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Abstract

The present thesis focuses on the mechanics of the seismic source, in the framework
of asperity models of faults. Thanks to the major role played by asperities in the
dynamics of the seismic source, faults have been treated as dynamical systems
made of a small number of asperities, weak regions or fault segments. The state of
the system is described by the slip deficits or Coulomb stresses associated with the
regions of the fault. Five cases are illustrated, differing for the number of asperities,
weak regions or fault segments and for the mechanical processes investigated. In a
model of a fault with a single asperity, the dynamics is described by two dynamic
modes, corresponding to asperity loading and asperity failure, respectively. In a
model of a fault with an asperity and a weak region, the dynamics is studied in
terms of three dynamic modes, corresponding to interseismic intervals, seismic
slip of the asperity and afterslip in the weak region. In a model of a two-asperity
fault with purely elastic coupling, the dynamics is described by a sticking mode,
associated with stationary asperities, and three slipping modes, corresponding
to the slip of one or both asperities at a time. If viscoelastic coupling between
the asperities is assumed, the model allows to highlight the role of rock rheology
in the duration of the interseismic intervals of the fault and in the response to
stress perturbations from neighbouring faults. In a model of a system of n faults
generating a seismic sequence, it is possible to retrieve the state of the system at
any time during the sequence. Also, the order of fault activation is described by
a permutation of the first n natural numbers. In each case, applications to real

faults are presented.






Chapter 1
Introduction

Several aspects of fault mechanics can be effectively investigated by devising
discrete models that reduce fault dynamics to its essentials. From a macroscopic
point of view, this is accomplished by modelling faults (or fault systems) as
made of a small number of regions, namely asperities and weak regions (or fault
segments). Asperities on a fault are identified as regions with a high static friction
and a velocity-weakening dynamic friction; therefore, they can be also referred to
as strong regions (Lay et al., 1982; Ruff, 1983; Scholz, 1990). On the other hand,
weak (or stable) fault regions are characterized as regions with a negligible static

friction and a velocity-strengthening dynamic friction.

In the present thesis, faults are treated as discrete dynamical systems whose
basic elements are asperities, weak region or fault segments. This study method
presents several benefits. First of all, the number of degrees of freedom required
to describe fault dynamics is reduced, thus allowing the analytical solution of
the evolution equations. What is more, it is possible to analyse the evolution
of the system from a geometrical point of view, following its orbit in the phase
space. Finally, this approach allows to focus on the main features of the seismic
source (e.g. stick-slip mechanism, stress transfers, post-seismic deformation) while

avoiding the more complicated description of continuum mechanics.

Chapter 2 serves as an introduction to the most relevant aspects of fault
mechanics, with particular emphasis on the description of friction on a fault, the
interaction between neighbouring faults, the rheology of lithospheric rocks and

two important post-seismic phenomena.



Chapter 3 presents the main achievements in the field of discrete modelling of
fault dynamics, focusing on asperity models of faults and the relevant theory of
dynamical systems. At the end of the chapter, the reference fault model for all

the studies presented in the thesis is illustrated.

The subsequent chapters present five fault models, differing for the number
of asperities, weak regions or fault segments and for the mechanical processes

investigated.

The simplest case is considered in Chapter 4, where it is assumed that the
fault activity is dominated by the evolution of one large asperity on its surface.
The system has one degree of freedom and its dynamics is described in terms
of two dynamic modes. The main features of a seismic event (e.g. moment rate
function, seismic spectrum, energy budget) are discussed. In Chapter 5, a fault
containing an asperity and a weak region is considered. The system has two
degrees of freedom and its dynamics is studied by means of three dynamic modes.
The interaction between seismic and aseismic slip on the fault is discussed. In
Chapter 6, a two-asperity fault is considered, assuming purely elastic coupling
between the asperities. The system has two degrees of freedom and its dynamics
is described in terms of four dynamic modes. The role of asperity size on various
aspects of the model (e.g. sticking region, slip amplitude, duration and moment
rate spectrum of a seismic event) is investigated. In Chapter 7, the evolution of
a two-asperity fault in the presence of viscoelastic relaxation is discussed. The
system has three degrees of freedom and its dynamics is studied by means of the
same four dynamic modes as in the purely elastic case. The interplay between
viscoelastic relaxation and stress perturbations in the evolution of a two-asperity
fault is investigated in Chapter 8. The complications with respect to the case of a
purely elastic rock rheology are presented. Finally, a model for the evolution of
a system of n faults during a seismic sequence is illustrated in Chapter 9. The
role played by stress drops and stress transfers in governing the order of fault

activation during a seismic sequence is discussed.

In each case, applications to real faults are presented, showing the potential

to shade some light on the essential aspects of complex geophysical observations.



Chapter 2
Seismic source dynamics

The goal of the present chapter is to provide an overview of the main aspects of
the seismic source dynamics this thesis focuses on. First, the general features of
fault mechanics are presented, discussing the phases of the seismic cycle, the role
of friction in the process of earthquake generation and the complications arising
from the interaction between neighbouring faults. Afterwards, the rheological
properties of lithospheric rocks are considered, with particular reference to the
characteristics of viscoelasticity. Finally, I provide a description of two significant
phenomena often observed in the aftermath of an earthquake, namely afterslip

and pore fluid diffusion.

2.1 Fault mechanics

It is a geological evidence that lithospheric rocks exhibit a certain degree of
fracturing at any scale of observation. As a consequence of the relative motion
of tectonic plates, lithospheric rocks undergo a continual process of deformation.
The stress thus accumulated in the medium is preferably released by the relative
motion of the sides of a pre-existing fracture, instead of by the formation of a
new one, in order to minimize the expenditure of energy. We call fault any large

fracture showing signs of a dislocation, i.e., the relative motion of its sides.

According to seismic and geodetic observations, faults can accommodate tec-
tonic motion in two different ways. Some fault regions exhibit a slow, quasi-static
creep, with slip rates comparable to tectonic rates; other fault regions remain
locked for most of the time and eventually undergo a sudden failure, catastrophi-

cally releasing the deformation energy stored in the medium with the emission of



elastic waves. The former is known as aseismic (stable) slip, the latter as seismic
(unstable) slip. In the case of seismogenic faults, the process of stress build-up
takes place over time intervals of tens or hundredths of years, whereas the duration
of seismic slip is of the order of tens of seconds. This mechanism is referred to
as “stick-slip” (where the “stick” corresponds to the interseismic period of elastic
strain accumulation and the “slip” identifies the earthquake) and is related to the

frictional properties of seismogenic faults (§2.1.1).

In fact, the dynamical behaviour of a fault is governed by two factors, both
functions of time and space: the frictional resistance and the stress applied
to the fault. As for the stress field, it is the result of the combined action of
lithostatic pressure and tectonic stress: the former is associated with a purely
normal, compressive contribution, whereas the latter is generally made of two
components, one normal to the fault plane and the other tangential to it. This
tangential component is the one responsible for earthquake generation: according
to Amonton’s law (Turcotte and Schubert, 2002), slip on a fault initiates when

the shear stress on the fault reaches the threshold
s =ks(p—o0,— 1) (2.1)

where k, is known as static friction coefficient, o, is the tectonic normal stress on
the fault, p is the lithostatic pressure and p’ is the pore fluid pressure. According
to Eq. (2.1), the condition for the onset of slip may change both in space and time,
as a consequence of a variation in any of the four components in its right-hand side.
In fact: kg is a property of the rocks embedding the fault; o, depends on tectonic
loading and on the interaction with neighbouring faults (§2.1.2); p is a function
of the depth and the orientation of the fault; p’ depends on the concentration of

pore fluids in lithospheric rocks.

2.1.1 Frictional resistance

As already stated, earthquakes rarely occur as a consequence of the formation of
a new crack, but instead they take place on a pre-existing fault. Accordingly, it
is crucial to underline that earthquakes are a frictional, rather than a fracture,
phenomenon (Scholz, 1998). Nonetheless, an increase in the contact points of the
sides of a fault and chemical interactions between rocks (welding) may cause the
static friction coefficient on a fault to grow larger over long interseismic intervals,

typically as a logarithmic function of time: this process is known as fault healing



(Dieterich, 1972).

To date, the most accurate description of frictional resistance is provided by
the rate- and state-dependent friction laws. In the Dieterich-Ruina formulation

(Ruina, 1983; Dieterich, 1994), they express the static friction coefficient as

ks(V.Q) = ki +aln (37) +¢
¢=—7 [C+bln ()]

where: V' is the slip velocity; V* is a reference slip velocity, corresponding to

(2.2)

the steady-state friction coefficient k}; the nondimensional coefficients a and b
depend on the material; ¢ is a nondimensional variable representing the state of
the contact surface; L is the critical slip distance required for friction to change
value following a variation in the slip velocity. This formulation points out that
friction depends on the sliding velocity and on the “history” of the sliding surface.
Frictional stability is governed by the difference (a —b): if (a —b) > 0, the material
is said to be velocity-strengthening (stable), so that an increase in the slip velocity
entails an increase in friction; the opposite holds if (¢ — b) < 0, so that the
material is said to be velocity-weakening (unstable). In the Earth’s interior, the
parameter (a — b) shows a dependence upon temperature and depth (Stesky et
al., 1974). Furthermore, it is affected by the presence of wear detritus on the
fault surface (the so-called fault gouge), resulting from previous episodes of slip
(Marone et al., 1990). To sum up, earthquakes can only take place on faults
located where unstable sliding conditions are fulfilled, whereas aseismic slip is
a characteristic feature of faults lying in a velocity-strengthening environment.
Furthermore, modelling and experimental observations have pointed out that
instability is attained only if the slipping patch reaches a critical size L., known
as nucleation length (Dieterich, 1992).

As a matter of fact, the typical stick-slip behaviour associated with the
dynamics of a seismogenic fault can be also reproduced adopting a simplified
version of the rate- and state-dependent friction laws: the Coulomb friction law.
It describes the friction coefficient k as a function of the slip velocity V' in the

form

sy = V=0 (2.3)
ki V#0

where k; < kg is called dynamic friction coefficient. Typical values of kg range



between 0.6 and 0.8 for most crustal rocks, whereas a representative value for the
ratio kq/ks is 0.7 (Jaeger and Cook, 1976; Scholz, 1990).

2.1.2 Interaction between faults

A dramatic complication in studying the evolution of a fault arises from the fact
that no fault can be considered isolated; in fact, any fault is subject to the stress
perturbations associated with earthquakes on neighbouring faults (Harris, 1998;
Steacy et al., 2005). We refer to system of faults when considering a set of two or
more faults that are close enough to be significantly affected by each other. When-
ever a fault slips, the stress field in the surrounding medium is altered. Focusing
on the coseismic effects, static and dynamic stress changes can be distinguished:
the former take place instantaneously, as the result of the dislocation on the
slipping fault, whereas the latter are associated with the propagation of elastic
waves and are as such oscillatory. The magnitude of stress changes decays with
the distance from the dislocation source; however, static stress changes attenuate
more rapidly than dynamic stress changes, which then dominate at large distances
(Belardinelli et al., 2003). The stress field on a fault can be further altered owing

to post-seismic processes (§2.3).

As a result of stress perturbations, the stress field on a fault can be enhanced
or weakened, the net effect depending on the relative orientations and locations of
the interacting faults. What is more, contributions from different faults of the
same system may partially cancel each other out. Accordingly, the occurrence
time of future earthquakes on the perturbed fault may change with respect to the
unperturbed condition, which is governed by tectonic loading. The interaction
between neighbouring faults and the problem of stress perturbations are considered

in the discrete models presented in §8 and §9.

Coulomb stress

An effective way to characterize the interaction between faults is provided by the
concept of Coulomb stress (Stein, 1999). On a given fault, it is defined as the
difference between the shear stress o; in the direction of fault slip and the static

friction 7, on the fault surface:

oc = 0y — Ts. (2.4)



Accordingly, o¢ is negative during an interseismic interval and a seismic event

occurs when o vanishes.

After the occurrence of an earthquake in the surroundings, a perturbing stress
field is superimposed to the fault. This additional stress results in the fault
being brought closer to or farther from the failure, depending on its position and
orientation relative to the dislocation source. Generally speaking, the coseismic
traction transferred to the fault consists in a normal component Ao, and a
tangential component Ag,: the former modifies the frictional resistance of the
fault, while the latter promotes or prevents the slip on the fault, depending on its
orientation relative to the tectonic stress loading the fault. The change in static
friction is

A1y = —k, Aoy, (2.5)

where kg is the effective static friction coefficient on the perturbed fault (i.e., the
friction coefficient corresponding to the net effect of lithostatic and pore fluid
pressures). We conclude that the frictional resistance of the fault is increased if
Ao, < 0 (compressional) or decreased if Ao, > 0 (extensional). As for Aoy, it is
defined as positive if it promotes the slip of the fault as driven by tectonic loading,
while it is defined as negative if it counteracts the effect of tectonic motion, thus

obstructing fault slip.

The net effect of the stress perturbation can be estimated from the variation

in Coulomb stress, given by
Aoc = Aoy — ATy, (2.6)

The slip of the perturbed fault is anticipated if Aoc > 0, whereas it is delayed if
Ao c < 0.

2.2 Rheology of the lithosphere

The rheological properties of lithospheric rocks play a crucial role in the long-term
evolution of a fault. They can be inferred from seismological and geodetic surveys,
from the observations of post-seismic deformations following large earthquakes
and from the constitutive equations (strain vs. stress relations) derived from
experimental data (Kirby and Kronenberg, 1987; Nishimura and Tatcher, 2003;

Biirgmann and Dresen, 2008). The rheological behaviour of rocks is a consequence



not only of their composition, but also of a number of external (environmental)

factors, such as pressure and temperature (Kusznir et al., 1991).

It must also be borne in mind that the rheology of lithospheric rocks strongly
depends on the time scale of the observations. Accordingly, it is possible to
discriminate between a short-term, elastic behaviour and a long-term, viscous
behaviour (Carter, 1976). The former is associated with the typical time scales
of seismic waves propagation, whereas the latter only appears on time scales
several orders of magnitude larger. As a result, a viscoelastic rheology is generally
attributed to lithospheric rocks (Ranalli, 1995).

This degree of anelasticity has a significant impact on the post-seismic defor-
mation of the medium in which the dislocation source is located. In fact, the static
stress field produced by an earthquake undergoes a certain amount of relaxation
during the interseismic intervals; in turn, this process alters the stress distribution
on surrounding faults, thus modifying the occurrence times of future seismic events
(Piombo et al., 2007; Ding and Lin, 2014). With similar considerations as in §2.1.2,
earthquakes can be anticipated or delayed by viscoelastic relaxation, depending

on the net effect of the stress redistribution.

2.2.1 The Maxwell body

One of the most common models employed to reproduce the viscoelastic rheology
of lithospheric rocks is the Maxwell body (e.g. Dragoni et al., 1982, Turcotte and
Schubert, 2002).

Many rheological models are graphically represented as combinations of basic
mechanical elements, such as springs and dashpots. In this description, the
Maxwell body is composed by the series of a Hooke elastic solid (spring) of

rigidity 1 and a Newtonian viscous element (dashpot) of viscosity 7; it is shown

in Fig. (2.1).
—J HII-

n H

Figure 2.1: Graphical representation of the Maxwell body.
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In the series of multiple mechanical elements, the overall strain is equal to the
sum of the strains associated with the single elements. The strain-stress relation

for the Hooke solid is
o

:Z’

whereas the constitutive equation for the Newtonian fluid is

(2.7)

ey

o

=5 (2.8)

eN
Deriving Eq. (2.7) with respect to time and setting
e =¢éy+én, (29)

we end up with the constitutive equation for the Maxwell body:
o o
26 = — 4+ —. (2.10)
I
In view of the following application, let us introduce the characteristic relaxation
time

0= (2.11)

n
1
Relaxation at constant strain

Let us consider the case in which the Maxwell body is subject to a constant strain
for times t > 0:
e(t) = egH(t) (2.12)

where H is the Heaviside function. At first, the medium reacts in a purely elastic
way, as there is not enough time for the dashpot to react to the instantaneous

strain. Hence, the initial stress is
o(t =0") = 2ue. (2.13)
From Eq. (2.10) we get the ODE (Ordinary Differential Equation)
o 0

—+—=0. 2.14
Hon ( )

Integrating with the initial condition (2.13), we obtain the solution

o(t) = 2ueoH (t)e 7. (2.15)

The initial elastic stress is therefore gradually relaxed and gets substantially

negligible for times ¢ > 6. The situation discussed here reproduces the long-term

11



effect of an earthquake in a viscoelastic medium, as anticipated beforehand. The
strain (2.12) can be interpreted as the result of the coseismic slip on a fault:
thus, according to Eq. (2.15), the static stress field produced by the seismic event
undergoes a certain degree of relaxation during the subsequent interseismic interval.
This phenomenon is taken into account in the discrete model of a fault presented
in §7.

2.3 Post-seismic phenomena

Here, two post-seismic processes are considered, namely afterslip and poroelastic
deformation, which often contribute to the stress redistribution on faults, thus

altering their subsequent evolution.

2.3.1 Afterslip

Afterslip is defined as the aseismic slip of a fault that is frequently observed after
an earthquake and that may last up to several months, depending on the magni-
tude of the seismic event. This phenomenon takes place at a decreasing rate and
has been ascribed to elementary creep events triggered by the stress perturbation
caused by the mainshock (Belardinelli and Bonafede, 1993). If afterslip can be
clearly observed at the Earth surface, geodetic measurements allow to estimate
the extension of the creeping zone. Several studies pointed out that the final
amplitude of afterslip is proportional to that of seismic slip. Also, it can produce
an amount of aseismic slip comparable with the coseismic slip at seismogenic

depths (e.g. Kenner and Segall, 2000).

Marone et al. (1991) studied the relationship between afterslip and the presence
of scarcely consolidated sediments at shallow depths by means of a mechanical
model of the upper crust, under the hypothesis that fault rocks exhibit rate- and
state-variable frictional behaviour (§2.1.1). They considered an elastic lithosphere
containing a fault zone with a velocity-strengthening (stable) region overlying a
velocity-weakening (unstable) region. As a result of the stress perturbation due to
the sudden increase in slip velocity associated with a seismic event in the lower re-
gion, the fault starts slipping aseismically at the surface. Accordingly, afterslip can
be interpreted as the relaxation of coseismic stress within a velocity-strengthening

region that has been loaded by the coseismic slip of a velocity-weakening region.
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The authors also showed that a thicker layer of superficial sediments would result
in reduced coseismic surface slip and increased afterslip, in good agreement with

field observations.

Several empirical relationships have been suggested in order to describe the
evolution of aseismic slip as a function of the time elapsed since an earthquake
(Barbot et al., 2009). Nason and Weertman (1973) proposed an exponential
function approaching a constant value. The theoretical analysis of Marone et al.
(1991) suggested a logarithmic function of time. In many cases, this functional
form reproduces field observations reasonably well; however, it entails a slip
amplitude increasing indefinitely with time and must be truncated ad hoc. In §5,
a discrete model of a fault with two mechanically different regions and another

formulation of the temporal evolution of afterslip are proposed.

2.3.2 Post-seismic fluid flow

Due to the presence of fluids (the most abundant of which is water), the Earth’s
crust cannot be considered as a purely elastic medium, but it is more properly
to be treated as a fluid-filled poroelastic medium (Detournay and Cheng, 1993;
Wang, 2000). If an earthquake takes place in a fluid-filled medium, the subsequent
perturbation in the stress field causes the compression or dilation of the volume
of rocks surrounding the seismic source. As a result, pore fluid pressure gradients
are generated, thus triggering the diffusion of interstitial fluids. This transient
phenomenon can last up to times in the order of 1 year (J6nsson et al., 2003) and
can play an important role in the stress interaction between neighbouring faults

and in post-seismic deformation.

The governing equations for a linear elastic, fluid-filled porous medium were
first derived by Biot (1941). The effect of migrating fluids can be taken into
account by distinguishing between two limit regimes, known as undrained and
drained conditions, governed by the Poisson’s moduli v, and v, respectively. These
regimes correspond to the short- and long-term responses of the medium to a
abrupt pore pressure change, respectively. At the occurrence of an earthquake,
the interstitial fluids can be considered stationary and their diffusive flow can be
reasonably neglected: the medium is then said to be in the undrained state and

the stress field correspond to the elastic solution with undrained moduli. As time
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goes by, fluid flow takes place until the pore pressure gradients are cancelled out:
the medium is then said to be in a drained condition and the stress field is given
by the elastic solution with drained moduli. The timescale of fluid migration is
controlled by the hydraulic diffusivity ¢ of the medium: its value depends on the
position and the composition of rocks, spanning over a wide range, from 107! to
10° m? s~ (Roeloffs, 1996).

Theoretical considerations and laboratory data (Rice and Cleary, 1976) show
that, under undrained conditions, the Poisson modulus is larger than under
drained condition, that is, v, > v. It was already mentioned that the two regimes
correspond to the coseismic and post-seismic response of the medium, respec-
tively. Therefore, we conclude that fluid migration in a porous medium can be a

source of post-seismic ground deformation: this effect is called poroelastic rebound.

Furthermore, pore pressure relaxation and the related diffusive processes have
been proposed as a possible cause of aftershock migration, induced seismicity
and triggered seismicity (Steacy et al., 2005). For instance, Piombo et al. (2005)
studied the effect of post-seismic fluid flow on the coseismic Coulomb stress change
field due to an earthquake: they found that the migration of fluids can delay the
occurrence of earthquakes in regions where a positive change in Coulomb stress
has been inferred, and vice-versa. The role of pore fluid diffusion in the stress

redistribution within a system of faults is discussed in Appendix I.

14



Chapter 3
Discrete fault models

In this chapter, an overview of the most significant aspects of discrete modelling
of fault dynamics is presented. In this framework, faults are treated as dynamical
systems: therefore, I begin by mentioning the properties of such systems that are
most relevant to the present work. Afterwards, the advantages granted by this
study approach and the categories in which discrete fault models can be classified

into are illustrated, with particular reference to asperity models.

3.1 Dynamical systems - selected topics

A dynamical system is any system whose behaviour can be described by means of
an evolution operator

X 5 X (3.1)

defined on a space X for all times ¢t € T, such that, given any initial condition

xo € X and any t,s € T', we have

(I)O(Xo) = Xp, (32)
P (xg) = ' (P5(x0)) . (3.3)

The first condition identifies the initial state of the system, whereas the second

entails the deterministic nature of the evolution of the system.

Generally speaking, X is a subset of R": it is known as the state space of the
system. The state of the system at any instant ¢ in time is described by the n—
dimensional vector x(t): its n components are the state variables of the system.

As for the space T', we can distinguish between two cases, corresponding to T'= R
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and T = 7Z: in the former case, the dynamical system is said to be a continuous
time system, while in the latter case it is said to be a discrete time system. In
the present thesis, only systems of the first kind are dealt with. On the whole,
a dynamical system is often identified as {X, ®} (e.g. Stewart and Thompson,
1986; Strogatz, 2014).

A continuous time system of dimension n is defined by a set of n autonomous
ODEs in the form
. dx

€Tr =

g 3.4
=N (3.4)
where f : X — R" is the vector field associated with the dynamical system. The

evolution operator ®! describes the flow of the vector field, that is,
x(t) = ®'(xo). (3.5)
The system is called linear if Eq. (3.4) can be written in the form
T =Ax (3.6)

where A is a n X n matrix of constant components. Furthermore, the system is
defined as conservative in the absence of any forms of energy dissipation; oth-

erwise, it is said to be dissipative and its total mechanical energy changes with time.

The evolution of a dynamical system can be studied by following its orbit in

the state space: it is defined as the set
[@'(x0) |t € T} (3.7)

representing the complete history of the system, starting from the initial state x,.

A dynamical system is said to be smooth of order 7 if the first  time derivatives
of the associated vector field f exist and are continuous Va& € X. A particular
case of great significance is represented by piecewise-smooth dynamical systems:
they are defined as systems exhibiting phases of smooth evolution interrupted
by sudden transitions (di Bernardo et al., 2008). Such are the systems whose
behaviour is governed by a friction threshold, known as stick-slip systems. For such
systems, the transitions between phases of smooth evolution are not associated
with a discontinuity in the state vector x, but instead in the accelerations and in

the equations describing the dynamics, i.e., in the vector field f.
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Nonlinear, dissipative, piecewise-smooth dynamical systems with a discon-
tinuous right-hand side are called Filippov systems (Filippov, 1988). For such
systems, it is possible to define a sticking region as the set of the state space
corresponding to a phase of global stick. The system enters a phase of slip when

its orbits intersects a geometric set known as failure locus.

Another significant feature in the characterization of a dynamical system is its
sensitivity to initial conditions and to perturbations in the boundary conditions.
Accordingly, a dynamical system is said to be predictable when its long-term
evolution is not affected by small variations in initial and/or boundary conditions,
whereas it is named chaotic if its long-term evolution strongly depends on the
initial and/or boundary conditions. Notice that these definitions are referred to

deterministic (non stochastic) dynamical systems.

3.2 Faults as discrete dynamical systems

It has long been acknowledged that fault dynamics can be fruitfully investigated
by discrete models made of blocks connected through springs (Pelletier, 2000).
Such an approach has the advantage of reducing the number of degrees of freedom

required to describe the dynamics of the seismic source.

Discrete fault models can be classified into two categories, corresponding to a

micro- and a macroscopic characterization of fault dynamics, respectively.

In the first case, a large number n of blocks is used to represent the contact
points between the two sides of a fault. As n — oo, these models simulate the
behaviour of a continuous elastic medium. The precursor of this methodology can
be found in the work of Burridge and Knopoff (1967). The authors considered an
array of blocks placed on a horizontal rough plane, connected to each other by

springs and pulled by an external driver (Fig.3.1).

2/ A /22222

Figure 3.1: Sketch of the spring-block system due to Burridge and Knopoff (1967).
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As for friction on the blocks, a piecewise constant function of the slip velocity
as the one in Eq.(2.3) was assumed. This way, the authors were able to reproduce
the characteristic stick-slip behaviour of seismic sources, as well as the typical
Gutenberg-Richter distribution of earthquake sizes (e.g. Scholz, 1990). Owing to
the nonlinear dependence of friction on the slip velocity, the system is nonlinear
and dissipative. Models of this first category have been subsequently developed by
a number of authors (e.g. Carlson and Langer, 1989a,b; Nakanishi, 1990; Carlson
et al., 1991; Nakanishi, 1991; Huang et al., 1992; Hainzl et al., 1999; Weatherley
and Abe, 2004).

Models of the second kind make use of a small number of blocks to analyse
the main aspects of the dynamics of the seismic source (e.g. seismic slip, stress
transfers, post-seismic deformation) with little regard to a minute description
of these processes. In this framework, blocks represent multiple coplanar faults
or asperities on the same fault (§3.3). In a way, this approach is similar to the
characterization of a physical system by means of macroscopic thermodynamic
quantities, instead of through the microscopic concepts of statistical mechanics.
These models allow the study of the evolution of a fault by means of orbits in the
phase space: via this geometrical analysis, it is possible to better appreciate and
visualize the different aspects of the dynamics of the system. On the whole, these
discrete fault models allow to focus on the main features of the seismic source
(e.g. the stick-slip mechanism governed by the system of forces on the fault) and
avoid the more complicated characterization based on continuum mechanics. The

present thesis deals with models of this category.

The first example of such spring-block models is due to Nussbaum and Ruina
(1987), who considered the elastic rebound of two blocks placed on a horizontal
rough plane. The blocks are coupled to each other and to an external driver by
means of springs of different stiffnesses (Fig. 3.2). The following correspondence
rules hold: the blocks represent two asperities on the same fault plane or two
coplanar faults; the external driver corresponds to the motion of the tectonic plates;
the deformation of the springs represent the elastic deformation of crustal rocks; the
forces applied to the blocks reproduce the tractions on the asperities/faults; friction
on the horizontal support represents the frictional resistance on the asperity /fault
surface; the motion of a block corresponds to the seismic slip; the coupling spring

accounts for the coseismic stress transfer between the asperities/faults.
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Figure 3.2: Sketch of the two-block model devised by Nussbaum and Ruina (1987).

The analysis was carried out under the hypothesis of complete spatial sym-
metry, i.e., assuming for the two blocks the same mass, frictional resistance and
coupling with the external driver. Most of the seismic events resulted from the
motion of a single block at a time, even though the simultaneous motion of the
two blocks was observed as well. According to its properties, the two-block system
can be classified as a Filippov stick-slip system (§3.1). During a phase of global
stick, the state of the system can be described in terms of the difference p between
the positions of the two blocks with respect to the external driver. As a seismic
event occurs, p takes a new value. Accordingly, the evolution of the system can
be described by means of an event map pri1 = f(pr), where every iteration

corresponds to a seismic event.

The hypothesis of spatial symmetry was later relaxed by Huang and Turcotte
(1990a): under the assumption of a simple static/dynamic friction law as the one
in Eq. (2.3), the authors showed that a two-block asymmetric system may exhibit
chaotic behaviour (§3.1) in correspondence with higher coupling stiffness between
the blocks. Furthermore, Huang and Turcotte (1990b) found that the chaotic
behaviour may reproduce some features of interacting fault systems (§2.1.2), such
as the pattern of seismicity observed on real faults. More recently, He (2003)
showed that chaos in a two-block asymmetric system also depends on the particular
formulation of friction adopted. In fact, if a rate- and state-friction law as the
one in Eq. (2.2) is assumed, a chaotic evolution is fostered by smaller coupling
intensities, corresponding to blocks moving more independently from each other,
in contrast with the results obtained by Huang and Turcotte (1990a) with a
simpler static/dynamic friction law. Hence, the crucial influence of friction on the

specific properties of spring-block systems was acknowledged.
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3.3 Asperity models of faults

Asperity models were first proposed by Scholz and Engelder (1976) and Byerlee
(1978) as a means to explain some experimental results on the frictional resistance
of rock samples. Later on, they were introduced in the field of fault mechanics
(Lay et al., 1982; Ruff, 1983; Scholz, 1990). In the framework of asperity models,
it is assumed that the fault is characterized by the presence of one or more strong
regions with a high static friction and a velocity-weakening dynamic friction
(§2.1.1). As a consequence of tectonic loading, the stress acting on the asperities
is gradually increased, eventually leading to their sudden slip and to a seismic
event. Thus, asperity failures account for the unstable, stick-slip sliding regime of
seismogenic faults (§2.1). This characteristic behaviour can be fruitfully described
by means of the concept of slip deficit: at any instant ¢ in time, the slip deficit
of an asperity is defined as the amount of slip that asperity should undergo in
order to recover the relative displacement of tectonic plates occurred up to time ¢.
Accordingly, the slip deficit increases when the asperity is at rest and decreases

when it slips.

The number of asperities involved in an earthquake is generally small (from 1
to 3) and can be inferred from the analysis of the moment rate (source function),
which yields the features of the far-field displacement due to the seismic event.
Examples of earthquakes that can be ascribed to the failure of two asperities
are the 1964 Alaska earthquake (Christensen and Beck, 1994), the 1992 Landers,
California, earthquake (Kanamori et al., 1992), the 2004 Parkfield, California,
earthquake (Twardzik et al., 2012), the 2007 Pisco, Peru, earthquake (Sladen et
al., 2010) and the 2010 Maule, Chile, earthquake (Delouis et al., 2010).

Kanamori (1978) studied the role of asperity distribution and size in the spatial
and temporal patterns of earthquake generation. If the asperities on the same fault
plane have similar extension and frictional resistance, the slip of a first asperity is
in general capable of triggering the slip of neighbouring asperities, thus giving rise
to an earthquake of larger size. The opposite holds if asperities have different size
and frictional resistance: in this case, the stress coupling between the asperities
is less efficient, so that the slip of a first asperity mainly yield the failure of the

smaller and weaker surrounding regions of the fault.
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When considering asperity models, stress accumulation on the asperities, slip at
the asperities and stress transfer between asperities are factors of crucial relevance.
It is therefore appropriate to describe the fault as a dynamical system whose

essential components are the asperities (Ruff, 1992; Turcotte, 1997).

It must be stressed that the discrete dynamical systems considered in the
present work are much more general than the simple spring-block system shown
in Fig. (3.2). Systems where each asperity is a compact and simply connected
subset of the fault surface are considered. Therefore, asperities may have any
geometrical shape and they may be different from each other as to their shapes
and areas. Each asperity is subject to a tectonic traction that may have any
direction, with both normal and tangential components with respect to the fault
surface. Asperity slip takes places in the direction of the tangential traction and

can reproduce any kind of source mechanism (Fig. 3.3).

= &
A

Figure 3.3: Slip of a two-asperity fault with strike-slip mechanism (above) and dip-slip

normal mechanism (below). The rectangular frame is the fault border.

Since asperities are considered as single units of the fault, details of slip distribution
on asperities are not considered, but a uniform slip is assumed to take place when an
asperity moves. Therefore, asperity motions are similar to Volterra (or translation)
dislocations, which are commonly employed in describing seismic sources (e.g.
Okada, 1992).
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3.3.1 A two-asperity fault model with elastic coupling

I summarize the main results of a series of works addressed to the analysis of
a two-asperity fault model, on which much of the present thesis is based upon.
In these works, it is assumed that the coupling between the asperities is purely
elastic and that the fault is subject to a uniform and constant strain rate due to
the motion of tectonic plates. The fault is treated as a dynamical system whose
state variables are the slip deficits of the asperities (§3.3). As a result, the model
has two degrees of freedom and the phase space is 4-dimensional. Furthermore,
the dynamics of the system can be described in terms of four dynamic modes: one
sticking mode, corresponding to stationary asperities, and three slipping modes,

associated with the separate or simultaneous failures of the asperities.

