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Introduction

This thesis is about simple random walks on some classes of lattice graphs in two dimen-
sions, with a set of directed edges whose orientation is chosen either deterministically or
randomly. We are mainly concerned with the type problem, that is to determine whether
the simple random walk on such graphs is recurrent or transient.

Our starting point is a paper of 2003 by Campanino and Petritis [I]: the authors
were concerned with the study of type and speed of a simple random walk (M,,),>0 on
partially directed versions of the square grid lattice. More precisely, for any y € Z they
required all the horizontal edges leading out from vertexes (z,y),z € Z to be oriented in
the same direction, specified by a {—1, 1}-valued variable €,: to the right if ¢, = 1 and
to the left if ¢, = —1 (alternatively, we say that “level y” is oriented, respectively, to the
right and to the left). All the vertical edges remain unoriented. Their main result is that
if (ey)yez is a family of i.i.d. Rademacher random variables, then M is e-a.s. transient,

that is

> Po(M, = (0,0) | o{e,ly € Z}) < 00 as.

After the work of Campanino and Petritis, their model and related ones have been
further investigated by different authors: just to cite some of the papers that have
appeared in recent years, in [12] and [I1] a functional central limit theorem for the random
walk is established; in [3] the authors obtain a local limit theorem for the probability
of return to the origin, while in [I3] the range of the walk is analyzed. In [2] the type
problem is solved for a class of orientations given by periodic functions, whereas in [22]

the a.s. transience is generalized to a certain class of stationary orientations. In [4] the
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authors analyze a more general model, where the probability of staying on one oriented
line is non-constant. One common feature of these papers is that they all deal with
directed version of the square grid lattice.

In this thesis we start instead by considering a different model, where the underlying
graph is a honeycomb lattice. We recall that a honeycomb lattice is a sub-graph of the

square grid obtained by eliminating a periodic set of vertical edges (see figure |1).

»
»
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v
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Figure 1: The randomly oriented lattice H..

Precisely, the honeycomb lattice is H := (Z2, E), where E = E,\E, with E; the set

of nearest neighbor bonds in Z? and

By :={((24,2k), (24, 2k + 1))| j, k € Z}

U{((25,2k + 1), (2),2k))| 5. k € Z}

U{((2j + 1,2k +1),(2§ + 1,2k +2))| j, k € Z}
((

U{((2j+1,2k+2),(2j+ 1,2k +1))|j, k € Z}.

Analogously to the square grid case, we let the horizontal levels be oriented by a
family (e,)yez of {—1,1}-valued variables, while the vertical edges remain unoriented:
we call the resulting randomly oriented graph H.. Our aim is to solve the type problem
for the simple random walk on this graph, under different assumptions on the sequence

€.
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One important tool in the analysis of the Campanino and Petritis model is the de-
composition of the random walk into two components, a vertical motion and a horizontal
one, such that on a certain sequence of random times it reproduces the law of the process.
This decomposed walk encodes important information of the actual walk: in particular
its recurrence behavior is the same as the actual random walk. However when deal-
ing with the honeycomb lattice, the principal issue stems from the lack of decoupling
between vertical and horizontal components of the walk that is instrumental in the afore-
mentioned papers: here, the vertical skeleton of the walk is not -as in the square grid
case- a one dimensional simple symmetric random walk, but a Markov process of order
2.

The first result of our work is theorem 1| in Chapter |1, which states that, if € is a
sequence of i.i.d. Rademacher random variables, then the random walk on H, is e-a.s.
transient. This is obtained by using local limit estimates for Markov chains as established
in [15], instead of local limit estimates for i.i.d. variables (as they have been used e.g. in
[1]); and also a Tauberian theorem to generalize standard results for the simple random
walk in Z to the vertical skeleton of H,, while some technical issues require to specialize
the arguments of Campanino and Petritis to the new setting.

In Chapter 2| we consider a class of directed honeycomb lattices where a certain degree
of periodicity in the orientations of the levels is assumed: first, in theorem [2| we show
that if the sequence (€,) is deterministic and periodic, and such that Zy e, = 0, then the
random walk is recurrent; then, we introduce random perturbations around the origin
that decay polynomially according to an exponent S and, depending of the value of [,
we classify the type of the walk. Again, our results extend those obtained for the square
grid oriented lattice (cfr. [2]). Here, mainly due to the lack of a reflection principle
for the vertical skeleton, we develop a new technique to tackle the problem: the main
idea is to exploit the periodicity of the orientations by means of a conditional local limit
T

theorem for the occupation times of the vertical skeleton.

Finally, we consider a model where the orientations are ergodic and non periodic,

IThese results have been accepted for publication in Markov Processes € Related Fields.
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but the random walk is nonetheless a.s. recurrent: this shows in particular that the
a.s. transience in the i.i.d. setting can’t be generalized to the ergodic setting without

assuming further hypothesis on the mixing rate of € (cfr. [22]).

The results of Chapter |1/ and [2| can be seen as a first step toward the generalization
of the work of Campanino and Petritis to a larger class of partially directed graphs.
Moreover, as we observe in appendix (Al a simple reformulation of our theorems relates
them to a conjecture (see [10]) involving the oriented square grid where both the vertical
and horizontal levels are oriented. It turns out that, if the levels in one coordinate are
randomly oriented by Rademacher random variables and in the other coordinate are

alternate, the simple random walk is a.s. transient.

In this thesis we also consider the type problem for some so-called revolving random
walks: this name comes from the fact that they are simple random walks on (deter-
ministic) directed version of the two-dimensional square grid lattice that, because of the

direction imposed by the oriented edges, are bound to revolve clockwise.

The first graph of this kind that we introduce, which we call Gy, is in fact a square grid
where the horizontal levels are oriented according to the deterministic function e(y) = 1
if y > 0, and €(y) = —1 otherwise, while the vertical edges stay unoriented (see figure
2(a)). The simple random walk on this graph was already known in the literature: it
appeared for the first time in [I], where it is shown to be transient. Then, it has been
studied again in [19] and [20]: the authors were mainly concerned about one-dimensional
oscillating random walks and in fact they notice that the simple random walk on Gy,
seen at the times of consecutive returns to the x-axis, exhibits an oscillatory behavior.
Interestingly, in the same work they introduce a new directed graph, that we shall call
G,: precisely, Gs is obtained from Gy by redefining only the orientations of the edges
leading out from z-axis, that is, ((v1,0), (wy, ws)) with v; = wy and wy = £1 is an edge
if and only if wy = —1 and v; = w; > 0, or wy = 1 and v; = wy < 0, or wy = 1 and
v; = wy = 0 (see figure [2(b)). Although it is obtained by a simple modification of Gy,
the analysis of its type turns out to be more delicate and the authors conjectured that

this revolving random walk is in fact recurrent.
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Figure 2: The transient graph Gy is represented in figure (a), and the recurrent graph
G in figure (b): the arrows indicate the orientation of the corresponding edges. At the

right sides, a realization of 5000 steps of the corresponding random walks is shown.

In Chapter 3| we confirm their conjecture [ the idea of our proof is to use the

2All the results presented in Chapter |3/ are from a joint work with Yuval Peres, Principal Researcher
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Lyapunov function method (cfr.[20], Thm.2.5.2, p.53). To do so, we start considering a
process W which is the continuous-time analogous of the simple random walk on G,, and
show that W is recurrent: then, the analysis of this process leads us to find an appropriate
Lyapunov function, whose expectation can be computed easily in the continuous case,
and finally develop an approximation technique to estimate it in the discrete setting.
To complete the analysis, we obtain also a local limit theorem for the return proba-
bility to the origin of the random walk on G, showing that it is asymptotic to a constant

3

times n~%/2 and giving, in particular, a new proof of transience.

at Microsoft Research, Redmond, and Yiping Hu, Ph.D. student from the University of Washington,
Seattle. A preprint of our work is currently available on arXiv at https://arxiv.org/abs/1807.03498


https://arxiv.org/abs/1807.03498

Chapter 1

Random walks on randomly

oriented honeycomb lattices

A directed (or equivalently, oriented) graph is a pair G = (V,E), where V is a denumer-
able set of vertexes and E C V x V is a set of directed edges. Let df := [{z € V|(z,u) €
E}| and d;, := |{z € V|(u,x) € E}| be, respectively, the inwards degree and the outwards

T d <oo,VueV.

U

degree of u € V and assume the graph is locally finite, i.e. d

Definition 1. The simple random walk on G started at vy € V is a Markov chain
(M,)nen with state space V and My = vy, and transition probabilities given by

= if (u,v) € E,
]P)(Mn+1 - /U‘Mn = u) - “

0  otherwise.
Definition 2. We say that a state € V is recurrent if  ° P, (M, = z) = oco.

Otherwise, the state is said to be transient.

Recurrence and transience are class properties (see e.g. [18], prop. 21.3), meaning
in particular that for an irreducible Markov chain either all states are recurrent, or
transient: we say, respectively, that the chain is recurrent, or transient.

Consider now the directed graph H, which we defined in the introduction, where

€ = (€y)yez is a sequence of {—1, 1}-valued variables. Note that for each vertex v of H,

11



12 Random walks on randomly oriented honeycomb lattices

we have d, := d} = d; = 2. Then the simple random walk M on H, has the following

transition probabilities

N

if (u,v) is an allowed edge of H,
P(M, 1 =v|M, =u) =

0 otherwise.
We shall assume M, = (0,0). Observe that M is necessarily a non reversible irreducible
Markov chain.

Suppose € = (€,)yez is a random sequence: in this case we call € the random environ-
ment. We are interested in the type problem for the simple random walk on H, under
different hypothesis on e.

We shall always assume all the random variables we use to be defined on the same
probability space (2,4, P).

The main result of this Chapter is the following:

Theorem 1. Let € = (e,) ez be a sequence of i.i.d. Rademacher random variables. Then

the simple random walk M on H, is €-a.s. transient.

1.1 Decomposition of the random walk

We want to decompose the random walk in two components, that encode respectively the
vertical and the horizontal motion of the process, following the technique implemented
in [I] in the case of a partially directed square grid lattice, but considering instead the
honeycomb lattice.

Let € be a geometric random variable with values in {0, 1,2, ...} and success proba-
bility %; we want to interpret £ as the number of consecutive horizontal steps that the
random walk performs between two successive vertical steps. In particular, we notice
that the two vertical steps share the same direction (both upward, or both downward)
if and only if & has an odd outcome (cf. figure 1)), which happens with probability

00 1> 1 2m+1
P(¢is odd) = > P({ =2m+1) = <_> —
m=0

1
) 2 3

m=0
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With this observation in mind, we want to define a discrete time process that records

only the successive vertical movements of M.

Definition 3. The vertical skeleton of M is the process Y defined by

k
Yk = E Vg,
=1

for every k > 0, where (vg)r>o is a {41, —1}-valued Markov chain with vy = 1 and

(1.1)

transition matrix:
qg l—gq . 1
, with ¢ = 3
l-q ¢

Remark 1. Y is not a Markov chain. However, by a standard dilation of the state space

into Z x {—1, 1} we can turn it into a Markov chain (Y}, v,)n>0, defined by the following
transition probabilities:

p(yfl)v(y+171) = p(yffl)’(yflffl) =

Wi o] =

p(yv1)7(y_17_1) = p(yv_l)(y+1,1) =

for any y € Z, and P((Yy, ) = (0,1)) = 1. Note that (y,1) corresponds to the state

of Y being at y after an upward step, while (y, —1) is the state of Y being at y after a
downward step.
The next lemma (1] implies in particular the recurrence of the vertical skeleton: this

result will be used extensively in our work.

