation

model f (yk\xk), )‘(é)) This allows to compute the messages mfel(X]E:)), Mfen (X,(:)) and g, (Xéil)

that convey the first filtered pdf of XS), the second filtered pdf of x,(:) and the predicted pdf
l(gl, respectively, on the basis of the messages ﬁifp(x,(;)), mms(x,(;)) and mpm(xg)); the
last three messages represent the predicted pdf of Xg) evaluated in the previous (i.e., in the
(k — 1)—th) recursion of Bayesian filtering, and the messages conveying the measurement and

the pseudo-measurement information, respectively, available in the k—recursion. The considered
() (i))
)

filtering algorithm requires the availability of the messages mpm(xl(j)), Mgl (X, ), Mmg2(X,,
that are computed on the basis of external statistical information. The presence of the messages

of x

Mmgl ()‘(,(f)) and mmgg(ig)) is due the fact that the substate i,(:) represents a nuisance state for
the considered filtering algorithm; in fact, these messages convey filtered (or predicted) pdfs of )‘(](;)

and are employed to integrate out the dependence of the pdfs f (yk|x,(j) , )‘(,(;)) and f (x,(;)r1 |x,(; , ,(;)),

respectively, on )_c,(:). Note also that these two messages are not necessarily equal, since more
refined information about i,(;) could become available after that the message mms(xl(;)) has been
computed. On the other hand, the message mpm(xg)) conveys the statistical information provided

by a pseudo-measurement! about X](:). In Fig. 3.1, following [32, Sec. II], it is assumed that the
pseudo-measurement z,(;) is available in the estimation of x,(;) and that mpm(x,(;)) represents the

pdf of zg) conditioned on x,(f), that is

mpm () £ £ (5 [x,). (3.3)

The computation of the messages g1 (X](j)), mfeg(X’(j)) and mfp(xl(gl) on the basis of the
messages mfp(xl(j)), mms(xg)), mpm(xg)), mmgl()_cl(j)) and Mumg2 ()‘(](;)) is based on the two simple

rules illustrated in [1, Figs. 8-a) and 8-b), p. 1535] and can be summarized as follows. The first
(i)

and second filtered pdfs (i.e., the first and the second forward estimates) of x;~ are evaluated as

i (i) = ity (%1 ) 1ans (1), (3.4
and
ik () = g (3 ) (7). (35)
respectively, where
Mms ch /f Yk‘xk ’ch )mmgl( ()) dxg) (3.6)

and Mpm (x x\! )) is defined in Eq. (3.3). Equations (3.4)-(3.6) describe the processing accomplished
in the measurement update of the considered recursion. This is followed by the time update, in
which the new predicted pdf (i.e., the new forward prediction)

i (c0) = [ [ 5O R s (7 g () 5 (3.7

is computed. The message passing procedure described above is initialised by setting mfp(xgi)) =
f (Xgl)) (where f (ng)) is the pdf resulting from the marginalization of f(x;) with respect to )‘{&Z))
in the first recursion and is run for £ = 1,2, ..., 7. Once this procedure is over, BIF is executed

for the substate X](;); its (T'— k)—th recursion (with k =T — 1,7 — 2, ..., 1) can be represented as
a backward message passing on the factor graph shown in Fig. 3.1. In this case, the messages

mbp(xé)), Mbel (x,i)), mbeg(xé)) mbe(x,g)), that convey the backward predicted pdf of X(Z) the

1Generally speaking, a pseudo-measurement is a fictitious measurement that is computed on the basis of statistical
information provided by a filtering algorithm different from the one benefiting from it.
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BE2i=BEi FEli BEli FE2i BPi
FPl ~>§<~’I, | |\\‘-->§<--"’| |:‘-—>§<--"’| l FPi'~> <- BEI’

i | L =1 | x,‘(”
! ! ! +1

A AR
ok 0l IR AT o

PMi MG2i

Y«

yio/xi) x5 AA
MGli

Figure 3.1: Factor graph involved in the k—th ((T" — k)—th) recursion of Bayesian filtering (BIF) for the
substate xg) and forward (backward) message passing on it. The flow of messages in the forward (backward)
pass are indicated by red (blue) arrows, respectively; the brown vertical lines cutting each graph identify
the partitioning associated with formulas (3.10) (left cut), (3.11) (central cut) and (3.12) (right cut). The
messages gy (x,), iy (x(”) 7 (K1), 7 (6 11), 1ans (617, img (%), 1mpm (53 7ter () and
el (x\)) are denoted FPi, BPi, FPi', BEi', MSi, MGli, PMi, FEli and BEli respectively, to case

reading.

first backward filtered pdf of XS) and the second backward filtered pdf of x](f), respectively, are
evaluated on the basis of the messages T%be(xl(g_l), mpm(x,(:) ) and mmg (x,(f)), respectively; note
that ﬁlbe(xgl) represents the backward filtered pdf of x,(j) computed in the previous (i.e., in the
(T — (k 4+ 1))—th) recursion of BIF. Moreover, the first and second backward filtered pdfs of X](j)

are evaluated as (see Fig. 3.1)

et (x5)) = g (%)) mpm (x1). (3.8)
ez (X)) = e (%) = per (x07) 11ms (x17)), (3.9)

respectively, where mpm(xl(f)) and mms(x,(f)) are still expressed by Eq. (3.3) and Eq. (3.6),
respectively. The BIF message passing is initialised by setting mpe (ng)) = mfe(ng)) in its first
recursion and is run for k = T—1,7—2, ..., 1. Once the backward pass is over, a solution to problem
P.2 becomes available for the substate X,(;), since the marginal smoothed pdf f (x,(f), Yi.T, zgzzf)

(where zgl)T is the P - T'—dimensional vector resulting from the ordered concatenation of the all

the observed pseudo-measurements {z,(;)}) can be evaluated as?

165y 21) = ey (53 ) e () (3.10)
= it () pen (1) (3.11)
= it () (). (3.12)

with £ =1,2,...,T. Note that, from a graphical viewpoint, formulas (3.10)-(3.12) can be related
with the three different partitionings of the graph shown in Fig. 3.1 (where a specific partitioning
is identified by a brown dashed vertical line cutting the graph in two parts).

Given the graphical model represented in Fig. 3.1, step 3. can be accomplished by adopting
the same conceptual approach as [23, Sec. III] and [32, Par. II-B|, where the factor graphs on
which smoothing and filtering, respectively, are based are obtained by merging two sub-graphs,
each referring to a distinct substate. For this reason, in this case, the graphical model for the
whole state x;, is obtained by interconnecting two distinct factor graphs, each structured like the
one shown in Fig. 3.1. In [32, Par. II-B|, message passing on the resulting graph is described in
detail for the case of Bayesian filtering. In this chapter, instead, our analysis of message passing
concerns BIF and smoothing only. The devised graph and the messages passed on it are shown in

2Note that, similarly as refs. [23] and [1], a joint smoothed pdf is considered here in place of the corresponding posterior
pdf.
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To BIF,
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Figure 3.2: Graphical model based on the sub-graph shown in Fig. 3.1 and referring to the interconnection
of two backward information filters. The message computed in the backward (forward) pass are identified

by blue (black) arrows. The message msm(xgj)) is denoted SMi to ease reading.

Fig. 3.2. Note that, in developing our graphical model, it has been assumed that the smoothed

pdf referring to x,(j) (and conveyed by the message mgm (x,(g))) is computed on the basis of Eq.

(3.10), i.e. by merging the messages g, (xlg)) and Mpe(x S)) mb62<X§€)). Moreover, the following
elements (identified by brown lines) have been added to its i—th sub-graph (with ¢ = 1 and
2): a) two equality nodes; b) the block BIF;—BIF; for extracting useful information from the
messages computed on the i—th sub-graph and delivered to the j—th one. The former elements
allow the i—th backward information filter to generate copies of the messages mype (x,glil) and
msm(x,(;)
messages mpm(xl(;)) (see Eq. (3.3)) and mmgq(ig)) (with ¢ = 1 and 2; see Egs. (3.6) and (3.7))
are computed; note that this block is connected to oriented edges only, i.e. to edges on which the
flow of messages is unidirectional.

), that are made available to the other sub-graphs. In the latter element, instead, the

Given the graphical model represented in Fig. 3.2, step 4. can be easily accomplished. In fact,
recursive BIF and smoothing algorithms can be derived by systematically applying the SPA to it
after that a proper scheduling has been established for message passing. In doing so, we must
always keep in mind that:

1) Message passing on the i—th subgraph represents BIF /smoothing for the substate XS); the
exchange of messages between the sub-graphs, instead, allows us to represent the interaction of
two interconnected BIF /smoothing algorithms in a effective and rigorous way.

2) Different approximations can be used for the predicted /filtered /smoothed pdfs computed in the
message passing on each of the two sub-graphs and for the involved Markov/observation models.
For this reason, generally speaking, the two interconnected filtering/BIF /smoothing algorithms
are not required to be of the same type.

3) The k—th recursion of the overall BIF algorithm is fed by the backward estimates ﬁzbe(xg_zl)

(BE1') and mbe(xl(c_zl) (BE2'), and generates the new backward predictions mbp(x](C )) (BP1)

and Trpr(X,(C )) (BP2), and the two couples of filtered densities {(Mmpe1 (x]g)), mbeg(x;))), i=1,
2} ({BE1i, BE2i,i =1, 2}). Moreover, merging the predicted densities computed in the forward
pass (i.e., the messages {F'Pi}) with the second backward filtered densities (i.e., the messages
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3.3. Double BIF and Smoothing Algorithms for CLG SSMs

{BE2i = BFi}) allows us to generate the smoothed pdfs for each substate according to Eq.
(3.10). However, a joint filtered /smoothed density for the whole state xy, is unavailable.

4) Specific algorithms are employed to compute the pseudo-measurement and the nuisance
substate pdfs in the BIF;—BIF; blocks appearing in Fig. 3.2. These algorithms depend on the
considered SSM and on the selected message scheduling; for this reason, a general description of
their structure cannot be provided.

5) The graphical model shown in Fig. 3.2, unlike the one illustrated in Fig. 3.1, is not cycle
free. The presence of cycles raises the problems of identifying all the messages that can be
iteratively refined and establishing the order according to which they are computed. Generally
speaking, iterative message passing on the devised graphical model involves both the couple of
measurement updates and the backward prediction accomplished in each of the interconnected
backward information filters. In fact, this should allow each filter to progressively refine the
nuisance substate density employed in its second measurement update and backward prediction,
and improve the quality of the pseudo-measurements exploited in its first measurement update.
For this reason, if n; iterations are run, the overall computational complexity of each recursion is
multiplied by n;.

The final important issue about the graphical model devised for both Bayesian filtering and
BIF concerns the possible presence of redundancy. In all the considerations illustrated above,

disjoint substates x](;) and X,(f) have been assumed. Actually, in ref. [32], it has been shown

that our graphical approach can be also employed if the substates x,(gl) and X,(f) cover xj, but
do not necessarily form a partition of it. In other words, some overlapping between these two
substates is admitted. When this occurs, the forward /backward filtering algorithm run over the
whole graphical model contains a form of redundancy, since Ny 2 Dy + Dy — D elements of the
state vector xj, are independently estimated by the interconnected forward /backward filters. The
parameter Ny can be considered as the degree of redundancy characterizing the filtering /smoothing
algorithm. Moreover, in ref. [32], it has been shown that the presence of redundancy in a Bayesian
filtering algorithm can significantly enhance its tracking capability (i.e., reduce its probability of
divergence); however, this result is obtained at the price of an increased complexity with respect
to the case in which the interconnected filters are run over disjoint substates.

3.3 Double Backward Information Filtering and Smoothing Algorithms for
Conditionally Linear Gaussian State Space Models

In this section we focus on the development of two new DBS algorithms for conditionally linear
Gaussian models. We first describe the graphical models on which these algorithms are based;
then, we provide a detailed description of the computed messages and their scheduling in a specific
case.

3.3.1 Graphical Modelling

In this paragraph, we focus on a specific instance of the graphical model illustrated in Fig. 3.2,
since we make the same specific choices as ref. [32]| for both the considered SSM and the two
Bayesian filters employed in the forward pass. For this reason, we assume that: a) the SSM
described by egs. (3.1)—(3.2) is conditionally linear Gaussian |7], [1], [6], so that its state vector

X can be partitioned into its linear component ka and its nonlinear component ka) (having
sizes Dy, and Dy, respectively, with Dy + Dy = D); b) the dual Bayesian filter employed in the
forward pass results from the interconnection of an extended Kalman filter with a particle filter?
(these filters are denoted F; and Fg, respectively), as described in detail in ref. [32]. As far as
the last point is concerned, it is also worth mentioning that, on the one hand, filter F5 estimates

the nonlinear state component only (so that xg) = XéN) and i,(f) = X](CL)) and approximates the

3In particular, a sequential importance resampling filter is employed [2].
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predicted /filtered densities of this component through a set of IV, weighted particles. On the
other hand, filter F1 employs a Gaussian approximation of all its predicted /filtered densities, and
works on the whole system state or on the linear state component. In the first case (denoted C.1
in the following), we have that x,(:) = x; and >_(](€1) is empty, so that both F; and Fs estimate
the nonlinear state component (for this reason, the corresponding degree of redundancy in the
developed smoothing algorithm is Ny = Dy); in the second case (denoted C.2 in the following),
instead, xg) = XI(CL) and )‘(S) = ngN)
(consequently, Ny = 0).

Our selection of the forward filtering scheme has the following implications on the developed
DBIF scheme. The first backward information filter (denoted BIF;) is the backward filter
associated with an extended Kalman filter operating over on the whole system state (case C.1) or
on the linear state component (case C.2). The second backward filter (denoted BIF39), instead, is
a backward filter associated with a particle filter operating on the nonlinear state component only.
In practice, following [7, 23, 62], BIF is employed to update the weights of all the elements of the
particle set generated by filter Fo in the forward pass. Then, based on the graphical model shown
in Fig. 3.2, the factor graph illustrated in Fig. 3.3 can be drawn for case C.1. It is important to
point out that:

1) The first backward information filter (BIF;) is based on linearised (and, consequently,
approzimate) Markov/measurement models, whereas the second one (BIF2) relies on ezact models,
as explained in more detail below. These models are the same as those employed in ref. [32].

(1)

2) Since the nuisance substate X, ’ is empty, no marginalization is required in BIFy; for this

reason, the messages {mmgq(ig)); q=1,2} (i.e,, MG11 and M G21) visible in Fig. 3.2 do not
(1)

appear in Fig. 3.3. Moreover, the message mgm(X; ') = Mem(Xx) is generated on the basis of Eq.
(3.11), instead of Eq. (3.10).
2)

3) The backward filtered pdf ﬁzbe(x,(ﬁl)
msm(x,(cN)) (i.e., the messages BE2" and SM2, respectively) feed the BIF;—BIF; block, where
they are processed jointly to generate the pseudo-measurement message mpm (x,(;)) = Mpm (Xk)
(PM1) feeding filter Fy. Similarly, the backward filtered pdf fnbe(xg_zl) = Mpe(Xpy1) (BEL)
and the smoothed pdf msm(x,(cl)) = Mgm(x) (SM1) feed the BIF;—BIF2 block, where the
pseudo-measurement message mpm(x,(f)) = mpm(x,gN)) (PM?2) and the messages {mmgq(if)) =
mmgq(xl(f)); g =1,2} (i.e., MG12 and MG22) are evaluated.

In the remaining part of this paragraph, we first provide various details about the backward
filters BIF; and BIF5, and the way pseudo-measurements are computed for each of them; then, we
comment on how the factor graph shown in Fig. 3.3 should be modified if case C.2 is considered.

BIF; - This backward filter is based on the linearized versions of Egs. (3.1) and (3.2), i.e. on
the models (e.g., see [3, pp. 194-195] and (32, Par. III-A])

, so that filters F; and Fo estimate disjoint substates

= Fnbe(xl(fi)l) and the smoothed pdf msm(ng)) =

Xp+1 = Fr X + ug + wi (3.13)

and
Vi = HZ Xk + Vi + eg, (3.14)

respectively; here, Fj, = [0f}, (x) /8x]x:xfe,k, u, £ £, (Xfng) — Fp Xge 1, H% £ [Ohy, (x) /ax}xzxfp’k,
vi 2 hy (Xprg) —HIx¢, o and x5 (Xge k) is the forward prediction (forward estimate) of xy
computed by F; in its (k — 1)—th (k—th) recursion. Consequently, the approximate models

f(xk-i-l ‘Xk) = N(Xk;; Fi xi + ug, Cw) (3.15)

and i
Fyrlxe) = N (xp; HE x5, + vk, Ce) (3.16)

appear in the graphical model shown in Fig. 3.3.
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BIF5 - In developing this backward filter, the state vector x;, is represented as the ordered

concatenation of its linear component X(L) = [$(()L]27 mng), ey ng)—l, k]T and its nonlinear component
X]E:N) = [x(()],\?,x%), ...,:cg\g_l )7 Based on [1, eq. (3)], the Markov model
N N)/ (N N N
) = A O ) o1

is adopted for the nonlinear state component (this model corresponds to the last Dy lines of Eq.
(3.1)); here, f,EN) (x,(CN)) (A,E:N) (x,(CN))) is a time-varying D y—dimensional real function (Dy x Dy,
real matrix) and w,(gN) consists of the last Dy elements of the noise term wy, appearing in Eq. (3.1)

(the covariance matrix of w/,(C ) is denoted C( )) Moreover, it is assumed that the observation
model (3.2) can be put in the form (see [32, eq. (31)] or [1, eq. (4)])

vi = g (x") + B (x\")x\P) 1 ¢y, (3.18)

where gk(X;(g )) (Bg (X](CN))) is a time-varying P—dimensional real function (P x Dp, real matrix).
Consequently, the considered backward filter is based on the ezxact pdfs

PRI ) =N A G V0 s
and
Flyee™ ) = N (e (x7) + Br(xY)x”, €0, (3-20)

both appearing in the graphical model drawn in Fig. 3.3.

Computation of the pseudo-measurements for the first backward filter - Filter BIF is fed by
pseudo-measurement information about the whole state xi. The method for computing these
information is similar to the one illustrated in ref. [23, Sects. III-IV] and can be summarised
as follows. The pseudo-measurements about the nonlinear state component are represented by
the N, particles conveyed by the smoothed pdf msm(x,(gN)) (SM2). On the other hand, N,
pseudo-measurements about the linear state component are evaluated by means of the same
method employed by marginalized particle filtering (MPF) for this task. This method is based on
the idea that the random vector (see Eq. (3.17))

L N
A 21, aan
depending on the nonlinear state component only, must equal the sum
AP ()5 + wi, (3.22)
that depends on the linear state component. For this reason, N, realizations of z,(gL) (3.21) are
computed in the BIFs—BIF; block on the basis of the messages . (x,g+)1) (BE2 ) and mgp, (X]gN)),

(L)

and are treated as measurements about x;’
Computation of the pseudo-measurements for the second backward filter - The messages
Mbe(Xp+1) (BE1) and mgn(xg) (SM1) feeding the BIF;—BIF, block are employed for: a)
generating the messages {mmgq(xg)) g = 1,2} required to integrate out the dependence of
the state update and measurement models (i.e., of the densities f(xk+1|x N), ,(CL)) (3.19) and
(yk|xk x\L )) (3.20), respectively) on the substate Xl(f); b) generating pseudo-measurement

information about X](f ). As far as the last point is concerned, the approach we adopt is the same
as that developed for dual marginalized particle filtering (dual MPF) in ref. [1, Sec. V] and also
adopted in particle smoothing |23, Sects. III-IV]. The approach relies on the Markov model

L L L L N L
8, = AP () 4 60 () 4w, 829

referring to the linear state component (see [23, eq. (1)] or [1, eq. (3)]); in the last expression,
f,gL) (X](CN)) (A](CL) (x,(CN))) is a time-varying Dy —dimensional real function (D x Dy, real matrix),
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and W,(gL) consists of the first Dy, elements of the noise term wy, appearing in (3.1) (the covariance

matrix of W,gL) is denoted CSUL), and independence between {W](CL)} and {W](CN)} is assumed for
simplicity). From Eq. (3.23) it is easily inferred that the random vector

)

(V) & (1) _ A(D) ()Y (D)

z, =X, (3.24)

must equal the sum
15 (M) + wi, (3.25)

that depends on ngN) only; for this reason, z; ) (3.24) can be interpreted as a pseudo-measurement

(N)

about x, . In this case, the pseudo-measurement information is conveyed by the message
mpm(xl(fN)) (PM?2) that expresses the correlation between the pdf of the random vector z,(cN)

(3.24) (computed on the basis of the statistical information about the linear state component
made available by BIF;) and the pdf obtained for z,(CN) under the assumption that this vector is

expressed by Eq. (3.25). The message mpm(xLN)) is evaluated for each of the particles representing
X](CN) in BIF3; this results in a set of N,, particle weights employed in the first measurement update
of BIFy and different from those computed on the basis of yj (3.18) in its second measurement
update.

A graphical model similar to the one shown in Fig. 3.3 can be easily derived from the general
model appearing in Fig. 3.2 for case C.2 too. The relevant differences with respect to case C.1
can be summarized as follows:

1) The backward filters BIF; and BIFs estimate x(l) = x,(cL) and x,(f) = x,(ﬁN), respectively;

consequently, their nuisance substates are X _( ) = x/,(C ) and % _(2) = x/,(C ) respectively.

2) The BIFy—BIF; block is fed by the backward predicted / Smoothed pdfs computed by BIFs;

such pdfs are employed for: a) generating the messages mmg1 (x,(C )) (MG11) and mmgz(xéN))

(M G21) required to integrate out the dependence of the Markov model (see Eq. (3.23))
N L L) (N)\_(L L)/ (N
£ 1) 5By = A (x; AR) ()B4 g (V) () (3.26)

w

and of the measurement model f(y|x; N) (L)) (3.20), respectively, on XIE;N)3 b) generating

(L)

pseudo-measurement information about the substate xk only As far as point a) is concerned,

it is also important to point out that the model f(yk\x (L)) (f(x k+1|x(N) x/,(c ))) on which

BIF; is based can be derived from Eq. (3.20) (Eq. (3.26)) after setting x(N) = x%évli (x]iN) xgvk)),

here, xﬁé\j ,1 (xg\[g) denotes the prediction (the estimate) of x,gN) evaluated by the filter Fg in the

forward pass (further details about this can be found in ref. [32, Par. I1I-A|)

The derivation of specific DBS algorithms based on the graphical model illustrated in Fig.
3.3 requires defining the scheduling of the messages passed on it and deriving mathematical
expressions for such messages. These issues are investigated in detail in the following paragraph.

3.3.2 Message Scheduling and Computation

In this paragraph, the scheduling of a new recursive smoothing algorithm, called double Bayesian
smoothing algorithm (DBSA) and based on the graphical model illustrated in Fig. 3.3, and a
simplified version of it are described. Moreover, the expression of the messages computed by the
DBSA are illustrated.

The scheduling adopted in the DBSA mimics the one employed in ref. [23] (which, in turn, has
been inspired by [62] and [7]). Moreover, in devising it, the presence of cycles in the underlying
graphical model has been accounted for by allowing multiple passes of messages over the edges
which such cycles consist of; this explains why an iterative procedure is embedded in each recursion
of the DBSA. Our description of the devised scheduling is based on Fig. 3.4, that refers to the
(T — k)—th recursion of the backward pass of the DBSA (with k=T —1,T —2, ..., 1) and to

96



3.3. Double BIF and Smoothing Algorithms for CLG SSMs

To BIF,
|
Ell HSMl BPI BEI' | BEI
N T e K e
BE21=BEl |+ms;  BEIl | 7
yk -F PMI Xy /Xy
Yi/Xk
BIF, - BIF,
smM2,
. \BEzz BE2 BEI2 _BP2 BE2'
(2) - <-
Xy 4<
X

From BIF,

Figure 3.3: Graphical model referring to the interconnection of two backward information filters, one
paired with an extended Kalman filter, the other one with a particle filter.

the n—th iteration accomplished within this recursion (with n =1, 2, ..., n;, where n; represents
the overall number of iterations). Note that, in this figure, a simpler notation is adopted for most
of the considered messages to ease reading; in particular, the symbols ¢ , ¢, ¢L, gL(™, ¢N and
gN™) are employed to represent the messages m(xy), mt(ln) (xk), mq(x,(f)), ((1 )(x,(f)), mq(x,E:N)),
mgn) (X,EN)), respectively (independently of the presence of an arrow and of its direction in the
considered message), and the presence of the superscript (n) in a given message means that such
a message is computed in the n-th iteration. Moreover, each of the passed messages conveys a
Gaussian pdf or a pdf in particle form. In the first case, the pdf of a state/substate x is conveyed

by the message
me(x) = N(x:7,0), (3.27)

where n and C denote the mean and the covariance of x, respectively. In the second case, instead,
its pdf is conveyed by the message

Np
x) = Zmp’j (x), (3.28)
j=1

where
mpj(x) £ w; §(x —x;) (3.29)

is its j—th component; this represents the contribution of the j—th particle x; and its weight w;
to mp(x) (3.28). The nature of each message can be easily inferred from Fig. 3.4, since Gaussian
messages and messages in particle form are identified by blue and red arrows, respectively.

Before analysing the adopted scheduling, we need to define the input messages feeding the
considered recursion of the DBSA and the outputs that such a recursion produces. In the
considered recursion, the DBSA input messages originate from:

1) The k-th recursion of the forward pass. These messages have been generated by the DBF
technique paired with the considered BIF scheme and, in particular, by the DBF algorithm
derived in ref. |32, Par. III-B], and have been stored (so that they are made available to the
backward pass).

2) The previous recursion (i.e., the (T' — k — 1)—th recursion) of the DBSA itself.
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3. DOUBLE BAYESIAN SMOOTHING AS MESSAGE PASSING

As far as the input messages computed in the forward pass are concerned, BIF is fed by the
Gaussian messages (see Fig. 3.4)

Mgy (Xk) = N (k3 18p, ks Cip ) - (3.30)

and
Mige1 (Xk) = N (Xk; Nter ks Crerk)» (3.31)

that convey the predicted pdf and the first filtered pdf, respectively, computed by F; (in its
(k —1)—th and in its k—th recursion, respectively). The covariance matrix Cge; j and the mean
vector 71, are evaluated on the basis of the associated precision matrix (see [23, Eqgs. (14)-(17)])

Wit = Hy W H + W, i (3.32)
and of the associated transformed mean vector
Weet,k = Hiy We(ye — Vi) + Wep g, (3.33)

respectively; here, W, £ Ce_l, Wi k £ (Cfpvk)_l and wip, i £ Wik Mip.k-
The backward filter BIF», instead, is fed by the forward messages 77, (X’(cN)) and o1 (X](CN)),
both in particle form (see Fig. 3.4); their j—th components are represented by

. N N N
g (<) 2w, 0 () = xY), (3.34)
and N N N
Miel,j (x§C )) £ Wio k. j 6(){,(C ) _ X,(w-)), (3.35)
respectively, with 7 = 1,2, ..., N,; here, X](ﬁ) is the j—th particle predicted by Fs in the (k — 1)-th

recursion of the forward pass (i.e., the j—th element of the particle set S £ {xg), xg\;), e

x,gNJ\),p}), whereas w, £ 1/N, and wg,; represent the (normalised) weights assigned to this

(N

particle in the messages 17ig, (%, )) and Mo (X’(CN)), respectively.
On the other hand, the input messages originating from the previous recursion of the backward
pass are the backward filtered Gaussian pdf

Mbe (Xkt1) = N (Xks 15 Mbesk+1, Chehr1) (3.36)
and the backward pdf
- N (N N)
Mbe (Xl(e—&-)l) 2 5(Xk+)1 - xl(oe,k+1)7 (3.37)

that represents xgﬁ)l through a single particle having unit weight; these are computed by BIF;

and BIF,, respectively. Consequently, in the considered recursion of the backward pass, all the
forward /backward input messages described above are processed to compute: 1) the new backward
pdfs Mmpe(xy) and ﬁzbe(x,gN)); 2) the smoothed statistical information about x, (x,(gN)) by properly
merging forward and backward messages generated by F; and BIF; (Fg and BIF5). As far as the
last point is concerned, the evaluation of smoothed information is based on the same conceptual
approach as [7, 23, 62|. In fact, in our work, the joint smoothing pdf f(xy.7|y1.7) is estimated by
providing multiple (say, M) realizations of it. A single realization (i.e., a single smoothed state
trajectory) is computed in each backward pass; consequently, generating the whole output of the
DBSA requires running a single forward pass and M distinct backward passes. Moreover, the
evaluation of the smoothed information is based on the factorisation (3.10) or (3.11). In fact,
these formulas are exploited to merge the statistical information emerging from the forward pass
with that computed in any of the M backward passes.

The message passing on which the DBSA is based can be divided in the three consecutive
phases listed below.
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Figure 3.4: Representation of the message scheduling accomplished within the (7" — k)—th recursion of the
backward pass of the DBSA; the circled integers 1 — 10 specify the order according to which the passed
messages are computed in the n—th iteration embedded in the considered recursion. Blue and red arrows
are employed to identify Gaussian messages and messages in particle form, respectively.

Phase I - In the first phase, the backward predicted pdf mq(xx) (1) is computed on the basis
of the backward filtered pdf Mmpe(xx+1) (BElI).

Phase II - In this phase, an iterative procedure for computing and progressively refining the
first backward filtered and the smoothed pdfs of the whole state (BIF;), and the second filtered
and the smoothed pdfs of the nonlinear state component (BIF5) is carried out. More specifically,
in the n-th iteration of this procedure (with n =1, 2, ..., n;), the ordered computation of the

following messages is accomplished in eight consecutive steps (see Fig. 3.4): 1) mgn) (xi) (207 pdf
< (n)

conveying pseudo-measurement information about xy); 2) g (xx) (3"): first backward filtered
pdf of xx); 3) mfln) (x1) (4"); smoothed pdf of x3,); 4) mgn) (X](CL)) (1L(™); pdf for integrating out
the dependence of f(x,(ﬁ)l\xém,x,(f)) and f(yk]x,iN),x,E:L)) on }(,EL))7 fné") (x,gN)) (3N™); backward
predicted pdf of XIE;N))5 5) mgn) (X’(cN)) (2N pdf conveying pseudo-measurement information
about X](CN)); 6) mfln) (x,gN)) (4N first backward filtered pdf of xéN)); 7) mén) (xé,N)) (5N™);
message conveying measurement-based information about XéN)); 8) mén) (X,(CN)) (6N second
backward filtered pdf of X,&N)), mgn) (X’(CN)) (1IN smoothed pdf of X](CN)). Note that the message
mgn) (x,gN)) computed in the last step of the n-th iteration is stored in a memory cell (identified
by the label ‘D’), so that it becomes available at the beginning of the next iteration.

Phase III - In the third phase, the final smoothed pdf mgni)(x,E:N)) is exploited to compute:

a) the final backward pdf (i.e., the output message of BIF3) ﬁzbe(xéN)); b) the new pseudo-
measurement message m(QniH) (xx), the final backward filtered pdf ﬁzgmﬂ) (xx), the final smoothed
pdf mflni+1)(xk) of xj and, finally, the final backward pdf (i.e., the output message of BIF;)
mbe(xk).

3.3.3 Message Computation

The expressions of all the messages evaluated by the DBSA, with the exception of the messages
emerging from the BIF;{—BIF5 block and the BIF3—BIF; block, can be easily derived by applying
the few mathematical rules listed in Tables A.1-A.3; all such rules result from the application
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of the SPA to equality nodes or nodes representing Gaussian functions. The derivation of the

algorithms for computing the pseudo-measurement messages mén) (xx) (2(") and mgn) (x,(gN))
(2N(™) emerging from the BIF;—BIF; block and the BIF;—BIF; block, respectively, is based
on the same approach illustrated in refs. [23, Par. IV-B] and [1, Sects. IV-V]. On the other hand,
the message m(n)( (L )) (1L(™) originating from the BIF;—BIF, block results from marginalizing
mfl )(xk) (4™ with respect to x,gN).

In the remaining part of this paragraph, the expressions of all the messages computed in each
of the three phases described above are provided for the (7" — k)—th recursion of the backward
pass; the derivation of these expressions is sketched in Appendix D and is omitted here for space
limitations.

Phase I - The computation of the backward predicted pdf

1 (xk) = N (k5 71,k Crk) (3.38)

of x;, involves Mpe(xxr1) (3.36) and the pdf f(xk+1|xk) (3.15). Its parameters 7y, and Cyj are
evaluated on the basis of the associated precision matrix

-1
Wi, 2 (Cip) =FL Py Whe 1 Fig (3.39)
and of the associated transformed mean vector
Wik 2 Wipme = FF [Prit Whent1 — Whe 1 Qurr Wy ug], (3.40)

respectively; here, Wpe 1 = (Chept1) 5 Prr1 = Ip — Whepi1 Qrrt, Que1 = (W +
Whe k1) L Wy £ (Cyp) ™! and Whe g1 = Whe kb1 Mbe b1+

Phase II - In the n—th iteration of this phase, the eight consecutive steps listed below are
carried out; for each step, all the computed messages are described.

Step 1) - In this step, the message

m{" Y (x Z W1 ) _ X]g{?), (3.41)

(N)

computed in the previous iteration and conveying the smoothed pdf of x, ' generated by Fa

and BIF; (see step 8)) is processed jointly with mbe(xégl) (3.37) in the BIF;—BIF; block to
generate the message

mg” (x) = N (i) C5). (3.42)
that conveys the pseudo-measurement information provided to BIF;. The mean vector nénk) and

(n)

the covariance matrix C2 L are evaluated as
b

n n)\T n)\NT1T
sy = [y )" (0 h) "] (3.43)

and

n k
ng = 7 LNk, (3.44)
respectively, where

7]&?7)]6 2 WI(CLC ]1) nx k.j (345)

is a Dx-dimensional mean vector (with X = L and N),

NP
—1 T
Cg?g/k 2 Z ij;g,j ) TXYkj — 77X,k(77Y,k) (3.46)
j=1
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is a Dx X Dy covariance (or cross-covariance) matrix (with XY = LL, NN and LN) MLk = T

N = ~ ~ N N
NG =Xy Lk 2 Crj + ik (k) Ty TN kg 2 Xy (x0T and g j 2 7k (xf )T The

covariance matrix Cj ; and the mean vector 7j; ; are computed on the basis of the associated
precision matrix

1 NI\T N
Wi; 2 (Cry) ' = (ADD)) WA (3.47)
and of the associated transformed mean vector
Wi & Wy ik, = (A(N)) wiY )Z;(CL])v (3.48)

respectively; here, A,(”) A(N)( 1(C ))

L N N
Z) £ Xpekn ~ By (3.49)
is an iteration-independent pseudo-measurement (see Eq. (3.21)) and flg’ J) = f(N)( (N )) Note
that, in the first iteration,
n—1 0
Wi =W = weeps, (3.50)
(0)( (N) (N

for any j, i.e. my”(x; /) = Mger(x, )) (see Eq. (3.35)) since the initial information available
about the particle set are those originating from the forward pass. For this reason, the particles
{x,(ﬁ.)} and their weights {we  j} are stored in the memory cell at the beginning of the first
iteration.

Step 2) - In this step, the first backward filtered pdf ﬁ@:(,)n) (x1) of xi is computed as (see Fig.
3.4)

fngn) (Xk) = ml (Xk) m(2n) (Xk) (3.51)
= N (x; 3, CSY), (3.52)

where the messages mi(xy) and mgn) (xx) are given by Eq. (3.38) and Eq. (3.42), respectively.

The covariance matrix Cénlg and the mean vector n:(,)nk) are computed on the basis of the associated
precision matrix
-1
WYL 2 () = Wi+ W) (3.53)
and the associated transformed mean vector

w2 Wl = wp +w, (3.54)

respectively; here, Wénk) = (anlz)_l, Wy . 5% Mo f» and Wy and wy are given by Egs.
(3.39) and (3.40), respectively. From Eqs. (3.53)-(3.54) the expressions

cf =w ey (3.55)
and
nyy = Wi [CF) w g+ )] (3.56)

can be easily inferred; here, W,g n & [Cé gWLk +1Ip]~t
Step 3) - In this step, the smoothed pdf mfln) (xx) of xi, is evaluated as (see Fig. 3.4)

i (x1) = e ()™ (x) (3.57)
= N (xiimiy CHY). (3.58)

where the messages Mg (Xk) and fngn) (Xk) are given by Eqgs. (3.31) and (3.52), respectively. The
covariance matrix Cink) and the mean vector 7722 are computed on the basis of the associated
precision matrix

Wz(lnk) = erl,k + Wg:;g (3.59)

)
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and of the associated transformed mean vector

W) = Wi + wi, (3.60)

respectively. Note that Eq. (3.57) represents an instance of Eq. (3.11), since mife (xk) and m§”> (xk)
(i)

correspond to Mige1(x;”) and Mper (XS)), respectively (ng) = X;N) in this case).
Step 4) - In this step, the message
/m Xk dxk N) :/\/'(XI(CL);ﬁEZk),égZC)), (3.61)

is computed in the BIF;—BIF5 block. In practice, the mean ﬁgnk) and the covariance matrix égnlz

are extracted from the mean nfln,g and the covariance matrix Cflnlz of mfln) (xx) (3.58), respectively,

(L)

since x;. " consists of the first Dy elements of xy.
Then, the backward predicted pdf m(n) (X](CN)) is evaluated as (see Fig. 3.4)

N N L)\ « N n L N N
= [ [ e ) e () ml () ax V. (362)

Actually, what is really needed in our computations is the value taken on by this message (and
én)( (N)) (n) (Xl(cN))

also by messages my '(x; ') and mjy evaluated in step 5) and in step 7), respectively) for
,(CN) = x,i{\;) (see Egs. (3.75), (3.87) and (3.92)); such a value, denoted wé?,;j, is computed as

n 1 _(n
wiy ;= DS} e Xp(*gZé,,Q,j), (3.63)
where
DY) = <2w>—DN/2<det<c§f?-[nm—l/?, (3.64)
n N
Z?(> kg T H Xpe k+1 771(), kJ Hw(N) [n]’ (365)

HXH%V £ xTWx denotes the square of the norm of the vector x with respect to the positive
definite matrix W,

nssln) 2 AN 7+ 70 (3.66)

Wi n) 2 (CYY).[n) 7! and
Cisln & ALY G (A)" +CiY (3:67)
Step 5) - In this step, the message mén) (XIEN)), conveying pseudo-measurement information

about the nonlinear state component, is computed in the BIF{—BIFy block. The value wénk) j

(N) (N)

taken on by this message for x; " = x; ;" is evaluated as
W = pm (n)
wyy; = Dy XP(_§ZQ i) (3.68)
for any j; here,
(n) a (L)n2 _(n) 112
Z2,k,j e k‘JHW(") ka,j qu(ﬂm - Hn?MHWéZﬁ,/ (3.69)
L L)y1—1 (L N n ) 1 - (n < () -(n
Wit & () D 2 gD ), Wi 2 @) ) wh) & W)
Ty = fesss — A L, (3.70)
o ~ L) An L\T
CUiy = G — AL TR (ML) (3.71)
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Wi oe(ey) )t =Wl wib, (3.72)
DYy & (2m) 7P de(CYY))) 72 (3.73)

C,(:J) = Ci,gj + C(L) A,(cLJ) = A; )(x,g\][.)), ﬁék) is evaluated on the basis of the associated

transformed mean vector
3 X ~ - L
w2 WL = wl) W D, (3.74)

and the mean 7jye x4+1 and the covariance matrix Cye 141 are extracted from the mean nye p11

(L)

and the covariance matrix Cpe 41 0f Mpe(Xx41) (3.36), since they refer to x;” only.

Step 6) - In this step, the message mé(ln) (x,(cN)), conveying the first backward filtered pdf of
xM is computed Fig. 3.4
P puted as (see Fig. 3.4)
~ (n N — (n N n N
g o) = g o) mE” (). (3.75)
The value wik) taken on by this message for X’(CN) = X’(CJ\]() is given by (see Egs. (3.63) and (3.68))
wz(glk)j 2 wé?k)j wz(ank)] (3.76)

for any j.
Step 7) - In this step, the message conveying measurement-based information about XéN) is

computed as (see Fig. 3.4)

(N) /f Yk|X(N), L) gn)(X(L))Xm(gL) (377)
_(n — N
= N (yi s (%), €L (%)
(3.78)
where N N N
A (x ) 2 Be(xg ) i) + e (xi ) (3.79)
and B N .
Cl(x) £ Bulx”) €T B (x;") + Ce. (3.80)
Consequently, the value taken on by m( )( (¥ )) for X](CN) = x,(c{\;) is
wid s =Ny, CIL) (3.81)
n 1 n
- Dé,k),j eXp(_izé,k),j)’ (3.82)
where N .
ﬁénk)g (Xl(c )) = ﬁénk) (Xl(c,j)) = By ﬁgnk) + 8k (3.83)
égfﬁ,j = @éfii (Xl(f,v)) B, C(") B, + C., (3.84)
By, £ Bk(Xg))y grj = gl(X%)%
DY) 2 (2m) P2 det(CY) )] /2 (3.85)
n _(n 2
205 = Iy =105l (3.56)
and Wénk)j = (Cgf,i )L, Then, the message iny"” (x\")) is evaluated as (sce Fig. 3.4)
— (n N - (n N n N
g (xi.") = mi" () mg” (). (3.87)
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Its value for x,(gN) = X](C]’\J[-) is given by (see Egs. (3.63), (3.68) and (3.82))

) _ ) () _ () () (0
We kg = Wik /Wiy = Wak W3 Ws kg (3.88)
1
= Dg}) exp(—5 %)) (3.89)
where (n) () ) 0
n A n n n
p{v 2 py D) Dl (3.90)
and (n) () | ) )
n n n n
Zekg = Zong T Zskg + Lok (3.91)

Note that the weight wénk) ; conveys the information provided by the backward state transition

(w:(,)n,g ;), the pseudo-measurements (wénk) ;) and the measurements (wénk) i)

Step 8) - In this step, the message mgn) (x,gN)), conveying the smoothed pdf of x,gN) evaluated

in the n-th iteration, is computed as (see Fig. 3.4)

n N — N)\ < (n N
mi™ () = iy () g™ (i) (3.92)
this formula represents an instance of Eq. (3.10), since mgy (X](CN)) and fnén) (x,(cN)) correspond
to mfp(x,(;)) and ﬁleQ(x,(;)), respectively (x,(;) = x,(CN) in this case). The j—th component of

mgn) (xéN)) is evaluated as (see Egs. (3.34) and (3.88))

mi") () = i () wi, (3.93)
= w6 = %)), (3.94)

where
wgf),j = wy w((i?lg,j‘ (3.95)

Then, the weights {wgnk) j} are normalized; the j-th normalised weight is computed as

Wi £ 0wl (3.96)

Np—1
with j = 1,2,..., N, where C]in) 21/ wgnk)j. Moreover, the weights {WI(Z)]} are stored for
j:() b 9 b 9.

the next iteration. This concludes the n—th iteration. Then, the index n is increased by one, and
a new iteration is started by going back to step 1) if n < n; + 1; otherwise (i.e., if n = n; + 1), we
proceed with the next phase.

Phase III - In this phase, fnbe(xéN)) (i.e., the BIFy output message) is computed first; then,
steps 1) and 2) of phase II are accomplished in order to compute all the statistical information
required for the evaluation of the backward estimate My, (xk) (i.e., the BIF; output message).

More specifically, we first sample the set S; once on the basis of the particle weights {WI(TZ;}
(N)

computed in the last iteration; if the ji-th particle (i.e., x; jk) is selected, we set

N N
Xk =Xy (3.97)

so that the message (see Eq. (3.37))
e (%) £ 60" = xi.03). (3.98)

can be made available at the output of BIF,. On the other hand, the evaluation of the message

Mhe (Xk) is accomplished as follows. The messages mgniﬂ)(xk) and fnén#l) (xk) are computed
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first (see Egs. (3.42)—(3.49) and Egs. (3.51)—(3.54), respectively). Then, the message e (xy) is
computed as (see Fig. 3.4)

Mbe (Xk) = Mpea (X)) = fn{];ﬁ“) (xk) Mams (1) (3.99)
= N (X; Mbe2,ks Chez,k) » (3.100)

where
Mms (Xk) = N(de Tms,k 5 Cms,k) (3.101)

is the message conveying measurement information.
Moreover, the covariance matrices Cy,s and Cyes i, and the mean vectors 1y, and Nuea
are evaluated on the basis of the associated precision matrices

Wms,k = (Cms,k)_l = HkWe HT, (3.102)
Whez i £ (Chezp) ' = Wng e + Wt(ﬁ;l)v (3.103)

and of the transformed mean vectors

Wns,k £ Wms,k Thms,k = H, W, (Yk - Vk), (3104)
i+1
Whe2,k = Whea k he2,k = Wims k + wg;l; ), (3.105)

respectively. The k-th recursion is now over.

In the DBSA, the first recursion of the backward pass (corresponding to k = T' — 1) requires
the knowledge of the input messages mye(x7) and fnbe(x(TN)). Similarly as any BIF algorithm,
the evaluation of these messages in DBIF is based on the statistical information generated in the
last recursion of the forward pass. In particular, the above mentioned messages are still expressed
by Egs. (3.36) and (3.37) (with k =T — 1 in both formulas), respectively. However, the vector
x](oﬁzf is generated by sampling the particle set Sy on the basis of the forward weights {wee 7},
since backward predictions are unavailable at the final instant & = T". Therefore, if the jr-th
particle of St is selected, we set

xéﬁgp = ng’},jT (3.106)
in the message ﬁzbe(xgpN)) entering the BIFj in the first recursion (see Eq. (3.37)). As far as BIF;
is concerned, following [23], we choose

Wher = Wi r (3.107)

and
Whe, ' = Wiel,T (3.108)

for the message Mpe(x7).

The DBSA is summarized in Algorithm 1. It generates all the statistical information required to
solve problems P.1 and P.2. Let us now discuss how this can be done in detail. As far as problem
P.1 is concerned, it is useful to point out that the DBSA produces a trajectory {xg;{, k=1,
2, ..., T} for the nonlinear component (see Eq. (3.97)). Another trajectory, representing the

time evolution of the linear state component only and denoted {Xb?k, k=1,2, .., T}, can be
evaluated by sampling the message mgn")(x,(f)) (see Eq. (3.61)) or by simply setting Xl()i,)k = ﬁﬁk")

(this task can be accomplished in phase III, after sampling the particle set Si; see also the task g-
in phase III of Algorithm 1.

Since the DBSA solves problem P.1, it also solves problem P.2; in fact, once it has been
run, an approximation of the marginal smoothed pdf at any instant can be simply obtained by
marginalization. Unluckily, the last result is achieved at the price of a significant computational
cost, since M backward passes are required. However, if we are interested in solving problem

65



3. DOUBLE BAYESIAN SMOOTHING AS MESSAGE PASSING

Algorithm 4: Double Bayesian Smoothing

1 Forward filtering: For k = 1 to T: Run the DBF, and store Wit i (3.32), Wer,x (3.33),
Sy = {x,(cj\;)} and {er7k)j}§-\]:pl.