A model of a fault with two asperities of equal areas and frictional resistances
(symmetric system) was considered by Dragoni and Santini (2010, 2011). The
authors showed that the evolution of the system is governed by a quantity re-
lated to the inhomogeneity of the stress applied to the asperities. This quantity
corresponds to the quantity p (§3.2) governing the evolution of the two-block
system considered by Nussbaum and Ruina (1987). Within a narrow range of
stress distributions, the system follows a limit cycle, corresponding to a periodic
behaviour, with the alternate slips of the asperities. There exists an uncountable
infinity of such cycles, each one corresponding to a particular pattern of seismicity.
The orbit of the system enters a limit cycle if, at the beginning of an interseismic
interval, its representative point belongs to a specific subset L of the state space.
If an external perturbation alters the stress distribution, so that the representative
point lies outside of L, earthquakes associated with the simultaneous slips of the
asperities take place. Due to the interaction between the asperities, the seismic
moment released during such events is larger that the sum of the moments released
by the asperities when they slip separately. Therefore, earthquakes due to the
simultaneous failures of the asperities are the largest events that the fault can
generate. Over time, a stress distribution compatible with the aforementioned
periodic behaviour is restored: hence, the long-term evolution of the fault is always
a limit cycle. The previous considerations point out that the system is sensitive
to small perturbations: this observation is particularly significant, since no fault
can be considered isolated, being subject to stress transfers due to earthquakes on

surrounding faults (§2.1.2).
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Dragoni and Santini (2012, 2014) studied the properties of a two-asperity
asymmetric fault model. Complete analytical solutions for the four dynamic
modes of the system were presented; furthermore, in order to apply the model
to a real fault, the authors devised a set of correspondence rules between the
discrete model and a model based on continuum mechanics. It was found that,
when a single asperity is involved in a seismic event, the subsequent earthquake
is very often due to the failure of the other asperity, although it may take place
on the same asperity. The authors also investigated the source functions of all
the possible seismic events predicted by the model, showing the dependence of
their shape (number of humps and amplitude) on the sequence of slipping modes
involved in the earthquake, which is in turn univocally determined by the state of
the system before the earthquake. As for the rise time, duration and amplitude
of the source functions, they are affected by the degree of coupling between the

asperities and by the frictional resistance on them.

The effect of stress perturbations due to earthquakes on neighbouring faults
was considered by Dragoni and Piombo (2015) in the case of an asymmetric
model. The presence of two asperities entails that stress perturbations may not
only change the occurrence time of the next earthquake on the fault, but also its
hypocentre, seismic moment and duration: in fact, stress transfers may alter the
sequence of dynamic modes in the earthquake. This circumstance was proposed
by the authors as an explanation of the fact that earthquakes produced by a given
fault are not only an aperiodic phenomenon, but are also different from one other
in magnitude, slip distribution and duration. The effect of stress perturbations
was discussed in terms of the variation of the Coulomb stress on each asperity
(8§2.1.2). Specifically, the authors found that the change in the difference between
Coulomb stresses on the asperities determines which asperity will fail the first in
the next earthquake; furthermore, the variation in the duration of the preceding
interseismic interval is directly proportional to the change in the Coulomb stress

associated with the asperity that fails the first in the earthquake.

The radiation of seismic waves during earthquakes generated by a two-asperity
fault was studied by Dragoni and Santini (2015) in the framework of an asymmet-
ric model. They included the seismic radiation by introducing an additional term

proportional to the slip rate of the asperities in the equations of motion. Assuming
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that this rate-dependent term gives a smaller contribution than dynamic friction
during a seismic event, the authors illustrated the influence of seismic radiation
on the earthquakes generated by the fault. Specifically, they showed that the slip
amplitude and, in turn, the seismic moment are smaller, while the slip duration is
larger in the presence of elastic waves. Furthermore, they calculated the moment
rate spectra predicted by the model, which were found to be in agreement with
the classic high-frequency trend found by Brune (1970). The model was further in-
vestigated by Dragoni and Tallarico (2016), who focused on the dynamic interplay
between the asperities during seismic events made up of two or more slipping modes.
The authors pointed out how such events require an heterogeneous stress distribu-
tion on the fault to be generated. Also, they discussed the seismic moment release,
source functions and seismic spectra associated with these events, whose features

may change dramatically as a function of the initial stress distribution on the fault.

In the models listed above, it was assumed that the asperities on the fault

have equal areas. This assumption is relaxed in Chapter 6.

3.4 Reference model

In this section, I describe the fault model on which all the different studies pre-

sented in the following chapters are based on.

A plane fault (or a fault system) enclosed by two tectonic plates moving
at constant relative velocity v is considered. The fault lies in an elastic shear
zone that is a homogeneous and isotropic Poisson solid with rigidity u. As a
consequence of tectonic motion, the fault is subject to a uniform and constant

strain rate é.

It is assumed that the fault contains one or more asperities and possibly one
or more weak regions (i.e., regions associated with a negligible static friction and
a velocity-strengthening dynamic friction). Following the assumptions of asperity
models, the production of earthquakes on the fault and the release of seismic
moment are ascribed to the failure of the sole asperities. The slips of the different
regions on the fault are treated as Volterra dislocations and thus assumed uniform

over their areas.
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Instead of focusing on the values of friction, slip and stress at every point on
the fault, only the average values of these quantities on the asperities and weak

regions are considered.

The fault is treated as a dynamical system whose state is described by the
state of the asperities and weak regions (or the fault segments in the fault system).
The state variables are the slip deficits (§3.3) or the Coulomb stresses (§2.1.2)

associated with the regions on the fault.
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Chapter 4
A fault with a single asperity

In this chapter, a discrete model of a fault containing a single asperity is considered.
This configuration represents the simplest expression of a discrete fault model and
provides as such a useful means to replicate the essential features of the seismic
source (§3). The present chapter is based on the fault model devised by Dragoni
and Piombo (2011).

4.1 The model

The fault model described in §3.4 is adopted and a fault containing a strong
region (asperity) with area A is considered. The asperity is responsible for the
bulk of seismic moment release during an earthquake: any contribution from the
remaining weaker region of the fault is assumed to be negligible. A sketch of the

model is shown in Fig. (4.1).

Figure 4.1: A plane fault containing a single asperity of area A. The rectangular frame

is the fault border.
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The fault is treated as a dynamical system whose state is described by the slip
deficit x(t) associated with the asperity, where ¢ is time. Since the system has

one degree of freedom, the phase-space is a 2-manifold.

The simplest form of rate-dependent friction is considered, characterizing the
asperity by a static friction threshold f; and a dynamic friction f; defined as the
average value of friction during asperity slip. This description of friction yields

the typical stick-slip behaviour of fault dynamics.

Since the asperity moves as a rigid surface, it is easier to use forces instead of
tractions. During the sticking mode, the asperity is subject to the loading action

of tectonic motion, corresponding to the tangential force
f=—-Kuz, (4.1)

where the coupling constant K can be calculated from the values of A, v and the
tangential stress rate on the fault (§4.6). The equation of motion for the sticking

mode is
=0 (4.2)

where a dot indicates differentiation with respect to ¢t. As a result, the slip deficit

x increases steadily with time. A seismic event takes place as soon as the condition

f=-1. (43)

is reached. During the slipping mode, the asperity is subject to the additional

tangential force
fo=—uz (4.4)

where ¢ is an impedance introduced to take into account the radiation of elastic

waves during asperity slip. The equation of motion during the slipping mode is
i+ Ke+uk— fa=0 (4.5)

where p; is the mass associated with the asperity.

For the sake of simplicity, the analysis is carried out in nondimensional form.

I introduce the nondimensional parameters

(4.6)



where: v is a function of the seismic efficiency of the fault; € is the ratio between
dynamic and static frictions on the asperity; V' is the nondimensional velocity of
tectonic plates. The parameters are subject to the constraints v > 0,0 <e <1

and V' > 0. T also define the nondimensional slip deficit and time

x=Broopo By (4.7)
fs H1

Accordingly, the equation of motion (4.2) for the sticking mode can be rewritten

as

X =0, (4.8)

while the equation of motion (4.5) for the slipping mode becomes
X4+X+9X —€e=0 (4.9)

where a dot now denotes differentiation with respect to 7.

Introducing the nondimensional force

f
F ==, 4.10
T 10
the loading action (4.1) of tectonic motion can be rewritten as
F=-X (4.11)
and the condition (4.3) for the onset of a seismic event becomes
F=-1 (4.12)
or, in terms of the slip deficit,
X =1 (4.13)

A condition of no overshooting is assumed: accordingly, it is required that X > 0
and that the tangential force on the asperity is always in the same direction as

the velocity of tectonic plates, that is, F < 0.

To sum up, the system is described by the set of three parameters ~, e and V.
At any instant 7" in time, the state of the system may be univocally expressed by
the slip deficit X or by the force F.
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4.2 Dynamic modes

The dynamics of the system is characterized by two dynamic modes: the sticking
and the slipping mode. In the following, the solution of the equations of motion

for these modes is provided. I shall make use of the characteristic frequency

2
wo=1/1— 7? (4.14)

During a slipping mode, it is assumed that the velocity dependent term (4.4) in
the equation of motion is small with respect to dynamic friction. This choice is
suggested by the observation that the seismic efficiency of faults is small (Kanamori,
2001). Accordingly, the case of weak damping is considered, so that v < 2.

The effect of wave radiation is described by the quantity
1 _mr
Ko =5 (1 +e 250) (4.15)

which is a decreasing function of v, equal to 1 in the absence of radiation (y = 0).

4.2.1 Sticking mode
The equation of motion is (4.8). With initial conditions
X0)=X, X0)=V (4.16)

the solution is
X(T)=X+VT. (4.17)

Accordingly, the slip deficit of the asperity increases linearly with time, as a

consequence of tectonic motion at constant relative velocity V.

4.2.2 Slipping mode

The equation of motion is (4.9). With initial conditions

X(0)=1, X(0)=0 (4.18)
the solution is
X(T)=€e+ v (cos wol + T Sinw0T> et (4.19)
2 2&)0
where
U=2(1-¢). (4.20)

The evolution of the slip deficit is shown in Fig. (4.2), together with the slip

velocity X (T'), for given values of v and .
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Figure 4.2: Evolution of the slip deficit X (T") and the slip velocity X (T) during an
earthquake generated by the fault (v =1,e = 0.7).

In choosing the initial conditions, I set V' = 0. This is a reasonable assumption,
since the ratio between the velocity of tectonic plates and the slip rate of a fault

is in the order of 107Y.

The duration of slip 7} can be evaluated from the condition X (T') = 0, yielding

T, =— (4.21)

AX(T) = X(0) — X(T). (4.22)

It is shown in Fig. (4.3) for a particular choice of the parameters v and e. The
graph shows the typical features of the source function of an earthquake, with a

rise time T and a final slip amplitude
Us = AX(Ty) = koU. (4.23)

In the limit case 7 = 0, we have Us; = U.
Finally, the slip rate is

: U
AX(T) = Q—WOe—TT sinw,T. (4.24)
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Figure 4.3: Evolution of the slip amplitude during an earthquake generated by the fault
(vy=1,e=0.7).

Figure (4.4) shows the graphs of slip duration and amplitude as functions of the
parameter 7, in units of the values assumed in the limit case v = 0. As the
radiation of elastic waves becomes more and more significant, the slip duration
increases, whereas the slip amplitude is reduced. The former effect is a direct
consequence of the smaller slip rate AX (T") determined by the presence of radiation,
in accordance with Eq. (4.24). The effect on the slip amplitude is instead due to
the more and more important contribution of wave radiation to the energy budget

of the system as v increases. This issue will be further discussed in §4.5.

4.3 Orbits in the phase space

In this section, the orbit of the system in the phase space (X, X) is described,

distinguishing between the two dynamic modes.

During the sticking mode, it is assumed that X = 0, as discussed before. The
solution (4.17) is then a line segment lying on the X axis. The system evolves on
this line until the point (1,0) is reached, corresponding to the condition (4.13) for

the onset of failure. Here, the system enters the slipping mode.

As for the slipping mode, the solution (4.19) describes a damped Lissajous curve
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Figure 4.4: Slip duration 75 and slip amplitude U, as functions of the parameter +.

They are normalized to the values assumed in the limit case v = 0.

(Lawrence, 1972) in the phase space. The representative point of the system moves
in the half-plane X < 0 until its orbit crosses the X axis at the point (1-1U,,0),
where the system goes back in the sticking mode. In the limit case v = 0, the orbit
is a half circumference centered in (€,0) with radius U/2. The no overshooting

condition X > 0 entails the constraint

1
1-U,>0=e>1— —. 4.25
> €21-g- (4.25)

Summing up, the system is characterized by a periodic orbit that is displayed in
Fig. (4.5) for a given choice of the parameters v and e. The possible initial states
are the points (X,0) with 0 < X < 1. All orbits eventually enter the periodic

orbit, giving rise to a limit cycle with period

U,
AT = =2 4.26
- (4.26

whose specific value depends on the parameters v, e and V.
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X

Figure 4.5: Orbit of the system in the phase space (y = 1,e = 0.7).

An alternative visualization of the evolution of the system is provided by the
graph of the tangential force on the asperity during the seismic cycle, which can
be calculated exploiting Eq. (4.11). The modulus of the force increases linearly in
time with rate V' during the sticking mode, until the failure condition |F| =1 is

reached. The slip of the asperity is associated with a fixed stress drop
IAF|=1—-(1-Us) =Us,. (4.27)

Afterwards, the force resumes increasing linearly until the failure condition is
reached again, and so on. As a result, the tangential force exhibits a saw tooth
shape with period AT It is shown in Fig. (4.6).

4.4 Seismic moment rate and spectrum

The moment rate associated with an earthquake originated by the fault can be
evaluated as
M T

. M .
M(T) = FlAX(T) = 2—&)257 sin woT (4.28)

where M, is the seismic moment associated with the seismic event in the limit
case v = 0. Figure (4.7) shows the moment rate M(T) for different values of ~y

and for a given choice of the parameter e.
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Figure 4.6: Evolution of the tangential force on the asperity during the seismic cycle
(y=1,e=0.7,V =1077).

In the absence of wave radiation, the graph is a symmetric hump and presents
a maximum at 7" = T,/2. As wave radiation gets more and more significant,
the graph becomes more and more asymmetric; also, its maximum is displaced

towards earlier times and gets smaller and smaller.
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Figure 4.7: Moment rate associated with an earthquake originated by the fault (e = 0.7).

34



The final seismic moment is

M
M,y = FlAX(TS) = KoM, (4.29)

which is a decreasing function of v, owing to its dependence on the factor kq.

In order to calculate the moment rate spectrum associated with a seismic

event, let us consider the Fourier transform
TS . .
H(Q) = / M(T) e qT (4.30)
0

where () is a nondimensional frequency defined from the frequency w of the seismic

0= \/%w- (4.31)

The nondimensional spectrum is then given by

waves as

S(Q) = |H(Q)]

_ %\/14—26_% CosQTs—i—e_%. (4.32)

2 (1— Q2)2 + 4202

It takes the value M, for Q = 0, while its envelope for Q — oo is M,/Q?.
Thus, the seismic spectrum is inversely proportional to Q2 at high frequencies, in
accordance with the classical spectrum described by Brune (1970). The corner
frequency, corresponding to the intersection of the asymptotic trends at low and
high frequencies, is

Q, = 1. (4.33)

The spectrum S(€2) is shown in Fig. (4.8) in the case v = 1.

4.5 Energy budget

As a result of tectonic loading, the slip deficit of the asperity increases with time,
resulting in a build up of potential energy in the system. Such energy is dissipated
into heat and wave radiation during a seismic event. Let w(t) be the mechanical
energy of the system at a time ¢, while ¢(¢) and r(¢) are the heat and radiation
produced by the slip of the asperity after a time ¢ from the onset of the earthquake.

Their nondimensional equivalents are defined as

W:@ Q:Kq _ Kr

s ¥ =5 (4.34)
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Figure 4.8: The moment rate spectrum associated with an earthquake generated by the
fault (v = 1). The dashed line indicates the corner frequency €., corresponding to the

intersection of the low and high-frequency asymptotes.

During a sticking mode, the energy of the system is given by
1
W(X) = 5X2. (4.35)

The slip of the asperity begins at X = 1 and ends at X = 1 — U,. The consequent

energy change is
1
AW =W ({1 -Uy) —W(1) = —§U5(2 —Uy) (4.36)

which reduces to
AWy = 2¢e(e — 1) (4.37)

in the limit case v = 0. As for the heat and seismic energy released during the

earthquake, we have

AQ = OTS O(T)dT, AR = /O " Rryar, (4.38)
with rates
Q=eX, LR=-yX" (4.39)
Accordingly, we obtain
AQ = —eU,, AR= —%UQ(l — e %), (4.40)



The energy budget of the fault is shown in Fig. (4.9) as a function of the impedance
~. In the limit case v = 0, no seismic waves are radiated and all the energy is

dissipated into heat, while the contribution of elastic radiation increases with ~.

0.75

0.5

0.25

"
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L
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Figure 4.9: Energy budget for an earthquake generated by the fault, as a function of
the impedance v with € = 0.7. The change in mechanical energy AW, the heat release
AQ and the radiated energy AR are normalised with respect to AW}, the total energy

change in the limit case v = 0.

The seismic efficiency of the fault is defined as

AR
S — 4.41
T AW (4.41)
Hence, we find
B 1—e 27:2
n=nN—"—"—"==> (4.42)
1—mne 2o
where
1—e¢
n = 4.43
1 1+e€ ( )

is the seismic efficiency in the limit case v = 2, which decreases from 1 to 0 as
€ increases. Figure (4.10) shows the seismic efficency 7 as a function of ~ for

different values of the parameter e.
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Figure 4.10: Seismic efficiency n of the fault, as a function of the impedance ~.

4.6 Choice of the parameters

In order to apply the model to a real fault, it is necessary to assign appropriate

values to the three parameters 7y, e and V.

The impedance - is related to the seismic efficiency of the fault: from Eq. (4.42),

it is easy to obtain

2In ¢

. e W 4.44

! V2 +1na ( )
with a (1 )
_ — i —e€

S l—e—n(l+e) (4.45)

However, the seismic efficiency cannot be determined from seismological data
(Kanamori, 2001); therefore, the value of v can be inferred on the basis of the fit

with the observed source function of the earthquake.

The parameter € depends on the properties of crustal rocks and can be chosen
on the basis of experimental data (e.g. Jaeger and Cook, 1976). Finally, the rate
V' can be calculated from the observed plate velocity v, the duration ¢, and the
average slip amplitude ug of the seismic event generated by the fault:

_ US tS

1% .
Ug TSU

(4.46)
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As for the constant K in Eq. (4.1), it can be evaluated from the tectonic shear

force f accumulating on the asperity over a time ¢, given by

where g, is the tangential stress rate on the fault. Its expression is calculated from
the strain rate é¢ in Appendix A, distinguishing between strike-slip and dip-slip
faults. In the discrete model, the force associated with tectonic loading over a
time ¢ is Kvt. By comparison, we obtain

oA

K== (4.48)

Hence, the intensity of coupling between the asperity and the tectonic plates
increases with the area of the asperity and with the tangential stress rate acting

on the fault, while it decreases with the velocity of the tectonic plates.

4.7 An application: the 2004 Sumatra-Andaman
earthquake

The great Sumatra-Andaman earthquake of 26 December 2004 occurred as the
result of combined reverse dip-slip and right-lateral strike-slip faulting, with a
moment magnitude ranging between 9.1 and 9.3 (Chlieh et al., 2007). The rupture
involved a fault segment at the boundary between the Indo-Australian plate
and the southeastern portion of the Eurasian plate, with an extension of about
1300 km from Northern Sumatra to the northern Andaman islands (Lay et al.,
2005). The duration of the seismic event was about 600 s, with a moment release
concentrated in a time interval ¢, = 460 s (Ammon et al., 2005). I characterize
the event averaging the data available in the SRCMOD database and assume
an asperity area A = 400,000km? and a seismic moment m = 5.4 x 10?2 Nm.
With an average rigidity p = 25 GPa (Lorito et al., 2010), the average slip of the
asperity is u; = 5.4m. Finally, I take v = 4.5cma™! (McCaffrey, 2009) for the
relative velocity of tectonic plates at the Sumatra-Andaman subduction zone. A

sketch of the tectonic setting is shown in Fig. (4.11).
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Figure 4.11: Geographic location of the 2004 Sumatra-Andaman earthquake. The star
denotes the epicenter. Black arrows indicate the relative motion of the Indo-Australian
plate with respect to the Eurasian plate, whereas the thick dashed line identifies the

boundary between the tectonic plates.

For the sake of the present application, I assume € = 0.7 (e.g. Jaeger and Cook,
1976) and take v = 1.4, a value yielding the best fit with the observed source

function of the earthquake.

First, the observed seismic moment rate is reproduced, focusing on the time
interval t; <t <ty where the main contribution to seismic moment is generated,

with ¢; = 40 s and ¢, = 500 s. In dimensional form, the moment rate (4.28)

becomes
m(t) = %Xemztl) sinwox (t — t1) (4.49)
where
X = f—: (4.50)
and
my = pAu (4.51)

is the seismic moment released by the fault in the limit case v = 0: accordingly,
we have u = ug/ko. The modelled moment rate is shown in Fig. (4.12) together
with the observed moment rate reported by Ammon et al. (2005). The central

peak of the source function and its shape are reasonably well fit by the model.
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Figure 4.12: Modelled source function (solid line) of the 2004 Sumatra-Andaman
earthquake, compared with the observed source function (dashed line) given by Ammon
et al. (2005).

The final seismic moment provided by the model is
mo = kogmy = 5.4 x 102 Nm (4.52)

consistent with the average value given beforehand.

The moment rate spectrum can be obtained as

s(w) = / Ci(t) et (4.53)

t1

with 1 (t) given by Eq. (4.49). The spectrum is shown in Fig. (4.13).

The dimensional form of the corner frequency (4.33) can be retrieved taking

the definition of the nondimensional frequency €2 into account. According to

Eq. (4.31), we have
w K
wc = — QC = —_ 454
a Vs (4.54)

Bearing in mind the definition (4.7) of the nondimensional time 7', we can write

K T
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where Ty is the slip duration predicted by the model, given by Eq. (4.21). Hence,
the dimensional corner frequency can be estimated from the parameter v and the

source duration ¢4 as
2

i

With the values of v and t, listed above, we get w, ~ 0.01 rad s~!. This result

(4.56)

1
We = —
ts

is in very good agreement with the corner frequency w, ~ 2 mHz that can be

estimated graphically from the seismic spectrum reported by Lay et al. (2005).
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Figure 4.13: Modelled seismic spectrum for the 2004 Sumatra-Andaman earthquake.
The dashed line indicates the corner frequency w,, corresponding to the intersection of

the low and high-frequency asymptotes.

42



Chapter 5

A fault exhibiting seismic slip

and afterslip

In this chapter, I consider a discrete model of a fault containing two regions
differing for their mechanical behaviour: an unstable, velocity-weakening region
and a stable, velocity-strengthening region (§2.1.1). The separation of the fault
surface into two such regions allows to replicate the generation of earthquakes,
associated with the slip of the unstable region, and the occurrence of afterslip in
the aftermath of an earthquake, taking place in the stable region (§2.3.1). This

chapter presents the results discussed by Dragoni and Lorenzano (2017).

5.1 The model

Adopting the fault model described in §3.4, I consider a fault containing two
regions differing for their mechanical behaviours (Fig.5.1): a strong region (asper-
ity) of area A;, characterized by a high static friction and a velocity-weakening
dynamic friction, and a weak region of area A,, associated with a negligible static
friction and a velocity-strengthening dynamic friction. Let a be the distance

between the centres of the two regions.

A simplified form of the general rate- and state-dependent friction law (§2.1.1)
is adopted. For the asperity, a constant static friction fs; and a dynamic friction fy
that is the average value of friction during slip are assumed. For the weak region,

a dynamic friction fd described by the velocity-strengthening law
fa=fo— Ay (5.1)
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is assumed, where fy is the steady-state dynamic friction and A is a constant. In
writing the velocity-dependent term, it was taken into account that y < 0 during

a slip phase.

Figure 5.1: Model of a fault with two mechanically different regions: an asperity of area

Aq and a weak region of area A,. The rectangular frame is the fault border.

The fault is characterized as a dynamical system whose state variables are the
slip deficits x(t) and y(t) of the asperity and of the weak region, respectively, as
functions of time t. Since the system has two degrees of freedom, the phase-space

is a 4-manifold.

As the two regions move as rigid surfaces, it is simpler to use forces instead of
tractions. Let f; and fy be the tangential forces applied to the asperity and to

the weak region, respectively, in the slip direction. They can be written as
fi=—Kiv+ Ky —x) — i, fo= Koy — —K.(y — 2). (5.2)

The terms —Kjx and —Kyy represent the effect of tectonic loading; the terms
+ K, (y — ) are the contributions of stress transfer between the two regions; the
term —2 is only present during seismic slip and is due to radiation damping,
where ¢ is an impedance and the dot indicates differentiation with respect to t.
The constants K7, Ky and K. can be retrieved from the values of Ay, As, u, v, the
tangential stress rate acting on the fault and the tangential stress transferred by
the slip of one region to the other (§5.4). Specifically, the ratio K5/K; results
equal to the ratio Ay/A;.

The dynamics of the system can be characterized in terms of three dynamic

modes, each one associated with a different system of autonomous ODEs. They
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correspond to: evolution during an interseismic interval, seismic slip of the asperity
and afterslip within the weak region. In the following, the masses associated with

the asperity and the weak region are denoted as p; and us, respectively.

During an interseismic interval, the slip deficit x of the asperity increases
steadily due to tectonic loading. As for the weak region, a steady-state creep at
constant stress is allowed, so that its slip deficit y increases with time, but at a
slower rate than x. Accordingly, the equations of motion during an interseismic

interval are

=0 (5.3)
(Ko + Koy — K.x = fo. (5.4)

The slip of the asperity occurs when
fl - _fs- (55)

Asperity slip takes place over a time interval very short with respect to the
interseismic interval: accordingly, both tectonic loading and steady-state creep
can be neglected during a seismic event. As a result, the slip deficit y of the weak
region can be assumed as constant during asperity slip. The equations of motion

are then

j=0. (5.7)

Following an earthquake, afterslip takes place in the weak region, while the asperity
remains stationary. Since afterslip is characterized by a much shorter duration
than typical interseismic intervals, tectonic loading can be reasonably neglected

during this mode. The equations of motion are then
=0 (5.8)

pol + Ay + (Ko + Ko)y — Koo — fo = 0. (5.9)

For the sake of simplicity, the analysis is carried out in nondimensional form. I

introduce the nondimensional parameters

o= =20 = 5.10
e A 7 Labv: e (5.10)

Ja A Ay VK
— , A: , = —, V: v 511
fs vKl,ul 5 Al fs ( )
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where: « expresses the degree of coupling between the asperity and the weak
region; [ is the ratio between the steady-state dynamic friction on the weak region
and the static friction on the asperity; v is a function of the seismic efficiency of
the fault; € is the ratio between the dynamic and static frictions of the asperity; A
is a measure of the intensity of velocity strengthening in the weak region; £ is the
ratio between the areas of the two regions; V' is the nondimensional velocity of
tectonic plates. These parameters are subject to the following constraints: o > 0,
0<pB<1l,y>0,A2>0,0<e<1,£&>0,V >0. Furthermore, it is assumed
that the masses associated with the two regions are proportional to their areas, so

that
o _ Ko
o K
Finally, I introduce the nondimensional slip deficits and time

K K K
x="2 y 2 po R (5.13)
fs fs 1

and the nondimensional forces

=¢. (5.12)

E—%, &:%. (5.14)
Making use of Eq. (5.2), we get
Fil=-X+a(Y-X)—9X, F=-¢—-alY-X) (5.15)

where a dot now indicates differentiation with respect to T'. These forces reduce
to
Fi=—-X+aY - X), Fy=—-¢Y —a(Y —X) (5.16)

during an interseismic interval and afterslip. To sum up, the system is described
by the set of seven parameters «, 3,7, €, A, £ and V. At any instant T in time, the
state of the system can be univocally expressed by the couple (X,Y’) or by the
couple (F1, Fy).

In nondimensional form, the equations of motion (5.3)-(5.4) for the interseismic

intervals can be rewritten as

X=0 (5.17)
(a+&Y —aX =4 (5.18)

The equations of motion (5.6) and (5.7) for the seismic mode become

X+9X+(1+a)X —aY —e=0 (5.19)
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Y =0. (5.20)

Finally, the equations of motion (5.8) and (5.9) for the afterslip mode become

X=0 (5.21)

Y +AY +(a+ &Y —aX —3=0. (5.22)

5.2 Solutions of dynamic modes

The analytical solutions to the equations of motion for the three dynamic modes

of the system are provided. I shall make use of the frequencies

2 A2 Q@
w1:\/1+a—%, w2:1/4—€2—1—g. (5.23)

The maximum slip amplitude of the asperity in the absence of radiation (v = 0)

is defined as

1—e¢
U=2 5.24
1+« ( )
Finally, the effect of wave radiation is described by the quantity
1 _my
K1 = 5 (1 +e 2“’1) R (525)

which is a decreasing function of v, equal to 1 in the absence of radiation (y = 0).

5.2.1 Interseismic interval

The equations of motion are given by Eq.(5.17) and Eq. (5.18). With initial

conditions
X(0)=Xo, X(0)=V, Y(0)=Y, (5.26)
the solution is
X(T)=Xo+VT (5.27)
o
Y(T) =Y, vT 5.28
() =Yo+ (5.29)

where, according to Eq. (5.18),

_aXo+

We conclude that, during an interseismic interval, the representative point of the

system moves along the line
v — B+ aX

a+&

(5.30)
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The solution shows that the slip deficit X of the asperity increases in time with
the velocity V of tectonic plates. The slip deficit Y of the weak region increases

in time as well, but with a slower rate

. «Q
V=gV (5.31)

implying a steady creep AY (T') with constant rate

£
a+¢

AY =V -Y = (5.32)

that is smaller than plate velocity. Combining Eq. (5.27) - (5.28) with Eq. (5.16),
the evolution of the tangential forces on the two regions during an interseismic

interval is expressed by

B a+al + &
F\(T) = Fi(0) — 04—+§VT (5.33)
where
Fi(0)=—-Xo+ a(Yy— Xo). (5.35)

Accordingly, stress increases linearly with time on the asperity, while it remains

constant on the weak region.

5.2.2 Seismic slip

The asperity starts to slip at 7' = T}, when the forces have the values
F=-1, F=-p (5.36)

where Eq. (5.5) and Eq. (5.34) were taken into account. By combination with
Eq. (5.16), we obtain the equations of two lines

(1+a)X —aY =1 (5.37)

(a+8Y —aX =7 (5.38)

whose intersection yields the state of the fault at the beginning of the seismic

event:
a+af+¢ Y_oz—i—ozﬁ—i—ﬂ

at+al+¢’ " atatte
The equations of motion are given in Eq. (5.19) and Eq. (5.20). Eq. (5.19) is solved

(5.39)

1:

in the case of weak damping, implying that the velocity dependent term is small
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with respect to the other forces (§4.2). For the sake of simplicity, I set 77 = 0.

With initial conditions

X0)=X;, X0)=0, Y(0) =Y, (5.40)
the solution is
U i . _Jdr
XT)=X1——=|1—(coswT + —sinwT ) e 2 (5.41)
2 2W1
Y=Y (5.42)

Accordingly, the slip deficit of the asperity decreases with time, whereas the slip
deficit of the weak region remains unchanged. The duration of the seismic event,
calculated from the condition X (T) = 0, is
T
T, = —. 5.43
= (5.43)
Defining the slip amplitude of the asperity as

AX(T) = X, — X(T), (5.44)
the final slip amplitude is
U, = AX(T,) = r,U. (5.45)
The slip amplitude AX (T') is shown in Fig. (5.2) for a given choice of the parameters
a,7v and e.
0.4 T T T
0.3F
=
E{ 0.2F y
<
01F 4
O L L L
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Figure 5.2: Evolution of the slip amplitude of the asperity during a seismic event
(a=0.2,y=1,e=0.7).
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The moment rate associated with the seismic event can be calculated as

M(T) = Mlﬁ (5.46)

where M is the seismic moment corresponding to the slip U. From Eq. (5.41) and
Eq. (5.44), we obtain

M(T) = My—L sinw, T e 37, (5.47)
w1
The final seismic moment is
Us
Ms = Ml? = /ﬁ)lMl. (548)

The seismic moment rate M,(T') is shown in Fig. (5.3) for a given choice of the

parameters «,y and e.

M,

0.5

NI(T)/

Figure 5.3: Moment rate associated with an earthquake on the fault (¢ = 0.2,y =1,¢ =
0.7).

From Eq. (5.15), the forces on the asperity and on the weak region during the

earthquake are, respectively,
F(T) = =X(T) + a[¥; - X(T)] — X (T) (5.49)
By(T) = —€Y1 — a [V — X(T)]. (5.50)

They are shown in Fig. (5.4) for a given choice of the parameters «,~ and e.
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Figure 5.4: Evolution of the tangential forces on the asperity (solid line) and on the

weak region (dashed line) during a seismic event (o = 0.2,y = 1,e = 0.7).

At the end of the event (T = T5), the slip deficits of the two regions are
Xo=X,-U, Yo=Y. (5.51)

In order to exclude overshooting during the earthquake, the condition X5 > 0 is

required. Making use of Eq. (5.39), we obtain the constraint

US(OC+OZ€+§)_OK_§
o .

B> (5.52)

Introducing the expressions of X, and Y5 into Eq. (5.49) and Eq. (5.50), we conclude
that the forces at the end of the slipping mode are

F(Ty) = =1+ (1+a)U, (5.53)

FQ(TQ) = —B - O[US. (554)

A comparison with Eq. (5.36) indicates that the force F} on the asperity has
decreased in magnitude, with a force drop (1 + a)Us. Conversely, the force F; on
the weak region has increased in magnitude by an amount alj: this drives the

region out of the steady-state creep and initiates the afterslip.
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5.2.3 Afterslip

The equations of motion are given in Eq. (5.21) and Eq. (5.22). As a matter of
fact, afterslip is characterized by a longer duration than seismic slip: thus, a high
value of )\ is expected and it is reasonable to consider the overdamped solution
of Eq. (5.22). For the sake of simplicity, I set T, = 0 for the origin time of the

afterslip mode. With initial conditions

X(0)=X,,  Y(0)=Ys, Y(0)=0 (5.55)
the solution is
X=X, (5.56)
Y(T)=Y — (Y = Y1) |coshwsT + ——— sinhw,T| e %" (5.57)
%)
where
_ X
yoadath (5.58)
a+¢
Defining the afterslip amplitude as
AY(T) =Y, = Y(T), (5.59)
the final afterslip amplitude is
U, =Y,-YV=-2"1 (5.60)
a— 12 - O{—Ff s .

where Eq. (5.39), Eq. (5.45), Eq. (5.51) and Eq. (5.58) were used. This result points
out that afterslip in the weak region is proportional to the seismic slip of the
asperity, in agreement with observations (Scholz, 1990). The afterslip amplitude
AY (T) is shown in Fig. (5.5) for a particular choice of the parameters «, €, A and

3
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Figure 5.5: Evolution of the afterslip amplitude of the weak region following a seismic
event (o =0.2,e = 0.7,\ = 10°,&£ = 1).