Lemma 1. We have, as n — oo

C
Py (Y, =0) ~ ﬁ’

where C' 1s a positive constant.
Proof. The result follows directly by the application of a local limit theorem for Markov

chains (th.3 in [I5]) to the process v. O



14 Random walks on randomly oriented honeycomb lattices

Now we want to complete our decomposition by defining the process that represents
the abscissa of the random walk (M,,),>o immediately after the n-th vertical movement

has been performed.

Definition 4. Let n > 0. We define the occupation measure n, at y € Z by

Y) =Y Lvimy)
k=0

Definition 5. Let (§§y))i21,yez be a family of i.i.d. geometric random variables with
values in {0,1,2,...} parameter p = % We call embedded random walk the process

(Xp)n>o0 defined by
1(y)
O o 12
ez i=1
with the convention that ), vanishes whenever 7,_1(y) = 0.

Let n > 1 and
Nin— l(y

_n+z Z gy)

yeZ i=1
be the time just after the random walk M has performed its n-th vertical move. Then

it’s straightforward to see that

MTn — (Xnyyn)

(See figure 3| for an illustration of the decomposition)
Now denote by o,, the sequence of consecutive returns to 0 of Y: note that by lemma
1) we have o, < oo almost surely Vn. Obviously, M7, = (X,,0).

Consider the following sigma-algebras

G :=0(c,,y € 7).

Fn i=0(vi, k <n)

and F VG = o(FUQG), where F = V,,F,. The next lemma 2 links the transience of

(X5, )n>0 to the transience of the original random walk.
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Lemma 2. We have

D Po(X,, =0|FVG) <ooas = > Po(M,=(0,0)| FVG)<ooas.

n=0 1=0
Proof. (See [1], lemma 2.3) O

1

1

(0,0) ]
o e e s e e .

v

e s

r

Figure 3: The first steps of a realization of the simple random walk on H, started at (0, 0),
assuming ey = €; = 1 and €_; = —1. The decomposition into vertical skeleton Y and
embedded random walk X gives here the following: (Xo,Yy) = (0,0), (X1,Y1) = (1,1),
(X2,Y2) = (1,0), (X3,Y3) = (4,—1).

To conclude the section we derive the explicit expression for the characteristic function

of the embedded random walk, a useful tool in the proof of theorem 1|

Definition 6. Let n € N,y € Z and define

n
(y) .—
mn,o T l{Ykznyk:Vk-H}’
k=0
and

n
mfffl = Z L=y witvis )
k=0

Note that 7,(y) = mﬁff?, + mﬁfil, and so we can split the embedded random walk X,

as follows
m'i(zy—)l o mizy—)l e
Yol Xy e ).
yez i=1 i=1

where 52-(? and 51'(,? are two independent families of i.i.d. random variables, that have the

following laws:

2k+2
P(eY) =2k +1) =P(¢ = 2k + 1| € is odd) = 3P(¢ = 2k + 1) = 3 (5) (1.3)
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for every k € N, and
1 242
S = 26) = P(¢ = 2k | s oven) =3 (3) (1.4)

We shall call a random variable odd geometric if its law is given by (1.3)), while (1.4))

defines what we call an even geometric random variable.

Lemma 3. We have
. 3€i0
Xo(@) = E(GXP(Z%%(BW = 4 — 2i0

and x.(0) := E(exp(ié’é?)) = e %, (0), for every 0 € R.

Proof. By (1.3) we have

| , N\* 3¢
9) = = Z 619(2k+1)P(5170 =2k + 1) = Z 619(2]6) (5) - 4 _ee2i9’

k>0 k>0

and similarly by (1.4), xc(6) = =%=. ]

0

Lemma 4. The characteristic function of X, is

E(exp(i0X,,) (H Xo(fey) myy 1°X6<96 )M e ) :

YEL

Proof. By lemma 3

Nn—1(y)
E(exp(i0X,)) =E | E | exp z@Zey Z 5 )| Fu VG
YyEZL i=1
Nn—1(y)
=E | E Hexpz@ey Z fy) V| Fu VG
YEL
(u) (1/)
n 1,0 n 1,e
=E | E Hexp e, ( Z 6“, + Z fze | FaV G
YEL
'Szy)lo '(rLy)le
=E [ E | [Jexplite, Y &¥)exp(ite, > &) | Fav g
YEZL i=1 i=1
(y) (v)
=K HXo(eey " 10Xe(9€y) " 1’6)

YEZ
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1.2 Proof of almost sure transience

Let m, and m, be, respectively, the mean of an odd geometric and of an even geometric
random variable. We follow the strategy of [I] and define, for n > 0, the following

families of events:

1
Ana = {max V] <023, 61> 0

Apo = {maxno, 1(y) < H%MQ}, dg >0
YEL
A, =A1 N AL

Bn = An N {’ Z Ey(momgjw)—l,o + memgiz)—l,e)‘ > n%+53}’ 63 >0
YEL

where 01, 69 and 3 are positive integers that will be chosen later. Observe that, for every

n, A, € Fa, and B, C A,,, B, € F2, vV G. Thus, we can write

Pn = DPn,1 + Pn,2 + Pn,3,
where

Pn1 = ]P(XQn = 07 Yv2n = 07 Bn)
Pn2 = ]P)(XQn = 07 }/271 = 0; An/Bn)

Pns = P(Xop = 0, Y, = 0, A°).

In order to prove transience, we will provide estimates of, respectively, p, 1, pn2 and py, 3,
from which we will deduce that p, is summable. Then the result will follow at once

thanks to the following lemma.
Lemma 5. If -, pn < 00, then (M,)n>0 is a.s. transient.

Proof. From the trivial upper bound

Y P(X,, =0)=) P(X,, =0,Y,, =0) <> P(Xy, =0,Y,=0),

n>0 n>0 n>0
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we deduce that »_ - P(X,, = 0) < co and hence also

> P(X,, =0|F,VG)<ooas.

n>0

By lemma [2, this implies the a.s. transience of (M,,),>0. O

1.2.1 Estimate of p,

Define

2n

Ny = Z Loy =t 1=}
k=1

2n

N: = Z 1{6Yk:1}1{yk7$vk+1}7
k=1

2n

No_ = Z 1{5Yk:—1}1{uk=llk+1}7
k=1

2n

Ne_ = Z l{EYk:—l}l{Vk7éVk+1}7
k=1

and

AIES Nj — N,
Ane =N =N,
Yho =N+ N,
Yhe =N+ N7,

Observe that

_ E : (¥) (¥)
moAn,o + meAn,e - €y (m0m2n—1,o + mean—l,e)
YEZ

and X, , + Xy = 2n.

Let (&)r>1 be a sequence of geometric random variables with values in {0,1,2,...}
and success probability 1/2, and (&,)k>1 and (€xe)r>1 be two families of, respectively,
odd geometric and even geometric independent random variables (the families are inde-
pendent also of each other). Moreover let £, and &, be respectively a odd geometric and

a even geometric random variable, and define s? := 02(¢,), s? := 02(&.).
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Lemma 6. We have

2

t
E(exp(tXa,) | Fon VG) = exp (t(moAmo +meA,.) + b (ngn,o + 832,17@) + O(t3n)> )

Proof. Consider the generating function ¢,(t) = E(exp(t&,)) = defined in ¢ €

4— e2t7

| — 00,1n2[, the largest domain in which ¢,(t) < co. We have

- ZP(@, = k)et* :Zp(go = k) (1 + kt + @ i O(t3))

k>0 k>0

=1+ E(t,) + %E ((t&,)?) +O(t?)
=exp (tmo + tQ%?) + (’)(t3)) (1.5)
Analogously, we define ¢, () to be the generating function of &, and observe that
®e(t) = exp (tme + tz%Z + O(t3)> : (1.6)

Also note that ¢.(t) is finite if and only if ¢ €] — oo, In2[. Finally, by (1.5) and (1.6) we

have

2n 2n
E(exp(tXan) | Fon VG) =E (exp(t Z 1{6yk=1}fk —t Z 1{eyk:—1}§k) | Fon V g)
k=1 k=1

NS NG NS +Ny NS+No
=K Hexp(tfkyo) Hexp(tﬁk,e) H exp(—t&y.0) H exp(—t&pe) | Fan V G
k=1 k=1 k=NJ +1 k=Nt +1

=6o(1)™ P () Bo(—1)N7 po(—1)N
=exp (t(mo(NS — N, ) + me(N; — N_))

e

2
(% (NF+N;) + %G(Nj + N;)) + O(t3n))
2

t
=exp (t (MoAp o +meA, ) + §<832n’0 + sﬁEnye) + (’)(t3n)) )

Proposition 1. For large n, on the set B,,, we have
P(Xz, = 0| Fon VG) = O(exp (—n"))

for any &' €]0,263].
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Proof. Using Markov inequality, we have for ¢t < 0

P(Xs, =0| Fon, VG) <P(X5, <0 | F2, VG)

P(ex (thn) > 1 | an V g)

(

P(tXs, > 0| Fa, VG)
(ex
(

IA

E(ex (tXQn) | ]:Qn V g)
For 0 <t < In2, we obtain analogously the same bound

<E(exp(tXan) | Fon V G).

Then by lemma |6 we obtain

2

t
P(Xs, =0| F2, VG) <exp (t(moAn,o +meAne) + 5 (SEZ,W + ngme) + (9(t3n))

<exp (tH(meAn o + M, e)
2

t
+— 5 max{so, oo + Xne) + O(t3 ))

=exp(t(MmeAn, o + mA, ) + t2s*n + O(t*n)),

1
where s := max{s,, s.}. Then, for the case m,A, , + m.A, . > nzt% we choose t =

_1
no—= and get

n2§3 n253 -1 82

252 * 454

P(Xan = 0| Fon V' G) <exp (— i 0<<n63-%>3n>)

TL263 S 1
- (_ 1 T O™ )

N———

_1
n’ — and get exactly the

. 1
Finally, for the case m,A,, , +m.A, o < —n27% we choose t = P

same bound. W

Corollary 1.

an,l < Q.

neN
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Proof. Observe that
P(Xs, =0,Y2,=0,B, | For, VG) < 15 P(Xy, =0 | F5, V G). (1.7)

In proposition |1 we proved that, on B,, P(Xy, = 0 | Fa, V G) = O(exp (—n?")) for
§' €]0,203[. Then, taking expectations on both sides of (1.7) we obtain

Put < E(O(exp (—n))1p,) = Olexp (—n”))E(Lp,) < Olexp (—n).

Thus, py,1 is summable. O

1.2.2 Estimate of p,»

Lemma 7. We have

IP’(XQ,L:0|]-"2n\/Q):O(%).

Proof. In the proof of lemma 4 we saw that the conditional characteristic function of
Xy, with respect to Fy, V G takes on the following form:
. m® m®)
$(0) = E(exp(i60X2n) | Fan V G) = [ [ Xo(Bey) 2 1oxc(Bey)2n 1
YEL

We have, by the inversion formula
1 ™
P(Xpn = 0| Fou V G) = %/ 6(0)d0.

By lemma 3| we have

3

/17 — 8cos(20)

7(0) == [xe(0)] = [x0(0)] =

Thus

1 [7 17 " »
%/ﬂ P0)d6 S%/ﬂygb@(&eyﬂ 2n-10|x . (fe, )| "2n-1edf

1 ™
- | TLhateeimas

YEL

1
_% -
1 ™

:% B

T(@)Zyez n2n-1(Y) 19

r(0)2"do.
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Now we use the parity of r(0) and the fact that r(f) < 1 in 6 €]0, 7[U]7, 27| to bound

)
with K < 1 the function 7(0) in the interval [Z, 27| U [-%, —3x]. We obtain

s
47
s

1 T 1 1
P(Xo, =0 | Fon VG) g—/ r(0)*"d6 + —/ r(0)*"d0 + O(K*")
™ Jo ™ Jr

_2 /4 r(0)2"d0 + O(K?).
0

™

Now, we have r(0) = 1 — £6% + O(6?) and so for large n

/01: r(8)2"d6 ~ /OZ (6—892>2n d ~ /OOO (e—%@ne?) d ~ %
with ¢ = \/%. O

The next result is the analogous to proposition 4.6 in [1I]; the proof doesn’t require
any modification when switching to our framework. However we include it due to a

simplification that we achieve by applying the Cauchy-Schwarz inequality.