2 Initialisation of backward filtering: compute x,g];)T (3.106), We 1 (3.107) and whe 7 (3.108);
then, compute Cbe,T = (Wbe,T)_la Tlbe, T = Cbe,TWbe,T-

3 Backward filtering and smoothing:

for k=T —-1to1do
a- Phase I:

- Backward prediction in BIF;: compute W1 j (3.39) and wy 5 (3.40).
- Computation of iteration-independent information required in task b:For j =1 to Ny:

compute z( ) (3.49), Wkg (3.47), Wy ; (3.48), é;” = (W)~ ! and Mi,j = ék,j\i’k}j.
- Imtzalzsatzon of particle weights: Set Wl(ok?j = Wre,k,j-

Phase II:
for n =1 to n; do

b- Compute 737 (3.43) and CJ7) (3.44).

¢- Compute C{") (3.55), 112 (3.56), W) = (C§) 1, wi) = W) é’Q,WEJZE (3.59),
n)
k

wflnk) (3.60), Cfuz (Wflnlg) and 774,,3 = Cfl fln) Then, extract 77 (ank) from n(n)

(Ci).

d- For j =1 to Np: compute 77§ & J[ n] (3.66) and Cé]\,i)J [n] (3.67). Then, compute D:(,)nk)]
(3.64) and Z{) ; (3.65).

e- For j =1 to N,: compute ﬁ(") . (3.70), C(il,z)j (3.71), w = (C(") )Y

z,k,j z,k,J z,k,j
(";’%é)] = Wi”,jjﬁi”,jy Wé"k)j (3.72), v“vénk)] (3.74). Then, compute Dénk)j (3.73) and Zé"k)J
f- For j =1 to N,: Compute nén) (3.83), ankj (3.84), Wé 13; = (C_?é";z]) 1 Dénk)] (3.85)

and ZS(’Q] (3.86). Then, compute D'y - (3.90), Z{") . (3.91), w{y) . (3.89), wgn,gj (3.95)
and Wl,k-,j (3.96). Store the weights {WL/;'),J'} for the next iteration.

end

g- Phase III - BIF5: Select the ji-th particle xgi by sampling the set Si on the basis of the

weights {Wl(rli’)j} set X}EJZL = x,(j\;) and store x}(fgaC for the next recursion.

h- Phase III - BIF;: Compute ngn 1) C(n i) W(W ) and w (" 1) (see steps 1) and 2)).
Then, compute W i (3.102), Wiys (3 104) Wbeg}k (3.103), Wbeg k (3.105),
Cher = (Whea k) "' and nbe k = Che kWhe2,k, and store Chpe  and mpe . for the next recursion.

end

P.2 only, a simpler particle smoother can be developed following the approach illustrated in ref.
[23], so that a single backward pass has to be run. In this pass, the evaluation of the message

mbe(x](CN)) (i.e., of the particle X]E)];[L) involves the whole particle set Sy and their weights {WI(T;;;}

(see Eq. (3.96)) evaluated in the last phase of the (T — k)—th recursion. More specifically, a new

smoother is obtained by employing a different method for evaluating x](O]:L (see phase III-BIFy);
it consists in computing the smoothed estimate

N
sm k= Z W X ( ) (3.109)
of X,(c ) and, then, setting
N N
xl(oe}c = Xém,)k' (3110)

The resulting smoother is called simplified DBSA (SDBSA) in the following.
The computational complexity of the DBSA and the SDBSA can be reduced by reusing the
forward weights {ws k. j} in all the iterations of phase II, so that step 7) can be skipped; this
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means that, for any n, we set wénlz ;= Week,j in the evaluation of the j—th particle weight wénk) j

according to Eq. (3.88) in step 8) of phase II. Our simulation results have evidenced that, at least
for the SSMs considered in Section 3.5, this modification does not affect the estimation accuracy
of the derived algorithms; for this reason, it is always employed in our simulations.

The DBSA and the SDBSA refer to case C.1, i.e. to the case in which the substates estimated
by the interconnected forward/backward filters share the substate XECN). Let us focus now on case
C.2, i.e. on the case on which the filters are run on disjoint substates. A filtering technique, called
simplified DBF (SDBF), and based on the interconnection of a particle filter (F2) with a single
Kalman filter (Fy), is developed for this case in ref. [32, Par. III-B]. The BIF algorithm paired
with it can be easily derived following the approach illustrated above for the DBSA; the resulting
smoothing algorithm is dubbed disjoint DBSA (DDBSA) in the following. It is important to
mention that, in deriving the DBSA, the following relevant changes are made with respect to the

DBSA (see Fig. 3.2):

1) The iterative procedure embedded in the (7" — k)—th recursion of the backward pass involves
both the computation of the backward predicted pdf (BP1) and of the message M S1 in BIFy; for
this reason, it requires marginalizing the pdfs f (X;JX)I\XECN),xéL)) and f (yk\xéN),x;L)), respectively,

with respect to XIEL). This result is achieved in the first iteration by setting x,(CN) = xgvk) in both

these pdfs, where ng]g denotes the estimate of x,E:N) computed by Fy in the forward pass. In the
following iterations, we set X,&N) = xgﬁ)k, where ng)k represents the estimate of X](CN) evaluated

on the basis of the statistical information provided by BIFy (through the message SM2).
2) The pseudo-measurement message PM1 (corresponding to mgn) (xx) (3.42) in the DBSA)
(L)

conveys information about x; “only. Moreover, it is a Gaussian message, and its mean and
covariance matrix are given by n(Ln,z, and C(LnL) ;. (see Eqgs. (3.45) and (3.46), respectively).

Finally, it is worth mentioning that a simplified version of the DDBSA (called SDDBSA) can
be easily developed by making the same modifications as those adopted in deriving the SDBSA
from the DBSA.

3.4 Comparison of the Developed Double Smoothing Algorithms with
Related Techniques

The DBSA and the DDBSA developed in the previous Section are conceptually related to the
Rao-Blackwellised particle smoothers proposed by Fong et al. [62] and by Lindsten et al. [7] (these
algorithms are denoted Alg-F and Alg-L respectively, in the following) and to the RBSS algorithm
devised by Vitetta et al. in ref. [23]. In fact, all these techniques share with the DBSA and the
DDBSA the following important features: 1) all of them estimate the joint smoothing density
over the whole observation interval by generating multiple realizations from it; 2) they accomplish
a single forward pass and as many backward passes as the overall number of realizations; 3) they
combine Kalman filtering with particle filtering. However, Alg-F, Alg-L and the RBSS algorithm
employ, in both their forward and backward passes, as many Kalman filters as the number of
particles (IVp) to generate a particle-dependent estimate of the linear state component only. On
the contrary, the DBSA (DDBSA) employs a single extended Kalman filter (a single Kalman
filter), that estimates the whole system state (the linear state component only); this substantially
reduces the memory requirements of particle smoothing and, consequently, the overall number of
memory accesses accomplished on the hardware platform on which smoothing is run. As far as
the last point is concerned, the memory requirements of a smoothing algorithm can be roughly
assessed by estimating the overall number of real quantities that need to be stored in both its
forward pass and its backward pass. It can be shown that overall number of real quantities to be
stored by MPF, DBF and SDBF in the forward pass of the considered smoothing algorithms is of
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order O(MMPF)a O(MDBF), and O(MSDBF), respectively, with?

Mwpr = N, T (2D7 + 2D, + Dy + 1), (3.111)
Mpgr = T (2D* 4 2D + N, Dy + N) (3.112)

and
Msppr = T (2D3 + 2D, + N, Dy + N,,). (3.113)

Moreover, the overall number of real quantities to be stored by Alg-L, RBSS, the DBSA and

the DDBSA is approximately of order O(Maig_1,), O(Mgrgss), O(Mpgsa) and O(Mppssa),
respectively, with

Mpyg—1, = Mypr + D7 + D, (3.114)
Mggss = Mypr + Dj + D, (3.115)
Mpgsa = Mppr + N, + D* + D + Dy (3.116)
and
Mppasa = Mspgr + N, + Di + D. (3.117)

The memory requirements of the SDBSA and the SDDBSA (the SPS algorithm) are the same
as those of the DBSA and the DDBSA (the RBSS algorithm), respectively. Note also that the
quantities Mppsa (3.116) and Mpppsa (3.117) are smaller than Mpj—_r1, (3.114) and Mggss
(3.115), since Myrpr is larger than Mpgr and Mgspgr because of its dependence on N,,.

The differences in the overall execution time measured for the simulated smoothing algorithms
are related not only to their requirements in terms of memory resources, but also to their
computational complexity. In our work, the computational cost of the smoothing algorithms
derived in the previous section has been carefully assessed in terms of number of floating point
operations (flops) to be executed over the whole observation interval. The general criteria adopted
in estimating the computational cost of an algorithm are the same as those illustrated in [40, App.
A, p. 5420] and are not repeated here for space limitations. A detailed analysis of the cost required
by each of the tasks accomplished by our smoothing algorithms is provided in Appendix E.5.
Our analysis leads to the conclusion that the overall computational cost of the DBSA and of the
DDBSA is approximately of order O(Nppga) and O(Npppsa ), respectively, with

Nppsa =T {Npgr + M [38D?/3 +20D3%,/3+
n;N,(2D3 Dy + 2D, D%
+D3;/3+5D3) + 6n;D?] }, (3.118)

and

Nppssa =T { Nspgr + M [38D3 /3 + 20D%; /3
+n;N,(2D? Dy + 2D, D%
+D3,/3+5D3}) + 6n;D3 ] }; (3.119)

here, Npgr and Ngppr represent the computational complexity of a single recursion of the DBF
and SDBF, respectively (see [32, Egs. (97) and (98)]). Each of the expressions (3.118)—(3.119)
has been derived as follows. First, the costs of all the tasks identified in Appendix E.5 have
been summed; then, the resulting expression has been simplified, keeping only the dominant
contributions due to matrix inversions, matrix products and Cholesky decompositions, and

discarding all the contributions that originate from the evaluation of the matrices A,(ﬁz) (x,(gN))

(with Z = L and N), Fy, Hj; and By and the functions flgz) (X;CN)) (with Z = L and N), fi.(xx)

4Note that the expressions (3.111)—(3.113) also account for the contributions due to measurement-based information (see
Egs. (3.102) and (3.104)).
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(N

and g (x, )). Moreover, the sampling of the particle set in each recursion of the backward pass
has been ignored.

From Egs. (3.118)—(3.119) it is easily inferred that the computational complexities of the
DBSA and the DDBSA are approximately of order O(n; M NPD%T ). A similar approach can be
followed for Alg-L. and the RBSS algorithm; this leads to the conclusion that their complexities
are approximately of order O(M NPD%T), i.e. of the same order of the complexities of the DBSA
and of the DDBSA if n; = 1 is assumed.

On the other hand, the SDBSA and the SDDBSA are conceptually related to the SPS algorithm
devised by Vitetta et al. in ref. [23]. In fact, all these algorithms aim at solving problem P.2 only
(consequently, they are unable to generate the joint smoothed pdf f(x1.7|y1.7)) and carry out a
single backward pass. This property makes them much faster than Alg-L, the RBSS algorithm,
the DBSA and the DDBSA in the computation of marginal smoothed densities. Finally, note
that, similarly as the DBSA and the DDBSA techniques, the use of the SDBSA and the SDDBSA
requires a substantially smaller number of memory accesses than the SPS algorithm, since the
last algorithm employs MPF in its forward pass. Moreover, the computational cost of the SDBSA
and the SDDBSA is approximately of order O(ninD%T), whereas that of the SPS algorithm
is approximately of order (’)(NPD%T); consequently, they are all of the same order if n; = 1 is
assumed.

3.5 Numerical Results

In this section we first compare, in terms of accuracy and execution time, the DBSA, the SDBSA,
the DDBSA and the SDDBSA with Alg-L, the RBSS algorithm, and the SPS algorithm for a
specific conditionally linear Gaussian SSM. The considered SSM is the same as the SSM#2 defined
in [23] and describes the bidimensional motion of an agent. Its state vector in the k-th observation
interval is defined as xj, = [v},p}]7T, where vi, £ [vgk, vy k|7 and pr, = [pyk, pyx)? (corresponding
to XIE:L) and x,gN), respectively) represent the agent velocity and position, respectively (their
components are expressed in m/s and in m, respectively). The state update equations are

Vir1 = pVi + T ak(pk) + (1 — p) ny i (3.120)

and
Pri1 = Pk + Ts v + (T2/2) ax(pk) + 0y, (3.121)

where p is a forgetting factor (with 0 < p < 1), Ty is the sampling interval, n, j is an additive
Gaussian noise (AGN) vector characterized by the covariance matrix I,

gy Pk 1
1Pxll 1+ (|| /do)*

is the acceleration due to a force applied to the agent (and pointing towards the origin of our
reference system), ag is a scale factor (expressed in m/s?), dg is a reference distance (expressed in
m), and n, j is an AGN vector characterized by the covariance matrix ag I, and accounting for
model inaccuracy. The measurement vector available in the k-th interval for state estimation is

(3.122)

ay(pr) =

Yi = X + €, (3.123)

where e, = [ef} s egj LT and e, ), (e,)) is an AGN vector characterized by the covariance matrix
o2, 1o (agp Io).

In our computer simulations, following [23] and [1], the estimation accuracy of the considered
smoothing techniques has been assessed by evaluating two root mean square errors (RMSEs),
one for the linear state component, the other for the nonlinear one, over an observation interval
lasting T' = 200 Ty; these are denoted RMSE (alg) and RMSEy (alg), respectively, where ‘alg’ is
the acronym of the algorithm these parameters refer to. Our assessment of the computational
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requirements is based, instead, on evaluating the average computation time required for processing
a single block of measurements (this quantity is denoted CTB(alg) in the following). Moreover,
the following values have been selected for the parameters of the considered SSM: p = 0.995,
Ts=0.01s,0,=5-102m, 0.p=2-10"2m, 0cpy =2-1072 m/s, ap = 0.5 m/s? dp =5-1073
m and vg = 1 m/s (the initial position po £ [ps0,py.0]7 and the initial velocity vo £ [vz0,vy0]"
have been set to [0.01 m, 0.01 m]” and [0.01 m/s, 0.01 m/s]T, respectively).

Some numerical results showing the dependence of RMSE; and RMSEy on the number of
particles (N,,) for some of the considered smoothing algorithms are illustrated in Figs. 3.5 and
3.6, respectively (simulation results are indicated by markers, whereas continuous lines are drawn
to fit them, so facilitating the interpretation of the available data). In this case, n; = 1 has been
selected for all the derived particle smoothers, M = N, has been chosen for all the smoothing
algorithms generating multiple trajectories and the range [10,150] has been considered for N,
(since no real improvement is found for N,, 2 150). Moreover, RMSE;, and RMSEy results are
also provided for MPF and DBF, since these filtering techniques are employed in the forward
pass of Alg-L, the RBSS algorithm and the SPS algorithm, and the DBSA and the SDBSA,
respectively; this allows us to assess the improvement in estimation accuracy provided by the
backward pass with respect to the forward pass for each smoothing algorithm. These results show
that:

1) The DBSA, the SDBSA, Alg-L and the RBSS algorithm achieve similar accuracies in the
estimation of both the linear and nonlinear state components.

2) The SPS algorithm is slightly outperformed by the other smoothing algorithms in terms of
RMSEy only; for instance, RMSEx (SPS) is about 1.11 times larger than RMSEy(SDBSA) for
N, = 100.

3) Even if the RBSS algorithm and the DBSA provide by far richer statistical information
than their simplified counterparts (i.e., than the SPS algorithm and the SDBSA, respectively),
they do not provide a significant improvement in the accuracy of state estimation; for in-
stance, RMSEy (SPS) (RMSExN(SDBSA)) is about 1.12 (1.03) time larger than RMSE x(RBSS)
(RMSEyN(DBSA)) for N, = 100.

4) The accuracy improvement in terms of RMSE;, (RMSEy) provided by all the smoothing
algorithms except the SPS (by Alg-L, the RBSS algorithm, the DBSA and the SDBSA) is
about 24% (about 23%) with respect to MPF and DBF, for N,, = 100. Moreover, the accuracy
improvement in terms of RMSE;, (RMSEy) achieved by the SPS algorithm is about 24% (about
14%) with respect to the MPF for N, = 100.

5) In the considered scenario, DBF is slightly outperformed by (perform similarly as) MPF in
the estimation of the linear (nonlinear) state component; a similar result is reported in |32] for
a different SSM. Our simulations have also evidenced that the DBSA and the SDBSA perform
similarly as the DDBSA and the SDDBSA; for this reason, RSME results referring to the last
two algorithms are not shown in Figs. 3.5 and 3.6. This leads to the conclusion that, in the
considered scenario, the presence of redundancy in double Bayesian smoothing does not provide
any improvement with respect to the case in which the two interconnected filters operate on
disjoint substates in the forward and in the backward passes. Note that the same conclusion had
been reached in ref. [32, Sec. IV] for DBF only. Despite their similar accuracies, the considered
smoothing algorithms require different computational efforts; this is easily inferred from the
numerical results appearing in Fig. 3.7 and illustrating the dependence of the CTB on N, for
all the above mentioned filtering and smoothing algorithms. In fact, these results show that
CTB(DBSA) is approximately 0.85 (0.48) times smaller than CTB(Alg-L) (CTB(RBSS)); this
is in agreement with the mathematical results illustrated in Section 3.4 about the complexity
of Alg-L, the RBSS algorithms and the DBSA, i.e. with the fact the complexities of all these
smoothers are approximately of order O(M N, D3T) (provided that n; = 1 is selected for the
DBSA). Moreover, we have found that a 5.5% reduction in CTB is obtained if the DDBSA is
employed in place of the DBSA (i.e., if double Bayesian smoothing is not redundant). Similar
considerations hold for the SDBSA, the SDDBSA and the SPS algorithm. In fact, CTB(SDBSA)
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Figure 3.5: RMSE performance versus N, for the nonlinear component (RMSE ) of the state of SSM #1;
five smoothing algorithms (Alg-L, the DBSA, the SDBSA, the RBSS algorithm and the SPS algorithm)
and two filtering techniques (MPF and DBF) are considered.
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Figure 3.6: RMSE performance versus IV, for the linear component (RMSEj, ) of the state of SSM #1;
five smoothing algorithms (Alg-L, the DBSA, the SDBSA, the RBSS algorithm and the SPS algorithm)
and two filtering techniques (MPF and DBF) are considered.

is approximately 0.57 times smaller than CTB(SPS); moreover, the CTB is reduced by 6.8% if
the SDDBSA is employed in place of the SDBSA. It is also interesting to note that CTB(DBF) is
approximately 0.55 times smaller than CTB(MPF) for the same value of N,; once again, this
result is in agreement with the results shown in [32] for a different SSM. All the numerical
results illustrated above lead to the conclusion that, in the considered scenario, the DDBSA
and the SDDBSA achieve the best accuracy-complexity tradeoff in their categories of smoothing
techniques. The second SSM we considered is the same as the second SSM illustrated in 32, Sec.
IV] and refers to a sensor network employing P sensors placed on the vertices of a square grid
(partitioning a square area having side equal to [ m); these sensors receive the reference signals
radiated, at the same power level and at the same frequency, by IV independent targets moving
on a plane. Each target evolves according to the motion model described by Egs. (3.120)—(3.121)
with ag(px) = 0 for any k. In this case, the considered SSM (denoted SSM#2 in the following)
refers to the whole set of targets and its state vector x; results from the ordered concatenation of
the vectors {X](;); i=1,2,.., N}, where X](;) = [(VIE:Z))T, (p,(;))T]T, and v,(;) and p,(;) represent the
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Figure 3.7: CTB versus N, for five smoothing algorithms (Alg-L, DBSA, SDBSA, the RBSS algorithm
and the SPS algorithm) and two filtering techniques (MPF and DBF) SSM +#1 is considered.

i—th target velocity and the position, respectively. Moreover, the following additional assumptions
have been made about this SSM: 1) the process noises 1(1}(31C and nq(f’)k, affecting the i—th target
position and velocity, respectively, are given by ng}c = (T?/2) nSL and nq(f?,C =T n((j’L, where
{ng)k} is two-dimensional AWGN, representing a random acceleration and having covariance
matrix o2 Iy (with i =1, 2, ..., N); 2) the measurement acquired by the g—th sensor (with ¢ = 1,
2, ..., P) in the k-th observation interval is given by

N d2
=1

where the measurement noise {e;} is AWGN with variance o2, ¥ denotes the normalised
power received by each sensor from any target at a distance dj from the sensor itself and s,
is the position of the considered sensor; 3) the overall measurement vector yj, results from the
ordered concatenation of the measurements {y,1; ¢ =1, 2, ..., P} and, consequently, provides
information about the position only; 4) the initial position péz) [pgf)o,pé 2)] and the initial

velocity v(l) = [vg)(),v%]T of the i—th target are randomly selected (with i =1, 2, ..., N). As

far as the last point is concerned, it is important to mention that, in our computer simulations,
distinct targets are placed in different squares of the partitioned area in a random fashion;
moreover, the initial velocity of each target is randomly selected within the interval (vpin, Umax) i
order to ensure that the trajectories of distinct targets do not cross each other in the observation
interval. The following values have been selected for the parameters of SSM#2: P = 25, [ = 103
m Ts=1s,p=102=01m/s? 02=-35dB, ¥V =1,dy =1 m, Umin = 0 m/s and vy, = 0.1
m/s. Moreover, N = 3 targets have been observed over a time interval lasting T' = 60 T} s.
Our computer simulations have aimed at evaluating the accuracy achieved by the considered
smoothing algorithms in tracking the position of all the targets. In practice, such an accuracy
has been assessed by estimating the average RMSE referring to the estimates of the whole set

{p ;1 =1, 2, 3}; note that, if the i—th target is considered, its position p,(j) represents the

(4)

nonlinear component of the associated substate x;’, because of the nonlinear dependence of yy,
on it (see Eq. (3.124)). Our computer simulations have evidenced that, in the considered scenario,
the MPF and the SDBF techniques diverge frequently in the observation interval (some numerical
results about the probability of divergence area available in [32, Sec. IV]); unluckily, when this
occurs, all the smoothing algorithms that employ these techniques in their forward pass (namely,
Alg-L, the RBSS algorithm, the SPS algorithm, the DDBSA and the SDDBSA) are unable to
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Figure 3.8: RMSE performance versus N, for the nonlinear component (RMSE ) of the state of SSM #2;
two smoothing algorithms (the DBSA and the SDBSA) and one filtering technique (DBF) are considered.

recover from this event and, consequently, are useless. The DBF technique, instead, thanks to its
inner redundancy, is still able to track all the targets. Moreover, the two smoothing algorithms
employing this technique in their forward pass (namely, the DBSA and the SDBSA), are able
to improve the accuracy of position estimates in their backward pass; this is evidenced by Fig.
3.8, that shows the dependence of RMSE N on the overall number of particles (N,) for the DBF
technique, the DBSA and the SDBSA (the range [300,600] is considered for N,). Note that the
SDBSA is outperformed by the DBSA in terms of RMSEy; for instance, RMSEy(SDBSA) is
about 1.31 times larger than RMSEy(DBSA) for N,, = 500. However, this result is achieved at
the price of a significantly higher complexity; in fact, CTB(SDBSA) is approximately equal to
2-1073.CTB(DBSA).

3.6 Conclusions

In this chapter, factor graph methods have been exploited to develop new smoothing algorithms
based on the interconnection of two Bayesian filters in the forward pass and of two backward
information filters in the backward pass. This has allowed us to develop a new approximate method
for Bayesian smoothing, called double Bayesian smoothing. Four double Bayesian smoothers have
been derived for the class of conditionally linear Gaussian systems and have been compared, in
terms of both accuracy and execution time, with other smoothing algorithms for two specific
dynamic models. Our simulation results lead to the conclusion that the devised algorithms
can achieve a better complexity-accuracy tradeoff and a better tracking capability than other
smoothing techniques recently appeared in the literature.
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A

Factor Graphs and the Sum-Product Algorithm

A factor graph is a graphical model representing the factorization of any function f(-) expressible
as a product of factors { fi(-)}, each depending on a set of variables {x;}. In this thesis, Forney-
style factor graphs are considered [17]. This means that the factor graph associated with the
function f(-) consists of nodes, edges (connecting distinct nodes) and half-edges (connected to a
single node only). Moreover, the following rules are employed for its construction: a) every factor
is represented by a single node (a rectangle in our pictures); b) every variable is represented by a
unique edge or half edge; c) the node representing a factor f;(-) is connected with the edge (or
half-edge) representing the variable z; if and only if such a factor depends on z;; d) an equality
constraint node (represented by a rectangle labelled by “=") is used as a branching point when
more than two factors are required to share the same variable!. For instance, the factorization of
the function

[ (1,22, 23,24) = f1(21) f2 (71,22) f3(71,23) fa(w3,24) (A1)

can be represented through the factor graph shown in Fig. A.1.

Throughout this dissertation, factorizable functions represent joint pdfs. It is well known that
the marginalization of f(-) with respect to one or more of its variables can be usually split into a
sequence of simpler marginalizations if the factor graph representing f(-) is cycle free, that is
it does not contain closed paths (known as cycles). Our interest in the graph representing f(-)
is motivated by the fact that the function resulting from each of these marginalizations can be
represented as a message (conveying a joint pdf of the variables it depends on) passed along
an edge of the graph itself. For this reason, the overall procedure for marginalizing f(-) with
respect to each of its variables can be seen as a step-by-step message passing over a graph. For
instance, let us assume that we are interested in the marginal f (z3) originating from the joint
pdf f (z1, 2, x3,24) (A.1). In this case, it in not difficult to prove that the required marginal can
be evaluated as

f(w3) =1y (w3) M5 (23), (A.2)

where miy(x3) and ins (x3) are messages referring to the same edge, but coming from opposite
directions; moreover, the evaluation of the last two messages is based on the ordered computation
of the messages

ma (z1) = /f2 (x1,m2) Mo (x2) da, (A.3)
ms (z1) = mq (1) ma (21), (A4)
My (z3) = /f3 (x1,23) ms3 (1) da; (A.5)
and
s (z3) = / fi (3, 24) g (4) e, (A.6)

n the following, degree—3 equality constraint nodes will be always employed in our graphical models for the sake of
clarity. Note that, generally speaking, an equality node of degree d can be represented by a tree with (d — 2) equality nodes
of degree 3.
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A. FACTOR GRAPHS AND THE SUM-PRODUCT ALGORITHM

fz X Lﬁ/ll('xl) f3

==
iy (x,) my(x) oy (x) iy (xy) rng(xy) g (x,)

Figure A.1: Factor graph representing the structure of the function f(z1,z2,zs,2z4) (A.1) and message
passing on it for the evaluation of the marginal f(z3).

where 71 (z1) £ f1(x1), 1m0 (2) 2 1 and e (x4) £ 1. Egs. (A.3)—(A.6) represent specific
instances of a general rule, known as SPA and that can be formulated as follows (e.g., see |17, Sec.
IV]): the message emerging from a node, representing a factor f;(-), along the edge associated
with a variable x; is expressed by the product of f;(-) and the messages along all the incoming
edges (except that associated with x;), integrated over all the involved variables except x;. Note
that, in the following, a straightforward generalization of this rule will be employed any time the
joint pdf of a vector x; is evaluated by marginalizing a factorizable pdf that refers to the disjoint
random vectors x; and xs.

Two simple applications of the SPA are illustrated in Fig. A.2-a) and in Fig. A.2-b), that refer
to an equality constraint node and to a function node, respectively (note that, generally speaking,
these nodes are connected to edges representing wvectors of variables instead of single variables).
On the one hand, the message My, (x) emerging from the equality node shown in Fig. A.2-a) is
evaluated as?

Mout (X) = min,l (X) min,Q (X) ) (A7)

where M, 1 (x) and 73, 2 (x) are the two messages entering the node itself> and x is the vector of
variables all these message refer to. On the other hand, the message Moy (X2) emerging from the
function node shown Fig. A.2-b), that refers to the function f (x1,x2) depending on the vectors
of variables x; and x9, is given by

Fhout (X2) = / iin (x1) f (X1, %2) dxi, (A8)

where My, (x1) denotes the message entering it. Note that Eq. (A.2), and Egs. (A.3), (A.5) and
(A.6) result from the application of Eq. (A.7) and Eq. (A.8), respectively. Moreover, it is worth
mentioning that the following two rules have been also exploited in applying the SPA to the factor
graph shown in Fig. A.1: a) the marginal pdf f (z;), referring to the variable x; only, is expressed
by the product of two messages associated with the edge x;, but coming from opposite directions
(see Eq. (A.2)); b) the half-edge associated with a variable x; may be thought as carrying a
constant message of unit value as incoming message (e.g., see the messages mg (x2) and mg(x4)).

The result expressed by Eq. (A.2) is ezact since the graph representing the joint pdf
f(x1,22,23,24) (A.1) is cycle free. In principle, since the SPA is a ‘local’ rule, it can be also
applied to factor graphs with cycles (e.g., see [17, Par. III.A| and [18, Sec. V]), but usually
produces approximate results. Moreover, in this case, the messages passed on a cycle are usually
recomputed? according to some schedule until a certain stopping criterion is satisfied; this un-
avoidably leads to the development of iterative message passing algorithms. Despite this, it is
widely accepted that the most important applications of the SPA refer to graphs with cycles [18].

The last important issue related to the application of the SPA is the availability of closed-form
expressions for the passed messages when, like in the filtering problem investigated in this thesis,
the involved variables are continuous. In the following, the pdfs of all the considered random

2Note that, if the messages Min,1 (x) and My, 2 (x) represent pdfs, their product does not usually satisfy the normalization
condition, so that resulting pdf is known up to a scale factor.

31f a single message M (x) enters an equality node, it is conventionally assumed that the two messages emerging from are
copies of it.

4Note that the messages passed over a cycle need to be properly rescaled in order to ensure convergence (this prevents
them from tending to zero or infinity).
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a) b)

Figure A.2: Representation of the graphical models which Egs. (A.7) (diagram a)) and (A.8) (diagram b))
refer to.

(%)

X, |
m, | (X) Y m,, (X) =m,, (X) m, 5 (X)
@ - -

(c) X X, (X)X, X, ) dx,dx,
f(xpxzaxs)

Figure A.3: Ordered representation of the graphs which the message passing formulas listed in Table A.1,
Table A.2 and Table A.3, respectively, refer to.

vectors are Gaussian or are approximated through a set of IV, weighted particles. In the first case,
the pdf of a random vector x is conveyed by the message

e (x) = N(x;n, C), (A.9)

where 77 and C denote the mean vector and the covariance matrix of x, respectively. In the second
case, instead, its pdf is conveyed by the message

NP
mp (x) = ZTﬁP,j (x), (A.10)
j=1
where
mpj(x) £ w;d(x —x;) (A.11)

represents the j-th component of the message mip(x) (A.10), that is the contribution of the j-th
particle x; and its weight w; to such a message. Luckily, various closed-form results are available
for these two types of messages; the few mathematical rules required in the computation of all
the messages appearing in the algorithms described in Chapter 1, 2 and 3 are summarised in
Tables A.1, A.2 and A.3, which refer to the FGs illustrated in Fig. A.3-(a), Fig. A.3-(b) and Fig.
A.3-(c), respectively (note that in these Tables a denotes a constant vector); these results are
provided by [17, Table 2, p. 1303] or based on standard mathematical results about Gaussian
random variables (e.g., see |63, Par. 2.3.3]).
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A. FACTOR GRAPHS AND THE SUM-PRODUCT ALGORITHM

Table A.1: Mathematical rules for the evaluation of the message m,y:(x), emerging from the equality node
shown in Fig. A.3-(a), on the basis of the given input messages m;, 1(x) and m;, 2(x).

Formula no.  min,1(x) Min,2(X) Mot (X)
1 3(x —a) F(x) f(a)d(x —a)
2 N(x§7717cl) N(x;nLCQ) A\){](’:%?)_LV‘VN:Z W1 + Wao,

Table A.2: Mathematical rules for the evaluation of the message m,y:(X2), emerging from the function
node shown in Fig. A.3-(b), on the basis of the given input messages m;, 1(x1) and the function f(xi,xz2).

Formula no.  min(x1) f(x1,x2) Mout (X2)
1 N(X1;771,C1) N(X2;AX1 +g,Cz) N(Xz;Am +g,AclAlT+CQ)
2 6(x1 —a) ./\/(X2;Ax1 +g,Cg) N(xQ;Aa—i—g, Cz)
3 5(X1 — a) N(Xl; AXQ, Cz) /\/(a; x&Xz7 Cg)
, , exp{ 3 [n" Wn —n{ Win —n3 Wan] }
4 N(X1,771,C1) N(Xl’n2’02) W :2W1 + Wo,w =Wy + Wans

Table A.3: Mathematical rule for the evaluation of the message m,y:(X3), emerging from the function node
shown in Fig. A.3-(c), on the basis of the input messages m;, 1(x1) and m;y, 2(x2), and of the function

f(Xl,XQ,XE}).

Formula no.  min,1(X1)  Min,2(x2) f(x1,%x2,x3) Mout (X3)
X1 — Xo: X3 X X1 ) X N(X3§g(a) + A(a)n%
1 S(x1—a)  N(xzin2,C2)  N(xsg(x1) + Alx1)xz, Cs) C: + A(a)C2(A(a)")
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B

Message computation for Marginalized Particle Filtering
and Dual Marginalized Particle Filtering

In this Appendix the derivation of the expressions of various messages evaluated by the MPF
and the DMPF algorithms is sketched.

B.1 Marginalized Particle Filtering

Step 1) - The message ﬁiLj(XLN)) emerges from the function node representing f (yk\x(N)

N(yx; Bk(x,gN)) X](CL) + hk(x,(cN)), C.) and fed by mpr(X](C )) (1.12) (see Fig. 1.3); for this reason,
the derivation of Eq. (1.13) is based on formula no. 1 of Table A.2. Eq. (1.15), instead, is obtained
by first substituting Eqs. (1.11) and (1.13) in the right-hand side (RHS) of (1.14) and, then,
applying formula no. 1 of Table A.1.

(L)) _

Step 2) - The message 1 ](XéL)) emerges from the function node representing f (yk\xl(fv), xéL))

and fed by mfpj(x,(~C )) (1.11) (see Fig. 1.3); for this reason, based on Eq. (1.11) and formula no.
2 of Table A.2, it is easy to show that

T?Ll,j(xl(f)) _N(yk,Bij; )—i-th,C ); (B.1)

putting this message in an equivalent Gaussian form referring to x,(gL) results in Eq. (1.21). Eq.
(1.23), instead, results from substituting Egs. (1.12) and (1.21) in the RHS of Eq. (1.22) and,

then, applying formula no. 2 of Table A.1.

(N)
k+1

N(x,g]j_)l, f,EN)( 2 )) +A/,(C )( ;N)) X;L), C&,N)), and fed by the messages s j(x ,g )) and mgj(x,(f))
(see Fig. 1.3). Therefore, substituting Eqgs. (1.20) and (1.23) in the RHS of Eq. (1.28) and applying
formula no. 1 of Table A.3 produces Eq. (1.29).

Step 4) - The message ﬁij(z,(f)) is given by (see Fig. 1.3)

D)= [ ]P0 e ) axMax B2

Since, in this case, f(zk \Xk ,x,(cN)) = N(zk ; A(N (x N)) X, ,CqS,N)), f(x,(CN)) = 5(X](€N) —
xgeNk)j) flx k+1] gj,z]) = (x,E/,NH) XEI‘])QH]) (see Eq. (1.20) and Eq. (1.32), respectively), Eq.
(B.2) leads easily to Eq. (1.33). The message mgj(x,(f )) flows out of the node representing the
function f(z,(cL)\x,(gL),x,(CN)) =N(z ,(ﬁL),Afc )( ,(CN)) ,(c ),nyN)) and fed by the messages mj(z,(cL))
and T?LQJ(XECN)) (see Fig. 1.3); consequently, based on Eq. (1.33), formulas no. 2 and 3 of Table
A.2) it is easy to prove that

it (x() = N (2 AL x(P, ) (B.3)

(L))

Step 3) - The message 173 j(x,, ;) emerges from the function node representing f (xk 41 |x

this message can be easily put in the equivalent Gaussian form expressed by Eq. (1.34). Eq. (1.36),
instead, is obtained by first substituting Eqgs. (1.23) and (1.34) in the RHS of Eq. (1.35) and, then,
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B. MESSAGE COMPUTATION FOR MPF AND DMPF

by applying formula no. 2 of Table A.1. Finally, the output message 17 ; (X,(jr)l) emerges from the

L L N N N L N L L
), x My = Vs £ () + AP (M) X, )

and fed by the messages 1y ; (XI(CN)) and My j(x ,(c )). Therefore, substituting Eqgs. (1.20) and (1.36)
in the RHS of Eq. (1.39) and applying formula no. 1 of Table A.3 yields Eq. (1.40).

node representing the function f(x

B.2 Dual Marginalized Particle Filtering

Step 3) - The message i3 ; (x,(jr)1
N AP (M) < 189 (M), €l and fed by g j(x(7) (1.12) and i (x{" >) (1.23)
(see Fig. 1.4); for this reason the derivation of Eq. (1.45) is based on the application of formula

no. 1 of Table A.3 to Eq. (1.44).
Step 4) The message m; (Z](CN)) can be put in a particle-dependent Gaussian form since X](f_;_)l and
<P conditioned on x\V) = xV)

k k - “Mp,k,j°
e (V) ()
x5, = X k0

) emerges from the function node representing f (xk 1 ]x () ,gL)) =

are modelled as jointly Gaussian random vectors. In fact,

the random vector zl(g ) (1.10) should equal xé +)1 - f,iN) (xgv ,1 j); consequently,
(N)
k+1
Gaussian model for z,, " too. Moreover, since, as shown in Fig. 1.4, the statistical representations

of XECL) and xéﬁ)l employed in the computation of mj(zggN)) are conveyed by messages mfp’j(XLL))

adopting the particle-dependent Gaussian model (1.60) for x results in a particle-dependent

(N)

(1.12) and i3 ; (x/,(€ 4_)1) (1.45), respectively, the mean and covariance of zéN) (1.10) can be evaluated

as

N) (L) A L) (L
ni kg T =13 k,J k,j f(p}ﬂ,j (B4)

and

oV — o) 1 &P e

— T -
z,k,j fp,k,j (A(L)) - A(L) C(L) i (C(L)

T/=% T
k,j kj “Txk.j x,k,j) (Al(el,})) ) (B.5)

respectively; here, C>(< 12_ denotes the cross covariance matrix for the vectors X](CL) and x,(fjr)l
(conditioned on xéN) = ngzi ) and A(L) A(L)( E;])Vli ). Given mfpj(x}C )) (1.12) and the

conditional pdff(ka\X X(N) )= N(X(L) £~ )—i—A( ) (L),Cq(u )) (where fk(:,j) f(N)(xgplzj))

) fp k j k+17 k ,]
it is easy to show that C)(ck):j = Cé ,2](11,(3) (e.g., see [63, Par. 2.3.3, eq. (2.104)]); consequently,
Eq. (B.5) can be rewritten as
N L 1 ~ (L\T
Cs = Csi; — AL Ciky (AL))" (B.6)

Then, substituting Eqgs. (1.46) and (1.47) in Egs. (B.4) and (B.6), respectively, produces Egs. (1.49)
and (1.50), respectively. The message 13 ](XI(CN)) emerges from the function node referring to the
pdf f(z,(CN)|X](€N)) = N(Z,(CN), f,EL)( (N )) C(L)) and fed by the messages m; (Z](CN)) and Mg ; (X](CN))
(see Fig. 1.4); therefore, substitutmg Egs. (1.11) and (1.48) in the RHS of Eq. (1.51) and applying
formulas no. 2 and 4 of Table A.2 produces Eq. (1.52).

Step 5) The message T?L5J(X§€JJ\:)1) emerges from the function node representing f (xgi)l ]x(N), x/,(c )) =
(L)

N(x Eﬁ)l, f( )( (v ))—i—Ang) (ng)) XECL), C&N)) and fed by the messages my ;(x, ) and m47j(x§€N));
therefore, substltuting Egs. (1.23) and (1.58) in the RHS of Eq. (1.59) and applying formula no.

1 of Table A.3 yields Eq. (1.60).
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C

Message computation for Double Bayesian Filtering

In this Appendix, the derivation of the expressions of various messages evaluated in each of the
three phases which the DBF technique consists of is sketched. Our derivations are mainly based
on various formulas listed in the tables of refs. [17] and Appendix A, and resulting from the
application of the SPA to specific function nodes/messages.

Phase I - Message 17 (x;) (2.31) conveys the pdf f(y|xx) (2.17); therefore, it can be expressed
as my (xx) =N (yk; H;‘g Xg + Vi, Ce). The last formula can be easily put in the equivalent form
(2.31) (see [17, Table 3, p. 1304, Egs. (IIL.5) and (II1.6)]). Then, substituting eqs. (2.28) and
(2.31) in the RHS of Eq. (2.34) and applying formula no. 2 of Table A.1 yields Eqgs. (2.35)-(2.37).

Phase II - Step 1) The derivation of the formulas (2.39), (2.42) and (2.43) referring to the

(n)

message M~ (X)) can be considered as a straightforward application of formula no. 2 of Table A.1,

since Eq. (2.38) has exactly the same structure as Eq. (A.7), and both my(xy) and Tﬁinil)(xk)
are Gaussian messages.

Step 2) - The expression (2.48) of the weight wgnk) ; can be derived as follows. We first substitute
Eq. (2.21) (conditioned on x") = x;)[n]) and Eq. (2.44) in the RHS of Eq. (2.47); then, the
resulting integral is solved by applying formula no. 1 of Table A.2.

Step 3) - The derivation of the expression (2.52) for the weight wz(,’n,z ; is similar to that

illustrated for the particle weights originating from the pseudo-measurements in dual RBPF
and can be summarized as follows (additional mathematical details can be found in [1, Sec.

V, pp. 1528-1529]). Two different Gaussian densities are derived for the random vector Z;N)

(2.25), conditioned on XIEN). The expression of the first density originates from the definition

(2.25) and from the knowledge of the joint pdf of x,(cL) and x,(j_)l; this joint density is obtained

from: a) the statistical information provided by the messages ’I’?LQ(X](CL)) = N(X](gL);ﬁ27k,(~327k)

—

and m:(gn) (x,(CL)) = N(XIE:L); ~§nk), Cénk)), resulting from the marginalization of ma(xy) (2.35) and

Tﬁgn) (xx) (2.39), respectively, with respect to X]E:N); b) the Markov model f(X]({;[—;—)]_’X]({;N)’X](gL)>
(2.27). This leads to the pdf
A @) = N (230 (). M) ) (C.1)
where
-(n) (N L) (N [=(n) = L)/ (N
A ) = AP () (75— o] + £ (), (C2)
and
=(n) (_(N L) (NN [an) & L)y (N T
Cl) () = i + AP (<) [E5) - Can - (AP (7)) (C.3)

The second pdf of z,gN), instead, results from the fact that this vector Z](CN) must equal the sum

(2.26); consequently, it is given by
N) (N N). (L) [ (N
() = N (2750 (x), ¢ (C.4)
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C. MESSAGE COMPUTATION FOR DBF

Given the pdfs (C.1) and (C.4), the message T?Lén) (x,(gN)) is expressed by their correlation, since it
is computed as

o) = [ A ) s

Substituting (C.1) and (C.4) in the RHS of the last expression, setting x,(C ) = X](gN) [n] and
applying formula no. 4 of Table A.2 to the evaluation of the resulting integral yields Eq (2.52);

note that nik) (2.56) and c (2.55) represent the values taken on by nink) (x,gN)) (C.2) and

z,k,j
Cink): (X§C )) (C.3), respectively, for X(N) = x,(;\][)[ ].

Step 4) - Formula (2.59), that refers to the message mfl p (X,(CN ), is obtained by substituting
mgj(x/,(C )) (2.51) in the RHS of Eq. (2.58) and observing that w:(,)n,z] (2.52) represents the value
taken on by the message mg )(x,(cN)) for x,gN) = x,(cj\;) [n].

Step 5) Eq. (2.63) is results from substituting Eqs. (2.44) and (C.5) in Eq. (2.62) and, then,
applying formula no. 1 of Table A.3 to evaluate the resulting integral.

Step 6) - The message T?Lfln) (xx) (2.67) results from merging, in the Fo—F; block, the statistical

information about the nonlinear state component conveyed by the message m(n)( (N )) (and,

consequently, by its components {m4 j (Xk )} see Eq. (2.61)) with those provided by the pseudo-
(L)

measurement z, ~ (2.22) about the linear state component. The method employed for processing
this pseudo-measurement is the same as that developed for RBPF and can be summarized as
follows (additional mathematical details can be found in [1, Sec. IV, p. 1527]):

a) The particles x,g )[n + 1] and x,(ﬁ)l ;ln+ 1], conveyed by the messages 1y ; (x}; )) (2.61)

and ﬁigg )] (x§c +)1) (2.66), respectively, are employed to compute the j-th realization z,(ch) [n+ 1]

(2.77) of the vector z]g ) (2.22) according to Eq. (2.77).

b) The pseudo-measurement z,(ch) [n 4 1] (2.77) is exploited to generate the (particle-dependent)

message

=(n) (N

i) (x) = N (e, €L, (C.6)

(L), (n)

that conveys pseudo-measurement information about x; ; the covariance matrix C Lk and the

=(n) ()

mean vector 7, . of this message are computed on the basis of the precision matrix W4 k.j (2.75)

and the transformed mean vector Wi ,2 ; (2.76), respectively. Finally, the message m( ") (xx) (2.67)

results from merglng the message mfl )( (v )) (its j-th component is expressed by Eq. (2.61)) with

the pdfs {m4j (x](i, ))} (see Eq. (C.6)); the adopted approach is based on the fact that: a) as it

can be easily inferred from our previous derivations, the Gaussian message T?Lin) (X]({:L)) (C.6) is

evaluated under the condition that X](CN) = x,(c]\][-) [n+1]; b) the messages min]) (X,(~C )) and ﬁii ]) (X](gL))

provide complementary information, because they refer to the two different components of the
overall state x;. Consequently, the statistical information conveyed by the sets {T?LE[? (XLN))} and

{m _’4] (Xk )} can be merged in the joint pdf

) (X](C Xk £ wy Z My ﬁlinlz (X]E:L)). (C.7)

)

referring to xj. Then, the message ﬁiin) (xx) (2.67) is evaluated by projecting the pdf f*) (x,(CL), x,(CN))

(C.7) onto a single Gaussian pdf having the same mean vector and covariance matriz. It is worth
noting that, unlike all the other messages considered above and below, the computation of the
last message is not based on the SPA.
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Phase III - The message g, (Xi+1) (2.81) is computed as follows. Substituting the expressions
(2.16) of f (xps1 |x5) and (2.78) of M ™ (x;) in the RHS of Eq. (2.80) and applying formula
no. 1 of Table A.2 to the evaluation of the resulting integral produces Eqgs. (2.81)—(2.83).
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D

Message computation for Double Bayesian Smoothing
Algorithm

In this Appendix, the derivation of the expressions of various messages evaluated in each of the
three phases the DBSA consists of is sketched.