The afterslip rate is

(@ +8Ua

o, sinh wy T’ e %, (5.61)

AY(T) =
Strictly speaking, this expression suggests that the final value U, of the afterslip
amplitude is reached only as T — co. However, the slip rate AY is exponentially
decreasing and, after some time, afterslip becomes indistinguishable from the
steady-state creep taking place during interseismic intervals. Therefore, it is
possible to assign a finite duration to afterslip, defined as the time interval T,

after which the afterslip rate (5.61) lowers below the creep rate (5.32):

AY (T,) = aifv. (5.62)

This equation can be easily solved for T, noticing that, for large values of T', it is

possible to write to a very good approximation

(a+ &)U, o~T/Oa
25&]2

O, = (2% - w2> _1. (5.64)

AY(T) ~ (5.63)

with
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Thus, Eq. (5.62) yields
aUs(a+€)
2520)2‘/ '

Afterslip duration 7T, is remarkably affected by the degree of coupling between

T, = 0,1n (5.65)

the two regions of the fault. This is illustrated in Fig. (5.6), where T}, is shown
as a function of the coupling parameter « for different values of the parameter
¢. The graph shows an initial steep growth for smaller values of «, reaching a
maximum value that depends on the particular combination of the parameters of

the system; finally, it decreases for higher values of a.

5
12><1O :

Figure 5.6: Afterslip duration (5.65) as a function of the coupling parameter « for
different values of the parameter £. Other parameters are € = 0.7,y = 1, A = 10° and
VvV =107".

The geodetic moment rate associated with afterslip can be calculated as

M,(T) = €M, AYU(T) : (5.66)
Using Eq. (5.60) and Eq. (5.61), we obtain
M,(T) = M O‘w—’? sinhw,T e %7 (5.67)
The final moment is
M, = ng% - aofg k1 M, (5.68)
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differing from the seismic moment (5.48) by a factor a/(a + ). The geodetic
moment rate M, (T') is shown in Fig. (5.7) for a particular choice of the parameters
a, €, A and €.

15 T T T T T

M,(T)/M; (x107%)

Figure 5.7: Geodetic moment rate associated with afterslip on the fault (o = 0.2,¢ =
0.7, =10%,¢ = 1).

From Eq. (5.16), the forces acting on the asperity and on the weak region during

afterslip are, respectively,

F(T) = —Xo+a[Y(T) — X, (5.69)

B(T) = =¢Y(T) — a[Y(T) — Xa]. (5.70)

They are shown in Fig. (5.8) for a given choice of the parameters «a, e, A and €.
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Figure 5.8: Evolution of the tangential forces on the asperity (solid line) and on the

weak region (dashed line) during afterslip on the fault (o = 0.2,€ = 0.7, A = 105, £ = 1).

At the end of afterslip, the state of the fault is

Xs=X,, Ys=Yo—U,=Y. (5.71)

If we introduce these values in Eq. (5.69) and Eq. (5.70), we obtain the forces at
the end of afterslip (1" = T5)

Fi(Ty) = —1+ O‘J;O‘—f;f U, (5.72)
Fy(Ty) = —5. (5.73)

The force F; on the asperity has increased (in magnitude) by an amount aU, with
respect to its value (5.53) at the end of the earthquake (7" = T3), since afterslip
has transferred stress to the asperity. Therefore, the asperity is closer to the
failure condition. The amount of stress transferred to the asperity significantly
increases with the coupling parameter «; however, Fy(T3) > —1, which guarantees
that afterslip never triggers asperity failure. Nevertheless, the amount of stress
that afterslip transfers to the asperity will produce a time advance of the next
earthquake. This is illustrated in Fig. (5.9), where Fi(73) is shown as a function
of a for different values of the parameter . As for the weak region, Eq. (5.73)

points out that the condition for steady-state creep has been recovered.
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Figure 5.9: Tangential force (5.72) on the asperity at the end of afterslip, as a function
of the coupling parameter « for different values of the parameter £. Other parameters

are e = 0.7 and v = 1.

Notice that the state (5.71) at the end of the afterslip mode satisfies the equation
of line (5.30). Under the assumption (5.52), the no overshooting condition Y3 > 0
is then always satisfied and no additional constraint is required. Hence, in the
absence of perturbations due to earthquakes on nearby faults, the orbit of the
system describes a cycle made of a sequence of the three dynamic modes. During
the interseismic interval, the representative point of the system moves on line
(5.30). When it reaches the point P; with coordinates (5.39), a seismic event
takes place. The point moves by a quantity U, given by Eq. (5.45), reducing the
value of the slip deficit X and reaching the point P, with coordinates (5.51). Here
afterslip begins and lowers the value of Y by a quantity U, given by Eq. (5.60),
driving the system to the point P3 with coordinates (5.71). This state belongs
again to line (5.30), so that a new interseismic interval begins. This orbit is in-

dependent of A and describes the right-angled triangle P; P, Py shown in Fig. (5.10).

The duration T, of the new interseismic interval can be calculated considering
the expression (5.72) of the force acting on the asperity at the end of the afterslip

mode, that is, when the system is at point P;. In order to reach the unit value
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and give rise to a new earthquake, F7; must increase in magnitude by an amount

a+al+¢&
a+¢

This force is accumulated over a time interval

AF; = U.. (5.74)

AR

E— 5.75
7 (5:75)

1S

where Fl is the interseismic rate of increase of F} that can be calculated from
Eq. (5.33). We obtain

Us
Tis = —. 5.76
- (576

Figure 5.10: Geometrical illustration of the cycle made of interseismic creep, seismic slip
and afterslip. The dashed and dotted lines represent the conditions for the failure of the
asperity and for the interseismic fault creep, respectively. The state of the fault is P; at
the beginning of a seismic event, P» at the end of the event, P; at the end of afterslip.
In the triangle P P> Ps, the lengths of the catheti are the amplitudes U of seismic slip
and U, of afterslip, respectively. From P3 to P;, the fault is subject to tectonic loading
and steady-state creep. Arrows indicate the motion of the representative point of the

system during the cycle.

In order to enlighten the role of afterslip, the duration of the interseismic interval
T!. that would be observed in the absence of afterslip is calculated next. In this
case, at the beginning of the interseismic interval, the force on the asperity remains

fixed to the value (5.53) reached at the end of seismic event (7" = T5). Accordingly,
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F| must increase in magnitude by an amount
AF = (14 a) U, (5.77)

for the next earthquake to take place. Thus, we get

_Ah_(+alt+§ U, (5.78)
| F1| at+aé+€ V
The ratio T N
i «
Lis _ 1 5.79
7. Tt (5.79)

is always smaller than 1, since a and £ are defined as positive. Hence, the occur-

rence of afterslip anticipates the next earthquake produced by the fault.

From Eq. (5.32) and Eq. (5.76), the cumulative creep in the interseismic interval

is

Us =AY - Tj, = & Us, (5.80)
a+§
corresponding to a geodetic moment
Uis 52
M;s = EM = — M,. 5.81
e = 5:81)

Comparing this result with Eq. (5.48) and Eq. (5.68), we conclude that, in a cycle
including the three dynamic modes, the total geodetic moment (M, + M) is a

fraction & of the seismic moment M, and the total moment released is

M= (1+ €)M, (5.82)

5.3 Afterslip vs. viscoelastic relaxation

The present model provides a possible means to discriminate between afterslip

and viscoelastic relaxation as sources of postseismic deformation.

Let us begin by noticing that, since A is much larger than (1 — a/¢), the
expression (5.59) for the afterslip amplitude

AY(T)=1U, [1 - (coshng + 22

%

sinh ng) e_;fT} (5.83)

can be rewritten in a simpler form. Expressing the hyperbolic functions by

exponentials, one easily finds

AY(T) =~ U,(1 — e~ T/0) (5.84)
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to a very good approximation, with ©, given by Eq. (5.64).

The surface displacement associated with postseismic deformation has been

often modelled as
t
s(t) = bln(l + —) (5.85)
T

where b is a constant and 7 is a characteristic time (Scholz, 1990; Marone et al.,
1991; Heki et al., 1997; Barbot et al., 2009). This function becomes arbitrarily
large as t — o0, even though its derivative tends to zero. In many cases, it fits
the postseismic deformation data over finite time intervals reasonably well. On
the contrary, Eq. (5.84) entails an afterslip approaching a maximum value U, in a

finite time T,, with an associated surface displacement
Sq(t) = 54(1 — e7/%) (5.86)

where 5, is the asymptotic value and 6, can be calculated from the observed
duration of afterslip ¢, as
0, = —.0, (5.87)

Let us assume that the lithosphere is a Maxwell body with a characteristic time 6.
Accordingly, the surface displacement associated with viscoelastic relaxation can
be written as

so(t) = 5,(1 — e7t9) (5.88)

where 5, is the asymptotic value. Owing to the high value of the lithospheric
viscosity, viscoelastic relaxation typically occurs over a timescale much longer
than the one associated with afterslip, i.e. 6 > 6,. Thus, if we focus on the time
interval 0 < t < t, during which afterslip is observed, it results t < 6 and the
displacement s, (t) can be approximated with its first-order expansion. The total

displacement can then be written as
5(t) = sq(1 — e7¥%) 4 ¢t (5.89)
with ¢ = §, /0. The slope of this function decreases much slower than the slope of

Sq(t), thus resembling the logarithmic function (5.85).

5.4 Choice of the parameters

I show how to assign appropriate values to the parameters of the system.
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The coupling parameter o can be calculated from the area A, of the weak
region, the rigidity p of the elastic medium, the velocity v of the tectonic plates,
the tangential stress rate g, acting on the fault and the tangential traction (per unit
moment) s imposed on one region by a dislocation of the other, calculated as the
average value at the centre of the receiving region. With the same considerations

as in §4.6, the coupling constants K; and K5 can be evaluated as

7, A 7, A
Ko=27 0 g, =22 (5.90)
v v

where the proper expression for ¢; is provided in Appendix A. In the discrete
model, the tangential force imposed on the weak region by the slip of the asperity
by an amount u is K,u. The corresponding tangential traction (per unit moment)

is

K. K.
pA Asu pA; Ay
from which we obtain
Kc = [LAlAQS. (592)
Hence, the coupling parameter « is given by
K. pAssv
=_°= ) 5.93
Ry (5.93)

For nonoverlapping regions satisfying the condition a > 1.5y/A;, the traction
produced by a point-like dislocation source placed at the centre of the asperity is

a good approximation for s (Appendix B). Specifically, we have

5 3
= - 94
§= 50 (5.94)
for strike-slip faulting and
_ Ly (5.95)
§=— .
6m

for dip-slip faulting. We conclude that the coupling between the two regions of the
fault increases with the area of the weak region, the rigidity of the medium and the
velocity of the tectonic plates, whereas it is inversely proportional to the distance

between the centres of the two regions and to the tangential stress rate on the fault.

The parameter [ is always smaller than 1: in fact, by definition, the steady-
state dynamic friction fy on the weak region is much smaller than the static
friction f; on the asperity. In applications to real cases, the value of § can be

chosen in order that the model gives the best fit with observations.
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As already stated in §4.6, v is chosen in order to obtain the best fit with the
observed source function of a given earthquake, while € is inferred from experi-

mental data.

The evaluation of the parameter A\ requires the knowledge of the observed
durations t, and t, of the afterslip and of the seismic event, respectively. In fact,

A can be obtained as the numerical solution of Eq. (5.65) with the substitution
T, = —Ts. (5.96)

Finally, the parameter £ is determined from the areas of the strong and the
weak region on the fault, which are in turn inferred from the spatial distribution
of coseismic slip and afterslip, respectively. As for the parameter V', it can be
calculated by means of Eq. (4.46) from the observed plate velocity v, the duration

ts and the slip amplitude u of the seismic event.

5.5 An application: the 2011 Tohoku-Oki earth-
quake

The 11 March 2011 M,, 9.0 Tohoku-Oki (Japan) earthquake took place as a result
of thrust faulting at the Japan trench, where the Pacific plate subducts below
the Eurasia plate at a rate v = 8 cm a™! (Simons et al., 2011). With a seismic
moment my = 3.5 X 1022 Nm (Maercklin et al., 2012; Bletery et al., 2014), this
event will be certainly included as one of the largest earthquakes of the current

century. A sketch of the tectonic setting is shown in Fig. (5.11).

The event lasted for about 160 s, with a moment release concentrated in
a time interval t; = 80 s (Wei et al., 2012). The coseismic slip distribution
suggests a compact area of large slip extending from the trench to about 50 km
of depth (Lay et al., 2012), whereas afterslip was mostly observed in an area
located downdip of the coseismic slip, reaching a depth of about 100 km (Silverii
et al., 2014). Accordingly, it is assumed that the fault is made of a shallower,
velocity-weakening region and a deeper, velocity-strengthening region. The two
regions are assumed to be rectangles with sides 400 and 150 km long, so that
their areas are A; = A, = 60,000 km?, with a distance a = 150 km between their
centres. An average dip angle § = 20° is assumed (Lay et al., 2012). With an
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average rigidity u = 40 GPa (Ozawa et al., 2011), the average seismic slip was
us = 15 m. With a strain rate ¢ = 107 s7! (Kato et al., 1998) and a Poisson
modulus v = 0.25, the tangential stress rate on the fault is 6, ~ 3.4 x 107% Pa s!
(Eq. A.4).

/ Pacific
| Ocean

\
|

Figure 5.11: Geographic location of the 2011 Tohoku-Oki (Japan) earthquake. The star
denotes the epicenter. Black arrows indicate the relative motion of the Pacific plate
with respect to the Furasia plate, whereas the thick dashed line identifies the boundary

between the tectonic plates.

With the data listed above, the parameters of the model are calculated. From
Eq. (5.93), we get a ~ 0.3. The best fit with the observed source function of the
earthquake is obtained with v = 1.5. I assume € = 0.7 (e.g. Jaeger and Cook,
1976). The value of A will be evaluated on the basis of the assumed afterslip dura-
tion. Finally, we have £ = 1. Notice that only the seismic slip and afterslip phases
associated with the event are investigated here; their evolutions are independent
of 5 (as shown in §5.2.2 and §5.2.3), so that there is no need to assign a value to

this parameter.

First, the observed source function is reproduced over the time interval t; <
t <ty where the dominant contribution to seismic moment is generated, with

t; =50 s and ¢y = 130 s. In dimensional form, the moment rate (5.47) becomes

ax sinwy x (& — t1) e~ 2X(70) (5.97)

n (1) =
mis(t) = my 1
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where

T
x=7 (5.98)
and
my = pAju (5.99)

where u is the slip of the asperity in the limit case v = 0, so that u = us/k;. The
moment rate (5.97) is shown in Fig. (5.12). It is superimposed to the observed
moment rate reported by Montagner et al. (2016) and fits its central peak

reasonably well.

Figure 5.12: Modelled source function (solid line) of the 2011 Tohoku-Oki (Japan) earth-
quake, compared with the observed source function (dashed line) given by Montagner
et al. (2016).

According to the model, the final seismic moment is

ms = k1my = 3.6 x 10* Nm (5.100)

in agreement with the observations.
Let us now focus on the postseismic evolution of the fault. Equation (5.60)
yields an average afterslip amplitude in the weak region equal to u, = 0.23 us ~ 3.5

m. Also, from Eq.(5.68), the geodetic moment associated with afterslip is

me = 0.23mg ~ 8.3 x 10?! Nm.
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Let s be the coseismic ground displacement. According to Ozawa et al. (2011),
a postseismic displacement s/, = 0.09 s, was reached at a time t/, = 15 d after
the seismic event. We can ascribe s/, entirely to afterslip, because viscoelastic
relaxation takes place over much longer times: in fact, with a viscosity of the
lower crust equal to 10! Pa s (Wang et al., 2012; Sun et al., 2014), the Maxwell
relaxation time is # = 8 a. By means of Eq. (5.86) and taking into account that
surface displacement is proportional to fault slip, we find 0, ~ 30 d < 0, as

anticipated.

The surface displacement generated by afterslip is shown in Fig. (5.13) as a
function of time. The curve is consistent with data from Diao et al. (2013) and
Silverii et al. (2014), according to whom postseismic ground displacement reached
the value s, after a time from 120 to 150 d from the event. We conclude that
afterslip reached the asymptotic value u, after a time ¢, of about four months.

Following the procedure described in §5.4, we find A ~ 10°.

0.5 T T T
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Figure 5.13: Surface displacement generated by afterslip during a time interval of 120
d following the 2011 Tohoku-Oki (Japan) earthquake, according to the model. It is

normalized to the coseismic surface displacement s;.

The ground displacement produced by afterslip has been calculated making use of
Okada’s (1985) formulae. The graphs of the horizontal and vertical displacement

components are shown in Fig. (5.14).
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Figure 5.14: Ground displacement produced by afterslip following the 2011 Tohoku-Oki
(Japan) earthquake, according to the present model: (a) horizontal component; (b)
vertical component us. The rectangle is the projection of the weak fault region on
the Earth’s surface and the dashed segment is the fault trace. The x; and zo axes
are parallel to the strike direction of the fault and to the direction normal to strike,
respectively. Distances are measured in units of the half-side of the fault along the

strike direction, namely L = 200 km.
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The direction and magnitude of the calculated displacement are broadly compara-
ble with displacements obtained from GPS data over a time interval comparable
with ¢,. For instance, Silverii et al. (2014) reported a maximum horizontal dis-
placement of the order of 1 m at the eastern coasts of the Iwate/Miyagi prefectures
of Japan and a maximum vertical displacement of about 20 c¢cm in the same area.
These figures are in good agreement with the results shown in Fig. (5.14), where
the eastern coasts of the Iwate/Miyagi prefectures approximately correspond with
the projection of the lower margin of the weak fault region on the Earth’s surface.
According to this analysis, the remainder of postseismic deformation should be

ascribed to viscoelastic relaxation in the lithosphere.
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Chapter 6

A fault with two asperities of

different areas and strengths

In this chapter, a discrete model of a fault with two asperities of different areas and
strengths is considered, assuming purely elastic coupling between the asperities.

This model represents a further development of the models illustrated in §3.3.1.

6.1 The model

The fault model described in §3.4 is adopted and a fault containing two asperities
(named asperity 1 and asperity 2) with areas A; and A,, respectively, is considered

(Fig.6.1). Let a be the distance between the centres of the asperities.

Figure 6.1: Model of a fault with two asperities of different areas, namely A; and As.

The rectangular frame is the fault border.
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The fault is treated as a dynamical system with two state variables, functions of
time ¢: the slip deficits x(t) and y(t) of asperity 1 and 2, respectively. Since the

system has two degrees of freedom, the phase-space is a 4-manifold.

The simplest form of rate-dependent friction is assumed, associating the
asperities with constant static and dynamic frictions, the latter considered as the
average value during slip. Let fq; and fs be the static and dynamic friction forces
on asperity 1, respectively, whereas fs and fz are the static and dynamic friction
forces on asperity 2, respectively. Letting § be the ratio between the frictional

stresses of the asperities, we have

f 52 f d2
42 Jes 6.1
f sl f dl ﬂf ( )
where the nondimensional parameter
Ay
==Z 6.2
=2 (62

was introduced. It is assumed that fg > fe and fg1 > fa, i.e., asperity 1 is

stronger than asperity 2. Accordingly, it results 0 < § < 1.

Since the asperities move as rigid surfaces, it is easier to use forces instead of

tractions. The tangential forces applied to the asperities in the slip direction are
fi=—-Kax+ K.(y—x) — uzx, fo=—Kyy— K.(y —z) — 129. (6.3)

In these expressions, the terms —Kjx and —Kyy represent the effect of tectonic
loading, whereas the terms + K. (y — z) are the contributions of stress transfer
between the asperities; finally, the terms —:;4 and —u9y are forces due to radiation
damping, where ¢; and 1o are impedances. Assuming that the impedance per unit
area is the same for both asperities, it results

f:g (6.4)
The constants K7, K5 and K. can be retrieved from the values of Ay, Ay, u, v, the
tangential stress rate acting on the fault and the tangential stress transferred from

one asperity to the other during a seismic event, as it was shown in §5.4.

During a sticking mode, the slip deficits x and y increase steadily due to to

tectonic motion. Accordingly, the equations of motion during a sticking mode are

#=0, §j=0 (6.5)
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where a dot indicates differentiation with respect to t. The slip of asperity 1

occurs when

Ji=—Fs1 (6.6)
while the slip of asperity 2 takes place when
f2=—fs (6.7)
The equations of motion during a slipping mode are
i+ ut+ (K + K)ax—Key— far =0 (6.8)
pof 4+ oy + (Ko + Ko)y — Kex — fao =0 (6.9)

where 11 and po are the masses associated with the asperities.

For the sake of simplicity, the analysis is carried out in nondimensional form.

I introduce the additional nondimensional parameters

KC L1
K, 1= K (6.10)
VK
€ — fa _ fdQ’ vV — 1M1U (6.11)
fsl f52 fsl

where: « is a measure of the degree of coupling between the asperities; v is a
function of the seismic efficiency of the fault; € is the ratio between dynamic and
static frictions on the asperities; V' is the nondimensional velocity of tectonic
plates. The parameters are subject to the following constraints: a > 0, v > 0,
0 <e< 1,V >0. Furthermore, it is assumed that the masses associated with the

two asperities are proportional to their areas, so that

M2 K,
C 6.12
241 K, ( )
I also define the nondimensional slip deficits and time
K K K
x="  y 2 p (2 (6.13)
fa1 [a1 251

Accordingly, the equations of motion (6.5) for the sticking mode can be rewritten

as

X=0, Y=0 (6.14)

where a dot now indicates differentiation with respect to T'. The equations of

motion (6.8)-(6.9) for the slipping mode become

X+9X+(1+a)X —aY —e=0 (6.15)
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Y4V +(1+a)Y —a/X —Be=0 (6.16)

where the parameter

,
a = — 6.17
¢ (6.17)
was introduced.
Finally, I introduce the nondimensional forces
fi f2
F, === Fy, === 6.18
! f sl ? f sl ( )

Making use of Eq. (6.3), it results
F=—(14+a)X+aY —4X, F=—(a+Y+aX—~Y.  (6.19)

To sum up, the system is described by the set of six parameters a, 3,7, €, £ and
V. At any instant 7' in time, the state of the system can be univocally expressed
by one of the couples (X,Y) or (Fy, Fy).

The dynamics of the system can be characterized in terms of four dynamic
modes, each one described by a different system of autonomous ODEs: a sticking
mode (00), corresponding to stationary asperities, and three slipping modes,
associated with the slip of asperity 1 alone (mode 10), the slip of asperity 2 alone
(mode 01) and the simultaneous slip of the asperities (mode 11). A seismic event

generally consists in n slipping modes and involves one or both the asperities.

6.1.1 The sticking region

The sticking region is defined as the set of states corresponding to a phase of
global stick of the system. When both asperities are stationary (mode 00), the
rates X and Y are negligible with respect to their values when the asperities are
slipping; thus, the sticking region is a subset Q of the state space XY. It can be

determined as follows.

During a global stick phase, the forces (6.19) reduce to
Fi=—-1+a)X +aY, Fy=—(a+&Y + aX. (6.20)

In nondimensional form, the conditions (6.6) and (6.7) for the onset of motion of

asperity 1 and 2 become, respectively,

Fi=-1, F=-8¢ (6.21)
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Combining these conditions with Eq. (6.20), we obtain two lines in the XY plane,

- X - = (6.22)

(6.23)

which I name line 1 and line 2, respectively.

Overshooting during a slipping mode is excluded: accordingly, it is assumed
that X > 0 and Y > 0. As a consequence, the tangential forces on the asperities
must always be in the same direction as the velocity of tectonic plates, i.e. F} <0
and F, < 0. From Eq. (6.20), the limit cases F; = 0 and Fy = 0 define two more
lines in the XY plane,

1
y— "% (6.24)
(0%
(0]
Y = X, 6.25
a+€ (6:25)

which I call line 3 and line 4, respectively.

Let P, be the intersection of line 1 with line 4 and P, be the intersection of
line 2 with line 3. The coordinates of points P, and P, are
a4+ € Q

Xg=——7—, Y, = —— 6.26
a+af+€ a+al+E€ ( )
1
, = 0‘—657 Y, = (A +a)BE (6.27)
a+al+E€ a+al+E€
Lines 1 and 2 meet at point P with coordinates
Xp=X,+Xp, Yp=Y,+Y,. (6.28)

To sum up, the sticking region Q of the system is the parallelogram enclosed by
the four lines, with vertices at the origin, P,, P, and P. It is shown in Fig. (6.2)

for a particular choice of the parameters o, f and £. Its area is

B¢
a+al+§

Accordingly, the subset of state space corresponding to stationary asperities de-

Aq = (6.29)

creases with the degree of coupling between the asperities and with the asymmetry
of the system (6 — 0). By definition, every orbit of mode 00 is enclosed within
Q and eventually reaches line 1 or line 2, where a seismic event starts. In these
cases, the system switches from mode 00 to mode 10 or mode 01, respectively. In
the particular case in which the orbit of mode 00 reaches point P, the system

passes from mode 00 to mode 11.
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Figure 6.2: The sticking region of the system: a parallelogram Q (o = 1,8 = 0.5,£ = 2).

6.2 Solutions of dynamic modes

The solutions to the equations of motion for each of the four dynamic modes of

the system are presented. I shall make use of the frequencies wy and w; defined in

Eq. (4.14) and Eq. (5.23), respectively, and

/ 2 2
Wy = 1—|—o/—vz, wgz\/l—i—a—i—a’—%.

The case of weak damping is considered, i.e. v <2 (§4.2).

6.2.1 Stationary asperities (mode 00)

The equations of motion are given in Eq. (6.14). With initial conditions
X0)=X, Y=Y, X0)=V, Y(0)=V
the solutions are
X(T)=X+VT, Y(T)=Y +VT
where T' > 0. Equations (6.32) are the parametric equations of the line

Y=X+p
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(6.30)

(6.31)

(6.32)

(6.33)



where

p=Y - X. (6.34)

This line is the orbit of the system in the sticking region Q during mode 00.

Let P, = (X1,Y1) and P, = (X5, Y5) be the points where the orbit of mode 00
intersects line 1 and line 2, respectively, and let T} and T, be the corresponding
instants in time. The coordinates of P, must satisfy the equation (6.22) of line 1:

thus, by combination with Eq. (6.32), we get the condition

) lta, . 1
VAVT = — 2 (X+VT) - - (6.35)

Accordingly, the slip of asperity 1 will start after a time

lt+ap—X

Ty v

(6.36)

Analogously, the coordinates of P, must satisfy the equation (6.23) of line 2:
exploiting Eq. (6.32) again, we get the condition

V 4+ VT, = aj—ﬁ (X+VT2)+aﬁ—fg. (6.37)
Thus, the slip of asperity 2 will take place at time
T, = W. (6.38)
6.2.2 Slip of asperity 1 (mode 10)
The equations of motion are
X+9X+(1+a)X —aY —e=0 (6.39)
Y =0 (6.40)

The fault can enter mode 10 from mode 11 or from mode 00.

Case 11 — 10

Let us assume that the asperities are both initially in motion and that, at T'= 0,

asperity 2 stops, while asperity 1 continues to slip. Thus, the initial conditions are

X0)=X, Y0) =Y, X0)=V, Y(0)=0 (6.41)



and the solutions are

_ ] J 1 _ _ 5
X(T)=X— Y + {ﬂ coswi T + — (zUl + V> sinwlT] ezl (6.42)

2 2 w1 4
Y (T) = Y (6.43)
where v
- = oY +¢€
U =2X - ) 6.44
=2 (x-0E) (6.44)

Accordingly, the slip deficit of asperity 1 decreases with time, whereas the slip
deficit of asperity 2 remains unchanged. If the orbit does not reach line 2 during

the mode, the slip duration can be calculated from the condition X (T) = 0,

yielding -
1 2W1V

T\, = — |7m + arctan — — | 6.45

! wq [ (1+a)U; + vV} (6.45)

The final slip amplitude is then
= Ul U12 ‘72 7(71V _ar
o =X = X(Tw) = 5+ 4
U (Ta) 2+\/4+1+a+2(1+a)62 (6.46)

If instead the orbit reaches line 2 during the mode, the system enters again mode
11. The slip duration is then obtained by solving the equation (6.23) of line 2 for

the unknown 7.

Case 00 — 10

Let us assume that the asperities are both initially stationary and that, at 7" = 0,
the condition for the failure of asperity 1 is reached. Accordingly, the initial point
of the orbit of mode 10 belongs to line 1 given by Eq. (6.22) and V = 0; from
Eq. (6.44), we have U; = U defined in Eq. (5.24). The solutions reduce to

_ U .
X(T)=X - 3 [1 — (coswlT + % sinw1T> 6_2T:| (6.47)
1

Y(T)=Y. (6.48)

If the orbit does not reach line 2 during the mode, the slip duration is

T
Ty = — 4
=T (6.49)
and the final slip amplitude is
Ulb = /ﬁ?lU (650)

with x; defined in Eq. (5.25). If instead the orbit reaches line 2 before time 77
has elapsed, the system passes to mode 11. In this case, the slip duration is again

obtained by solving the equation (6.23) of line 2 for the unknown 7.
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6.2.3 Slip of asperity 2 (mode 01)

The equations of motion are

X=0 (6.51)
Y 4+9Y +(1+d)Y —a’X — Be = 0. (6.52)

The fault can enter mode 01 from mode 11 or from mode 00.

Case 11 — 01

Let us assume that the asperities are both initially in motion and that, at T'= 0,

asperity 1 stops, while asperity 2 continues to slip. Thus, the initial conditions are

X0)=X, Y0)=Y, X(0)=0 Y(0)=V (6.53)

X(T)=X (6.54)
_ U ] 1 . _ o
Y(T)=Y — Uz + Uz coswoT + — (ZUQ + V> sinw,T'| e 27 (6.55)
2 2 wy \4
where X 48
_ — X+ fPe
=21Y ———— . .
G ( 1+ o ) (6.56)

Accordingly, the slip deficit of asperity 2 decreases with time, whereas the slip
deficit of asperity 1 remains unchanged. If the orbit does not reach line 1 during

the mode, the slip duration can be calculated from the condition Y (7)) = 0,

yielding -
1 QCUQV
T5, = — |7 + arctan — — |, 6.57
2 o)) |: (1—{—CE/)U2+’7V} ( )
The final slip amplitude is then
i o, [0z Vv OV .
U =Y =Y (Ty,) = — —= 2a, 6.58
2 ) =5 T T ive Taira) ¢ (6.58)

If instead the orbit reaches line 1 during the mode, the system enters again mode
11. The slip duration is then obtained by solving the equation (6.22) of line 1 for

the unknown 7.

Case 00 — 01

Let us assume that the asperities are both initially stationary and that, at 7' = 0,

the condition for the failure of asperity 2 is reached. Accordingly, the initial point
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of the orbit of mode 01 belongs to line 2 given by Eq. (6.23) and V = 0; from
Eq. (6.56), we have Uy = SU’, where

1—c¢

U =2 . 6.59
1+ ( )
The solutions reduce to
X(T)=X (6.60)
_BU! N
Y(T)=Y — P 1 — ( cosweT + T sinw, T | e 27| . (6.61)
2 2wa
If the orbit does not reach line 1 during the mode, the slip duration is
Ty = — (6.62)
wa
and the final slip amplitude is
UQb = 5H2U, (663)
where
1 _my
K2 =5 (1 +e 2‘”2) . (6.64)

If instead the orbit reaches line 1 before time T3, has elapsed, the system passes to
mode 11. In this case, the slip duration is again obtained by solving the equation

(6.22) of line 1 for the unknown 7.

6.2.4 Simultaneous slip of asperities (mode 11)

The equations of motion are
X4+ X+(1+a)X —aY —e=0 (6.65)
V4V +(1+d)Y —a/X —Be =0 (6.66)
and the solution is
X(T) = eXp + (AsinweT + BcoswyT 4 CsinwsT + DcoswsT) e 27 (6.67)
Y(T) = eYp + (AsinwyT + B coswT — %C sinwsT — %D coswsT)e 2T (6.68)

showing that the slip deficits of both asperities decrease with time. The con-
stants A, B, C'and D depend on the initial conditions and are listed in Appendix C.

The duration 77; of mode 11 must be evaluated numerically: letting 7T, and
T, be the smallest positive solutions of the equations X (T) = 0 and Y (T) = 0,
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respectively, we have T1; = min(7,,T,). Notice that T, and T, always differ,
owing to the asymmetry of the system (8 # 1). If T,, < T}, asperity 1 stops the
first and the system enters mode 01; if instead T, < T, asperity 2 stops the first
and the system enters mode 10. In both cases, the final slip amplitudes of the
asperities in mode 11 are given by X — X (71;) and Y — Y (T7;) for asperity 1 and

2, respectively.

6.3 Slip in a seismic event

A seismic event is generally made up of n slipping modes and can involve only one
or both asperities. More specifically, it is possible to distinguish three kinds of
events, namely (i) events due to the slip of a single asperity, (ii) events associated
with the separate (i.e., not simultaneous) slips of both asperities and (iii) events
involving the simultaneous slip of asperities. The number and sequence of dynamic
modes in a seismic event can be univocally determined from the knowledge of
the state of the system at the beginning of the interseismic interval preceding the
event. This state is identified by the value of the variable p defined in Eq. (6.34):
different subsets of the sticking region of the system can be identified accordingly,

as discussed in the following.