Proposition 2. For large n, we have

255+51

P(AN\B, | Fon) = (’)(n7+ ).

Proof. To simplify the notation, let 7s,(y) := momén) 1o T memgﬁ) 1e- The required

probability is an estimate, on the set A, of P(|>_ 7 €,M2n-1(y)| < nzt% | Fp.). Now
let G be a centred Gaussian random variable with o = n279, independent (conditionally

on F) of €,72,—1(y) for every y € Z. By lemma 3.2 in [2] we have the following inequality

P ( ZeyﬁQn—l(y> < nath | JT) <cP <

yEL
where the constant ¢ is independent of n.

Let

Z 6yﬁ2n—1 (y) + G

YEZL

145
§n2+3|-7:>,

x2(t) =K (exp (itZGyﬁ2n—1(y)) | -7'—2n> = H cos(t2n—1(y)),

yEL YEL

where we used the fact that, conditionally on F>,, EyEZ €yNan—1(y) is the sum of ii.d.

symmetric Bernoulli random variables. Then, let

x3(t) := E (exp(itG) | Fz,) = E (exp(it()) = exp <—%t2n1+253) ,
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Thus,

P <eXp (Zt Z Eyﬁanl(y) + G) ’F2n> = XZ(t)XS(t)a

YEZL

because, conditionally on Fs,, the variables ZyGZ €yon—1(y) and G are independent.

Now we use the Plancherel formula (see e.g. [7]) and obtain

. s nat% [ gin(tn2t%) s
B[S ey )| <0t | Fon | = / xa(H)xs(t) < Cnd+o1,

= T tn%—f—(sg

where C'is a positive constant and I = [ xa(t)xs(¢)dt.
. 64

Fix b, =

3
nz+ss’
|t| < by, the second for |t| > b,. We have

t? dt
I :/ xa2(t)x3(t)dt < C/ exp (__n1+253)
2 |t|>bn 2ttt |t|>bn 2 Vor

1 —n2%4
C / (—32) ds C \/_Q?QXp< 2 )
= exp <2
|s|>nd4 2

for some ¢4 > 0 and split the integral I into I + I5, the first part for

_n%—l-tss N2 T n%+53 no4 ’
because for a standard normal distributed random variable X and for x > 0 we have
1 1 —z2
Now, we need to estimate I;. Of course we have

= [ eas [T leos G (o) i

Note that for |z| < 7 we have |cos(z)| < exp(‘T’”Q). By choosing 63 > d4 + d2, we
can ensure that t7,_1(y) < 1 < 7 for every y and sufficiently large n, and hence by

Cauchy-Schwarz inequality

t2 ~2
/ TT 1 cos (tan-1(y)) |dt g/ [exp (_%n_—l(y)> 0t
[t|<bn yEZ [t|<bn yezZ 2

2" )
:/ exp ) ﬁzn—l(y) dt
[t]<bn s
</ exp (—ct2n2 51) dt
It|<bn
5
=01,
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where c is a positive constant. Finally, putting all together, we have

)

Ozt (I 4+ L)) = O(n2tB 1) = O(nztp it3)) = O(n 3t~ 2

253+51

).

Corollary 2.

an,Q < 0.

neN

Proof. We have

Pn,2 =P X2n 0 Yv2n 07 An\Bn>

(

=E(1ys, 0 E(L a8, 15020 | Fon))
(
(

E 1Y2n 0 ( <1An\Bn1X2n:0 ‘ ‘FQTL v g) ’ an))
=E(1y,,_oE(1a,\B,P(Xon = 0] Fon VG) | Fan))
=0 (n an 2n7+253+61>

5 253 +51

=0(n"1t72 ).
Where we used the estimates of lemma |1, lemma |7/ and proposition 2. Now it’s enough

to choose 203 + 6; < % O

1.2.3 Estimate of p,3

Notice that Aj, = A7 ; U Aj,. We are going to provide exponential estimates of both
P(A; | | Y, = 0) and P(A5, , | Ya, = 0).

Lemma 8. We have, for large n and for every t > 0

2n
E(e™n) ~ ¢ (q cosht + \/q2 cosh®t — (2¢ — 1)) :
with ¢ > 0.

Proof. We have, by the Markov property,

E,, (") = €tV°/7Tu(Vo,dy1)€tyl/Wu(yladyz)etw'"/Wu(?JQn1,dy2n)€ty2"- (1.8)
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It is now easy to see that can compute the quantity (1.8) by means of the 2n-th power

of the matrix
ge! (1 —q)e”
Tyt =

(1—q)" g

with ¢ = % which has the following eigenvalues

A12(t) = qcosht + \/q2 cosh®t — (2¢ — 1).
By the spectral decomposition (e.g. see lemma 12.2 in [I8]), we know that
()™ ~ AL () ha

for large n, where A is the largest eigenvalue and h; represents the (column) eigenvector
associated with \;. Hence for large n
E(e™) = > ()" (vo,y) ~ AT'(t), ¢>0.
ye{l’fl}

O

The following is an analogous to the classical reflection principle for simple symmetric

random walk.
Lemma 9. Letn € N, y € Z. We have

P( max Y; =y, Ys, = 0) < 2P(Y3, = 2y).

0<k<2n
Proof. Consider a path in {maxo<r<an Yr = v, Y2, = 0} and reflect it when it visits y for
the last time, say at time n,, before returning to the origin (see figure 4). Note that the
original path changes direction at time n,, which happens with probability 2/3, while
the reflected one keeps straight (in this case the probability is 1/3); this implies that the
probability of the original path is 2 times the probability of the reflected one. Then the
result follows by noting that the reflected path belongs to the event {Ys, = 2y}. ]

Proposition 3. For large n, there exists 6 > 0 such that

P(AS ) | Yo = 0) = O (exp (—n?)) .
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2y

|
0 ny 2n

v

Figure 4: The reflection principle for the vertical skeleton Y,,. The probability of the
path reflected at time n, (after n, the reflected path is represented by the dashed line)
is half the probability of the original one.

Proof. Let a, = [n279]; we have

Z P(maxo<g<on Y =y, Y2, = 0)

P( max Yj > a, | Y, =0) = P(Ys, = 0)
2n —

0<k<2n

ye{an,an+1 ..... ’I’L}
The estimate for P(ming<g<on Yi < —a, | Y2, = 0) can be obtained by the same argu-

ment, so we shall omit it. By lemma 9

> B(max Yi=yYe=0)<2 Y P(=2)
ye{an,ant1,...,n} ye{an,anti,...,n}

=2 %gg P(exp(tYa,) > exp(2tay))

tYQn
<oinf ).
>0 €2tan

By lemma 8, we have that for large n

2n
E(e*2n) ~c (q cosht + \/q2 cosh?t — (2q — 1)) :
Now by the Taylor expansion at ¢ = 0, and substituting ¢ = %, we have

2+7
6

qcosht+\/q2cosh2t—(2q—1): + st 4 o(t?) < 1 + st?,



Proof of almost sure transience 27

with s = % + %ﬁ’ where the inequality holds for ¢ < ¢* for sufficiently small ¢t*: whence

E(e") < ¢(1 4 2nst?) < cexp(2nst?). So for large n

E tYon a? _n251
gg g;tan ) < Ct>%r,%f§t* exp(—2tan) exp(2nst?) = coxp (_ﬁ) ST ( 2s )’

where in the first equality we used the fact that the minimum is attained at ¢ = 2.

Then, putting all together and using lemma |1, we obtain

1 —n2%
P(AS, [ Y2, =0)=0 (nm exp ( 5% )) :

O

Let 0,,, the time of first return to state a € Z x {—1, 1} of the Markov chain (Y,,7,,)

starting at a.

Lemma 10. We have
E(e™7) ~ exp(—cvE),

with ¢ > 0, i.e.
E(e o)

lim ———= = 1.

=0 exp(—cv/t)

Proof. By the local limit theorem for Markov chains ([I5], lemma 14) we have

C
pi(l?,;l) = Pa((}én’ I/2n) — a) ~ ﬁ

as n — oo with C' > 0. This implies, by the Tauberian theorem ([7], p.447, th.5), that
there exists C'y > 0 such that

(9 Cl

Guals) = 3t~ SO

Y

as s — 1. Then, using a standard result from the theory of Markov chains (see, for

instance, [24], th.1.38), we see that as s — 1

1
Gaa(9)

t

E(s7®) =1— ~1—cvl—s,

where ¢ = C; ', Finally, if we write s = e, we have for t — 0

E(e @) ~ml—cv/l—etr~1l—cVire



28 Random walks on randomly oriented honeycomb lattices

Proposition 4. There exist 0’ > 0 such that for large n

P(A7 5 | Yo, =0) =0 (exp(—n‘s/)) )
Proof. We have

P (tn-a(y) = ni*®)
P(Y% - O)

P(AS%Q | }6” = 0) =P (I?EaZX,rhn_l(y) > n%+62 | Yén = 0) < Z

YEZL

On the other hand we have

P(n2n-1(y) > an) <P (772n—1(y, 1) > %) +P (nzn_1(y, —-1) > a2—n) : (1.9)

Now let 0&’2 be the time of k-th return to point a for the process (Y, vy, )n>0 starting at
a. Observe that
P (non-1(a) > a,) < P, (ollin) < 2n) (1.10)

and consider the first term at the right hand side of (1.9). Notice that by lemma |10}
E(e~t7@a)™ ~ exp(—cmy/t) for every m € N; then, for C' > 1 there exists ¢* s.t. for every
t <t

E(e~te)™ < C exp(—cmn/t). (1.11)

Hence, by (1.10)) and (1.11)), we have for sufficiently large n

t>0

(2]
cagoon) (5 o (o))
(2

nt — —C\/—>

P (ngn,l(y, 1) > 5 ) <infP, <exp (—ta((L )]z )> > exp(—Znt))

<C inf exp
>0,t<t*

ca?
_C _ G
P ( 32n>
=Cexp (—c’nz‘s"’)

where we used the fact that the minimum is attained at ¢ = (“—")2

with ¢ = 8n

32’

Since we can provide, with the same procedure, an exponential estimate also for the

rightmost term in (1.9), and using lemma |1, we finally obtain

P(A 5 | Yo =0) < Z <772n 1;1):2[;%”2) =0 (nn% exp(—cn52)> .
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]
Corollary 3.
an’g < Q.
neN
Proof. Combining proposition 3| and 4}, we know that for large n
(A5, | Yan = 0) = O(exp(—n""{*07)).
Then the result follows by the trivial majorization
]

The a.s. transience now follows from p, = p,1 + Dn2 + Pn2 together with lemma 5|






Chapter 2

Periodic orientations with random

perturbations

In the previous Chapter we showed that if the levels of the lattice are oriented according to
i.i.d. Rademacher random variables then, due to the presence and level of fluctuations,
the random walk exhibits almost sure transient behavior. Now we want to introduce
a class of periodic orientations such that the fluctuations are absent and deduce the
recurrence of the walk; later, we will also introduce random perturbations in the periodic
orientations, and characterize the problem of type for a larger class of randomly oriented

graphs.

2.1 Recurrence of the honeycomb lattice with peri-
odic orientations

Let @ > 1 be an even integer and f : Z — {—1,1} a Q-periodic function such that

F(k) =0, (2.1)

Accordingly, let H; be the oriented honeycomb lattice whose vertical edges are unoriented

and the horizontal ones are oriented according to the value of f: that is, if f(y) = 1 then

31
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the horizontal edges leading out from vertexes (z,y), € Z, are right-directed, otherwise
they are left-directed (cf. figure 5). Note that H; is not a random graph. As before, we
consider the simple random walk M on H; and decompose it into the vertical skeleton

Y and the embedded random walk X.
Theorem 2. The simple random walk on Hy is recurrent.