Phase I - Formulas (3.39) and (3.40), referring to the message m;(xx) (3.38), can be easily
computed by applying egs. (IV.6)-(IV.8) of ref. [17, Table 4, p.1304] in their backward form
(with A=Ip, X —>Fix, Z—Xp1 and Y —ug + wy) and, then, egs. (IIL.5)—(IIL.6) of [17, Table 3,
p.1304] (with A —-Fy, X—x; and Y —Fyxy).

Phase II -Step 1) The message mgn) (xx) (3.42) results from merging, in the BIFy;—BIF;
block, the statistical information about the nonlinear state component conveyed by the message
mgn 1)( (N)) (3.41) (and, consequently, by its /N, components {m(n 1)(X(N)) Wl(l 11) 5(Xl(€N) -

xg))}) with those provided by the pseudo-measurement Z/,(C ) (3.21) about the linear state

component. The method employed for processing this pseudo-measurement is the same as that
developed for MPF and can be summarised as follows (additional mathematical details can be

found in [1, Sec. IV, p. 1527]):

1) The particles x,(jv.) and xl(fg€ .1, conveyed by the messages mg a )(x,(CN)) (3.41) and Mmipe (xl(ﬁ)l)

(3.37), respectively, are employed to compute the j—th realization z,i ) (3.49) of zé ) for ji=1,2,
ey Np.
e pseudo-measurement z is exploited to generate the (particle-dependent) p
The pseud ) (3.49 loited h le-dependent) pdf

L L) ~ &
£ (M) = N (x: . Cry). (D.1)
that conveys pseudo-measurement information about X](CL) for any j; the covariance matrix ék,j
and the mean vector 7 ; of this message are computed on the basis of the precision matrix Wy, ;
(3.47) and the transformed mean vector Wy, ; (3.48), respectively.

n— 1)(

3) The messages {m LN))} are merged with the pdfs { f j(n) (XECL))} to generate the message

mgn)( k) (3.42). The approach we adopt to achieve this result is based on the fact that the

message mgnj 1)(x§C )) and the pdf f(n)( (L)) refer to the same particle (i.e., to the j—th particle
(N)

Xy i , but provide complementary information (since they refer to the two different components
of the overall state xy). This allows us to condense the statistical information conveyed by the

sets {m{" " (x{")} and {£”(x{"))} in the joint pdf

n— n L
Fo )(X](C prml 1) f( )(X](C )). (D.2)
referring to the whole state x;. Then, the message mgn) (xx) (3.42) is computed by projecting the

pdf f#) (X](CL), X’(CN)) (D.2) onto a single Gaussian pdf having the same mean and covariance.

85



D. MESSAGE COMPUTATION FOR DBSA

Steps 2 and 3) The expression (3.52) of m(n) (Xk) represents a straightforward application of

formula no. 2 of Table A.1 (with W1 =W 4, W2—>W§nk), wi1—wy  and W2—>Wén]2). The same

considerations apply to the derivation of the expression (3.58) of mfln) (xk)

Step 4) The expression (3.63) of the weight wénk) . is derived as follows. First, we substitute

the expression (3.19) of f (xg}:)l]x(m X/,(C )) and the expressions of the messages mpe (X§g +)1) (3.37)

and mg )(x,(c )) (3.61) in the right-hand side (RHS) of Eq. (3.62). Then, the resulting integral is

solved by applying formula no. 1 of Table A.2 in the integration with respect to xl({ ) and the

sifting property of the Dirac delta function in the integration with respect to XIE:]-Y-)l

Step 5) - The derivation of the expression (3.68) of the weight wgnk) ; 1s similar to that illustrated

for the particle weights originating from the pseudo-measurements in dual MPF and can be
summarised as follows (additional mathematical details can be found in ref. [1, Sec. V, pp. 1528-

1529]). Two different Gaussian densities are derived for the random vector zé ) (3.24), conditioned

on x,(c ). The expression of the first density originates from the definition (3.24) and from the

(L) (L) .

knowledge of the joint pdf of x; and x;7/;; this joint density is obtained from: a) the statistical

information provided by the message mgn) (x,(cL)) (3.61) and the pdf N(X’(g_[_;_)l,ﬁb%k_i_lébe?k_‘_l)

(resulting from integrating out the dependence of Mmpe(xk+1) (3.36) on X](CN)); b) the Markov

model f(xk+1|x(N), (L)) (3.26). This leads to the pdf

A (| ) = N (gl (), €0 (™)), (D.3)
where
B ) = Tinesin — ALY () Y (D.4)
and
CUNx) = Cuensn — A ()G (AL ()" (D.5)

(N)

The second pdf of z,(CN), instead, results from the fact that this vector z; "~ must equal the sum
(3.25); consequently, it is given by

() = NN R (1), 6), (D6)

Given the pdfs (D.3) and (D.6), the message mgn) (XECN)) is expressed by their correlation, i.e. it
is computed as

N n) ¢ (N)| (N N)| (N N
)= [ 1B - ) ol (0.7
Substituting Egs. (D.3) and (D.6) in the RHS of the last expression, setting x,(CN) = x,g]\;) and
applying formula no. 4 of Table A.2 to the evaluation of the resulting integral yields Eq. (3.68);

note that 17( ") - (3.70) and C( ) ; (3.71) represent the values taken on by 772 ,g)(x,(C )) (D.4) and

Cink):( ,(C )) (D.S), respectively, for X’(CN) = XIE:N).

Step 7) The expression (3.82) of the weight wénk) - is derived as follows. First, we substitute

the expressions (3.61) and (3.20) of mg )(xl(f)) and f(yk\x(N gf)), respectively, in the RHS
of Eq. (3.77). Then, solving the resulting integral (see formula no. 1 of Table A.2) produces Eq.
(3.78). Finally, setting x]gN) = X](C{\J[-) in Eq. (3.78) yields Eq. (3.82).

Phase III - The expression (3.100) of the message mpe (Xk) results from the application of
formula no. 2 of Table A.1 to Eq. (3.99).
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E

Computational complexity of various techniques

In this chapter, the computational complexity of various techniques employed in this work is
evaluated in terms of flops.

E.1 Computational complexity of the DBF and SDBF techniques

In this appendix, the computational complexity of the tasks accomplished in a single recursion of
the DBF technique is assessed in terms of flops. Moreover, we comment on how the illustrated
results can be also exploited to assess the computational complexity of a single recursion of the
SDBEF technique. In the following, Cx, CB, Cr, Cp (1) and Cp vy, and Cg, Cg(r), Cg(nvy and Cg, denote

the cost due to the evaluation of the matrices Hy, By, Fy, ALL)( (N)) and A( )( (N)) and of the

functions gk(xl(g )) f (L)( (v )), fliN) (X](CN)) and fj(xy), respectively. Moreover, similarly as [40],

it is assumed that the computation of the inverse of any covariance matrix involves a Cholesky
decomposition of the matrix itself and the inversion of a lower or upper triangular matrix.
1. Filter F, first measurement update - The overall computational cost of this task is (see

Egs. (2.32)—(2.33) and (2.36)—(2.37))
C](\})Ul = CWZ,k + CWQ,k + CCQ,k: + C"72,k (E.1)

Moreover, we have that: 1) the cost Cw,, is equal to Cy + 2PD? 4 2P?D — PD flops; 2) the cost
Cw,,, is equal to Cp + Cg + 2P2D +5PDy, + 3PDy — P flops (Hy has been already computed at
point 1); 3) the cost Cg,, is equal to 2D3/3+3D?/2 45D /6 flops; 4) the cost Cy, , is equal to
D(2D — 1) flops. The expressions listed at points 1)-4) can be exploited for the SDBF too; in the
last case, however, Dy = 0 and D = Dy, must be assumed.
2. Filter Fy, second measurement update - The overall computational cost of this task is (see
Eqgs. (2.42)-(2.43))
Chitrs = i (ch) +C (n)), (E.2)

where the costs Cc<n) and C ) are equal to D?(2D — 1) flops and 4D? — D flops, respectively; if

the SDBF is con81dered we have that D = Dy, in the last two expressions.
3. Filter Fy, first measurement update - The overall computational cost of this task is (see

Eqs. (2.48)~(2.50))

2 _
Chrrn = 1i Np (Cﬁ@ + Cc<n) + Cw§7]€>$j)~ (E.3)
Moreover, we have that: 1) the cost Cﬁ(n) is equal to Cg + Cg + 2P Dy, flops; 2) the cost Cx &m I8

1,k,j lk]

equal to 2PD% +2P2Dy, — PDy, flops (the cost for computing Cg has been already accounted for
at point 1)); 3) the cost C,m s equal to (4P3 +21P? +17P + 6)/6 flops.
1,k,7

4. Filter Fy, second measurement update - The overall computational cost of this task is (see
Egs. (2.57) and (2.60))

Cits =C ) +CW<n> + ni Cr(Np), (E.4)

4,k,j
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E. COMPUTATIONAL COMPLEXITY OF VARIOUS TECHNIQUES

where the costs Cw(n> and CW(n) are equal to n; N, flops and 2NV, — 1 flops, respectively, and

4,k,j 4,k,j
Cr(N,) denotes the total cost of the resampling step (that involves a particle set of size N,).

5. Computation of the pseudo-measurements for filter Fy - The overall computational cost of
this task is (see Egs. (2.52)—(2.56))

Ci—2 =n; N, (C(n +C n>—|—C (n)—i-C n)-I—

Cw(n) +C. () -I-Cc(n) +C o) -I-C (n) ) (E.5)

3,k,j 3k] 3,k,j Sk] w3kg
Moreover, we have that: 1) the cost Cﬁ(n) is equal to Cp ) + Cery) + 2D% + Dy, flops; 2) the cost
z,k
Cé<n) is equal 4D3 flops (since the cost for computing C, () has been already accounted for at
z,k

point 1); 3) the cost Cw(n) is equal to 2D% /3 +3D? /2 4+ 5D, /6 flops; 4) the cost Cy(m 18 equal
z,k

to D (2D, — 1) flops; 5) the cost Cw(n)

is equal to D% flops; 6) the cost Cv,vw) is equal to ZD%
3,k,j
flops (the cost for computing Cg(z) has been already accounted for at point 1); 7) the cost C-

(n)
CS k,j

is equal to 2D3 /3 +3D% /2 + 5D1,/6 flops; 8) the cost C ooy is equal to D, (2D, — 1) flops; 9)
the cost Cw(n) is equal to 6D + 3Dy + 1 flops (the cost for computing Cgr) has been already
3,k,j

»RyJ
accounted for at point 1)).
6. Computation of the pseudo-measurements for filter F; - The overall computational cost of
this task is (see Egs. (2.69)(2.77))

Coy1 =n; N, (C ) +C +C. oy +C-

Wi +C.m) )

™
C 4,k,j

Cn Cn C E.6
e Th T (E)

(n)-
w,"

Moreover, we have that: 1) the cost C ) is equal to Dy flops (the cost for computing Cev)

.7
has been already accounted for in the time update of filter Fq); 2) the cost C is equal to

(n)
W4nk J

DD (2Dy — 1) flops (the cost for computing C, () has been already accounted for in the time
update of filter F2); 3) the cost C__ oy is equal to Dy, (2D% + Dy —1) flops (the cost for computing

Ca(v) has been already accounted for in the time update of filter Fg); 4) the cost C is equal

to 2D? /34 3D?% /2 + 5D, /6 flops; 5) the cost C. e is equal to Dr(2Dy, — 1) flops; 6) the cost

4k]
CC<n) is equal to n;(2N,D? + N,D3; + 2D? + 2D% + N,D Dy + 2D Dy + 3N,,) flops; 7) the

cost C o) is equal to n;(D(Np, — 1) + 1) flops; 8) the cost CW(") is n;(16D3 + 9D? + 5D) /6 flops.

If the SDBF is considered, the total costs 1)-5) remain unchanged whereas Dy = 0 and
D = Dy, in the costs Cn(”) and Cy ) (see points 7) and 8)); moreover, the cost Cc(n) becomes
4k k 4k

ni(2N,D? +2D?% + N,) flops (see point 6)).
7. Filter Fy, time update - The overall computational cost of this task is (see Egs. (2.82)—(2.83))

1
Cé’(} - Cm'p,k+1 + Ccfp,k+1 + wap,k+1 + wap,k+17 (E7)

since C (n;+1) and Cn(ni+1> have been already computed in the previous time update of filter Fs.
3 & 3,k

Moreover, we have that:

1) Cpg, iry 18 equal to Cy, flops; 2) Cey, .., 1s equal to Cr + D%(4D — 1) flops; 3) CWiy oy 18
equal to 2D%/3 + 3D?/2 4+ 5D/6 flops; 4) Cw,, ,,, is equal to D(2D — 1) flops. If the SDBF is
considered, D = Dy, is set in the expressions of the costs listed at points 1)-4).

8. Filter Fy, time update - The overall computational cost of this task is (see Egs. (2.64)—(2.66))

C(TQ& (C ) +Comy +C vy ). (E.8)

3k] 3,k,j k+1]
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E.2. Computational complexity of the EKF technique

Moreover, we have that: 1) the cost Cn(m is equal to Cp vy + Cpvy + 2D, D flops; 2) the cost
3,k,j
CC(N) is equal to D, DN (2D — 1) flops (Ca(~) has been already accounted for at point 1)); 3)

3,k,j
the cost C () s equal to D3;/3 + 3D%, + 5Dy /3 flops.
k41,5
Based on the results illustrated above, it can be proved that the overall computational cost of

the DBF/SDBF techniques is approximately of order O(N,y), where the parameter alg is equal
to DBF or SDBF (see Eqs. (2.85) and (2.86), respectively). Moreover, in both cases, Najg can be
put in the form

+ NZ2Dy, (E.9)

Nag = N3 +ni N (NS + NG+ NG

alg alg alg

where Nsllg), Ngg), Nggﬁm and Na(fgﬁl) denote the contributions to N, originating from filter Iy,

from filter Fy, from the Fy —F5 block and from the F5 —F; block, respectively. The expressions
of these contributions are

N{)w = 2(n; D® + PD? + 2P?D +8D%/3), (E.10)
N&. = 2(PD} + P°Dy, + P*/3+ DDDy + D /6), (E.11)
Ni? =16 D} /3 (E.12)
and
NCGY = 2(DDyDy + DD} + D} /3 +4D3/(3N,)) (E.13)

for the DBF technique. On the other hand, if the SDBF technique is considered, we have that
NéQD)BF = NI%F and NS%E? = N](DlB_})?Z) (see Egs. (E.11) and (E.12), respectively); moreover,
NS(2D?311;) = 2(D Dy, Dy + D, D% + D3 /3 + 4D3 /(3 N,)), whereas the expression of Néllj)BF is
easily obtained setting D = Dy, in the RHS of Eq. (E.10).

E.2 Computational complexity of the EKF technique

In this appendix analysis of EKF complexity is illustrated; the notation is the same as [3, pp.
194-195]. In the following, C and Cr, Cp, and Cg, denote the cost due to the evaluation of the
matrices Hy and Fy, and of the functions hy(x) and fi(xy), respectively. Moreover, similarly
as [40], it is assumed that the computation of the inverse of any covariance matrix involves a
Cholesky decomposition of the matrix itself and the inversion of a lower or upper triangular
matrix.

1. Measurement update
The overall computational cost of this task is

Cvuu = Cﬂk —I—CL,C —l—an‘k + Cck‘k. (E.14)

Moreover, we have that: 1) the cost Cq, is equal to Cy + 2P2D +2PD? — PD flops; 2) Cy, is
equal to 2P3/3+3P2%/2+5P/6+2PD?+2P?D —2PD flops; 3) Cp, . is equal to Cn, +2PD + P
flops; 4) Cck\k is equal 2D3 + 2PD? — D? flops.

2. Time update

Nk |k

The overall computational cost of this task is
CTU = an+1\k +Cck+1\k’ (E15)

where the costs C and CCk-Hlk are equal to C¢, flops and Cp + 4D3 — D? flops, respectively.

Nk+1|k
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E. COMPUTATIONAL COMPLEXITY OF VARIOUS TECHNIQUES

E.3 Computational complexity of the RBPF technique

In this appendix a detailed analysis of the RBPF complexity is provided; the adopted notation
is the same as [1]. In the following, C, Cp(z) and Cp(v), and Cg, Cery and Cevy denote the
cost due to the evaluation of the matrices By, A( )( (N)) nd A( )( (N)), and of the functions
gk(x,(gN)), f,gL)( l(<: )) and f,g )( ,gN)), respectively. Moreover, similarly as [40], it is assumed that
the computation of the inverse of any covariance matrix involves a Cholesky decomposition of
the matrix itself and the inversion of a lower or upper triangular matrix.

1. Measurement update nonlinear part

The overall computational cost of this task is
N
il =Ny (Cnﬁi?j +Coen + wae,k,j> + Cwy. oy + CrR(Np)- (E.16)

Moreover, we have that: 1) the cost C o) is equal to Cg + Cg + 2P Dy, flops; 2) Cov) s equal to

lk] 1k]

2PD7 +2P*Dy, — PDy flops (Cp has been already accounted for at point 1)); 3) Cuy, , ; is equal
to (4P* 4+ 21P% + 17P +6)/6 flops; 4) Cw,, ., is equal to 2N, — 1 flops; 5) Cr(Np) denotes the
total cost of the resampling step (that 1nvolves a particle set of size Np).

2. First measurement update linear part

The overall computational cost of this task is

L
61(\42/1 = Np (ngLk)j +Cw +Coy +C )

1,k,j 2,k,j M2, k,j

) . (E.17)

Moreover, we have that: 1) the cost C ONS equal to CB+Cg +2P?D;+2PDy—PDy—Dp+P flops;

Wi kg
2) Ci() isequal to 2PD?+2P?Dy,— D2 PDy flops; 3) CC(L) is equal to 4D3 /34+4D? +5D1,/3

1,k,5
flops; 4) Cn(L) is equal to D (4D, — 1) flops.
2,k,j
3. Second measurement update linear part
The overall computational cost of this task is

Ciila = Ny (Czw) +Cow +C ) : (E.18)
k,j 4,k,j Ny k,j

Moreover, we have that: 1) the cost C (L) is equal to Cevy + Dy flops; 2) C is equal to

(L)
Cik

CA(N) + 2D3 /3 + 2D2DN + 2DLD + 3D /2 — DDy + 5DL/6 flops; 3) C (z) 1s equal to

4,k,j
2DLDN + 2DL + DDy — 2Dy, + Dy flops.
4. Time update nonlinear part
The overall computational cost of this task is

C;]Z) = <C (N) +CC(N) +C v

) . (E.19)
M3,k,5 3,k,j Xip, k41,5
Moreover, we have that: 1) the cost CnUV) is equal to Cp(~v) + Cenvy) + 2D, Dy flops; 2) CC(N) is
3,k,j k,j
equal to DDy (2D — 1) flops (Co(v) has been already accounted for at point 1)); 3) C vy is
fp k41,5
equal to D3/3 + 3D3% + 5Dy /3 flops.
5. Time update llnear part
The overall computational cost of this task is

e _ N (e C _ E.20
0= N\ Gy e, (E.20)
where the costs Cp ., and CC(L) ~are equal to Cx ) + Cpry + 2D? flops and D% (4D, — 1)

flops, respectively.
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E.4 Computational complexity of the MPF technique developed in ref. [37]

In this appendix a detailed analysis of the MPF complexity is illustrated. The notation is
the same as [37]. In the following, Cy, and Cy, denote the cost due to the evaluation of the
functions f(xi—1,us) and fy(z¢,v¢), respectively. Moreover, similarly as [40], it is assumed that
the computation of the inverse of any covariance matrix involves a Cholesky decomposition of
the matrix itself and the inversion of a lower or upper triangular matrix.

1. Measurement update

The overall computational cost of this task is

Cuu =n (C (m +Cym +Coom ) +Cr(M )) (E.21)

ztl

Moreover, we have that: 1) C ) is equal M L(Ny — 1) flops; 2) C () is equal to M L(6Cy, +
Tit-1 Wy ¢
4d2 + 21d§ +17dy) /6 + 2M L + 2M — 1 flops; 3) C_(m) is equal to d,;(2M — 1) flops; 4) Cr(M)
Tit

denotes the total cost of the resampling step (that involves a particle set of size M).
2. Time update
The overall computational cost of this task is

CTU = nchT), (E22)

where the cost ngzl) is equal to M (3Cy, +d3 ; + 9d3 ; 4 5d.;) /3 flops.

E.5 Computational complexity of the DBSA and DDBSA

In this appendix, the computational complexity of the tasks accomplished in a single recursion of
backward filtering and smoothing of the DBSA is assessed in terms of flops. Moreover, we comment
on how the illustrated results can be also exploited to assess the computational complexity of
a single recursion of the DDBSA. In the following, Cx, CB, Cr, Co(z) and Cx (v, and Cg, Cer),
Cevy and Cg denote the cost due to the evaluation of the matrices Hy, By, Fy, AIEL) (x]iN))
and AECN) (x,(CN)) and of the functions gk(xl(c )) f(L)( (v )), f,gN) (x,(cN)) and fy(xy), respectively.
Moreover, similarly as [40], it is assumed that the computation of the inverse of any covariance
matrix involves a Cholesky decomposition of the matrix itself and the inversion of a lower or
upper triangular matrix. Finally, it is assumed that the computation of the determinant of any
matrix involves a Cholesky decomposition of the matrix itself and the product of the diagonal
entries of a triangular matrix.

Phase I - The overall computational cost of this task is evaluated as (see Egs. (3.39)-(3.40)
and (3.47)—(3.49))

Cl = Cwl,k + CWl,k =+ NP(CZ<L? + CW
+Co, +Co, , +Ciny) 2 ch). (E.23)

Moreover, we have that: 1) the cost Cw, , is equal to Cp + 26D%/3 — D?/2 + 5D /6 flops; 2)

the cost Cyw, , is equal to 4D3 + 4D?% — 2D flops (the cost for computing Cp has been already

accounted for at point 1)); 3) the cost C o®) is equal to Cevy + Dy flops; 4) the cost ka s
3]

equal to Cp () +4D3; — 2D%; flops; 5) the cost Cw,,; is equal to 2D3; + D% — Dy flops (the cost
for computing C, (v) has been already accounted for at point 4)); 6) the cost Cék _is equal to
3]

2D%,/3 + 3D3%;/2 + 5Dx /6 flops; 7) the cost Ci,; is equal to 2D% — Dy flops. The expressions
listed at points 1)-2) can be exploited for the DDBSA too; in the last case, however, Dy = 0 and
D = Dy, must be assumed.

91



E. COMPUTATIONAL COMPLEXITY OF VARIOUS TECHNIQUES

Phase II - The overall computational cost of this task is evaluated as

Co=n; (Cpm(1) +Cho1y +Cyyy + Cbp(2)+
Com®@ + Crps@ + Cpea + Com® )- (E.24)

The terms appearing in the RHS of the last equation can be computed as follows. First of all, we
have that

Comm = Cné’f,ﬁ + chﬁg, (E.25)

where (see Eqgs. (3.43)-(3.44)): 1) the cost Cn(n) is equal to 2N, D — D flops; 2) the cost Cyn) is
2,k 2,k

equal to 5NpD% + 4NpD]2V +4N,Dr Dy + D% + DJQV + DDy flops. The expressions listed at
points 1)-2) can be exploited for the DDBSA too; in the last case, however, Dy =0 and D = Dp,
must be assumed.

The second term appearing in the RHS of Eq. (E.24) is evaluated as

C =Cntm) +C ) +Cion) +C_ (), E.26
ber) = Cogy G i G (5:20)

where (see Egs. (3.55)-(3.56)): 1) the cost C is equal to 14D3/3 + D?/2 + 5D /6 flops; 2) the

csy)
cost Cn(n) is equal to 4D? — D flops (the cost for computing CW(") has been already accounted
3k k
for at point 1)); 3) the cost Cyy(m 18 equal to 2D3/3 +3D?/2 + 5D /6 flops; 4) the cost C o is
3,k 3,k

equal to 2D? — D flops. The expressions listed at points 1)-4) can be exploited for the DDBSA
too; in the last case, however, Dy = 0 and D = Dy, must be assumed.
The third term appearing in the RHS of Eq. (E.24) is computed as

C =Cyn) +C ) +Cprm) +C (), E.27
o = Oy Gty + Coy + G el

where (see Eqgs. (3.59)-(3.60)): 1) the cost Cyy )

4.k

D flops; 3) the cost Cotm s equal to 2D3/3 +3D?/2 + 5D /6 flops; 4) the cost Cn(”) is equal to
4,k 4,k

2D? — D flops. The expressions listed at points 1)-4) can be exploited for the DDBSA too; in the
last case, however, Dy = 0 and D = Dy, must be assumed.
The fourth term appearing in the RHS of Eq. (E.24) is given by

is equal to D? flops; 2) the cost Cw(") is equal to
4.k

pm T CZ(n> ), (E.28)

3,k,j 3,k,j

C..oy=N,(C (nvy +C vy +C
b = Vo (Cym +Com

where (see Eqs. (3.66)-(3.67) and (3.64)-(3.65)): 1) the cost Cn(m is equal to Cp (v) +Cpvy) +2D1, Dy
3.k, j
flops; 2) the cost CC(N) is equal to QD%DN + 2DLD]2V — DDy flops (the cost for computing
3,k,j

Camv) and Cpvy has been already accounted for at point 1)); 3) the cost C ) is equal to
3,k,j
D3,/3 + D% + 5Dy /3 + 2 flops; 4) the cost C,m s equal to 2D% + 2Dy — 1 flops.
3,k,j
The fifth term appearing in the RHS of Eq. (E.24) is evaluated as
C = Np(C_n Cn Cs/(n C.n C n C . ), E.29
o = NGy Gty +Covgy o), + Coiy +Cag ) (E-29)

where (see Eqs. (3.69)-(3.74)): 1) the cost Cﬁ(m is equal to Cp(z) +2D? flops; 2) the cost Catm
z,k,j

z,k,j
is equal to 4D% — D% flops (the cost for computing C, () has been already accounted for at point
1)); 3) the cost Cg,m) is equal to 2D3 /3 +5D? /2 + 5D, /6 flops; 4) the cost C,m is equal to

2,k,j 2,k,j

Cery +4D?% — Dy, flops; 5) the cost C is equal to D3 /3 +2D? + 5Dy, /3 + 2 flops; 6) the cost
C

(n)
D3 k.

PO equal to GD% + 3Dy, — 1 flops.
2,k,j
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E.5. Computational complexity of the DBSA and DDBSA

The sixth term appearing in the RHS of Eq. (E.24) is computed as

C = N,(C_(n C-
ms(2) p( né,k),j + C

n n +FCom E.30
o) FCp +Cpm ), (E:30)

where (see Egs. (3.83)-(3.86)): 1) the cost Cﬁm) is equal to Cg + Cg + 2P Dy, flops; 2) the cost
5,k,j

C is equal to 2PD? + 2P2Dy, — PDy, flops (the cost for computing Cg has been already

CSn)

5,k,j
accounted for at point 1)); 3) the cost C ) is equal to D3 /3+ D? +5Dr,/3+2 flops; 4) the cost
5,k,j
C,m s equal to 2P3/3 4 7P%/2 4 17P/6 — 1 flops. It is important to note that, if the forward
5,k,j

weights {wgek j} are reused, the cost C ) appearing in Eq. (E.30) is equal to zero.
The seventh term appearing in the RHS of Eq. (E.24) is given by

Crazer = MolCoy +Cap, +Cuty,) (B31)
where the costs CDéT,Lk),j and CZéTLk),j are equal to 2 flops, and the cost Cwéflk),j is equal to 3 flops (see
Egs. (3.89)-(3.91)). If the forward weights {wf x ;} are reused, the costs CDétl;g,j and CZéTLk),j are
equal to 1 flops, whereas the cost nglk),j remains unchanged.

The last term appearing in the RHS of Eq. (E.24) is evaluated as
Com = Cym +Cyym (E.32)

where the costs Cwm) and CW(n)

1,k,j 1,k,7
(3.95)-(3.96)).
Phase III - The overall computational cost of this task is evaluated as

are equal to N, and 2N, — 1 flops, respectively (see Egs.

C3 = Cbe(z) + Cpm(l) + Cper) + Cbe(l)- (E.33)

Here, the cost C, 2 is equal to Cs(NNp), that represents the total cost of a sampling step that
involves a particle set of size Np; moreover, the costs C,,,a) and Cp.y(1) are the same as those
appearing in the RHS of Eq. (E.24), and C, ) is computed as (see Egs. (3.102)—(3.105))

Cbe(1> = Cwms,k + CWms,k + CWbeQ,k + CWbe2,k + che + C77be' (E'34>

Moreover, we have that: 1) the cost Cw,,, , is equal to Cu + 2P2D 4 2PD? — D? — PD flops; 2)
the cost Cw,,, ,, 1s equal to Cg +Cg + 2P2D +3PD+2PDy — P — D flops (the cost for computing
Cu has been already accounted for at point 1)); 3) the cost Cw,, , is equal to D? flops; 4) the
cost Cwy, . 18 equal to D flops; 5) the cost Cc,, is equal to 2D3/3 +3D?/2 4 5D /6 flops; 6) the
cost Cp, . is equal to 2D? — D flops. The expressions listed at points 1)-6) can be exploited for
the DDBSA too; in the last case, however, Dy = 0 and D = Dy, must be assumed. Note that the
costs Cw,,,, , and Cyw,_, (see points 1) and 2)) are ignored if the precision matrix Wiy and the
transformed mean vector wy,g j, are stored in the forward pass (so that they do not need to be
recomputed in the backward pass). Moreover, if the SDBSA or the SDDBSA is used, the cost
C,.» in the RHS of Eq. (E.33) becomes Dy (2N, — 1) flops.

Finally, it is worth stressing that, if the DBSA or the DDBSA (the SDBSA or the SDDBSA)
is employed, the overall computational complexity is obtained by multiplying the computational
cost assessed for a single recursion by M T' (by T'), where M and T denote the overall number of
accomplished backward passes and the duration of the observation interval, respectively.
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Four

Novel Methods for Approximate Maximum Likelihood
Estimation of Multiple Superimposed Undamped Tones

In this chapter, novel methods for the detection of multiple superimposed tones in noise and the
estimation of their parameters are derived. These methods are based on a maximum likelihood
approach and combine an innovative single tone estimator with a serial cancellation procedure.
Our numerical results lead to the conclusion that these methods can achieve a substantially better
accuracy-complexity tradeoff than various related techniques in the presence of multiple closely
spaced tones.

Part of this Chapter has been published in [1] and is patent pending.

4.1 Introduction

The problem of estimating the amplitude, phase and frequency of multiple (say, L) tones in
additive white Gaussian noise (AWGN) has received significant attention for a number of years
because of its relevance in various fields, including radar systems [2| and wireless communications;
in particular, in the last field, it plays a fundamental role in frequency synchronization [3|, and
in the estimation of mobile channels [4-6] and of the direction of arrival (DOA) in massive
multiple-input multiple-output (MIMO) systems employing uniform linear arrays (ULAs) in their
base stations |7].

It is well known that the mazimum-likelihood (ML) approach to this problem leads to a
complicated nonlinear optimization problem. Substantial simplifications can be made when the
L tone frequencies are sufficiently well separated and the number N of available signal samples
is large enough [8-10]. In fact, under these assumptions, each tone has a limited influence on
the estimation of the others, so that approximate ML estimation can be achieved through
a conceptually simple sequential procedure, that consists in iteratively executing two steps
[9]. In the first step of this procedure, the parameters of the dominant tone (i.e., of the tone
associated with the largest peak in the periodogram of the observed signal) are estimated in
a ML fashion. In its second step, instead, the estimated tone is subtracted from the available
signal samples and a new periodogram is computed for the resulting residual. These steps are
repeated until all the detectable tones are estimated. The technical relevance of this procedure is
motivated by the following relevant advantages [11]: 1. It turns a complicated multidimensional
problem (whose dimensionality is usually unknown a priori) into a sequence of lower dimensional
subproblems. Consequently, its overall complexity is proportional to that required to solve each
of such subproblems and is usually much lower than that of parametric estimation methods (e.g.,
the MUSIC [12] and the ESPRIT [13]) and non parametric spectral estimators (e.g., the Capon
method [14], the APES [15] and the IAA-APES [16]). 2. It performs better than independently
estimating the tones associated with the largest peaks of the original periodogram. In fact, it
allows to identify peaks that are initially masked by the leakage due to nearby stronger tones. 3.
It is able to estimate an unknown L in a simple fashion. In fact, this result can be achieved setting
the initial value of this parameter to zero and applying a suitable test to establish whether, at
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each repetition of its first step, the largest peak detected in the periodogram of the last residual
is significant [8] or whether, at each repetition of its second step, the energy of the new residual
is large enough [17]. If one of these conditions is satisfied, the estimate of L is incremented by
one and the next step is carried out; otherwise, the estimation process is terminated. It is worth
stressing that various estimation methods (e.g., the MUSIC and the ESPRIT) require prior
knowledge of L and that, in these cases, the use of some methods, like the generalized Akaike
information criterion [18] or the minimum description length [19] is commonly proposed for the
estimation of this parameter; however, the computational effort they require is not negligible.

The two-step procedure described above, despite its advantages, suffers from the following two
shortcomings: 1. Any inaccuracy in the estimation of each single tone accomplished in its first step
results in an imperfect cancellation of the tone itself and, consequently, in error accumulation;
the intensity of this phenomenon increases with iterations, so affecting the estimation accuracy
of the weakest tones. 2. The estimate of each tone is potentially biased, because of the presence
of other tones [10]. Biases are influenced by the relative phase, frequency and amplitude of the
superimposed tones and are expected to be more relevant in the first estimated frequencies, since
these suffer from stronger interference from other tones. For this reason, the overall accuracy of
this procedure depends on that of the employed single tone estimator and can be improved by
adopting specific methods for mitigating the estimation bias. As far as the first issue is concerned,
it is important to point out that optimal (i.e., ML) estimation of a single tone in AWGN is
a computationally hard task. This is mainly due to the fact that the ML metric is an highly
nonlinear function, that does not lend itself to easy maximisation (e.g., see [20]). In practice,
the most accurate ML-based single tone estimators available in the technical literature achieve
approximate maximisation of this metric through a two-step procedure; the first step consists
in a coarse search of tone frequency, whereas the second one in a fine estimation generating an
estimate of the so called frequency residual (i.e., of the difference between the real frequency and
its coarse estimate). Coarse estimation is always based on the maximization of the periodogram
of the observed signal, whereas fine estimation can be accomplished in an open loop fashion or
through an iterative procedure. On the one hand, all the open loop estimators exploit spectral
interpolation to infer the frequency residual from the analysis of the fast Fourier transform
(FFT) coefficients at the maxima of the associated periodogram and at frequencies adjacent to
it [11, 21-30|. Unfortunately, unlike iterative estimators, the accuracy they achieve is frequency
dependent and gets smaller when the signal frequency approaches the center of one of the FFT
bins. On the other hand, the iterative estimation techniques available in the technical literature
are based on various methods, namely on: a) standard numerical methods for locating the global
maximum of a function (e.g., the secan method [31] or the Newton’s method [32]); b) an iterative
method for binary search, known as the dichotomous search of the periodogram peak (33, 34];
c¢) interpolation methods amenable to iterative implementation [35-40]; d) the combination
of the above mentioned dichotomous search with various interpolation techniques [41]; e) the
computation of the first derivative of the spectrum [42].

The use of some of these algorithms in multiple tone estimators based on the above mentioned
serial cancellation approach has been investigated in refs. [11, 17, 18| and [43-46]. More specifically,
on the one hand, the periodogram-based (coarse) estimation method has been employed in the
CLEAN algorithm [47-49], in the more CLEAN (MCLEAN) [17] and in the RELAX algorithm
[18]. Note that, since a fine estimation step is missing in all these algorithms, achieving high
accuracy requires the use of zero padding and of a large FFT order. On the other hand, the
exploitation of more refined single tone estimators has been investigated in refs. [11] and [43-45].
In particular, the use of open-loop interpolation methods exploiting three or five adjacent spectral
coefficients (including the one associated with the coarse frequency estimate) has been studied in
ref. [11], whereas that of the iterative methods developed in refs. [35] and [50] has been analysed
in refs. [43], |[44] and [45], respectively.

As far as the second technical issue (i.e., estimation bias) is concerned, it is worth mentioning
that the most straightforward methods for bias mitigation rely on the use of a) zero-padding for
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enhancing periodogram spectral resolution and b) window functions [10, 20, 51-54]; the price to
be paid for these choices is an increase in the overall computational cost and in the variance of
computed estimates, respectively. More refined methods are represented by interpolators with
intrinsic leakage rejection [11] and nonlinear optimization methods. The last class of methods
includes the expectation mazimization (EM) algorithm [55], the space-alternating generalized EM
(SAGE) algorithm [4, 56], the Newton’s method [32, 57] and different optimization algorithms
that employ cyclic cancellation procedures [17, 18, 45, 57|. In the last case, tone re-estimation is
accomplished after removing the interference of both stronger and weaker tones as the iterations of
the serial cancellation procedure evolve [17, 18| or after detecting and estimating the parameters
of all tones [45]; the most refined version of the first method is described in ref. [18|, where tone
re-estimation is iterated after the estimation of each new tone, in order to generate excellent
initial estimates for the next step (i.e., for the estimation of the next tone). Tone re-estimation
reduces error accumulation and leads to convergence to the ML solution in the absence of noise if
the frequency spacing of the detected tones is large enough; however, this result is achieved at
the price of an increase of the overall computational cost and latency [17].

This chapter aims at providing various new results about the estimation of multiple superim-
posed tones. Its contribution is threefold. First, a novel ML-based iterative estimator of a single
complex tone is developed. The derivation of this estimator is based on: a) expressing the depen-
dence of the ML metric on the frequency residual in an approximate polynomial form through
standard approximations of trigonometric functions; b) exploiting the alternating minimization
technique for the maximization of this metric (e.g., see [58, Par. IV-A]). Moreover, its most
relevant feature is represented by the fact that it requires the evaluation of spectral coefficients
that are not exploited by all the other related estimation methods available in the technical
literature. Secondly, it is shown how serial cancellation in the frequency domain can be combined
with our iterative estimator to detect multiple tones and estimate their parameters. Thirdly, the
accuracy of our single and multiple estimators is assessed by extensive computer simulations. Our
results lead to the conclusion that our estimators outperform all the other related estimators in
terms of probability of convergence and accuracy in the presence of arbitrary frequency residuals.

The remaining part of this chapter is organised as follows. In Section 4.2, the employed
signal model is defined and its relevance in a number of applications is briefly discussed. Section
4.3 is devoted to the derivation of our single tone and multiple tone estimation algorithms,
to the assessment of their computational complexity, and to the analysis of their similarities
and differences with related estimators available in the technical literature. In Section 4.4, the
performance of our estimation algorithms is assessed and compared with that achieved by other
estimators. Finally, some conclusions are offered in Section 4.5.

4.2 Signal Model

In this chapter, we focus on the problem of estimating all the parameters of the complex sequence
L-1
Ten = Z Ajexp (j2mnE}) + wep, (4.1)
=0
and its real counterpart
L-1

Trn = Y R{Arexp (j2rnF)} + wpp
=0
L-1

= Z aj cos (2mnE} + y) + wy p, (4.2)
=0

withn =0, 1, ..., N—1; here, A; and F; € [0,1) denote the complex amplitude and the normalised
frequency, respectively, of the [-th complex tone appearing in the right-hand side (RHS) of eq.
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(4.1), a; £ |Ay], ¥ & Z(A)}), wep is the n-th sample of an additive white Gaussian noise (AWGN)
sequence (whose elements have zero mean and variance 202), w;,, = R{wc,}, N is the overall
number of samples, and R{z} and Z(z) denote the real part and the phase, respectively, of the
complex quantity z. It is useful to point out that the signal model (4.2) can be rewritten as

L-1
Tyy = Z [Crexp (j2mnF}) + Cf exp (—j2mnF})] + wyp, (4.3)
=0

where

1 ) 1
C = 5 eXp (jihr) = §Az (4.4)

represents the complex amplitude of the real tone appearing in the RHS of eq. (4.2).

The signal model (4.1) appears in a number of problems concerning biomedical applications,
wireless communications and radar systems. Our interest in the considered estimation problem
has been motivated by its relevance in the last field and, in particular, in colocated MIMO
FMCW radar systems operating at mmWave [1, 2|. In this work, we always refer to the radar
system model illustrated in [59, Fig. 2| and assume that: a) this system is equipped with Ny
transmit (TX) and Np receive (RX) antenna elements placed at different positions of the same
planar shield; b) it operates in time division multiplexing (TDM) mode. Then, if the frequency
modulated waveform radiated by the radar transmitter is reflected by L static point targets, and
its receiver extracts both the in-phase and quadrature components of the received signal, the
n-th received signal sample acquired through the v-th virtual antenna element can be expressed
as (e.g., see [60, Par. 4.6, eq. (4.27)] or [59, Par. II-C])

L—1
zl?) = Z Agv) exp(j2mn Fl(v)) + w®) (4.5)
1=0
L—1
= Z a exp(j (27m FZ(U) + ¢lv))) + w%”), (4.6)
1=0

withn=0,1,..., N—1landv=0,1, ..., Nyg — 1. Here,
Al(v) £ q exp(jibl(v)) (4.7)
for any v and [, a; is the amplitude! of the I-th useful component of the received signal,
F® & g, (4.8)
is the normalised version of the frequency
fl(v) = l”'l(v)’ (4.9)
characterizing the [-th target detected on the v-th virtual RX antenna,
() 2 2 : -
P - [R; + y cos (¢) sin (6;) + yy sin (¢;)] (4.10)

is the delay of the echo generated by the [-th target and observed on the v-th virtual channel, x,
and y, are the abscissa and the ordinate?, respectively, of the v-th wvirtual antenna element, Ry,
0; and ¢; denote the range, the azimuth and the elevation, respectively, of the [-th target,

P 22 o7 for®) (4.11)

IThis amplitude quantifies the radar cross section (RCS) of the I-th target. It depends on both the range and the
reflectivity of this target and is assumed to be independent of the virtual antenna index (i.e., of v), for simplicity.
2A reference system lying on the physical antenna array is adopted in the evaluation of these coordinates.
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is the phase of the complex gain Al(v) (4.7), w,(f) is a complex Gaussian random variable having

zero mean and variance 202 (assumed to be independent of v), N is the overall number of samples
acquired over a chirp period and Ny g = Np - Ny represents the overall number of available
virtual antennas associated with the given physical array. Moreover, T is the sampling period
adopted in the analog-to-digital conversion accomplished at the receive side,

n= B/T (4.12)

is the chirp rate (i.e., the steepness of the generated frequency chirp), T and B are the chirp
interval and the bandwidth, respectively, of the transmitted signal and c is the speed of light.

As it can be easily inferred from (4.5)—(4.9), in the considered radar system, the problem of
target detection and range estimation on the v-th virtual channel is equivalent to the problem of
detecting multiple overlapped complex tones in the presence of complex AWGN and estimating
their frequencies. In fact, if the I-th tone is found at the frequency fl(v), the presence of a target
at the range (see (4.9) and (4.10))

RW = & f© 413
l 2/'L l ( )

is detected. Information about the angular coordinates (namely, the azimuth and the elevation)
of this target, instead, can be acquired through the estimation of the set of Ny p phases {@bl(v);

v=20,1, ..., Nyg — 1} observed over the available virtual antennas. In fact, since (see (4.10) and
(4.11))
() o 47 : .
D= [R; + y, cos (¢) sin (0;) + yy sin (¢y)] , (4.14)
where
A2 c/fo (4.15)

is the wavelength associated with the start frequency fo of the generated frequency chirp, the
sequence {wl(v); v=0,1, .., Nygp—1} exhibits a periodic behavior characterized by the normalised
horizontal spatial frequency

Fu, = 2dTH cos (¢p) sin (6;) , (4.16)

if the considered virtual elements form an horizontal uniform linear array (ULA), whose adjacent
elements are spaced dg m apart. Dually, if a virtual vertical ULA is assumed, the periodic
variations observed in the same sequence of phases are characterized by the normalised vertical
spatial frequency

d
Fyy £ 2-Fsin (1), (4.17)

where dy denotes the distance between adjacent elements of the virtual array itself.

From the considerations illustrated above, the following conclusions can be easily inferred: a)
on the one hand, achieving precise estimation of the range of a given target requires the availability
of an accurate estimate of the normalised frequency of the complex tone associated with the
target itself over at least one RX antenna; b) on the other hand, the quality of the estimate of
the direction of arrival (DOA) characterizing the radar echo generated by a given target depends
on the accuracy of the phase estimated over multiple virtual channels. The last consideration
motivates the importance of accurately estimating this parameter over multiple antennas. It is
worth stressing that limited attention is often paid to this technical issue in most of the technical
literature dealing with the estimation of the parameters of a single tone or multiple superimposed
tones; in fact, a lot of emphasis is usually put on the accuracy of frequency estimation, but the
quality of phase estimates is neglected (e.g., see [11, 17, 35, 43-45|). Finally, in analysing the
suitability of multiple tone estimators to colocated MIMO radar systems operating at millimetre
waves, the following additional technical issues need to be taken carefully into account:

1) These radar systems often operate at short ranges and in the presence of extended targets.
Each of resulting radar images is a cloud of point targets whose mutual spacing can be very
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small. For this reason, the accuracy of these images depends on the frequency resolution achieved
on each virtual antenna. In fact, this makes the radar receiver able to separate point targets
characterized by similar ranges.

2) Information about the RCS of each point targets can be exploited in the classification of
extended targets; for this reason, the availability of an accurate estimate of the amplitude of each
radar echo can be very useful in a number of applications (e.g., in SAR imaging [15, 18]).

3) Distinct radar echoes can be characterized by substantially different signal-to-noise ratios
(SNRs).

4) The number N of samples acquired over each virtual channel usually ranges from few
hundreds to few thousands.

The last two issues explain why significant attention must be paid to the accuracy achieved
by the adopted estimation algorithms at low SNRs and/or for relatively small values of NV, since
this can appreciably influence the quality of the generated radar image.

4.3 Approximate Maximum Likelihood Estimation of Single and Multiple
Tones

In this section, we first derive a new method for estimating the parameters of a complex tone
and we show how the same approach can be exploited to derive a method for estimating the
parameters of a real tone. Then, we illustrate how these methods can be exploited to detect
multiple superimposed tones and estimate their parameters through a deterministic procedure
based on successive cancellation. Finally, we analyse the computational complexity of the developed
estimation methods and compare them with some related techniques available in the technical
literature.