Let Py € Q be the representative point of the system at the beginning of an
interseismic interval. The orbit of mode 00 starting at I eventually reaches line
1 or line 2, where an earthquake begins. The kind of seismic event generated by
the fault depends on the subset of Q which P, belongs to. Specifically, it depends

exclusively on the value of the variable p.

A major subdivision of Q is determined by the orbit through P, driving the
fault from mode 00 to mode 11. This orbit belongs to the line

Y =X + po (6.69)
with ( )
_ _ _B=1E
po_YP_XP_oz—i—af—i—f (6.70)

where Eq. (6.28) was taken into account. Line (6.69) divides Q in two subsets pro-
ducing events starting with mode 10 (p < pg) and mode 01 (p > po), respectively.

In the particular case p = pg, the fault produces a two-mode event 11-01: this is
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the largest seismic event predicted by the model.

Next, the subset S of Q from which the fault generates events starting with
the slip of one asperity followed by the simultaneous motion of both of them is

determined. This subset is defined by the values of p belonging to the interval
[p17p2]7 where

—1)¢ —ar U — 1€ + aB&rU’
o (B=DE—amU (3 DE+afith, -
a+E+af a+§+af
as shown in Appendix D. Specifically, the lower margin of S is the line
Y=X+p (6.72)

causing asperity 1 to trigger the motion of asperity 2 after completing mode 10,

whereas the upper margin of S is the line
Y =X +ps (6.73)

causing asperity 2 to trigger the motion of asperity 1 after completing mode 01.
Initial states that are outside S produce one-mode events 10 or 01, corresponding

to p < p; and p > po, respectively.

The subset S is shown in Fig. (6.3) for a particular choice of the parameters of
the system. For later use, let S; and Sz be the subsets of S below and above line
(6.69), respectively. By definition, seismic events resulting from p = p; and p = po
are two-mode events 10-01 and 01-10, respectively. A further discussion of the

events generated by these stress distributions is provided in Appendix D.

6.4 Source functions and seismic moment

The number and sequence of slipping modes in a seismic event yield a specific shape
of the source function associated with the earthquake. Let us consider a seismic
event made up of n slipping modes and call P, = (X;,Y;) the representative point
of the system at T" = T;, when the system enters the i-th mode (i = 1,2,...n).

The duration of the event is then
AT =T, —T7. (6.74)

Let X;(T') and Y;(T') be the slip deficits of asperities 1 and 2 respectively in the

i-th mode. The slip functions of the asperities in the i-th mode are then

AX(T) =X, — X(T ~T), AY(T)=Y, - Y(T ~T) (6.75)
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Figure 6.3: The subset S of the sticking region Q from which events involving the
simultaneous slip of the asperities take place (¢ = 1,5 =0.5,7=1,e = 0.7, = 2). The
dashed lines correspond to p = p; (right) and p = po (left), the dotted line to p = py.

and the slip rates are
AX(T) = =X(T = T,),  AY(T)=-Y(T - T). (6.76)

Of course, the appropriate expressions of X;(7") and Y;(7') must be used (§6.2).

Each event corresponds to a seismic moment m(t) or, in nondimensional form,

K
M(T) = —m(t). (6.77)
sl
As a reference, the seismic moment M that is released in a one-mode event 10 in
the limit case v = 0 is considered. Accordingly, the moment rate associated with
a n-mode event is given by

i(AXi + AY)[H(T = T;) = H(T — Tip)] (6.78)

i=1

M(T) -

where H(T) is the Heaviside function. Slip rates can be calculated analytically,
while the instants 7T; are known a priori only for events involving the separate
slips of the asperities; in any other case, they must be calculated numerically. The
final seismic moment is

U, + U,
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where
U= AX;=X1 =X, U= AY;=Y; Y, (6.80)
i=1 =1

are the final slip amplitudes of the asperities.

As an example, events involving the failure of a single asperity or the consec-
utive, but separate, failures of the asperities are considered: these are the only
events predicted by the model for which completely analytical expressions of the

source functions and final seismic moment can be obtained.

1) One-mode events. If the earthquake is produced by the failure of asperity

1, Eq. (6.78) yields
1+«

M(T) = M, 5 sinw,Te 27 (6.81)

w1
with 0 < T < Tj;,. The final seismic moment is

M() = :‘ilMl. (682)

If the earthquake is produced by the failure of asperity 2, Eq. (6.78) yields

. 1 3
M(T) = My——2Bsincw,T e~ 37 (6.83)
2&}2
with 0 < T < Ty,. The final seismic moment is
14+«
0= T Bra M. (6.84)

The source functions associated with such events are shown in Fig. (6.4) for a

particular choice of the parameters of the system.

2) Two-mode events 10-01/01-10. If the sequence of slipping modes is 10-01,

the moment rate is

1 -aT
. 1 —sinwTe 2%, 0<T<T;
M(T) = M, ;O‘ - ' ) v (6.85)
Zsinwy(T —Ty) e 2T-T0) Ty, <T < AT
where
AT = Ty + Ty (6.86)

If the sequence is 01-10, the expression is straightforward. In both cases, the final

seismic moment is
1+«

1+ o

MO = (/il —+ 6/‘12) Ml. (687)
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The source functions associated with such events are shown in Fig. (6.5) for a

particular choice of the parameters of the system.

To sum up, the number and sequence of dynamic modes involved in a seismic
event can be determined from the number and the amplitudes of the humps in
its source function. In turn, the knowledge of the source function of the seismic
event allows to set constraints on the state of the fault that generated it (§6.3).

An example will be shown in §6.8 for a real fault.

]
<
=
=
Cosf
=
=
0 .
0 1 2 3
T
(a) One-mode event 10.
’
<
=
~
Zo5f
=
0 .
0 1 2 3

T

(b) One-mode event 01.

Figure 6.4: Source functions associated with the one-mode events predicted by the
model (« =1,8=0.5,y=1,e=0.7,£ = 2).
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(a) Two-mode event 10-01.
]
=
=
~
Z o5t
=
0 . .
0 1.5 4.5 6

3
T
(b) Two-mode event 01-10.

Figure 6.5: Source functions associated with two-mode events involving the consecutive

slips of the asperities (¢ =1,8=0.5,7y=1,e =0.7,§ = 2).

6.5 Moment rate spectrum

As in §4.4, the nondimensional moment rate spectrum of a seismic event can be

calculated as
AT

S(Q) = | M(T) e 4T (6.88)
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where AT is the duration of the event given in Eq. (6.74) and € is a nondimensional

frequency, defined from the angular frequency w of the emitted waves as

H1
0= /2, .
K, w (6.89)

The spectrum can be calculated analytically for one-mode events 10 or 01 and for
two-mode events 10-01 or 01-10: for the sake of simplicity, only the spectrum of

one-mode events is shown.

1) For a one-mode event 10, AT = T3, and we obtain

1+a [1+42e 200 cos QT + e 7T
S(Q) =M 6.90
) b9 \/ (14+a—02)2 4 ~2Q2 (6.90)

Its value for €2 =0 is

So = M, (6.91)

where M, is given by Eq. (6.82), and its envelope for 2 — oo is

1+ o

Sx() = Oz M. (6.92)

The nondimensional corner frequency is
Q.=V1+a«a (6.93)

and its dimensional value is

we = — € (6.94)

where t' is the observed event duration.

2) For a one-mode event 01, AT = Ty, and the spectrum is

14+« 14 272720 cos 0Ty + e T2
S(Q) =M 6.95
( ) 1 2 5\/ (1—1—0/—92)2—1-7292 ( )
Its value for €2 =0 is
1+«
S() = 1t o 5H2M1 = MO (696)
where M is given by Eq. (6.84), and its envelope for 2 — oo is
1+a
The nondimensional corner frequency is
Q.=V1+do (6.98)
and its dimensional value is T
2b
c 796. (6.99)



6.6 The difference between the asperity areas

In this section, the influence of the difference between the asperity areas on several
features of the model is considered. For the sake of the present discussion, it
is assumed that the size of asperity 1 remains fixed, whereas asperity 2 can be

smaller (¢ < 1) or larger (£ > 1).

6.6.1 Forces on the asperities

The evolution of the tangential forces on the asperities during a global stick phase
is considered. Combining Eq. (6.20) with Eq. (6.32), the forces F} and Fy during

mode 00 are
Fi(T)=-X+ap—VT, Fy(T) = —€¢Y —ap — EVT. (6.100)
Accordingly, the forces on the asperities do not evolve with the same rate, since
FL=-V, F=—¢tV (6.101)

We conclude that |EFy| > |F}| if asperity 2 is larger than asperity 1, and vice-versa.

A significant implication of Eq. (6.100) concerns the meaning of the variable p
defined in Eq. (6.34). In fact, the difference

Fi(T)— F(T)=—-X +&Y +2ap+ (- 1)VT (6.102)

does not remain constant during an interseismic interval, except for the limit case

¢ =1, in which we have
Fy — F, = (14 2a)p. (6.103)

As a result, the variable p no longer describes the stress inhomogeneity on the
fault in a univocal way (Dragoni and Santini, 2012). Nevertheless, it still controls

which asperity fails the first in a seismic event, as shown in §6.3.

6.6.2 Slip duration and amplitude

The dependence of slip duration and amplitude on the size of the asperities is
discussed. The parameter £ appears in the solutions of dynamic modes involving
the slip of asperity 2, as shown in §6.2.3 and §6.2.4. For the sake of simplicity,
only one-mode events 01 are considered here. Figure (6.6) shows the slip duration

(6.62) and final slip amplitude (6.63) in a one-mode event 01, as functions of &.
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They are expressed in units of the slip duration (6.49) and final slip amplitude

(6.50) associated with a one-mode event 10, respectively.

1.5

1.25

Top /Ty

0.75 i

0.5 1 1 1 1
0.5 1 1.5 2 2.5 3

£

(a) Slip duration.

0.75

0.35
0.5

(b) Final slip amplitude.

Figure 6.6: Slip duration and final slip amplitude in a one-mode event 01, as functions
of £ (a=1,=0.5,7y=1,¢=0.7). They are normalized to the slip duration and final

slip amplitude associated with a one-mode event 10, respectively.

As asperity 2 gets larger, its inertia grows as well. Therefore, the slip duration is
increased and, in turn, the final slip amplitude increases too. Notice that the slip

durations T}, and Ty, coincide in the limit case £ = 1 (asperities of equal areas),
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whereas Uy, < Uy, for any value of £, since asperity 2 is assumed to be weaker
then asperity 1. In turn, the source function of the event is affected by &: for
larger values of this parameter, the source function reaches a larger maximum

value that is delayed in time, as shown in Fig. (6.7).

Figure 6.7: Source function of a one-mode event 01 for different values of the parameter
E(a=1,=05,y=1,e=0.7).

6.6.3 The sticking region and its subsets

I discuss the influence of the parameter £ on the sticking region Q. Its area Aq
was given in Eq. (6.29): it is shown in Fig. (6.8) as a function of £, in units of the
area Ag corresponding to the limit case § = 1 (asperities of equal areas). The
graph clearly shows that the area Aq is smaller than the area Ag for £ < 1; the
opposite holds for £ > 1. As a matter of fact, the overall inertia of the system
decreases when £ < 1 and the set of states corresponding to stationary asperities

is reduced in turn; the opposite holds when & > 1.
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Figure 6.8: The area Aq of the sticking region Q, as a function of the parameter £
(a =1,8=0.5). It is normalized to the area A*Q corresponding to £ = 1.

Next, the effect of £ on events involving the simultaneous slip of the asperities is
discussed. Figure (6.9)-(a) shows the area Ag of the subset S of the sticking region
from which events involving mode 11 take place, as a function of £&. A deeper
insight is presented in Figure (6.9)-(b), showing the dependence on ¢ of the areas
As, and Ag, of the subsets S; and Sy (§6.3). On the whole, as the overall size
of the asperities gets larger, the probability that the system gives rise to events
involving the simultaneous slip of the asperities is reduced. More specifically, the
subset S; decreases with &, since the slip of asperity 1 is less likely to trigger the
failure of asperity 2 if its size grows. On the contrary, the subset S, increases
with &, since a larger size entails a larger slip amplitude of asperity 2 and, in turn,
a larger stress transfer to asperity 1; as a result, it is easier for the slip of asperity
2 to trigger the failure of asperity 1. Notice that there exists a particular value
of £ in correspondence to which S; and S, are equal to each other. This value
must be evaluated numerically and depends on the particular combination of the

parameters «, 5,7 and e.
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(a) Area of S, normalized to the area of the sticking region Q.
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Figure 6.9: The area Ag of the subset S of the sticking region and the areas Ag, and Ag,
of its subsets Sy and Sg, as functions of the parameter £ (« = 1,8 = 0.5,y = 1,e = 0.7).

6.6.4 Radiation of elastic waves

In order to show the influence of the asperity area on the radiation of elastic waves
during fault slip, let us first consider the moment rate spectrum (6.95) associated
with one-mode events 01. It is shown in Fig. (6.10) for different values of the

parameter . As asperity 2 gets larger, the corner frequency (6.98) diminishes, so
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that the content of relatively high frequencies is reduced.
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Figure 6.10: Moment rate spectrum of a one-mode event 01 for different values of the

parameter £ (a« = 1,8 =0.5,7=1).

Next, the seismic efficiency of the fault is discussed. As in §4.5, it is defined as

the ratio

AR

= — 104
N (6.104)

n

between the nondimensional seismic energy AR and the nondimensional total
energy change AW associated with a seismic event. Let us consider a seismic
event made up of n slipping modes starting at time 7; (i = 1,2,...n), when the
state of the system is (X;,Y;). The seismic energy released during the event can

be calculated as
Tit1

AR=—7)_ / (X2 +€Y2)dT (6.105)
=1 T

where X; and Y; are the slip rates of the asperities during the event. During a

sticking mode, the total energy of the system is
L o 2 1 2
W(X,Y)= Q(X +&Y5) + §a(X -Y)-. (6.106)
Accordingly, the total energy change in the seismic event is given by
AW =W(X; — U, Y —Uy) = W(X1, Y1) (6.107)
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where Uy and U, are the final slip amplitudes (6.80) of the asperities.

In the case of a one-mode event 10, we have
Y=0 T1=0 Ty=Ty (6.108)

Uy=Uy  Us=0 (6.109)

with T, and Uy, given by Eq. (6.49) and Eq. (6.50), respectively. In the case of a

one-mode event 01, we have
X=0 Ti=0 To=Ty (6.110)

U1 == 0, UQ - U2b (6111)

with Ty, and Uy, given by Eq. (6.62) and Eq. (6.63), respectively. As a result, the

seismic efficiency is

1 _ 2T
_1—e
m=N"—"—"""5, (6.112)
1—ne 2
for a one-mode event 10 and
T
11— e’%
L e (6.113)
1—ne

for a one-mode event 01, with 77 defined in Eq. (4.43). The ratio 7y/n; is shown in
Fig. (6.11) as a function of .
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§

Figure 6.11: Ratio n2/m; between the seismic efficiencies associated with one-mode

events 01 and 10, respectively, as a function of the parameter £ (o =1,y =1,e = 0.7).
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If asperity 2 is larger than asperity 1, we have 1, > n;, and vice-versa. The
seismic efficiencies coincide in the limit case & = 1, since this circumstance yields
T1p = Toy. As pointed out by Dragoni and Santini (2015), the seismic efficiency
does not depend on the relative strength of asperity 2 with respect to asperity 1.

Finally, events associated with the consecutive, but separate, failures of the

asperities are considered. In the case of a two-mode event 10-01, we have
T, =0, Ty =Ty, Ts =Ty + Ty (6.114)

Uy=Uy,  Uy=Usy (6.115)

and the initial state is given by (D.1) with p = p; defined in Eq. (D.3). In the

case of a two-mode event 01-10, we have
Tl - 0, T2 — T2b7 T3 — le + TQb (6116)

U1 - U1b7 U2 == U2b (6117)

and the initial state is given by (D.4) with p = p, defined in Eq. (D.6). The
seismic efficiency is the same for the two events. Its analytical expression is too

complicated to be reported here: I only show its dependence on ¢ in Fig. (6.12).
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0.136
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Figure 6.12: Seismic efficiency associated with two-mode events 10-01 and 01-10, as a

function of the parameter £ (« = 1,5 =0.5,7v=1,¢ =0.7).
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The graph points out that the seismic efficiency associated with events due to the
consecutive, but separate, failures of the asperities increases with the overall size

of the asperities.

It is noteworthy to point out that the seismic efficiency 1 shown in Fig. (6.12)

has two horizontal asymptotes, whose existence can be verified numerically:

limn =, lim 1 =y (6.118)
£—0 E—o0

with 77 and 7, given by Eq. (6.112) and Eq. (6.113), respectively.

6.7 Choice of the parameters

With the same consideration as in §5.4, the coupling parameter v can be calculated

as
A sU

(6.119)

O

where s is the tangential traction (per unit moment) imposed on an asperity by
the slip of the other and 7, is the tangential stress rate acting on the fault. The ex-
pression of s has been given in Eq. (5.94) and Eq. (5.95) for strike-slip and dip-slip

faulting, respectively, while the proper expression for ¢; is provided in Appendix A.

The parameter S conveying the degree of asymmetry of the system can be
estimated from the knowledge of the slip amplitudes u; and usy of the asperities
when they slip separately. In the framework of the elastic rebound model of a

fault, these slips are given by

Os1 — O0d1 Os2 — 042
U =v———, Uy =V ————— (6.120)

J¢ O

where the difference o, — 0y; is the stress drop associated with the failure of the

i-th asperity. Accordingly, we have

Uz Os2 — 042 052 042 B e

_ _ _ - - =8 (6.121)

Uy 051 —0q1 Os1—0q1 Os1—0q1 l1l—¢€¢ 1—¢€

where the definition of the parameter € given in Eq. (6.11) was taken into account.

As for the parameters v and €, the same considerations discussed in §4.6 hold.
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6.8 An application: the 2007 Pisco, Peru, earth-
quake

The M, 8.0 Pisco (Peru) earthquake of 15 August 2007 occurred as the result of
thrust faulting at the interface between the Nazca and South American plates,
with a seismic moment estimated between 1.8 and 2 x 10?* Nm (Lay et al., 2010).
A sketch of the tectonic setting is shown in Fig. (6.13).

Pacific -~
Ocean b

Figure 6.13: Geographic location of the 2007 Pisco, Peru, earthquake. The star denotes
the epicenter. Black arrows indicate the relative motion of the Nazca plate with respect
to the South American plate, whereas the thick dashed line identifies the boundary

between the tectonic plates.

The slip distribution inferred from the joint inversion of teleseismic body waves
and InSAR data indicates the presence of two distinct asperities (Sladen et al.,
2010): a shallower, larger one (asperity 1), where the maximum coseismic slip
was attained, and a deeper, smaller one (asperity 2). The earthquake initiated
with the slip of asperity 2, followed by the slip of asperity 1 after a brief time
interval. The two phases of the earthquake were treated as distinct events by Lay
et al. (2010), who estimated seismic moments of 1.2 x 10*! Nm and 3.5 x 10%
Nm for the slip of asperity 1 and 2, respectively. With an average rigidity p = 30
GPa (Wang and Liu, 2007) and assuming A; = 4200 km? and A, = 2400 km?
for the area of asperity 1 and 2, respectively, we obtain average slips u; = 9.5
m and us = 4.8 m for asperity 1 and 2, respectively. Finally, we take v = 6 cm
a~! (Sladen et al., 2010) as the relative velocity of tectonic plates at the Peru

trench and assume that the fault is subject to a tangential strain rate ¢ = 1071° s71,
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With the data listed above, we evaluate the parameters of the model. From
Eq. (6.119) and Eq. (6.121), we obtain a = 0.2 and = 0.5. We take v = 1.3, a
value yielding the best fit with the observed source function of the earthquake and
corresponding to a seismic efficiency n ~ 0.16, and assume € = 0.7 (e.g. Jaeger
and Cook, 1976). Finally, the ratio Ay/A; yields £ = 0.6.

In terms of the present model, the 2007 earthquake can be described as a
two-mode event 01-10 with a finite time interval between the slips of the asperities.
Specifically, it is assumed that the slip of asperity 2 takes place over the time
interval t; <t <t,, with t{ = 0 s and ¢ty = 38 s, whereas the slip of asperity 1
takes place over the time interval t3 <t < t4, with t3 =60 s and 4, = 105 s. The
action of tectonic loading during the time gap of 22 s that separates the slips
of the asperities is excluded, since its effect is negligible over such a short time.

Accordingly, the state of the fault at the onset of the earthquake (¢t = 1) is

az%, Y=g~ 2re (6.122)

where py >~ —0.31 from Eq. (D.6). At the end of mode 01 (¢ = t2), the state is

X, =6~

XQ == Xl, ng == }/1 - /BK/QU/. (6123)

In accordance with the previous assumptions, this is also the state of the fault at
the onset of mode 10 (¢ = t3). Finally, the state is

X3:X2—/{1U, Yé :}/2 (6124)

at the end of the event (¢ = t4). The orbit of the system during the earthquake is
shown in Fig. (6.14).
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Figure 6.14: Orbit of the Pisco (Peru) fault during the 2007 earthquake. The dashed
line corresponds to p = ps. The event starts at point P; with the slip of asperity 2;
the orbit then reaches line 1 at point P», triggering the slip of asperity 1 up to point
Ps, where the event terminates. For reference, the point P defined in Eq. (6.28) is also

shown.

Next, the observed seismic moment rate is reproduced. In dimensional form, the

moment rate predicted by the model is

Bx2 g _ —2x2(t—t1)
1 sin w t—1t1)e 2X2 , t1<t<t
i(t) = my 2 e xelt —h) . ' ° (6.125)
20 | Zsinwx(t—ty)e 20l <<ty
where
Ty Ty
= — = 6.126
X1 ty—ty X2 PR ( )
and
my = pAju (6.127)

is the seismic moment released by asperity 1 in the limit case v = 0: accordingly,
we have u = u;/k;. The modelled moment rate is shown in Fig. (6.15) together
with the observed moment rate reported by Sladen et al. (2010). The two main

peaks of the source function and its shape are reasonably well fit by the model.
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7 (109 Nms~!)

Figure 6.15: Modelled source function (solid line) of the 2007 Pisco (Peru) earthquake,
compared with the observed source function (dashed line) reported by Sladen et al.

(2010).

According to Eq. (6.87), the final seismic moment provided by the model is

1+«
moz(m4—y+dﬁ@>ﬁhﬁl7X1mWMl (6.128)

in good agreement with the observations.
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Chapter 7

A two-asperity fault in the

presence of viscoelastic relaxation

In this chapter, a discrete model of a fault with two asperities is considered and
it is assumed that the static stress field produced by earthquakes on the fault
undergoes a certain amount of relaxation in the following interseismic interval, as
a result of the rheological properties of lithospheric rocks (§2.2). This model has
first been studied by Amendola and Dragoni (2013) and then further investigated
by Dragoni and Lorenzano (2015).

7.1 The model

The fault model described in §3.4 is adopted and a fault with two asperities
of equal areas A and different strengths, named asperity 1 and asperity 2, is
considered (Fig.7.1). Let a be the distance between the centres of the asperities.
As for the rheology of lithospheric rocks, a Maxwell viscoelastic behaviour with a
characteristic relaxation time 6 is assumed. Accordingly, the static stress fields
produced by the slip of the asperities undergo a certain amount of relaxation

during the subsequent interseismic interval.

The fault is treated as a dynamical system with three state variables, functions
of time ¢: the slip deficits z(¢) and y(t) of asperity 1 and 2, respectively, and a
variable z(t) representing the variation of the difference between the slip deficits
of the asperities, owing to the viscoelastic rheology of lithospheric rocks. Since the
system has three degrees of freedom, the phase-space is a 6-manifold. Notice that

tectonic loading is assumed to occur under purely elastic rheological conditions:
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in fact, viscoelastic coupling between the fault and the tectonic plates would cause
the stress imposed to the fault to approach a constant value, thus preventing
the occurrence of earthquakes. Accordingly, the characteristic relaxation time
associated with tectonic loading is assumed to be much longer than the typical

duration of interseismic intervals.

Figure 7.1: Model of a fault with two asperities of equal areas A. The rectangular frame

is the fault border.

The simplest form of rate-dependent friction is assumed, associating the asperities
with constant static and dynamic frictions, the latter considered as the average
values during slip. Let f; and f41 be the static and dynamic frictions on asperity
1, respectively, whereas fs and fyo are the static and dynamic frictions on asperity
2, respectively. It is assumed that fi > fo and fq1 > fa, i.e., asperity 1 is

stronger than asperity 2.

Since the asperities move as rigid surfaces, it is easier to use forces instead of

tractions. The tangential forces applied to the asperities in the slip direction are
fi=—-Kx+ K.z— 1, fo=—Ky— K.z — . (7.1)

In these expressions, the terms —Kx and — Ky represent the effect of tectonic
loading, whereas the terms + K, z are the contributions of stress transfer between
the asperities, in the presence of viscoelastic relaxation; finally, the terms —2 and
—uy are forces due to radiation damping, where ¢ is an impedance. The constants
K and K, can be retrieved from the values of A, i, v, the tangential stress rate
acting on the fault and the tangential stress transferred from one asperity to the

other during a seismic event, as it was shown in §5.4 (bearing in mind that, in
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the framework of the present model, K = K; = K5).

During a sticking mode, the slip deficits  and y increase steadily due to to
tectonic motion, while the variable z is governed by the Maxwell constitutive
equation (§2.2.1). Accordingly, the equations of motion during a sticking mode

are
z

T
where a dot indicates differentiation with respect to t. The slip of asperity 1

i=0, =0 % (7.2)

occurs when
Ji=—Fs1 (7.3)

while the slip of asperity 2 takes place when

f2 - _fs2~ (74)

During a seismic event, viscoelastic relaxation is negligible, since it takes place
over times much longer than the duration of seismic slip. Hence, asperity slip can
be studied as in the case of purely elastic coupling between the asperities (§6.1),
corresponding to z = y — x and # — co. Accordingly, the equations of motion for
x and y are

i+t +Ke—K.z— fi1 =0 (7.5)

py+w+Ky+Kez— fio=0 (7.6)

where g1 is the mass associated with both asperities, while z changes according
to the equation
Z=1q— . (7.7)

For the sake of simplicity, the analysis is carried out in nondimensional form. I

introduce the nondimensional parameters

o Kc o fs2 _ fd2 _ L
=% TR T VEm (78)
_Ja _ Ja _ K _ VEm
- fsl B fs?7 0= ,ule7 V= fsl ’ (79)

where O is the nondimensional Maxwell relaxation time, while the same interpre-
tation as it was given in §6.1 hold for the remaining parameters. These parameters
are subject to the constraints « > 0,0 < < 1,7y>0,0<e< 1,0 >0 and
V>a0.
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I also define the nondimensional slip deficits and time

Kz Ky Kz K

X = , Y = , Z = , T =,]—t. 7.10
fsl fsl fsl 251 ( )
Accordingly, the equations of motion (7.2) for the sticking mode can be rewritten
as
B} . . 7
X =0, Y =0, Z:@ (7.11)

where a dot now indicates differentiation with respect to T', while the equations

of motion (7.5)-(7.6)-(7.7) for the slipping mode become

X479 X+X—-aZ—-e=0 (7.12)
Y +9Y +Y +aZ —Be=0 (7.13)
Z=Y-X (7.14)

I introduce the nondimensional forces

F1:£:—X+QZ—7X, ngﬁz—Y—ozZ—yY (7.15)
fsl fsl
which reduce to
F=-X+aZ  F=-Y—-aZ (7.16)

during a global stick phase. To sum up, the system is described by the set of six
parameters a, 3,7,€,0 and V. At any instant 7" in time, the state of the system
can be univocally expressed by the tern (X,Y, Z) or by the couple (Fy, Fy).

The dynamics of the system can be characterized in terms of four dynamic
modes, each one described by a different system of autonomous ODEs: a stick-
ing mode (00), corresponding to stationary asperities, and three slipping modes,
associated with the slip of asperity 1 alone (mode 10), the slip of asperity 2
alone (mode 01) and the simultaneous slip of the asperities (mode 11). A seismic

event generally consists in n slipping modes and involves one or both the asperities.

7.1.1 The sticking region

The sticking region is defined as the set of states corresponding to a phase of
global stick of the system. When both asperities are stationary (mode 00), the

rates X,Y and Z are negligible with respect to their values when the asperities
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are slipping; thus, the sticking region is a subset of the state space XY Z. It can

be determined as follows.

In nondimensional form, the conditions (7.3) and (7.4) for the onset of motion

of asperity 1 and 2 become, respectively,
Fr=-1, F=-0. (7.17)

Combining these conditions with Eq. (7.16), we obtain two planes in the XY Z
space,
X—aZ—-1=0 (7.18)

Y +aZ—B=0, (7.19)

which I name II; and Il,, respectively.

Overshooting during asperity slip is excluded: accordingly, it is assumed that

X >0and Y > 0. As a consequence, the tangential forces on the asperities must

always be in the same direction as the velocity of tectonic plates, i.e. F; <0

and Fy < 0. From Eq. (7.16), the limit cases F; = 0 and F» = 0 define two more
planes in the XY Z space,

X—-—aZ=0 (7.20)

Y +aZ =0, (7.21)

which I name I'; and I'y, respectively.

To sum up, the sticking region of the system is the subset of the XY Z space
enclosed by the planes X = 0,Y = 0,I'1,I'5, II; and Ily: a convex hexahedron H.

Its vertices are the origin (0,0,0) and the points

A= (0,1,—1), B- (5,0,5), C- (5+1,o,§) (7.22)
(8 8} «

D:(0,6+1,—é>,E:(1,0,0),F:(O,B,O). (7.23)

The sticking region is shown in Fig. (7.2) for a particular choice of the parameters
a and [. Its volume can be expressed as a function of the parameters of the
system as S(8+1)/2a. Accordingly, the subset of the state space corresponding to
stationary asperities decreases with the degree of coupling between the asperities

and with the asymmetry of the system (5 — 0).
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A

Figure 7.2: The sticking region of the system: a convex hexahedron H (o = 1,5 = 1).
The point P, corresponding to purely elastic coupling between the asperities, is shown.
Seismic events take place on the faces AEC'D and BCDF.

By definition, every orbit of mode 00 is enclosed within H and eventually reaches
one of its faces AEC'D or BCDF, belonging to the planes II; and Ily, respec-
tively, where a seismic event starts. In these cases, the system switches from
mode 00 to mode 10 or mode 01, respectively. In the particular case in which the

orbit of mode 00 reaches the edge C'D, the system passes from mode 00 to mode 11.

For later use, I introduce a point P with coordinates

1 1-—
Xp= oFted+t y_etabtso 10
14 2« 14 2« 1+ 2«

(7.24)

belonging to the edge C'D and corresponding to a condition of purely elastic

coupling, since Zp = Yp — Xp.

7.2 Solutions of dynamic modes

The solutions of the equations of motion for each of the four dynamic modes are

presented. I shall make use of the frequencies wy and w; defined in Eq. (4.14) and

2
wy =4/1+2a— y (7.25)

The case of weak damping is considered, i.e. v <2 (§4.2).

Eq. (5.23), respectively, and
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7.2.1 Stationary asperities (mode 00)

The equations of motion are given in Eq. (7.11). With initial conditions

X0)=X, Y0)=Y, Z0)=Z (7.26)
X0)=V, Y(0)=V, mm:—g (7.27)

the solutions are
X(T)=X+VT, Y(I)=Y+VT,  Z(T)=Ze1/® (7.28)

with 7" > 0. The equations (7.28) are the parametric equations of a curve lying
on the plane

X-Y+4YV-X=0 (7.29)

that is parallel to the Z axis.

The orbit of mode 00 lies inside H and eventually reaches one of its faces
AECD or BCDF, belonging to the planes II; and Ils, respectively, where a
seismic event takes place. Let P, = (X1,Y1,71) and P, = (X, Y5, Z3) be the
points where the orbit of mode 00 intersects the planes II; and Ils, respectively,
and let T} and T5 be the corresponding instants in time. The coordinates of P,

must satisfy the equation (7.18) of IIy: thus, exploiting Eq. (7.28), we get the

condition

X+VT —aZe T/ —1=0. (7.30)

Accordingly, the slip of asperity 1 starts at time

1-X

Ti=0W(y)+ v (7.31)

where W is the Lambert function with argument

Z 1-X

71::%%56_Tﬁ§, (7.32)

Analogously, the coordinates of P, must satisfy the equation (7.19) of Ily: again
from Eq. (7.28), we get the condition

Y + VT 4+ aZe 2/ — 3 =0. (7.33)

Thus, the slip of asperity 2 starts at time
B-Y

L=0W(p)+——, (7.34)
with 7
VQZZ__€%56—Q;§. (7.35)
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7.2.2 Slip of asperity 1 (mode 10)

The equations of motion are

X479 X+X—-aZ—e=0 (7.36)
Y =0 (7.37)
Z—9X —X+aZ+e=0. (7.38)

The fault can enter mode 10 from mode 11 or from mode 00.