In order to take advantage of periodicity, we begin by analyzing the occupation times

of the vertical skeleton restricted to Zg.

d
N

v

A

(0,0)

v

A

v

A

Figure 5: The lattice H; with alternate orientations, i.e. f(y) = (—1)¥ and so the

horizontal orientations have period @) = 2.

2.1.1 The vertical skeleton in the periodic case

Let Zg = Z/Q and, for every y € Z, we write =y mod Q. Define for every n > 0
Wn = (Ynfla Vn—1; Yna Vn)

and

Wn = (anlal/nfl;ynayn)a (22)

where Y,, =Y, mod @, and Wy := (—1,-1;0,1) , Wg := (—1,-1;0, 1).
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Lemma 11. The process (Wn)nzo 1s a one-class recurrent Markov chain with period 2.

Its stationary distribution 7 is defined as follows

TG 7 V) =35 UvFVT =y+v
829 (2.3)
TGy V) =55 v=v.T =y+v

Proof. Tt is easy to verify that (Y ,,, v, )n>0 is a Markov chain with 2Q elements and period

2, and that its stationary distribution is 7(y,v) = V(y,v) € Zg x {—1,1}. Then

1
Ea
(Yo, Un; Y ns1, Ung1)nso0 is again a MC and its stationary distribution 7 can be derived
from 7; since
Y. 7@ =TT V)
(Fv)elgx{-1,1}

and

Pwvy v, vy v = P v),@ v
then we shall define

(@, ;7 V) = 7Y, V)P@). @ )

In fact we have

= Z 7 @, V)p@w),@xu')??(y PG ")

— (y, V] g/, I/,)p(?7u;yl7ul)’(g/’yl7y//7yll)
(F)elox{-1,1}

The other statements are also easy to verify. [

Note that W,, encloses the information of the last three movements of the verti-
cal skeleton Y,,: the reason for considering such a process, and its analogous W, in
(Zg x {—1,1})%, is that we will need to control the number of times (Y,,),>o “changes
direction” at a certain level before it returns to the origin. Then by taking advantage
of the periodicity of the orientations, we will be able to bound the difference between

the number of steps to the right and to the left of the embedded random walk X,
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distinguishing between the odd-valued and the even-valued steps, and to deduce that

1/2

the probability of X, returning to 0 is of order n~"/* for a set of paths with positive

probability, which will imply the recurrence of M.
We begin by defining the following functionals of V.

2n 2n
Sn,e = Z fe(W1> = Z f(?i—1>1{1/i—17£”i}7
=1 =1

2n 2n
Sn,o = Z fo(Wz) = Z f(?i—l)l{lfi—lzl’z‘}'
=1 =1

Moreover for every n € N define the event
Z, = {Wan = Wo} = {W2, = Wo, Y3, = 0} (2.4)
Proposition 5. Let C' > 0. We have, for sufficiently large n
P(|Sne| + |Snol < CV/n | Z,) > 6c > 0.

Proof. To simplify our notation, we identify the states of W,, with the integers {1,2, ..., 4Q},

with arbitrary order. Accordingly we define

™= (7‘(’1, ...,7T4Q)

to be the vector where the i-th component is the value that the stationary distribution

takes at state i, and the occupation measure

T = (M (1), -, 77,(4Q)),
where 77,,(i) := > 1, —y, for 1 <4 < 4Q. By definition we have
4Q
Sn,e = Z ulﬁQn(Z) = uﬁgrw
i=1

where u € {—1,0, 1}4Q is the vector such that u; equals to the value that f. takes on the
i-th state. Analogously, let v € {—1,0,1}*? such that S,, = vpl, and w € {—1,1}9
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such that Y5, = 212:1 v; = wihs . Note that u, v, w are linearly independent vectors and

that we have

u(2nm)” = v(2nm)" = w2nm)’ =0, (2.5)

by (2.3)).

Let ¢ > 0. By the multidimensional local limit theorem for the random vector 7,,
(lemma 16 in [15]) we know that there exist a lattice Z C Z*@ of dimension r, r > 1,
and a constant ¢ > 0 dependent of ¢, such that

c/

nr/Q’

P(7s,, = z,Wa, = Wo) > (2.6)

for large n and for all € Z such that |z; — m;| < ¢y/n, 1 <i < 4Q. Hence, by (2.6) and

(2.5), and taking ¢ = we have

<
1Q°

P([Sn.el + S0l < Cv/n; 2,) >P (|7_]2n(2) —mi| < ev/n, Vi; Zn)

= E P(ﬁZn =X, Wgn = Wo)
z€ZwzT =0,
|z —mi|<cy/n,Vi

N ¢
>z € Z,wa" =0, |z; —m] < c\/ﬁ,‘v’z}|m

n(r—l)/Q o4
=’ > 2.7
n,r./Q — \/ﬁ’ ( )
with C” > 0. Finally by (2.7) and lemma |1
]P) Sne Sno S C 7Zn
P([Sel + Snol < OV|Z,) > U5nel Lol SOVILZ) 5 5
’ ’ P(Ya, = 0)

O]

2.1.2 Proof of recurrence

In order to prove recurrence it is enough to show that >~ P(X) = 0,Y, = 0) = oo,

since
(o]

> P(M; = (0,0)) > ip(xk —=0,Y), = 0).

k=1
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Define a set of constrained paths

Constr(n, f) :={(v,q) : {—1,0,1,....2n} — Z x {—1,1} s.t. Vi, v(i) =~v(i—1) £ 1,

(v(=1),a(=1);7(0),4(0)) = (v(2n — 1), q(2n — 1);v(2n), ¢(2n)) = Wy,

2n 2n
Z f(ﬁi—l)l{qz'fwéqz‘} + Z f(ﬁi—l)l{‘hfl:qi} < C\/ﬁ} .
i=1 i=1
If we prove that V(v, q) € Constr(n, f)
c
P(X, = Y, v) = ] ) < n)> — 2.
(X =0 (Y, v5) = (v(2), q()) Vi < n) = 7 (2.8)

then the recurrence of the random walk will follow. In fact, if this is the case, thanks to

(2.8) and to proposition |5 we would have for large n

P(XQn = 07 }/én - O) Z]P) (X2n = 07 Zny |Se<n)| + |So(n)| < C\/ﬁ)

= 3 P(Xe =01 (Yiw) = (1(), () Vi < 2n)

(v,q)€Constr(n,f)
x P((Y;, v) = (7(3), q(i)) Vi < 2n)
z%( S P((Yiw) = (1(1),q(i) Vi < 2n)

~,q)€Constr(n, f)

= ZEP(IS:00)| + IS,(m)] < OV, 20)
C/
2_7
n
with ¢, ¢ > 0, and so
oo oo 1
P(Xs, =0,Yy, =0) > C" — = 00.
; ( 2 O, 2 0) _C ;n oo

To prove (2.8) we proceed as follows. Let N and N_ be, respectively, the number
of right (left) directed even steps of the embedded random walk up to time 2n, and
N}, N, the analogous quantities for the odd steps. Observe that S, . = N — N, and

Sno = N — N, . In particular, for all (v, q) € Constr(n, f) we have

NS = No |+ NS = N[ < CVn. (2.9)
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Lemma 12. There exist positive constants Cy, Cy, Cs, with Cy < C3, such that for every

(7,q) € Constr(n, f) and n € N we have
E(Xou| (Vi 1) = (4(1), 4(0)) Vi < 20) < G/

and

Con < 02(Xon|(Yi, 1) = (7(3), q(i)) Vi < 2n) < Can.
Proof. By (2.9)

B(Xon|(Yi, 1) = (7(0), (4)) Vi < 2n) =E(&1,e) (N, = N.) + E(§10) (N — Ny)
<max{E(£1,), E(&1.0) }OVn.

On the other hand, the conditional variance of X5, is, by independence, the sum of the
variances of the even and odd geometric random variables, and so since both of them

have finite variance we obtain the result. O]

Proposition 6. There exists ¢ > 0 such that, for every (v,q) € Constr(n, f) and suffi-
ciently large n, we have

P(Xan = 01(Y;,13) = (7(0),4(0)) ¥i < 20) = —=.
Proof. Fix (v,q) € Constr(n, f); from now on every probability will be taken condition-
ally to {(Y;,v;) = (v(4), q(2)) Vi < 2n}, although, in order to simplify the notation, we
will sometimes omit to write it.

Let (&)r>1 be a sequence of random variables such that for every k, & represents the

k-th step of the embedded random walk X,,. On {(Y;,v;) = (7(7), ¢(2)) Vi < 2n} we have

2n NG Nt NF+NZ NF4+Ng
X2n = E ék = E gi,e + E 5@',0 - E gi,e - E fi,m
k=1 i=1 i=1 i=NF+1 =N +1

and for every k let ay := E(&), b2 := 0%(&;) and

2n 2n
R E 2 . § : 2
A’I’L . ak7 B,n . — bk'
k=1 k=1
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First, we are going to show that

2
BP(Xs, = 0) — ——e2(52)"| - 0, (2.10)

as n — 0o. Then, thanks to the lemma |12 we complete the proof.

To prove (2.10), we wish to generalize a classical approach due to Gnedenko (cfr [§]).
Let ¢g, (t) = E(e™*), and ¢x,, () = E(e"*>") = dsan ¢ (1) = [[52, de, (1), and precisely
+ + - -
$x,, (1) :Xe(t>Ne XO(t)NO X6<_t)NE XO(_t)NO )
where we recall that
Seit
4 _ p2it
and x.(t) = e7"x,(t). In particular note that |x,(t)| = [xe(t)] = [xo(=1)| = |xe(—t)| = 1
for t =0 and ¢ = 7, and < 1 otherwise. Now, since Y 7o _ P(Xo, = 2k)e™* = ¢x, (t),

XO(t) =

if we integrate both sides of this equation from —m/2 to 7/2 we obtain 7P(X,, = 0) =
f 2 0x,, (x)dr. Then

wBn mBnp
1 T2 1 2 i
TP(Xs, =0) = B /_WBH bx,, (t/By)dt = B /_ﬁBn e tBnnganAn (t)dt.
2
The following equality is easily proved for every z € R.
1 1.2 1 "
——e 2" = — [ e Z_*dt
V2 27
In particular, in our case, we take z := —g—:. We write
B, 1 _1/4ny
Rn =27 |:7]P)(X2n:0)— \/%6 Q(Bn) :| = J1+J2—|-J3+J4, (211)

where

A 2
Jq :/ it |:¢X2n—An (t) — e_%] dt

n

zth——
Jy = — e Bn 2 dt
[t|>A
. An
Jy = / e Bn ¢ xy,—an (t)dl
eBn<|t|<mBn /2 Bn

., An
Jy = / e Bn pxqy—a, (t)dl
A<|t|<eBp Bn
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So to complete the proof we must show that these quantities tend to 0 as n — oo and
for sufficiently large A and small e.
First, we show that the sequence (§)x>1 satisfies the Lyapunov condition with § = 1,

that is
lim ZE|fk ap|*™° = 0.

n—00 B2+‘5

In fact, by the previous lemma, B? ~ Cn with C' > 0 and the &,’s clearly have finite

moment of the third order, so for appropriate C’' > 0

2n
1 Cn C’
—ng 6 — al* ~ = 3/2 ZE’@? ' < =5~ 5

Then by the central limit theorem we have that, as n — oo,
t2

O X, —An (t) —e 2,
Bn

which implies |J;| — 0.

We have
An 2 2 2
|J2|s/ B |l |dt=/ 5 < 2%
> A lt>A A

and so by choosing a sufficiently large A we can make .J; arbitrarily small.