4.3.1 Estimation of a single complex tone

Let us focus on the problem of estimating the parameters (namely, the frequency and complex
amplitude) of a single tone contained in the complex sequence {x.n; n =0, 1, ..., N — 1}, whose
n-th sample is expressed by eq. (4.1) with L =1, i.e. as

n = Aexp (j2mnF) + we pn, (4.18)

with n =0, 1, ..., N — 1 where A and F are the complex amplitude and the normalised frequency,
respectively, of the tone itself. It is well known that the ML estimates Fy, and Ay, of the
parameters F' and A, respectively, represent the solution of the least square problem (e.g., see
31, eq. (22)]) o
(FumL, AumL) 2 arg mi,fil e(F,A), (4.19)
F,

where F' and A represent trial values of F' and A, respectively,
_ 1 ~
e(F,A) & = Y en(F, A) (4.20)
is the mean square error (MSE) evaluated over the whole observation interval,

~ o~ ~ o~ |2
en(F,A) 2 xc,n—sn(F,A)‘ (4.21)

is the square error between the noisy sample z.,, (4.18) and its useful component
sn(F,A) 2 Aexp (j27T’I’LF) , (4.22)

evaluated under the assumption that F = F and A = A. Substituting the RHS of the last
equation in that of eq. (4.21) yields

en(F,A) = A} + A} — 22 Ap + 2 (1) Ay) cos(dn) — 2(a) Ap — 28D Ap) sin(dn) + |ze,nl?, (4.23)
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where Ag 2 R{A}, A; 2 S{A}, o) 2 R{aen), 285 2 S{zen} and

bn 2 20 (4.24)
Then, substituting the RHS of eq. (4.23) in that of eq. (4.20) yields, after some manipulation,
e(F,A) =¢e, + A% + A3 — 2Ap XR(F) — 247 X;(F), (4.25)
where
s 12 2
€z = ano Tem|” (4.26)

R{z} (S{z}) denotes the real (imaginary) part of the complex variable = and

)& = Zgycnexp (—jQWnF) , (4.27)

is, up to the scale factor 1/N, the Fourier transform of the sequence {x.,}. Based on eq. (4.25),
it is not difficult to show that the optimization problem expressed by eq. (4.19) does not admit a
closed form solution because of the nonlinear dependence of the function e(F', A) on its variable
F. However, an approximate solution to this problem can be derived by

a) Exploiting an iterative method, known as alternating minimization (AM) (e.g. see [58]). This
allows us to transform the two-dimensional (2D) optimization problem expressed by eq. (4.19)
into a couple of interconnected one-dimensional (1D) problems, one involving the variable F only
(conditioned on the knowledge of fl), the other one involving the variable A only (conditioned on
the knowledge of F).

b) Expressing the dependence of the function 5(1:" , 121) on the variable F through the couple
(F.,4) such that

F= F.+ gFDFT, (4.28)
where F is a given coarse estimate of F, 6 is a real variable called residual,
Fprr = 1/N0 (4.29)

is the normalized fundamental frequency associated with the Ny-th order discrete Fourier transform

(DFT)

Xo = [X00, Xo0.1, s Xo.Ng-1]" (4.30)
of the zero padded version
T (T T
xozr = [x§ O in | - (4.31)
of the vector
X 2 [Zc0s Te,1, ...,3367N,1]T (4.32)

collecting all the elements of the sequence {z.,}, M is a positive integer (dubbed oversampling
factor), 0p is a D—dimensional (column) null vector and Ng = M - N.

¢) Expressing the dependence of the function &(F, A) (4.25) on the variable § through its
powers {Sl; 0 <1 < 3}; this result is achieved by approximating various trigonometric functions
appearing in the expression of 5(F , fl) with their Taylor expansions truncated to a proper order.

Let us show now how these principles can be put into practice. First of all, the exploitation
of the above mentioned AM approach requires solving the followmg two sub-problems: P1)
minimizing the cost function E(F A) (4.25) with respect to A, given F' = F'; P2) minimizing the
same function with respect to F', given A = A. Sub- problem P1 can be easily solved thanks to
the polynomial dependence of the cost function 6(F A) on the variable A. In fact, the function

e(F, A) (4.25) is minimised with respect to A selecting®

A=A=X(F), (4.33)

3This is a well known result (e.g., see [31, Sec. IV]).

107



4. APPROXIMATE ML ESTIMATION OF MULTIPLE SUPERIMPOSED UNDAMPED TONES

where X (F) can be computed exactly through its expression (4.27) or, in an approximate fashion,
through a computationally efficient procedure based on the fact that the vector

X, & MXg (4.34)

collects Ny uniformly spaced samples of the function X (F). In fact, the k-th element

_ 2mnk
Xop £ Zxcnexp < 7]:? > (4.35)

of the vector Xy (4.30) can be expressed as

_ N _ 1 -
Xop=—X(F,) = — X (F 4.36
0k = N (F}) i (Fk) (4.36)
where Fj, = kFDFT, with £ =0, 1, ..., Ny — 1. For this reason, an approximate evaluation of the

quantity X (F ) at a normalised frequency F different from any multiple of Fppr (4.29) can be
accomplished by interpolating the elements of the vector X (4.34); the last vector, in turn, can
be easily computed after evaluating the No-th fast Fourier transform (FFT) of xq zp (4.31), i.e
the vector Xj (4.30).

Let us take into consideration now sub-problem P2. Unluckily, this sub-problem, unlike the
previous one, does not admit a closed form solution. For this reason, an approximate solution
is developed below. Such a solution is based on representing the normalized frequency F in the
same form as F (see eq. (4.28)), i.e. as F = F,+d Fppr and on a novel method for estimating the
real residual 4, i.e. for accomplishing the fine estimation of F. This method is derived as follows.
Representing the trial normalized frequency F according to eq. (4.28) allows us to express the
variable ¢, (4.24) as

Gn = 0, + nA, (4.37)
where

A 2 276 Fppr (4.38)
is a new variable and 6,, £ 27n F,. Then, substituting the RHS of eq. (4.37) in that of eq. (4.23)
(with A = A) yields

en(F,A) = |zen|> + A% + A2 - 2(362??[13 + ) Ap) - [cos(é ) cos(nA) — sin(6,) sin(nA)

T

— 22D Ap — 2B A)) sm(én)cos(nﬁ)+cos(én)sin(nA)]. (4.39)

c,n

If the normalized frequency Fppr (4.29) is small enough (i.e., if the FFT order Ny is large
enough), the trigonometric functions cos(nA) and sin(nA) appearing in the RHS of the last
equation can be approximated as (F.3) and (F.4), respectively. Then, substituting the RHS of
these approximations in that of eq. (4.39) produces, after some manipulation, the approximate
expression

o (3] A 19 () ) 8 D)
+2A (A X1 - Ap X{)) -2 (An X} )+A1X(I)) (4.40)

for the function e(F, A) (4.25) (see Appendix F); here,

p = F./Fppr, (4.41)
X(R R{Xkp} X S{ Xk} for any k,
N-1
a 1 .2mnp
Fo nzzoxk,n exp | —j Ny ) (4.42)
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for any p and k£ =1,2,3 and xy, L pk “Tep, Wwithn=0,1, ..., N - 1.
It is important to point out that: a) if p is an integer, the quantity X}, , (4.42) (with & =1, 2
and 3) represents the p-th element of the vector

X = [Xk0, Xb 1y Xino-1]” (4.43)

generated by the Ny-th order DFT of the zero padded version

T
Xk, 7P = [Xf O{M—I)N} ) (4.44)

of the vector
Xk 2 [Th,0, Tkt o Thv—1] (4.45)

b) if p is not an integer, the quantity X’k’p can be evaluated exactly on the basis of eq. (4.42) or,
in an approximate fashion, by interpolating I adjacent elements of the Ny-dimensional vectors
X} (4.43), where I denotes the selected interpolation order; c¢) the evaluation of the vectors {Xg;
k =1, 2, 3} requires three additional FFTs.

Since the function ecgrg (A, A) (4.40) is a polynomial of degree three in the variable A, an
estimate A of A and, consequently, an estimate (see eq. (4.38))

6 =A/(2rFppr) (4.46)

of §, can be obtained by computing the derivative of this function with respect to A, setting it to
zero and solving the resulting quadratic equation

a(p) A +b(p) A+c(p) =0, (4.47)
in the variable A; here,
a(p)2S {A*Xg,p} /2, (4.48)
b(p) £ R{A* X2}, (4.49)
and
c(p) = —S{A* X ,}. (4.50)

Note that only one of the two solutions of eq. (4.47), namely

BRICERG (53)2 ~da(p) c(p) .

(p)

has to be employed. A simpler estimate of A is obtained neglecting the contribution of the first
term in the left-hand side of eq. (4.47), i.e. setting a (p) = 0. This leads to a first-degree equation,
whose solution is

A=—c(p)/b(p). (4.52)

Given an estimate A of A (and, consequently, and estimate & of d; see eq. (4.46)), the fine estimate
F=F.40Fprr = F.+ A/ (2n) (4.53)

of F' can be evaluated on the basis of eq. (4.28).

The mathematical results derived above allow us to derive a novel estimation algorithm, called
complex single frequency estimator (CSFE), for iteratively estimating the normalised frequency F
and the complex amplitude A. This algorithm is initialised by: 1) Evaluating: a) the vector Xg

(4.30); b) the initial coarse estimate B of F as
FO) = & Fppr, (4.54)
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where the integer & is computed by means of the well known periodogram method (e.g., see
[31, Sec. IV] or [35, Sec. 1]), i.e. as

q = Xoal: 4.55
G=E oK,y Ko .

c¢) the quantity (see eq. (4.41))
PO 2 EO) ) Fypr = é; (4.56)

d) the initial estimate A(®) of A on the basis of eq. (4.33) with ' = Y, e) the spectral coefficients
X14, Xo4 and X34 on the basis of eq. (4.42); f) the coefficients {a(&), b(&), c(&)} ({b(&), (&)}
according to eqs. (4.48)(4.50) and the first estimate A(®) of A on the basis of eq. (4.51) (eq.

(4.52)); g) the first fine estimate F'©) of F on the basis of egs. (4.28) and (4.46), i.e. as

A

FO = £0) 1 A/ (27) (4.57)

2) Setting its iteration index i to 1.

Then, an iterative procedure is started. The i-th iteration is fed by the estimates Fl=1)
and A1 of F and A, respectively, and produces the new estimates F@ and A® of the same
quantities (with ¢ = 1, 2, ..., Ncgrg, where Ncgpp is the overall number of iterations); the
procedure employed for the evaluation of F® and A® consists of the two steps described below
(the p-th step is denoted CSFE-Sp).

CSFE-S1 - The new estimate A of A is computed through eq. (4.51) (eq. (4.52)); in the
evaluation of the coefficients {a (p), b(p), c(p)} ({b(p), ¢(p)}) appearing in the RHS of these
equations, A= AG-1 and

p=p0"D & PO Fppy (4.58)

are assumed. Then,

FO = =1 4 A0/ (27) (4.59)

is evaluated.

CSFE-S2 - The new estimate A® of A is evaluated through eq. (4.33); F = F® is assumed
in this case. Moreover, the index i is incremented by one before starting the next iteration.

At the end of the last (i.e., of the Ncgpg-th) iteration, the fine estimates F = (Nesee) and
A = AWNesre) of F and A, respectively, become available.

The CSFE is summarized in Algorithm 5. It is important to point out that:

a) The estimate 6@ of the residual & computed by the CSFE in its i-th iteration is expected
to become smaller as i increases, since (V) should progressively approach F if our algorithm
converges.

b) The estimate A evaluated according to eq. (4.52) is expected to be less accurate than
that computed on the basis of eq. (4.51). However, our numerical results have evidenced that
both solutions achieve similar accuracy. Despite this, eq. (4.51) is adopted in Algorithm 5 for
generality.

¢) The CSFE can be employed even if the single tone appearing in the RHS of eq. (4.18) is
replaced by the superposition of L distinct tones (see eq. (4.1)). In this case, the strongest (i.e.,
the dominant) tone is usually detected through the periodogram method (see eq. (4.55)) and the
parameters of this tone are estimated in the presence of both Gaussian noise and the interference
due to the remaining tones. Therefore, the estimation accuracy of the CSFE is affected by both
the amplitudes and the frequencies of the other (L — 1) tones.

d) A stopping criterion, based on the trend of the sequence {A(i); i=1,2, ..}, can be easily
formulated for the CSFE. For instance, the execution of its two steps can be stopped if, at the end
of the i-th iteration, the condition |A(i)| < ep is satisfied; here, ea represents a proper threshold.

e) The estimates generated by the CSFE algorithm are unbiased, provided the overall number
of iterations it accomplishes is large enough; a proof of this statement is provided in Appendix H.
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Algorithm 5: Complex single frequency estimation

1 Initialisation:

a- Evaluate X (4.30) and & on the basis of eq. (4.55); then, compute the initial estimate A of
A according to eq. (4.33) and set p(©) = & (see eq. (4.56)).
b- Evaluate Xj 4, X2 4 and X3 4 according to eq. (4.42); then compute {a(&), b(&), c(&)}
according to eqs. (4.48)(4.50). Finally compute A(®) and F© according to eqs. (4.51) and (4.53),
respectively.
2 Refinement: for i = 1 to Nggrr do
c- Estimation of A:
Set F' = F(=1; then, evaluate X (F) according to eq. (4.27) or by interpolating a few adjacent
elements of X, (4.34). Finally, compute A and 5~ according to egs. (4.33) and (4.58),
respectively.
d- Estimation of F:
Set A = A(i); then compute Xkyﬁ(i—l) according to eq. (4.42) or or by interpolating a few
adjacent elements of X, (4.43). Finally, compute {a(p"~1), b(p(=1), ¢(p~1)} according to
eqs. (4.48)—(4.50), and A® and F® according to eqs. (4.51) and (4.59), respectively.
end

4.3.2 Estimation of a single real tone

All the results developed in the previous paragraph refer to the complex sequence {z. y}, whose
n-th element is expressed by eq. (4.1). However, a similar estimation method (dubbed single
frequency estimator, SFE) can be developed for the real counterpart, i.e. for a real sequence {zy ,,;
n =0, 1, .., N — 1}, whose n-th sample is expressed by eq. (4.2) with L =1, i.e. as

Zpp = acos (2mnE + ) + wrp (4.60)

or, equivalently, as (see eq. (4.3))

Zrpn = Cexp (j2mnF) + C* exp (—j2mnF) + Wy, (4.61)
where (see eq. (4.4))
A A a )
¢ = 9 7 9 exp (jv) (4.62)

In this case, ML estimation of the parameters F' and C' can be formulated in a similar way as eq.
(4.19), the only difference being represented by the fact that: a) the parameter A is replaced by
C'; b) the term &, (F', A) appearing in the RHS of eq. (4.20) is replaced by

enlF.0) 2 [0 — 5a(F.C)] (4.63)

where

sn(F,C) 2 Cexp (j27rn13’> + C* exp (—j2ﬂnF) , (4.64)

represents the useful component of {;,} (4.60) evaluated under the assumption that F' = F and
C = C. Substituting the RHS of eq. (4.64) in that of eq. (4.63) produces, after some manipulation,

en(F,C) = a2, +2 |Ch + CF| — 4wy |Croos(n) — Crsin(dn)]
+2 [(é%% - é%) c08(26n) — 20 Cr sm@(;n)} . (4.65)
Then, substituting the RHS of eq. (4.65) in that of eq. (4.20) yields
e(F,C) ==, +2[(C3 — CF) gu(F) +2Cp Crgi(F)|
) [C’}% n Cﬂ 4 [C‘R Xp(F)+ Gy XI(F)} : (4.66)
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where
1 N-1
A 2
£x 2 N;)xm, (4.67)
gr(F) 2 R{g(F)}, g1(F) £ 3{g(F)} and
o1 N TRy N
g(F) £ 5D exp (~526n) = T exp (—jamnF) . (4.68)
n=0 n=0

The procedure adopted to minimise the function (4.66) with respect to F and C is similar to
that illustrated in the previous paragraph for the CSFE. For this reason, in the following we limit
to show essential mathematical results only. First of all, given F = F', the function e(F, C') (4.66)
is minimised with respect to C' by solving the equations

Cr— Xp(F)+Crgr(F)+ Crgi(F)=0 (4.69)
and
Cr — X1(F) = Cr gr(F) + Crgr(F) =0, (4.70)

that result from computing the partial derivative of the RHS of eq. (4.66) with respect to (:Z’R
and Cf, respectively. Solving the linear system of equations (4.69)-(4.70) in the unknowns Cg
and CT produces the optimal values

Cr= —3 (4.71)
1- ‘g(F )‘
and
—Xn(F)gr(F) + X1(F) [1+ gr(F)]
1= — (4.72)
1- ’g(F )‘
of Cr and C7, respectively. Putting together the last two formulas yields
. ., X(F)-X*(F)g(F) . -
= O Oy = L) = XN )29( ) _ o). (4.73)

Therefore, given F = F , the optimal value C of the variable C can be computed exactly through
the last equation; this requires the evaluation of X (F) and g(F) (see eqs. (4.27) and (4.68),
respectively). Note that, on the one hand, g(F’) can be easily evaluated through its exact expression

= 1 exp(—j4rNF) —1
N exp(—jdnF) -1

g( (4.74)

which is easily derived from its definition (4.68). On the other hand, X (F) can be computed
exactly through its expression (4.27) or, in an approximate fashion, by interpolating the elements
of the vector Xy (4.34) following the same mathematical approach as that illustrated in the
previous paragraph for the CSFE; note that, in this case, the complex sequence {z.,} appearing
in the RHS of (4.35) is substituted with the real sequence {z,,} (see eq. (4.60)). The result given
by eq. (4.73) is ezxact. On the contrary, given C = C, a closed form solution for the value of F
minimising the function e(F, C') cannot be derived because of the nonlinear dependence of this
function on F'. However, following the same mathematical approach as that illustrated for the
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CSFE, the approximate expression
esin(B, C) 2 2, +2[Ch + CF| - 20p [2X() + 28 x({) - A2 x{Y)|
—20; [zxéfp) —2Ax® A’ xY! )} 42 ((;2 OI) .
(5§ (20) + 28 K" (29) — 282 K (2p) +
—%A:"’K?()I) (2p)] —4CR Gy [—KSI ) (2p) + 2A K (2p) +

+2A? KD (2p) — §A3K§R) (2,;)] (4.75)

can be obtained for the function E(F C) (4.66) (see Appendix F); here, X}, p 1s still defined by eq.
(4.42), K§ (2) 2 R{K,, ()}, K" () 2 ${K, (z)} for any k, p and z > 0,

1= 2mnx

A

— 4.

v E: n| exp < No > , (4.76)
gp[n] £ nP for p =1, 2 and 3, go[n] £ 1 and

LTkn 2k Ly n (477)

withn =0, 1, ..., N — 1. It is worth stressing that:

a) The considerations expressed about the evaluation of the quantities {X} ,} in our derivation
of the CSFE apply to the SFE too. However, in this case, the additional coefficients {K,,;m =
0,1,2}, need to be computed.

b) The initial estimate (%) = & of p is evaluated in a similar way as the CSFE (see eq. (4.55)),
i.e., as

d=ag  max | Xo,al - (4.78)

The minimization of the function espg(A, C) (4.75) with respect to A is achieved by taking
its partial derivative with respect to this variable and setting it to zero; this results again in the
quadratic equation (4.47), whose coefficients are

a(p) 223 { (é*)2 K (2,;)} , (4.79)
b(p) 2 —R {O*Xg,p} + 2R { (é*f Ks (2,0)} (4.80)

and
clp) 23 {C*Xl,p} -3 { (é*)2 Ky (2p)} . (4.81)

Following the approach adopted in the development of the CSFE and exploiting the math-
ematical results expressed by eq. (4.73) and by eqgs. (4.79)-(4.81) allow us to easily derive the
SFE; this algorithm is summarized in Algorithm 6. Finally, it is important to point out that the
coefficients {K,(2p); p =1, 2, 3} can be computed exactly on the basis of eq. (4.76). However,
since the definition (4.76) can be put in the equivalent form

1 N—-1
L ~ Z n? (q(z))", (4.82)
n=0
where )
q(z) = exp (—jNO> : (4.83)
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the identities

N-1
(¢— 123 ng" = (N - 1)V — Ng¥ +q, (4.84)
n=0
N—-1
(q _ 1)3 Z n2qn — (N— 1)2qN+2 4 (_2N2 +2N+ 1) qN+1
n=0
+N2gN —¢? —¢ (4.85)

and

N-1
(q— 1" > n*¢" =q+4¢" +¢* - N*¢"
n=0

+ (3N? —3N? —3N — 1) ¢" !
+ (3N + 6N? —4) ¢V + (N — 1)3¢" 3 (4.86)

holding for any ¢ € C, can be exploited for the efficient computation of K,(2p) for any p and p.

Algorithm 6: Single frequency estimation

1 Initialisation:

a- Evaluate X (4.30) and & on the basis of eq. (4.78); then, compute the initial estimate CO of
C on the basis of egs. (4.73) and set p(©) = & (see eq. (4.56)).
b- Evaluate the quantities {K,(24); p =1, 2, 3} according to eq. (4.76), and X; 4 and X5 4
according to eq. (4.42); then, compute {a(&), b(&), ¢(&)} according to eqgs. (4.79)—(4.81). Finally
compute A and FO according to eqs. (4.51) and eq. (4.53), respectively.
2 Refinement: for i = 1 to Ngpg do
c- Estimation of C:
Set F' = F'=1); then, evaluate g(F) on the basis of eq. (4.74), and X (F) according to eq.
(4.27) or by interpolating a few adjacent elements of X, (4.34). Finally, compute pU~1 and
C@ according to egs. (4.58) and (4.73), respectively.
d- Estimation of F":
Set C'= CY; then, compute K,(250~) by means of eqgs. (4.84)~(4.86), and X}, ;i
according to eq. (4.42) or or by interpolating a few adjacent elements of X, (4.43); then,
compute {a(p~1), b(p~V), ¢(p*~)} on the basis of egs. (4.79)—(4.81). Finally, compute
A and F® according to egs. (4.51) and (4.59), respectively.
end

4.3.3 Estimation of multiple tones

Let us analyse now in detail how the techniques derived in the previous paragraphs can be
exploited to estimate the multiple tones that form the useful component of the complex (real)
sequence {Z¢n} ({Zrn}), when its n-th sample is expressed by eq. (4.1) (eq. (4.2)) with L > 1.
The recursive method we develop to achieve this target is based on the following basic principles:

1) Tones are sequentially detected and estimated.

2) The detection of a new tone and the estimation of its parameters are based on the procedure
developed for the CSFE (SFE) in the previous paragraph; in addition, a cancellation algorithm is
incorporated in this method to remove the contribution of previously detected tones from all the
spectral information (namely, the spectrum X (F) (4.27), the vector Xg (4.30) and the coefficients
{Xk,} (4.42)), that are processed to detect and estimate the new tone.

3) After detecting a new tone and estimating its parameters, a re-estimation technique is
executed to improve the accuracy of both this tone and the previously estimated tones; the
proposed technique is inspired by the related methods described in refs. [11], [17] and [18].
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4) A proper criterion is adopted to stop recursions. This allows to estimate the (unknown)
number of targets, that is the value of the parameter L.

The recursive method relying on these principles is called complex single frequency estimation
and cancellation (CSFEC) or single frequency estimation and cancellation (SFEC), depending on
the fact that the input sequence is complex or real, respectively. In the following, we focus only
on the CSFEC method only; however, readers should keep in mind that the differences between
this method and the SFEC are similar to those illustrated in our description of the single tone
estimation algorithms on which they are based. The CSFEC algorithm is initialised by:

1) Executing the CSFE, fed by the complex sequence {z. .}, to generate, through Ncsrg
iterations, the initial estimates Fy[0] and Ag [0] of the normalized frequency and the complex
amplitude, respectively, of the first detected tone.

2) Setting the recursion index r to 1.

Then, a recursive procedure is started. The r-th recursion is fed by the vectors

Blr—1 = [Folr— 1. Al 1], B [r 1]]T, (4.87)

and

~

~ ~ ~ T
Apr—1= [AO r—1], Ay fr— 1],y Ay [ — 1]} , (4.88)

collecting the frequencies and the associated complex amplitudes characterizing the r tones
detected and estimated in the previous (r — 1) recursions, and generates the new vectors

~ A ~ ~ T

Bir) = B, A D], B ] (4.89)
and ) A A .

Alr] = [AO 1], A1 [r], ..o, Ay [7«]} (4.90)

after: a) estimating the frequency F) [r] and the associated complex amplitude A, [r] of a new
(i.e., of the r-th) tone (if any); b) refining the estimates of the r tones available at the beginning
of the considered recursion. The procedure employed for accomplishing all this consists of the
three steps described below (the p-th step is denoted CSFEC-Sp).

CSFEC-S1 (CSFE initialisation with cancellation) - In this step, the following quantities are
evaluated (see the initialisation part of Algorithm 5):

a) The residual spectrum

X [r] = [Xoo [r], Xoa [r], s Xowo 1 ] £ Xo = Co (A[r = 1], B[r=1],r),  (491)

where Xg is the Np-th order DFT of the zero padded version xg zp of the vector xg collecting all
the elements of the sequence {x.,} (see egs. (4.31)-(4.32)) and the Nyp-dimensional vector

Co (A[r—l],F[r—l],r) éféo (Al[r_l],mr_u), (4.92)
=0

represents the contribution given by all the estimated tones to Xy (in particular, CO(AZ [r —
1], Fi[r — 1]) is the contribution provided by I-th tone to the vector Xy (the expression of this
vector can be found in Appendix G). If the overall energy

Eolr] £ | Xo [r]? (4.93)

satisfies the inequality &[r] < Tcsrrc, where Togppo is a proper threshold, the algorithm stops
and the estimate L = r of L is generated.
b) The integer (see eq. (4.55))

A [r] = Xoalrll, 4.94
G =arg _ max [Xoq ) (4.99)
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that represents the index of the element of Xy [r] (4.91) having the largest absolute value.
c) The preliminary estimate (see eq. (4.33))

A [r] = X (B 1)) = Ko (Afr 1], Flr =1, B 1)) (4.95)

of the complex amplitude of the new tone; here, chr[r] = a&[r] Fppr and
r—1
Ko (A r—1],F[r 1], F., [r]) 23X, (Al r—1], B r—1], F,, m) (4.96)
1=0

represent the coarse estimate of the frequency of the new tone (see eq. (4.54)) and the contribution
given to X (F) by all the estimated tones (i.e., the leakage) at the frequency F = ch[r] (in
particular, Xo(A[r — 1], Fi[r — 1], F...[r]) is the leakage due to the I-th tone; the expression of
the function Xy (fl, F, F) is provided in Appendix G).

d) The spectral coefficient

Kipp 1] = Kgp = Xir (Alr =11, B lr = 1], Frp ) (4.97)

for k = 1,2 and 3; here, we have that (see eq. (4.56))

plr] = Fer[r]/Forr = alr] (4.98)
and
r—1
Xlk,k (A [r—1] ,F [r—1] ,Fc,r [7”]> = ZXlkvk <Al [r—1] ,Fl [r—1] ,ch [r]) (4.99)
=0

is the contribution given to X o) [r] by all the estimated tones (i.e., the leakage) at the frequency
E.,.[r] (in particular, Xy x(A)[r — 1], Fj[r — 1], F.,[r]) represents the leakage due to the I-th
estimated tone).

e) The coefficients a (& [r]), b(&[r]) and ¢ (& [r]), the residual A [r] and the normalized

frequency
FO = Feplr] + AO [r]/(2m) (4.100)

on the basis of eqs. (4.48)—(4.50), eq. (4.51) (or eq. (4.52)), and eqs. (4.54) and (4.57). Note that
FT(O) represents the initial fine estimate of the normalized frequency of the new tone.

The evaluation of the frequency £ (4.100) concludes the initialization of the modified CSFE
executed for the detection and the estimation of the new tone.

CSFEC-S2 (CSFE refinement with cancellation) - After carrying out the first step, Ncsrg
iterations? are executed to refine the estimate of the parameters of the new tone. The processing
accomplished in this step follows closely that described in the refinement part of Algorithm 5.
For this reason, in each iteration, a new estimate of the complex amplitude and of the residual
of frequency of the r-th tone are computed. This requires re-using egs. (4.95)—(4.96) and (4.97),
respectively, in order to remove the leakage in the spectrum X (F) and in the coefficients X k,p
(see steps ¢ and d, respectively, of Algorithm 5). At the end of the last iteration, the frequency
FCSFE’T [r] and the associated complex amplitude ACSFE’T [r] of the new tone are available; these
represent F). [r] and A, [r], respectively, if the following re-estimation step is not accomplished.

CSFEC-S3 (re-estimation) - This step is fed by the (r 4 1) normalized frequencies {Fy [r — 1],
Fylr—1],..,F._1[r—1], Fosre, [r]} and their complex amplitudes {Ag [r — 1], 4; [r — 1], ...,
A,y [r—1] ,/AICSFE,T [r]}. It consists in repeating the previous step for each of the detected tones,
starting from the first tone and ending with (r 4+ 1)-th one. This means that, when re-estimating
the [-th tone, the leakage due to the tones whose index belong to set {0,1,..,l — 1,14+ 1,...,r}

4The potential dependence of the parameter Ncogpg on the recursion index r is ignored here for simplicity.
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has to be removed by exploiting equations similar to (4.95) and (4.97)-(4.99), with [ =0, 1, ..., r.
This allows us to progressively refine the amplitude and the frequency of each tone, so generating
the final frequencies {Fy [r], F1 [r], ..., F)[r]} and their complex amplitudes {Ag [r], 4;[r], ...,
A, [r]}. Note that, in principle, the re-estimation can be accomplished multiple (say, Nrgg) times.

Our simulation results have evidenced that, unluckily, the estimates generated by the CSFEC
algorithm are biased if the values selected for the parameters Ncspg and Ngrgs are not large
enough. In principle, this bias can be arbitrarily reduced by increasing the values of these
parameters. However, we found out that a computationally efficient alternative to this approach
is represented by running an additional (i.e., a fourth) step once that the CSFEC algorithm has
been executed. In this final step, the estimation algorithm developed by Ye and Aboutanios in ref.
[43, 44] is carried out after initializing it with the estimates { Fy[L], F1[L], ..., Fifl[[:}} and their
complex amplitudes {Ag[L], A;[L], ..., A i_l[ﬁ]} generated by the CSFEC. The hybrid technique
resulting from interconnecting the CSFEC algorithm with the above mentioned algorithm is
dubbed hybrid CSFEC (HCSFEC). Finally, it is worth pointing out that:

a) The oversampling factor M adopted in the computation of the vectors {Xg)} and the
stopping criterion employed by the CSFE need to be carefully adjusted in order to achieve a good
accuracy in the estimation of the parameters of each new tone.

b) Poor estimation of the normalised frequency F; and/or of the complex amplitude A; may
lead to significant error accumulation if CSFEC-S3 is removed; readers should also keep in mind
that a fundamental role in accurate cancellation is played by the accuracy of the estimated
frequency residual.

¢) The threshold Tcsprc needs to be properly adjusted in order to ensure that the probability
that L equals to L is close to unity. On the one hand, a large value of Tcsprc may lead to miss
weaker tones; on the other hand, a small value of this parameter may lead to the identification of
nonexistent tones.

4.3.4 Comparison with other estimation methods

The CSFEC technique developed in the Paragraphs 4.3.1-4.3.3 is conceptually related to the
multiple tone estimators developed by Gough [17]|, Li and Stoica [18], Macleod [11]|, Ye and
Aboutanios [43, 44], Serbes and Qarage [45], and Serbes [46] (these algorithms are denoted
CLEAN, RELAX, Alg-M, Alg-YA, CFH and Alg-S, respectively, in the following). In fact, all
these algorithms are recursive and rely on a serial cancellation procedure since, within each
recursion, they detect a single tone, estimate its parameters and subtract its contribution from
the residual signal emerging from the previous iteration. Despite their similar structure, they
exhibit various differences, that concern the three specific issues listed below.

Single frequency estimator - The main difference is represented by the algorithm they employ
in the estimation of a single tone. In fact, on the one hand, the CLEAN and RELAX algorithms
rely on the coarse estimate generated by the periodogram method for each detected tone and,
eventually, exploit zero-padding to improve spectral resolution. On the other hand, the Alg-M, the
Alg-YA, the Alg-S and the CFH algorithm compute the frequency residual by means of open-loop
interpolation or iterative methods; the last methods refine the estimate of the frequency residual
through multiple iterations. All the single tone estimators employed in these algorithms differ
from the one used in the CSFEC and its hybrid version.

Use of a re-estimation procedure - In the CLEAN and RELAX algorithms and in Alg-M, once
a new tone has been estimated, all the previously computed tones are re-estimated by subtracting
the contribution of all the other tones; tone cancellation is accomplished in the time domain in the
CLEAN and RELAX algorithms, whereas is carried out in the frequency domain in the Alg-M.
The last approach is also adopted in our estimation algorithms. Finally, the CFH algorithm,
the Alg-S and the Alg-YA accomplish re-estimation after computing a coarse estimate of all the
parameters of the detected tones. However, the CFH algorithm executes this only once, whereas
the Alg-S and the Alg-YA repeat it a given number of times.
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Use of oversampling - The use of oversampling is proposed for the CLEAN, the RELAX, the
Alg-S, and the CSFEC and the HCSFEC algorithms only.

4.3.5 Computational complexity

The complexity of the estimation algorithms developed in Paragraphs 4.3.1-4.3.2 has been
carefully assessed in terms of number of floating operations (flops) to be executed in the detection
of L targets. The general criteria adopted in estimating the overall computational cost of the
CSFE and the SFE algorithms are summarised in Appendix I, where a detailed analysis of the
contributions due to the different tasks accomplished by each of them is also provided. Our
analysis leads to the conclusion that these costs are approximately of order O(Mcsrg) and
O(Msrg), respectively, with

Mcsrr = Nology No + Kcsre Nosre 12 (4.101)

MSFE = NO 10g2 N() + KSFE NSFE I2; (4102)

here, Ncsrr (Nsrg) represents the overall number iterations accomplished by the CSFE (SFE),
Kcspg = 1/2 and Kgpg = 2/3. Our computer simulations have evidenced that, in the scenarios
we considered, a small value of I is required if the so called barycentric interpolation is employed
(see ref. [61]). For this reason, the contribution of the second term appearing in the RHS of eq.
(4.101) can be neglected, so that the order of the overall computational cost is well approximated
by the first term, i.e. from the term that originates from FFT processing. Moreover, based on the
last result, it is not difficult to show that the computational cost of the CSFEC is approximately
of order O(Mcsrrc) and O(Mspgc), with

Mcsrec = Nology(No) + Kesrr L Nesyr 12, (4.103)

Msprc = Nology(No) + Ksrg L Nspg I2, (4.104)

if no re-estimation is accomplished (see CSFEC-S3 in the description of the CSFEC algorithm)
and the algorithm stop after detecting the last tone. Note that the first term appearing in the
RHS of eq. (4.103) accounts for the initialization (and, in particular, for the computation of the
vectors X (4.30) and {Xy} (4.43)), whereas the second term for the fact that, in the CSFEC
(SFEC), the CSFE (SFE) is executed L times. It is also worth noting that the computational costs
due to the evaluation of the estimated tones detected after the first one and to their frequency
domain cancellation do not play an important role in this case. However, if re-estimation is
accomplished, the parameter L appearing in the RHS of (4.103) is replaced by L2, since this task
involves all the estimated tones. Despite this, the increase in the overall computational cost of
the CSFEC with respect to the CSFE is limited since, as evidenced by our simulation results, the
use of re-estimation allows these algorithms to achieve convergence with a smaller value of the
parameter NcsrE.

Finally, it is important to compare the computational cost of the CSFEC algorithm with
that of the CLEAN, RELAX, Alg-M, Alg-YA, CFH and Alg-S techniques considered in the
previous paragraph. Their order of complexity is listed in Table 4.1, from which the following
considerations can be easily inferred:

1) The CLEAN and the RELAX algorithm are characterized by the same order, expressed by
the complexity of a zero-padded FFT multiplied by L?; the last factor is due to the fact that
tone re-estimation is employed in both algorithms.

2) The Alg-M is characterized by the lowest computational cost; in fact, since it performs the
cancellation of the detected tones directly in the frequency domain, tone estimation does not
require the computation of additional FFTs. Moreover, since tone re-estimation is employed, the
cost for the estimation of a single tone (i.e., the parameter Kj;) is multiplied by L2.

3) The order of complexity of the Alg-YA and the Alg-S, and that of the CFH algorithm
depend on the fact that a FFT is computed for each tone; morover, an additional term equal to
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Table 4.1: Order of the computational complexity of various estimation algorithms.

Algorithm CLEAN / RELAX Alg-M Alg-YA / Alg-S CFH
o) L?Nylogy(Np) Nology(No) + L2 Ky LNIlogy(N)+ LQN LN logy(N)

L @Q N is included in the order of the Alg-YA and the Alg-S, since these estimate all the tones Q)
times.

4) The order of the cost of the CSFEC algorithm is similar to that of the Alg-M; however, in
this case, four FFTs are computed in the initialization phase and the cost for the estimation of
each tone is multiplied by Ncgpg since tone refinement is performed within each recursion.

4.4 Numerical Results

In this section, the accuracy and robustness of the proposed algorithms is assessed on the basis of
both synthetically generated data and experimental data acquired through an FMCW colocated
MIMO radar.

4.4.1 Numerical results based on synthetically generated measurements

In this section, we compare, in terms of accuracy, convergence rate and failure probability, our
single frequency estimator (CSFE) with the A&M [35], the QSE and HAQSE algorithms [50], and
our multiple tone estimators (i.e., the CSFEC and HCSFEC algorithms) with the CFH algorithm
[45], the Alg-YA [43, 44], the Alg-S [46] and the Alg-DP [62]|. As far as the A&M algorithm is
concerned, two versions of it are considered; such versions are denoted A&M+#1 and A&M#2 in
the following and correspond to the Alg-1 and Alg-2, respectively, described in [35].

Five different scenarios have been considered in our computer simulations. In all of them,
N =512 and f; = N Hz have been selected for the overall number of samples of the sequence
{zy} and the sampling frequency, respectively; moreover, for any L, the phases of the L tones
have been randomly selected over the interval [0, 27|, each independently of all the other ones.
The specific features of the simulated scenarios can be summarised as follows:

Scenario #1 (S1) - This is characterized by L = 1, i.e. by a single tone, having amplitude equal
to one and whose normalised frequency is uniformly distributed over the interval [8/N, 28/N].

Scenario #2 (S2) - This is characterized by L = 2, i.e. by a couple of tones, both having
amplitude equal to one. Moreover, the normalised frequency Fy of the first tone is uniformly
distributed over the interval [8/N, 28/N], whereas that of the second one is F} = Fy + 1.1/N.

Scenario #3 (S3) - This is characterized by L = 2, i.e. by a couple of tones, both having
amplitude equal to one. Moreover, the normalised frequency Fy of the first tone is uniformly
distributed over the interval [8/N, 28/N], whereas that of the second one is F} = Fy + AFy; here,
AF; 2 (1+0.05d)/N represents the normalised frequency spacing between the two tones and is
controlled through the non negative parameter d (d =0, 1, ..., 10 is assumed in the following).

Scenario #4 (S4) - This is characterized by L € {2, 3,..., 10}, i.e. by a varying number of
tones. For any L, the amplitude and the frequency of the k-th tone are given by

ap £ 107F8a/10 (4.105)

and Fj, £ Fy+1.8k/N, respectively, with k = 0, 1, ..., L —1; here, A, = 2.5/3 and Fj is uniformly
distributed over the interval [8/N, 28/N].

Scenario #5 (S5) - This is characterized by L = 10 tones, whose amplitudes follow the law
expressed by (4.105). Moreover, the normalised frequency of the k-th tone is Fy , £ Fy + k AF,,,
with Fy = 8.3/N and k =0, 1, ..., 9; here, AF,,, = (1.5 4+ 0.2m)/N represents the normalised
frequency spacing between adjacent tones and is controlled through the non negative parameter
m (m =0, 1, ..., 5 is assumed in the following).
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It important to point out that: a) the interest in S1 has been uniquely motivated by the need
of comparing the performance of the CSFE with that achieved by the other single frequency
estimators; b) the study of S2 and S3 has allowed us to assess how the considered multiple
tone estimators perform in the presence of two close tones whose spacing is fixed and variable,
respectively, whereas that of S4 how their performance changes when L increases; ¢) the fifth
scenario refers to the case in which the observed signal contains many closely spaced tones having
different strengths, so that multiple tone estimators may fail detecting all of them and/or the
quality of the the estimates of their parameters may turn out to be quite poor.

In our computer simulations, the following performance indices have been assessed for each of
the analysed algorithms:

1. The probability of failure (Py), i.e. the probability that the considered algorithm does not
converge. In our simulation, a failure event is detected whenever the absolute value of the
normalised frequency error characterizing the final frequency estimate exceeds the threshold
Aer £ 1/(2Ng), i.e. it is greater than half the size of the frequency bin characterizing FFT
processing.

2. The root mean square error (RMSE) for the estimates of the normalised frequency, of the
amplitude and of the phase of one or multiple tones; these are denoted RMSE, RMSE 4
and RMSE,, respectively.

It is important to stress that the first parameter has been never assessed in the technical
literature and that its value depends on the intensity of both the additive noise and the interference
experienced by each newly detected tone (and due to uncancelled tones). Our interest in it can be
motivated as follows. Each of the considered frequency estimation algorithms is highly nonlinear;
for this reason, its behavior is characterized by a threshold, whose value depends on the specific
scenario in which it is employed. In practice, if a frequency estimation algorithm operates above
its threshold, failures are very rare events; consequently, the assessed root mean square errors
are negligibly influenced by them, i.e., they account for the intensity of the errors observed after
the convergence of the algorithm itself. On the contrary, if the algorithm operates below its
threshold, a portion of its estimation errors (but not all of them) refers to situations in which
it has not converged; when this happens, large frequency estimation errors (i.e., outliers) may
be observed. In the last case, root mean square errors are not so meaningful since they account
for two heterogeneous contributions. The significance of these considerations and our interest
in the probability of failure can be fully understood by analyzing the simulation results shown
in Figs. 4.1a and 4.1b, that refer to the A&M+#1 algorithm operating in S1. In particular, the
dependence of RMSE¢ and Py on the SNR for this algorithm is illustrated in Fig. 4.1a (where the
Cramer-Rao lower bound, CRLB, is also shown for comparison), whereas a sample of the absolute
value of the normalised frequency errors observed over 20000 consecutive runs at an SNR = —10
dB is represented in Fig. 4.1b; in this case, the overall number of iterations Nagn = 2 has been
adopted for the considered algorithm and 107 simulation runs have been executed to generate
the numerical results appearing in the first figure. As it can be easily inferred from Fig. 4.1a,
the A&M+#1 attains the CLRB above its threshold, which, in S1, is found at an SNR = —8
dB and corresponds to a Py approximately equal to 107%; below this SNR (that, in the case
of a single tone, uniquely identifies the threshold of the algorithm), the estimated RMSEy is
significantly influenced by the presence of outliers, some of which are clearly visible in Fig. 4.1b.
Our simulations have also evidenced that, if the all the failure events are ignored in the evaluation
of the root mean square errors, the (negligible) gap between the RMSE of the A&M#1 and the
CLRB does not change if the SNR drops below its threshold. Based on these considerations we
have decided to:

a) Assess the probability of failure in all the considered scenarios.

b) Ignore the failure events in the evaluation of all the RMSEs.
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the CRLB is also shown for comparison.

Figure 4.1: Some numerical results referring to the A&M#1 algorithm (first scenario).

On the one hand, the first choice has allowed us to assess, in all the above mentioned scenarios,
if each of the considered estimation algorithms is really operating above its threshold or below it;
in doing so, we have always assumed that the threshold is conventionally identified by Py = 1076,
i.e. by one failure over 108 simulation runs on the average. On the other hand, the second choice
has been made to verify if its accuracy is close to the CLRB when its failures are ignored. In the
following, various simulation results are illustrated for the five scenarios described above; in all
cases, each value of the considered performance indices have been evaluated by executing 10°
runs.

The performance of six single tone estimators, namely the Alg-DP, the CSFE, and the A&M#1,
A&M#2, QSE and HAQSE algorithms, has been assessed in S1. The following parameters have
been selected for them: a) overall number of iterations Nogpg = 25 and interpolation order®
I = 7 for the CSFE; b) overall number of iterations Nagy = 2 for the two A&M algorithms;
c) Nqsg = 3 for the QSE algorithm; d) Nuaqse = 2 for the HAQSE algorithm; e) frequency
displacement fg = 1/(10N) for the Alg-DP. In addition, the parameter g of the QSE and HAQSE
algorithms has been evaluated on the basis of |50, eq. (39)] and the oversampling factor M =1
has been selected for all the considered algorithms. Some numerical results referring to S1 are
illustrated in Figs. 4.2a and 4.2b (in these figures and all the following ones, numerical results
are represented by markers, whereas lines are drawn to ease reading; moreover, the abbreviation
‘Th.” is employed for the threshold, whose position is always indicated by a black arrow). More
specifically, the dependence of RMSE;, and RMSE 4 and RMSE,, on the SNR is represented in
Figs. 4.2a and 4.2b, respectively, for all the considered algorithms. In both figures, the dependence
of the probability of failure on the SNR, (which is approximately the same for all the considered
algorithms) is also shown and the SNR range [—15, 20] dB is considered. From these results it
is easily inferred that: 1) all the considered algorithms exhibit a similar dependence of RMSE¢,
RMSE,4 and RMSE,, on the

SNR 2 1/0? (4.106)

and their accuracy approaches the CLRB [63] in frequency, amplitude and phase estimation for
SNRe|-8, 20| dB; 2) they are characterized by a similar probability of failure and, therefore, by
a similar SNR threshold; 3) they attain the CRLB in the estimation of frequency, amplitude and
phase even below their threshold if failure events are ignored. Our simulation results have also
evidenced that the CSFE is characterized by a lower convergence rate than the other algorithms.
As far as the last point is concerned, it is worth mentioning that: 1) the A&M#1, A&M#2, QSE
and HAQSE algorithms usually require 2-4 iterations to achieve convergence, whereas the overall
number of iterations required by the CSFE is 3-4 times larger; 2) the Alg-DP, A&M#1, A&M#2,
QSE and HAQSE algorithms are characterised by similar computation times, whereas the CSFE
is about 10 times slower.

5In all our simulations, the barycentric interpolation described in [61] has been always used.
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Figure 4.2: Root mean square error performance versus SNR (first scenario). The Alg-DP and the CSFE,
HAQSE, QSE, A&M+#1 and A&M#2 algorithms are considered. The CRLB is also shown for comparison.