Case 11 — 10

Let us assume that the asperities are both initially in motion and that, at T"= 0,

asperity 2 stops, while asperity 1 continues to slip. Thus, the initial conditions are
X0 =X, Y0)=Y, Z0)=Z (7.39)

X0)=V, Y0)=0, Z(0)=-V. (7.40)

The solutions are

_ 1 L By
X(T)=X - Y + % cosw T + — (%Ul + V) sinwlT] ezt (7.41)

2 w1
Y(T)=Y (7.42)
Z(T)y=7Z+X - X(T) (7.43)
where _ _
U =2 % (7.44)

Accordingly, the slip deficit of asperity 1 decreases with time, whereas the slip
deficit of asperity 2 remains unchanged. If the orbit does not reach the plane Il

during the mode, the slip duration can be calculated from the condition X (1) = 0,

yielding -
1 2w1V

T\, = — |7+ arctan — — | . 7.45

T w [ (1+a)Up +9V (7-45)

The final slip amplitude is then
] o, (o2 v aow .
=X -X(Ty,) = — - la 4
e e N Il s T (7.46)

If instead the orbit reaches the plane II; during the mode, the system enters again
mode 11. The slip duration is then obtained by solving the equation (7.19) of

plane II; for the unknown 7.
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Case 00 — 10

Let us assume that the asperities are both initially stationary and that, at 7" = 0,
the condition for the failure of asperity 1 is reached. Accordingly, the initial point

of the orbit of mode 10 belongs to plane II;, so that
X—aZ=1 (7.47)

and V = 0; from Eq. (7.44), we have U; = U defined in Eq. (5.24). The solutions

reduce to

X(T)=X — % {1 - (cos wT + 2%01 sinwlT) e_;T} (7.48)
Y(T)=Y (7.49)
Z(T)=7Z+X - X(T). (7.50)

If the orbit does not reach the plane Iy during the mode, the slip duration is

Ty = —, (7.51)

w1

while the final slip amplitude is
Ulb = filU (752)

with x1 defined in Eq. (5.25). If instead the orbit reaches the plane 115 before time
Ty, has elapsed, the system passes to mode 11. In this case, the slip duration is

again obtained by solving the equation (7.19) of plane IIy for the unknown T

7.2.3 Slip of asperity 2 (mode 01)

The equations of motion are

X=0 (7.53)
YV4+9Y +Y +aZ — Be=0 (7.54)
Z+9Y +Y +aZ — Be=0. (7.55)

The fault can enter mode 01 from mode 11 or from mode 00.
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Case 11 — 01

Let us assume that the asperities are both initially in motion and that, at T'= 0,

asperity 1 stops, while asperity 2 continues to slip. Thus, the initial conditions are

X0)=X, Y0)=Y, Z0)=Z (7.56)
X(0)=0, Y(0)=V, Z0)=V. (7.57)
The solutions are
X(T) = X (7.58)
o Us Us 1 rv= =\ . _ag
Y(T)=Y > + > cosw T + o (ZUQ + V> smwlT] e 2 (7.59)
Z(TY=72-Y +Y(T) (7.60)
where - Z_3
- +as — Pe
Uy=2—-——. 7.61
2 14+« ( )

Accordingly, the slip deficit of asperity 2 decreases with time, whereas the slip
deficit of asperity 1 remains unchanged. If the orbit does not reach the plane II;

during the mode, the slip duration can be calculated from the condition Y (7) = 0,

yielding -
1 2w1V
T, = — |7+ arctan — — | . 7.62
= (T a)ls + 7 (762
The final slip amplitude is then
- 7 72 772 IR,
Up =Y =Y (Th) = Yy v 10V 3. (7.63)

2 1 Titra Tt

If instead the orbit reaches the plane II; during the mode, the system enters again
mode 11. The slip duration is then obtained by solving the equation (7.18) of

plane II; for the unknown 7.

Case 00 — 01

Let us assume that the asperities are both initially stationary and that, at 7" = 0,
the condition for the failure of asperity 2 is reached. Accordingly, the initial point

of the orbit of mode 01 belongs to the plane Il,, so that
Y +aZ =4 (7.64)
and V = 0; from Eq. (7.61), we have U, = BU. The solutions reduce to

X(T)=X (7.65)



Y(T)=Y — /BTU [1 — <cosw1T + 2%1 sinw1T> e_gT] (7.66)

Z(T)=7Z-Y +Y(T). (7.67)

If the orbit does not reach the plane II; during the mode, the slip duration is the
same as in Eq. (7.51), while the final slip amplitude is

Usy = BraU. (7.68)

If instead the orbit reaches the plane II; before time T3, has elapsed, the system
passes to mode 11. In this case, the slip duration is again obtained by solving the

equation (7.18) of plane II; for the unknown 7.

7.2.4 Simultaneous slip of asperities (mode 11)

The equations of motion are

X+7X+X-aZ—€e=0 (7.69)
Y4+Y +Y +aZ—fe=0 (7.70)
Z+7<Y—X>—X+Y+2&Z+(1—5)€:0 (7.71)

and the solutions are
X(T) = Ey + (AsinwgT + BcoswyT + CsinwyT + D coswyT') e 2t (7.72)

Y(T) = By + (AsinwT + B coswyT — C sinwsT — D cosw,T) e 27 (7.73)
Z(T) = By — 2 (Csinw,T + D cosw,T) e 37 (7.74)

showing that the slip deficits of both asperities decrease with time. The constants
A, B,C, D, Ey, E> and E3 depend on initial conditions and are listed in Appendix

E. As for the slip duration and amplitude, the same considerations as in §6.2.4
hold.

7.3 Slip in a seismic event

A seismic event is generally made up of n slipping modes and can involve only one
or both asperities. More specifically, it is possible to distinguish three kinds of
events, namely (i) events due to the slip of a single asperity, (ii) events associated

with the separate (i.e., not simultaneous) slips of both asperities and (iii) events
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involving the simultaneous slip of asperities. In the following, the connection
between these three kinds of events with the state of the system at the beginning
of the earthquake are first discussed. Afterwards, it is shown how the number and
the sequence of slipping modes in a seismic event can be univocally determined
from the knowledge of the state of the system at the beginning of the interseismic

interval preceding the event, in the absence of stress perturbations.

7.3.1 Dependence on the state at the onset of the event

It was showed that the conditions for the onset of motion for asperity 1 and 2
are reached on the face AEC'D and BC'DF of the sticking region H, respectively.
Here, I discuss the different subsets in which these faces can be divided, according

to the number and sequence of dynamic modes involved in a seismic event.

Let us consider an orbit of mode 00 starting at a point F, inside H and
reaching one of the faces AEC'D or BCDF at a point P;, where the earthquake
begins. With reference to Fig.(7.3), let us first focus on the face AECD. If
P, belongs to the trapezoid Qq, the earthquake will be a one-mode event 10; if
P, belongs to the segment s;, the earthquake will be a two-mode event 10-01;
finally, if P, belongs to the trapezoid Ry, the earthquake will be a three-mode
event 10-11-01 or 10-11-10, where the specific sequence must be evaluated nu-
merically and depends on the particular combination of the parameters «, 3,y
and e. The remaining portion of the face would lead to overshooting. Analo-
gous considerations can be made for subsets Qs,s2 and Ry on the face BCDF'.
In the particular case in which P; belongs to the edge C'D, the earthquake will

be a two-mode event 11-01: this is the largest seismic event predicted by the model.

The boundaries of the subsets of the faces AEC'D and BCDF can be identified
taking into account the no overshooting conditions and the constraint on the
orientation of the tangential forces on the asperities discussed beforehand (§7.1).

The details are provided in Appendix F.

By definition, seismic events taking place on the segments s; and sy are two-
mode events 10-01 and 01-10, respectively. A further discussion of the events

generated on these subsets is reported in Appendix G.
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Figure 7.3: The faces AECD and BCDF of the sticking region and their subsets,
which determine the number and the sequence of dynamic modes in a seismic event
(¢ =1,8=1,7=1,e = 0.7). The events taking place on the face AECD (BCDF)
start with mode 10 (01).

7.3.2 Dependence on the state at the beginning of the
interseismic interval
I now discuss how the location of the initial point Py of any orbit of mode 00

affects the number and the sequence of slipping modes in the seismic event.

To begin with, a way to discriminate the first slipping mode involved in the
earthquake is devised. Every orbit of mode 00, if prolonged outside the sticking
region, intersects both planes Iy and II,. The expressions of the times 7T} and
T, required to the orbit for reaching these planes were provided in Eq. (7.31) and
Eq. (7.34), respectively. The condition

W —1T,=0 (7.75)
identifies a transcendental surface 3 in the state space, with equation

VOWn) —W()]+Y =X +1—8=0. (7.76)
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This surface divides the sticking region H in two connected, open subsets H;
and Hy. It is shown in Fig. (7.4) for a particular choice of the parameters «, 5,V
and ©. Given any initial state Py € H, the seismic event starts with mode 10 if
Py € Hy or with mode 01 if Fy € Hy. By definition, the edge C'D belongs to X
and no orbit of mode 00 can cross it; thus, if Py € X, its orbit remains on ¥ and
reaches the edge C'D, so that the seismic event starts with mode 11. Notice from
Eq. (7.76) that the surface ¥ does not depend on the parameter ~; thus, it is not
affected by the seismic efficiency of the fault.

2 X

Figure 7.4: The surface ¥ dividing the sticking region in the subsets H; (below) and

H, (above) that discriminate the first slipping mode in a seismic event (o = 1, f =
1, Ve =1).

I now describe an additional surface inside each of the subsets H; and Hs, allowing

to distinguish the number of slipping modes in the seismic event.

Let P; be the point where the orbit of mode 00 starting at F, € H; reaches
the face AECD. In order that P; belongs to the segment s, its coordinates must
satisfy Eq. (F.13). Introducing the solutions (7.28) of mode 00 in Eq. (F.13) and
replacing T with T} given in Eq. (7.31), we obtain the equation of a transcendental

surface X
X -V —2aZe WO Ve 4+ 3 ak,U — 1 =0. (7.77)

The surface 37 is shown in Fig. (7.5) for a given choice of the six parameters of
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the system. It lies beneath the surface ¥, so that the subset H; is divided into
two sections H; and HY, respectively below and above X;. If Py € Hy, then
P, € Q; and the earthquake will be a one-mode event 10, whereas if Py, € HY,
then P; € R; and the earthquake will be a three-mode event 10-11-10 or 10-11-01,
as discussed in §7.3.1. By definition, the segment s; belongs to ¥3; and no orbit
can cross Xq: accordingly, if Py € 3q, its orbit remains on 3; and reaches the

segment s;, giving rise to a two-mode event 10-01.

1~/B”/—/\
/S~_C

N O z N
\
E S1
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Figure 7.5: The surface 37 in the subset Hy of the sticking region, discriminating the
number of slipping modes in a seismic event starting when the orbit of the system
reaches the face AECD (a=1,=1,7v=1,¢e=0.7, VO =1).

Let us now repeat the analysis for the subset Hy. Let P, be the point where the
orbit of mode 00 starting at Py € Hy reaches the face BCDF'. In order that P,
belongs to the segment sq, its coordinates must satisfy Eq. (F.28). Introducing
the solutions (7.28) of mode 00 in Eq. (F.28) and replacing 7" with 75 given in

Eq. (7.34), we obtain the equation of a transcendental surface 3
X -Y —2aZe W% 4 8+ aBk U — 1 =0. (7.78)

The surface 3o is shown in Fig. (7.6) for a given choice of the six parameters of
the system. It lies above the surface 3, so that the subset Hy is divided into
two sections H, and Hi, respectively below and above . If Py € H,, then
P, € Ry and the earthquake will be a three-mode event 01-11-10 or 01-11-01,
whereas if Py € Hj, then P, € Q2 and the earthquake will be a one-mode event
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01 (§7.3.1). By definition, the segment s, belongs to 32 and no orbit can cross
3o: accordingly, if Py € 3a, its orbit remains on 35 and reaches the segment s,

giving rise to a two-mode event 01-10.

~
o

2 X

Figure 7.6: The surface 3o in the subset Hg of the sticking region, discriminating the
number of slipping modes in a seismic event starting when the orbit of the system
reaches the face BODF (a=1,=1,v=1,e=0.7, VO =1).

It is clear from their definitions (7.77) and (7.78) that both ¥; and ¥ depend
on K introduced in Eq. (5.25). Therefore, their position inside the sticking region
changes as a function of the seismic efficiency of the fault. For larger values of
7, they are both closer to X, so that the subsets Hf and H, are smaller. This
feature shows that higher values of v reduce the possibility of simultaneous slip
of the asperities, in agreement with the results obtained by Dragoni and Santini

(2015) in the purely elastic case.

7.4 Source functions and seismic moment

The source functions and seismic moment of a seismic event can be determined
with the same procedure as it was described in §6.4 for the purely elastic case.
Figures (7.7), (7.8) and (7.9) show the source functions associated with the different
seismic events predicted by the model for a given choice of the parameters «, 3,

and e.
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(a) One-mode event 10. (b) One-mode event 01.

Figure 7.7: Source functions associated with the one-mode events predicted by the
model (a« =1,8=0.5,y=1,¢=0.7).
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(a) Two-mode event 10-01. (b) Two-mode event 01-10.
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(¢) Two-mode event 11-01.

Figure 7.8: Source functions associated with the two-mode events predicted by the
model (¢ =1,8=0.5,y=1,¢=0.7).
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(a) Three-mode event 10-11-10 (a = 1). (b) Three-mode event 10-11-01 (o = 0.1).
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(c) Three-mode event 01-11-10 (o = 0.1). (d) Three-mode event 01-11-01 (o = 1).

Figure 7.9: Source functions associated with the three-mode events predicted by the
model (8 =0.5,7=1,e =0.7).

The values of the final slip amplitudes of the asperities (namely U; and Us) and
the final seismic moment M in a seismic event can be discriminated according
to the state P, at the beginning of the interseismic interval preceding the event
and, in turn, according to the state P, where the seismic event starts: this is

summarized in Table (7.1).

In conclusion, the number and the amplitudes of the humps in the source
function of a seismic event allow to derive the number and sequence of dynamic
modes involved; in turn, the state of the fault that generated the event can be
constrained. Subsequently, it is possible to reduce the uncertainty on the future

evolution of the system. An example will be shown in §7.8 for a real fault.
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Table 7.1: Final slip amplitudes U; and Us of asperity 1 and 2 and seismic moment M
during an earthquake made up of n slipping modes, as functions of the states Py at
the beginning of the interseismic interval preceding the event and P; where the event

started. The entry e.n. is the abbreviation for evaluated numerically.

P P n| U Us M,
Pye Hy P eQ 1| xU 0 K1 My
Py, e Hj P eQ, 1| 0 | BxU Bri M,
PheXx P eCD 2 | en | en. e.n.
PheX VR €Yy | Presy VP E€sy | 2| kU | BriU | kiMi(1+ 5)
B, GHT\/PO ceH,  PeRi VP eRy |3 ]| en | en. e.n.

7.5 Forces on the asperities

In the following, the evolution of the tangential forces on the asperities during the
seismic cycle of the fault is discussed. First, I focus on the interseismic intervals
and show the main differences with respect to the case of purely elastic coupling
between the asperities. Then, the sequence of dynamic modes involved in an
earthquake is related with the force distribution on the fault at the onset of the
event. Finally, the static force drops on the asperities following the different

seismic events predicted by the model are evaluated.

7.5.1 Interseismic interval

In order to discuss the influence of viscoelastic relaxation on the duration of
the interseismic intervals of the fault, let us first focus on the case of purely
elastic coupling between the asperities, corresponding to Z =Y — X and © — oo.
Combining Eq. (7.16) with Eq. (7.28), the temporal evolution of the tangential

forces on the asperities during mode 00 is expressed by
Fi(T)=-X-VT+aY - X), B(T)=-Y -VT —-aY —X) (7.79)

where (X,Y) is the state of the fault at the beginning of the interseismic interval.

Accordingly, the forces evolve with the same rate

Fl=F=-V (7.80)
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and their difference remains constant in time. If instead we introduce the viscoelas-
tic deformation, the temporal evolution of the tangential forces on the asperities

during mode 00 is given by
B(T)=-X-VT+aZe™®,  FB((T)=-Y -VT —aZe 7/°  (7.81)

where (X,Y,7) is the state of the fault at the beginning of the interseismic

interval. These forces evolve with rates

Z : Z
SO B = -V ST

Some significant divergences with respect to the elastic case stand out. First,

F(T)=-V — (7.82)

the difference I} — F, changes as tectonic loading takes place, so that the stress
distribution on the asperities varies during an interseismic interval. Furthermore,
the rate of evolution of the tangential force on asperity 1 is not the same as for
asperity 2. Also, these rates are not constant in time and depend on the state
of the fault at the beginning of the interseismic interval: if Z > 0, the rate |F}|
is larger than in the purely elastic case, so that the failure of asperity 1 can be

anticipated, and vice-versa if Z < 0; the opposite holds for asperity 2.

7.5.2 Omnset of a seismic event

The relationship between the sequence of dynamic modes in an earthquake gener-
ated by the fault and the different subsets in which the faces AEC'D or BCDF
of the sticking region H can be divided was discussed in §7.3.1. I now show the
correlation existing between these sequences and the distribution of forces on the

fault at the onset of a seismic event.

Let us consider an earthquake involving n slipping modes starting with mode
10, i.e., on the face AECD. Let P, = (X;,Y;, Z;) be the representative point of the
system at T" = T;, when the system enters the i—th mode (i = 1,2, ...,n). Finally,
let d be the distance of the starting point P, from the edge C'D. At the beginning
of the event (T' = T}), the force acting on asperity 2 is

FQ(Tl) = —3/1 - OéZl (783)

where Eq. (7.16) was used. The magnitude |F5(T})| decreases linearly with d, as
shown in Fig. (7.10)-(a), whereas the magnitude of the force F} acting on asperity
1 is the same everywhere (|F;| = 1). At T' = Ty, the force on asperity 2 is

FQ(TQ) = —5/2 — OzZQ = Fg(Tl) — (ZQ - Zl) s (784)
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where it was taken into account that Y; = Y7, since the first slipping mode in the

event is associated with the sole slip of asperity 1. The difference
FQ(TQ) — FQ(Tl) = _Of(ZQ - Zl) (785)

represents the stress transfer from asperity 1. If the magnitude of Fy(7}) is large
enough that |Fy(T3)| = f, the slip of asperity 1 triggers the slip of asperity 2,
so that mode 10 is followed by mode 01 or 11. This condition is verified by
states P, € s; and P; € Ry, respectively, as shown in Fig. (7.10)-(b); conversely,
|F5(T3)| < B for states P, € Qq and mode 10 is followed by mode 00.
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Figure 7.10: Force F3 on asperity 2 during an earthquake involving n slipping modes and
starting with mode 10, as a function of the distance d of the initial state P;, measured
on the face AECD from the edge C'D of the sticking region H (¢ =1, 8 =0.5, vy =1,
e = 0.7) : (a) magnitude of Fy at the onset of the event (T" = T1); (b) magnitude of
F, after the initial slip of asperity 1 (T' = T2). The labels indicate the subsets of the
face AECD corresponding to different intervals of d. The dashed line indicates the
condition for the slip of asperity 2 (|Fa| = (), which is reached only for states P; € sq
and P € Rs.

Similar considerations hold on the face BCDF'. In this case, the n-mode event
starts with mode 01. At the beginning of the event (7' = T}), the force acting on
asperity 1 is

F(T) =-X1+aZ; (7.86)

118



where Eq. (7.16) was employed. The magnitude |F}(T})| decreases linearly with d,
while |Fy| = 5 everywhere. At T' = Ty, the force on asperity 1 is

Fl(TQ) = _X2 + OéZQ = Fl(Tl) + « (ZQ — Zl> > (787)

where it was taken into account that Xy, = X, since the first slipping mode in

the event is associated with the sole slip of asperity 2. The difference
Fl(TQ) — Fl(Tl) = Oé(ZQ - Zl) (788)

represents the stress transfer from asperity 2. If the magnitude of Fi(7}) is large
enough that |F}(Ty)| = 1, the slip of asperity 2 triggers the slip of asperity 1 and
mode 01 is followed by mode 10 or 11. This condition is verified by states P; € sq
and P; € Ra, respectively. On the contrary, |Fi(73)| < 1 for states P, € Qz, so
that mode 01 is followed by mode 00. This is shown in Fig. (7.11).
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Figure 7.11: Force F} on asperity 1 during an earthquake involving n slipping modes and
starting with mode 01, as a function of the distance d of the initial state P;, measured
on the face BCDF from the edge C'D of the sticking region H (¢ =1, 3 =0.5, vy =1,
e = 0.7) : (a) magnitude of F; at the onset of the event (7' = T1); (b) magnitude of
F after the initial slip of asperity 2 (T' = T»). The labels indicate the subsets of the
face BCDF corresponding to different intervals of d. The dashed line indicates the
condition for the slip of asperity 1 (|Fi| = 1), which is reached only for states P; € s
and P; € Ras.
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7.5.3 Static force drops

The static force drops on the asperities can be calculated from the knowledge of
the slip amplitudes (6.80) of the asperities and the stress transferred from one

asperity to the other.

Once again, I consider a seismic event involving n slipping modes and call

P, = (X;,Y;, Z;) the representative point of the system at 7' = T, when the system

enters the i—th mode (i = 1,2,...n). At the end of the event, the force drop on
asperity 1 is

Fi(Ty) — Fi(Th) = Uy + a(Zn1 — Z1). (7.89)

Analogously, the force drop on asperity 2 is
FQ(Tn+1) - FQ(Tl) = U2 - a(Zn+1 - Zl) (790)

Combining these expressions with the details of Table (7.1), the values of the
force drops associated with the different seismic events predicted by the model
can be calculated. They are listed in Table (7.2). For events involving the slip of
a single asperity, the force drop on the stationary asperity is negative, since stress

is accumulated on it.

Table 7.2: Static force drops on the asperities, following the different seismic events

predicted by the model. The entry e.n. is the abbreviation for evaluated numerically.

Kind of event Force drop on asperity 1 | Force drop on asperity 2
one-mode 10 2k1(1 —¢) —ar U
one-mode 01 —afr U 2k168(1 —€)
two-mode 10-01/01-10 UL+ a—af) kU(B —a+ af)
involving mode 11 e.n. e.n.

7.6 Influence of seismic efficiency on events due

to the consecutive slips of the asperities

In this section, I focus on two-mode events starting on segments s; and s, and
discuss how they are affected by the radiation of elastic waves. To this aim, the

effect of a variation of the parameter « in the interval [0,2] is studied. In the
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following, a superscript © shall be used when referring to quantities corresponding

to no wave radiation (y = 0).

The lengths [; and [, of segments s; and s3, respectively, as well as their
distances d; and dy from the edge C'D are provided in Appendix F. In the limit
case v = 0, the maximum amount of slip k;U of asperity 1 that is present in
their expressions must be replaced by U defined in Eq. (5.24), where U > k,U. In
Fig. (7.12) the ratios {1 /19 and I, /I are plotted as functions of y. The trends clearly
point out that an increase in 7 entails a lengthening of both segments s; and ss.
As a matter of fact, the lengths of these segments depend on the coordinates of
their end points, which are in turn constrained by the no overshooting conditions.
Since wave radiation reduces the maximum amount of slip allowed to the asperities,
the number of states satisfying the no overshooting conditions is increased and
more states are included in the segments s; and s3. As v grows, the probability

that the system gives rise to two-mode events 10-01 or 01-10 is thus enlarged.

15 : : :
lr/13

14} 1
1, /19

13} 1/l ]

12} i

11} ]
1 L L L

0 05 1 15 2

gl

Figure 7.12: The lengths I3 /I and I3/19 of segments s; and sz, as functions of v
(a=1,8=0.5,e =0.7). Larger values of the ratios [;/l{ entail a higher probability of a

two-mode event associated with the separate slips of both asperities.

According to Eq. (F.32), the ratio d;/d? is the same for both segments s; and ss.
It is shown in Fig. (7.13) as a function of . Evidently, an increase in 7 takes both

segments s; and sq closer to the edge C'D of the sticking region. This can be
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explained if one considers the already discussed correlation between the different
subsets of the faces AEC'D and BC'DF and the forces acting on the asperities
(§7.5.2). Taking into account that wave radiation lowers the slip of the asperities,
the stress transferred from one asperity to the other during a seismic event is
reduced as well. Thus, the segment s; must be closer to the edge C'D, so that the
value of F; at the beginning of mode 10 is large enough for the stress transferred
by asperity 1 to asperity 2 to trigger mode 01. Analogous considerations can be
made for the segment s, on the face BOCDF..

d/d()
o
\l
(6)]

0.5 1 1 1
0 0.5 1 1.5 2

/y

Figure 7.13: The distance d/d" of segments s; and sz from the edge C'D, as a function
of v (¢ = 1,e = 0.7). The smaller the distance, the more homogeneous the stress
distribution on the fault at the beginning of a two-mode event associated with the

separate slips of both asperities.

A direct consequence of the smaller distance between segments s; and s, and the
edge C'D is that the areas Aq, of the subsets Q; and Qg are enlarged, while the
areas Ag, of the subsets R; and Ry are reduced. This is shown in Fig. (7.14),
where the ratios Aq,/AQ, and Ag, /A%, are plotted as functions of . This feature
provides an additional proof that higher seismic efficiencies progressively reduce

the possibility of simultaneous slip of the asperities, as pointed out in §7.3.2.
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Figure 7.14: The areas AQi/A?Qi and ARi/AORi of the subsets Q1,Q2,R1 and Ra, as
functions of v (e =1, = 0.5,e = 0.7). As the ratios AQi/A(()Qi increase, the possibility

of simultaneous slip of asperities is reduced. The converse holds for the ratios AR, /A%i.

7.7 Choice of the parameters

With the same consideration as in §5.4, the coupling parameter v can be calculated

as
HAsv

(7.91)

Ot
where s is the tangential traction (per unit moment) imposed on an asperity by
the slip of the other and g, is the tangential stress rate acting on the fault. The ex-
pression of s has been given in Eq. (5.94) and Eq. (5.95) for strike-slip and dip-slip

faulting, respectively, while the proper expression for ¢; is provided in Appendix A.

As for the parameters (3,7 and €, the same considerations discussed in §6.7
hold. Finally, the effect of viscoelastic relaxation is conveyed by the product VO,
in terms of which the solutions (7.28) for mode 00 can be rewritten (as all other

expressions derived from them). From Eq. (7.9), we have

Kuvb
ve=—-" (7.92)
fsl
By definition, we can write
Kuf
U= (7.93)
fsl
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where
0o_ W
Uy = — 7.94
¢ £
is the slip amplitude of asperity 1 when it slips alone, in the limit case v = 0.

Accordingly, the static friction force on asperity 1 can be estimated as

Ku1
= U 7.95
fa=E0 (7.95)
Replacing this expression in Eq. (7.92), we find
0
ve - Ul (7.96)
Uy

7.8 An application: the 1964 Alaska earthquake

The 28 March 1964 M,, 9.2 Alaska earthquake was the second largest earthquake
of the last century, with a seismic moment mg estimated between 3 and 8 x 10?2
Nm (Christensen and Beck, 1994; Holdahl and Sauber, 1994; Johnson et al., 1996).
The event was due to reverse dip-slip faulting at the boundary between the North
American plate and the Pacific plate, with a rupture extending of about 800 km
along the Alaska/Aleutian trench. A sketch of the tectonic setting is shown in
Fig. (7.15).
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Figure 7.15: Geographic location of the 1964 Alaska earthquake. The star denotes the
epicenter. Black arrows indicate the relative motion of the Pacific plate with respect
to the North American plate, whereas the thick dashed line identifies the boundary

between the tectonic plates.
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The joint analysis of seismological, geodetic and tsunami data pointed out that the
seismic event was due to the failure of two distinct asperities: the Prince William
Sound and Kodiak Island asperities, which I call asperity 1 and 2, respectively.
The earthquake initiated with the failure of asperity 1, followed by the failure of
asperity 2. On the basis of coseismic surface deformation, Santini et al. (2003)
suggested average slips u; = 24 m for asperity 1 and uy = 18 m for asperity 2.
Following Dragoni and Santini (2015), an area A = 20,000 km? for both asperities

and a distance a = 300 km between their centres are assumed.

It is assumed that the fault is embedded in a shear zone of width d = 300 km
(Plafker, 1965) and average rigidity u = 55 GPa (Dziewonski and Anderson, 1981).
The relative plate velocity is v = 5.7 cm a~! (DeMets and Dixon, 1999; Cohen and
Freymueller, 2004). As a matter of fact, the velocity of the Pacific plate relative
to the North American plate at the Alaska/Aleutian trench increases gradually
from the northeast to the southwest. However, the difference between the area of
Prince William Sound and the area of Kodiak Island is in the order of few mm
per year and can be reasonably neglected. From Eq. (A.9), the tangential stress

rate on the fault is 6, ~ 3 x 1074 Pa s .

In the decades following the earthquake, significant post-seismic deformation
took place, which has been ascribed to aseismic slip on the fault and viscoelastic
relaxation (Zweck et al., 2002; Suito and Freymueller, 2009). The latter process

shows a characteristic time 6 ~ 30 a.

With the data listed above, the parameters of the model are calculated. From
Eq.(7.91) and Eq. (6.121), we get o ~ 0.01 and 5 = 0.75. From Eq. (5.24) and
taking € = 0.7 (e.g. Jaeger and Cook, 1976), we get U ~ 0.594. I take v = 0.2
as in Dragoni and Santini (2015), a value yielding the best fit with the observed
source function of the earthquake. Thus, we have k; ~ 0.87 from Eq. (5.25).
Finally, we have VO ~ 0.037 from Eq. (7.96).

In terms of the present model, the earthquake can be described as a two-
mode event 10-01 starting from mode 00. Accordingly, the orbit of the system
during mode 00 lies on the surface 3, inside the subset H; of the sticking region
(Fig.7.5). Furthermore, letting P; be the representative point of the system at
the beginning of the earthquake, we have that P; belongs to segment s; (Fig.7.3).
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From Eq. (F.13), the coordinates of P, are
Xi=aZi+1, Yi=0p—-—axnU—-aZ,, Z; (7.97)

with
Zo< 7y < Zy (7.98)

where the extreme values Z, and Z, correspond to the end points (F.12) and

(F.11) of sq:

1 _
7, = K,an ’ 7, = B Hl(if& + 6) (799)

Mode 10 terminates at the point P, with coordinates
Xo=X1—rU, Yo=Y, Zy=7+rU, (7.100)

where mode 01 starts. As Z; varies in the interval (7.98), an infinite number of
points P, describe a segment ry; on the subset Qg of the face BC'DF and parallel
to the edge C'D. At the end of mode 01, the system is at the point P3 with
coordinates

X3=Xo, Y3=Y,—0rU, Z3=7Zy,— BrU. (7.101)

Again, as Z; varies in the interval (7.98), there is an infinite number of points P;
defining another segment qy parallel to the edge C'D. This segment lies inside
the sticking region and crosses the surface X for 7; = Z,., with Z, < Z. < Z,.
What is more, it intersects the surface o for Z; = Z,4, with Z, < Z; < Z., and
the surface ¥4 for Z; = Z,., with Z,. < Z, < Z,.

7.8.1 Refinement according to the seismic history to date

The knowledge of the time interval elapsed after the 1964 earthquake provides
a constraint on the state of the system that may have given rise to that event.
Depending on the specific state P, where the 1964 earthquake begun, the state
of the system at the end of the event corresponds to a particular point P3 on
the segment q;. The coordinates of P3 given in Eq.(7.101) can be expressed
as a function of Z; thanks to Eq. (7.100). Owing to the intersection of q; with
the surface 3, the point P3 can belong to Hy, Hy or X, in correspondence to
. < L1 < Zy, Ly < 71 < Z.and Z; = Z,., respectively. This circumstance
determines which of the two asperities will fail the first at the beginning of the
next earthquake produced by the fault. In the first case, the next event will start

with the failure of asperity 1; in the second case, with the failure of asperity 2; in
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the third case, with the simultaneous failures of the asperities.

With the values of «, 5, k1 and U listed above, we find Z, ~ —48.3, Z, ~ 35.7,
Z.~6.2, Z; ~6 and Z, ~ 6.46. These figures suggest that only about one third
of segment q; lies inside the subset H;y of the sticking region. This would lead us
to the preliminary conclusion that future events on the 1964 fault are more likely

to start with the failure of asperity 2.

Let us calculate the duration T;, of the interseismic interval after the 1964

earthquake from Eq. (7.31) and Eq. (7.34) for states belonging to H; and Ha,

respectively:
OW(v) + 1528, Z.<Z <7
Tio = ) v = (7.102)
@W(’Yé) + B;/ 37 Za S Zl < Zc
where
V= aZs 1ok = _0Zs ion (7.103)

Ve Ve
The duration Tjs is shown in Fig. (7.16) as a function of Z;.
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Figure 7.16: Duration of the interseismic interval after the 1964 Alaska earthquake, in
units of the associated Maxwell relaxation time ©. The variable Z; characterizes the
initial state of the 1964 event. The elapsed time to date (dotted line) constrains the
possible initial states of the 1964 earthquake and, in turn, the features of the next event
on the fault. The case Z1 = Z. corresponds to the largest future event predicted by the

model, associated with a two-mode event 11-01.
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The 1964 earthquake took place about 53 years ago. Hence, the states on segment
sy for which the expected interseismic time interval (7.102) is shorter than or

equal to t;s = 53 years can be ruled out. Imposing the condition

T‘is tis
— > — ~1. .104
o > 5 =1 (7.104)

we conclude that only the states on segment s; in the subset Zl < 7y < Z, are

acceptable as starting states for the 1964 event, with Z, = —39.5.

In turn, this refinement introduces a constraint on the admissible states on
the segment q, and so on the possible future events generated by the fault. In
fact, if we compare the interval [Z,, Z.] with the interval [Z,, Z,], we conclude
that approximately 60% of the acceptable portion of q; lies in Hy. Accordingly,
the probability that future events on the 1964 fault start with the failure of asper-
ity 2 has been reduced by this refinement; however, the next earthquake is still

more likely to start with the failure of this asperity, according to the present model.

The refining procedure described above may be repeated again in the future,
if no earthquakes were to be observed for some time. Thus, it would be possible

to further constrain the admissible subsets of segments s; and q;.

7.8.2 Future earthquakes

The next seismic event generated by the 1964 fault is now further characterized,

providing details about the sequence of slipping modes involved.

It was already mentioned that the features of the next earthquake on the 1964
fault depend upon the specific state P; on segment q;. The number and the
sequence of dynamic modes in the earthquake are summarized in Table (7.3) as a

function of the different subintervals of Z;.

The value of the seismic moment M, released during the next event on the 1964
fault is shown in Fig. (7.17) as a function of Z;. The largest possible earthquake
predicted by the model, corresponding to Z; = Z. and associated with a two-mode

event 11-01, entails a seismic moment My ~ 1.53 M;.
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Table 7.3: Future earthquakes generated by the 1964 Alaska fault, as functions of
the variable Z; describing the initial state of the 1964 event, with Z; € [Za,Zb] =
[—39.5,35.7]. The value Z; = Z. = 6.2 corresponds to the largest possible earthquake
predicted by the model. The values Z1 = Z; = 6 and Z; = Z, = 6.46 correspond to

events associated with the separate (consecutive) slips of the asperities.