For every k, ¢, (t) is either x.(f), xe(—t), Xo(t) or xo(—t). Since for e < [t| < 7/2
we have |¢g, (t)| < 1, we can find ¢ > 0 such that |¢g, (t)| < e ¢ < 1 for every k. Then, if
eB, < |t| < 1B,/2, we have

2n
|¢X2n*An | _H|¢§k ak t/B )| Hle—iakt/Bn||¢£k(t/Bn)|
k=1
2n
et < T[ee =
k=1 Pty

which tends to 0 as n — oco. This implies |J3| — 0 as n — oc.

242 2
ot t
1‘235“(3_3)“

On the other hand, by Taylor expansion at ¢t = 0

2n 2n

632y ()] = [ ] 1960t/ B)| = ]|

k=1 k=1
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Now, if |t| < eB,, for sufficiently small €, we have

2n "l%tQ

| | T uB2 —t2/4
|¢X2n*An 432 (& 4B = (& / .

k=1

Then

eBn o)
AR / e Pt < 2 / e P/,
A A

where the right hand side tends to 0 as A — oco. So we can make |Jy| arbitrarily

small. n

The proof of recurrence is now complete.

2.2 Periodic orientations with random perturbations

Let f: Z — {—1, 1} be again a @-periodic function such that @) > 1 is a even integer and
f satisfies (2.1)). In this section we consider the honeycomb lattice where the horizontal
orientations are prescribed by a random perturbation of f, namely a sequence of random

variables € = (€,),ez defined by
= (1 - )‘y)f(y) + )‘yey7 (2'12)

where € = (€,)yez is a sequence of 1.i.d. Rademacher random variables, A = (\,)yez is a

{0, 1}-valued sequence of independent random variables, independent of €, such that

Cc

PN, =1) = ’y|5

(2.13)
for some constants ¢, 8 and large |y|.
Theorem 3. If B < 1 the random walk M, is (€,, \,)-a.s.transient.

Theorem 4. If B > 1 the random walk M, is (e,, A, )-a.s.recurrent.

Proof of theorem 3. To prove a.s. transience, we can follow the same technique

we used for the case of an i.i.d. random environment. So we define, for n > 0, the
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following families of events:

1
Ay = {og%};nlyﬂ <nzt} 5 >0

Apo = {maxne,—1(y) < nit®} 5, >0
YEZL
An = An,l N An,?

By = Ay {1 Y & (moms) s o+ memg) s ) > 03y, 6> 0
YEZ

Now, it is clear that many of the estimates that we did in the proof of theorem |1]still hold:
in fact, according to [2], we only need to provide an estimate on A,\B,, conditionally

to JFa,. This estimate is given by the following result: |

Proposition 7 (Proposition 3.2, [2]). For all B < 1, there exists a d3 > 0 such that,

uniformly in Fo,, for all large n
P(A,\B, | Fan) = O(n™%).

]
Then, exactly as in the case of i.i.d. random environment, we show that P(X, =

0,Y,, = 0) is summable and prove the a.s. transience.

Proof of theorem 4.
To prove a.s. recurrence we need to show that > - P(Xy, = 0,3, = 0] G) = oco.

We know from Borel-Cantelli lemma that
w = max{|y| such that A\, =1}
is €-a.s. finite, i.e. there exists L € N such that for almost every realization of € we have
L <oo and w@ < L. (2.14)

From now on we fix €, one of such realizations, and consider all the probabilities as taken

conditionally to €y, although for simplicity we will often omit to write it. Our strategy

n [2] the graphs considered are partially directed square grids. However the same proof applies in

the current framework without changes, and therefore we omit it.
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is to control the time spent by the random walk within the strip {y € Z||y| < L}, while
we apply proposition |5 to control the fluctuations outside the strip, where the levels are

periodically oriented.

Let
2n
—<L _
Spe = E Yo, v Vi< L)€y
=1
2n

Spe = E Yo, v vil> L) €y
=1

2n
Sr%f = Z 1{Vi—17£’/i7‘Yi|SL}f(?i)7
=1

2n
Sif = Z 1{Vi—17'51/1'7\Yi|2L}f(?i)'
=1

Note that S7L = gii Moreover let

Sn,e = gis + EZL

n,e’
Spe =St + Sk,
In a completely analogous way we define the quantities corresponding to the odd steps:

S 2L G S B0y S

n,07’~n,07~n,0’~n,0’

Lemma 13. We have )

|§n,e| S QZ 1{DG|§L} + |Sn,e|7
=1
2n

|§n,0| < 22 Lvii<ry + [Snol-
=1

Proof. We have
[Snel =[S + el
=|S,. —S5F+ S5+ 5,
=[Se = SiE+ Sl

—<L
<[Sne = SaLl+ 15l
2n

<2 i<y + [Suel-
=1
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The same argument proves the analogous majorization for ?n,o. O
We shall denote again by Z,, the event defined in (2.4).

Lemma 14. There exists a constant ¢ > 0 such that for everyn € N

2n
E (Z Lyij<ry | Zn) < V.
=1

Proof. We have

2n 2n L 2n
E (Z Lovisn | Zn) SR <LZ)= 3 S BV = k| 2.
=1

i=1 k=—L i=1
By the local limit theorem (theorem 3 in [I5]) applied to the Markov chain (v,),>0, wWe
deduce that Py(Y; = k) is majorized by \ifz for an appropriate constant ¢ > 0 independent
of k and for all sufficiently large ¢; Then we can find ¢ > 0 large enough such that
Py(Y; =k) < 67; for all @ > 0. Hence

Z?L Py (Y; = k)Py(Yan_; = 0)
ZIP’ =k| Z,) Po(Z,)

t—2n

=Cvn [arcsin ( 5 )} Zn < dv/n.

an 1
)

Proposition 8. We have
P(|Spel + [Snol <CVn | 2,) > Koz >0
with C' > 0 and sufficiently large n.

Proof. By lemma |13 we have for large n

gne 3’rLO 4 211 1 i Sne Sno
P(r ,\;ﬁ| ,\szn)ZP( o {mg\}/;l el ¥ ,rgmzn)

2n
+ N B
>P <‘Sn’e’\/_n’8n7o’ < 0/2’ ZZ:I\/{_ TLYZKL} < 0/2 | Zn) .
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Now, by proposition |5

Sn,el + [Snol
Pl———————<C/2| Z,) >
( \/ﬁ _C/ ‘ n _(Sc>0

and by the Markov inequality together with lemma |14

>t Lgviissy /
n b

where both ¢ and d;; tend to 1 as C' grows to infinity. So if we take a sufficiently
large C' s.t. dcr;, > 1 — 0¢, the intersection between these two events will have positive

probability. ]

In analogy with the argument used in the periodic case, we define the following set

of constrained paths
Constr(n, f) :={(v,¢) : {—1,0,1,....2n} — Z x {—1,1} s.t. Vi, v(i) =~v(i—1) £ 1,
(7(=1),q(=1);7(0),¢(0)) = (v(2n — 1), q(2n — 1);7(2n), ¢(2n)) = W,

2n m
Z I{Qi—1¢Qi}E’Yi Z 1{qi_1:qi}E'yi < C\/ﬁ} .
=1 i=1

_|_

We have

]P)(XQTL =0, Yo, = O) >P (XQn =0, Zn7 |§e(n)| + |§o(n)| < C\/ﬁ)

= ) P(Xa =0 (Y,m) = (7(0), q(d) Vi < 2n)

(v,9)€Constr(n,f)

X P((Yi, vi) = (7(0), ¢(0)) Vi < 2n).

Then by propositions |6/ and |8, proceeding as in the proof of theorem |2, we show recurrence
for the random walk conditionally to the realization €, of the environment. But since
the choice of €, is arbitrary, with the only requirement that (2.14) is satisfied, and since

this happens for a.e. realization, we proved a.s. recurrence.
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2.3 Example of recurrence with non-periodic ergodic
orientations

One question that one may ask, is whether it is possible to generalize the transience
result obtained in theorem |1/ to an ergodic sequence of random variables. In this section
we shall construct a counterexample. In our model the sequence of orientations is in fact
ergodic and non-periodic, but the simple random walk on the corresponding oriented

lattice is nonetheless recurrent for almost every realization of the environment.

Remark 2. In [2] the authors give an example of a square lattice with non-periodic orien-
tations such that the simple random walk is recurrent. The construction is deterministic
and is done by starting with alternate orientations, and then recursively introducing
some defects, i.e. levels where the orientation is opposite with respect to the one pre-
scribed by f(z) = (—1)"l; the recurrence is thus proved by exploiting the sparsity of
these defects together with the recurrence of the periodically oriented square grid. We

will take inspiration from this approach to prove our result.

Theorem 5. For every n € N define the function Z,, : 7 — {—1,1} by

-1 ify e {inli € Z},
Zn(y) = (2.15)
1 otherwise.

Let T := (T},)nen be a sequence of independent random variables, with
(T, = j) = - (2.16)

for everymn and j € N, 0 < 7 < n.

Then there exists a strictly increasing sequence of prime numbers a := (ay)g>1 T 00
with ay > 2, such that the honeycomb lattice where each horizontal level y is oriented
randomly according to

(DT, Zaw (v + Toy)  if Zay (y + Tu,) = 1 except for finitely many k’s

€a(y) =
1 otherwise

(2.17)
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is recurrent for almost every realization of T. Moreover €, := (€,(y))y>0 s an ergodic

sequence of random variables.

Remark 3. Note that we can choose the sequence a,, to grow sufficiently fast, so that the
infinite product in (2.17)) involves almost surely only a finite number of factors different

from +1.

Let €y be the alternate sequence, i.e. €2(y) := (—1)/¥l for every y. For m € Z, m > 0

define €' = (€' (y))yez by
6 H Zak Y + Tak (218)
k=1

for every y. Then, for almost every realization of T, €,(y) = lim,,_,o €'(y); based on
this observation, in figure |6 we illustrate how to construct iteratively the sequence ¢,
starting from e.

We begin by showing a crucial property of the sequences €.

Lemma 15. If a := (ay)g>1 T 00 is a strictly increasing sequence of prime numbers such
that a; > 2, then for every m € N and for every realization of T, €' is a sequence of

period 21~ a; =: Ry, and ZRm fem(y) = 0.

Proof. The case m = 0 is trivial since the orientations are alternate.

Assume the result holds for m > 0 and fix a realization T of 7.

Consider the dynamical system on Zg, given by the map ®(z) = z+a,,.1 mod R,,
Let O(erl = {xo + jams1 mod R,,|j € N} be the orbit of zy. Since a,, 41 and R, are

co-primes, we have

07| = Ry, (2.19)

for every xy € 7Z, and so in particular (2.19) holds for g = —Tj,,,,. Since by (2.18)

+1

the sequence €'t is obtained from €* by changing the sign of €'(y) if and only if

m—+1

y € {jami1 — Ty, ., |7 € Z}, then (2.19) implies by induction that the sequence €'*' has

period R,,11 = R;,a,11, and satisfies

Ryg1—1 Ryg1—1 Ryn—1 Rpy41—1

Z €t (y) = Z e (y) — Z e (y) = ca (y)-

y=0 y=0 y=0 y=0
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On the other hand, again by induction

Rums1—1 Rumama1—1 Rum—1
dooaw = Y, W =ann Yy &'y =0,
y=0 y=0 y=0

which completes the proof.

0
A A
LT <+
P <+
i S Fi
1 +»
. <
T2 <+
< <+
__> /\# __>
i 1>
I +»
<+ <+
T <
<« <t
1» +»
R >
<+ <+

0

Figure 6: Construction of €} starting from the alternate sequence €, assuming a; = 3
and T} = 0: at the left hand side we consider the alternate sequence and select all the
levels that are multiples of a;; then we switch the orientation of the selected levels to

obtain €, shown at the right hand side. Note that the period of €} is 2a; = 6.