Some numerical results referring to S2 are illustrated in Figs. 4.3, 4.4a and 4.4b. More
specifically, the dependence of Py on the SNR is illustrated in Fig. 4.3, whereas the dependence of
RMSE¢, and of RMSE 4 and RMSE,, on the SNRS is represented in Figs. 4.4a and 4.4b, respectively,
for all the considered algorithms; once again, the SNR range [—15, 20| dB is considered. The
accuracy of six multiple tone estimators, namely the Alg-YA, the Alg-S, the Alg-DP, and the
CSFEC, HCSFEC and CFH algorithms has been assessed in this case; moreover, the following
parameters have been selected for these algorithms in S2 and in the remaining three scenarios: a)
overall number of iterations Ncspg = 15, number of re-estimations Ngrs = 5 and interpolation
order I =7 for the CSFEC; b) Ncspg = 5, Nrrs = 1, I = 7 and number of Alg-YA iterations
Nya =5 for the HCSFEC algorithm; c) the same parameters as the HAQSE and Alg-DP in S1
for the CFH algorithm and the Alg-DP, respectively; d) overall number of iterations @@ = 2 for
the Alg-YA. Moreover, the number of re-estimations carried out by the Alg-S has been evaluated
on the basis of [46, eq. (33)]. Our results show that: 1) the CSFEC and HCSFEC techniques are
more robust than all the other estimators, since they achieve a substantially lower probability
of failure for an SNR > —10 dB; 2) the thresholds of the CSFEC and HCSFEC algorithms are
about —3 dB and are substantially lower than that of Alg-YA, which is found at about 3 dB; 3)
the CFH, the Alg-S and the Alg-DP exhibit a Py > 1072 for all the values of SNR (therefore,
their RMSE performance is ignored in the following); 4) the Alg-YA is always outperformed by
the CSFEC and HCSFEC algorithms both in frequency, amplitude and phase estimation; 5) the
trend in the accuracy of the CSFEC and HCSFEC algorithms diverges from that of the CRLB
for an SNR > —6 dB because of the small bias introduced by the serial cancellation procedure
on which they are based; 6) the CSFEC algorithm is slightly outperformed by the HCSFEC
algorithm for an SNR > —6 dB; 7) the trend in the accuracy of the Alg-YA below its threshold
diverges from that of the CRLB in frequency, amplitude and phase estimation for all the SNR
values, whereas that that of the CSFEC and HCSFEC algorithms is only 1 dB far from the
corresponding CRLB. It is also worth mentioning that the CFH algorithm, the Alg-YA and the
Alg-DP require similar computation times, whereas the HCSFEC algorithm and the Alg-S (the
CSFEC algorithm) are about 2 (16) times slower.

Let us focus now on S3. In this scenario, all the performance indices have been evaluated for
different values of the normalised tone spacing (AF - N). Some numerical results referring to
this scenario are illustrated in Figs. 4.5, 4.6a and 4.6b. More specifically, the dependence of Py
on the tone spacing is illustrated in Fig. 4.5, whereas the dependence of RMSE, and RMSE 4
and RMSE, on the tone spacing is represented in Figs. 4.6a and 4.6b, respectively, for all the
considered algorithms; an SNR = 10 dB is assumed. From our results it can be inferred that: 1)
the CSFEC and HCSFEC algorithms are substantially more robust than all the other estimators,

6Since the amplitudes of both tones are equal to one, the SNR is still computed on the basis of (4.106).
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Figure 4.3: Probability of failure versus SNR (second scenario). The Alg-S, the Alg-YA, the Alg-DP, and
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Figure 4.4: Root mean square error performance versus SNR (second scenario). The Alg-YA, and the
CSFEC and HCSFEC algorithms are considered. The CRLB is also shown for comparison.

since no failure event has been detected for the considered tone spacings over all the simulation
runs; 2) the CFH algorithm exhibits a Py < 1076 for a tone spacing greater than 1.2, whereas
the Alg-YA a Py > 107° for values of tone spacing between 1.2 and 1.4; 3) the Alg-S and the
Alg-DP are characterized by a Py > 1076 for any value of tone spacing (for this reason, they are
ignored in the following); 5) the Alg-YA and the CFH algorithm are outperformed by the CSFEC
and HCSFEC algorithms, for all the considered tone spacings, in frequency, amplitude and phase
estimation; 6) the CSFEC algorithm is slightly outperformed by the HCSFEC algorithm in
frequency, amplitude and phase estimation; 7) the CSFEC and HCSFEC algorithms attain the
CRLB for frequency and phase (amplitude) estimation for a tone spacing equal to 1.5 (greater
than 1.3).

As already mentioned above, our simulations for S4 have allowed us to assess how the
performance of the considered algorithms is influenced by the overall number of tones. Some
results referring to this scenario are shown in Fig. 4.7, which shows the dependence of Py on L;
M =1 and an SNR = 10 dB for the strongest tone have been assumed. From this figure it is
easily inferred that: 1) the Alg-DP (Alg-S) exhibits a Py > 1072 for L > 3 (L > 4); 2) the CFH
algorithm (Alg-YA) exhibits a Py > 10~* (P; > 1073) for L > 5; 3) the CSFEC and HCSFEC
algorithms are substantially more robust than all the other algorithms since are characterized
by a P < 1076 for L < 8; 4) the HCSFEC is slightly outperformed by the CSFEC for L = 10.
Once again, the price to be paid for a lower probability of failure is represented by a larger
computational effort. For instance, if L = 6, the computation time required by the CSFEC
(HCSFEC) algorithm is about 50 (4) times larger than that characterizing the CFH algorithm.
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34 Th = b « --Th. O CSFEC [
---Th i L
] [ | 0O HCSFEC |
36 2 5 A CFH
38 - g ] o AlgYA [
4 . =
=~ B F K 7 i
@ 40 C g ] i
3\ ] F 5 -10 | -
8 42 - = 1 r
3 - E i L
= ] E % ] L
= 44 o CSFEC a o I
46 O HCSFEC D\D\D\ g g 5 L
461 A cru g = ] i
48 o Alg-YA - 4 L
1— CRLB, s 1 I
] g r 204 -
T e e e T T A e T T T
1.0 1.1 1.2 1.3 1.4 1.5 1.0 1.1 12 1.3 1.4 1.5
Tone spacing, AF- N Tone spacing, AF- N

(a) Root mean square error performance achieved in (b) Root mean square error performance achieved in

frequency estimation. phase and amplitude estimation

Figure 4.6: Root mean square error performance versus tone separation (third scenario). The Alg-YA, and
the CSFEC, HCSFEC and CFH algorithms are considered. The CRLB is also shown for comparison.
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Table 4.2: Signal-to-noise ratio characterizing each tone in the fifth scenario and corresponding CRLB
evaluated for the estimation of its frequency.

T1 T2 T3 T4 Tb T6 T7 T8 T9 T10

SNR (dB) 10 83 6.7 5 3.3 1.7 0 -1.7 -3.3 -5
CRLB (dB) -49.7 -48.9 -48 -47.2 -46.4 -45.6 -44.7 -43.9 -43 -42.2

RMSE, (dB)

1.6 1.8 2.0 22 2.4
Tone spacing, AF- N

Figure 4.8: Root mean square error performance achieved in frequency estimation versus tone separation
(fifth scenario). The CSFEC (blue curves) and HCSFEC (red curves) algorithms are considered. Different
tones are identified by distinct markers and numbers.

Finally, let us focus on S5. In this case, the performance index RMSE has been evaluated
for the normalised frequencies of all the tones; moreover, six different values of the tone spacing
(AF - N) have been considered. Our numerical results refer to the CSFEC and the HCSFEC
algorithms only since we found that these are the only algorithms operating above their thresholds
for spacings greater than 2/N. The CFH algorithm, the Alg-S, the Alg-YA and the Alg-DP,
instead, are characterized by an high probability of failure (more specifically, Py > 1072 in all
the conditions) and, as a matter of fact, are unable to detect all the tones and/or to accurately
estimate their parameters. The dependence of RMSE;, obtained under the assumption that
SNR = 10 dB for the strongest tone (i.e., for the tone having the smallest frequency; see (4.105)),
on (AF - N) is illustrated in Fig. 4.8, whereas the values of the SNR and the CRLB referring to
each of the ten tones are listed in Table 4.2. Our results lead easily to the following conclusions:
1) the RMSE/ characterizing the HCSFEC algorithm is lower than that achieved by the CSFEC
algorithm for each tone and for all the values of tone spacing, since the last algorithm suffers
from a larger (even if really limited) bias; 2) weaker tones are characterized by a larger RMSE ¢
(but also by a larger value of the CRLB, since their SNR is lower) for any AF’; 3) the RMSE;
characterizing each tone reaches a floor for AF > 2/N; 4) the floor appearing in the frequency
estimation accuracy of each tone is very close to the CLRB evaluated for that tone.

4.4.2 Numerical results based on experimental measurements

The accuracy of the proposed CSFEC and HCSFEC algorithms has been also assessed on the
basis of a real dataset acquired through a commercial MIMO radar. In particular, a measurement
campaign has been accomplished in the building of our institution to acquire a data set through
a colocated FMCW MIMO radar operating in the E-band. The employed device is the TIDEP-
01012 cascade mmWave radar; it is manufactured by Tezas Instrument Inc. [64] and classified
as a long range radar (LLR). Its main parameters are: a) chirp rate u = 6.5 - 10!3 Hz/s; b)
bandwidth B = 4.1 GHz; c) central frequency fy = 77 GHz; d) sampling frequency fs = 8 MHz;
e) number of samples per chirp N = 512. Moreover, it is endowed with a planar array made
of Ny = 12 TX antennas and Ng = 16 RX antennas; each of its antennas consists of an array
of four patch antennas. In principle, 12 - 16 = 192 virtual antennas are available in this case;
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Figure 4.9: Experimental set-up developed for our acquisitions. The employed radar device is mounted on
a wooden bar; the targets are small coins placed on a polystyrene plate.

however, only 86 horizontal-aligned and equally-spaced virtual antennas, forming a virtual ULA
with dg = A/4, have been exploited in our work. This choice allows us to achieve the range
resolution AR = ¢/(2B) = 3.6 cm and the azimuthal resolution Af = 1.35°.

All the measurements have been acquired in a large empty room (whose width, depth and
height are 10 m, 8 m and 2.5 m, respectively). The radar device has been mounted on an horizontal
wooden bar and has been lifted by a tripod at an height of roughly 1.60 m from ground (see Fig.
4.9).

In our experimental set-up, a pico-flexx camera manufactured by PMD Technologies Inc.
[65] has been employed as a reference sensor; this device is based on a near-infrared vertical
cavity surface emitting laser (VCSEL), and is able to provide a depth map or, equivalently, a
three-dimensional point-cloud of a small region of the observed environment (its maximum depth
is equal to 4 m, whereas its field of view is 62° x 45°).

As far as the acquired measurements are concerned, it is important to point out that: a) all
the target ranges have been estimated with respect to the central virtual channel of the ULA; b)
the exact target positions have been acquired with respect to the centre of the pico-flexx camera.
Therefore, in comparing these positions with their estimates computed on the basis of the radar
measurements, the distance App = 33 cm between the FMCW radar and the camera was always
kept into account; ¢) all our measurements have been processed in the MATLAB environment
(running on a desktop computer equipped with an i7 processor).

The numerical results illustrated in this paragraph refer to two static scenarios. The first
scenario is denoted S6 and is characterized by the presence of an overall number of targets ranging
from 1 to 9 (so that 1 < L <9). As shown in Fig. 4.9, the targets, placed on a polystyrene plate,
are represented by small coins, each having a diameter equal to 2 cm (note that such coins are
grouped in three different clusters, called C1, C2 and C3); their exact positions are listed in Table
4.3 (the data referring to the i-th target are collected in the column identified by T;, with i = 1,
2, ..., 9). In the second scenario (denoted S7), instead, five distinct experiments, characterized by
a different number of targets, have been conducted. The results obtained in this scenario have
allowed us to assess how the performance of our estimation algorithms is influenced by the overall
number of targets (i.e., by L).

In processing all the acquired measurements, prior knowledge of L has been always assumed
and an oversampling factor M equal to 1 has been adopted for all the algorithms (namely, the
CSFEC, HCSFEC and CFH algorithms and the Alg-YA, the Alg-S and the Alg-DP); moreover,
M = 4 has been also considered for the CSFEC and HCSFEC algorithms. The values of all the
other parameters characterizing the considered estimation algorithms have been selected in the
same way as the scenarios S2, S3, S4 and S5 described in the previous paragraphs.

In analysing the data acquired in S6 and S7, the accuracy of the range estimates evaluated
for multiple targets has been assessed by evaluating the RMSE

Nm—1
ER £ ]\;m ; [Rl — Rl]Q (4.107)
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Figure 4.10: Unwrapped phase of the complex gain associated with a given target versus the index of the
virtual channel of the employed ULA; scenario S6 is considered.

and the peak error

én 2 max ‘Rz — R, (4.108)
where N, represents the overall number of available measurements. As far as the estimation of
the complex amplitude characterizing the echo of a given target on a specific virtual channel is
concerned, it is important to point out that the RCS of the targets detected in our experiment
was unknown. For this reason, our analysis of the complex gains estimated over the 86 channels of
the available virtual ULA and associated with each target has concerned only their (unwrapped)
phase. The phases estimated by the CSFEC algorithm over the above mentioned ULA and
associated with the nine targets of S6 are shown in Fig. 4.10. Since the distance dy between
adjacent virtual channels is constant, the estimated phases exhibit a linear dependence on the
index of the virtual channel (see (4.10) and (4.11)). Moreover, if a linear fitting is drawn for these
data, it should be expected that the slope of the resulting lines is proportional to sin(f), where
6 is the azimuth of the considered target (see (4.16)); this is confirmed by the results shown in
Fig. 4.10, where the three (six) lines associated with the targets T1—T3 (T4—T9) have a negative
(positive) slope’, as should be expected on the basis of Table 4.3. To assess the quality of the
estimated phases, their RMSE &, has been evaluated on the basis of a formula similar to (4.107)
(in this case, Ny, represents the overall number of virtual channels for which the estimates of the
phases associated with a given target have been computed); in doing so, the linear fitting of the
phases estimated over the whole ULA has been taken as a reference with respect to which phase
errors have been computed.

The estimates of the target range generated by the all the considered estimation algorithms
for each of the targets of S6 are listed in Table 4.3; in the same table, the value of the phase
RMSE &, computed for each target is also provided. The numerical results collected in this table
have been also processed to compute: a) the errors £g (4.107) and ér (4.108); b) the average
errors &, g and £, p (these represent the average of ér and ég, respectively, over the whole
virtual ULA®); ¢) the average of &, denoted &, 4 (this represents the average of the N,, values
available for &); d) the computation time (CT). The values of all these performance indices are
summarized in Table 4.4 for the six considered estimation algorithms.

From the last results and those listed in Table 4.3 the following conclusions can be drawn:

1. Both the CSFEC and HCSFEC algorithms are able to generate accurate estimates of the
range and the amplitude of all the given targets for both the considered values of the
oversampling factor M.

"The phase trajectories shown in Fig. 4.10 refer to a small portion of the available virtual ULA for better readability.
81n this case, the range estimate R; appearing in (4.107) and (4.108) is computed for each channel of the given virtual
ULA, while the true value R; is kept constant along this array.
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Table 4.3: Exact position (range and azimuth) of each of the nine targets characterizing the sixth scenario.
The range estimates computed by the Alg-YA, the Alg-S, the Alg-DP, and the CFSEC, HCSFEC and
CFH algorithms are listed. Moreover, the phase RMSE computed for each target is provided.

Method T, T, Ts T, Ts T¢ T Ts T,
Ene () 1755 1780 1816 1950 2010 2057 2195 2254 2280
() 55 41 27 31 46 60 91 103 115
CSFEC R(m) 1801 1.834 1.853 2013 2.064 2094 2193 2248 2.299
(M=4) &, (rad) 1.228 1.310 2.161 3.066 1.836 3.019 3.863 2.026 4.329
qesppe  F(m) 1801 1833 1853 2012 2062 2094 2193 2250 2290

(M=4) & (rad) 1.162 1.336 2.064 3.027 1.836 3.021 3.873 2.053 3.262
CSFEC R (m) 1.809 1.840 1.861 2.007 2.0563 2.094 2.196 2.249 2.298
(M=1) &y (rad) 1.879 2649 2856 2456 2.131 4.362 3.444 3.472 3.496
HCSFEC R (m) 1.808 1.839 1.860 2.006 2.058 2.093 2.193 2.249 2.301
(M=1) &y (rad) 2960 2710 1.795 1.864 3.070 4.299 4430 1976 4.234

R (m) 1.795 1.825 1.854 1.875 2.008 2.055 2.092 2250 2.301

ot &, (rad) 1413 1.293 2126 2.849 2555 2015 3.991 3.321 2.119
Alg-YA C R(m) 1787 1854 1875 1875 2012 2067 2090 2190 2.289
=y (rad) 1.204 4.020 2.891 2364 2123 4243 3.930 2152 2.485
AlgS ~ R(m) 1809 1.809 1809 1.809 1809 1809 1.822 1837 2.204
=y (rad) 0.965 1.311 2.097 2966 2.428 3.088 4.037 4.193 3.200
AlsDP R(m) 1.843 1.854 1855 1.856 1.856 1.857 1.865 1.867 2.204

£y (rad) 3.161 2.635 3.360 3.260 4.691 3.243 5.572 3.207 6.316

Table 4.4: Range RMSE &g, (and its average &,, r), phase RMSE &,, ., range peak error £r (and its average
ém,r) and CT evaluated for all the considered estimation algorithms; the sixth scenario is considered.

A S A R e
CSFEC (M = 4) 0.04 0.05 0.06 0.11 2.80 0.030
HCSFEC (M =4) 0.04 0.05 0.06 0.11 2.80 0.030
CSFEC (M = 1) 0.04 0.05 0.06 0.12 2.90 0.020

HCSFEC (M =1) 0.04 0.05 0.06 0.12 3.0 0.020

CFH 0.05 0.07 0.10 0.12 260 0.010
Alg-YA 0.06 0.07 0.10 0.14 2.60 0.040
Alg-S 0.30 0.11 0.40 0.19 3.50 0.050
Alg-DP 020 0.15 040 0.61 290 0.005
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Figure 4.11: Representation of the initial amplitude spectrum of the signal observed on the central virtual
channel (blue line) and of the final residual amplitude spectrum generated by the CFSEC algorithm (red
line). The range and the amplitude characterizing the nine targets of the sixth scenario and estimated by
the CSFEC (HCSFEC) algorithm are indicated by black crosses (circles); M = 4 is assumed.

2. The values of range RMSE £ and peak error £ characterizing the CSFEC and HCSFEC
algorithms are lower than those provided by all the other algorithms. In particular, even if
the values of the range RMSE obtained by the CFH and Alg-YA are quite close to those of
the CSFEC and HCSFEC algorithms, the peak errors of the first two algorithms are higher
than the minimum range resolution allowed by the employed radar device and are two times
larger than those characterizing the last two algorithms. Moreover, the range RMSE and
peak errors of the CSFEC and HCSFEC algorithms are much lower those of the Alg-S and
the Alg-DP. This result is due to the fact that the ranges estimated by the Alg-S and the
Alg-DP are far from their true values, as it can be easily inferred from Table 4.3.

3. The values of the range average errors &,, r and é,, r exhibit the same trend as g and
€R, respectively, but are higher than the range RMSE and range peak error, respectively,
obtained for the central channel of our virtual ULA. Note also that the large values of &,, r
and &, g found for Alg-S and Alg-DP are due to the fact these algorithms does not converge
in the considered scenario.

4. The values of the phase average RMSE &, evaluated for the CSFEC and HCSFEC
algorithms are comparable with (much lower that) those obtained for the CFH and the
Alg-YA (the Alg-S and the Alg-DP).

5. The CTs are in the order of few milliseconds for all the algorithms; the best trade-off between
accuracy and CT is achieved by the CSFEC and HCSFEC algorithms with an oversampling
factor equal to 1. Note also that the fastest algorithm is represented by the Alg-DP, but its
estimation accuracy is significantly worse than that provided by the CSFEC and HCSFEC
algorithms.

It is also important to point out that the robustness of the CSFEC and HCSFEC algorithms
is related to the accuracy of the estimation and cancellation procedure they accomplish. This
is exemplified by Fig. 4.11, where the nitial amplitude spectrum of the signal received on the
central virtual channel in the sixth scenario and its residual, resulting from the cancellation of the
spectral contributions due to the nine targets, are shown. Moreover, the range and the amplitude
estimated by the CSFEC and HCSFEC algorithms for each target are shown (M = 4 is assumed).

Let us focus on S7 now. The exact positions of the targets characterizing our five experiments
are listed in Table 4.5. In this case, L ranges from five to ten; note also that T; denotes the [-th
target (with [ = 1,2, ...,10).

The values of the range RMSE £ and peak error g obtained for all the considered estimation
algorithms are listed in table 4.6 and table 4.7, respectively. The values of the range average
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Table 4.5: Exact positions of the targets characterizing the seventh scenario; five different experiments are
considered.

Exact #1 Exact #2 Exact #3 Exact #4 Exact #5

B ) (1) (1) (i) (1)
Ty 1.775 1.832 1.798 1.755 1.755
Ty 1.876 1.920 1.832 1.780 1.780
T3 2.003 1.930 1.920 1.816 1.816
Ty 2.145 1.981 1.930 1.950 1.950
T 2.228 2.055 1.981 2.010 2.010
Tg 2.100 2.055 2.057 2.057
T 2.220 2.100 2.195 2.195
Tg 2.220 2.254 2.254
Ty 2.280 2.280
Tyo 2.310

errors &y, g and &, g evaluated by averaging the RMSE £ and the peak error £ obtained for
the central channel in all our experiments, and the average CT are listed in Table 4.8. From these
results it is easily inferred that:

1. The ability of the CSFEC and HCSFEC algorithms in estimating the range of multiple
targets becomes evident when the overall number of targets L increases. In fact, as evidenced
by the numerical results collected in Tables 4.6 and 4.7, the CSFEC and HCSFEC algorithms
achieve the lowest RMSE and peak errors in all the experiments for both values of M.

2. All the considered algorithms achieve comparable accuracies in the first experiment, i.e. when
L = 5. In the experiments characterized by L > 5, the CSFEC and HCSFEC algorithms
achieve the lowest peak errors for both values of M. Moreover, the errors significantly
increase for Alg-S and Alg-DP when L > 8 (i.e. in the experiments 4 and 5).

3. The average CT achieved by the CSFEC and HCSFEC algorithms is comparable with
those of the other algorithms (for example, the average CT of the CSFEC and HCSFEC
algorithms for M = 1 is equal to that of the CFH algorithm); however, the estimation
accuracy they achieve is higher.

4.5 Conclusions

In this chapter, a novel algorithm for detecting and estimating a single tone has been derived;
moreover, its has been shown how it can be exploited to estimate multiple tones through a serial
cancellation procedure. The accuracy and robustness of the devised single tone and multiple
tone estimators have been assessed by means of extensive computer simulations involving both
synthetically generated data and the measurements acquired through a commercial colocated
MIMO FMCW radar. Our results have evidenced that our multiple tone estimators outperform
all the other related estimators available in the technical literature in terms of probability of
convergence and accuracy when they operate in the presence of multiple closely-spaced tones. For
this reason, if they are employed in FMCW radar systems, they allow to achieve excellent range
resolution and to acquire DOA information from the phase estimates computed on an antenna
array. Future work concerns the application of the developed algorithms to various fields.

130



4.5. Conclusions

Table 4.6: Range RMSE &g evaluated for all our experiments; the seventh scenario is considered.

Exp.1 Exp.2 Exp.3 Exp.4 Exp.5
(m) (m) (m) (m) (m)
CSFEC (M =4) 0.06 0.03 0.04 0.04 0.06

HCSFEC (M = 4) 0.06 0.03 0.04 0.04 0.06
CSFEC (M =1) 0.06 0.05 0.04 0.04 0.06

HCSFEC (M = 1) 0.06 0.05 0.04 0.04 0.06

Method

CFH 0.06 0.05 0.04 0.05 0.07
Alg-YA 0.07 0.05 0.04 0.06 0.08
Alg-S 0.07 0.07 0.07 0.30 0.14
Alg-DP 0.07 0.12 0.07 0.20 0.22

Table 4.7: Range peak error € evaluated for all our experiments; the seventh scenario is considered.

Exp.1 Exp.2 Exp.3 Exp.4 Exp.5
(m) (m) (m) (m) (m)
CSFEC (M =4) 0.12 0.06 0.06 0.06 0.13

HCSFEC (M = 4) 0.12 0.06 0.06 0.06 0.13
CSFEC (M =1) 0.12 0.10 0.05 0.06 0.13

HCSFEC (M =1) 012 010 005 006  0.13

Method

CFH 0.12 0.13 0.08 0.10 0.15
Alg-YA 0.12 0.15 0.05 0.10 0.21
Alg-S 0.12 0.13 0.14 0.40 0.24
Alg-DP 0.12 0.24 0.10 0.40 0.37

Table 4.8: Average RMSE &,, r, peak error €,, r, and CT evaluated in the seventh scenario.

Empr Emmr CT

Method (m) (m)  (sec)
CSFEC (M =4) 0.04 0.08 0.020
HCSFEC (M =4) 0.04 0.08 0.020
CSFEC (M =1) 0.05 0.09 0.010

HCSFEC (M =1) 0.05 0.09 0.010

CFH 0.06 0.11 0.010
Alg-YA 0.06 0.13 0.060
Alg-S 0.13 0.21 0.060
Alg-DP 0.14 0.24 0.005
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Five

Novel Deterministic Detection and Estimation Algorithms
for Colocated Multiple-Input Multiple-Output Radars

In this chapter, the problem of detecting multiple targets and estimating their spatial coordi-
nates (namely, their range and the direction of arrival of their electromagnetic echoes) in a
colocated multiple-input multiple-output radar system operating in a static or slowly changing
two-dimensional or three-dimensional propagation scenario is investigated. Various solutions,
collectively called range € angle serial cancellation algorithms, are developed for both frequency
modulated continuous wave radars and stepped frequency continuous wave radars. Moreover,
specific technical problems experienced in their implementation are discussed. Finally, the ac-
curacy achieved by these algorithms in the presence of multiple targets is assessed on the basis
of both synthetically generated data and of the measurements acquired through three different
multiple-input multiple-output radars and is compared with that provided by other methods
based on multidimensional Fourier analysis and multiple signal classification.

Part of this Chapter has been published in [66] and is patent pending.

5.1 Introduction

In the last years, the advances in millimeter-wave semiconductor technology and the development
of novel signal processing techniques have lead the way to the exploitation of multiple-input
multiple-output (MIMO) radar systems in a number of fields. These systems can be divided in
statistical MIMO radars |67, 68] and colocated MIMO radars [69] on the basis of the distance
between their transmit array and their receive array; in the first case, transmit and receive
antennas are widely separated, whereas, in the second one, they are closely spaced and, in
particular, they are usually placed on the same shield. In this chapter, we focus on colocated
MIMO radars only; such systems play an important role in a number of applications, because
of their limited cost, their small size and their ability to detect the presence of multiple targets.
The performance achieved by any colocated MIMO radar system depends not only on some
important characteristics of its hardware (e.g., the operating frequency, the number of transmit
and receive antennas, the configuration of the transmit and receive arrays, etc.), but also on
the techniques employed in the generation of its radiated waveforms and in the processing of
the measurements acquired through its receive array. As far as the last issue is concerned, it
is worth stressing that optimal (i.e., mazimum likelihood, ML) techniques for the estimation of
the overall number of targets and of their spatial coordinates cannot be employed in practice,
since they require solving complicated multidimensional optimization problems and, consequently,
entail a huge computational effort, even in the presence of a small number of targets [2]. This has
motivated the development of various sub-optimal estimation techniques able to achieve good
estimation accuracy at a manageable computational cost. A well known sub-optimal technique
employed in real world radar systems is the one described in ref. [70] for frequency modulated
continuous wave (FMCW) radar systems; this requires: a) the computation of a multidimensional
Fast Fourier Transform (FFT) of the matrix collecting the time-domain samples of the signals

133
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acquired through the receive array of the employed radar device; b) the search for the peaks
of the resulting amplitude spectrum over a range-azimuth-elevation domain or a range-azimuth
domain in three-dimensional (3D) and two-dimensional (2D) imaging, respectively. Despite the
practical importance of this technique, the computational effort it requires is still significant, since
it involves multidimensional spectral analysis of the acquired signals. Moreover, it suffers from the
following relevant drawback: it can miss targets whose electromagnetic echoes are weaker than
those generated by other spatially close targets; this is due to the fact the spectral contribution
due to weak echoes is usually hidden by the leakage originating from stronger echoes. This
drawback may substantially affect the overall quality of radar imaging in the presence of extended
targets, since such targets can be usually modelled as a cluster of point targets characterized by
different radar cross sections [71].

Alternative sub-optimal techniques available in the technical literature are based on the idea
of turning a complicated multidimensional optimization problem into a series of simpler and
interconnected optimization sub-problems, each of which involves a search for the local maxima of
a specific cost function over a limited one-dimensional (1D) or 2D parameter space. Examples of
this approach are offered by |72] and 73], and by [74], where range-azimuth estimators for FMCW
MIMO radars and for stepped frequency continuous wave (SFCW) MIMO radars, respectively,
are derived. More specifically, on the one hand, target delays are first estimated by applying the
multiple signal classification (MUSIC) algorithm to a temporal auto-correlation matrix or by
identifying the beat frequencies in the downconverted received signal through spectral analysis
(in particular, through the FFT algorithm) in [72] and in |73], respectively; then, the acquired
information are exploited to estimate the direction of arrival (DOA) of the echoes originating
from detected targets. On the other hand, a different approach is proposed in [74], where various
iterative deterministic methods applicable to a 2D propagation scenario are derived. These methods
have the following relevant features: 1) they process a single snapshot of the received signal
(acquired over the whole antenna array); 2) they estimate a new target in each iteration; 3)
they do not require prior knowledge of the overall number of targets; 4) they involve 1D or 2D
maximizations only; 5) they achieve a good accuracy at a reasonable computational cost; 6) the
computational effort they require can be easily controlled by setting a threshold on the maximum
number of targets to be detected.

In this chapter, four new detection and estimation algorithms for 2D and 3D radar imaging
are developed. They represent different versions of the same algorithm, called range & angle serial
cancellation algorithm (RASCA), and can be interpreted as embodiments of a general approach
to target detection and estimation. In addition, they share some important features with the
detection and estimation techniques developed in |73] and [74]. In fact, similarly as the techniques
illustrated in [74], they are deterministic, process a single snapshot, operate in an iterative fashion
and are computationally efficient; the last feature can be related to the fact they require the
evaluation of 1D FFTs only and the search for the global maximum of proper cost functions
over 1D (frequency, azimuth or elevation) domains. Moreover, similarly as [73], they first extract
the range of each detected target from the spectra of the received signals and, then, fuse the
information originating from such spectra to extract DOA information. In addition, they exploit
the iterative estimation techniques developed in [1] and based on a serial cancellation approach
for evaluating the parameters of multiple overlapped sinusoids or multiple overlapped complex
exponentials in the presence of additive noise. The devised algorithms are able to accurately
detect and estimate multiple close targets, and to solve the problem of merged measurements or
unresolved measurements |75-78|, in the sense that targets generating merged measurements in
the range domain are resolved in the estimation of their angular coordinates.

The remaining part of this chapter is organized as follows. In Section 5.2, the architecture
of colocated FMCW MIMO radars and the models adopted in our work for representing their
received signals are analysed. The general approach to target detection and estimation on which
our algorithms are based is illustrated in Section 5.3, whereas the algorithms themselves are
described in Sections 5.4. Various important details about these algorithms are provided in
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Figure 5.1: Transmitter (upper part) and receiver (lower part) of a colocated MIMO FMCW radar system.
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Figure 5.2: Representation of the instantaneous frequency of the RF signal generated by the VCO in a
FMCW radar system.

Section 5.5, whereas some technical limitations encountered in their implementation in real world
radar systems are discussed in Section 5.6. A description of other FFT-based and MUSIC-based
detection and estimation algorithms with which our algorithms are compared is provided in
Section 5.7. The computational cost of all the considered algorithms is illustrated in Section 5.8,
whereas their performance is analysed in Section 5.9, where various numerical results, based on
both synthetically generated data and experimental measurements, are illustrated. Finally, some
conclusions are offered in Section 5.10.

5.2 Signal and System Models

This section is devoted to: a) describing the architecture of colocated and bistatic MIMO radar
systems operating in time division multiplexing (TDM) [2] and at millimeter waves; b) analysing
the model of their received signals in the case of FMCW transmission. The considered radar
system have the following important characteristics:

1. It is equipped with a transmit (TX) and a receive (RX) antenna array, consisting of Np
and Ng elements, respectively.

2. These arrays allow to radiate orthogonal waveforms from different antennas and to receive
distinct replicas of the electromagnetic echoes generated by multiple targets; moreover, the
orthogonality of the transmitted waveforms is achieved by radiating them through distinct
TX antennas over disjoint time intervals.

3. Their TX and RX arrays are made of distinct antenna elements, placed at different positions.
However, TX antennas are close to the RX ones and, in particular, are usually placed on
the same shield.

The architecture of the FMCW radar system which we always refer to in our work is illustrated
in Fig. 5.1. In this case, the radar transmitter consists of a waveform generator feeding a
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voltage controlled oscillator (VCO), whose output signal is radiated by the TX array after
power amplification. The radiated signal is reflected by multiple targets, whose echoes contribute
to the signals acquired through the RX array; each received signal feeds a low noise amplifier
(LNA), whose output undergoes downconversion, filtering and analog-to-digital conversion. Finally,
the resulting stream of signal samples (i.e., of raw data) is processed for target detection and
estimation.

Our derivation of the received signal model for the radar system shown in Fig. 5.1 relies on
the following assumptions:

a) The radar operates in a static or slowly time varying propagation environment.

b) The signal radiated by the radar transmitter is reflected by L static point targets, so that
the useful part of the received signal consists of the superposition of L. components, each
originating from a distinct target.

c) All the TX and RX antennas belong to the same planar shield, so that a two-dimensional
reference system lying on the physical antenna array can be defined.

d) Any couple of physical TX and RX antennas of the considered bistatic radar is replaced by a
single virtual antenna of an equivalent monostatic radar. The abscissa x, and the ordinate
Yy of the v-th virtual antenna (VA) element associated with the p-th TX antenna and the
g-th RX antenna (briefly, the (p,q) VA) are computed as!

v, = 2T (5.1)

2

and n
yo = (5.2)

respectively, with p=0,1, ..., Np—1,¢=0,1, ..., Np—1and v =0, 1, ..., Nyr — 1; here,
(zp,Yp) ((24,Y4)) are the coordinates of the p-th TX (¢g-th RX) antenna and Nyg = Nr - Ng
represents the overall number of available VAs.

5.2.1 MIMO FMCW radar system

Let us focus now on the FMCW radar shown in Fig. 5.1. Its waveform generator produces a
periodic sawtooth signal, so that the instantaneous frequency of the chirp frequency modulated
signal available at the output of its VCO evolves periodically, as illustrated in Fig. 5.2. In this
figure, the parameters T, Tr and Ty represent the chirp interval, the reset time and the pulse
period (or pulse repetition interval), respectively [2], whereas the parameters fy and B are the
start frequency and the bandwidth, respectively, of the transmitted signal. Note that, if all the
available TX diversity is exploited and a time slot of Tj s is assigned to each TX antenna, a single
transmission frame, over which the transmission from the whole TX array is accomplished, lasts
Tr £ NrTy s; in this interval, a single snapshot is acquired at the receive side. Let us focus now
on a single chirp interval and, in particular, on the time interval (0,7), and assume that, in that
interval, the p-th TX antenna is employed by the considered radar system (with p € {0, 1, ...,
Np — 1}); the signal radiated by that antenna can be expressed as

spr(t) = App R {s (t)}, (5.3)

where Agp is its amplitude,
5(6) 2 exp (O (1)), (5.4)

1Note that this is not the only rule adopted in the technical literature to compute the coordinates of the (p,q) VA. For
instance, in [79, Par. 4.3.1, pp. 159-161], the abscissa (ordinate) of this element is evaluated as 2z, (2y,), where z, and
you are expressed by (5.1) and (5.2), respectively. Keep in mind, however, that if the last rule is adopted, all the following
formulas involving such coordinates must be changed accordingly.
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0(t) 2 2n (fot + %t2> (5.5)

and £ B/T is the chirp rate (i.e., the steepness of the generated frequency chirp). It can be
proved that, under the assumptions listed above, the n-th received signal sample acquired through
the v-th VA element (with v =0, 1, ..., Nyr — 1) in the considered chirp interval is given by (e.g.,
see |60, Par. 4.6, eq. (4.27)])

L

|
—

xrvg =) ajcos (27m Fl(v) + 1111(1))) + wﬁvg
1=0
L-1
= Z {C’l(”) exp (j27rn Fl(v)) + (C’l(v))* exp (—j27rn Fl(v)ﬂ + w,(,f’n, (5.6)
=0
withn =0, 1, ..., N —1; here, N is the overall number of samples acquired over each chirp period,
a; is the amplitude? of the I-th component of the useful signal,
1 .
Cl(“) £ @ exp (jwl(v)> (5.7)

represents the complex amplitude of the real tone appearing in the right hand side (RHS) of (5.6),

A S (5.8)

is the normalised version of the frequency
AR (5.9)
characterizing the [-th target detected on the v-th virtual RX antenna, T (fs) denotes the

sampling period (frequency) of the employed analog-to-digital converters (ADCs),

7 2 % [Ri + @y cos (¢1) sin (61) + y sin (¢y)] (5.10)

is the delay of the echo generated by the I-th target and observed on the v-th virtual channel, Ry,
0; and ¢; denote the range of the I-th target, its azimuth and its elevation (all measured with
respect to the center of the receive array), respectively,

o 2 27 for) (5.11)

and w,(f},)L is the n-th sample of the AWGN sequence affecting the received signal (this sample is

modelled as a real Gaussian random variable having zero mean and variance o for any v). It
is important to point out that: a) the real signal model (5.6) can be adopted in all the FMCW
radar systems acquiring only the in-phase component of the signal captured by each RX antenna;
b) some commercial MIMO radar devices provide both the in-phase and quadrature components
of the received RF signals (e.g., see [69, Par 2.1 eq. (2.2)]). In the last case, the complex model

55&2 = LZ_:I Al(v) exp (j27m Fl(v)) + ngﬁ, (5.12)
1=0
must be adopted in place of its real counterpart (5.6) for any n; here,
A & ayexp (juf) (5.13)
for any v and [, and we, is the n-th sample of the AWGN sequence affecting the received signal

(this sample is modelled as a complex Gaussian random variable having zero mean and variance
o? for any v).

(v)

2This amplitude quantifies the radar cross section (RCS) of the I-th target. It depends on both the range of this target
and its reflectivity. Moreover, in this work, it is assumed to be independent of the virtual antenna index (i.e., of v), for
simplicity.
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5.2.2 Target detection and estimation

In the considered FMCW radar system, the useful component of the received signal observed
on each virtual channel can be represented as a superposition of L real or complex oscillations;
moreover, the value of the parameter L has to be considered unknown. In the following derivations,
the real samples {x&%, n=20,1, .., N —1} or their complex counterpart {1:((;,”,1, n=20,1, ..,
N — 1} acquired on the v-th virtual channel are collected in the N-dimensional vector

x 2 [20 20 20 ] (5.14)
with? z = r or ¢. This vector is processed by the next stages of the radar receiver for target
detection and estimation. As it can be easily inferred from (5.6)-(5.9) ((5.12)-(5.13)), in the
considered radar system, the problem of target detection and range estimation on the v-th virtual
channel is equivalent to the classic problem of detecting multiple overlapped sinusoids (multiple
overlapped complex exponentials) in the presence of AWGN and estimating their frequencies [80].
In fact, if, in a FMCW radar system, the [-th tone is found at the frequency fl(v), the presence of
a target at the range (see (5.9) and (5.10))

(5.15)

is detected. Information about the angular coordinates (namely, the azimuth and the elevation)
of this target, instead, can be acquired through the estimation of the set of Nygr phases {wl(v);

v=20,1, ..., Nyg — 1} observed over the available virtual antennas. In fact, since (see (5.10) and
(5.11))
(v) o 47 . .
U = o [Br o+ @y cos (1) sin (61) + o sin (6] (5.16)
where c
AE 5.17
7o (5.17)

is the wavelength associated with the frequency fp, the sequence {wl(v); v=0,1, .., Nygr — 1}
exhibits a periodic behavior characterized by the normalised horizontal spatial frequency

Fiuy 2 QdTH cos (&) sin (6) | (5.18)

if the considered virtual elements form an horizontal uniform linear array (ULA), whose adjacent
elements are spaced dp m apart. Dually, if a virtual vertical ULA is assumed, the periodic
variations observed in the same sequence of phases are characterized by the normalised vertical
spatial frequency

d
Ruéz%gm@y (5.19)

where dy denotes the distance between adjacent elements of the virtual array itself. Consequently,
angle finding can be easily accomplished by digital beamforming, i.e. by performing a FFT on the
estimated phases taken across multiple elements of the virtual array in a single frame interval
[81, 82].

Finally, it is important to note that, in the development of detection and estimation algorithms
for colocated MIMO radar systems operating at millimeter waves, the following technical issues
need to be taken carefully into account:

1. These radar systems often operate at short ranges and in the presence of extended targets.
Each radar image is a cloud of point targets whose mutual spacing can be very small |71].

3In the following, when the letter z will be used in a subscript, it will be implicitly assumed, unless differently stated,
that it can be equal to r or c.
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Figure 5.3: Block diagram describing the general approach to target detection and estimation adopted in
our work.

For this reason, the accuracy of these images depends, first of all, on the frequency resolution
achieved by the detection and estimation algorithm employed on each virtual antenna in a
FMCW radar system. In fact, this makes the radar receiver able to separate point targets
characterized by similar ranges.

2. Distinct radar echoes can be characterized by substantially different signal-to-noise ratios
(SNRs), because of relevant differences among the amplitudes of the L overlapped oscillations
forming the useful component of the received signal (see (5.6) and (5.12)).

3. The number N of samples acquired over each virtual channel usually ranges from few
hundreds to few thousands.

The last two issues explain why significant attention must be paid to the accuracy achieved by
the adopted detection and estimation algorithms at low SNRs and/or for relatively small values
of N, since this can appreciably influence the quality of the generated radar image.

5.3 Description of the proposed approach to the detection and estimation of
multiple targets

All the algorithms developed in the following section can be considered as specific instances of
a general approach to target detection and estimation; this approach is described by the block
diagram shown in Fig. 5.3. The processing accomplished by the blocks which this diagram consists
of can be summarized as follows. Each vector of the set {xg”)}, collecting Nyg vectors (see (5.14)),
undergoes FFT processing, so that, in a FMCW radar system, the analysis of the acquired
measurements is moved from the time-domain to the frequency-domain. The output of the FFT
block is processed by the range profile estimator (RPE), that generates the so called target range
profile (TRP), i.e. a collection of: a) the ranges at which the relevant echoes are detected; b) the
associated energies. Note that the last quantities allow us to rank each range on the basis of its
perceptual importance. The output of the FFT processing block and the target range profile are
processed by the spatial estimator (SPE). This block detects all the targets associated with each
range appearing in the TRP and estimates their angular parameters; moreover, it may generate a
finer estimate of their range. The SPE output is represented by the set

I = {(ﬁfl,él, 1,

CZD;Z:O,I,...,ﬁ—l} (5.20)

or the set

I, = {(Ru 01,

C‘ZD;Z:O,l,...,ﬁ—l} (5.21)

in the case of 3D and 2D imaging, respectively; here, L represents an estimate of the parameter
L (i.e., of the overall number of point targets), whereas Ry, 6;, ¢; and |C}| represent an estimate
of the range Ry, azimuth 6;, elevation ¢; and amplitude |Cj|, respectively, of the I-th target (with

1=0,1,..,L—1).

It is important to point out that:
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1. If this approach is adopted, range estimation is decoupled from angular estimation, so that

a 3D (2D) detection and estimation problem is turned into a) a 1D detection/estimation
problem involving the detection of multiple targets and the estimation of their ranges only
plus b) a 2D (1D) estimation problem concerning the targets detected at the same range
and the estimation of their azimuth and elevation (azimuth only). Consequently, the overall
problem of detecting multiple targets and estimating their range and angles is turned into a
couple of simpler detection and estimation problems.

2. The SPE exploits the range information generated by the RPE in order to concentrate its

computational effort on a set of well defined ranges; this allows to reduce the size of the search
space involved in spatial estimation. This explains also why the processing accomplished by
the SPE cannot start before that at a least a portion of the range/energy information (i.e.,
a portion of the TRP) generated by the RPE becomes available.

3. Various techniques can be exploited in the RPE and in the SPE to develop computationally

efficient embodiments of the proposed approach.

As far as the last point is concerned, the following techniques can be adopted by the RPE to

mitigate its complexity:

a) Antenna selection — This consists in feeding the RPE with a subset of the outputs of the

FFT processing block; such outputs are generated on the basis of N4 of the Nyr VAs. Note
that, on the one hand, a larger N4 allows to compute a more accurate TRP; on the other
hand, selecting a smaller N4 results in a reduction of the overall effort required for the
computation of the TRP.

b) Antenna-by-antenna processing — The measurements acquired through the selected N4 VAs

can be efficiently processed by adopting a two-step procedure. In the first step, target
range estimation is accomplished on each VA independently of all the other VAs, i.e. the
acquired measurements are processed on an antenna-by-antenna basis; this is beneficial
when parallel computing hardware is employed in the execution of the first step. In the
second step, instead, the target range information extracted from each of the selected N4
VAs are fused to generate the TRP.

c) Serial target cancellation in the range domain — Target detection and range estimation on

each VA represent a multidimensional problem since they aim at detecting multiple targets
and estimating their ranges. In our method, this multidimensional problem is turned into
a sequence of 2D estimation problems by adopting a serial interference cancellation (SIC)
approach (e.g., see [74]). This means that the noisy signal observed on each VA is processed
in an iterative fashion. In each iteration, a single (and, in particular, the strongest) target is
detected, and its range and complex amplitude are estimated. Then, the contribution of
this target to the received signal is estimated and subtracted from the signal itself (i.e., the
detected target is treated as a form of interference to be cancelled), so generating a residual
signal. The last signal represents the input of the next iteration. This procedure is repeated
until the overall energy of the residual drops below a given threshold. Note also that the use
of this SIC-based approach allows us to mitigate the impact of the spectral leakage due to
strong targets, that can potentially hide weak targets having similar ranges.

d) Alternating mazimization — The estimation of the normalised frequency and the complex
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amplitude of a detected target requires searching for the maximum (or the minimum) of a
proper cost function over a 2D domain. In our method, the alternating mazimization (AM)
technique is exploited to develop iterative algorithms that alternate the estimation of the
normalised frequency of a given target with that of its complex amplitude; for this reason, a
2D optimization problem is turned into a couple of interacting 1D optimization problems
(e.g., see [58, Par. IV-A]).