Future earthquake Initial state of the 1964 earthquake

1-mode event 01 Za <1< Zy
2-mode event 01-10 Z1 = Zy
3-mode event 01-11-10 Ly < L1 < 4,
2-mode event 11-01 =4,
3-mode event 10-11-01 L. < Iy < Ly
2-mode event 10-01 1=,
1-mode event 10 Lo < L < 4y

This application serves as an example of the concepts discussed in §7.4. In fact,
each of the possible future seismic events on the 1964 Alaska fault predicted by the
model (Table 7.3) is associated with a characteristic shape of the source function.
Accordingly, the observation of the shape and the number of humps in the source
function associated with the next event generated by the fault, together with the
energy release, will provide information about the state of the system at the onset
of that event. In turn, it will be possible to further constrain the acceptable set of

states from which the 1964 event may have taken place.

7.8.3 Comparison with the purely elastic case

Assuming purely elastic coupling between the asperities, Dragoni and Santini
(2015) were able to identify the particular stress states of the fault at the onset
and at the end of the 1964 earthquake. Specifically, they estimated the difference
between the slip deficits of the asperities to be

Y] — X, ~—-0.25 (7.105)
at the beginning of the event and
Y; — X3~ —0.12 (7.106)

at the end of the event. In Chapter 6, it was shown that the number and sequence

of dynamic modes in a seismic event produced by a two-asperity fault in the
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Figure 7.17: (a) Seismic moment My of the next event generated by the 1964 Alaska
fault, as a function of the variable Z; characterizing the initial state of the 1964
earthquake; (b) magnification of the narrow interval associated with events involving
the simultaneous failures of both asperities. The value Z; = Z_. corresponds to the
largest possible earthquake predicted by the model, associated with a two-mode event
11-01. The values of the parameters are relevant to the 1964 Alaska earthquake
(¢ =0.01,5=0.75,y =0.2,¢ = 0.7, VO = 0.037).
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case of purely elastic rheology can be univocally determined from the knowledge
of the difference between the slip deficits of the asperities at the beginning of
the interseismic interval preceding the event; such difference is identified by the
variable p defined in Eq. (6.34). From Eq. (7.106), it results

p=—0.12 > po (7.107)

at the end of the 1964 event, with py given by Eq. (D.6) assuming & = 1. Accord-
ingly, the next earthquake produced by the 1964 Alaska fault will be caused by
the sole failure of asperity 2, i.e., it will be a one-mode event 01. The duration
of the interseismic interval preceding the event can be calculated from Eq. (6.38)

assuming again £ = 1: it results At ~ 316 a.

In the previous sections, it was shown that the presence of viscoelastic relax-
ation entails a broad range of states compatible with the observed slip pattern
of the 1964 earthquake. Such uncertainty on the initial state of the fault is in
turn reflected on the particular features of the next earthquake on the 1964 fault
and on the duration of the interseismic interval preceding the event. In order to
carry out a comparison with the elastic case, it is therefore necessary to determine
the specific state on segment s; that corresponds with the stress state (7.105).
This can be easily achieved bearing in mind that the limit case of purely elastic
coupling between the asperities corresponds to Z =Y — X. We conclude that,
among all states on segment s;, the elastic case studied by Dragoni and Santini
(2015) is identified by Z; = —0.25.

Since Z, < —0.25 < Z,, the present model predicts that the next earthquake
on the 1964 fault will be a one-mode event 01, in agreement with the elastic case.
The duration of the interseismic interval preceding the event can be calculated
from Eq.(7.102) with Z; = —0.25: it results At ~ 315 a. The influence of
viscoelastic relaxation on the post-seismic evolution of the 1964 fault is therefore
relatively weak, according to the present model, since it causes the anticipation of

the next earthquake by only about 1 a with respect to the purely elastic case.
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Chapter 8

Stress perturbations on a
two-asperity fault in the presence

of viscoelastic relaxation

In this chapter, I consider the discrete model of a two-asperity fault in the presence
of viscoelastic relaxation presented in the previous chapter and I devise a means
to study the effect of stress perturbations from neighbouring faults (§2.1.2) taking
place during the phase of post-seismic deformation of the fault, pointing out the

main differences with respect to the case of a purely elastic rheology.

8.1 Modelling stress perturbations

Let us consider the fault model described in §7.1 and focus on the perturbations
of its state caused by the coseismic slip on surrounding faults. Following Dragoni
and Piombo (2015), it is assumed that:

1. the perturbations occur during an interseismic interval: this is a reasonable
assumption, since faults are predominantly stationary over time;

2. the stress transfer takes place over a time interval negligible with respect to
the duration of the interseismic interval;

3. at the time of the perturbation, the state of the fault is sufficiently far from
the failure condition and the stress transfer is small enough that the onset of

motion of either asperity is not achieved immediately.

As discussed in §2.1.2, an effective way to characterize the interaction between

neighbouring faults is provided by the concept of Coulomb stress. In the present
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model, the presence of two asperities with different strengths make it necessary
to assign a value of Coulomb stress to each of them. By definition, the Coulomb

forces associated with asperity 1 and 2 are, respectively,

flcz_fl_fsh f2C:_f2_f52- (81)
In nondimensional form, they become
FC=X—-aZ—-1, FS=Y+aZ-p. (8.2)

Of course, these forces vanish on planes II; and IIy, respectively (§7.1.1); further-

more, their gradients
VES =(1,0,—a), VF =(0,1,a) (8.3)
are orthogonal to II; and Il,, respectively.

Let (X,Y, Z) € H be the state of the fault at the time of the perturbation. As

a result of the stress transfer, the system undergoes a transition to a new state
(XY Z" = (X,Y,Z) + (AX,AY,AZ). (8.4)

Since the stress transfer takes place over a time interval short with respect to the
interseismic interval (assumption 2), viscoelastic relaxation is negligible during
the perturbation and the rheology can be reasonably considered as purely elastic

as the perturbation takes place. Accordingly, it is possible to set
AZ =AY — AX. (8.5)
The change of state is associated with a vector in the XY Z space,
AR = (AX,AY,AZ). (8.6)

The components of AR generally have different magnitudes and may have different
signs, as a consequence of the inhomogeneity of the stress field produced by an
earthquake. They can be written in terms of the tangential forces AF; and AF,
exerted by the perturbing source on asperity 1 and 2, respectively: from Eq. (7.16),
we have

AF; = —AX + aAZ = aAY — (1 +a)AX (8.7)

AF, = —AY —aAZ = aAX — (1 + a)AY. (8.8)
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Combining these expressions together, we get

l+a o
X =- AF, — AF. 8.9
120" 1422 7 (8.9)
o 1+
Y =— AF, — AF: 8.10
1+20 ' 1+2a 7 (8.10)
1
AZ = T (AF) — AF). (8.11)

As a result, the variations in tangential stress alter the orbit of the system.

The components of AR can also be related to the orientation of the vector in

the state space. With reference to Fig. (8.1), we have

AX = AR cos pcos, AY = AR cos psind, AZ = ARsingp. (8.12)

Z
A

Figure 8.1: The vector AR and its orientation in the XY Z space, characterizing the
stress perturbation imposed on the system by earthquakes produced by neighbouring

faults.

Introducing the assumption (8.5), the angle ¢ may be expressed in terms of the
angle v as
= arctan (sind — cos ¥) . (8.13)

In writing Eq. (8.13), it was taken into account that

T 37T
- — 14
vF T (8.14)
or it would result
AZ =+AR, AX =AY =0 (8.15)
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which is a meaningless circumstance. From Eq.(8.12), the tangential forces
(8.7)-(8.8) can be rewritten as

asind — (1 + a) cosv

AF, = AR 8.16
' V2 —sin20 (8.16)
AF, — ozcosq?—(l—i—a)smﬁAR (8.17)

V2 — sin 29
Following the variations in normal stress, the static and dynamic frictions on each
asperity are altered. Letting f/, and f., be the new static frictions on asperity 1
and 2, respectively, I define

B = f—i By = f—i (8.18)

The changes in static frictions are then

Apy =B —1, ABy =y — 3 (8.19)

on asperity 1 and 2, respectively.

Since the stress perturbation does not alter the friction coefficients of rocks,
it is reasonable to assume that the ratio € between dynamic and static frictions
remains unchanged on both asperities. Therefore, letting f}; and f}, be the new
dynamic frictions on asperity 1 and 2, respectively, we have

f;'/“ = GA =€ f;'/l? = €é = €. (8.20)
fsl fsl ’ fsl fsl

The consequent changes in dynamic frictions are eAS; and eAS, on asperity 1

and 2, respectively.

8.2 Effects of the perturbation

The stress transfer resulting from earthquakes on neighbouring faults alters several
parameters of the model. A first remarkable change concerns the strength of the

asperities. After the perturbation, it is possible to define a new ratio

e _Jo B
r= o1 fc/ll b <8'21)

which differs from the original value /3 given in Eq. (7.8). Moreover, the stress

transfer may be so intense that the weaker asperity may become the stronger one:

135



that is, it may result 5’ > 1.

The variations in static frictions entail different conditions for the onset of

motion of the asperities. Taking Eq. (8.18) into account, Eq. (7.17) is replaced by
Fi=-B, F=—f. (8.22)

By combination with Eq. (7.16), these conditions define the planes
X—aZ—f =0 (8.23)

Y 4+aZ—p=0 (8.24)

that I call II} and IIj, respectively. Conversely, the planes I'; and I'y given in
Eq. (7.20) and Eq. (7.21) are not affected by the stress perturbation, since they
do not depend on frictions. In conclusion, the changes in normal stress modify
the sticking region of the system, describing a new hexahedron H’ in the state
space. The coordinates of its vertices are

A/ = (07517 _&) ) B/ = <527O7 &> ) C/ = (ﬁl + ﬂ2707 &> (825)

o a Q@

B
o

D = <O,ﬁ1 +ﬁ2,— ) s E = (ﬁl,0,0), = (0,52,0). (826)

The volume of H' is 51 52(51 + P2)/2c: by comparison with the characteristics
of H discussed in §7.1.1, we conclude that the set of states corresponding to
stationary asperities is enlarged or reduced, depending on how normal stresses on

the asperities are modified.

Following the changes in static frictions, the surface ¥ defined in Eq. (7.76) is

replaced by a new surface X’ expressed by

VO[W (1) =W ()] +Y =X + 51 — 2 =0, (8.27)
where
Z B Z By
T (5.25)

As a result, the sticking region H' is split in two subsets H} and Hj; furthermore,
its faces A’E'C'D’ and B'C'D'F" are divided into subsets Qf, s}, R} and Q5,s5,

RS, respectively.
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As for the surfaces 37 and Xa, we see from their definitions (7.77) and (7.78)
that they are affected by the variations of the static frictions and of the slip
amplitudes of the asperities (which are a consequence of the changes in dynamic
frictions). Accordingly, the surface ¥ is replaced by a new surface ¥} given by

X Y —2aZe VoD 4 Ba—Bi(1+akU)=0 (8.29)
with 44 given in Eq. (8.28). Analogously, the surface 35 is replaced by a new

surface X, expressed by
X —Y - 22ZeW0D=F5 4 By(1 4+ amyU) — B = 0, (8.30)

with ~} given in Eq. (8.28).

Since the amount of slip that asperities undergo during a seismic event is
modified by the perturbation, the seismic moment associated with an earthquake
is altered as well. The variations in the final slip amplitudes U; and U, of asperity
1 and asperity 2, respectively, and in the final seismic moment M, associated with

the different seismic events predicted by the model are listed in Table (8.1).

Table 8.1: Changes in the final slip amplitudes U; and Us of asperity 1 and 2 and in the
seismic moment M associated with the different seismic events predicted by the model,
after a stress perturbation from neighbouring faults. The entry e.n. is the abbreviation
for evaluated numerically. The unperturbed slip amplitudes and seismic moment are
listed in Table (7.1).

Kind of event AU, AU, AM,
one-mode 10 AB1k U - APk M,y
one-mode 01 - AByk U APk My
two-mode 10-01/01-10 | AB1k1 U | ABokiU | k1 M1 (AB + Aps)
involving mode 11 e.n. e.n. e.n.

8.2.1 Changes in Coulomb forces

The variations in tangential stresses and static frictions discussed so far entail
a change in the Coulomb forces assigned to the asperities. Combining Eq. (8.2)
with Eq. (8.7) and Eq. (8.8), these changes are given by

AFC = —AF — AB = (1 4+ a)AX — aAY — A, (8.31)
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AFY = —AFy, — ABy = (1 + @)AY —aAX — AB, (8.32)
or, exploiting Eq. (8.16) and Eq. (8.17),

1+ a)cosv — asind
2 —sin29

AFF = ( AR — Ap; (8.33)

(14 «)sind — acos
V2 — sin 29

The sign of AFC (i = 1,2) determines whether the perturbation brings an asperity

AFY = AR — AB,. (8.34)

closer to or farther from the failure; specifically, positive variations entail that slip
if favoured, and vice-versa. Equations (8.33) and (8.34) clearly point out that this
effect is regulated by the orientation of the vector AR in the state space. Bearing
in mind the observations concerning the orientation of the gradients VF{ and
VF{ made in §8.1, we find that: AFC is maximum when AR is perpendicular
to plane II; and points toward it; it vanishes when AR is parallel to plane II;
it is minimum when AR is perpendicular to plane II; and points away from it.

Analogous considerations can be made for AFY.

On the whole, the effect of the stress perturbation can be discussed in terms

of the quantity
AFC = AF{ — AFF = (14 2a) (AY — AX) + ABy — Ap,. (8.35)

Let us assume that the system is at a certain state (X, Y, Z) € H; before the
perturbation; accordingly, the next seismic event on the fault will start with the
failure of asperity 1. If AF® > 0, the perturbation favours the slip of asperity 2
over the slip of asperity 1: therefore, the system is brought to a state closer to the
condition for the simultaneous failures of the asperities and thus to the X surface.
On the contrary, perturbations for which AF® < 0 take the system farther from
the ¥ surface. The opposite holds for an unperturbed state (X, Y, Z) € H,.

8.2.2 Changes in the duration of the interseismic interval

As already stated, stress perturbations can anticipate or delay the occurrence
of an earthquake produced by a certain asperity. This effect can be quantified
in terms of the variation in the duration of the interseismic interval. Generally
speaking, the perturbation vector AR may cross the 3 surface and thus bring the
system from an unperturbed state within H; (Hs) to a perturbed state within H},

(H). For the sake of simplicity, only the particular case in which the perturbation
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vector AR does not cross the ¥ surface is considered here. An example of a more

general case will be shown in §8.3 for a real fault.

Let us first focus on the case in which the unperturbed state (X, Y, Z) € H;.
The time required by the orbit of the system to reach plane II;, triggering the
failure of asperity 1, was given in Eq. (7.31). If the stress perturbation brings the
system to a state (X', Y’ Z’) € H] and the static friction on asperity 1 to f,
the time required by the orbit to reach plane II} is

— X'
T = oW () + (8.36)
with 7] given in Eq. (8.28). The difference between the two times is
AP 4+ alAZ
AT =T}~ T =0 () ~ W ()] - 2222 (337

where Eq. (8.31) has been employed. If instead (X, Y, Z) € Ha, the time required
by the orbit of the system to reach plane Il,, triggering the failure of asperity
2, was given in Eq. (7.34). If the stress perturbation takes the system to a state
(X', Y’ Z') € H}, and the static friction on asperity 2 to 35, the time required to

reach plane I} is

—y!
ﬂ:@W@9+&V (8.38)
with v} given in Eq. (8.28). The difference between the two times is
AFY — aAZ
AT, =T}~ T, = O[W (1) ~ W ()] - 22— 227 (g39)

where Eq. (8.32) has been employed. Positive values of ATy and AT, correspond
to a delay in the occurrence of an earthquake on asperity 1 and 2, respectively,

and vice-versa.

8.2.3 Comparison with the elastic case

According to the model, rock rheology plays a critical role in the response to
stress perturbations. In the case of purely elastic coupling between the asperities,
Dragoni and Piombo (2015) showed that the changes in the duration of the

interseismic interval prior to the failure of asperity 1 and 2 are, respectively,

AFf AFY
Ale— Vl, ATQZ— V2.

Accordingly, an increase in the Coulomb force associated with a given asper-

(8.40)

ity (AFC > 0) directly yields the anticipation of the slip of that asperity, and
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vice-versa. What is more, the variation in the duration of the interseismic inter-

val is proportional to the change in the Coulomb force associated with the asperity.

Conversely, in the viscoelastic case there is no straightforward connection
between the sign of AFY and the anticipation or delay of an earthquake on the
associated asperity. In fact, the expressions (8.37) and (8.39) obtained for ATy
and AT, indicate that the net effect depends in a non trivial way on the particular
state of the fault at the time of the stress perturbation and right after it. This
result points out the complex interplay between the post-seismic evolution of
a fault in the presence of viscoelastic relaxation and the stress transfer from

neighbouring faults.

8.3 An application: perturbation of the 1992
Landers fault by the 1999 Hector Mine earth-
quake

I study the effects of the 16 October 1999 M,, 7.1 Hector Mine, California,
earthquake on the post-seismic evolution of the fault that generated the 28 June
1992 M, 7.3 Landers, California, earthquake. The geometry of the two faults is
shown in Fig. (8.2).

§
;

Figure 8.2: Geometry of the Landers (LAN) and Hector Mine (HM), California, faults
that generated the 1992 and 1999 earthquakes, respectively. The stars indicate the
hypocentres of the seismic events. The labels 1 and 2 identify the asperities on the

Landers fault.
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The 1992 Landers earthquake was due to right-lateral strike-slip faulting within
the Mojave block, a part of the eastern California shear zone to the east of the
San Andreas fault, accommodating part of the motion of the Pacific plate with
respect to the North American plate (Masterlark and Wang, 2002). A sketch of
the tectonic setting is shown in Fig. (8.3).

N
1 ; Mohave
Q Desert

y -

Figure 8.3: Geographic location of the 1992 Landers and 1999 Hector Mine, California,
earthquakes. The black star denotes the epicenter of the former, the white one the
epicenter of the latter. Black arrows indicate the relative motion of the Pacific plate
with respect to the North American plate, whereas the thick dashed line identifies the

boundary between the tectonic plates.

Although geodetic and seismological observations indicate a very heterogeneous
slip distribution along a multiple-segment fault (Wald and Heaton, 1994), the
event can be approximated as the result of the slip of two coplanar asperities
(Kanamori et al., 1992): a northern one (asperity 1) and a southern one (asperity
2), with average slips u; = 6 m and us = 3 m, respectively. The earthquake started
with the failure of asperity 2, followed by the failure of asperity 1. Following
Dragoni and Tallarico (2016), a common area A = 300km?* for both asperities
and a distance a = 30 km between their centres are assumed. The centres of
asperity 1 and asperity 2 are placed at (34.46° N, 116.52° W) and (34.20° N,
116.44° W), respectively, with a common depth of 8 km. I characterize the event
by strike, dip and rake angles of 345°,85° and 180°, respectively, an average of
the values provided by Kanamori et al. (1992) for the two phases of the earthquake.

As for the shear zone containing the fault, I take an average rigidity ; = 30 GPa
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(Kanamori et al., 1992) and a width d = 80 km (Masterlark and Wang, 2002).
The relative plate velocity is v = 3cma™! (Wallace, 1990) and the tangential
stress rate on the fault is ¢; ~ 3 x 1074 Pa s™! (Eq. A.9).

GPS and InSAR measurements highlighted significant post-seismic deforma-
tion after the 1992 event. Multiple processes have been suggested to explain the
observations, such as aseismic afterslip on or beneath the seismogenic rupture
zone, poroelastic rebound and viscoelastic relaxation of the upper mantle. Even
though a combination of mechanisms seems to be required to explain the geodetic
measurements (Fialko, 2004), I assume viscoelastic relaxation as the predominant
post-seismic process. Modelling of viscoelastic relaxation has led to several esti-
mates of the viscosity of the lower crust at Landers. For the sake of the present
application, I average the values provided by a number of authors (Deng et al.,
1998; Pollitz et al., 2000; Freed and Lin, 2001; Masterlark and Wang, 2002) and
assume a viscosity n = 5-10*® Pas. The corresponding Maxwell relaxation time is

0=n/p=~>a.

With the data listed above, the parameters of the model are calculated. From
Eq.(7.91) and Eq. (6.121), we get « = 0.1 and 8 = 0.5. From Eq. (5.24) and
taking € = 0.7 (e.g. Jaeger and Cook, 1976), we get U ~ 0.546. I take v = 1.5
as in Dragoni and Tallarico (2016), a value yielding modelled moment rate and
seismic spectrum comparable with the observations. Thus, we have k; ~ 0.52
from Eq. (5.25). Finally, we have VO ~ 0.007 from Eq. (7.96).

The 1992 earthquake is modelled as a two-mode event 01-10 starting from
mode 00. Accordingly, the orbit of the system during mode 00 lies on the surface
35 inside the subset Ha of the sticking region (Fig.7.6) and the state P, at the
beginning of the earthquake belongs to segment sg (Fig. 7.3). The coordinates of
P, are

Xi=aZi+1—aBrlU, Yi=B8-aZi, 7 (8.41)

with
Za S Zl S Zb7 (842)

where the extreme values Z, and Z, correspond to the end points (F.26) and

(F.27) of sy:

Za:/-flU(aﬁle)—l, szﬁ(l—/ﬁU)' (8.43)

0% 0%
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At the end of mode 01, the system is at point P, with coordinates
Xo=X1, Yo=Y1-8rU, Zy=27 —pBrU, (8.44)

where mode 10 starts. As Z; varies in the interval (8.42), an infinite number of
points P, describe a segment ro on the subset Qy of the face AEC'D and parallel
to the edge C'D. Mode 10 terminates at point P; with coordinates

X3 = X2 - lilU, }/3 = Yé, Zg = Z2 + :‘ilU. (845)

Again, as Z; varies in the interval (8.42), there is an infinite number of points
P; defining another segment qo parallel to the edge C'D. This segment is sit-
uated within the sticking region and crosses the surface ¥ for 7, = Z., with
Z, < 4, < Zy. Furthermore, it intersects the surface ¥, for Z; = Z,, with
Ly < Zg < Z., and the surface ¥, for 2, = Z,, with Z. < Z, < Z,.

Every state P, on segment s, where the 1992 earthquake begun, corresponds
to a specific state P; on segment qs, where the 1992 earthquake ended. Exploiting
Eq. (8.44), we can express the coordinates (8.45) of P as a function of Z;. Since gz
crosses the surface 32, the state P3 can belong to Hy, Hy or X, in correspondence
to Z. < Zy < 2y, Z, < Zy < Z. and Z; = Z,., respectively. In the first case,
the next event will start with the failure of asperity 1; in the second case, with
the failure of asperity 2; in the third case, with the simultaneous failures of the
asperities. With the values of «, 3, k1 and U listed above, we find Z, ~ —7.02,
Zy ~ 3.58, Z, ~ 0.78, Z; ~ 0.71 and Z, ~ 0.92. Accordingly, only about one
fourth of segment qs lies inside the subset Hy of the sticking region. Without any
further discussion and neglecting the stress perturbation caused by the Hector
Mine earthquake, we would infer that future events on the 1992 fault are more

likely to start with the failure of asperity 2.

8.3.1 Stress perturbation by the 1999 Hector Mine earth-
quake

The 1999 Hector Mine earthquake was generated by right-lateral strike-slip faulting

located at (34.59° N, 116.27° W), about 20 km northeast from the Landers fault

(Jonsson et al., 2002; Salichon et al., 2004). I characterize the event averaging

the data available in the SRCMOD database and assume: strike, dip and rake
angles of 330°, 80° and 180°, respectively; a depth of 10 km; a seismic moment of
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6.62 x 10 Nm.

The stress transferred to the asperities at Landers is evaluated employing the

model of Appendix H, taking
¢1 = 345°, Py = 330°, Y1 = 85%, by = 80°, A1 = A = 180°. (8.46)

As a result, the normal and tangential components of the perturbing stress on
asperity 1 are
o1 =~ 0.14 MPa, o1 ~ 0.39 MPa. (8.47)

Accordingly, the static friction on asperity 1 is reduced and right-lateral slip is

favoured. As for asperity 2, the components of the perturbing stress are
09, =~ 0.18 MPa, o9 ~ —0.17 MPa, (8.48)

suggesting that static friction on asperity 2 is reduced and right-lateral slip is
inhibited.

Let use now introduce the effect of the perturbation in the framework of the

discrete model. The changes in the tangential forces (7.16) on the asperities are

AF, =24 AR =-224 (8.49)
fsl fsl

An estimate of the static friction fs; on asperity 1 was provided in Eq. (7.95):
accordingly, we get fs1/A ~ 7.9 MPa. Hence, we have

AF ~ —0.05,  AF, ~0.02, (8.50)
From Eq. (8.9) — (8.11), the components of the perturbation vector AR are
AX ~(.043, AY ~ —0.016, AZ ~ —0.059. (8.51)

As a result, the orientation of AR in the state space is characterized by angles
¥ ~ —0.35 rad and ¢ ~ —0.91 rad. The changes in static frictions (8.19) can be

calculated as

ksaln k502n
- A, ABy=— A, 8.52
fsl 52 fsl ( )

where k; is the effective static friction coefficient on asperity 1. Assuming ks = 0.4,

Apy =

we get
Ap; ~ —0.0073, APy ~ —0.0092. (8.53)
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Finally, from Eq. (8.31) and Eq. (8.32), the changes in Coulomb forces on the

asperities are

AFF ~0.057,  AF{ ~—0.012. (8.54)

At the time of the Hector Mine earthquake, the Landers fault was at a state P
resulting from the post-seismic evolution of any of the possible states P3 € qa
where the 1992 event ended. The coordinates of P, can be calculated from the
solution to the equations of mode 00 given by Eq. (7.28) and taking into account
that the time interval ¢ elapsed between the 1992 Landers and 1999 Hector Mine

earthquakes amounts to about 7.3 years:
Xi=X;+VT, Yi=Ys+VT, Zi=Zye T/°, (8.55)

where

~ 1.5. (8.56)

Making use of Eq. (8.44) and Eq. (8.45), we can express the coordinates of P, as
a function of Z; € [Z,, Zy]. Accordingly, there is an infinite number of points
Py defining a segment t inside the sticking region. At T' = T, the perturbation

vector AR moves every state Pj to a new state P; with coordinates
X=X, + AX, Y, =Y, + AY, Zy=Zy+AZ (8.57)

which can be expressed as a function of 7; € [Z,, Zy]. As a result, a new segment
t5, identifies the state of the Landers fault after the Hector Mine earthquake.

In order to characterize the effect of the perturbation, let us consider the
difference AF® defined in Eq. (8.35): from Eq. (8.54), we get AF® ~ —0.069.
Since AF® < 0, we conclude that the stress perturbation is such that: states
P, € H; are moved to HY; the state Py € ¥ enters Hj; states P, € Hy are shifted
towards the X surface and some of them enter H). Specifically, we find that P}
belongs to H}, H5 and ¥’ in correspondence to Z. < Z; < Zy, Z, < Z; < Z! and
Zy = Z!, with Z! ~ 0.50. Furthermore, the state Pj lies on the surfaces ¥} and
3, for Zy = Z! and Z; = Z), respectively, with Z!, ~ 0.43 and Z! ~ 0.64. On
the whole, we can draw the preliminary conclusion that the stress perturbation is
such that future events on the Landers fault starting with the slip of asperity 1
are favoured over events starting with the slip of asperity 2. A deeper discussion

is provided in the next section.
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8.3.2 Constraints due to the seismic history to date

I now follow a procedure similar to that presented for the 1964 Alaska fault in
§7.8.1, exploiting the seismic history between 1999 and the present date in order to
improve the knowledge on the state that gave rise to the 1992 Landers earthquake
and on the possible future events generated by that fault. After the perturbation
caused by the Hector Mine earthquake, the interseismic time 77, of the Landers
fault can be calculated from Eq. (8.36) and Eq. (8.38) for states P; belonging to
H and Hj, respectively:

;) eW(m) + _Bl;X;’ ZL <y < 7y (8.58)
“ ew(y) + 24 z,<z,<27 '
where / /
ol _B1-X) aZ _ Ba-Yy
v = Véle Ve 7§:—V@e Ve . (8.59)

Since no earthquakes have been produced by the Landers fault after the occurrence
of the Hector Mine event, up to year 2017, the states on segment ss yielding an
expected interseismic time (8.58) shorter than or equal to t;, ~ 17 years can be

excluded. The requirement

T’ t
o> R3S (8.60)

is satisfied by states on segment s in the subset Z, < 7, < Zb, with Z, ~ —1.17
and Zb ~ 2.19.

As a consequence, the admissible states on segment ty can be constrained. A
comparison between the intervals [Z,, Z] and [Z., Z] points out that more than
one half of the acceptable subset of to belongs to Hy. Hence, before the stress
perturbation caused by the Hector Mine earthquake, future events on the 1992
Landers fault were more likely to start with the failure of asperity 2. In turn, the
refinement of to limits the acceptable states on the segment t5,. From the ampli-
tude of the intervals [Z,, Z] and [Z’, Z,], we deduce that the acceptable subset of
t5 is almost equally divided between H) and Hj. Therefore, if we consider the
influence of the Hector Mine earthquake on future events generated by the 1992
Landers fault, we conclude that the stress perturbation yielded homogenization
in the probability of events starting with the failure of asperity 1 or asperity 2.
This result is in agreement with the observation that the perturbation vector AR

shifted the whole segment to towards the subset H) of the sticking region.
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These conclusions would have to be reconsidered if new stress perturbations
from neighbouring faults were to affect the post-seismic evolution of the Landers
fault in the future. In addition, if no earthquakes were to be observed for some time
on the Landers fault, the refining procedure discussed above could be repeated
and the admissible subsets of segments sq, to and t;, could be constrained with

further precision.

8.3.3 Effects of the stress perturbation on future earth-

quakes

The features of the next seismic event generated by the 1992 Landers fault, as
predicted by the present model, are discussed, highlighting the changes due to the
1999 Hector Mine earthquake.

Every state P; € sy where the 1992 earthquake begun corresponds to a partic-
ular state Py € to and Pj € t, before and after the stress perturbation associated
with the Hector Mine earthquake, respectively. Since the segment to intersects
the surface X, the state P, can belong to Hy, Hy or ¥ (Fig. 7.4), thus affecting
the asperity that will fail the first at the beginning of the next earthquake on
the fault. In the first case, the next event will start with the failure of asperity
1, in the second case with the failure of asperity 2, in the third case with the
simultaneous failures of the asperities. Analogous considerations hold for states
P; in H}, H5 and ¥, respectively. The number and sequence of dynamic modes
in the earthquake depend on the subinterval of Z; considered. The details are

summarized in Table (8.2) for both the unperturbed and perturbed cases.

Taking these specifics into account and referring to Table (7.1) and Table (8.1),
I evaluate the seismic moments M, and M| associated with the expected future
earthquake on the 1992 fault before and after the 1999 Hector Mine earthquake,
respectively. In Fig. (8.4), the difference

is shown as a function of Z; € [Za, Zb]. Owing to the translation imposed to
segment to by the perturbation vector AR, the sign of AM, changes across the
different subintervals of Z;. The energy released by the earthquake is increased

for 7y € [Z)), Z4), while it is reduced elsewhere.
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Table 8.2: Future earthquakes generated by the 1992 Landers, California, fault, as
functions of the variable Z; describing the initial state of the 1992 event, with Z; €
(Z4,Zy) = [-1.17,2.19]. The results predicted by the model before and after the
stress perturbation associated with the 1999 Hector Mine, California, earthquake are
shown. The values 71 = Z, = 0.78 and Z; = Z! = 0.50 correspond to the largest
possible earthquakes before and after the stress perturbation, respectively. The values
Zy=24=0.71,2=2,=043, Zy = Z. = 0.92 and Z; = Z/ = 0.64 correspond to

events associated with the separate (consecutive) slips of the asperities.

Future earthquake Unperturbed condition Perturbed condition
1-mode event 01 Zo < 7y < Zy Z.< 7y < Z,
2-mode event 01-10 1= 7y =27
3-mode event 01-11-01 i< 21 < Z, Zh< 7y < 7.
2-mode event 11-01 =7, =7
3-mode event 10-11-01 L. < 7y < L, Z.< 7y < Z!
2-mode event 10-01 Zy = Z, =27
1-mode event 10 Z.< 7, < 7y Z! < 7 < Z

Another significant effect of the stress perturbation concerns the variation in the
interseismic time before the next seismic event. I consider again the post-seismic
evolution from 1999 onwards and set the origin of times at the occurence of
the Hector Mine earthquake. The expected interseismic time T, prior to the
stress perturbation can be calculated from Eq. (7.31) and Eq. (7.34) for states P,
belonging to H; and Hs, respectively:

oo _ewm s Z<z<7 (5.62)
Tl oW + 5, Z.<Zi< Z ‘
where
7 — Z —Yy
= %67%, o = _%ef%, (8.63)

The interseismic time 77 after the stress perturbation has been given in Eq. (8.58).
The difference

AT =T, — T, (8.64)

is shown in Fig. (8.5) as a function of Z; € [Za, Zb}. For states P, € Hy correspond-
ing to P; € H} and states P, € Hy corresponding to P; € Hj, this difference
coincides with (8.37) and (8.39), respectively.
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Figure 8.4: Change in the seismic moment released during the next event on the 1992
Landers, California, fault, as a result of the stress perturbation due to the 1999 Hector
Mine, California, earthquake. On the horizontal axis, the variable Z; describing the
initial state of the 1992 event. The values Z; = Z,. and Z; = Z.. correspond to the largest
possible earthquakes predicted by the model before and after the stress perturbation,

respectively, associated with a sequence of modes 11-01.