We are ready to prove theorem 5. We divide the proof into two parts: first we observe

that the sequence is ergodic; then we show the recurrence of the walk.

Proof of ergodicity. Let U, := [[,_, Z,, and denote by G the group addition on

U,,, that is the transformation that adds +1 to each component of z = (x1, xo, ..., z,) €
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¥,,, and let P be the product of n independent uniform distributions, i.e. P = P|®...QP,
where Py is the uniform distribution on {0, 1, ..., a; — 1} for every k. Since a = (ag)ken

is a sequence of primes, the orbit of any point x € ¥,, covers all the space, whence

k
lim % 2 WG (z)) = B(h) (2.20)
for all z € ¥,, and for every measurable function h.

Now let ¥ := [[,2, Z,,, and consider the system (U, G, P), where G is the group
addition on ¥ and P = @72, P;. Let (X )x>1 be a family of independent random variables
such that for each k, X} is distributed according to Py, and define X = (X1, X, ...).

Suppose that there exists an invariant set I such that 0 < P(I) < 1 and let
f = 1;. Clearly f is bounded in L'(¥). For each n define the function f,(X) :=
E(f(X)|X1,..., X,,). It is easy to see that f, is a bounded martingale in L'(¥) and by

Doob theorem

lim f,(X) = f(X) (2.21)

n—oo

a.s. and, by the dominated convergence theorem, in L'. On the other hand, by (2.20)
we have that for every n

lim =3 (X)) = E(fu(X) (2.22)

k—o00

a.s. and, again by the dominated convergence theorem, in L'. Then by (2.21) and (2.22)

we get

lim 3 7 F(G(X) = E((X) (2.23)

k—o0

in L'(¥). Finally, by invariance of I, we have limy_,o E|¢ Zle 1;(GY(X)) — P(I)| =
limy 00 E[1xer — P(I)] # 0 which is absurd.

Proof of recurrence. Let (¢;)neny T 00 and k € N. By theorem 2 we know that
the random walk on the lattice oriented according to €” is recurrent, and in particular

JL(e¥) < oo such that on that lattice

L

> Po(M; =0) > cx (2.24)

=1
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for all L > L(e*).

Let 6 < 1,z € Z and consider the following event:
Eow = ({{jar — T lj € Z} N BY) = 0}, (2.25)
k=

where B( ) ={r—a,x—al+1,....z+al}. Let’s show that E,, occurs for some z,

with probability 1. To this purpose note that

2a9
i) - (Ut -nbezins 20) <32 e
k=1
By choosing an increasing sequence of primes (ax)ren that grows sufficiently fast, we can
ensure that P(Ef ;) < ¢ < 1; whence P(E, ) > 0, and by the ergodic theorem we have

1
lim — Z 1p,,(w) = lim — Z 1g,,(S%(w)) = P(Fa0) > 0,

N—oo N

a.s., where S : Z — Z is the shift map. Then with probability 1 we can find xy € Z such
that E, ,, occurs, and consider the simple random walk M started at (0, zg). For every
k, the first ai levels around z, are oriented according to €*~!, by (2.25) and lemma |15}
therefore, if

ad > L(eF 1), (2.27)

we have by (2.24)

Z]P)on O ZEO > ZP(OUCO 0 ZL’Q)) > Ci—1-

Note that, possibly after modifying (ax)ren to & new sequence of primes (a},)xen, with
aj, > ap Yk, we can ensure that (2.27) is satisfied for every k, and since (¢, )nen T 00 we

deduce the recurrence of the random walk.






Chapter 3

Revolving random walks on oriented

square grids

3.1 Introduction

In this Chapter we study the recurrence/transience behavior of the simple random walk
on two partially directed versions of the two-dimensional square grid (see figure 7). |'

The first graph is G; = (Z% E,;), with edge set E; satisfying that a directed edge
(v,w) = ((v1,v2), (w1, wy)) € Ey if and only if (wy,ws) = (v1,v2 £ 1), or (wy,wy) =
(v1 + 1,v9) and vy = wy > 0, or (wy,ws) = (v1 — 1,v,9) and vy = wy < 0. The second
graph we consider is Gy = (Z? E,), and can be obtained with a slight modification
of Gy by redefining only the orientations of the edges leading out from z-axis, that
is, ((v1,0), (w1, ws)) € Ey with v1 = w; and we = +£1 if and only if wy = —1 and
vi =w; >0,0rwy =1and v; =w; <0, or wy ==+1 and v; = wy = 0.

Graph G appeared for the first time in [I], where its transience was proved by com-
puting the characteristic function of the corresponding embedded random walk. Then,

more recently, graph G; was reintroduced together with Go in [19] [20]: the authors

L All the results presented in this Chapter are from a joint work with Yuval Peres, Principal Researcher
at Microsoft Research, Redmond, and Yiping Hu, Ph.D. student from the University of Washington,
Seattle. A preprint of our work is currently available on arXiv at https://arxiv.org/abs/1807.03498

ol
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b P P P
A e A

(a) Graph Gy (b) Graph Gq

Figure 7: The graph G in figure (a) is transient, whereas graph Gy in (b) is recurrent.

The arrows indicate the orientation of the corresponding edges.

were mainly concerned with oscillating random walks on the line (and on simplexes of
half lines), and they observe that the random walks on these two-dimensional graphs, at
the times of successive returns to x-axis, have an oscillatory behavior. However, while
they give a new proof of the transience of Gy, graph Gy turns out to be more delicate,
and they conjecture the recurrence of the graph. Our main result is a proof of their

conjecture:
Theorem 6. The simple random walk on graph Go s recurrent.

In order to prove the result, we shall start by considering a continuous analogue of
the random walk which is recurrent, and apply the Lyapunov method together with an
approximation technique to deduce the same result in the discrete framework. Here by
Lyapunov method we mean the application of the following theorem (for a reference to

it with several examples of its use we refer to [20].)

Theorem 7 (Lyapunov function recurrence criterion). An irreducible Markov chain X,

on a countable space X is recurrent if and only if there exists a function f : ¥ — R, and
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a finite set A # 0, A C X, such that Vo € X\ A
and f(z) — o0 as x — oc.

Let’s start by defining the aforementioned continuous analogue of the random walk
on G, and prove its recurrence.

Let m € RT and (B[);>0 be the one-dimensional standard Brownian motion starting
at 0 with a reflecting barrier at 0 to stay in positive real line. We define a continuous-
time process (W;)i>0 := (Wt(l), Wt(z))tzo on R?, together with a sequence of random times
(Un)n>o in the following recursive manner: we set Uy := 0 and Wy := (—m,0) as the

initial position; for every n > 1,
Uy = min{t > U, + W} |; BF = 0}
and

W (t — Uz + Wl(filv BE) if t € [Uap, Ugpy1) for some n > 0,
t =

(=t + Uzp1 + W[(Jilfl, —BE) if t € [Ugy_1,Usy,) for some n > 0.

Clearly, Wy, = (I/Vl(]i)7 0) for every n and its z-coordinate W((Ji) changes sign alternately.
It turns out that it suffices to keep track of |W[(]i)\ at these returns to x-axis, since
the recurrence of W, would follow immediately from the recurrence of \W&L)\ To this
purpose, we define HP := |W[(]t)| and call this discrete-time process (H?),>o on R the
continuous ladder height process. (cfr. figure )

The ladder height process is itself a Markov chain and has a nice representation as

the product of i.i.d. random variables 7,’s defined by

HB .= n,H? = mH 7; = exp <logm + Z log 771-) (3.2)

i=1 i=1
for n > 1. One way to understand logn;’s is through the decomposition of each step

of ladder height process into two parts, one from the starting point on z-axis to y-axis



o4 Revolving random walks on oriented square grids

ol

(-m.0) (0.0)

Figure 8: Illustration of the first step of the ladder height process.

and the other from y-axis back to z-axis. Let Z be a standard folded normal random
variable, i.e. the absolute value of a standard normal random variable, and T} a Lévy
random variable independent of Z, i.e. the hitting time at 0 for a standard Brownian

motion started at h > 0. Then by decomposing we have
HP LTy £ (VmZ)*T) = mZ°Ty (3.3)
and thus 1, < 22T} (see e.g. [6] p.170). On the other hand T} =2 1/|Z|?, since for a > 0
P(Ty > a) = P(r?%th <1)=P\a|Z| < 1) =P(1/|Z) > a)

by reflection principle.

It follows that logmn; is symmetric and, in particular, has mean zero: therefore by
Chung-Fuchs theorem (see [5], th.4.2.7) >°" | logn; is recurrent. By (3.2) this implies
the recurrence of the ladder height process and hence the recurrence of the continuous
walk W,.

The structure of the Chapter is as follows: in Section 3.2, we show how to adapt the
argument above to the discrete setting and prove recurrence for the random walk on Go;
then, in section 3.3 we analyze the simple random walk on Gy, showing in particular its

transience.

3.2 Recurrence of G,

Consider the simple random walk (M,),>0 = (ng,l),M(z))nN) on the graph G,. For

simplicity we assume the random walk starts at (M, (W M, (2)) (—m, 0) for some fixed
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m € Z, and use the notation P,, to make explicit the dependence on initial position.
Sometimes we might want to start at (Mél), Mé2)) = (0,h) for some h € Z,, in which
case we write P,. Analogous to the Brownian motion case, we can consider the discrete
time ladder height process (Hy,)n,>0 with the state space N. More rigorously, we define
H, = |M7(i)| for n > 0, where {7, },>0 is a sequence of stopping time defined recursively

as follows: 75 := 0 and for n > 1,

Tn = inf{i > 7, _4; MZ@) =0 and Mi(l)M(l) < 0}.

Tn—1

In the following, we will stick to the convention that log H; = 0 when H; = 0 for

simplicity. We also define for n > 1,
oy o= inf{i > 7,_1; MY =0} (3.4)

and V,, := |M§i)| Note that 7,,_1 < 0, < 7, for any n > 1. With this definition, in anal-
ogy with the decomposition (3.3) in the continuous setting, we can further decompose
each step H, of the ladder height process into two parts, one starting from (MT(i),l, 0)
to the (0,V},) and the other from the (0,V},) to (MT(i), 0). Under P, we should always
consider Hy, Hy/m and V; as playing the same role as HlB , m1 and V2mZ in the contin-
uous case respectively. Furthermore under PP, the correspondence is between H; and its
continuous analogue h2T} /2. Note that the extra constants V2 and 1 /2 come from the
fact that the continuous analogue of the random walk in question should be constructed
from a Brownian motion with twice the quadratic variation of a standard one.

It is not hard to see that the process H is a Markov chain in its own right starting
at Hy = m and has the same recurrence property as the original chain M. The main
difficulty in the combinatorial setting, however, is that the identity E,, log(H;/m) = 0

only holds in the asymptotic sense. In fact, one can show that
E,, log(Hi/m) — E,, logn =0

when m — oo, with the help of some Donsker-type arcsine laws (see [21], Prop.5.27,

p.137). Unfortunately, this result is not sufficient to prove the recurrence. Hence instead
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of log Hy, we consider a modified function /log H; with the same convention at zero as
above. Using the inequality v/14+x < 1+ %1: — %xQ for € [—1,1], we obtain on the
event {1 < H; < m?} that

log(H
Vlog Hy =v/logm + log(H,/m) = \/logm\/ M
ogm

log(Hy/m) 1 [log(Hy/m)
§\/10gm {1+W 16 {W} }

log Hy —logm  (log Hy — logm)?
2¢/logm 16(log m)3/2

logm

Taking expectation, we get

E,, (log H; —logm) K, (log H, — logm)?
E.,v/log Hy <4/1 —
\/og 1 _\/ ogm + 2 logm 16(log m)*72

E. [(log Hy —logm)*; Hy > m?]
E, [\/1 Hy: H 2]
+ 16(10gm)3/2 + 0og 117 1>m

Tog 1 + En (log Hi —logm) K, (log Hy — logm)?