5.3. Description of the proposed approach to the detection and estimation of multiple targets

In the SPE block, instead, the following techniques can be employed to reduce its overall
computational complexity:

a) Alternating mazimization — The AM technique is exploited to develop iterative algorithms
that alternate the estimation of the elevation of a given target with that of its azimuth. This
allows us to decouple the estimation of target elevation from that of its azimuth.

b) Serial target cancellation in the angular domain — Each of the ranges collected in the TRP is
associated with an unknown number of targets; for this reason, the processing accomplished
by the SPE aims at resolving all the targets associated with a given range and estimating
their angular coordinates. In the technical literature about radar systems, the detection
of an unknown number of targets characterized by the same range (or by ranges whose
mutual differences are below the range resolution of the employed radar system) and
the estimation of their angular parameters is known to be a difficult multidimensional
problem (e.g., see [72, Par. III-C|). In our method, a SIC approach is exploited to turn
this multidimensional problem into a sequence of 2D (1D) estimation problems in 3D (2D)
imaging (see [74] and references therein). This means that the noisy data referring to a
specific range and acquired on all the VAs are iteratively processed to detect a single (and,
in particular, the strongest) target, and to estimate its angular coordinates and complex
amplitude. Then, the contribution of this target to the outputs of the FFT processing
block is estimated and subtracted from them, so generating a set of residual data. This
detection/estimation/cancellation procedure is iteratively applied to the residual data until
their overall energy drops below a given threshold. Moreover, in a 3D propagation scenario,
this procedure is combined with the AM approach described in the previous point; this
allows to detect and estimate the angular parameters of a single target (i.e., to solve a 2D
optimization problem) by means of an iterative procedure alternating the estimation of its
elevation with that of its azimuth (i.e., by means of an algorithm solving a couple of 1D
optimization problems). Note also that, once again, the use of a serial cancellation approach
allows us to mitigate the impact of the spectral leakage due to strong targets, that can
potentially hide weak targets having similar spatial coordinates.

c) Parallel processing of the data associated with different ranges — The detection and the
estimation of the targets associated with distinct ranges of the TRP can be accomplished in
a parallel fashion or in a sequential fashion. The first approach is more efficient than the
second one if spatial estimation is executed on parallel computing hardware. In fact, in this
case, multiple spatial estimation algorithms can be run in parallel, one for each of the ranges
appearing in the TRP. Note, however, that the price to be paid for this is represented by the
fact that the target information generated by all the parallel procedures need to be fused
when they end. In fact, the analysis of the measurements referring to close ranges appearing
in the TRP may lead to detecting the same target more than one time.

Based on the general approach outlined above and on the techniques listed for the RPE and
the SPE, four specific algorithms, called range & angle serial cancellation algorithms (RASCAs)
are developed in the following. The algorithms are called RASCA-FR2 (RASCA-FC2) and
RASCA-FR3 (RASCA-FC3), since they generate 2D and 3D radar images, respectively, on the
basis of real (complex) measurements. In the description of these algorithms we assume, without
loosing generality, that the available measurements are acquired through the Nyyg x Nyv virtual
uniform rectangular array (URA) represented in Fig. 5.4 in the case of 3D imaging and through
an horizontal ULA (HULA), consisting of Nyy virtual antennas, in the case of 2D imaging. In
the first case, the horizontal (vertical) spacing between adjacent antennas is denoted dyy (dvv),
whereas, in the second one, is denoted dyy. Moreover, in our considerations, we assume that
a reference VA, identified by (p,q) = (pr,qr) (p = pr) in the 3D (2D) case, is selected in the
virtual array, as exemplified by Fig. 5.4.
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Figure 5.4: Virtual antenna array considered in the description of our detection and estimation algorithms.
The reference VA selected in this case is identified by a yellow circle.

In the following sections, all the RASCAs are described. In Section 5.4 we first focus on
the RASCA-FR3 and RASCA-FC3, i.e. on the algorithms to be employed in a MIMO FMCW
radar system equipped with a 2D antenna array (in particular, with the URA shown in Fig. 5.4).
Then, we show how to adapt these algorithms to the case in which this radar system is equipped
with a 1D antenna array (in particular, with an ULA); this leads to the RASCA-FR2 and the
RASCA-FC2.

5.4 Range & angle serial cancellation algorithms for a frequency modulated
continuous wave radar system

In this paragraph, we provide a short description of the architecture of the RASCAs for FMCW
radar systems and comment on the method we developed for target detection and cancellation in
the angular domain. Then, we illustrate RASCA-FR3 and RASCA-FC3 in detail. Finally, we
show how to derive the RASCA-FR2 and RASCA-FC2 from them.

5.4.1 Architecture of the range & angle serial cancellation algorithms for a
frequency modulated continuous wave radar system

The inner structure of the RASCAs for an FMCW radar system is described by the block
diagram shown in Fig. 5.5, whereas the meaning of the most relevant parameters, sets, vectors
and matrices appearing in the description of this algorithm is summarised in Table 5.1. . The
processing accomplished inside the blocks appearing in that figure can be summarized as follows.
The FFT processing block turns the time domain information provided by the set of Nygr vectors
{xS’)} into the frequency domain information feeding both the RPE and the SPE blocks. This
transformation requires the evaluation of 3Nygr FFTs, all of order Ny. In fact, it consists in the

evaluation of the triad (X(()v), ng), ng)), collecting three Nyp-dimensional vectors, on the basis of
(v)

X3/, for v =0, 1, ..., Nyr — 1. For this reason, the output of the considered block is represented
by the set
SFFT £ {(Xg})7 ng)v ng)) U= 07 17 ceey NVR - 1} ) (522)

consisting of 3- Nyr Nop-dimensional vectors. Note that, however, a portion of this set is discarded
by the RPE, since this block processes the information originating from N4 distinct VAs only.
The triads selected by the RPE form the subset

Sepp 2 {(xgv>,xgv>, xgv>) v SA} , (5.23)
of Sprr (5.22); here,
SAé {’L)[),’Ul,...,’UNA,l}, (524)

represents the set of the values of the VA index v identifying the elements of Sprr that belong to
Srrr. Each of the triads of Sppr is processed, independently of all the other ones, by a novel
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Table 5.1: Most relevant parameters, sets, vectors and matrices appearing in our description of RASCA-FC3.

Parameter Description

X&%p Zero-padded version of the vector {x'")}.

XS,:?ZP Zero-padded version of the vector {x(mv)} (with m =1 and 2).

X DFT of the vector xgg))zp (with m =0, 1 and 2).

SFFT Set collecting the Nyg triads (X(()”)7 ng), Xg”)) such that v =10, 1, ..., Nyg — 1.

Ny Number of virtual antennas exploited by the RPE.

Sa Set collecting the V4 indices of the virtual antennas exploited by the RPE.

Serr Set collecting the N4 triads (X(()U), ng), Xé“)) such that v € S4.

TsTDREC Threshold set in the STDREC algorithm to limit its overall number of iterations.

) ] Residual spectrum available for the vj-th antenna at the end of the (i —1)-th iteration
m of the STDREC algorithm.

Ewr) Energy associated with the residual spectrum x (o) [i] and computed by the STDREC
¢ algorithm for the vg-th antenna at the end of its (¢ — 1)-th iteration.

Cwr) Estimate of the complex amplitude C’i(v’“) computed for the vg-th antenna in the i-th
! iteration of the STDREC algorithm.

) Estimate of the normalised frequency Fi(v’“) computed for the vi-th antenna in the
! i-th iteration of the STDREC algorithm.

C(U’“)['] Estimate of the contribution given by the i-th target detected on the vg-th antenna
X ! to the vector X{2¥)[i] (with m = 0, 1 and 2).

SRPE Set collecting the information generated by the RPE and feeding to the SPE.

TsTDAEC Threshold set in the STDAEC algorithm to limit its overall number of recursions.

X (i) ] Matrix representing the spectral contribution given by the [-th frequency bin and

available at the beginning of the i-th iteration of the STDAEC algorithm.
EO[) Energy associated with the residual spectrum X [I] made available by the STDAEC

SS%JLA,I@ (1]

RM[1, p)

RM™,p,q)

{(Xiorll}
Cill]

Fi[i]

cl

R; [, 0; 1, éz [1]

algorithm for the [-th frequency bin at the end of its (i — 1)-th iteration.
k - th vector collecting the spectral information computed for the reference VULA
and the [-th frequency bin in the i-th iteration of the STDAEC algorithm (with
k=0,1and 2).
Estimate of the complex amplitude Cy ;[I] computed for the target detected in the
[-th frequency bin within the i-th iteration of the STDAEC algorithm.
Estimate of the normalised vertical spatial frequency Fy ;[I] computed for the target
detected in the [-th frequency bin within the i-th iteration of the STDAEC algorithm.
Phase rotation factor computed for the ¢g-th VULA and the I-th frequency bin within
the i-th iteration of the STDAEC algorithm (vertical folding).
Vertically folded spectrum computed for the I-th frequency bin within the i-th
iteration of the STDAEC algorithm.
Estimate of the complex amplitude Cy ;[l] computed on the basis of a vertically
folded spectrum within the i-th iteration of the STDAEC algorithm for the [-th
frequency bin.
Estimate of the normalised horizontal spatial frequency Fy ;[l] computed on the basis
of a vertically folded spectrum within the i-th iteration of the STDAEC algorithm.
Phase rotation factor computed for the p-th HULA and the [-th frequency bin within
the i-th iteration of the STDAEC algorithm (horizontal folding).
Phase rotation factor computed for the (p,q) VA and the I-th frequency bin within
the i-th iteration of the STDAEC algorithm (overall folding).
Overall folded spectrum computed for the [-th frequency bin within the i-th iteration
of the STDAEC algorithm.
Estimate of the complex amplitude C;[l] computed on the basis of a overall folded
spectrum within the i-th iteration of the STDAEC algorithm.
Estimate of the normalised frequency F;[l] computed on the basis of a overall folded
spectrum within the i-th iteration of the STDAEC algorithm.

stimate of the contribution, given by the target detected within i-th iteration of
the STDAEC algorithm, to the vector X®]i].
Estimates of the range, azimuth and elevation made available by the SPE for the
i-th target detected in the [-th frequency bin.
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iterative estimation algorithm called single target detection, range estimation and cancellation
(STDREC). This algorithm detects the most relevant targets on the selected antenna and estimates
their ranges (i.e., the frequencies associated with these ranges; see (5.9) and (5.15)) and their
complex amplitudes (see (5.11) and (5.13)). The name of this algorithm originates from the fact
that, in each of its iterations, it detects a single target (namely, the strongest target), estimates
its parameters (and, in particular, the frequency characterizing it, i.e. its range) and cancels the
target contribution to the received signal; the residual signal resulting from target cancellation
represents the input of the next iteration. The output of the STDREC algorithm that processes
the raw data originating from the vj-th VA is represented by the set?

% i

Sy 2 {(d‘”k),(j?”“) i=0,1,... L — 1} : (5.25)

with £ =0, 1, ..., Ng — 1; here, Ly is the overall number of targets detected on the considered VA,
whereas CA'Z-(U’“) and dg”’“) represent the estimate of the complex amplitude of the i-th target and
the index of the frequency bin® in which this target has been detected. Finally, the information

provided by the Ny sets {S,, } are merged to generate the single set
SRPEé{(dbEb,l)? lzovlv"'7Lb_1}> (526)

where Ly is the overall number of targets detected on all the selected VAs, &; is the index of the
frequency bin in which the I-th target has been detected and Ej; is the average energy estimated
for it. Note that:

a) The cardinality Lj of the set Sgpg represents a preliminary estimate of the overall number of
targets; in fact, multiple targets having the same range or ranges whose mutual differences
are below the resolution of the employed radar system are detected as a single target and
no effort is made at this stage to separate their contributions.

b) The energies { £}, } represent the perceptual importance of the identified frequency bins, in
the sense that a larger energy is associated with a more important frequency bin.

Both the sets Sppr (5.22) and Sgpg (5.26) feed the SPE. The aim of this block is to analyse
the spectral information associated with the ranges (i.e., with the frequency bins) identified by
the RPE in order to: a) estimate the angular coordinates (i.e., azimuth and elevation) of the
targets contributing to each frequency bin; b) detect additional targets associated with adjacent
frequency bins and potentially hidden by the spectral leakage due to stronger targets; c) estimate
the angular coordinates (i.e., azimuth and elevation) of such additional targets and compute a
finer estimate of their range.

The first stage of the processing accomplished by the SPE involves the whole set Sgpr
(5.22) and is executed on a bin-by-bin basis, since it aims at: a) detecting all the targets that
contribute to the energy of each frequency bin contained in the TRP and b) estimating their
angular coordinates. For this reason, this stage consists of L; estimators running in parallel;
each estimator focuses on one of the L; frequency bins (i.e., ranges) appearing in the TRP (see
Fig. 5.5). Moreover, each estimator executes a novel iterative estimation algorithm, called single
target detection, angular estimation and cancellation (STDAEC). The [-th STDAEC algorithm
processes the spectral information available on the whole virtual receive array and referring to
the q;-th frequency bin only (with [ =0, 1, ..., Ly — 1), detects L[l] targets contributing to it
and, for each detected target, computes: a) an estimate of its complex amplitude; b) an estimate
of its angular coordinates (i.e., its azimuth and its elevation); c) a refined estimate of its range

4Note that the complex amplitude CA'Z.(U’“) appearing in the following equations is replaced by AZ(.U"') if the received
sequence is complex (see egs. (5.7) and (5.13)). This consideration holds for various equations appearing in the remaining
part of this chapter.

5Generally speaking, the evaluation of an FFT of order Ny leads to partitioning the normalised frequency interval [0,
1/2) in Ny frequency bins.
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Figure 5.5: Block diagram describing the inner structure of the RASCAs for an FMCW radar system.

(do not forget that the preliminary estimate of this range is provided by the bin index é&;). If D]I]
iterations are accomplished by the I-th STDAEC algorithm, D[I] distinct targets are detected in
the ¢;-th frequency bin, provided that none of them is classified as a false (i.e., ghost) target. In
addition, all the estimates generated by this algorithm are collected in the set

T2 {(Col Bl 6 ), Byall), Paall)) 5= 0,1, DI = 1 (5.27)

or in the set ) R R
72 {(C Bl @), Fall) 56 = 0,1, DIl =1} (5.28)
with [ =0, 1, ..., Ly — 1, in the case of 3D and 2D radar imaging, respectively; here, C; 1],

F; [1] and @&; [I] denote the estimates of the complex amplitude C; [I], of the normalised frequency
F; [l] and of the frequency bin «; [I], respectively, characterizing the i-th target detected on the
reference VA and in the [-th frequency bin, whereas FHZ[Z] and FVJ [l] represent the estimates of
the normalised horizontal spatial frequency Fy ;[l] and of the normalised vertical spatial frequency
Fy ;[l], respectively, referring to the above mentioned target.

Finally, in the second (and last) stage of the SPE, the spatial coordinates of all the detected
targets are computed on the basis of the spatial information collected in the L; sets {7;} and an
overall image of the propagation scenario is generated in the form of a point cloud.

5.4.2 Some considerations on target detection and cancellation in the angular
domain

It is worth pointing out that the STDAEC algorithm represents the most complicated part
of the processing accomplished by all the blocks appearing in Fig. 5.5. The derivation of this
algorithm relies on the fact that: a) each target provides an additive contribution to the spectra
evaluated on all the VAs; b) periodic variations are observed in the phase of this contribution if
we move horizontally or vertically along the considered virtual array (see Fig. 5.4). In fact, if we
assume that the intensity of the echo received by each VA from the i-th target detected in the
I-th frequency bin does not change from antenna to antenna, the complex amplitude C;[p, q, (]
observed on the (p,q) VA can be expressed as (see (5.9) and (5.10))

47

Cilp,q,1] = Ci[l]exp | j )

[dvir (p — pr) cos(¢s[l]) sin(0[l]) + dvv (¢ — qr) sin(@i[I])] |;  (5.29)

here, A = ¢/ fy is the wavelength associated with the start frequency, (pr, qr) is the couple of
integers identifying the selected reference VA, 6;[l], ¢;[l] and R;[l] are the azimuth, the elevation
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and the range, respectively, characterizing the considered target, and C;[l] is its complex amplitude
observed on the reference antenna. If (5.29) holds, the rate of the phase variations observed in
the complex amplitudes {C;[p, ¢,(]} for a given [ is proportional to (see (5.18) and (5.19))

Fuall] 2 2dAVH cos(ill]) sin(6[1]) (5.30)
and
Fueall] 2 25 sin(s,1), (5.31)

if we move along an HULA and a vertical ULA (VULA), respectively. In fact, the quantity Fy ;[{]
(Fyv ;i[l]) represents the normalised horizontal (vertical) spatial frequency characterizing the i-th
target detected in the [-th frequency bin; if both these frequencies are known, the elevation and
the azimuth of this target can be evaluated as

A
¢;[l] = arcsin <2dVVFVZ[l]> (5.32)
and \
Hz[l] = arcsin <2dVHCOS(¢Z[Z])FH’Z[Z]> s (533)
respectively.

Moreover, in the derivation of the STDAEC algorithm, the following two techniques have been
exploited:

Serial cancellation of targets — This technique is conceptually similar to the cancellation
strategy exploited by the STDREC algorithm and allows us to detect multiple targets in the
same frequency bin and, in particular, to identify targets having similar spatial coordinates.
It is important to keep in mind that the frequencies associated with distinct targets detected
in the same frequency bin do not necessarily belongs to that bin; in fact, they can belong to
adjacent bins, so that the tails (not the peak) of their spectra are really observed in the considered
frequency bin. This problem originates from the fact that, generally speaking, the contribution of
a point target to the spectrum computed on each VA is not a line, unless the associated normalised
frequency is exactly a multiple of the fundamental frequency

Frpr = 1/No, (5.34)

consequently, such a contribution is spread over multiple adjacent frequency bins (i.e., spectral
leakage is observed)

Spatial folding — As already stated above, the frequency associated with a target detected in
the [-th frequency bin does not necessarily fall exactly in that bin. The technique dubbed spatial
folding has been devised to: a) evaluate a more accurate estimate of the frequency associated
with a target detected in a given bin; b) discriminate real targets from ghost targets. Spatial
folding is based on the following idea. Once the horizontal and the vertical spatial frequencies
associated with a target detected in a given frequency bin have been estimated (see (5.30) and
(5.31)), the spectra computed on multiple VAs can be combined in a constructive fashion by

1) taking a reference VA (identified by (p,q) = (pr, qr); see Fig. 5.4), and compensating for the
phase differences, estimated for that target, between the reference VA and the other VAs of
the whole array, or

2) taking a reference ULA and compensating for the phase differences, estimated for that target,
between the reference ULA and other ULAs parallel to it.

In case 1), folding generates a single spectrum, dubbed folded spectrum, and has the beneficial
effects of a) averaging out the effects of the noise that affects the VAs and b) combining, in a
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constructive fashion, the contributions of all the targets different from the one which the employed
spatial frequencies refer to. For this reason, in analysing the amplitude of the folded spectrum, a
well defined peak in its amplitude is expected in the [-th frequency bin or in a bin close to it.
When this peak is detected, a refined estimate of the frequency (and, consequently, of the range)
and the complex amplitude characterizing the target for which folding has been accomplished can
be computed by identifying its position. On the contrary, if no peak is found, the detected target
is actually a ghost target. In case 2), folding generates as many folded spectra as the number of
antennas of the reference ULA and offers the same advantages as case 1).

In the remaining part of this chapter, when folding is employed, the following terminology is
adopted:

Vertical folding — This refers to the case in which folding involves a reference HULA on which
other HULAs are folded.

Owerall folding — This refers to the case in which folding involves all the spectra, i.e. the overall
virtual URA; a single folded spectrum is computed in this case.

Note that, in any case, folding may involve the whole virtual receive array or a portion of
it. The exploitation of a subset of the available VAs is motivated by the fact that, in practice,
in computing a folded spectrum that refers to the I-th frequency bin, the estimates FHZ[I] and
ﬁ’vﬂ-[l] of the frequencies Fy;[l] and Fy ;[l], respectively, are employed, so that the quality of
the phase compensation factors computed for the antennas that are farther from the reference
antenna or the reference HULA may be affected by significant estimation errors.

All the mathematical details about vertical and overall folding can be found in the next
paragraph.

5.4.3 Detailed description of the range & angle serial cancellation algorithms for a
frequency modulated continuous wave radar system endowed with a
two-dimensional antenna array

In the following, the RASCA-FR3 is described first; then, the (minor) modifications required to
obtain the RASCA-FC3 from it are illustrated. The RASCA-FR3 processing is divided in three
tasks, each associated with one of the blocks appearing in Fig. 5.5 (the i-th task is denoted T%); a
description of each task is provided below. Various details about the techniques employed in these
tasks, omitted here to ease the understanding of the overall flow of the algorithm, are provided in
Section 5.5.

T1 — FFT processing

The processing accomplished within this task can be summarized as follows. Given the vector

x§”>, the N-dimensional vectors

x 2 o 2, a0 ] (5.35)
and
R P s AN (5.36)
are evaluated for v =0, 1, ..., Nyr — 1; here,
x(m”)n £ pm xg“% (5.37)

withn=0,1, ..., N—1and m = 1, 2. Then, the vectors ng), xgv) and ng) undergo zero padding
(ZP) for any wv; this produces the Nyp-dimensional vectors

T

X((),%P = [(XS}))T O?Mfl)N] ) (5.38)
T

Xg%P = [(Xg ))T O(TM—l)N} (5.39)
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and

v v T
X3 = | (ST 00 | (5.40)

respectively; here, M is a positive integer (dubbed oversampling factor), Op is a D-dimensional

(column) null vector and
No & M N. (5.41)

Finally, the Ny-dimensional vectors
T
X9 = (X X0 X ] = Xon
T
:[Xm,() [ aQ] 7Xm,1 [ aQ] 5 -"7Xm,NO—1 [ qu
SDFT, [x\n] (5.42)

with m =0, 1, 2, are computed for any v (i.e., for any p and ¢) by executing a Ny order FFT
for each of them; here, DFT y, [x]| denotes, up to a scale factor, the Ny order discrete Fourier
transform (DFT) of the Np-dimensional vector x. More specifically, we assume that

xW élNz_:lnmx” exp _j2rnk (5.43)
m,k N z,m J NO ’ :

with £=0,1, ..., No—1land m =0, 1, 2.

T2 - RPE

The processing accomplished within this task consists of the three consecutive steps listed below
(the i-th step is denoted T2-Si in the following); each step is associated with one of the blocks
included in the RPE, as shown in Fig. 5.5.

T2-S1) VA selection — In this step, the set Sppr (5.23) is built. This requires generating
the set Sq (5.24), i.e. a set of Ny integers that identifies the selected VAs. In our computer
simulations, the elements of S4 have been generated by randomly extracting N4 distinct integers
from the set {0,1,..., Nygr — 1}.

T2-S2) Target detection and range estimation — The processing carried out within this step is
executed by the STDREC algorithm; this operates on an antenna-by-antenna basis. The STDREC
processing for the vg-th VA (with £ =0, 1, ..., N4 — 1) can be summarized as follows. A simple
initialization is accomplished first by setting

X{[0) £ Xk, (5.44)

with m = 0, 1, 2, and the iteration index i to 0. Then, the STDREC iterations are started; in
the i-th iteration, the three steps described below are accomplished to detect a new target and
cancel its contribution to the triad (X(()v’“)[z’], ng’“)[i], ng’“)[z]) (the p-th step of each is denoted
STDREC-Sp in the following).

STDREC-S1) Detection of a new target and estimation of its parameters — The triad (X(()vk)[i],
ngk) [i], ng’“) [i]) is processed to detect a new (i.e., the i-th) target, and to estimate the normalised

)

frequency Fi(”k ) and the complex amplitude Ci(vk associated with it. Note that, generally speaking,

the normalised frequency Fi(vk) is not a multiple of the fundamental frequency Frpr (5.34), that
characterizes the FFT processing executed in T1; for this reason, it can be expressed as

F(Uk) — Fc(,lz}k) _|_5(vk) FDFT7 (5.45)

7 %

where F| C(Z'“) represents a coarse estimate of Fi(vk) and 52@’“) is a real parameter called residual.
This step consists in executing an algorithm, dubbed single frequency estimator® (SFE) and whose

6Note that our general description of the SFE includes the computation of three DFTs, that, in this case, are already
evaluated in T1.
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detailed description is provided in Paragraph 5.5.1. In short, the SFE computes the estimates
Cvk) F(Uk) 5(%)

dl(vk) _ L vk)/FDFTJ (5.46)

and R R R
Fi(vk) = Fc(;}k) + (51(111@) Fppr (5.47)
of the parameters C’-(v’“), (1{’“) 5@’“) a!") and Fi(v’“), respectively, on the basis of the triad

7

(X(vk)[ ], X(v’“)[ 1, Xévk)[ ]); here a( ’“) represents the index of the frequency bin in which the
)

i-th target is detected on the vg-th antenna. Note that the parameter Fi(v'“ , even if useless in the

construction of the set S, (5.25), is exploited in the next step.
STDREC-S2) Cancellation of the new target — The contribution (C''[i], CV[i], C{[i]),
given by the i-th (i.e., by the last) target detected on the vg-th VA, to the triad (X(() )[ ], ngk)[ ],

ng")[z]) is computed on the basis of (5.110)—(5.112) (see Paragraph 5.5.3) and cancelled from
the triad itself. Cancellation consists in the computation of the new residual triad

T
X[ 4 1] = [Xﬁ’jg’ i+ 1], e, X0+ 1]
2X(o)[i) — Cl ), (5.48)

with m =0, 1, 2.
STDREC-S3) Computation of the residual energy in the frequency domain — The energy

B 2

XW[i + H Z X ‘ (5.49)

characterizing the residual spectrum vector X‘(Jvk) [i + 1] (5.48) is computed and compared with
the positive threshold TsTprrc (which may depend on range, i.e. on the detected frequency). If
this energy is below the threshold, the STDREC algorithm stops and L; = ¢ relevant targets
are detected on the vi-th VA; otherwise, the recursion index i is increased by one and a new
recursion is started by going back to STDREC-S1.

T2-S3) Fusion of range information — This step aims at merging the information provided by
the N4 sets {S,, } (5.25) evaluated in the previous step. Its output is represented by the set Srpg
(5.26), whose elements (i.e., the Ly couples {(&y, Ep;)}) are evaluated as follows. If we define the
set

A 2 ()i = 0,1, Ly — 1), (5.50)

identifying all the bins in which at least one target has been detected on the vg-th VA (with
k=0,1, .. Ng—1), the set

Ay =2 {a;1=0,1,...,L, — 1} (5.51)
is generated by putting together all the distinct integers that appear at least once in the N4 sets
{A(Uk ;k=0,1,...,Na — 1}. Then, the average energy Ej; associated with the ¢-th bin (with
l=0,1,..., Ly — 1) is computed as

] Nazlle-l )
A(vk) A(vk) 4
EbJ = Nibl Z Z Cz ) |:Ozi - al:| y (5.52)
" k=0 =0
where
Na—1Lp—1

Ng= 3 > 6]l - (5.53)

k=0 i=0

represents the overall number of antennas that contribute to this energy (here, 6[z] =1if 2 =0
and 6[z] = 01if z #0)
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T3 - SPE

The processing accomplished within this task consists of the two consecutive steps listed below
(the i-th step is denoted T3-Si in the following); each step is associated with one of the blocks
contained in the SPE represented in Fig. 5.5.

T3-S1) Bin analysis — Within this step, L, STDAEC algorithms are run in parallel, one for
each of the L ranges (i.e., frequency bins) appearing in the TRP. A schematic description of [-th
STDAEC algorithm is provided below (with [ =0, 1, ..., Ly — 1). This algorithm consists of three
steps (its r-th step is denoted STDAEC-Sr in the following) and is initialised by

1. Setting its iteration index i to 0.

2. Setting
X0 ex, (5.54)

where

X [l] = [XO,&l [ aQH ) (555)

is a Ny X Nyy matrix collecting the spectral information available on the whole virtual
receive array and referring to the &;-th frequency bin only.

Then, the STDAEC algorithm starts executing its iterations. Within its i-th iteration, it
accomplishes the three steps described below.

STDAEC-S1) Detection of a new target and estimation of its angular parameters — In this
step, the Nyg X Nyvy matrix

X002 X [pq]] (5.56)

is processed to detect the strongest target contributing to it, and to compute the estimates
0:[1], ¢[l] and C;[l] of 6;[1]), ¢4[1]) and Cy[l], respectively (note that this target represents the i-th
one detected in the considered frequency bin, since (i — 1) targets have been detected in the
previous recursions). This result is achieved by executing a novel iterative detection and estimation
algorithm called single target detection and angular estimation (STDAE), whose description is
provided after illustrating the overall structure of the RASCA-FR3 to ease reading.

STDAEC-S2) Target cancellation — The contribution Cg?o [l], given by the i-th target detected
in the I-th frequency bin, to the vector X(® [I] (5.56) is computed on the basis of (5.124)~(5.125)
(see Paragraph 5.5.3) and is cancelled. Cancellation consists in the computation of the new
residual vector

XD 12 X0 1) - ). (5.57)
STDAEC-S3) Residual energy test — The energy
. . 2 Ny -1 Nyv -1 . 2
B xEOET= 0 T X b (5.58)
p=0 q=0

of the residual spectrum vector X (+1) [1] (5.57) is compared with the positive threshold TsTparc
(which may depend on angular coordinates). If this energy is below the threshold, the STDAEC
algorithm stops; otherwise, the recursion index i is increased by one and a new iteration is started
by going back to STDAEC-S1. If D[] iterations are accomplished by the STDAEC algorithm
operating on the &;-th frequency bin, no more than D[l] distinct targets are identified in that bin
(D[l] targets are found if none of them is deemed to be a ghost target). All the targets information
acquired from the d;-th frequency bin are collected in the set T; (5.27).

T3-S2) Evaluation of the target spatial coordinates and generation of the overall image — In
this step, the estimates of the range, of the elevation and of the azimuth of the i-th target detected
in the &;-th frequency bin are computed as (see (5.15), (5.32) and (5.33))

mmziﬁm, (5.59)
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Figure 5.6: Example of reference VULA and reference HULA including the reference antenna (a) and
representation of a set of vertically folded HULAs (b).

(ﬁi [[] = arcsin (261)\\/\/}?’\”[10 (5.60)
and
0;[1] = arcsin (AAFHJ[ZQ : (5.61)
QdVH COS(¢7; [l])

respectively; here, f; [[] = Fi[l] fs (see (5.8)). Finally, these information are fused to generate the
overall set Z; (5.20), describing the generated radar image; in general, this image is a cloud of L

points. The set Z; (5.20) results from the union of all the sets {It(l)}, where

I 2 {(ﬁ’, 1, 0:[1), sl1), | Cill]

with1=0,1, ..., Ly — 1.

This concludes our description of the RASCA-FR3.

Let us focus now on the most complicated part of the STDAEC algorithm, i.e. on the STDAE
algorithm. This algorithm makes use of the so called spatial folding (see the previous paragraph).
The exploitation of this procedure in the STDAE algorithm requires:

);i:O,l,...,D[l]—l}, (5.62)

1. Selecting a reference VULA, that consists of Nyura adjacent and vertically aligned VAs
(with Nyupa < Nyvy), within the virtual array; in the following, we assume, without any
loss of generality, that the reference VULA includes the reference antenna and, consequently,
is identified by p = pr and ¢ = q7, g1 + 1, ..., qr (with ¢; < qr < qr), so that Nyypa =
qr — qr + 1 (see Fig. 5.6a).

2. Selecting a reference HULA, that consists of Npura adjacent and horizontally aligned VAs;
in the following, we assume, without any loss of generality, that the reference HULA is the
horizontal ULA containing the reference antenna and, consequently, is identified by p = py,
pr+1, ..., prp (with p;y < pr < pp) and ¢ = qg, so that Ngupa = pr —pr +1 (see Fig. 5.6a).
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3. Selecting a set of HULAs, different from the reference HULA and having the same size of it
(i.e., the same number of VAs); in the following, we assume, without any loss of generality,
that these HULAs, called vertically folded HULAs, correspond to ¢ = ¢\*™, V") 41, ...

qr—1,qr+1, ..., ql(pVF) with q(VF) < qr < ql(pVF) as illustrated in Fig. 5.6b; note that the

overall number of involved HULAs is NI({UL)A = q(VF) (VF) + 1.

The STDAE algorithm consists in the four steps described below (its r-th step is denoted
STDAE-Sr in the following).

STDAE-S1) FFT processing on the reference VULA and vertical frequency estimation — The
portion of the initial spectral information referring to the reference VULA is extracted from the
matrix X [I] and stored in the Nyypa-dimensional vector

i i i i T
SUtLao ) =S6R 1, SEY 0 s iy 1 (U]
i i T
é{Xl( ) [pR7QI] 7""Xl( ) [pR7QF]:| ) (563)

that is processed by the complex single frequency estimator” (CSFE). This algorithm detects the
i-th (strongest target) appearing in d-th frequency bin and computes the estimates Cy ; [I] and
Fy 4]l] of the parameters C;[I] and Fy [I] (see (5.31)), respectively. Note that the quantity Cy; [I]
is not exploited in the following since, it represents a preliminary estimate of C;i[l].

It is worth pointing out that the execution of the CSFE entails:

a) The evaluation of the Nyuyra-dimensional vector

. . . . T
SGueas 2 [ 1, S 100 S0 U] (5.64)

k,NyuLa—1

with £ =1 and 2; here,
Sl(cf;z 1= X'\(/i%JLA,p 1 =" Xl(i) [pr, ar + 1l (5.65)

with p =0, 1, ..., Nyupa — 1. _
b) The computation of an Ny order FFT of the vector S%%L Ak [l], that represents a zero

padded version of the vector S@UL g U] (with k= 0,1 and 2); here,
No £ M - Nyuyra (5.66)

and M represents the adopted oversampling factor. This produces the vector

. T
SGuna =[5 1 sy 15,y 1]
=DFTg, [ VULA,k } (5.67)

with £ =0, 1 and 2. Note that the m-th element of the vector S&%LA & [l] can be expressed as

© Nvura—1 2mpm
Spm 1] = NVULA Z s exp( N, ) (5.68)

withm =0, 1, ..., Ng — 1.

STDAE-S2) Vertical folding — The estimate Fvyi[l] of the normalised vertical frequency
Fy ;[l] (5.31) is employed to compensate for the phase difference between each of the HULAs
selected for vertical folding and the reference HULA (i.e., for the phase differences along the

7A detailed description of this estimator is provided in Paragraph 5.5.2. Note that this algorithm represents the complex
counterpart of the SFE, in the sense that the former is fed by a complex sequence, whereas the latter by a real one.
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vertical direction), so that the spectral information associated with all these HULAs can be
combined (i.e., summed) in a constructive fashion. To this aim, the phase rotation factor

9—d4R

R [1,q) 2 [exp (=2l )", (5.69)

with R
AT (1] £ 2nFy 41, (5.70)

is computed for the g-th HULA, with ¢ = q§VF), q}VF) +1, .., q9qr—1,qr+1, ..., ql(pVF). Then,

vertical folding is accomplished by computing the Ngyra-dimensional vector

q}‘VF)

VF i i VF
X0 =X [ar) + Y0 XD (tq) B [Lql, (5.71)
_(VF)
q=qr
9#4R
that collects the values taken on by the Nyupa vertically folded spectra referring to the &;-th

frequency bin; here,
; i i i T
XOf1q) 2 | X proa) X Ipr+1,0) s X oyl (5.72)

is a NgypLa-dimensional row vector extracted from the g-th row of the matrix X @ [1] (5.56).
STDAE-S3) FFT processing and horizontal frequency estimation — The processing accom-
plished in this step is very similar to that carried out in STDAE-S1. In fact, the only difference

is represented by the fact that the Nyyra-dimensional vector S&;{JL Aoll] (5.63) is replaced by
(VF)

the Npura-dimensional vector X; "/ [I] (5.71) generated in the previous step. Therefore, in this
case, the CSFE algorithm is exploited to compute the estimate FHJ;[Z] of the horizontal frequency
Fiz;[l] (5.30) and a new estimate, denoted Cf ;[I], of the complex amplitude Cy[I] associated with
the i-th target. Note that: a) in general, an order different from Ny (5.66) can be selected for the
three DFTs computed by the CSFE algorithm in this step; b) the quantity C‘Hl[l] is not exploited
in the following since, it represents a preliminary estimate of Cy[l]; ¢) the estimates Cy ;[I] and
CA'HJ[Z] can be significantly different if multiple targets having similar horizontal frequencies or
similar vertical frequencies contribute to the considered frequency bin.

STDAE-S4) Overall folding and frequency/amplitude estimation — In this step, the angular
information i.e., the frequencies Fv,i[l] and FH,z‘ [[] computed in STDAE-S2 and STDAE-S3,
respectively, are exploited to accomplish overall folding®; this step involves the whole spectrum
computed on the selected VAs. If the whole receive antenna array is exploited, overall folding

consists in computing the Ng-dimensional vector

. Nyp—1Nyy—1 (HV)
Xoorl12 S S Xolpg) R [1p,q), (5.73)
p=0 q=0

where

R (1,p,q) 2 RV 11,q) R [1,p] (5.74)

is a phase rotation factor, REVF) [l,q] is expressed by (5.69),

R (1,p] 2 [exp (—jae™ )] (5.75)
and
AT ] £ 2m By 1) (5.76)

8As already mentioned above, a portion of the whole virtual array can be exploited to mitigate the impact of the
estimation errors affecting these spatial frequencies.
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note that Rl(HV) (l,p,q] = 11if p=pgr and ¢ = qr. Given X or[l] (5.73), the sequence of the
absolute values of its elements is analysed to verify the presence of a peak in the &;-th frequency
bin or in a bin close to it. To this aim, after evaluating

VB Xo.opla 5.77
dop Zarg  max  [Xoor[dll, (5.77)

the quantity da[l] = |Gor — G| is compared with the positive threshold Tor. If d4l] exceeds Tor,
the presence of a ghost target is detected; otherwise, the Ny-dimensional vector

Nya—1Nyv—1

Xm,OF [l] =S Z Z Xm [pa Q] Rz(HV) [lvpu Q} ) (578)

p=0  ¢=0

is computed for m = 1 and 2, and the CSFE algorithm? is run to estimate, on the basis of the
triad (Xo.0r[l], X1.0r[l], X2,0r[l]), the final estimates F;[l] and Cj[l] of the parameters F;[l] and
C;[l], respectively; these parameters characterize the i-th target detected in the d;-th frequency
bin. Note that the integer part (see (5.46))

ai 1] 2 | Bt/ Foer | (5.79)

of Fj[l] does not necessarily coincide with é&; but, if it differs, it is certainly close to d;. If &;[l] is
different from &; and appears in one of the couples forming the set Sgpg (5.26), it is discarded,
because the corresponding frequency bin is already being analysed by one of the other STDAEC
algorithms. Otherwise, the new couple

(& [l], Ev,,) (5.80)

where Ej 7, £ |C’i[l]]2, is added to the set Sppr and the number of its elements (i.e., L) is
increased by one. This means that an additional STDAEC algorithm is run on the (new) &;[l]-th
bin.

This concludes our description of the STDAE algorithm and, consequently, of the RASCA-FR3,
whose overall structure is summarised in Algorithm 7.

The RASCA-FC3 can be easily obtained from RASCA-FR3 by: a) replacing Ci(v’“) and C’i(v"’)
with Agv’“) and flgv’“), respectively (see STDREC-S1); b) replacing the SFE with the CSFE in
STDREC-S1; ¢) computing the vectors of the triad (ng’:)[i], Cgf)[i}, C(Xvs)[z}) on the basis of
(5.120)~(5.122) (see Paragraph 5.5.3) in STDREC-S2; d) replacing C;[l] and Cj[l] with A;[I] and
A;[l], respectively (see STDAEC-S1); e) replacing Cv ; [l] and Ch ;[l] with Ay ; [[] and An [1],
respectively (see STDAE-S1 and STDAE-S3).

Additional comments

The structure of the RASCA-FR3 (RASCA-FC3) deserves a number of comments, that are listed
below for the different tasks and the steps they consist of.

T1 — In this task, each of the vectors {Xév), ng), Xév)} is computed by executing a Ny order
FFT. The vector Xév) collects Ny equally spaced samples of the spectrum of the sequence {a:SJQL}

acquired on the v-th VA (see (5.37), (5.42) and (5.14)). The vectors ng) and Xév), instead,
consist of, up to a scale factor, Ny equally spaced samples of the first and the second derivatives,
respectively, of the same spectrum.

T2-S1 — The exploitation of a subset of the available antennas is motivated by the need
of reducing the computational effort required by T2 as much as possible. The adoption of a
deterministic method for the selection of Ny antennas (with Ny < Nyg) is not recommended.

9Note that our general description of the CSFE includes the computation of three order Ng DFTs, that, in this case, are
already available, being represented by {X,, or [I|; m =0, 1, 2}.
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Algorithm 7: Range & angle serial cancellation algorithm for an FMCW radar system (real
case)

1 T1 — FFT Processing:
Compute the vectors xév%P, X(IU%P and xgj%P according to (5.38)—(5.40); then, compute the triad
{X(v gv)’ X ”)} according to (5.42).

2 T2 - RPE:

S1) Extract N4 VAs from all the available VAs; then, build the set Sppr (5.23).
for k=0to Ny —1do

S2) Set XEA},{’“)[O] 2 X for m=0, 1, 2 (see (5.44)); then, set the iteration index ¢ = 0 and
compute the initial energy E(()v’“) according to (5.49).
while E(”k) > TstpreEc do
STDREC-S1) Compute the couple (C"*), £"*)} running the SFE algorithm on the triad
(X§™ T, X1, X5 ).
STDREC-S2) Compute the vectors (C(”’“)[ 1B Cg?f)[ 1B C(”")[ i]) according to
(5.110)—(5.112); then, compute the new residual triad (Xé”k)[z +1], ng’“)[i +1],

(v’“)[i + 1]) according to (5.48).
STDREC-S3) Compute the residual energy Et(fl) according to (5.49).
end

end
S3) Build the set Srpr (5.26) (see (5.51) and (5.53)).
3 T3 — SPE:
S1) Set the iteration index i = 0 and set the initial vector X(?[I] according to (5.54); then,
compute the initial energy E()[I] according to (5.58).
Parallel For [ =0tol=L;—1do
while EO[l] > Tsrparc do
STDAEC-S1) Compute the couple (Cy [l], Fy ;[I]) running the CSFE algorithm fed by
the vector Sg,%L A0ll] evaluated according to (5.63). Then, compute the phase rotation
factor REVF) [l, q] and the matrix X,L(-VF) [l] according to (5.69) and (5.71), respectively. Then,
run the CSFE algorithm to compute the couple (Cyr i[l], Fir 4[l]) and compute the phase
rotation factor RZ(HF) [1, p] according to (5.75). Finally, compute the vectors
{Xm,or[l];m =0, 1, 2} according to (5.73) and (5.78) and run the CSFE algorithm fed by
the set {X,,.or[l];m =0, 1, 2} to evaluate the couple (C;[l], E[1]).
STDAEC-S2) Compute the vector C% [l] according to (5.124)—(5.125); then compute the
new residual vector X+ 1] according to (5.57).
STDAEC-S3) Compute the residual energy EC+1[I] according to (5.58).
end
S2) Compute R;[l], ¢4[l], 0;]1] according to (5.59)(5.61).
end
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Figure 5.7: Representation of: a) the absolute value of the elements of the vector Xév’“); b) the corresponding
discrete amplitude-range profile generated by the STDREC algorithm (the RASCA-FC3 is considered).

In fact, when multiple consecutive snapshots are processed to generate independent images,
randomly changing the subset of N4 antennas from snapshot to snapshot allows the considered
radar system to benefit from antenna diversity.

T2-S2 — The STDREC algorithm deserves the following comments:

)

a) The availability of accurate estimates of the normalised frequency Fi(v’“ and of the complex

amplitude C’i(vk) (AEU]“)) (see (5.7) and (5.13)) plays an important role in this step, since

these parameters are exploited in the serial cancellation procedure based on (5.48). In

particular, ignoring the frequency residual 55”’“) of the normalised frequency Fi(v’“) (5.45)
) (vk)

. . . . A(’Uk oA
in this procedure (i.e., assuming that F; ™ = &,

error accumulation.

; see (5.46)) may result in a significant

b) A threshold on the maximum computational effort required by the STDREC algorithm can be
set by requiring that the recursion index i never exceeds a fixed threshold; this is equivalent
to limit the overall number of targets that can be detected on each VA.

c) The STDREC algorithm generates N4 different data sets; the k-th data set consists of the
triads {(&\), F) G0, i = 0,1, ..., Ly — 1} ({(@™), EWY APy =01, .,
Ly — 1}), characterizing the Ly targets detected on the vg-th antenna (with £ =0, 1, ...,
N4 —1). Note that the overall number of targets may change from antenna to antenna,
especially in the presence of extended targets; this is due to the fact that the signals acquired
on different VAs can exhibit significant differences in their spectral content.

d) The following important interpretation of the processing accomplished by the STDREC
algorithm on the vg-th VA can be given. The vector X(()v'“) can be seen as a collection of noisy
spectral information referring to Ny distinct frequency bins (i.e., to Ny distinct range bins)
and is usually dense in the presence of multiple extended targets, as illustrated in Fig. 5.7-a)
(where the absolute value of its elements is represented). The STDREC allows to extract a
discrete frequency (i.e., range) profile from the vector X(()w“)7 as illustrated in Fig. 5.7-b). In
various real world scenarios, this profile turns out to be sparse, even in the presence of a
dense vector X(()Uk); this is beneficial, since allows to concentrate the RPE computational
effort on a set of specific ranges (i.e., frequency bins). The range profile characterizing the
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vg-th VA is described by the set of Ly, couples S, = {(dgvk), CA’@’“)); i=0,1,..., Ly —1}

)

Sy = {(@\", AU i =01, ..., L —1}), with k =0, 1, ..., Ng — 1; the parameter
( k (2 (3 p
dgvk) identifies the frequency bin associated with the i-th target detected on the considered

VA, whereas the absolute value of C’ka) (AEU’“)) represents an estimate of the strength of the
echo associated with it.

e) The STDREC algorithm can be used for detecting multiple targets and accurately estimating
their range in a monostatic radar.

f) The STDREC algorithm can be easily extended in a way that multiple targets are detected
and estimated in parallel in each of its iterations. If we focus on its i-iteration and the

vg-th VA, this result is achieved by running multiple (say, mz(»v’“)) instances of the SFE
(CSFE) algorithm in parallel. Each of these instances is initialised with the frequency
corresponding to the absolute maximum or a relative maximum detected in the sequence

of the absolute values of the elements of the vector X(()v’“)[i] (see (5.42)). In this case,

a constraint is set on the minimum spacing between the ml(-v’“)
order to minimize the interference between the instances running in parallel. Moreover,
after identifying the absolute maximum in the above mentioned sequence, a threshold,
proportional to such a maximum, is set on the minimum value of the acceptable relative
maximum /maxima, so that unrelevant frequencies are discarded. It is also worth stressing

that, if a cluster of mgv’“) distinct frequencies is estimated, each of the components of the

triad (Cg}’(’:)[i], Cg}}f)[i], C(XU;“)[Z]) appearing in the RHS of (5.48) consists of the sum of mgvk)
terms, each associated with one of these frequencies.

detected frequencies in

g) The STDREC algorithm employed in the RASCA-FR3 (RASCA-FC3) represents an instance
of the single frequency estimation and cancellation (complex single frequency estimation and
cancellation) algorithm derived in [1] for the estimation of multiple overlapped real (complez)
tones. For this reason, in the case of complex received signals, it can be replaced by one of
the multiple tone estimators available in the technical literature, like the CFH algorithm
[45], the algorithm developed by Ye and Aboutanios in [43, 44] and the algorithm derived
by Serbes in [46] (the last two algorithms are denoted Alg-YA and Alg-S, respectively, in
the following). In fact, all these algorithms are recursive and rely on a serial cancellation
procedure since, within each recursion, they detect a single tone, estimate its parameters
and subtract its contribution from the residual signal emerging from the previous iteration.

h) The estimates generated by the STDREC algorithm are potentially biased if the parameters
of the SFE (CSFE) executed in its first step are not properly selected (see [1]). In principle,
this bias can be arbitrarily reduced by increasing the overall number of iterations and/or
re-estimations accomplished by the SFE (CSFE). However, we found out that, in the
case of complex received signal, a computationally efficient alternative to this approach
is represented by running an additional step (i.e., STDREC-S4) after that the first three
steps of the STDREC algorithm has been carried out. In this final step, the Alg-YA is
run after initializing it with the estimates of the normalised frequencies and the associated
complex amplitudes generated by the STDREC. The hybrid technique that results from
interconnecting the STDREC algorithm with the above mentioned algorithm is dubbed
hybrid STDREC (HSTDREC) in the following; note that this algorithm represents an
instance of the hybrid CSFE proposed in [1].