Some peculiar features stand out. First, we notice that, for all states P, € Hy
corresponding to P, € Hj, that is, for Z; € [Z,, Z'], the interseismic time is
increased by the stress perturbation, in agreement with the inhibiting effect
on asperity 2 suggested by Eq.(8.54). On the other hand, Eq. (8.54) suggests
that the failure of asperity 1 is promoted, but this is not verified by all states
P, € HY, that is, for Z, € [Z', Z,]. In fact, the interseismic time is reduced only
for Z, € (0.53, 7], while it is increased for Z; € [Z/,0.53). In the particular
case Z; = (.53, there is no change in the interseismic time. This is a remarkable
result, showing that the presence of viscoelastic relaxation at the time of the stress
perturbation entails the unpredictability of the consequent influence in terms of
anticipation/delay of future earthquakes, on the basis of the sole knowledge of the

change in Coulomb stress.
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Figure 8.5: Change in the interseismic time before the next event on the 1992 Landers,
California, fault, as a result of the stress perturbation due to the 1999 Hector Mine,
California, earthquake. On the horizontal axis, the variable Z; describing the initial
state of the 1992 event. The values Z; = Z. and Z; = Z. correspond to the largest
possible earthquakes predicted by the model before and after the stress perturbation,

respectively, associated with a sequence of modes 11-01.

Finally, the same considerations presented in §7.8.2 for the 1964 Alaska fault hold.
At the occurrence of the next earthquake produced by the Landers fault, the
shape and number of humps in the source function associated with the event and
the energy released will reveal more about the state of the system, thus allowing

a further refinement of the specific conditions that gave rise to the 1992 event.
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Chapter 9

Seismic sequences originated by a

fault system

In this chapter, a particular expression of the interaction between neighbouring
faults discussed in §2.1.2 is considered: the seismic sequences produced by a fault

system.

I name “seismic sequence” a series of earthquakes generated by faults located
in a relatively small region (in the order of 100 km) and occurring in a time interval
(in the order of few months) much shorter than a typical interseismic interval,
when the system is at rest. Seismic sequences are originated by fault systems
that produce similar earthquakes in terms of focal mechanism and magnitude. A
sequence is typically made of a small number (< 10) of larger events of medium
magnitude, in general between 5 and 6, plus a greater number of smaller events.
Generally speaking, the time interval elapsing between two seismic sequences in
the same region is in the order of several decades at least (Rovida et al., 2011).
The present definition of seismic sequence does not include the series of aftershocks
following a greater event, since they may have similar features but are strongly
conditioned by the main shock. Also, I only focus on the larger events of the
sequence, neglecting the smaller ones. This chapter presents a generalized version

of the results discussed by Dragoni and Lorenzano (2016).

9.1 The model

The fault model described in §3.4 is adopted and a system made up of n plane

faults characterized by the same strike and dip angles is considered. A coordinate
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system (z,y, z) is introduced, with x,y and z defined as the strike direction, the
horizontal direction perpendicular to strike and depth, respectively. Notice that,
in the framework of the present model, x,y and z do not represent the state
variables of the system as in the previous chapters. The faults are numbered from
1 to n, according to the order in which they are encountered while moving along
the strike direction from one end of the system. A sketch of the model in the case

of n = 3 faults is shown in Fig. (9.1).

Figure 9.1: A system of n = 3 faults, numbered according to the order in which they

are encountered while moving along the strike direction x from one end of the system.

Let A; be the area of the i-th fault and r;; be the distance between the centres
of the i-th and the j-th fault. Finally, let § be the dip angle of the faults. The

following assumptions are made:

1. the fault system is subject to a strain rate é that is constant in time and
uniform in space;

2. the onset of seismic events is controlled by the average values of tangential
traction and static friction on fault surfaces;

3. fault slip is a step function of time and does not produce overshooting;

4. each fault slips only once during a sequence;

5. there is no simultaneous slip of two or more faults and a finite time interval
elapses between the failures of any two faults;

6. the duration of a sequence is much shorter than the interval between two
consecutive sequences;

7. the system is not subject to external stress perturbations.

Assumption 1 is reasonable, since the n faults are defined as belonging to the
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same seismogenic region, for which the same tectonic mechanism is observed.
Assumptions 2 and 3 are supported by the fact that I am not interested in the
details of each event, which has a much shorter duration than the duration of the
sequence, but rather in the relationship between the n events. Assumptions 4, 5
and 6 are suggested by the features of the seismic sequences that are dealt with:
such sequences are made of distinct events, each one associated with the failure of
a single fault of the system, and there is no reactivation of the same fault during
a sequence. As a matter of fact, seismic sequences typically last for several weeks
or few months, whereas the interval between two consecutive sequences may be
even centuries long. As for assumption 7, it was already shown that the evolution
of a fault can be altered by stress perturbations from neighbouring faults (§2.1.2).
Generally speaking, contributions from external faults may be numerous during an
interseismic interval, but they are smaller than contributions from faults belonging
to the system, owing to greater distances and to different orientations of fault

surfaces. What is more, such contributions may partially cancel each other out.

Let 0; be the average tangential traction applied to the i-th fault in the slip
direction and 7; be the average static friction of the i-th fault. Accordingly, the
Coulomb stress associated with the i-th fault is (§2.1.2)

r=0,—T, =12, ...n (9.1)
By definition, the o; are always positive or zero; hence, we have
-1 <z;<0, i=12,...n. (9.2)

An earthquake is generated by the i-th fault when z; = 0. Introducing the
coefficient of static friction ks, assumed to be the same for the whole fault system,

we obtain the rates of o; and 7; as

where ¢,, and ¢; are the normal and tangential stress rates acting on the faults,
respectively. Their expressions are calculated from the strain rate é¢ in Appendix
A, distinguishing between strike-slip and dip-slip faults. Accordingly, the rate of

Coulomb stress for the whole fault system is
T = Ko (9.4)
where

K = sind(kssind £ cosd) (9.5)
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for normal and reverse faults and
k=1 (9.6)

for transcurrent faults. Then, during an interseismic intervals, the Coulomb stress

of the i-th fault changes in time as

where xg; is the Coulomb stress at an arbitrary time ¢t = 0.

Owing to the presence of friction, the system of n faults represents a nonlinear
dynamical system. At any instant in time, the state of the system is described
by an n-dimensional vector x(¢) whose components are the Coulomb stresses
x;. Since the system has n degrees of freedom, the phase-space is a 2n-manifold.
The representative point of the system in enclosed within an n-dimensional
parallelepiped S, defined by the n inequalities (9.2). It is shown in Fig. (9.2) in

the case of n = 3 faults.

(_71707()) <V )
0 1
1 .‘.‘.

Figure 9.2: The parallelepiped S enclosing all states of the system, in the case of n =3
faults associated with Coulomb stresses x; and static frictions 7;. The dotted segment

lies on line (9.8).

During the interseismic intervals, the representative point of the system x moves

inside S along the line defined by the parametric equations (9.7), which is parallel
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to the line

Tl =1Tg="++=Tp. (9.8)

According to assumption 5, all the components of x are different from one another.
Therefore, one (and only one) component will vanish first, generating the first
event in the sequence. At the occurrence of an earthquake, a static stress field is
applied to all faults, thus modifying the associated Coulomb stresses and causing
a sudden change in the state of the system x. Generally speaking, the change in
Coulomb stress on the j-th fault due to the failure of the i-th fault can be written
as

Ayy(t) = (Ao, — Ary) H(t) + Adly (1) (0.9)

where: Aco;; and A7;; are the coseismic changes in tangential traction and static
friction, respectively; H is the Heaviside function; Axj; is the overall change in
Coulomb stress due to time-dependent processes, such as pore fluid diffusion,
afterslip and viscoelastic relaxation. The change in static friction is a consequence

of the variation in normal stress on the fault.

The coseismic components of Az;;(t) are calculated following the model de-
scribed in Appendix H, treating the i-th fault as a point-like double-couple source

in an unbounded medium. As for the stress change on the i-th fault, it is given by

where Ag; is the static stress drop, which can be estimated from the average slip

u; and the fault area A; as

Ky
Ao = c 2 9.11
ST o

Here, C' is a nondimensional constant of the order of unity determined by the

geometry of the fault (Kanamori, 2001).

As far as the pore fluid diffusion is concerned, I discussed in §2.3.2 how the
coseismic stress field may induce a fluid flow that changes the stress field in turn.
In the particular case of coplanar faults, the effect of fluid diffusion is at least
one order of magnitude smaller than the coseismic stress transfer (Appendix I).
Although the evolution of a seismic sequence may be influenced by pore fluid
diffusion (e.g. Convertito et al., 2013), this effect is neglected in the following, for
the sake of simplicity. As for afterslip and viscoelastic relaxation, I am considering

sequences of medium-size earthquakes: accordingly, it is assumed that the seismic
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events do not produce appreciable afterslip nor impose significant stress to deeper

ductile regions that may relax it afterwards.

For later use, I introduce the differences between the components of the state
vector X as

dii (1) = zi(t) — (1), (9.12)

These differences form an antisymmetric matrix having n(n — 1) nonvanishing
components that are related by (n — 1)? equations. Therefore d;; is known if we

know only n — 1 components, for example the d;; with j =2,3,...n.

9.1.1 A particular case: coplanar faults

Let us consider the particular case of a system of n faults lined up in the strike

direction = and belonging to the same plane (Fig.9.3).

¢—r————>
12 23

Figure 9.3: A system of n coplanar faults. The = axis is the strike direction. Distances

ri; between the i-th and the j-th fault are computed from the fault centres.

The main difference with respect to the more general case discussed beforehand
involves the change in Coulomb stress of the j-th fault, following the failure of the
i-th fault. In fact, since the faults are coplanar, there are no changes in normal
stress on the fault plane; in turn, the static friction on the fault remains the same
throughout the sequence. Neglecting the effect of time-dependent processes as
before, Eq. (9.9) then reduces to

As a result, we can equivalently refer to stress changes or stress transfers. As
discussed in Appendix H, the stress transferred to the j-th fault following an
earthquake on the i-th fault is always positive in this particular framework. Thus,

the j-th component of the state vector x is reduced in magnitude and the failure
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of the corresponding fault is anticipated in time. In conclusion, the cumulative
effect of the earthquakes in the sequence is always to concentrate the events in a
shorter time interval. A means for quantifying such effect will be discussed later

on.

9.2 Evolution of the system

Let t; be the occurrence times of the events in the sequence (k= 1,2,...n), so

that the durations of the interseismic intervals are
Aty =tg1 —tg, k=1,2,...n—1. (9.14)

Accordingly, the initial state of the system is expressed by x(t;—). If the first
event is due to the failure of the 7;-th fault, x undergoes a sudden change and its

k component becomes
xk(tl—i-) = xk(t1—> + Al’ilk. (915)

Afterwards, x changes continuously in time, as a consequence of tectonic loading:

according to Eq. (9.7), we have
z(t) = zp(ti+) + 2 (t — t1). (9.16)

At t = t,, the second event takes place, due to the failure of the io-th fault, so
that x undergoes another sudden change, and so on. At the end of the sequence,

the state of the system is expressed by

Making use of the previous equations, the final state can be rewritten in terms of

the initial state as

j=1
where )
At=> Aty=t,—t (9.19)
k=1

is the duration of the sequence, which can be written as

i, (t—) 1 ¢ . .
At =TT N A i £ 9.20
gDt (9.20

T
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We see from Eq. (9.18) that the difference between the final and the initial state
consists in two terms: the first one represents the effect of tectonic loading during
the time interval At, whereas the second one reflects the cumulative effect of
the earthquakes in the sequence. The latter term causes the lengthening or the
shortening of the duration of the sequence, depending on the features of the stress
transfer between the faults of the system. The net effect can be evaluated by
calculating how much the occurrence time ¢, of the last event is anticipated or
delayed: this variation is due to the sum of the stresses that are transferred to
the 4,-th fault from the other n — 1 faults. From Eq. (9.20), the duration of the

sequence in the absence of interaction is given by

1 n
At = At~ > Awi,, i # i (9.21)
7j=1

Finally, the interseismic intervals (9.14) can be calculated as

(bt
Aty = TwnlE) (9.22)
x

The duration and the particular evolution of a seismic sequence strongly depend
on the heterogeneity of stress distribution on the faults of the system. One possible
way to characterize this feature is provided by the standard deviation associated

with the state vector x. At a given instant in time, it is defined as

" 1/2
5= [% > (i - 5:)2] (9.23)

where

[ (9.24)

9.3 Retrieval of the initial and final states

According to the present model, the observation of a seismic sequence allows to
retrieve the state of the system at any time during the sequence. In the following,
I focus on the evaluation of the state of the system at the onset and at the end of

the sequence.

Let us consider a seismic sequence made up of n earthquakes that can be
ascribed to the failure of n faults belonging to the same system. Let ¢, to, ... ¢,

be the observed occurrence times of the events. The stress transfer matrix can be
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calculated from the knowledge of the geometry of the faults and of the seismic
moments associated with the events; in turn, it is possible to retrieve the Coulomb
stress change matrix Az;;. Also, the Coulomb stress rate & can be determined by

means of Eq. (9.4) from the strain rate é provided by geodetic measurements.

Let us focus on the generic fault 7, that generated the k-th event in the
sequence. By definition, the Coulomb stress of fault 7, at the onset of the sequence
z;, (t1—) must be such that it is cancelled by the stress accumulated on the fault

up to time t;. Accordingly, we can write

k-1
j=1

In fact, apart from the sign, the right-hand side is the total stress accumulated
on fault 7 since the beginning of the sequence. It consists of two terms: the first
term is the tectonic stress concentrated on the fault from the beginning of the
sequence up to time t,, whereas the second term is the sum of stress transfers

that the fault i; has received from the faults 71, 7o, ...4;_; that slipped before it.

As for the final state of fault i, it is given by Eq. (9.18). Replacing z;, (t;—)
in Eq. (9.18) with its expression (9.25), we obtain

iy (tnt) = & (ty — tr) + Y Az, (9.26)

j=k

Bearing in mind that the Coulomb stress of fault i, was equal to zero at t = t,—,
the final stress is equal to the tectonic stress accumulated in the time interval from
ti. to the end of the sequence, plus the stress drop associated with the failure of fault

iy and the stress transfers from the faults i1, 719, . . . i, that slipped after fault 7.

To sum up, the Coulomb stress of fault i; at the onset of the sequence depends
only on what happened before its failure, while the Coulomb stress at the end of
the sequence depends only on what happened after its failure. Notice that the
retrieval of the complete state vector of the system requires the knowledge of the

entire sequence. An example will be shown in §9.6 for two real cases.
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9.4 The order of events

It was already mentioned that the n components of the state vector x are always
different from each other. As a result, they can be ordered according to their
magnitudes: at any instant ¢ in time, the set X of the x;(¢) is a well-ordered set.
This order controls the order of the events in the seismic sequence, as shown in

the following.

Let N, be the set of the first n natural numbers. According to the premise, a
permutation « of INV,, can be associated with each state x of the system, expressing

the order of faults in relation to the value of their Coulomb stress:
1 2 ...
o= ( , n) (9.27)
1 19 ... 1Ip

x;;, = max(X) (9.28)

where

Lij, = maX<X - {xi17x’iz7 cee :Cik,l}) (929)

with £ = 2,3,...n. Hence, the parallelepiped S enclosing all states of the system
can be divided into a number n! of subsets S;, corresponding to the n! permu-
tations of V,. During the interseismic intervals, the permutation «; associated
with the system does not change, because all the x; increase with the same rate,
according to Eq. (9.7). Therefore, the representative point x remains in the same
subset S;. At the occurrence of a seismic event, x switches to a different subset

Sy, characterized by a permutation «.

Let us assume that, before the sequence, the permutation associated with the

1 2 ..
o = ( . ”) (9.30)
1 19 ... 1Ip

implying that the first event of the sequence will be generated by the i;-th fault.

system is

This event changes the magnitudes of all Coulomb stresses, so that the new state

of the system is associated with a different permutation

1 2 ... n
J1 J2 -+ In
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implying that the second event will be generated by the j;-th fault, and so on.
After the (n — 1)-th event, the permutation is

12 ..
At = " (9.32)
ki ks ... Ky

implying that the last event will be generated by the ki-th fault. To sum up, the

order of events in the sequence is expressed by the permutation

1 2 ... n
ar =" . (9.33)
LY & R ]{31

The quantities determining o* are the initial stress state of the fault system, the
stress drops and the stress transfers associated with each event. In terms of the
order of events, the number of possible sequences in a system made up of n faults
is equal to n!. Since every fault may slip only once in a sequence (assumption 4),
there are n! alternatives for the initial permutation ag, but only (n — 1)! for a4

and (n — k)! for the generic permutation «y.

9.4.1 Subsequent evolution

After the n-th event of the sequence (i.e., at the end of the sequence), the state of

the system is associated with the permutation

1 2 ... n
an:(i i k) (9.34)

Accordingly, the next sequence will start with the failure of the i-th fault after an

interseismic time interval
T

AT = —

(9.35)

where Eq. (9.7) was employed. Generally speaking, the permutation «,, does not
coincide with the permutation aq characterizing the system at the onset of the
sequence. In fact, the stress distribution on the faults is rearranged, owing to the
combined effects of stress drops and stress transfers between the faults. In terms
of the differences d;;, we have, thanks to Eq. (9.26),

n

dm(tn—i—) - dij(tl_) = Z(A$k2 — Axkj) (936)

It is noteworthy that the right-hand side of this expression is different from zero:

as a matter of fact, the sum of stress transfers received by a fault during the
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sequence is in general different from that received by the other faults, depending
on the relative positions of the faults. In conclusion, the next sequence produced
by the system will be associated with a different order of events, described by a

new permutation a*.

9.5 Discussion of the model

In this section, the particular conditions of the state of the system that are required
in order to observe a seismic sequence with the features listed in §9.1 are first
discussed. For the sake of providing a means to better understand the evolution
of a seismic sequence, I then focus on the particular case of coplanar faults and
discuss the special situation in which the process of stress redistribution within

the system is governed by the stress drops.

9.5.1 Constraints on the state of the system

A first constraint on the differences d;; between the components of the state vector
x is determined by assumption 5. Let us assume that the slip of the i-th fault
entails a positive change in the Coulomb stress of the j-th fault, that is, Axz;; > 0.
If d;; is smaller than Ax;;, the failure of the i-th fault would immediately produce
the failure of the j-th fault, in contrast with the hypothesis of a finite time interval
elapsing between any two seismic events of the sequence. Therefore, if Ax;; > 0,
d;; must always be larger than Az;;. Although this circumstance cannot be
validated a priori (since it depends on the specific orientation and location of
the j-th fault relative to the i-th fault), it represents an intrinsic property of the

system, which must be verified at any time.

An additional condition on d;; is set by the observed durations of seismic
sequences. In fact, the d;; must be small enough that a sequence is completed
within a few months, if the effect of stress transfer between faults is taken into
account. Therefore, in agreement with assumption 6, the stress change z dt that
tectonic loading produces in a time §¢ < AT plus the sum of stress changes Ax;;
(i # j) may be assumed as an upper limit for d;;, where AT is the interseismic
time interval between two sequences. Specifically, a greater value of §t (several
decades) can be assumed for lower stress rates &, a smaller value (several years)

for higher stress rates.
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9.5.2 Stress drops vs. stress transfers: a special case

Let us consider a system of n coplanar faults lined up in the strike direction (§9.1.1)
generating a seismic sequence made up of n distinct events whose associated stress
drops Aog; (i = 1,2,...n) are approximately equal to each other. Also, let us
assume that the differences d;; between the components of the state vector x are
such that, following the failure of the i-th fault, the relative magnitude of the

other n — 1 components of x does not change.

Let ap and a* be the permutations describing the initial state of the system
and the order of events in the sequence, respectively (§9.4). Under the assumptions
introduced above, it is easy to see that the only effect of the k-th event of the
sequence is simply to shift the label i, to the last position in the permutation
oy, whereas the stress transfers Ao;, ; do not change the relative positions of the

other labels. Accordingly, a permutation

n= (Z.l v Z.”) (9.37)
2 13 ... 11

can be associated with each event, so that the permutation oy characterizing the

state of the system after the k-th event is
= Nag_1, k=1,2,...n. (9.38)

As a result, the order of events is given by the initial permutation, i.e., a* = ay.
The final permutation «, is also equal to «ag; however, this circumstance does not
imply the repetition of the order a* in the following sequence. In fact, according
to Eq. (9.36), the new sequence will start with different values of d,;, entailing a

different order of events.

The special case described here is based on the assumption that the rearrange-
ment in the permutations throughout a sequence can be entirely ascribed to the
stress drops Ao;, with respect to which the role of stress transfers is negligible.
This case is useful as a terms for comparison with real sequences. As a matter
of fact, the order implied by «g is generally changed during a sequence, since
the d;; have the same order of magnitude as the stress transfers Ao;; (i # j), so
that the relative magnitude of the components of x is modified after each event.
In addition, if an event k has a stress drop that is considerably larger than the

others, the label i will permanently occupy the last position in the permutation,
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thus altering the initial order. To sum up, the order of events is different from the
initial order of stresses, i.e. a* # ag. The final permutation «,, is also different

from ay.

9.6 Applications

In this section, two applications of the present model are presented. For a better
understanding, I first focus on the simpler case of a system of coplanar, lined
up faults (see §9.1.1) and study the 2012 Emilia (Italy) seismic sequence. I
then move to the general case of non-coplanar faults and consider the 1997-1998

Umbria-Marche (Italy) sequence.

9.6.1 The 2012 Emilia sequence

I consider the 2012 Emilia (Italy) seismic sequence, which was made up of seven
events with magnitudes between 5 and 6 (Pezzo et al., 2013). They occurred in
the period between May 20th and June 3rd, 2012, and can be ascribed to a fault
system of n = 7 faults approximately lined up in the West-East direction, with
a total length of about 50 km. The faults are all of thrust type, with shallow
hypocentres between 5 and 10 km in depth. The geographic location of the

sequence is shown in Fig. (9.4).
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Figure 9.4: Geographic location of the 2012 Emilia (Italy) seismic sequence. Stars

indicate the epicentres; numbers indicate the order of fault activation.
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In studying the features of the 2012 Emilia sequence, Convertito et al. (2013)
suggested that dynamic triggering caused by seismic waves might be the primary
factor to explain the evolution of the sequence, in addition to the variation in
permeability and pore-pressure effects due to a massive presence of fluids in the
Po Plain basin. As stated in §9.1, the role of dynamic triggering and pore fluid
diffusion is neglected in the present model. Although these phenomena may alter
the sequence of permutations describing the evolution of the sequence, as well as
the state of the system at the end of the sequence, they would not change the

general conclusions of this section.

All sources are treated as pure reverse dip-slip faults with a dip angle 6 = 40°,
an average of the values given by Convertito et al. (2013). The areas and the
locations of the faults are inferred by employing the distances between hypocentres
along the strike direction as constraints (Caporali and Ostini, 2012; Serpelloni et

al., 2012). The projection of the faults on a vertical plane is shown in Fig. (9.5).

4km * b x * Ik ke X

W E

Figure 9.5: Geometry of the model for the 2012 Emilia (Italy) seismic sequence. The rect-
angles are the projections of faults on a vertical plane. Stars correspond to hypocenters;

each fault is labelled with the corresponding index ¢ = 1,2, ...7.

Accordingly, the matrix r of the distances between the centres of the faults is

given by
0 5 10 18 30 38 43
13 25 33 38
10 5 0 8 20 28 33
r(km)= |18 13 8 0 12 20 25]. (9.39)

30 25 20 12 0 8 13
38 33 28 20 8 0 5
43 38 33 25 13 5 O

I take p = 30 GPa for the rigidity of the medium and ks = 0.6 as the effective

-1

coefficient of static friction. With a strain rate ¢ = —3 x 107 s~! (Caporali

and Ostini, 2012) and a Poisson modulus v = 0.25, the rate of Coulomb stress
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calculated from Eq. (9.4) is
&= ko~ 2kPaa™? (9.40)

where k and ¢ are given by Eq. (9.5) and Eq. (A.3), respectively. All other data
required by the application of the model are listed in Table (9.1). The origin times
and the seismic moments m; are taken from Pezzo et al. (2013) and Tramelli et al.
(2014), respectively. The areas A; take into account the analysis of Caporali and
Ostini (2012) and Serpelloni et al. (2012), whereas the slips u; are constrained
according to the values of m; and A;. From Eq. (9.11) with C' = 1, the values of
stress drops Aog; are in the range between 0.9 and 1.9 MPa, consistent with the

range evaluated by Castro et al. (2013) from seismic spectra.

Table 9.1: Data for the seismic events of the 2012 Emilia (Italy) sequence. See Fig. (9.5)

for fault numbers.

Origin time (UTC)

Event Fault yyyy/mm/dd ti(d)  m;(Nm) A;(km®) wu;(m)
hh:mm:ss
1 ) 2012/05/20 02:03:52 0 8.9 x 10'7 60 0.49
2 6 2012/05/20 02:07:31 0.0025 5.6 x 1016 16 0.12
3 7 2012/05/20 13:18:02  0.47 5.6 x 106 16 0.12
4 4 2012/05/29 07:00:03 9.2 6.3 x 10'7 60 0.35
5 3 2012/05/29 10:55:57 9.4 1.1 x 107 16 0.23
6 2 2012/05/29 11:00:25 9.4  7.9x 106 16 0.16
7 1 2012/06/03 19:20:43 15 5.6 x 101° 16 0.12

According to Table (9.1), the order of events is given by the permutation

1234567
o = . (9.41)
56 7 4321

Therefore, the sequence started about in the middle of the system and propagated
eastward up to the end of it (5, 6, 7); afterwards, the sequence propagated from
the middle to the west end of the system (4, 3, 2, 1).

Combining the data provided in Table (9.1) with the distances r;; listed above,
I calculate the stress change matrix Az;; making use of Eq. (9.11) and Eq. (H.19)

for the diagonal and nondiagonal components, respectively. Afterwards, it is
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possible to retrieve the state of the system at any time during the sequence,
together with the associated permutations, following the procedure discussed in

§9.2. Specifically, at the beginning of the sequence we have

1234567
g = (9.42)
5471236

whereas the state after the i-th event of the sequence is described by
1 234567 1234567
] = Qg = (943)
6 4 71 2 3 5 741236 5
(9.44)

1234567
(9.45)
1672435

1234567
ay = (946)
6 71 2 4 3 5
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The initial state x(¢;—) and the final state x(¢7+) are shown in Fig. (9.6). Since

the origin of times was set at the onset of the first event, we have x5(t;—) = 0.

Some peculiar features stand out. First of all, the initial (o) and final (a7)
permutations do not coincide; what is more, they are both different from the
permutation a* giving the order of events during the 2012 sequence. This is a
direct consequence of the heterogeneous distribution of seismic moment in the
fault system and of the dissimilar magnitude of the stress drops on the faults. In
particular, we notice that fault 5 permanently occupies the last position in all
permutations from «; to ay, as a consequence of its larger stress drop. Further-
more, the permutations c; suggest that the stress transfers Ao;; play a major role
in determining the evolution of the sequence and that the rearrangement in the
permutations cannot be entirely ascribed to the stress drops Aog;, as supposed in
§9.5.2. In fact, Eq. (9.38) does not hold for any value of k.

The duration of the sequence is
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Figure 9.6: Initial (a) and final (b) states calculated from the model for the 2012 Emilia
(Italy) seismic sequence. Histograms show the components of the state vector x at the

beginning and at the end of the sequence.

In the absence of fault interaction, it would have been

T (fl—)

At = ~46a (9.48)

where Eq. (9.21) was employed. Hence, the process of stress transfer between the

faults of the system caused a severe shortening of the duration of the seismic
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sequence, with a ratio At'/At ~ 103.

I now compare the stress states on the fault system at the beginning and at
the end of the sequence. To this aim, the mean value (9.24) of the state vector x
and its standard deviation (9.23) at ¢t = t;— and t = t;+ are considered. At the

beginning of the sequence, we have

Z ~ —0.05MPa, s ~ 0.03 MPa (9.49)
whereas at the end of the sequence

T ~ —1.2MPa, s ~ 0.4 MPa. (9.50)

Accordingly, Coulomb stresses are more spread out at the end of the sequence than
before, since the standard deviation in Eq. (9.50) is one order of magnitude larger
than in Eq. (9.49). As an additional means to visualize the particular distribution
of stress on the fault system before and after the seismic sequence, I consider the
average values .
> |di
-

d; = 1 51
=T J# (9.51)

At the beginning of the sequence, we find
d; ~ (20, 30, 30, 30, 60, 50, 30) kPa, (9.52)

whereas at the end of the sequence we have

d; ~ (400, 400, 600, 400, 700, 400, 400) kPa. (9.53)

We conclude that, at the end of the sequence, the average difference between the
Coulomb stress on the i-th fault and the other (n — 1) faults is increased by about
one order of magnitude with respect to the average difference characterizing the
state at the beginning of the sequence. This result confirms that the distribution
of stress on the fault system is eventually made more heterogeneous by the seismic
events. This feature will play an essential role in the evolution of the system

during the next seismic sequence.

The permutation a7 in Eq. (9.46) shows that, according to the present model,
the next sequence will start with the failure of fault 6, i.e, at the eastern end of
the fault system. It will take place after an interseismic interval

_ Tg (t7—|—)
T

AT = ~ 440 a (9.54)
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where Eq. (9.35) was employed. This figure appears to be representative of typical
recurrence times of moderate-size earthquakes along the Ferrara-Romagna arc:
the largest event in this area before the 2012 sequence was the M, 5.5 November

17, 1570, Ferrara earthquake (Rovida et al., 2011).

9.6.2 The 1997 - 1998 Umbria-Marche sequence

I consider the 1997-1998 Umbria-Marche (Italy) seismic sequence, which was made
up of eight events with moment magnitudes between 5 and 6 (Morelli et al., 2000).
The geographic location of the sequence is shown in Fig. (9.7).
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Figure 9.7: Geographic location of the 1997-1998 Umbria-Marche (Italy) seismic sequence.

Stars indicate the epicentres; numbers indicate the order of fault activation.

The sequence started on 26 September 1997 and lasted for more than six months,
ending on 3 April 1998. The earthquakes are ascribed to a fault system of n = 8
faults approximately lined up in the North West - South East direction, with
a total length of about 40 km. All sources are treated as pure normal dip-slip

faults with shallow hypocentres between 2 and 8 km in depth (Bindi et al., 2004).
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Averaging the figures given by Morelli et al. (2000) for the eight seismic events,
the dip angle of the fault system is 6 = 40°. The geometry and the location of each
fault are chosen using the models proposed by Hunstad et al. (1999), Capuano
et al. (2000), Cocco et al. (2000) and Tallarico et al. (2005) as a starting point
(Fig. 9.8).

] 3 R

NW SE

Figure 9.8: Geometry of the model for the 1997-1998 Umbria-Marche (Italy) seismic
sequence. The rectangles are the projections of faults on the Earth surface. Stars

correspond to epicenters; each fault is labelled with the corresponding index ¢ = 1,2, ...8.

I take p = 30 GPa for the rigidity of the medium and ks = 0.6 as the effective
coefficient of static friction. With a strain rate é = 2 x 107 s7! (Riguzzi et al.,

2013) and a Poisson modulus v = 0.25, the rate of Coulomb stress calculated from
Eq.(9.4) is

i = ko ~3kPaa ! (9.55)

where k and ¢ are given by Eq. (9.5) and Eq. (A.3), respectively. All other data
required by the application of the model are listed in Table (9.2). The origin times
and the seismic moments m; are taken from Bindi et al. (2004), whereas the slips

u; are constrained according to the values of m; and A;.

From the knowledge of the UTM coordinates and depths of the hypocentres, I
constrain the location of the centres of the faults according to the geometry shown

in Fig. (9.8) and to the value of the dip angle of the fault system. The matrix r
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of the distances between the centres of the faults is then given by

0 14 17 23 25 29 37 36

14 0 4 10 12 15 23 23
17 4 0 6 9 12 20 20
r (k) = 23 10 6 0 6 6 14 14 (9.56)
2512 9 6 0 6 12 12
29 15 12 6 6 0 & 8
37 23 20 14 12 8 O 18
36 23 20 14 12 8 1.8 O

Table 9.2: Data for the seismic events of the 1997-1998 Umbria-Marche (Italy) sequence.
See Fig. (9.8) for fault numbers.

Origin time (UTC)
Event Fault yyyy/mm/dd t;(d) m;(Nm) A;(km?) wu;(m)

hh:mm
1 5 1997/09/26 00:33 0 4.0 x 107 36 0.37
2 2 1997/09/26 09:40  0.38 1.2 x 108 120 0.33
3 3 1997/10/03 08:55 7.3 8.6 x 106 16 0.18
4 4 1997/10/06 23:24 11 1.7 x 10'7 25 0.23
5 8 1997/10/12 11:08 16 7.8 x 10'¢ 6.3 0.41
6 7 1997/10/14 15:23 19 3.4 x 107 33 0.34
7 6 1998/03/21 16:45 180 4.0 x 106 6.3 0.21
8 1 1998/04/03 07:26 190 5.7 x 1016 6.3 0.30

According to Table (9.2), the order of events is expressed by the permutation

123456 78
af = : (9.57)
523 48761

indicating that the sequence started approximately in the middle of the fault
system (5, 2, 3, 4), migrated to its southeastern end (8, 7, 6) and finally involved
its northwestern end (1). Combining the data in Table (9.2) with the distances
r;; reported in Eq. (9.56), the stress change matrix Az;; is computed. For the
diagonal components, I make use of Eq. (9.11); for the nondiagonal components,

the model of Appendix H is employed, taking

¢ =135°, b =40°, N\ = —90° (9.58)
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with ¢+ = 1,2,...8. Following the procedure discussed in §9.2, it is possible to
retrieve the state of the system at any time during the sequence, together with

the associated permutations. Specifically, at the beginning of the sequence we find

123456738
ap = (9.59)
52816473

whereas the state after the i-th event of the sequence is described by

123456 78 1 23456 78
a1 = Qg = (960)
28146 75 3 31 846 275

1 2 4 6 7 8 1 2 4 78

a3 = gy = (961)
4 1 7 35 8 1 4 5
1 2 4 8 1 2 4 7

a5 = Qg = (962)
71 4 5 8 6 1 3

1 2345678 12345678
7 = ag = (963)
1 82345 76 8 2345 761

Figure (9.9) shows the states at the beginning (¢ = t;—) and at the end (¢t = tg+)
of the sequence. Since the origin of times was set at the onset of the first event, we
have x5(t;—) = 0. In the first place, we notice that the initial (a) and final (as)
permutations do not coincide and they are both different from the permutation
o* giving the order of events during the 1997-1998 sequence. As a result, the
next sequence generated by the system will be associated with a different order
of events. Furthermore, the permutations «; suggest that the stress transfers
within the system are such that the failure of certain faults is delayed by some of
the seismic events, as a consequence of the relative positions of the faults. For
example, a comparison between oy and «; clearly points out that the slip of fault
5 promoted the failure of fault 4, while it delayed the failure of fault 6.