2y/logm 16(log m)3/2
+ 2B, [log? Hy; Hy > m?]

=:\/logm + €;(m) — ea(m) + e3(m). (3.5)

Once we show that €;(m) + e3(m) < ez(m) for large enough m by giving reasonable
bounds on their asymptotics, we can conclude y/log x is a Lyapunov function for (H,,),>0
and apply theorem |7/ to prove the recurrence. Let us make a few comments about these
errors before we proceed. The first order error €;(m) comes from the approximation
of random walks with Brownian motions, the main difficulty we mentioned above, and
its upper bound will be the main focus in this section. The approximation techniques
we apply will be local central limit theorems and the Euler-Maclaurin formula. The
second order term €;(m) is the reason behind our choice of function and it quantifies the
amount we are able to exploit from using a concave function of log H;. Observe that
E,, (log H; —logm)® > Var,,(log H;), and we will show later in section [3.2.3 that the
variance on the right hand side is uniformly bounded away from zero for all m > 0. For

the truncation error e3(m), one should expect log H; to be concentrated around logm,
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and we will show in section 3.2.3| with Chernoff bounds that e3(m) decays polynomially
and thus negligible compared to ez(m) when m goes to infinity.

In order to estimate €;(m), it is more convenient to consider the decomposition de-
scribed by the random variables Vs, see (3.4) for definition and the subsequent discus-

sion of continuous analogues. Then

Mg

E.(log Hy) =Y Ey(log Hy|Vi = h)P,, (Vi = )

T
L

Mg

[21og h + Ej,(log Hi /h?)] P (Vi = h)

>
Il
—

m(l0g V1) + > [Ey(log Hy) — 2log h] Py (Vi = h), (3.6)
h=1

so it suffices to estimate the corresponding approximation errors

En(log Vi) — Elog(V2mZ) = E,,(log Vi) — (logm) /2 + /2 (3.7)
and
E,(log Hy) — Elog(h*T}/2) = E(log Hy) — 2logh — v, (3.8)

where v is the Euler constant, Z and T} are defined in the paragraph above (3.3), and
we use the result Elog T} = —2E(log Z) = v + log 2.

To this end, we define p,,, , := P,,,(Vi = h) to be the probability that the random walk
starting from (—m, 0) hits the y-axis at point (0, k) and gp,; := P, (H; = 1) the probability
that the random walk started at (0, k) hits the z- axis at point (1,0) for m,h,l € Z,. Let
fm(z) = lf/g(—x) % and gn(r) = log x5 NG e % be functions define on R,. Then we

can rewrite and decompose two errors as follows:

Rf(m) ::Zloghpm,h_/oofm )dmzz loghpmh_fm Z fm
h=1 0 h=1 h=m1/2+6
mlt/2+8 ml/2+6 ml/2+6 s
M PIRACE | i) + ( / r)de - / fm<x>dx>
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and

) 00 00 h2-9
Ry(h) := Zloglqh,l - /0 gn(x)der = Z loglgn; — gn(l)] + Z an(l)
=1 I=1

=1

N (Zi an(l) — /h:: gh(x)d$> + (/;:5 gn(w)dr — /OOO gh(x)dq:>

—h2-96

o~

= J1+J2+J3+J4, (310)

where 6 > 0 is sufficiently small.

3.2.1 Local limit theorems

Throughout this section we shall denote the usual one-dimensional simple random walk
on Z by S. We want to establish a local limit theorem for p,,  and g,;. First, we shall

prove the following:

Lemma 16. We have

2
1 -z 1 1 =
Py = P (Vi = ) = e—fm+(9( =t )

VAN
VTm Vmh?2 ' m3/2 - ml-o

) I I

Figure 9: The modified graph G/,
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Proof. Our approach is based on the fact that conditioned on the number of vertical steps
before hitting y-axis, the vertical movement has the same law as S. To calculate the
probability of n vertical steps, we hope to interpret the number of vertical steps before
hitting y-axis as the sum of m ii.d. geometric random variables, i.e. Gy, == > 1", Gis
with success probability p = 1/3 and values in {0,1,2,...}. The intuition is almost
correct except that on graph G, only vertical steps are allowed at ordinate zero. For
this reason, we modify the transition probability of S by ignoring the origin as follows:
p(1,—1) =p(1,2) =1/2 and p(—1,1) = p(—1,—2) = 1/2, and write S’ for the resulting
random walk. We also consider a 2D modification, the random walk (M;(l), M;(z))izo on
an oriented graph G/, where all the horizontal edges are to the right and all points on
r-axis are ignored (see figure|9). Precisely, G, = (V', E}) has vertex set V' = Z?\Z x {0},
and [} consists of all edges leading to the nearest neighbors upward, downward and to
the right. Then the intuition of geometric random variables holds for the random walk
on G, noting that the conditional law of vertical movements has the same law as S’. For
the process (M| |M?]);»o, define Prn., analogously as the probability that the random
walk started at (—m, 1) hits the y-axis at point (0, k) for m, h € Z,. Then

P = Py = Y, (P1(S, = —h) + Po(S;, = b)) P(Gpy = 1)
n=h
= Po(Sn = —h)P(Gpm = 1) + > _Po(Sy = h— P(Gpm = n)
n=h n=h

1 2
= psn?h + pSn?h'

We will focus on pg?h, as pg?h can be treated analogously. Let § > 0, we split the sum

into two parts

Poh= > Po(Sy=hP(Gpn=n)+0 > PGpm=n)|, (311

[n—2m|<m1/2+6 |n—2m|>m1/2+3

and notice that the second term in (3.11) decays exponentially fast by Chernoff bound.
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Then, by applying the local limit theorem (see e.g. [17], p.36 ) to S we obtain

1
pgn,)h =

|n—2m|<m1/2+9

3 {pn(m L0 (#)} (G, = n) + O™

_ 9\ -
_ 1 675?71 em?28

= p2m(h) +0 (W + m) Z ]P)(Gp,m = n) + 0(6 )
L 4 |n—2m|<m!/2+9

1

2
e 8m

Pam(h) + O (W +

N -
ml—9 ’

2
—\/217716*37 and use the fact that if [n — 2m| < ml/2+8 then

) by first order approximation. We conclude by noting that

where we define p,,(h) :=

2
) =Pl + 0 (555
the same proof would go through if we apply instead the LLT in [I7], eq. (2.4) on
D.25. [

Now we consider the second part of our decomposition and prove a local limit theorem

for qn.

Lemma 17. We have

h _n? 1 h h w2
dn,l 2:Ph(H1:l):W€ 4Z+O(m/\l57+l2—_56 8l>.
Proof. Let Gppn := > 4_, gk, With g’s i.i.d. geometric random variables with success

probability p = 2/3 and values in {0,1,2...}. Decomposing and conditioning on the

number of vertical steps n, we have

dna = Po(Su=h; S > 0,91 < k < n)P(G = 1)
n=h

=> %IPO(SR = WP(Gpp = 1),
n=nh

by the Ballot theorem (see e.g. [5], p.202 thm.4.3.2). Now, let § > 0 and split the sum

into two parts as follows

>

|n—21|<11/2+8

"pys,

= h)P(G,, =1)+0

D

|n—21|>11/2+8

P(Gy = 1) (3.12)

2This LLT and the following ones are stated for aperiodic random walks, but it is not difficult to

deduce the analogue for bipartite walks, see e.g. pp. 26-27 of the cited book.
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Notice that

P(Gpp =1) = (” +§ - 1> " (1—p) = %P(Gl_p,l = n), (3.13)

so for the second term of (3.12)), we have

S PG=0= Y %P(Gl,mzn)

|n—21|>11/2+3 |n—21|>11/2+8
<E [Grp; |[Grpy — 20 > 1/77]
20(670125)’
for appropriate ¢ > 0 by the Chernoff bound. By (43.13)) again, we can rewrite the first
term of (3.12) as

h
> 7]}»0(5,1 = h)P(G1_p; = n)
|n—21|<i1/2+8

and apply the local limit theorems and first order approximation as before. [

Thanks to lemma |16/ and lemma 17| we can estimate the errors I; and J;:

[e'e] n?
1 e sm logm
h=1

Here in the second term of the summation, we used a uniform bound for all h < m!/2+9

and an integral to bound the sum for A > m!/?*% where the error is monotone in h.

Similarly, we have

> 1 h 2 log h
J12210gl0<m+l2—_66 81) :O<h1_36), (315)
=1
where in the second term of the (3.15) we used a uniform bound for all [ > h?=% and an
integral to bound the sum for [ < h?79.

For errors I and Jo, as in the case h > m!/?*? (and, respectively, [ < h?~%) mentioned

above, it is straightforward to give exponential bounds with integrals:
L=0 (e—cm”) (3.16)

and
Ty = O <e—ch5) (3.17)

for some ¢ > 0.
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3.2.2 Euler-Maclaurin approximation

In this section we apply the Euler-Maclaurin formula to bound /3 and J3. We recall here
the general formula (see e.g. [16]): let n,p > 1 be two integers, and a,b € R with a < b.

For any ¢ € C?[a, b] we have

b b p B. ’ b
[Z¢(z‘>— / cb(x)dx] :ZT!] [0V V()] +r(p.a,b), (3.18)

where B; are the Bernoulli coefficients and 7(p, a, b) is the remainder of order p. In our
case we will need only a first order approximation, for which the following bound on the

remainder is known

r(l,a,b) < C(b—a) nélaicb|¢’(x)|, (3.19)
with C' > 0 a positive constant. Moreover we recall that By = —1/2.
z2 22
Recall that f,,(x) == %e’m and fl (z) = (L — z8) \/jr—me’ﬁ. Hence, by the

Euler-Maclaurin formula (3.18)

(1/24-0) logym | 2k+1 9k+1
CESD SEN D SEACEY M AEE
k=0 h=2k 2k
(1/2+5) logy m k k41
Jm(27) + fm(277) logm
k=0

where 7y, := r(1,2%, 2*1) and the last equality follows from (3.19), since

1 1 1 22
rel <028 max |f;,(2)] <C2°  max (— + 2 ng) e im

2k <gp<2k+1 ok<g<ok+l \ T 2m A/ Tm
1 k(41 1
2k 2m JTm

o L 2%
= \/—E‘FW .

2 2
Let gp(x) := logxm%e_%x and g, (z) = (1 — 31(;” + h2i;“> 2\/7:;5/26_27. By the
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Euler-Maclaurin formula (3.18),

[e’s) ok+1 9k+1

Js = Z Zgh(l) — / gn(z)dz

k
k=(2—6)logy h |1=2F 2

< i _gh@ngh@kH)wJ

2
k=(2—0)logo h -
- hk h3k log h
- Z o (23k/2 + 25k/2) =0 <h2—5§> ’ (3:21)
k=(2—5) logy h

where we use the fact that

2
il <Cr <1+3(k:+1) h (k:+1)) h

2 + 9k+2 2 \/E25k:/2
hk h3k
=0 (23k/2 + 25k/2> :
We conclude this section by noting that the bounds on errors I, and J; follow from

direct calculation:

|14 = /01 fm(z)dz + Lj2+6 fm(z)dzr = O (%) (3.22)
and
| 4| = /0h26 gn(x)dz = O <e’Ch6) : (3.23)

3.2.3 Proof of recurrence

In this section, we complete the proof of recurrence. By the formulas (3.7), (3.8)), (3.9)
and (3.10) and the estimates (3.14), (3.15), (3.16), (3.17), (3-20), (3.21), (3.22) and
(3.23)), we get

Ry(im) = Enlog Vi) ~ (g m)/2+9/2 =0 ( ;)

and

1
Ry(h) :=Ep(log Hy) —2logh —v=0O (m) :
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where 7 is the Euler constant. Then, by (3.6) and lemma |16

R, (log Hy) =2E,,(log V1) + » _ [Ex(log Hy) — 2log k] P, (Vi = h)
h=1

1
—logm+(9< 1/2— 35> +Zo(h1 35) m(V1 = h)

1
=logm + O (—m1/2—35> ,

so we’'ve shown

E,, (log H, — logm) 1

For the truncation error e3(m), we have by lemma |16 and lemma |17

e1(m) ==

€3 Zlog IP,(H =1)= ZZlOg IPm,nqni

1= m2 = m2 h=0

< Z log?1 Z Pmhdn,l + Z Prm.h
I=m? _hg\/mé h>/ml
© h 25

2 —cl

<>t Y o(mpn)+o()

l=m2 h<\/7l5

I=m?2

=, vm log® m
- Z log”l O (l3/2—26) =0 (m1/2—45) ;

(3.25)

where for h > /ml°, we apply Chernoff bounds by viewing p,,; as the sum of the
absolute value of m many i.i.d random variables, each of which has the same law as the
convolution of geometrically many Bernoulli distributions.