T3-S1 — This step is the most complicated of the whole algorithm and deserves the following
comments:

a) In principle, the horizontal and vertical spatial frequencies (see (5.30) and (5.31)) of multiple
targets contributing to the ¢;-th frequency bin can be detected by first computing a 2D
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DFT of the matrix X [I] (5.55) and, then, by looking for local maxima over the absolute
values of the elements of the resulting 2D matrix; note that the matrix X [I] can be also
zero-padded before computing its 2D FFT to improve the resulting spectral resolution. This
procedure may require a significant computational effort and its accuracy is affected by the
spectral leakage due to any potential strong target. In the STDAEC algorithm, instead, 2D
processing is avoided by alternating vertical and horizontal 1D FFTs. Consequently, relevant
spatial frequencies are estimated by searching for the peaks of 1D amplitude spectra (i.e.,
in the absolute values of the elements of the vectors S&;%JLA,O[Z] and XEVF) []); in other
words, an AM approach is adopted. Note that this approach allow us to mitigate the overall
computational complexity and to detect weak targets hidden by close strong targets through
successive cancellations.

b) In STDAE-S1, each of the three vectors {S&JLAJ@ [l]; k=0,1, 2} is Computed by executing
a Np order FFT (see (5.67)). Note that, on the one hand, the vector s&%LA o 1] collects Ny
equally spaced samples of the spectrum of the sequence {X\(;%JLAp; p=0,1, .., Nyura — 1}

(see (5.65)). On the other hand, the k-th vector Sg%}LA,k [[] (with & =1 and 2) collects, up to
a scale factor, Ny equally spaced samples of the k-th order derivative of the same spectrum.

c) The processing accomplished in STDAE-S3 is very similar to that carried out in STDAE-S1.
In fact, the only difference is represented by the fact that the Ny ypa-dimensional vector
SS%JLA,O [l] (5.63) is replaced by the Nyuyra-dimensional vector XZ(-VF) [l] (5.71) generated
in STDAE-S2. Therefore, in this case, the CSFE is exploited to estimate the horizontal
frequency Fy;[l] and, again, the complex amplitude C;[l] (A;[l]) associated with the i-th
target.

d) Similarly as the STDREC algorithm, the STDAEC algorithm can also be considered as an
instance of the CSFEC algorithm mentioned at point g) of T2-S2. Therefore, in principle, it
can be replaced by the CFH algorithm [45], the Alg-YA [43, 44| or the Alg-S [46]. Moreover,
a further (and final) step, based the Alg-YA can be added to the STDAEC algorithm to
mitigate its estimation bias.

e) As already suggested for the STDREC algorithm, the STDAEC algorithm can be employed
to detect and estimate multiple angles in parallel; this requires running multiple instances
of the CSFE algorithm in parallel.

Our final comments concern the use of RASCA-FR3 and RASCA-FC3 in FMCW radar systems
whose virtual antenna array is not an URA; for instance, in our experimental work (see Section
5.9), a colocated MIMO FMCW radar equipped with the virtual receive array shown in Fig. 5.8
has been employed. Note that the first two processing tasks of the RASCAs are carried out on
an antenna-by-antenna basis; therefore, they are not influenced by the shape of the considered
virtual array. However, this shape influences the way spatial folding is accomplished in T'3. More
specifically, as far as the last point is concerned, the following considerations can be made:

1) The array structure represented in Fig. 5.8 can be treated as an URA if its gaps are
zero-padded.

2) The reference VULA should be selected in a way to maximize the number of non-zero
vertically aligned VAs and, consequently, the number of VAs contributing to the estimation of
the elevation angle, as illustrated in Fig. 5.8.

3) The reference HULA should be selected in the middle of the antenna array; this mitigates the
effects of the errors affecting the estimate of normalised vertical frequency in the vertical folding
procedure (do not forget that such errors may have a significant impact on the contributions of
the HULAs that are farther from the reference HULA; see (5.69)).
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Figure 5.8: Virtual array considered in our experimental work.

4) The vertical folding accomplished by the STDAE algorithm involves VULASs of different sizes.
More specifically, in the i-th iteration of the STDAEC algorithm, vertical folding is accomplished
by computing the Nyypa-dimensional vector (see (5.56) and STDAE-S2)

) ) T
XEVF) [l] = |:XZ(VF) [pfa l] 7Xl(l) [p[ + 17 l] PREES) Xl(l) [pF') l]:| (581)
where
qr[p (@)
(VF) 1 (i) (VF) X;” [p, qr]
X A = —— X .q] R; L+ —————, 5.82
q=q1[p]
q97#4R

with p = pr, pr + 1, ..., pr; here, REVF) [l,q] is expressed by (5.69), qr[p] (q¢r[p]) is the index

identifying the first (last) antenna of the p-th VULA and Ny|[p] is the overall number of VAs
which that VULA consists of.

5.4.4 Range & angle serial cancellation algorithms for a radar system endowed
with a one-dimensional antenna array

The algorithms described in the previous paragraph can be easily adapted to the case in which
the considered colocated MIMO radar system is equipped with a single ULA and, consequently,
can be exploited for 2D imaging only; this leads to RASCA-FR2 and RASCA-FC2. The changes
made in RASCA-FR3 and RASCA-FC3 to obtain RASCA-FR2 and RASCA-FC2, respectively,
concern only the SPE and can be summarized as follows:

1. The first three steps of the STDAE in T3-S1 are not performed; therefore, the fourth step
of that algorithm is the first one to be executed. Moreover, the matrix X® [I] (5.56) is
replaced by the Nvy-dimensional vector

G [Xl(") [pﬂ : (5.83)

collecting the spectral information available on the whole virtual receive array and referring
to the q;-th frequency bin only.

2. The spatial frequency Fv,i[l] is unavailable and, therefore, it is not included in the set 7;
(5.27); note that the elevation angle ¢;[l] (5.60) is not estimated in this case.

5.5 Description of Various Algorithms Employed in the Proposed
Embodiments

In this section, various mathematical details about the techniques employed in the RASCAs are
provided.
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Since the processing accomplished in T1 of the RASCAs has been fully analysed in the
previous section, in this paragraph we provide a detailed description of: a) the SFE (see T2-S2);
b) the CSFE (see T2-S2 and T3-S1); c) the target cancellation procedures employed in T2-S3
and T3-S1.

5.5.1 Single frequency estimator

In this Paragraph, the SFE derived in [1] is summarized. This algorithm processes the samples of
the real sequence {x,,; n =0, 1, ..., N — 1}, whose n-th element is

Tyy = acos(2mnF + ) + wrp

= Cexp (j2mn F) + C* exp (—j2mn F) + wy p, (5.84)
with n =0, 1, ..., N — 1, and generates an estimate of the normalised frequency F' and of the
complex amplitude

1
o= 5@eXP (52) (5.85)

of the real tone appearing in the RHS of (5.84); here, N is the overall number of elements of the
sequence {x, .}, a and v are the tone amplitude and phase, respectively, and {w,; n =0, 1, ...,
N — 1} is a real AWGN sequence. This algorithm is initialised by

1) Evaluating: a) the vector

T
Xo = [Xo0, X0, s X% 2 DFTw, [x(70] (5.86)

where the DFT order Ny is defined by (5.41),

T

Xo,zp = [(Xo)T O(TMA)N} ; (5.87)
M is the oversampling factor and
X0 2 (27,0, 1, oy Trn—1] (5.88)
b) the initial coarse estimate FC(O) of F as
£ = & Fppr, (5.89)
where the integer & is computed as
A Xoal: 5.90
«@=arg de{O,l,r.I.l.?]if{oﬂ—l}{ % { ( )
¢) the quantity
2(0)
F
02 ¢ — 4 5.91
Forr (5:9)
d) the initial estimate C'(©) of C' as
CO = G(FY) (5.92)
where o o
~ X(F)—X*(F)g(F
a(F) 2 X0 ( JolF) (5.93)
1- ‘g(F )‘
| Nl
I — ‘ -
X(F) 2 < Zoxn exp (— j27mF) (5.94)
o
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and
1 N-1
I & ; o) -
g(F) = N E_O exp (—j47TTLF> ; (5.95)

e) the spectral coefficients X 4 and Xs 4, and the coefficients {K,(24); p = 1, 2} and {b(&),
c(&@)} on the basis of the definitions

%t Ly e 5.96
o2 Yo (522 (5.96)
n=0
a1 = 2mnx
Kp(z) & 5 gplnlexp ( —j ek (5.97)
n=0
a ~ 2
b(p) 2 —R {c*Xg,p} + 2R { (c) Ky (2,0)} (5.98)

and

c(p) LS {O*XL,J} -3 { (é*)2 K (2p)} : (5.99)

respectively; f) the initial estimate AO) of A as

A = p(p), (5.100)
where
P(5) 2 —c(5) b () (5.101)
g) the first fine estimate FO of F as
. . A(0)
O g0 A7 (5.102)
27

2) Setting its iteration index i to 1.

Then, an iterative procedure is started. The i-th iteration is fed by the estimates Fl-1)
and C0~Y of F and C , respectively, and produces the new estimates F® and C@ of the same
quantities (with ¢ = 1, 2, ..., Ngrg, where Ngpg represents the overall number of iterations); the
procedure employed for the evaluation of F® and C® consists of the two steps described below
(the p-th step is denoted SFE-Sp).

SFE-S1) - The new estimate A® of A is computed as!? (see (5.100)—(5.101))

A1) = P(D) = —e(§) (), (5109
in the evaluation of the coefficients {b(p), ¢(p)} appearing in the RHS of (5.101), C' = C*~1 and
p=pD 2 P Fopr (5.104)

are assumed. Then,

£ = BGD 1 AG) /(27 (5.105)

is evaluated.

SFE-S2) - The new estimate C® of C is evaluated as C) = G(F®) (see (5.92)—(5.93)).
Moreover, the index i is incremented by one before starting the next iteration.

At the end of the last (i.e., of the Ngpg-th) iteration, the fine estimates F = F(Nsve) and
C = CWsre) of F and C, respectively, become available.

10The quantities {Xk,p§ k = 1,2} required in the computation of the coefficients b(p) and c(p) can be also evaluated by
means of the interpolation-based method illustrated in [1, Sect. III, p. 12]. In our work, barycentric interpolation has been
always used [61]; in the following, the parameter I represents the interpolation order. These considerations hold also for the
CSFE described below.
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5.5.2 Complex single frequency estimator

All the results illustrated in the previous paragraph refer to the real sequence {z,,}, whose
n-th element is expressed by (5.84). However, a similar estimation method (namely, the CSFE)
has been developed for the complex counterpart, i.e. for a complex sequence {z.,; n =0, 1, ...,
N — 1}, whose n-th element is

Ten = Aexp (J2mn F) 4+ wep, (5.106)

with n =0, 1, ..., N — 1. Here, A is the complex amplitude of the single tone appearing in the
RHS of the last equation, {wen; n =0, 1, ..., N — 1} is a complex AWGN sequence and all the
parameters have exactly the same meaning as that illustrated for (5.84). The description of the
CSFE is similar to that illustrated for the SFE in the previous paragraph, the only differences
being represented by the fact that: a) the parameter C' (5.85) is replaced by A; b) (5.92) is
replaced by

A=A=X(F), (5.107)

where X (F) is computed according to (5.94) (in which ., is replaced by ., (5.106)); c) (5.98)
and (5.99) are replaced by )
b(p) &2 R{A* X, ,} (5.108)

and R
¢(p) & —S{A"X,), (5.109)

respectively.

5.5.3 Target cancellation procedures employed in FMCW radar systems

In T2 of the RASCA-FR2 and RASCA-FR3 (and, in particular, in STDREC-S2; see (5.48)), a
target cancellation procedure is used in combination with the SFE. This procedure requires the
evaluation of the triad (ngg [i], Cg}? [i], ng [i]), that represents the contribution given by the
i-th (i.e., by the last) point target detected on the v-th VA. If Fi(v) and éi(v) denote the estimates
of the normalised frequency and the complex amplitude, respectively, characterizing this target,
the expressions

cli = ¢ Wi+ (¢) (W) . (5.110)
W] = ¢ wii] + (é}”))* (V’Vﬁ’c [i]) (5.111)
. - 0 WE+ (0 (W) sty

are employed; here, V_V,(f) [i] denotes the Ny order DF'T of the vector

T

2 N-1
wi] & [o,1’<-w§“),2’f. (wf”) (N = 1R <w§”)> ,0,...,0] : (5.113)
with k =0, 1 and 2, W,(cvg [i] the Ny order DFT of the vector (\Tv,(f) [i])*,
") £ exp(j2rF™) (5.114)
and R
R (5.115)

is the normalised frequency associated with the frequency ﬁﬂ” It is important to point out that
an efficient method can be used for the computation of the vectors W](CU) [i] and W,(:(): [i] appearing

in the RHS of (5.110)-(5.112) (with £ = 0, 1 and 2); note that, for any k, these vectors represent
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the Ny order DFTs of the sequences {n* (w("’))"; n=0,1,.. N—1} and {n* ((w(”))*)”; n=20,

i i
(v
b

1, ..., N — 1}, respectively. In fact, the I-th element of the vectors W,(:) [i] and W 2[2] is given by

nk(q )" (5.116)

and

= n*(ge [I))", (5.117)

respectively, where

qll] 2 exp <j27r (FZ.(”) - Aiﬂ)) (5.118)

ge [l] 2 exp <j27r (—F}“) - Al’o)) : (5.119)

Therefore, the identities listed in [1, eqs. (84)-(85) and (145)| can be exploited for an efficient
computation of the RHSs of (5.116) and (5.117).

A target cancellation procedure is also employed in T2 of the RASCA-FC2 and RASCA-FC3;
however, in this case, the CSFE is adopted in place of the SFE, and the vectors Cg?()) [], Cg?z [i]

and

and ng [i] are evaluated as

cQli) = A" W), (5.120)

cni] = A" Wi (5.121)
and

cQli) = AP Wii; (5.122)

respectively; here, V_V,E;J) [i] denotes the Ny order DFT of the vector
2 N-1 T
w2 [0, 1k ") ok . (w@) (N = 1) (@@) 0,... ,0} : (5.123)

with £ = 0, 1 and 2, and u_)z(v) is still expressed by (5.114). The vector W,(:) [i] appearing in
(5.110)(5.112) (with £ =0, 1 and 2) can be efficiently computed following the same approach
illustrated above for the SFE.

The CSFE is also employed in T3-S1 and, in particular, in STDAEC-S2 of the RASCA-FR2,
RASCA-FR3, RASCA-FC2 and RASCA-FC3. In this case, the cancellation procedure requires
the evaluation of the contribution

cl 1) = [ng b, 4, Z]} (5.124)

given by the i-th (i.e., by the last) target detected in the [-th frequency bin to the whole array
(see (5.57)). Here, we focus on the target cancellation procedure employed in the above mentioned
RASCAs. In this case, if A;[l], Fy ;[l] and Fy;[l] denote the estimates of the complex amplitude, the

163



5. DETERMINISTIC DETECTION AND ESTIMATION ALGORITHMS FOR COLOCATED MIMO RADARS

normalised vertical spatial frequency and the normalised horizontal spatial frequency, respectively,
characterizing the i-th target, the expression

CQ p.a,1] = Aill] exp {j% [(p — pr) Frall] + (g — QR)FV,Z'U]} } : (5.125)

is employed for any VA (i.e., for any p and q).

Finally, it is important to mention that the cancellation procedure adopted in STDREC
algorithm aims at removing the contribution of a single target in each of its iterations. If a cluster
of mgv) distinct frequencies is estimated by the SFE (CSFE) in the i-th iteration of the above
mentioned algorithm, each of the components of the triad (ngg [i], Cg?i [], Cg?g [i]) consists of the
sum of m\") terms and each term is evaluated on the basis of (5.110)—(5.112) ((5.120)—(5.122)).

5.6 Limitations

In this section, some technical limitations that have emerged in the implementation of our
algorithms on commercial radar devices are illustrated and the solutions we have devised to
mitigate their impact are described.

5.6.1 TUnequal response of virtual antennas

The derivation of the RASCAs for FMCW radar systems relies on the assumption that the real
(complex) sample sequence made available by the v-th VA is expressed by (5.6) ((5.12)). The
adopted signal models hold if the amplitudes of the L overlapped oscillations contributing to the
useful component of the received signal do not change from antenna to antenna. However, our
experiments accomplished on commercial colocated radar devices have evidenced that: a) these
amplitudes are not constant across the whole virtual array; b) their differences are influenced
by the azimuth and the elevation of each target. We believe that all this is due to the different
behavior of the multiple receive chains employed in each MIMO device and to the mismatches in
the receive antenna patterns. It can be mitigated by enriching the physical array with a set of
surrounding passive antennas; in this case, the array is artificially extended with new antennas
along all its sides, so that the behavior of all its active antennas becomes more uniform.

It important to point out that, in principle, the presence of this phenomenon can be accounted
for in the development of target detection and estimation algorithms by including its effects in
the received signal model. For instance, (5.6) can be generalised as

) = ay (01, ¢1) a; cos (27mFl(v) + wl(v)> + w,gf’n, (5.126)

where «,(0;, ¢;) represents an attenuation factor depending on the angular coordinates of the
I-th target and v is the VA index. Consequently, the complex amplitude associated with the [-th
target detectable on the considered VA becomes (see (5.7))

O 01, 00) 2 S s O 00) v (5 0. (5.127)

Neglecting the presence of the factor ay, (6;, ¢;) in the development of our algorithms has the
following implication: an error is introduced by the STDAEC algorithm in its cancellation
procedure (see STDAEC-S2 in Paragraph 5.5). Note, in particular, that the estimate C; [7] of the
complex amplitude characterizing to the i-th target detected in the &;-th bin is computed after
the overall spatial folding (i.e., after STDAE-S5); consequently, its absolute value represents a
sort of spatial average computed over all the involved VAs. Moreover, only the phase variations of

this complex gain are accounted for in the computation of the contribution Cg?o [l] of this target

to the matrix X[1] (see (5.124)—(5.125)). Note that, if the functions {c,(6;, ¢;)} were known
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for all the VAs, their effect could be compensated for after evaluating the estimates (él, (;Aﬁl) of
the angular coordinates of the i-th target; in fact, this result could be achieved by replacing the
estimate C;[l] of the complex gain C;[l] with

Cilv, 1] & Cill] (63, ). (5.128)
in the evaluation of the term Cg?o [[] appearing in (5.124)—(5.125). Estimating the function
ay (0, ¢), however, is a time consuming task, since it requires a proper measurement setup and
an anechoic chamber. We believe that this problem can be circumvented by: a) exploiting deep
learning techniques [83] in the SPE; b) adopting a data-driven approach [84], [85]. This solution
is motivated by the fact that:

a) Deep learning techniques can be employed to approximate complicated functions, that
do not lend themselves to a simple parametric representation and without requiring particular
expertise in data pre-processing.

b) A data-driven approach allows to train different models on the basis of data collected in
a real scenario or synthetically generated data, without prior knowledge about the parametric
representation of the considered problem. Note that a fundamental role is played by the adopted
training procedure since it makes the involved network able to generate correct predictions on
the basis of never seen data available at its input.

In practice, the adoption of the proposed approach requires modifying the STDAEC technique
employed in the RASCAs (see Fig. 5.5) and, in particular, embedding a deep neural network in
it. This network is employed to estimate the distorted amplitudes of all the targets detected in
the I-th frequency bin (with [ =0, 1, ..., Ly — 1), so that accurate cancellation becomes possible.

The use of this solution in our radar systems is not investigated in the following, since it is
out of the scope of this work.

5.6.2 Antenna coupling

In our description of the SFE and the CSFE (see Section 5.5), it has been implicitly assumed
that the minimum frequency of the useful component contained in the observed data sequence
can be arbitrarily small. Unluckily, this is not always true. For instance, in commercial colocated
FMCW MIMO radar systems, a strong interference is observed in the lower portion of the
spectrum evaluated on all the receive antennas. This phenomenon, known as mutual coupling [86],
is due to the electromagnetic coupling that originates from the small distance between adjacent
transmit and receive antennas [82]. Its impact can be mitigated resorting to various methods
based on calibration measurements [87]. Because of mutual coupling, any target whose range is
below a certain threshold cannot be detected by our algorithms in a reliable fashion.

5.7 Other target detection and estimation techniques

The detection and estimation algorithms described above have been compared, in terms of
accuracy and complexity, with two different types of algorithms that, similarly as the RASCAs,
are able to generate radar images in the form of point clouds. The algorithms of the first type are
called FFT-based algorithms (FFT-BAs), since they rely on multidimensional FFT processing for
the evaluation of all the spatial coordinates of targets (i.e., their range and DOA); such algorithms
have been inspired by the FFT-based algorithm proposed by Texas Instrument in [70]. The
algorithms of the second type, instead, are called MUSIC-based algorithms (MUSIC-BAs); these
make use of the same method as the first type for range estimation, but the MUSIC algorithm
for DOA estimation [12|. In the remaining part of this section, a brief description is provided for
both types.

The inner structure of both types of algorithms is described by the block diagram shown in
Fig. 5.9. The processing accomplished by the blocks this diagram consists of, can be summarized

as follows. Each vector of the set {xS’)}, collecting Ny vectors (see (5.14)), undergoes, after ZP,
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Figure 5.9: Block diagram describing the overall structure of the FFT-BAs and the MUSIC-BAs.

a Ny order FFT; this produces a set of Np-dimensional vectors {X((]U)} (see (5.38), (5.42) and
(5.43)). Based on this set of vectors, the Ny-dimensional power spectrum

Po = [P0, Pots s Povg-1]" (5.129)
is computed; here,
1w
Py = (x57) 5.130
077» NVR ’l; O,l ( )

with ¢ =0, 1, ..., Ng — 1. The vector Pg (5.129) feeds the cell-averaging smallest of - constant
false alarm rate (CFAR-CASO) algorithm developed in [88]. Based on this algorithm, a target is
detected in the i-th frequency bin if

Py > Tcrar, (5.131)

where i € {iy,, iy + 1, ..., ipr}. Here,
Tcrar = Komin (P, P,) (5.132)

represents a decision threshold, K is a real parameter whose value is selected on the basis of the

required false alarm rate, and
()

P=— > P (5.133)
% k=i—(Gs+Cs)
and
i+Gs+Cs

P, = Z Po (5.134)
5 k=i+Gs+1

represent the average of the power spectrum computed over Cy adjacent bins positioned on the left
and on the right, respectively, with respect to the i-th frequency bin. Moreover, G5 and Cy are two
integer parameters defining the size and the position (with respect to the i-th bin), respectively,
of the set of frequency bins involved in the computation of P; (5.133) and P, (5.134), whereas i,
and ijs are two non negative integers such that i,, > (G5 + Cs) and ipy < Ng — 1 — (G5 + Cs).
In our work, the inequality
Poﬂ‘ > Pl,u (5135)

is also required to be satisfied together with the condition (5.131), where P, represents the
largest element of the set {Py ;15 = —(Gs + C5), —(Gs +Cs) +1, =G — 1, Gs + 1, G5 + Cs }.
This allows us to reduce the overall number of detected targets, so reducing the density of the
generated point cloud.

The CFAR-CASO algorithm generates the vector

Acr = [do, 6, ..., b, 1] (5.136)
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where &; represents the index of the frequency bin in which the I-th target has been detected (with
1=0,1,..., Ly,—1) and Ly is the overall number of detected targets. This vector is processed
for DOA estimation. The two options (associated with the above mentioned types of algorithms)
are considered for this task and are described in the remaining part of this paragraph.

FET-based DOA estimation — Let us focus first on the case in which a virtual HULA, consisting
of Nyy virtual elements, is employed for resolving the targets associated with a given frequency
bin and estimating their azimuth. In this case, azimuth estimation consists of the following two
steps:

1) The Nyp-dimensional column vector (see (5.83))

T
X[ 2 [ X0 X0 xS (5.137)
collecting the spectral information available on the whole array and referring to the &;-th frequency
bin (with [ =0, 1, ..., Ly — 1) is applied to an Ny order FFT algorithm; let s[l] = [so[l], s1[]], .-,
sy,—1[l]]" denote the No-dimensional FFT output.

2) The dominant peaks!! in the sequence {|sx[l]|; ¥ = 0,1, ..., No — 1} are identified; each
peak corresponds to a distinct target. If k;[l] denotes the index of i-th peak (with i =0, 1, ...,
Lp[l] — 1, where Ly[l] is the overall number of targets detected in the considered frequency bin),
the estimate of the azimuth of the i-th target is evaluated as

~

0; [I] = arcsin (h g, [k: [1]]) (5.138)

where

h, (2] 2 2 (x — NoJ2) /No (5.139)

Let us now consider the case in which the URA represented in Fig. 5.4 is employed for resolving
the targets associated with each frequency bin, and estimating their azimuth and elevation. The
algorithm employed in this case involves the Nyg x Nyy matrix X[I] £ [Xo4,[p,q]] (5.55),
collecting the spectral information available on the whole array for the &;-th frequency bin. This
algorithm consists of the following four steps:

1) The pg-th row of the matrix X[l] is processed to generate the Np-dimensional column
vector syuLao[l] = [s0.0 1], 501 [] ;- S0, Ny—1 [[]T on the basis of (5.63); here, pr represents the
column index of the reference antenna in the considered URA (see Fig. 5.4).

2) The dominant peaks of the sequence {[|so[[]|; 7 =0, 1, ..., No — 1} are identified. If r;[l]
denotes the index of i-th peak (with ¢ = 0, 1, ..., L,[l] — 1, where L,[l] is the overall number
of targets detected in the considered frequency bin), the estimate of the elevation (;ASl [l] of the
associated target is evaluated as

¢i [I] = arcsin (hyy, [ [1]]) - (5.140)

3) The 2D FFT of the matrix X[I] is computed; this produces the Ny x Ny matrix S[] = [S.[I]],

such that
Nyv—1Nyp—1

L1
Skr[]:m Z Z Xo,a [P, q] - exp J/\wrk (5.141)
q=0 p=0
where
Urg £ qhy, [r] dyv + phy, [k] dva. (5.142)
4) The dominant peaks of the sequence {[|Sy.,ll]l; k=0, 1, ..., No — 1} are identified (with
=0, . Lyll] — 1); let Ly[i,l] denote their overall number. If the m-th peak is found for

111t is important to distinguish peaks associated with different targets from side-lobes; in our simulations, a candidate
peak is classified as a side-lobe (and, consequently, ignored) if its amplitude differs by more than 1 dB from that of a close
dominant peak, as suggested in [70].
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k = kpyll] (with m =0, 1, ..., Lp[i,l] — 1), the azimuth éi’n[l] [] of the associated target is

evaluated as
hy [Fmill]]
cos (gzﬁi [l]) ’
where ¢; [l] is expressed by (5.140); consequently, the angular coordinates of the i-th target

detected in the &;-th frequency bin are (ém u 1], @i [l]), whereas its range is computed on the
basis of &;.
The last step concludes our description of the FFT-BAs. Note that the overall number of

detected targets is given by

0; .y 1] = arcsin < (5.143)

Ly—1 Ly[l]-1
L=> > Luli. (5.144)
=0 =0

MUSIC-based DOA estimation — Similarly as our description of the FFT-BAs, we first focus on
the case in which a virtual HULA, consisting of Nyyr virtual elements, is employed for resolving
the targets associated with a given frequency bin and estimating their azimuth. In this case, the
algorithm considered for DOA estimation consists of the following three steps:

1) The Nyp x Nyp autocorrelation matrix

Ry [I] = X [I] X[I]% (5.145)

is computed; here, X [I] is defined by (5.137).

2) The Ng-dimensional pseudo-spectrum Pl(\il)U is evaluated; its k-th element is given by

@) 11 _ 1
Pl = S QunQl alk]

(5.146)

with k& = 0,1, ..., No—1; here, (-)¥ denotes the conjugate and transpose operator, Qnyy is @ matrix
having size Nyg X (Nyp—1) and whose columns are the (Nyg—1) noise eigenvectors (associated
with the (Nyg—1) smallest eigenvalues) of Rx[l] (5.145) and alk] is a Nyp-dimensional steering
vector, whose n-th element a,[k] is given by

anlk] = exp (jmn hy, [k]) (5.147)

with n =0,1,..., Nyg — 1.

3) The dominant peaks appearing in the sequence {Plg/l[)U [k]; k=0, 1, ..., Ng — 1}, consisting
of the ordered elements of Pl(\il)U, are identified; let Ly[l] denote their overall number. If the i-th
peak is found for k = k;[l] (with i = 0, 1, ..., Lp[l] — 1), the azimuth 6;]I] of the associated target
is evaluated on the basis of (5.138)-(5.139).

Let us consider now the case in which the uniform rectangular array shown in Fig. 5.4 is
employed for resolving the targets associated with each frequency bin, and estimating their
azimuth and elevation. In this case, the adopted procedure involves the Nyy X Nyy matrix
X[l] £ [Xo.4,[p, q] (5.55) for any G; and consists of the following four steps:

1) The pseudo-spectrum referring to the reference VULA (that consists of Nyypa virtual
elements) is evaluated. In this step, we assume that the pp-th row of X[l] is employed for
the evaluation of the autocorrelation matrix Rx[l] (5.145) and that the Ny-dimensional vector
Pl(\XI[JJLA) [l] is computed on the basis of (5.146)—(5.147) (note that Nygr and J[k] are replaced by
Nyura and d[r], respectively).

2) The dominant peaks appearing in the sequence of the ordered elements of Pl(\}/g L&) [l] are
identified; let L,[l] denote their overall number. If the i-th peak is found for r = r;[l] (with i = 0,

1, ..., Ly[l] — 1), the elevation ¢;[l] of the associated target is evaluated on the basis of (5.140).

3) The pseudo-spectrum Pl(\ffg LA) [l,4] associated with the i-th estimated elevation is evaluated

for the whole virtual array. In this step, if we assume that the autocorrelation matrix Ry is
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Table 5.2: Acronyms adopted for the FFT-based and MUSIC-based algorithms.

Al Radar (o blex FMCW  Real FMCW
FFT-BA (2D) FET-FC2 FFT-FR2
MUSIC-BA (2D)  MUSIC-FC2  MUSIC-FR2
FFT-BA (3D) FFT-FC3 FFT-FR3

MUSIC-BA (3D) ~ MUSIC-FC3  MUSIC-FR3

computed according to (5.145) (where, however, X [{] is the Nyg x Nyy matrix defined above),

the No-dimensional vector PI\(/IHUULA) [l,i] is generated on the basis of (5.146). Note that, in this

case, Nyg is replaced by Ngyupa and that the n-th element a,[k] of the Npura-dimensional
steering vector a[k]| is

an[k] = exp <j7rn h, [K] cos (i m)) (5.148)

with n =0,1, ..., NguLA-

4) The dominant peaks appearing in the sequence of the ordered elements of Pl(\l/[{g LA) [l] are
identified; let Ly[4,] denote their overall number. If the m-th peak is found for k = ky, ;[{] (with
m =0, 1, ..., Ly[i,l] — 1), the azimuth éiﬂ’i[l} [l] of the associated target is evaluated as

0; vy [1] = arcsin (hyg, [km,i(l]]) - (5.149)

Consequently, the angular coordinates of this target are (éz’,n[l} 1], ¢ [l]), whereas its range
is computed on the basis of its bin index ¢&;. The last step concludes our description of the
MUSIC-BAs. Finally it is important to point out that:

a) The overall number of targets detected by these algorithms is still expressed by (5.144).

b) The order adopted in the computation of the pseudo-spectra (first the vertical pseudo
(VULA) (HULA)

spectrum Py, "[l], then the horizontal pseudo-spectra {Py;; ~'[l,]}) is dictated by the
fact Pl(\?g LA) [,4] depends on the elevation estimate ¢;[I] for any i.

The performance of the FFT-BAs and the MUSIC-BAs has been assessed for both 2D and 3D
propagation scenarios. The acronyms adopted in the following for these types of algorithms are
summarized in Table 5.2.

5.8 Computational complexity

The computational cost of the algorithms described in Sections 5.4 and 5.7 has been carefully
assessed in terms of floating point operations (flops) to be executed in the detection of L targets!?.
Various details about the method we adopted for the evaluation of the computational cost of
each algorithm are provided in Appendix J for the RASCA-FC3 only. Our analysis leads to the
conclusion that the overall cost of this algorithm and RASCA-FC2 is approximately of order
O(Mg_rc3) and O(Mg_rc2), respectively, where (see (J.5))

Mg-rc3 = 24Nvr Nolog, (No) + 26N 4 K1, No
+ Ly K, (18 Ny Nyv No + 16Ny log, (No)) (5.150)

and

MR,FCQ :24NVH N() IOgQ(N()) + 26NA KT2 N()
+ Ly KT3 (18N\/H Ny + SNO IOgQ(No)) ; (5.151)

12In the remaining part of this section, the overall number of estimated targets ([:) is assumed to be equal to L, for
simplicity.

169



5. DETERMINISTIC DETECTION AND ESTIMATION ALGORITHMS FOR COLOCATED MIMO RADARS

here, K, (KT,) represents the overall number of iterations carried out by the STDREC (STDAEC)
algorithm.

In evaluating the cost of the FFT-based and MUSIC-based algorithms described in Section 5.7,
we have assumed that: a) the cost due to the computation of the eigenvalue decomposition of a dx d
matrix is O(d?); b) the computational effort required to find the dominant peaks in a sequence is
negligible. Based on these assumptions, it can be shown that the computational complexity of
the FFT-FC3, FFT-FC2, MUSIC-FC3 and MUSIC-FC2 algorithms are approximately of order
O(Mp_vcs3), O(Mp_pc2), O(My—rc3) and O(My—pc2), respectively, where

My_rc3 =8Nyr Ny log,(No)
+ 8Ly, (NG loga(NG) + Nologa(No)) , (5.152)

Mp_rco = 8(NvuNo logy(No) + Ly No logy (No)), (5.153)

Myi—rcs =8NyrNology(No) + LyNo(Niy + Nog)
+ 16 Ly No(N&y + Ny) (5.154)

and

Myi—rco = 8 Nva Ny IOgQ(N()) + LbN[)(N\B}H + 16N\2/H). (5.155)

It is important to keep in mind that a comparison among the computational costs listed above
does not fully account for the gap that can be observed in the execution speed of the corresponding
algorithms. In fact, in practice, a portion of the computation time is absorbed by the procedure
employed to find the dominant peaks of real sequences in both the FFT-BAs and the MUSIC-BAs.
Moreover, the vector Acr (5.136), collecting the indices of the frequency bins in which at least one
target has been detected, may include ghost targets; as evidenced by our computer simulations,
the impact of this phenomenon on the overall computation time may not be negligible. Despite
this, some interesting insights on how the complexity is influenced by the overall number of targets
can be obtained by comparing the computational costs (5.150), (5.152) and (5.154) ((5.151),
(5.153) and (5.155)) in two specific scenarios. The first scenario we take into consideration refers
to the case in which the mutual distance between the targets is above the range resolution of
the employed radar system, so that K1, = L, K1, = 1 and L, = L can be assumed in the
RHS of (5.150)—(5.155). In our second scenario, instead, the targets form clusters, each of which
consists of four targets having the same range, but different angular coordinates; for this reason,
Kr, =L/4, K1, =4 and L, = L/4 can be assumed in the RHS of (5.150)—(5.155). Moreover,
the following parameters have been chosen for both scenarios: a) Nygr = 256; b) Ny = 1024; ¢)
Na =10 d) Nyy = 16; e) Nyug = 16; f) Ny = 32. The dependence of the complexity Mgz on
L is represented in Fig. 5.10a (Fig. 5.10b) for the first (second) scenario; here, alg denotes the
algorithm which this complexity refers to. From these figures it is easily inferred that:

a) The RASCAs require the largest computational effort in both the considered scenarios for
any value of L; for instance, Mrasca—rcs is approximately 4.1 (4.6) times greater than
Myusic—res in the first (second) scenario for L = 8.

b) The ratio between Mrasca—rce and Myusic—ro2 is approximately 2.4 for any value of L in
the first scenario, but it increases with L in the second scenario; for instance, MgascA—_rc2
is 3.9 (4.6) times greater than Myusic—rc2 for L =12 (L = 36).

c) The computational cost estimated for the MUSIC-BAs in the first scenario is larger than that
referring to the second scenario for L > 4; for instance, if L = 20, the value of Myiusic—rc3
(Myusic—rez) evaluated in first scenario is 1.33 (2.5) times larger than that found in the
second scenario .

Finally, it is important to stress that:
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Figure 5.10: Computational cost versus overall number of targets for: a) the first scenario; b) the second
scenario. The RASCA-FC3, RASCA-FC2, FFT-FC3, FFT-FC2, MUSIC-FC3 and MUSIC-FC2 are
considered.

a) in real world scenarios, the overall number of targets detected by the FFT-BAs and the
MUSIC-BAs may be greater than the true number of targets, since some targets are detected
multiple times; this may have a significant impact on the overall computational effort
required by these algorithms.

b) The computational complexity of the RASCA-FR3 (RASCA-FR2), the FFT-FR3 (FFT-FR2),
and the MUSIC-FR3 (MUSIC-FR2) is of the same order as the RASCA-FC3 (RASCA-FC2),
the FFT-FC3 (FFT-FC2) and the MUSIC-FC3 (MUSIC-FC2), respectively.

5.9 Numerical results

In this section, the accuracy of the RASCAs is assessed on the basis of both synthetically
generated and experimental data, and is compared with that provided by various FFT-BAs and
MUSIC-BAs.

5.9.1 Numerical results based on synthetically generated measurements

In this paragraph, the accuracy achieved by the RASCA-FC3, the FFT-FC3 and the MUSIC-FC3
in the generation of 3D radar images is assessed. The performance of these algorithms has been
evaluated in a colocated MIMO FMCW radar system providing both the in-phase and quadrature
components of all its received signals, and equipped with an URA consisting of Ny = 16 TX and
Ngr = 16 RX antennas; therefore, the available virtual array is made of 16 - 16 = 256 VAs with
inter-antenna spacing dyy = dyg = A/4. The other relevant parameters of the considered radar
system are: a) chirp slope u = 4 - 10'3 Hz/s; b) bandwidth B = 2.5 GHz; c) central frequency
fo =77 GHz; d) sampling frequency fs = 8 MHz; e) number of samples per chirp N = 512. Note
that, in principle, the available antenna array allows us to achieve the range resolution

AR = % ~ 6 cm, (5.156)
the azimuthal resolution \
Af = Sy (VoA = 1) & 7.45° (5.157)
and the elevation resolution
A A ~ 7.45°. (5.158)

- 2dyv (Nyura — 1)
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Table 5.3: Root mean square error £x, peak error €x and detection rate Rp evaluated in the two simulation
scenarios defined in Paragraph 5.9.1. Target range, azimuth and elevation are taken into consideration.

Ex Ex
Scenario  Algorithm R (m) 6(°) ¢ (°) R(m) 6(°) ¢(°) Rp (%)
RASCA-FC3  0.01 1.56  0.79 0.02 9.86 2.64 100

S1 FFT-FC3 0.02 2.07  1.05 0.04 14.34 3.06 71
MUSIC-FC3  0.02 1.74 0.83 0.04 34.03 13.48 70

RASCA-FC3  0.01 1.54 0.79 0.02 8.01 231 100
52 FFT-FC3 0.02 2.056 1.05 0.04 1478 2.95 70
MUSIC-FC3  0.02 1.53 081 0.04 7.56  2.03 0.72

The considered radar system is assumed to operate in the presence of L = 10 targets, whose echoes
have unit amplitude. The range, the azimuth and the elevation of each target are sequentially
generated at the beginning of each run. Moreover, the range Ry, the azimuth 65, and the elevation
¢ of the k-th target (with & = 1, 2, ..., 10) have been randomly evaluated in a way that: a)
they belong to the intervals [1, 10] m, [—7/3, 7/3] rad and [—n/3, 7/3] rad, respectively; b)
the minimum spacing between the k-th target and the previously generated (k — 1) targets is
not smaller than AR (5.156), A8 (5.157) and A¢ (5.158) in the range, azimuth and elevation
dimensions, respectively (scenario S1) or is not smaller than AR (5.156) in the range domain,
but can be arbitrarily small in the azimuth and elevation dimensions (this scenario is denoted
S2). In our computer simulations, the following values have been selected for the parameters of

the RASCA-FC3:

a) FFT Processing: M = 2;

b) RPE: N = 10, Negpg = 10, I = 7 and Tsrprec = 0.001 - ES) (see (5.49));

c) SPE: M =2, Ngsrg = 10, I = 7 and Tstpagc = 0.001 - EO[1] (see (5.58)), Tor = 0.

In addition, the following values have been selected for the parameters of the FFT-FC3 and
the MUSIC-FC3: Cs = 3, G = 2 and Ky = 1.5. The SNR £ 1/02 has been assumed to be equal
to 10 dB and the following performance indices have been evaluated to assess estimation accuracy:
a) The detection rate (Rp) defined as the percentage of simulation runs in which the considered
algorithm detects all the targets; b) the root mean square error (RMSE)

Npm—1
m . 12

ex &N Y [Xk—Xk] : (5.159)
k=0

c) the peak error

Ex 2 max ’Xk — X (5.160)
here, X; and X; represent the exact value of a parameter X and its corresponding estimate,
whereas N, represents the overall number of synthetically generated values of X; note that, if all
the targets are detected by the considered algorithm in each run,

Ny 2 N, L (5.161)

where N, is the overall number of simulation runs. In our work, the performance of the above
mentioned algorithms has been assessed by: a) evaluating the detection rate for both the considered
scenarios; b) ignoring the failure events (i.e., the events in which not all the targets have been
detected) in the evaluation of all the RMSEs. The three performance indices defined above have
been assessed on the basis of the estimates generated by executing N, = 500 runs; the resulting
values are summarised in Table 5.3. From these results it is easily inferred that:
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a) The RASCA-FC3 achieves the lowest RMSEs in range, azimuth and elevation (range, elevation)
estimation in the first (second) scenario; for instance, the RMSE &y characterising the
RASCA-FC3 is about 1.3 (1.3) times smaller than the corresponding RMSE obtained for
the FFT-FC3 in the first (second) scenario.

b) The RASCA-FC3 exhibits the lowest peak errors in range, azimuth and elevation (range)
in the first (second) scenario; for instance, its peak error £ér is 2 times smaller than the
corresponding RMSE obtained for the FFT-FC3 and the MUSIC-FC3 in both scenarios.

c) All the considered algorithms achieve an excellent accuracy in both scenarios, since the RMSEs
evaluated for range, azimuth and elevation are smaller than the corresponding resolutions
given above.

d) The FFT-FC3 and the MUSIC-FC3 are outperformed by the RASCA-FC3 in terms of detection
rate; in fact, the value of this parameter is about 70 % for the first two algorithms, but is
equal to 100 % for the RASCA-FC3, since the last algorithm has been able to detect all the
targets in every simulation run in both scenarios.

5.9.2 Numerical results based on experimental measurements

In this paragraph, we first describe the radar devices employed in our measurement campaigns
and the adopted experimental setup. Then, we analyse: 1) the accuracy achieved by our RPE (and,
in particular, by the STDREC algorithm) in range and phase estimation on multiple antennas of
the same array in the presence of a single target and of multiple targets; 2) the accuracy of the
2D (3D) images generated by RASCA-FR2 (RASCA-FR3) and RASCA-FC2 (RASCA-FC3) in
the presence of multiple targets.

Employed radar devices and adopted experimental setup

A measurement campaign has been accomplished to acquire a data set through two FMCW MIMO
radars, all operating in the E-band. The first FMCW device, dubbed TI FMCW radar in the
following, is the TIDEP-01012 Cascade mmWave radar (see Fig. 5.11-a)). It is manufactured by
Texas Instrument Inc. [64], classified as a long range radar (LLR) and provides both the in-phase
and quadrature components of received signals (i.e., complex measurements). Its main parameters
are: a) chirp slope u = 4 -10'3 Hz/s; b) bandwidth By = 2.5 GHz; ¢) central frequency f. = 77
GHz; d) sampling frequency fs = 8 MHz; e) number of samples per chirp N = 512. Moreover, it
is endowed with a planar array made of Ny = 12 TX and N = 16 RX antennas (each consisting
of an array of four patch elements), as shown in Fig. 5.11-a). The corresponding virtual array
consists of 12 - 16 = 192 VAs; however, only 134 of them are available, since the remaining 58
VAs overlap with the other elements of the virtual array. As shown in Fig. 5.11-b) (where each
VA is represented by a small blue circle), the virtual array has the following characteristics:

1. the non-overlapped VAs form an horizontal ULA (HULA;), consisting of Ngura, = 86 VAs
and three smaller HULAs, each made of 16 equally-spaced VAs;

2. the inter-antenna spacing of all the HULAs is dyyg = \/4;

3. the vertical spacing of the three smaller HULAs is not uniform, since dyy, = A\/4, dyv, = A
and dyv, = 3\/2 (see Fig. 5.11-b)).

This virtual antenna array allows us to achieve a range, azimuth and elevation resolution
equal to ARy = 5.8 cm (see (5.156)), Af; = 1.35° (see (5.157)), and A¢py = 16.4° (see (5.158)),
respectively; note that the elevation resolution is coarser than the azimuth one since Nyy =7
equally aligned antennas (dyy = dyy, = A/4) are assumed along the vertical direction (this is
equivalent to considering an elevation aperture D, = 3\ along the vertical direction; see [82]). In
our work, on the one hand, a central portion of the first HULA (contained inside the red rectangle
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appearing in Fig. 5.11-b)), consisting of Nyy = 16 antennas, has been exploited for 2D imaging,
in order to guarantee a fair comparison with the other two radar devices. On the other hand, the
whole array have been employed for 3D imaging.