Finally, for the numerator in €3(m), we have
E,, (log H; — logm)® > Var,,(log Hy) > Var,,(E[log H, | V4]). (3.26)

To estimate the rightmost term, we notice that by lemma |16/ for any a > b > ¢ > 0, there
exist p1, p2 > 0 such that P,,(V; > ay/m) > p; and P,,,(by/m > Vi > ¢y/m) > p for large
enough m. By the above estimate on R,(h), we obtain that on the event {V} > ay/m},

1
E[log H, | V1] > 2loga + v + logm + O (W) . (3.27)
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Similarly on {by/m >V; > ¢y/m},

1
Eflog Hy | V1] < 2logb+ v+ logm + O (m) . (3.28)

Then, by the formula Var(X) = 1/2E(X — X’)?, where X' is an independent copy of X,
and taking X = E[log H; | V4], we obtain thanks to (3.27)) and (3.28))

m(1-38)/2

1
Var,, (Ellog Hy | V4]) > 4pipa(loga — logb)* + O (—) ;

for large enough m. Hence, we get

E,. (log H, — log m)2 S 4p1py(log a — logb)* + O (m)

= 3.29
2(m) 16(log m)3/2 - 16(log(m))3/2 (3:29)

for large m.
We finish our proof of recurrence with (3.5), (3.24), (3.25) and (3.29). O

3.3 Transience of G,

Throughout this Section we denote by M the simple random walk on G;. Our main
result is a local limit theorem for the return probabilities of M; a new proof of transience
will be obtained as a corollary.

Let T,, be the time just after the n-th vertical step of M, and consider the usual

decomposition into vertical skeleton and embedded random walk
Mz, = (X,,Yy), (3.30)

such that Y is the simple random walk on Z and X, := 0, X, := Z?:_()l & forn > 0, where
&; is the random variable representing the horizontal steps that M performs between the
i—th and the i + 1-th vertical step; note that |§;| is a geometric random variable with

success probability p = 2/3, and sgn(&;) is determined by Y;. We shall prove the following,.

Theorem 8. We have for large n

1
Po (Mr,, = (0,0)) ~ Nk
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Proof. Let o be the first time that Y visits —1 and let a < 1. We have

n?2

Py(o > 2n°|Ya, = 0) = O (i> (3.31)

for large n; in fact by standard properties of the simple random walk in Z

no

Po(0 > 20, Ya, = 0) =Y Py(Yy > 0,Ys > 0, ..., Yapa_1 > 0, Yoo = 2k; Yo, = 0)
k=0

no

= Po(Yanone = 2k)Po(Ys > 0,Y3 >0, .., Yopa_y > 0, Yo = 2k)
k=0

1 1
<O (ﬁ) Po(Y1 >0,Y2>0,..., Y501 >0) = 0O (T) _

n 2

Define

Af = {0 < j < 2n]S; = 0}

to be the amount of time spent by the vertical skeleton on the non-negative axis up to

step 2n. Let 1/2 < § < 1. We have

Po(Xon =0,Y2, =0)=> > Py(Xp, =0,Y3, =0,A) =k,0=2m—1)

m21 |k—n|<nl/2+6

(3.32)

+ > Po(Xay =0,Ya, =0,A] = k). (3.33)

|k—n|>nl/2+d

We begin by estimating (3.32)); to this purpose we split again the sum into two parts,
one for 1 < m < n® and the other for m > n®, and apply the modified Chung Feller
theorem (see theorem 2.3.1 in [14]) to the vertical skeleton after the first time it goes

below the origin.
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We obtain

nz Z P(J(in:Ov}/Qn:O,A::k,O':2m_1)

m=1 |k—n|§n1/2+5

=) Y Po(Xon=0|Yy =04 =ko=2m—1)

m=1 \k—n\§n1/2+5

x Po(A = k|o = 2m — 1, Ya, = 0)Py(0 = 2m — 1 | Ya, = 0)Py(Ya, = 0)

n

(0<2% [ Yar=0) > Py(Xo,=0] Y, =0,4F =k)

\k:fn\gnl/?“'é

1
PNGEE > P(Xank =0), (8:34)

‘k,n‘gnl/%ﬂs

1
~—— P
2/mn3/2"°

with Xo,p = Zf:_ol & — Zfﬁgl & for 1 < k < 2n, where (§);>0 is a sequence of i.i.d.
geometric random variables with success probability p = 2/3 and values in {0,1,2,...}.
Let my . := E(Xa, %) =k —n and s, := 0%(Xon ) = 2n02(&).

Then, by means of a local limit theorem for independent (not necessarily identically
distributed) random variables (e.g. here we use [23], Chapter VII, theorem 5, p.197), we

obtain

Y Pu=0= 3 [ﬁ"mn’k’sn (OHO(%)]

|k—n|<nl/2+6 |k—n|<nl/2+6
e 1
- {zﬁnwo(ﬁ)}

jl<ni /240

1 4o(l) 40 (#) | (3.35)

_@=mpp)?

My kS
where pn """ () = g€ P

Similarly

> > Py(Xp =0,Yy, =0,0=2m—1,AF =k)

m2n®+1 |k —n|<nl/2+8

1 1
—0 (W) Po(o > 20" | Yo =0) > P(Xapp=0)=0 ( M) . (3.36)

\k:fn|§n1/2+‘5

n 2



68 Revolving random walks on oriented square grids

by equations (3.31), (3.35) and because by the Chung Feller theorem we have that
Po(A) = klo = 2m,Ys, = 0) = O (L) when m > n® and |k — n| < n'/*%. Therefore,
the term (3.32)) is asymptotic to m for large n.

Finally, it remains to bound (3.33); to this purpose we use large deviation. Consider

the trivial bound

> Po(Xon =02, =04 =k) < Y P(Xa=0),

|k—n|>nl/2+8 |k—n|>nl/2+3
and for £ > 0 define Xy, j, := Xop p — My . We have

P (Xg k> n1/2+5> =inf P(etXQ””“ > et"1/2+5)
= t>0 -

) ]E(ethn,k)
<inf 1/216
t>0 etn

9e—t/2 k 29et/? 2n—k
. 3—et 3—e—t
=inf

t>0 etn1/2+§

_0 (e—ﬁ) , (3.37)

since, by Taylor expansion

2e=t/2\" 1 2¢t/2 \** 3n , 5
( ) (3 t) :1+Tt + O(nt?),

3 — et —e-
and then we use the fact that the minimum is attained at t* = %n_l/ 249 Analogously
we obtain
A n26
P (XM < —n1/2+5) -0 (aT) . (3.39)

Then, by (3.37) and (3.38))

Z P(Xonr =0) = Z P (ink =— (k- n)) =0 (ne’ﬁ) )

|k—n|>nl/2+6 |k—n|>nl/2+o

This completes the proof. O

Corollary 4. The random walk on graph Gy is transient.
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Proof. By the transience of (X,Y), we can find C' > 0 such that ) Py(X, = z,Y, =
0) < C < o for every x € Z. Whence
D Po(M;=0) =) ) Py(X, =—2,Y,=0)(1/3)" <C (1/3)" < oc.
% n x>0 >0

O

Remark 4. By a slight modification of the above argument one can actually extend the
limit theorem to most of the points z = (21,0) € Z? with |z;| < n except for a subset of

size o(n), and obtain Py (Mr,, = z) ~ Similarly, for |2;] > n+n'/?* with § > 0,

1
2,/mn3/2"

the probability is exponentially small.

Remark 5. With analogous but more involved calculations, a local limit theorem for

the original chain M of the form Po(Ma, = 0) ~ =&, C' > 0 can be established.






Appendix A

The square grid with oriented

horizontal and vertical levels

Consider a square grid lattice where all the lines, both horizontal and vertical, are ran-
domly oriented. Precisely, let (€,)yez, ((z)zez be two independent families of {—1,1}-
valued random variables, independent of each others: let the horizontal levels be oriented
according to (e, ), while the vertical ones according to (¢,). We denote this random graph
by Fe..

Of course, the recurrence behaviour of F. depends of the distribution of (e,) and
(Cz). If, for example, both sequences are deterministic and alternately oriented, we obtain
the so-called Manhattan lattice, which is known to be recurrent (see [9]). However, if
(€,) and ((;) are chosen to be both Rademacher i.i.d. sequences, the type problem is

still open. In fact, N-G. Plantard proposes the following conjecture (see [10]):

Conjecture 1. If (¢,) and ((,) are Rademacher i.i.d. sequences, independent of each

other, then the simple random walk on F.; is a.s. transient.

The goal of this section is to show that, by using the techniques developed in Chapters
1jand 2, we can determine the type for the simple random walk on a certain class of F ..

Precisely, we claim the following.

71
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v

A

v

v

A

A

v

Figure 10: The random graph F. ., where we take ((;)sez to be the alternate sequence.

Theorem 9. Let ¢ := ((,)zez be the deterministic alternate sequence, i.e. (, = (—1)

Vx € Z.

(1) If € := (€y)yez 15 a sequence of i.i.d. Rademacher {—1,1}-valued random variables,

then the simple random walk on F ¢ is a.s. transient.

(it) Let Q > 1 be an even integer. If € := (€,)yez i a deterministic sequence with

period () and such that 25:1 €, = 0, then the simple random walk on F. . is recurrent.

(iii) If €® := (€, ) ez is the sequence of random variables defined in (2.12), then the

simple random walk on F.s ; is a.s. transient if 3 <1, and a.s. recurrent if 3 > 1.

Proof. (i) We want to apply the technique used in the proof of theorem 1, and so we
start dividing the random walk into two components X and Y. Note that, because the
vertical edges are alternate, in the present case the vertical skeleton takes the following
form (cfr. figure |10/ above)

n

Y, I:ZVZ', n>1,

=1
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where (4);>0 is a MC with transition matrix
2
Ty = 1 s with q = g

(Observe that this is the same process we obtained in the honeycomb lattice, except that
there we had ¢ = 1.)
The embedded random walk takes also the usual form (1.2), that is

Mn—1(y)
X, = Zey Z fi(y).
YyEZL i=1

Moreover, the dependencies between X and Y are the usual ones: when consider-
ing the embedded random walk conditioned to the vertical one, we need to distinguish
between even and odd geometric random variables to track the horizontal steps.

Therefore, we can show a.s. transience by just repeating verbatim the proof of theo-
rem (1)

(ii),(iii). Similarly, the results follow by repeating verbatim the proofs of theorems 2,
3 and 4| of Chapter 2.

O

Remark 6. Notice that the recurrence of the Manhattan lattice can be viewed as a

particular case of theorem |9.(ii), when @ = 2.
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