RX antennas

a)

3
25F dW3 -
2F oses osos HULA, ]
Sasf ]
. dvv2
4 ]
0.5 esoe eooe HULA, ]
dy, HULA,
0 Eesessisssseiotps +

0 5 10 15 20 25 30 35 40 48
x (A/2) b)

Figure 5.11: Representation of: a) the TT FMCW radar (the physical TX/RX antennas are contained
inside the three rounded rectangles); b) the corresponding virtual array (the lower rounded rectangle
contains the portion of HULA; employed for 2D imaging, whereas the green one the vertical array chosen
as a reference for 3D imaging).

The second FMCW device, dubbed Inras FMCW radar in the following (see Fig. 5.12-a)),
is a modular system manufactured by Inras GmbH [89] and consisting of: a) the so called Radar
Log board; b) an RF front-end including multiple TX/RX antennas and monolithic microwave
integrated circuits (MMIC) operating at 77 GHz. This system is classified as a LLR and its main
parameters are: a) chirp slope u = 9.7656 - 10'2 Hz/s; b) bandwidth By = 2.5 GHz; c) central
frequency f. = 77 GHz; d) sampling frequency f; = 8 MHz; e) number of samples per chirp
N = 2048. Unlike the TT FMCW radar, this device provides only the in-phase component of the
RF received signals and, consequently, real measurements. Moreover, it is endowed with a custom
designed planar array made of Ny = 16 TX antennas and Nr = 16 RX antennas, each consisting
of an array of six patch elements, as shown in Fig. 5.12-a). The resulting virtual array, consisting
of Nyr = 16 - 16 = 256 VAs is shown in Fig. 5.12-b). As it can be inferred from the last figure,
the virtual array has the following characteristics:

1. It consists of 16 HULASs, each of which is made of 16 antennas with inter-antenna spacing
dyu = A/4.

2. The vertical distance between each couple of its adjacent HULAs is dyy = A/2; this entailes
the unambiguous elevation range [—45°,45°].

3. Its shape is not rectangular (the horizontal shift of adjacent HULAs is equal to \/4).
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5.9. Numerical results

This virtual array allows us to achieve the same range resolution as the TI FMCW radar,
and azimuth and elevation resolutions equal to Afy = 7.6° and A¢y = 3.8°, respectively (see
(5.157)-(5.158)). In our work, the HULA contained inside the red rectangle appearing in Fig.
5.12-b) (the whole array) has been exploited for 2D (3D) imaging.

Ny -1 F

Figure 5.12: Representation of: a) the physical array of the Inras FMCW radar; b) the corresponding
virtual array (the red rounded rectangle contains the HULA employed for 2D imaging, whereas the green
one the vertical array chosen as a reference for 3D imaging).

Our measurement campaigns have been conducted in a large empty room (whose width, depth
and height are 10 m, 8 m and 2.5 m, respectively). Each of the employed radar devices has been
mounted on an horizontal wooden bar together with a pico-flexx camera manufactured by PMD
Technologies Inc. [65] and has been lifted by a tripod at an height of roughly 1.60 m from ground,
as shown in Fig. 5.13. The employed camera is based on a near-infrared vertical cavity surface
emitting laser, and is able to provide a depth map or, equivalently, a 3D point-cloud of a small
region of the observed environment (its maximum depth is equal to 4 m, whereas its field of view
is 62° x 45°).

In each measurement campaign, the experiments have been repeated for all the radar devices
exactly in the same conditions.

It is important to point out that:

a) in all the radar systems, the target ranges have been estimated with respect to the central
virtual channel of the employed ULA;

b) the exact target positions have been acquired with respect to the centre of the pico-flexx
camera;

c) the data processing has been accomplished in the MATLAB environment;

d) all our detection and estimation algorithms have been run on a desktop computer equipped
with a single i7 processor.

Range and amplitude estimation

In this paragraph, the accuracy of the STDREC algorithm employed by the RPE is analysed
for two specific static scenarios. The first scenario is characterized by a single detectable target
(a small metal disk!® having a diameter equal to 5.5 cm) placed in ten different positions. The
target range R and azimuth 6 have been selected in the interval [1.0, 3.0] m, with a step of 0.5 m
and [—40°, 40°]. The range and azimuth of the considered targets are listed in Table 5.4 for all
the employed radar devices (the data referring to the i-th position are collected in the column
identified by T;, with ¢ = 1, 2, ..., 10). The second scenario, instead, is characterized by the

13Each target is hung from the ceiling: a nylon thread has been used for suspending it.
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Figure 5.13: Experimental set-up developed for our measurement campaigns. The radar device (the Inras
FMCW radar in this case) and a reference sensor (pico-flexx) are mounted on a wooden bar. A group of
metal targets, placed at the same height as our sensors, is also visible.

presence of an overall number of targets ranging from 1 to 9 (so that 1 < L <9). The targets
are represented by small coins with a diameter of 2 cm; the range and azimuth characterizing
their exact positions are listed in Table 5.5 (the data referring to the i-th target are collected
in the column identified by T;, with i = 1, 2, ..., 9). Each target has been sequentially added in
our scenario; this has allowed us to assess how the performance of the STDREC algorithm is
influenced by the value of the parameter L in the presence of closely spaced targets.

Prior knowledge of L has been assumed during the processing; moreover, the following values
have been selected for the parameters of the STDREC algorithm!:

TTI FMCW radar - N =512, M =4, Ng= N -M = 2048, Ncspg =5 and [ = 7.

Inras FMCW radar - N =2048, M =1, Ng= N - M = 2048, Ngpg =5 and and [ = 7.

Note that: a) the value of the oversampling factor (M) has been selected in way to guarantee
approximately the same value of Ny in all cases, i.e. roughly the same resolution in the spectral
analysis of radar signals; b) the values of the parameters Ngpp and Ncgpg are all equal and large
enough so that accurate range estimation is achieved by the STDREC algorithm.

The accuracy of range estimates has been assessed by evaluating the RMSE &£ and the peak
error £p, expressed by (5.159)-(5.160) with X = R, X; = R; and X;. Since the RCS of the
considered targets was unknown, our analysis of the complex gains available over the 16 channels
of the considered virtual ULA and associated with the same target has concerned only their
(unwrapped) phase. The phases {1)("); v = 1,2, ...,16} estimated by the STDREC algorithm over
the considered reference HULA (consisting of 16 VAs; see the red rounded rectangles appearing
in Figs. 5.11-b) and 5.12-b) and associated with a target placed at approximately'® the same
azimuth angle with respect to the centre of the radars is shown in Fig. 5.14. Since the distance
dyy between adjacent virtual channels is constant, the (unwrapped) estimated phases exhibit
a linear dependence on the index of the virtual channel, as illustrated in Section 5.2 (see, in
particular, (5.10) and (5.11)). Moreover, if a linear fitting is drawn for these data, it should be
expected that the slope of the resulting straight line is proportional to sin(6) (see (5.18) with
¢ = 0); this is confirmed by the results shown in Fig. 5.14. To assess the quality of the estimated
phases, their RMSE &, has been evaluated in all the scenarios; in doing so, the linear fitting of
the 16 phases {1)(")} has been taken as a reference with respect to which the error of each of
them has been computed.

The estimate of the target range generated by the STDREC algorithm for each of the N,;, = 10
distinct positions considered in the first scenario are listed in Table 5.4; in the same table, the
value of &y, computed for each position is also given. The target ranges and their estimates listed
in Table 5.4 are also represented in Fig. 5.15. The errors ég and €g, the mean of &; (denoted

M Note that in this case the stopping criterion based on eq. (5.49) has not be employed, since the overall number of targets
is known.

15The exact range of this target can be found in the T (73) column for the TT FMCW radar (Inras FMCW radar) in
Table 5.4.
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5.9. Numerical results

Table 5.4: Exact positions (range and azimuth) of the considered target, estimated ranges and RMSEs
evaluated for the phase fitting over the considered sixteen virtual channels of each device (first experimental
scenario). All our radar devices are taken into consideration.

Method T1 TQ Tg T4 T5 TG T7 Tg Tg T10

(m) 1.2 125 15 1.6 216 223 285 255 296 3.25
(®) -25 40  -10 30  -18 24 -14 21 -18 25
R(m) 1.166 1.219 1.523 1.643 2.184 2.278 2.885 2.582 2.932 3.267
&y (rad) 0.8 0.597 0.592 0.5 0.521 0.524 0.576 0.574 0.513 0.506
R
0

Exact (TT FMCW)

STDREC

(m) 135 1.3 1.73 172 22 21 271 267 32 32

) 25 35 -13 30 -5 15 -10 26 -9 20

(m) 138 132 1.74 174 225 214 276 2.7 324 324
=y (rad) 0.18 0.18 0.2 022 067 079 016 021 016 0.3

Exact (Inras FMCW)

STDREC

T ! L L L T BRI R |
2] O TIFMCW
b O Inras FMCW

2 4 6 8 0 12 14 16
Virtual channel index, v
Figure 5.14: Unwrapped phase of the complex gain versus the index of the virtual channel of the reference
HULA,; a single target is assumed (first experimental scenario). The phase estimates generated by the
STDREC algorithm in our three radar systems are identified by red, blue and green circles, whereas
straight lines represent their linear fitting.

Table 5.5: Exact ranges of the nine coins characterizing our second experimental scenario. The range
estimates evaluated by the Alg-YA, the Alg-S and the STDREC, the HSTDREC and the CFH algorithm
are also provided.

Ty Ty T3 Ty Ts Te T7 Tg Tg
(m) (m) (m) (m) (m) (m) (m) (m) (m)
Exact 1.860 1.900 1.980 2.110 2.190 2.220 2.370 2.410 2.460
STDREC (TI FMCW) 1.900 1.966 2.015 2.113 2.158 2.242 2377 2.441 2.516
HSTDREC (TI FMCW) 1.906 1971 2.016 2.118 2.158 2.238 2.378 2444 2.514
STDREC (Inras FMCW) 1.920 1.980 2.040 2.100 2.220 2.280 2.460 2.520 2.580

Method

CFH (TI FMCW) 1.947 2.017 2.077 2.161 2.241 2338 2374 2.435 2518
Alg-YA (TI FMCW) 2.022 2.054 2.161 2.257 2294 2339 2416 2447 2.514
Alg-S (TI FMCW) 2.020 2.142 2.142 2.142 2153 2.236 2.383 2433 2.522
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Figure 5.15: Representation of the ranges estimated by the STDREC algorithm (first experimental
scenario). All our radar devices are considered.

Table 5.6: Root mean square error g, peak error g, mean error &y, , and CT evaluated for the STDREC
algorithm in our first experimental scenario.

ER ERr Em,ab CT
Method (m) (m) (rad) (msec)

TI FMCW 0.033 0.048 0.570 0.3
INRAS FMCW 0.035 0.050 0.30 0.4

Em,p and generated by taking the average of the N,, values available for &) and the average
computation time (CT) evaluated on the basis of these results are listed in Table 5.6.
The results referring to the first scenario lead us to the following conclusions:

1.

3.
4.

In all the considered cases, the STDREC is able to accurately estimate the range and the
phase characterizing each target.

. All the values of £€r and g are comparable, reasonably low and in the order of the resolution

of our devices.
The Inras FMCW radar achieves the lowest &, .

The CTs are always in the order of few milliseconds.

Let us focus on the second scenario. In this case, our range estimates have been generated

by:

a) the STDREC algorithm for all the radar devices; b) the HSTDREC algorithm for the

TI FMCW; ¢) the Alg-YA, the Alg-S and the CFH algorithm for the TT FMCW. The obtained
results are listed in Table 5.5. The errors £z and £g, and the CT obtained in this case are listed
in Table 5.7. From these results it can be inferred that:

1.

3.
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In the case of the TI FMCW radar, all the considered algorithms achieve comparable accuracy.
However, the STDREC and the HSTDREC algorithms, unlike all the other algorithms,
achieve the lowest RMSE and peak error.

. The HSTDREC algorithm is not more accurate than the STDREC algorithm; moreover,

these algorithms are characterized by similar CTs.

The estimated RMSEs and peak errors are in the order of the resolution of our radar devices,
but a little bit higher in the Inras FMCW radar systems. This is mainly due to the poorer
estimates evaluated for the targets Ty and Ty, since, in our specific experiment, the energy
received from these targets has been found to be lower than that coming from the others.
This problem is not so evident in the case of the TI FMCW radar, whose RMSE and peak
errors are very low.



5.9. Numerical results

Table 5.7: Root mean square error g, peak error égr and computation time (CT) evaluated in our second
experimental scenario.

ER ER CT
Method (m) (m) (msec)

STDREC (TI FMCW)  0.03 0.07 20
HSTDREC (TI FMCW) 0.03 0.07 20
STDREC (Inras FMCW) 0.07 0.10 40

CFH (TI FMCW) 007 012 15
Alg-YA (TIFMCW) 011 0.18 40
Alg-S (TI FMCW) 008 024 45

—— Initial
500 - —— Residual
O STDREC
E 40 ' HSTDREC
2
o
2" 300 -
=
=]
T 200
<
100
0 Y
e B e e L e S B R
0.5 1.0 1.5 2.0 25

Range (m)

Figure 5.16: Representation of the initial amplitude spectrum of the signal observed on the central virtual
channel (blue line) and of the final residual amplitude spectrum generated by the STDREC algorithm
(red line). The TT FMCW radar operating in our second experimental scenario is considered; moreover,
the target positions estimated by STDREC (HSTDREC) are represented by red circles (green crosses).

Finally, we would like to stress that the accuracy of STDREC and HSTDREC algorithms can
be related to the accuracy of the estimation and cancellation procedure they accomplish. This
is exemplified by Fig. 5.16, where the initial amplitude spectrum of the signal received on the
central virtual channel of the TI FMCW radar in the second scenario and its (weak) residual,
resulting from the cancellation of the spectral contributions due to the detected targets, are
shown. Here, the range and amplitude of the targets estimated by the STDREC (HSTDREC)
are also represented by red circles (green crosses).

Two-dimensional and three-dimensional imaging

In this paragraph, the accuracy of the 2D and 3D images generated by the RASCAs is assessed.
Two different groups of experiments have been carried out. The first (second) group of experiments
has allowed us to assess the performance achieved by the above mentioned algorithm in 2D (3D)
imaging. In both cases, the measurements have been acquired in the presence of an increasing
number of targets for all our radar devices. In the first group of experiments, the following choices
have been made:

1. The targets have been placed at the same height. Their range and azimuth belong to the
intervals [2.2, 2.7] m and [—15°, 30°] , respectively (see Table 5.8).

2. The measurements have been acquired through a virtual ULA, consisting of 16 VAs, in all
the considered radar systems.

As far as the second group of experiments is concerned, the following choices have been made:
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1. The range, azimuth and elevation of the targets have been selected in the intervals [1.9, 2.8]
m, [—30°, 35°] and [—10°, 10°], respectively (see Table 5.11).

2. The measurements have been acquired through the whole virtual array of each of our radar
devices.

The following values have been selected for the parameters of the RASCAs: a) Ny = 16
(N4 = 10) in the RPE employed in 2D (3D) imaging; b) Ncsre = Nsrr = 5 in both the STDREC
and the STDAEC algorithms; c) the threshold Tor = 0 has been selected in the STDAE-S4
algorithm; d) the values of the parameters Ny and M are equal to those employed for the STDREC
in the previous paragraph; e) the oversampling factor is M = 16 (M = 7) for Inras FMCW radar
(for the TT FMCW), so that the FFT order is Ng = 256 (Ny = 602). Moreover, the following
values have been selected for the parameters'® of the FFT-BAs and the MUSIC-BAs: C, = 6,
Gs = 6 and Ko = 2. Prior knowledge of L has been assumed and the threshold Tstpagrc has
been selected in the range [0.01, 0.9] - E©[1] (5.58) (the value of this threshold has been adjusted
on the basis of the SNR characterizing the received signal and the overall number of detectable
targets).

The estimates of range and azimuth generated by the RASCAs on the basis of the measurements
acquired in our first group of experiments are listed in Table 5.8, whereas the values of RMSE,
peak error and CT computed by averaging the RMSEs, peak errors and CTs evaluated in each
single experiment are listed in Table 5.9. In the last table, the values of RMSE, peak error and
CT for the employed FFT-BAs and MUSIC-BAs are also provided. These results lead to the
following conclusions:

1. All the range and azimuth errors are comparable with the resolution of our devices.
2. The RASCAs always outperform the other algorithms and require a lower CT.

3. The highest range (azimuth) peak errors and RMSEs are found in the case of the Inras
FMCW radar; the TT FMCW radar, instead, achieves the lowest range and azimuth errors.
This is mainly due to the differences in the SNR available at the receive side of distinct
radar devices is different.

The good accuracy achieved by the RASCAs is also evidenced by Fig. 5.17, where a range-
azimuth map [81], generated though standard 2D FFT processing of the measurements acquired
through the Inras FMWC radar, is represented as a contour plot!”; in the same figure, the
exact position of the five targets employed in our first group of experiments and their estimates
evaluated by all the considered algorithms are shown.

Let us consider now on the results obtained for our second group of experiments. The estimates
of range, azimuth and elevation generated by the RASCAs are listed in Table 5.11, whereas the
values of RMSE, peak error and CT evaluated on the basis of this table are listed in Table 5.10.
In the last table, the errors characterizing the FFT-based and MUSIC-based algorithm for 3D
imaging are also provided. From these results it can be inferred that:

1. The RMSEs and the peak errors evaluated for target range, azimuth and elevation are
reasonably low and comparable with those obtained in the case of 2D imaging. Moreover,
these errors are smaller than the ones characterizing the FFT-based and MUSIC-based
algorithms.

2. The azimuth and elevation estimates computed on the basis of the measurements acquired
through the TT and Inras FMCW radars are reasonably good.

16Qur simulations have evidenced that small changes in the value of these parameters do not significantly influence the
detection probability and the estimation accuracy of the considered algorithms.

17Note that = — y coordinates are employed in this case, in place of range and azimuth; the position of the radar system
corresponds to the origin of our reference system.
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5.9. Numerical results

Table 5.8: Exact range and azimuth of the five targets considered in our first group of experiments and
corresponding estimates generated by the RASCAs.

Exp. Method Params. T, Ty T3 Ty Ts
et R(m) 226 251 244 268 221
6(°) 127 -45 10.6 180 28.3
RASCA-FC2 }Z{f;) 2o
1) RASCA-FR2 }ZE;) _23'%
RASCA-FC2 }Zf,n)) 205 240
9)  RASCA-FR2 }Zf};) 202
vy B H
p mascarre G O O
T T R
o mascarre GO BN NS 00
e R
) wsouma B B4 200 e

Table 5.9: Root mean square error £x, peak error €x, and computation time (CT) evaluated on the basis

of our first group of measurements. Target range and azimuth are taken into consideration.

Method ¢ ¢ cT
R(m) 0(°) R(m) 0() (sec)

RASCA-FC2 004 12 005 15 03
FFT-FC2 006 1.6 011 28 04
MUSIC-FC2 005 14 009 24 05
RASCA-FR2 009 1.1 012 18 04
FFT-FR2 013 18 016  2.65 045
MUSIC-FR2 013 1.6 0.16 249  0.45
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Figure 5.17: Representation of the range-azimuth map (in # — y coordinates) computed on the basis of
the measurements acquired through the Inras FMCW radar in the presence of five targets. The exact
position of each target and its estimate obtained through the RASCAs (shown in Table 5.8) and the other
algorithms are also shown. The rectangles allow to delimit the region in which the position of each target
and its estimates are located.

Table 5.10: Root mean square error £x, peak error éx and computation time (CT) evaluated on the basis
of our second group of measurements. Target range, azimuth and elevation are taken into consideration.

g é CT

Rm) 6() ¢(°) R(m) 0(°) ¢(°) (sec)
RASCA-FC3 0.05 2.8 1.9 0.07 3.9 2.5 2.0
FFT-FC3 0.07 3.0 1.5 0.08 4.2 2.1 1.5
MUSIC-FC3 0.07 3.9 3.2 0.08 6.4 3.8 1.6
RASCA-FR3 0.06 2.0 2.3 0.08 3.0 3.0 2.6
FFT-FR3 0.1 1.0 2.1 0.17 1.5 3.2 1.1
MUSIC-FR3 0.1 1.0 2.2 0.15 1.5 3.3 1.3

Method

3. The average CT is in the order of few seconds for all the proposed algorithms; the lowest
(highest) average CT is found in the case of the TT FMCW radars (Inras FMCW radar).
This is mainly due to the fact that the STDREC algorithm employed in the case of the Inras
FMCW requires an higher computational effort with respect to its counterpart employed
with the TI FMCW radar.

4. In general, the CT of RASCAs is higher than that required by the proposed FFT-based or
MUSIC-based methods. This is mainly due to the recursive cancellation procedure that is not
employed by the other two methods. However, we believe that this cancellation procedure
plays a fundamental role in the detection of weak targets and allows to achieve a good
estimation accuracy.

The good accuracy and resolution provided by the RASCAs are highlighted by Fig. 5.18,
where the exact positions of the five targets employed in our second group of experiments and
their estimates produced by all the considered algorithms are shown; note that, unlike FFT-based
and MUSIC-based algorithms, the RASCAs achieve good accuracy even in the presence of closely
spaced targets, like Ty and T5.
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5.9. Numerical results

Table 5.11: Exact range, azimuth and elevation of the five targets considered in our second group of
experiments and corresponding estimates generated by the RASCAs.

Exp. Method Params. T Ty T3 Ty Ty
R (m) 1.94 234 275 249 2.08

Exact 6(°) 278 99 0 140 352
#(°) -60 20 -21 -70 -20
R (m) 1.89
RASCA-FC3 0() 258
6 (°) 40
R (m) 2.04
D RASCA-FR3 0 993
o (°) 15
R (m) 1.89 2.12
RASCA-FC3 o 959 37.8
6 (°) -34 -2.3
R (m) 20 2.1
2) RASCA-FR3 6 (°) -27.0 34.2
6 (°)  -8.0 25
R (m) 189 243 2.12
RASCA-FC3 g o)) 959 g6 37.8
6(°) 34 11 -3.4
R(m) 20 245 2.1
3) RASCA-FR3 6 (°) 229 -10 31.5
#(°) -40 5.0 -3.0
R (m) 189 244 2.48 2.12
RASCA-FC3 6(°) -252 -86 20.1 37.3
6(°)  -32 -06 6.9 -2.9
R(m) 20 24 2.45 2.1
4) RASCA-FR3 6(°) -295 -12.0 18.3 335
#(°) -40 5.0 50 -3.0
R (m) 189 244 283 248 212
RASCA-FC3 6 () -252 86 32 20.1 373
#(°) -32 -06 -287 -69 -29
R(m) 198 24 265 24 213
5) RASCA-FR3 6(°) -276 -150 04 183 373
() -58 5 -1.1 -3 -62
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Figure 5.18: Representation of a 3D scenario characterized by five targets. The exact position of each
target and the corresponding estimates evaluated by all the considered algorithms are shown (all our
radar systems are considered).

5.10 Conclusions

In this chapter, four novel algorithms, dubbed range & angle serial cancellation algorithms
(RASCAs), have been developed for the detection and the estimation of multiple targets in
colocated MIMO radar systems. All these algorithms can be seen as instances of a general
approach to target detection and estimation, and exploit new methods for the estimation of
multiple overlapped real and complex tones. As evidenced by our computer simulations run on
both synthetically generated data and measurements acquired through commercial devices, the
devised algorithms are able to generate accurate 2D and 3D radar images in the presence of
multiple closely spaced targets and outperform other algorithms based on the computation of
multiple FF'Ts or on the MUSIC for DOA estimation.
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F

Approximate expressions for the cost functions of the

CSFE and the SFE

In this appendix, the derivation of the approximate MSEs ecsrr(A, A) (4.40) and espg (A, C)
(4.75) is sketched.

F.1 Complex Single Frequency Estimator

To begin, we rewrite eq. (4.23) as
en(F,A) = A% + A7 — 22 A + 2ll) Ay) cos(én)
(x(I)AR - CC(R)A[) sin(¢n) + [Ten)?, (F.1)
where Ar 2 R{A}, A; £ S{A}, ngl) 2 R{zen}, ﬂfc,n 2 {z.n} and ¢, is defined by eq. (4.37)

(see also eq. (4.38)). Substituting the RHS of eq. (4.37) in that of eq. (F.1) produces, after some
manipulation,

en(F, A) = |zen)? + A% + A3
—2(:1:&{7?;13 + nggflf) . [cos(é ) cos(nA) — sin(6,) sin(n A)}
—2(:6((:{,1213 — x((:ﬁ)fll) . [sin(én) cos(nA) + cos(6,,) sin(n A)} . (F.2)
Finally, substituting the approximations
A L 9xe2
cos (nA) ~1— 5" A, (F.3)
and
sin (nA) ~nA—n -
in the RHS of eq. (F.2) and, then, the resulting expression in the RHS of eq. (4.20) produces eq.
(4.40).

(F.4)

F.2 Single Frequency Estimator
A similar procedure is followed in the derivation of eq. (4.75). First of all, we rewrite eq. (4.75) as
sn(F, C’) = x?n + 2 [6‘12% + C’ﬂ
—4Cp [mn cos(f,) cos(nA) — z,., sin(éy) sin(nA)]
+4C; [xT n sm(é ) cos(nA) + Ty cos(én) sin(nﬁ)}
+2 (C% CI) [ 0,) cos(2nA) — sin(26,) sin(2 A)}
—4CRrCy [sm( 20,,) cos(2nA) + cos(26,,) sin(2 nA)} (F.5)
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using standard trigonometric formulas. If the normalized frequency Fppr (4.29) is small enough
(i.e., if the FFT order Ny is large enough), the trigonometric functions cos(knA) and sin(knA)
appearing in the RHS of eq. (F.5) (with £ = 1 and 2) can be approximated as'

sin (nA) ~ nA, (F.6)

cos (nA) ~1— %MA?, (F.7)

sin (2n4) ~ 2nA - gm«% (F.8)

e cos (mA) ~ 1 2n2A2. (F.9)

Substituting the RHSs of eqgs. (F.6)—(F.9) in that of eq. (F.5) and, then, substituting the resulting
approximate expression in the RHS of eq. (4.20) yields eq. (4.75).

INote that the approximation adopted for sin(2nA) (cos(2nA)) is more accurate than the one used for sin(nA) (cos(nA)),
since the width of the interval of its argument is twice that of the last function.
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G

Cancellation Procedures employed in the CSFE/CSFEC
and the SFE/SFEC

G.1 Spectrum cancellation employed in CSFE and SFE

In this paragraph, the expression of the vector Cy (fll [r—1], Fl[r — 1]) appearing in the RHS of
eq. (4.92) is derived. First of all, let us take into consideration the CSFE; in this case, Co(-, ") is
computed to cancel the contribution of the sequence (see eq. (4.22))

Sn (F’l, zzll) £ Ajexp (jQWnF}) = Ajw)! (G.1)
to the vector Xy (4.30); here, )
w; £ exp(j2nFy). (G.2)
Since X is the Np-th order DFT of the zero-padded vector xozp (4.31) (where the vector xg
collects the elements of the complex sequence {z.,; n =0, 1, ..., N —1}), it is easy to prove that
= 7 - < 5
Co(Adlr — 1], Filr = 1) = 4, Wy, (G.3)

where W(()l) denote the Ny-th order DFT of the vector
T
w2 {1,@,@?, @10, ...,0} . (G.4)

Then, the m-th element of the vector V_V(()l) is given by

) _ i _ B 2mm
Wy’ [m] = N Z wy eXP( jiNo n)
1 Nl
= 3 alm)", (G:5)
n=0
where
q[m] £ exp <327r (13’ — >> (G.6)
No
Therefore, the identity
N-—1 qN 1
S =ttt (G.7)
n=0 4= 1

holding for any g € C, can be exploited for an efficient computation of all the elements of the
vector V_V(()l).

Similar considerations can be formulated for the SFE. However, in this case, eq. (G.1) is
replaced by (see eq. (4.64))

Sn (Fl, C’Z) £ Clexp (j27mFl) + Cf exp (—j27mFl)
= Cy (w)" + Cf (@])", (G.8)
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where w; is still defined by eq. (G.2). Consequently, eq. (G.3) is replaced by
Co(Ailr — 1], Bir — 1)) = WY + CF W, (G.9)

where W(()l) is the Ny-dimensional vector defined above and W(()l)c denote the Ny-th order DFT of

the vector (v_v(()l))*. Therefore, the m-th element of the vector V_V(()l)c is given by

N-1

Wilm] = > (@) e (~%)
- }VN: (e )", (@.10)
e ge [m] 2 exp <j27r ( j ;\Z})) (G.11)

Again, the identity (G.7) can be exploited for an efficient computation of all the elements of both
the vectors W((]l) and V_V(()l)c

G.2 Leakage cancellation employed in CSFEC and SFEC

In this paragraph, the expression of the quantity Xlk,k(fil [r—1] B [r—1] ,ch [r]) appearing in
the RHS of egs. (4.96) and (4.99) is derived for the CSFEC and the SFEC algorithms. In the first
case, this quantity is computed to cancel the contribution of the sequence {s,(F}, 4;)} (G.1) to
kap[r] for k=0, 1, 2 and 3. Since kap[r] is defined by eq. (4.42), it is not difficult to show that

X (Al r—1],E [r — 1], ., [r]) = AW (E,, 7)), (G.12)
where
W), 7 1= ,
W, (Fer [r]) = N n" w;" exp (—jQWnFcr [7‘])
N

=N 2 n" (q[r]) (G.13)

and B )
alr] 2 exp (j2m (B — Fur [1])) (G.14)

Therefore, the identities (G.7) and (4.84)—(4.85) can be exploited for an efficient computation of
all the terms appearing in the RHS of egs. (4.96) and (4.99) for £k =0, 1, 2 and 3.

In the second case, the only modification with respect to the first one consists in adding the
term C*;‘WSZ(FCT[T]) to the RHS of eq. (G.12). Note that

T (l) L ) ~
VV,{/,,C = nzo n" (w;)" exp ( j2mnk,, [r])
| N1
=y 2t b (G.15)
where
2 exp (—j2r (Fi+ Fur 11]) ) (G-16)
Therefore, the identities (G.?) and (4 84)—(4.85) can be exploited for an efficient computation of

all the terms appearing in the RHS of egs. (4.96) and (4.99) even if the SFEC algorithm is used.
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Derivation of the bias of the CSFE

In this Appendix, the bias of the CSFE algorithm is analysed in the case in which the parameter
A is computed on the basis of eq. (4.52). To begin, let us assume that: a) the complex sequence
{xcn} is not affected by noise, so that (see egs. (4.18) and (4.28))

Zen = Aexp (j2mnF) = Aexp (j2mn (F. + 6 Fprr)) ; (H.1)
b) & = « (see eqgs. (4.54) and (4.55)). Then, it is easy to show that (see eq. (4.42))
) N-1
Xy pi-1) = Nonz_;)n exp (j2mnd) (H.2)
and
) 4 Nl ) »
Xy pli1) = Nonz_;]n exp (j2mnd) (H.3)

where ¥; £ (§ — 0;) Fppr and §; 2 (F(0) — FC(O))/FDFT. The identities (4.84) and (4.85) allow us
to rewrite egs. (H.2) and (H.3) as

1,V — gt — Ng + ¢

X, -1 = N (q ) (H.4)
and
_ 1 (N=1)2gV"2 4 (=2N? + 2N +1) ¢ + N2gN — ¢ — g;
X (1) = 7A qz q’L qz q’L q’L (H 5>
2,pt No (Qi _ 1)3 ’

respectively, where ¢; 2 exp (j279;). If the normalised frequency Fppr (4.29) is small enough
(i.e., if the FFT order Ny is large enough), the quantity ¢; can be approximated through its
truncated Taylor series 1 + j271; — 2#21912 — j47r319§ /3. Then, substituting this approximation in
the RHS of egs. (H.4) and (H.5) and, then, the resulting expressions in the RHSs of egs. (4.49)
and (4.50) yields, after some manipulation,

’ 2

i— A% X A
b (p< 1)) £ R{A"X, o} = Forre g (2N = )N (N - 1). (H.6)

and
(2N — 1) N(N —1)9;
1+ 4#219? ’

respectively. Then, substituting the RHSs of the last two equations in that of eq. (4.52) gives

- NS ™
c (,O(Z 1)) 2 _G{A Xl,p(i—l)} = _FDFT|A|2§ (H.7)

‘ H.8
1+ 4%219? (H.8)

Note that 1; gets smaller as ¢ increases if the CSFE converges; therefore, the last expression can
be approximated as

AD ~ 279; = or (5 . &) Forr = A — A, (H.9)
where Al £ 27T&'FDFT. This proves that the CSFE is unbiased.
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Computational complexity of single tone estimators

In this Appendix, the computational complexity, in terms of flops, is assessed for the CSFE and
the SFE developed in Paragraphs 4.3.1-4.3.2.

1.1 Complex Single Frequency Estimator
The overall computational cost of each this algorithm can be expressed as

Ccsre = Ci csrE + Ncsrr Cr.CSFE, (L.1)

where C; csrg, Crosre and Nospe represent the cost of its initialization, that of each of its
iterations and the overall number of iterations, respectively. The general criteria adopted in
estimating the computational cost of both C; csrr and C, csrr are the same as those illustrated
in [90] and can be summarised as follows:

e 4d — 2 flops are required to compute the inner product ul v of a d x 1 complex column
vector and a d x 1 real column vector;

e 6d + 2(d — 1) flops are required to compute the inner product uCT v, of two d X 1 complex
vectors;

e d flops are required to find the maximum element of a vector v € R1*¢:

e 4d? + 14d — 8 flops are required to compute an interpolation based on the elements of a
complex vector v € C1*4;

The cost C; csri is evaluated as
Ci,cSFE = Cx, +Ca + CXk,d + CA7 (1.2)

where: a) Cx, = 8 Ny logy Ny is the contribution due to the computation of the vector X (4.30);
b) C4 = 4Ny is the contribution due to the computation of & on the basis of eq. (4.55); ¢)
Cx,.. = 33N + 15 is the contribution due to computation of Xj, 4 on the basis of eq. (4.42); d)
CA = 29 is the contribution due to the computation of the coefficients of the quadratic equation

(4.47) and to the evaluation of its solution A. The cost Cr.csFE, instead, is evaluated as

Cr,CSFEéCX’ +Cﬁ+CA+CXk7ﬁ+CA (1.3)

where: a) Cx = 6N + 4 is the contribution due to the computation of X (F) on the basis of eq.
(4.27); b) C; = 1 is due to the evaluation of p("1) on the basis of eq. (4.58); c) Ci=6N+2is
the contribution due to the evaluation of A on the basis of eq. (4.33); d) Cx, , = 33N + 15 is
the contribution due to the evaluation of the quantities {X ;i-1)} on the basis of eq. (4.42); e)
CA = 29 is the contribution due to the computation of the coefficients of the quadratic equation

(4.47) and to the evaluation of its solution A. An interpolation technique can be employed
to compute the quantities X (F') and {Xk7ﬁ(i—1)}. In this case, Cy = 4I% + 141 — 8 flops and
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Cx,, = 3(4I? + 141 — 8) flops are needed for the computation of X'(F) and Xk7ﬁ(i—1), respectively,
if a barycentric interpolation technique is used. Substituting the terms appearing in the RHSs of
egs. (I.2) and (I.3) with their expressions and, then, the resulting expressions in the RHS of eq.
(I.1) gives

CcsrE = 4Ng + 8Ny logy Nog + 33N + 44
+Ncsrr(39N + 49). (1.4)

From the last expression, eq. (4.101) can be easily inferred.

1.2 Single Frequency Estimator
The overall computational cost of each this algorithm can be expressed as

Csre = CisFE + NsrE Cr SFE, (I.5)

where C; s¥E, CrsrE and Nspg, represent the cost of its initialization, that of each of its iterations
and the overall number of iterations, respectively. The general criteria adopted in estimating the
computational cost of both C; spr and C, spg are the same as those illustrated in the previous
section. The cost C; spg is evaluated as

Ci SFE = Cx, + Cs -I-CKI0 +CXk,& + CA> (1.6)

where: a) Cx, = 8 Nylogy Ny is the contribution due to the computation of the vector Xg (4.30);
b) C4 = 4Ny is the contribution due to the computation of & on the basis of eq. (4.78); ¢)
Ck, = 6logy N 4151 is the contribution due to the evaluation of the quantities { K1 (2&), K2 (2&),
K3 (2&)} on the basis of eq. (4.76); d) Cx, , = 14N + 10 is the contribution due to computation
of X4 on the basis of eq. (4.42); e) C4 = 65 is the contribution due to the computation of the
coefficients of the quadratic equation (4.47) and to the evaluation of its solution A. The cost
C,sFE, instead, is evaluated as

CT,SFEéCg—i-Cx——FCﬁ—i—Cé—FCXk’ﬁ+CKP+CA (I.7)

where: a) C, = 15 is the contribution due to the computation of g(F) on the basis of eq. (4.74);
b) Cx = 6N + 4 is the contribution due to the computation of X (F) on the basis of eq. (4.27); c)
Cs = 1 is due to the evaluation of p(""1) on the basis of eq. (4.58); d) Cp = 17 is the contribution
due to the evaluation of the complex amplitude C' on the basis of eq. (4.73); e) Cx, , = 14N + 10
is the contribution due to the evaluation of the quantities {Xk’pA(i—l)} on the basis of eq. (4.42);
f) the cost Cx, = 6logy NV + 151 is the contribution due to the evaluation of the quantities
{K,(2p%D)} on the basis of eq. (4.76) g) Cx = 65 is the contribution due to the computation
of the coefficients of the quadratic equation (4.47) and to the evaluation of its solution A Tt
is worth mentioning that, as explained in Paragraph 4.3.2, an interpolation technique can be
used to compute the quantities X(F) and {Xk’ﬁ(i—l)}. In this case, Cy = 4I% + 141 — 8 flops
and Cx, ; = 3(4I% 4 141 — 8) flops are needed for the computation of X (F) and {Xkﬁ(i—l)},
respectively, if a barycentric interpolation technique is used [61]. Substituting the terms appearing

in the RHSs of egs. (1.6) and (I.7) with their expressions and, then, the resulting expressions in
the RHS of eq. (I.5) yields

Csre = 4Ny + 14N + 8N, 10g2 Ny + 610g2 N + 226
+Nspp (20N + 6logy N + 269). (L8)

From the last expression, eq. (4.102) can be easily inferred.
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Computational complexity of the RASCA-FC3

In this Appendix, the computational complexity, in terms of flops, is assessed for the RASCA-FC3
developed in Paragraph 5.4. The overall computational cost of this algorithm can be expressed as

Crcs = NvrCt, + Nao K1, C1y, + Ly K1, C14 + C, (J.1)

where Cr, is the contribution due to the first task of the the RASCA-FC3, Kt, (K,) represents
the overall number of iterations carried out by the STDREC (STDAEC) algorithm, Ct, (Cr,)
is the contribution due to a single iteration of the STDREC (STDAEC) executed on a single
VA (on the whole virtual array for a given frequency bin) and Cr_, is the contribution due to
the computation of the spatial coordinates of the overall image. The general criteria adopted in
estimating the computational costs appearing in the RHS of (J.1) are illustrated in [90] and can
be summarised as follows:

e 4d — 2 flops are required to compute the inner product uCT v of the d-dimensional complex
column vector u. and the d-dimensional real column vector v;

e 6d + 2(d — 1) flops are required to compute the inner product ul v, of the d-dimensional
complex vectors u. and v;

e d flops are required to find the largest element of d-dimensional real vector v;

e 4d? 4 14d — 8 flops are required to compute an interpolation based on the elements of the
d-dimensional complex vector v.

e 8dlogy(d) flops are required to compute the FFT of the d-dimensional complex vector v.

The expressions of the computational costs associated with each of the three tasks of the
RASCA-FC3 are illustrated below.
Ty - The cost Ct, can be expressed as

CTI £ ka,zp + CXk’ (J~2)

where: a) Cx,, = 4 N is the contribution due to the computation of the vectors {x,(:%P; k=0,1,2}
(see (5.38)—(5.40)); b) Cx = 24Ny logy Ny is the contribution due to the computation of the vectors
(X | =0,1,2} (see (5.42)).

Ty - The computational cost of this task is mainly due to its main algorithm, i.e., to the
STDREC algorithm. The cost Ct, can be expressed as

Cr, = CosFe + Cex, +Ck; (J.3)

where: a) Cosrg = 4Ncsrrl? is the cost originating from the CSFE! employed in STDREC-S1; b)
Ccy, = 18Ny is the contribution due to the computation of the vectors (ng{’j) [], C(va) [i], Cg;“)[z})

1Note that, in this case, the cost of the CSFE does not account for the evaluation of three DFTs, since these have been
already evaluated in T1.
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(see (5.120)-(5.122)); ¢) Cp = 8 Np — 2 is the contribution due to the computation of the residual
energy (see (5.49)).
T3 - The cost Ct, can be expressed as

Cry £ CosFry + Cxvr) + CesFey + Cxop + CesFEor + CE, (J.4)

where: a) Cosrg, = 8N logy(No) + 4Ncsrrl? is the cost originating from the CSFE employed in
STDAE-S1; b) Cxvr) = 6 NyyvNyu + 2Nyv is the contribution due to the computation of the
vertically folded spectrum XEVF) [l] (5.71) in STDAE-S2; ¢) Ccsri,, = 8No logy(No) + 4Ncsprl?
is the cost originating from the CSFE employed in STDAE-S3; d) Cx,. = 6NvvNvu +
18 Nyv Nyvu Ny is the contribution due to the computation of the overall folded spectrum
{Xmor[l];m = 0,1,2} (see (5.73) and (5.78)); e) Cosrror = 4Ncosprl? is the cost due to
the CSFE? in STDAE-S4; f) Cp = 6 Nyy Nyy is the contribution due to the computation of the
residual energy in STDAEC-S3 (see (5.58)).

Finally, the cost Ct,, = 5L is required to generate the overall point cloud.

Based on the results illustrated above, (J.1) can be rewritten as

Cres =NVR(4N + 24Ng logy(No))
+ N, (4Ncsrel? 4+ 26Ny — 2)
+ Nr,(12Ncsrel? 4+ 2Nyy + 18 NynNyy
+ 18 Nyg Nyy No + 16 Ng logy (No) + 5L, (J.5)

where N1, £ Ng Kt, and Nt, = L Kr,.

2Note that, in this case, the cost of the CSFE does not account for the evaluation of three DFTs, since these are made
available by overall folding.
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Six

Conclusions and Future Research Activities

In this chapter, some conclusions and suggestions for future research activities are illustrated.

Conclusions

In this dissertation, two lines of research have been presented. First, a FG approach has been
adopted to develop new solutions to the filtering and smoothing problems. First, this approach
has allowed us to provide a new perspective on the filtering problem for CLG SSMs; this has
led to a new interpretation of marginalized particle filter (MPF) as a forward only message
passing algorithm over a proper FG and to the derivation of a new filtering algorithm, called dual
MPF (DMPF). Then, it has been exploited to devise a family of filtering algorithms, collectively
dubbed multiple Bayesian filtering, that involve multiple interconnected Bayesian filters running
in parallel. An example of this family, based on the interconnection of an extended Kalman
filter with a particle filter, has been derived for CLG SSMs. Finally, the conceptual approach
proposed for filtering has been exploited to develop new smoothing algorithms based on the
interconnection of two Bayesian filters in the forward pass and of two backward information filters
in the backward pass. This has allowed us to derive a new approximate method for Bayesian
smoothing, called double Bayesian smoothing. All the obtained results have confirmed that FGs
represent a powerful tool to: a) describe and interpret known algorithms as message passing; b)
derive novel iterative algorithms in cases in which the graphical model underlying the considered
problem is not cycle-free. Simulation results obatined for specific SSMs have evidenced that the
developed filtering techniques perform closely to other well known filtering methods, but are
appreciably faster or offer a better tracking capability. As far as the new smoothers are concerned,
they have been compared, in terms of both accuracy and execution time, with other smoothing
algorithms for specific dynamic models; our simulation results have evidenced that the devised
algorithms can achieve a better complexity-accuracy tradeoff and a better tracking capability.

Secondly, novel methods for 2D and 3D radar imaging have been developed. These methods
rely on two new algorithms, dubbed single frequency estimator (SFE) and complez SFE (CSFE),
for detecting and estimating a single real or complex tone. Such methods can be exploited to
estimate multiple tones through a serial cancellation procedure. The accuracy and robustness of
the devised single tone and multiple tone estimators have been assessed by means of extensive
computer simulations. In particular, our numerical results have evidenced that these estimators
outperform all the other related estimators available in the technical literature in terms of
probability of convergence and accuracy, in the presence of multiple tones. The application of
these methods to a colocated MIMO FMCW radar system has led to the development of four novel
algorithms, dubbed range & angle serial cancellation algorithms (RASCAs), for the detection
and the estimation of multiple targets in colocated MIMO FMCW radar systems. All these
algorithms can be seen as instances of a general approach to target detection and estimation.
Our computer simulations, run on both synthetically generated data and measurements acquired
through commercial devices, have evidenced that the RASCAs are able to generate accurate 2D
and 3D radar images in the presence of multiple closely spaced targets.
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6.

CONCLUSIONS AND FUTURE RESEARCH ACTIVITIES

Future research activities

Future research activities in line with the work illustrated in this thesis include:

a) The application of multiple Bayesian filtering to multiple target tracking in MIMO radar

systems — Recently, factor graphs and the SPA have been exploited to solve the problem of
multi target tracking in the cases of both point targets and extended targets [1, 2|. Even
though the computational complexity of this methods is lower than that of other methods
appeared in the literature, it is still high. Multiple Bayesian filtering might represent a useful
tool to develop simpler filtering methods having a scalable and parallelizable structure.

b) The development of 2D and 3D radar imaging for dynamic propagation scenarios — The

algorithms for 2D and 3D radar imaging (namely, the RASCAs) have been developed under
the assumption of a static or slowly changing propagation scenario. The same conceptual
approach as that employed in the development of the SFE and the CSFE could be be
exploited to devise algorithms for the detection of multiple point targets, and the estimation
of both their spatial coordinates and radial velocity. Multi target tracking algorithms, in
turn, can leverage on speed information to improve their accuracy.

c) The development of 2D and 3D radar imaging for MIMO OFDM and OTFS radars — Re-

cently, substantial attention has been paid to the possibility of combining sensing and
communications in vehicular applications. In ref. [3], a joint radar parameter estimation
based on the orthogonal time frequency space (OTFS) modulation has been developed; the
numerical results shown in that manuscript lead to the conclusion that radars employing
that modulation format should achieve an estimation accuracy similar to that provided by
state-of-the art FMCW radars. Future efforts should be devoted to the development of novel
algorithms, based on the approach illustrated in the derivation of the SFE and the CSFE,
for the detection of multiple targets and the estimation of their parameters in OTFS-based
radar systems.
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