The duration of the sequence is
In the absence of fault interaction, it would have been

t -
A =5 (xl )~ 7902 (9.65)
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Figure 9.9: Initial (a) and final (b) states calculated from the model for the 1997-1998
Umbria-Marche (Italy) seismic sequence. Histograms show the components of the state

vector x at the beginning and at the end of the sequence.

where Eq. (9.21) was employed. Accordingly, the process of stress transfer between
the faults of the system yielded a dramatic shortening of the duration of the
seismic sequence, with a ratio At'/At ~ 103. Interestingly, we notice that At'/At
is of the same order of magnitude as the ratio calculated for the 2012 Emilia

sequence (§9.6.1), suggesting this might be a general feature of seismic sequences.
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In order to compare the stress states on the fault system at the beginning and
at the end of the sequence, let us consider the mean value (9.24) of the state vector
x and its standard deviation (9.23) at t = t;— and t = ts+. At the beginning of

the sequence, we have

T ~ —0.49 MPa, s ~ 0.79 MPa (9.66)
whereas at the end of the sequence

T ~ —1.7MPa, s ~ 0.96 MPa. (9.67)

These figures point out that Coulomb stresses are slightly more spread out at the
end of the sequence than before, since the standard deviation in Eq. (9.67) is larger
than in Eq. (9.66). An additional way to further understand and visualize the
particular distribution of stress on the fault system before and after the seismic

sequence is given by considering the average values

> |dij]
—_ j=1

. . |
=T (9.68)

At the beginning of the sequence, we find

d; ~ (0.54, 0.55, 2.1, 0.61, 0.56, 0.54, 1.0, 0.54) MPa, (9.69)

whereas at the end of the sequence we have

d; ~ (2.2, 1.2, 0.86, 0.84, 0.84, 1.3, 0.86, 1.5) MPa. (9.70)

In agreement with the features suggested by Eq. (9.66) and Eq. (9.67), we conclude
that, at the end of the sequence, the average difference between the Coulomb stress
on the i-th fault and the other (n — 1) faults is of the same order of magnitude of
the average difference characterizing the state at the beginning of the sequence.
However, the variations in the differences d;; entail a different order of events
during the next sequence, as well as different durations of the time intervals

between two subsequent events.

Finally, the permutation ag in Eq.(9.63) suggests that, according to the
present model, the next sequence will start with the failure of fault 8, i.e, at the
southeastern end of the fault system. According to Eq. (9.35), it will take place

after an interseismic interval

AT = —Zslist)

~ 100 a. 9.71
: a (9.71)
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Conclusions

A model describing different aspects of fault dynamics in the framework of discrete

dynamical systems was presented.

A plane fault (or a fault system) lying in an elastic shear zone and enclosed
by two tectonic plates moving at constant relative velocity was considered. As
a consequence of tectonic motion, the fault is subject to a uniform and con-
stant strain rate. It was assumed that the fault contains one or more asperities
and possibly one or more weak regions. The fault was treated as a discrete
dynamical system whose state is described by the state of the asperities and
weak regions (or the fault segments in the fault system). The state variables

are the slip deficits or the Coulomb stresses associated with the regions on the fault.

In correspondence with specific properties associated with the asperities, the
weak regions or the fault segments and with the form of their interactions, five
different cases were discussed. For the first four of them, the dynamics was
described in terms of a number of dynamic modes, each one associated with a

specific system of autonomous ordinary differential equations.

The characterization of the system as made of a finite number of asperities,
weak regions or fault segments allowed a description by means of a finite number
of degrees of freedom. Thus, a deeper understanding of the processes controlling
the dynamics of seismic sources and the retrieval of the analytical solutions of
the evolution equations were possible. In turn, the orbit of the system in the
state-space was calculated: via this geometrical approach, it was possible to follow
the different phases of the evolution of the system, highlight their distinctive

features and predict the long-term evolution of the system.

In Chapter 4, a fault with a single asperity was considered. It was assumed
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that the asperity is responsible for the majority of seismic moment release during
an earthquake. From the solutions of the equations of motion, it was possible
to distinguish between a loading phase and a slipping phase, associated with a
seismic event on the fault. The system is characterized by the existence of a limit
cycle, with earthquakes associated with a fixed recurrence time and slip amplitude.
The model is capable to reproduce the typical features of the source function of
an earthquake and predicts a seismic spectrum with the classical high-frequency
behaviour described by Brune (1970). As an application of the model, the great
2004 Sumatra-Andaman earthquake was considered, describing the event as the
result of the failure of one large asperity. The modelled source function and seismic

spectrum were found to be in good agreement with the observations.

Chapter 5 was devoted to the analysis of a fault containing two mechanically
different regions, namely an asperity and a stable, velocity-strengthening region.
The generation of earthquakes on the fault is ascribed to the slip of the sole
asperity. The dynamics of the system was studied in terms of three dynamic
modes, corresponding to the evolution during interseismic intervals, seismic slip of
the asperity and afterslip in the stable region. In agreement with observations, the
amount of afterslip resulted to be proportional to the seismic slip of the asperity. In
the absence of stress perturbations due to earthquakes on surrounding faults, the
system exhibits a cycle made of a sequence of the three dynamic modes, with fixed
amplitudes of seismic slip and afterslip and given recurrence time of earthquakes.
An interesting feature of the model was found in its potentiality to discriminate
between different sources of post-seismic deformation: in fact, the model predicts
that afterslip reaches a maximum amplitude in a finite time interval, in contrast
with descriptions based on indefinitely increasing time functions. The model was
applied to the fault that generated the 2011 Tohoku-Oki earthquake, which was
ascribed to the slip of a large asperity and was followed by a prolonged afterslip
episode. The dominant part of the source function was reproduced and the surface
displacement due to afterslip was described as a function of time: according to
the model, post-seismic deformation was governed by afterslip in the first four
months after the event, while the subsequent deformation was probably due to

viscoelastic relaxation.

In Chapter 6, a fault with two asperities of different areas and strengths was

considered, assuming purely elastic coupling between the asperities. The dynamics
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of the system was characterized in terms of four dynamic modes: a sticking mode,
associated with stationary asperities, and three slipping modes, corresponding to
the slip of one or both asperities at a time. The kind of seismic event generated
by the fault can be discriminated from the knowledge of the state of the system
at the beginning of the interseismic interval preceding the event. Specifically, the
different seismic events predicted by the model correspond with specific values of
a variable related with the difference between the slip deficits of the asperities at
the beginning of the interseismic interval. The difference between the asperity size
affects several features of the system, such as the force rates on the asperities, the
slip duration and amplitude, the corner frequency of the seismic spectrum, the set
of states corresponding to stationary asperities, the probability of events involving
the simultaneous slip of the asperities and the radiation of seismic energy. As an
application of the model, the 2007 Pisco, Peru, earthquake was considered. This
event was ascribed to the consecutive, but separate, failures of two asperities with
significantly different sizes. The earthquake was modelled as a two-mode event
starting with the slip of the weaker asperity, followed by the slip of the stronger
one after a finite time interval. The model allowed to characterize the state of the
fault at the onset of the event and to adequately replicate the observed source

function and seismic moment release.

In Chapter 7, a fault with two asperities of equal areas and different frictional
resistance was considered. It was assumed that the coseismic stress field due to
earthquakes produced by the fault undergoes viscoelastic relaxation. In addition
to the slip deficits of the asperities, the state of the fault was described in terms
of a third variable: the variation of the difference between the slip deficits of the
asperities resulting from viscoelasticity. The occurrence of earthquakes on the
fault can be anticipated or delayed, with respect to the case of purely elastic
coupling between the asperities, owing to viscoelastic relaxation, the specific effect
depending on the state of the system at the beginning of an interseismic interval.
The system is characterized by one sticking mode, corresponding to stationary
asperities, and three slipping modes, associated with the failure of one of both
asperities at a time. It was showed how the state of the system at the beginning
of an interseismic interval constrains the state at the onset of the subsequent
seismic event, and vice-versa. In turn, these details were related to the number
and sequence of slipping modes involved in the earthquake, which determine the

amount of seismic moment released, the shape of the source function and the
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stress drops on the asperities. A notable result of this study is that the knowledge
of the source functions of a sufficiently large number of consecutive earthquakes
allows to constrain the orbit more and more precisely and, in turn, to predict
its evolution with smaller uncertainty. The model was applied to the fault that
generated the 1964 Alaska earthquake. The event was due to the failure of two
asperities and was followed by remarkable post-seismic deformation mainly due
to viscoelastic relaxation in the lithosphere. The earthquake was modelled as
a two-mode event associated with the separate slips of the asperities and the
subsets of the state space in which the system laid before and after the event were
determined; these subsets where further constrained on the basis of the duration

of the interseismic interval to date.

The fault model discussed in Chapter 7 was considered again in Chapter 8 in
order to study the effect of earthquakes on neighbouring faults. The stress transfer
was described in terms of a perturbation vector yielding changes to the state of
the system: the specific effect on the future evolution of the fault is related with
the orientation of this vector in the state space. The perturbation also causes
a variation in the frictional resistances of the asperities: in turn, the amount of
slip allowed to the asperities and the energy released during a subsequent seismic
event are altered. Due to changes in the parameters of the system, the subsets
the state space can be divided into, associated with the different seismic events
that the fault can generate, are modified as well: accordingly, the probability
of occurrence of the various events is altered. Following a stress perturbation,
the anticipation/delay of the failure of one asperity is connected with the change
in the associated Coulomb stress. In particular, the variation in the difference
between the Coulomb stresses of the two asperities influences the possibility of
their simultaneous slips during the next seismic event. However, the presence of
viscoelastic relaxation prevents any prediction about the change in the interseismic
time of the fault, which is conditioned by the particular state of the fault at the
time of the stress perturbation and immediately after it. As an application, the
stress perturbation imposed by the 1999 Hector Mine, California, earthquake to
the 1992 Landers, California, fault was considered. Like the 1964 Alaska earth-
quake, the 1992 Landers earthquake was generated by the slip of two asperities
and a significant post-seismic deformation was observed in the aftermath, mainly
associated with viscoelastic relaxation in the lithosphere. In order to model the

event, the same analysis as for the 1964 Alaska earthquake was carried out. As
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for the stress transfer due to the 1999 Hector Mine earthquake, the complexity of
its influence on the possible future events generated by the 1992 Landers fault
was discussed in terms of the associated energy release, the sequence of dynamic

modes involved and the duration of the interseismic interval.

Finally, Chapter 9 was devoted to the study of the seismic sequences generated
by a system of faults with the same strike and dip angles and the same faulting
mechanism. The fault system was characterized as a dynamical system whose
state variables are the Coulomb stresses associated with the faults. In order to
determine the conditions required for the occurrence of seismic sequences and the
processes controlling the order of events in a sequence, each state of the system
was associated with a permutation expressing the order of the faults in terms
of the magnitudes of their Coulomb stresses. The permutation does not change
as long as the system is at rest; each time a fault produces an earthquake, the
stress drop on the activated fault and the stress transfers to the surrounding faults
cause a change in the order of Coulomb stresses, so that the state of the system
is described by a different permutation. Ultimately, the order of activation in a
seismic sequence can be associated with a particular permutation of the faults:
it is determined by the initial stress state of the fault system, the stress drops
and the stress transfers associated with each event. It is noteworthy that the
characteristics of consecutive sequences originated by the system are bound to
change: in fact, the order of activation suggested by the initial stress distribution
is generally changed during the sequence, owing to the different order of magnitude
of the stress drops and stress transfers. As a result, the state of the system at the
end of a sequence does not coincide with the initial one. In addition, the durations
of the interseismic intervals between consecutive sequences and between events in a
sequence are different. As an application of the model, two seismic sequences were
considered: the 1997-1998 Umbria-Marche, Italy, sequence and the 2012 Emilia,
Italy, sequence. The former was ascribed to a system of non-coplanar faults,
whereas a system of coplanar, lined up faults was assumed for the latter. In both
cases, the knowledge of the order of activation during the seismic sequence allowed
the retrieval of the state of the system at any time during the sequence. The
model predicts that, in the absence of external perturbations, the next sequence
on both fault systems will occur after an interseismic interval of a few centuries

and will be completely different from the previous one.
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Of course, all discussed models present a simplified description of real fault
dynamics. In the author’s opinion, they nonetheless provide a useful tool for the
characterization of the seismic source, enlarging the understanding of the most
significant aspects of the seismic activity in an analytical framework. As a matter
of fact, if we aim to a neat understanding of the physics of a process, unnecessary
complications must be set apart: focusing on the essential dynamics, discrete fault

models offer a deep insight into the basic mechanisms of seismic sources.

Several further developments may be object of future work, such as a model of
a fault containing three or more asperities, a model describing stress perturbations
due to post-seismic deformation processes, the introduction of dynamic stress

triggering, and more.
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Appendix A

Stress rates in different tectonic

settings

A plane fault located in a homogeneous and isotropic elastic shear zone with the
features of a Hooke solid with Lamé constants A and p is considered. As a conse-
quence of tectonic motion, the fault is subject to a uniform and constant strain
rate é. A coordinate system (x,y, z) is introduced, with x,y and z defined as the
strike direction of the fault, the horizontal direction perpendicular to strike and
depth, respectively. Let 6 be the dip angle of the fault. I retrieve the expressions
of the normal stress rate ¢, and the tangential stress rate (in the slip direction) &;

acting on the fault, distinguishing between dip-slip faulting and strike-slip faulting.

In the case of normal and reverse faulting, plane strain is assumed, according
to the Anderson model (Anderson, 1951; Sibson, 1974; Turcotte and Schubert,
2002). The nonvanishing strain components are

) A
Cyy = et, €z = _>\ + 2Iu6yy (Al)

where ¢ is positive for tensile strain and negative for compressive strain. The

associated stress components are

24
Ozz = VOyy, Tyy = 7w (A2)
where v is the Poisson modulus. Introducing the stress rate
2
7 = : A3
o= (4.3)

the rates of normal and tangential traction on the fault are given by

Gy = —%(1 —cos20), &= i% sin 20 (A.4)
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where the upper and lower sign in o; corresponds to normal and reverse faulting,

respectively.

In the case of transcurrent faulting, simple shear is considered, with strain and
stress components
€py = €t, Opy = 2[1€gy. (A.5)
In this case, the stress rate is
o =2ueé (A.6)
and the rates of normal and tangential traction on the fault are given by

6o=0, 6,=06. (A.7)

For both source mechanisms, a particular expression of ¢; can be written in the
framework of the elastic rebound model of a fault, first proposed by Reid (1911).
It is assumed that the fault is embedded is a shear zone of width d enclosed by
two tectonic plates moving at constant relative velocity v (Fig. A.1). The tectonic

velocity is parallel to the slip direction on the fault.

|
YIS
+
YIS

d

Figure A.1: The elastic rebound model of a fault. A plane fault (dashed line) is
embedded in a shear zone of width d (gray patch) enclosed by two tectonic plates

moving at constant relative velocity v.

According to the boundary conditions, the fault is subject to a tangential

strain rate

b= A8
€= 5 (A.8)
corresponding to a tangential stress rate
) v
Gy = %. (A.9)
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Appendix B

Traction due to different

dislocation sources

A dislocation source in a homogeneous and isotropic Poisson medium of rigidity
1 is considered. The dislocation is characterized in four different ways, namely
as (i) a point-like source in an unbounded medium, (ii) a point-like source in a
half-space, (iii) a finite square source in an unbounded medium and (iv) a finite
square source in a half-space. In each case, the tangential traction o, produced
on the fault plane in the slip direction is calculated, as a function of the distance

from the source along the strike direction.

A coordinate system (x,y, z) is introduced, with x, y and z defined as the strike
direction, the horizontal direction perpendicular to strike and depth, respectively.
Let n; be the unit vector perpendicular to the fault and m; the unit vector in
the slip direction. Also, let mgy be the scalar seismic moment of the dislocation,
while § and A are the dip and rake angles of the fault, respectively. Given the
static stress field o;; produced by the dislocation, the tangential traction in the

direction of slip o; is given by

Ot = 031Ny . (B]_)

B.1 Point-like source in an unbounded medium

Let us consider a point-like dislocation source (a double-couple of forces) in an

unbounded elastic medium, located at the origin of the coordinate system. The
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fault lies on the plane y = 0, so that
n; = (0,1,0). (B.2)
As for the slip direction, it is given by
m; = (cos A, 0, —sin \) . (B.3)
The static displacement field generated by the dislocation is (Love, 1944)
u; = —MGijg (B.4)
where M;; is the moment tensor associated with the dislocation source
M;j = mo (myn; + myn,) (B.5)

and G;; is the Somigliana tensor
1 /2 2
Gi‘:— —(Si'—— yij B.6
T S (7, i— 3" J> (B.6)
with

r =22+ y?+ 22 (B.7)

The stress field due to the dislocation is

0ij = p(errdij + 2e55), (B.8)
where e;; is the strain field associated with the displacement field (B.4). In the
case of strike-slip faulting (A = 0) and setting y = z = 0, we get

5m0

= B.
127z |? (B.9)

O

In the case of dip-slip faulting (A = 7/2) and setting again y = z = 0, we get

mo

= —. B.10
67|x|? ( )

O

B.2 Point-like source in a half-space

Let us consider a point-like dislocation source (a double-couple of forces) in a half

space, located at (0,0, c). The unit vector perpendicular to the fault is

n; = (0, —sind, — cos §) , (B.11)
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while the slip direction is given by
m; = (cos A, sin A cos d, —sin Asind) . (B.12)

The cases of strike-slip and dip-slip faulting correspond to A = 0 and A\ = 7/2,
respectively. The displacement, strain and stress field due to the dislocation can be
calculated from the formulae provided by Okada (1992). The tangential traction
o(z) is then obtained by setting ¥ = 0 and z = ¢. Due to its complexity, I do not

report its analytical expression and only show its trend later on.

B.3 Finite square source in an unbounded medium

Let us consider a finite square dislocation source of side L in an unbounded
medium, centred at the origin of the coordinate system. The fault lies on the
plane y = 0, so that

n; = (0,1,0). (B.13)

As for the slip direction, it is given by
m; = (cos A, 0, —sin \) . (B.14)

The cases of strike-slip and dip-slip faulting correspond to A = 0 and A\ = 7/2,
respectively. The displacement, strain and stress field due to the dislocation can be
calculated from the formulae provided by Rybicki (1970). The tangential traction
o(z) is then obtained by setting y = 0 and z = 0. Its analytical expression is too

complicated to be reported here: thus, I only show its trend later on.

B.4 Finite square source in a half-space

Let us consider a finite square dislocation source of side L in a half-space. The

unit vector perpendicular to the fault is
n; = (0, —sin g, — cos ) , (B.15)
while the slip direction is given by
m; = (cos A, sin A cos d, —sin Asin d) . (B.16)

The cases of strike-slip and dip-slip faulting correspond to A = 0 and A\ = 7/2,

respectively. In order to exploit the formulae for the displacement, strain and
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stress field due to the dislocation provided by Okada (1992), the lower edge of the
fault is placed on the plane y = 0 at depth ¢ > L (Fig.B.1). Also, the centre of
the fault is placed at (0,0.5 Lcosd,c — 0.5 Lsind). The tangential traction o;(z)
is then obtained by setting y = 0.5 Lcosd and z = ¢ — 0.5 Lsind. Due to its
complexity, I do not report its analytical expression and only show its trend in

the following.

v

zZ

Figure B.1: Square dislocation source in an elastic half-space.

B.5 Comparison

In order to compare the results corresponding to the four cases presented above, it
is assumed ¢ = L and § = 7/4 in §B.2 and §B.4. Also, all distances are expressed
in units of L: accordingly, the average slip of the fault is assumed to be of the
order of 1074, taking into account that a fault typically extends in width and
length for tens of kilometres, whereas maximum fault slips are in the order of

meters or less.

The tangential traction produced on the fault plane in the slip direction o(z)
is shown in Fig. (B.2) and Fig. (B.3) in the case of strike-slip and dip-slip faulting,
respectively. In both cases, a singularity appears in correspondence with the
border of the finite source (z = 0.5 L) or, in the case of a point-like source, in

correspondence with the source location (z = 0). Looking at the trends associated
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with the different dislocation sources, the graphs clearly point out that the value
of o, becomes essentially the same at distances x > 1.5 L. Furthermore, the elastic
medium in which the fault is embedded can be indifferently treated as an infinite

space or a half-space if the depth ¢ of the dislocation source is at least comparable
with the side of the fault.

2
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(a) Unbounded medium.
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(b) Half-space.
Figure B.2: Tangential traction produced by a strike-slip dislocation in the slip direction

on the fault plane, in the case of a point-like source (solid line) and a finite square
source (dashed line).

191



0
0 2
x/L
(a) Unbounded medium.
2 T T T
1
1
1
1
1
i
1 X
o |
— 1
—~ 1} ' i
=) 1
= '
L
0 i L
0 0.5 1 1.5 2

x/L
(b) Half-space.
Figure B.3: Tangential traction produced by a dip-slip dislocation in the slip direction

on the fault plane, in the case of a point-like source (solid line) and a finite square
source (dashed line).

192



Appendix C

Constants in mode 11 - Chapter 6

The fault can enter mode 11 from mode 10, 01 or 00. I list the constants A, B, C'

and D appearing in the solution for mode 11, discriminating between these three

initial conditions.

C.1 Case 10 — 11

The initial conditions are

with X and Y satisfying the equation of line 2. The constants are

1 [~ 1 -
A=—(Ip+ —

C.2 Case 01 — 11

The initial conditions are

X0)=X, Y(0)

I
=
i
©
I
=
~
=
I
<
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with X and Y satisfying the equation of line 1. The constants are

A:i(quLif/)

wWo 2 1—}—5

B= e [X+6V —e(1+59)
I

D= S [X V- c(Xp—Yp)

C.3 Case 00 — 11

The initial conditions are
X(0)=Xp, Y(0)=Yp, X(0)=0, Y(0)=0.

The constants are

T
B=r (-6 (1+58)
D=t (1-¢(Xp—Yp)
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Appendix D

Events resulting from p = p; and

p = po - Chapter 6

Here, the values p; and p, of the variable p defined in Eq. (6.34) are calculated
and the kind of seismic event resulting from these stress distributions is discussed.
In view of the following discussion, I recall that the maximum slip of asperity
1 during mode 10 is kU, corresponding to the slip duration 7},, whereas the
maximum slip of asperity 2 during mode 01 is SxoU’, corresponding to the slip

duration T5p.

Let us calculate the value of p;. The coordinates of point P;, where mode 10
starts, are

X; =1+ ap, Yi=1+(14a)p. (D.1)
The coordinates of point P, where mode 10 ends, are
Xo = X1 — kU, Y, =Y. (D.2)

Since it must belong to line 2, we obtain

(B—1)§ —ax U
a+&+af

P1= (D.3)

Let us calculate the value of py. The coordinates of point P;, where mode 01

starts, are

X1 =08—(1+a)p, Y, =3 —dp. (D.4)

The coordinates of point P, where mode 01 ends, are

X2 = Xl, Yé = Yi - BKQU/. (D5)
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Since it must belong to line 1, we obtain

~(B=1)E+ aBrU’
P2 = a+ &+ aé ' (D-6)

The kind of seismic event resulting from p = p; and p = ps is related to the degree

of symmetry of the system, as discussed in the following.

Case p =

If p = py, asperity 1 triggers the motion of asperity 2 after completing mode 10.
The earthquake then continues with mode 01, starting at point P, with coordinates
given in Eq. (D.2). If the orbit of mode 01 does not meet line 1 before time T4,

has elapsed, the slip of asperity 2 terminates at point P3; with coordinates
X3 = XQ, YE; = Yé — ﬁ/igU/. (D?)

If P35 belongs to line 1, mode 01 is followed by a second phase of mode 10. This

situation corresponds to a specific value of 3, namely

(a + &)k
agky .

In the particular case in which § > (3;, the orbit of mode 01 reaches line 1 before

B=p= (D.8)

time Ty, has elapsed and the system enters mode 11. The different cases are

summarized in Table (D.1).

Table D.1: Seismic events resulting from p = p; defined in Eq. (D.3), as functions of §.
The particular value 5 = (3 is defined in Eq. (D.8).

B<pi| B=pH B>
Seismic event | 10-01 | 10-01-10 | 10-01-11-

Finally, I investigate whether the system can generate four-mode events 10-01-10-
01. At the end of a three-mode event 10-01-10, the system is at point P, with
coordinates

X4 = X3 — kU, Y, =Ys;, (D.9)

where it was assumed that the orbit of mode 10 starting at Ps did not meet line 2
before asperity 1 had stopped. The event will then continue with another phase of
mode 01 if P, belongs to line 2. Introducing the coordinates of P, in the equation

of line 2 and taking into account that g = (31, we end up with the condition

RS
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which is unacceptable, since « is defined as positive. In conclusion, if seismic
events involving the alternate slips of the asperities and starting with the slip
of asperity 1 are considered, the system can only generate a two-mode event
10-01 and, under particular conditions related with the symmetry of the system,

a three-mode event 10-01-10.

Case p = ps

If p = po, asperity 2 triggers the motion of asperity 1 after completing mode 01.
The earthquake then continues with mode 10, starting at point P, with coordinates
given in Eq. (D.5). If the orbit of mode 10 does not meet line 2 before time 77,

has elapsed, the slip of asperity 1 terminates at point P3 with coordinates
XgIXQ—KlU, }/23:}/2 (Dll)

If P; belongs to line 2, mode 10 is followed by a second phase of mode 01. This

situation corresponds to a specific value of 3, namely

K1

B=p2= €0t o)

(D.12)

In the particular case in which 8 < 5, the orbit of mode 10 reaches line 2 before
time T}, has elapsed and the system enters mode 11. The different cases are

summarized in Table (D.2).

Table D.2: Seismic events resulting from p = py defined in Eq. (D.6), as functions of £.
The particular value 5 = (2 is defined in Eq. (D.12).

f < B B=PpP | B>
Seismic event | 01-10-11- | 01-10-01 | 01-10

Finally, I investigate whether the system can generate four-mode events 01-10-01-
10. At the end of a three-mode event 01-10-01, the system is at point P, with
coordinates

X4 = X3, Y, =Ys — BrU’, (D.13)

where it was assumed that the orbit of mode 01 starting at P3 did not meet line 1
before asperity 2 had stopped. The event will then continue with another phase of
mode 10 if P, belongs to line 1. Introducing the coordinates of P, in the equation

of line 1 and taking into account that § = 5, we end up with the same condition
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given by Eq. (D.10). In conclusion, if seismic events involving the alternate slips
of the asperities and starting with the slip of asperity 2 are considered, the system
can only generate a two-mode event 01-10 and, under particular conditions related

with the symmetry of the system, a three-mode event 01-10-01.

For the sake of simplicity, the condition

Pa < B <pi (D.14)

is assumed throughout Chapter 6. Accordingly, the stress distributions associ-
ated with p = p; and p = py correspond to two-mode events 10-01 and 01-10,

respectively.
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Appendix E
Constants in mode 11 - Chapter 7

The fault can enter mode 11 from mode 10, 01 or 00. I list the constants A, B, C,
D, Ey, E5 and E3 appearing in the solution for mode 11, discriminating between

these three initial conditions.

E.1 Case 10 = 11

The initial conditions are

X0)=X, Y0)=Y, Z0)=Z (E.1)

X0)=V, Y(0)=0, Z(0)=-V (E.2)

with Y and Z satisfying the equation (7.19) of plane II. The constants are

1 -
A=—(V+1B) (E.3)
wo
1.
=1 (74D (E.5)
2&)2
1 X-Y —2aZ
_ = B E.
D 2(EZP+ 1+2a ) ( 6)
o _ _ _
Ei=€eX X-Y+7 E.7
! 6P+1+204< +) ( )
o _ _ _
Ey =¢Yp — X-Y+7 E.8
AR 1+2a( +) ( )
1 _ _ _
Ey=¢/ X-Y+7 E.9
3 EP+1+2a( +) (E.9)



E.2 Case 01 — 11

The initial conditions are

X0)=0, Y0)=V, Z0)=V

(E.10)

(E.11)

with X and Z satisfying the equation (7.18) of plane IT;. The constants are

A= (V1+B)

n 2(,()0

B:%[)_(—l—}_/—e(Xp—l—Yp)]
€= 5 (-V +7D)
o3 (e S5
E1:€XP+1+2a( -Y+2)
By=Vp— 7o (X =V + 2)

E.3 Case 00 — 11

The initial conditions are

(E.12)

(E.13)

(E.14)

(E.15)

(E.16)

(E.17)

(E.18)

(E.19)

(E.20)

with X,Y and Z satisfying both equations (7.18) and (7.19) of planes II; and II,.

The constants are

~
A=-'B
2&)0
1—e¢
B= 5 (Xp+Yp)
y
C =
2&)2
e—1
D= Z
5 P

(E.21)

(E.22)

(E.23)

(E.24)



By=eXpt+— (X =V +2) (E.25)

14+ 2«
o L
2= crp 1—|—2a( +2) (E.26)
1 _ _ _
e — 7 X-Y+2Z E.27
3 €P+1—I—2a( +2) (E27)
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Appendix F

Details of the faces AEC'D and
BCDF - Chapter 7

I provide here a description of the subsets of the faces AEC'D and BC'DF of the
sticking region H as they appear in Fig. (7.3).

Let us first focus on the face AEC'D and consider a seismic event starting at
a point P, = (X1,Y3, Z;) on this face. Accordingly, the coordinates of Py verify
the equation (7.18) of plane II;

X, =1+aZ (F.1)

and the event starts with mode 10. If the orbit of mode 10 does not intercept
plane Il; before time T}, has elapsed, the slip of asperity 1 terminates at a point

P, with coordinates
X2:X1—/€1U7 Y2:Y1, ZQZZ1+/£1U. (FQ)

Combining the no overshooting condition Xy > 0 with Eq. (F.1), we end up with

the constraint

—1
7, >V =1 (F.3)
!
Accordingly, we can define the points
U—-1
J1 = (HlU, B — I€1U + 1, al ) (F4)
a
U-1
K, = (HlU, 1—rU, 2 ) (F.5)
o
corresponding to the intersection of the face AEC'D of H with the plane
U-1
z=" . (F.6)
a
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In order to obtain a two-mode event 10-01, one must have P, € Il5: hence, using
Eq. (7.19),
Yo =8 —als. (F.7)

If the orbit of mode 01 does not meet plane Iy before time T}, has elapsed, the
slip of asperity 2 terminates at point P; with coordinates

X3 = XQ, YEJ, = ng - BK,lU, Zg = Zg - BK,lU. (F8)
Imposing the no overshooting conditions

X520, Y3>0 (F.9)

and expressing all coordinates in terms of Z; by means of the previous equations,

we are left with the constraint

/€1U—1 SZIS 5—(0&4—5)/{1[]‘
(6 (6

(F.10)

In turn, this condition constrains the admissible values of X; and Y; giving rise
to a two-mode event 10-01. We conclude that such a seismic event takes place

from the segment s; with end points

H, = (ﬁ—mU(a—i—ﬁ)%—l, B, U, B_MZ(O‘JFB)) (F.11)
U-1
I = (KulU, B—mU(l+a)+ 1, ’“T) (F.12)
lying on the line
X+Y - U-1=0
+ ﬁ—i—om;l (F13)
X—aZ—-1=0
As a result, we can define the point
G = <B—a/<;1U+1, 0, ﬁ#) (F.14)

corresponding to the intersection of line (F.13) with the edge C'E of the sticking
region H. To sum up, the vertices of the trapezoid Q; are the point E given in
Eq. (7.23) and the points G1, I; and K;. Finally, the vertices of the trapezoid Ry

are the end points of s; and the points J; and

1 — kU
)y = (6(1 )+ 1, Bl %) (F.15)
defined as the intersection of the edge C'D with the plane
Y = Bk, U. (F.16)
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Let us now turn our attention to the face BC DF' and consider a seismic event
starting at a point P, = (X7, Y, Z;) on this face. Accordingly, the coordinates of
P, verify the equation (7.19) of plane Il

Y =8 —aZ (F.17)

and the event starts with mode 01. If the orbit of mode 01 does not meet plane
I1; before time T3, has elapsed, the slip of asperity 2 terminates at a point P,

with coordinates
)(2:)(17 EZK—BH1U7 Z2:Z1—5/€1U. (F18)

Combining the no overshooting condition Y, > 0 with Eq. (F.17), we end up with

the constraint

1 —rU
7, < BU=mb) (F.19)
o)
Accordingly, we can define the point
1 —-rU
K, = (5 (1 - rU), BriU, M) (F.20)
a
corresponding to the intersection of the face BCDF' of H with the plane
1 —
g B —ml) (F.21)
a

In order to obtain a two-mode event 01-10, one must have P, € II;: hence, using
Eq. (7.18),
X2 =1+ OJZQ. (F22)

If the orbit of mode 10 does not meet plane Il before time 7}, has elapsed, the

slip of asperity 1 terminates at point P; with coordinates
X3 = X5 — kU, Y; =Ys, Z3 = Zy+ k1 U. (F.23)
Imposing the no overshooting conditions
X3 >0, Y5>0 (F.24)

and expressing all coordinates in terms of Z; by means of the previous equations,

we are left with the constraint

mU+) -1 _ , B=-ml) (F.25)

« «
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In turn, this condition constrains the admissible values of X; and Y; giving rise
to a two-mode event 01-10. We conclude that such a seismic event takes place

from the segment s, with end points

U 1)—1
Hy = <n1U, B—wmUlaf+1)+1, <O‘ﬂa+ ) ) (F.26)
1—rU
[2 = (5 (1 — I{1U - OZ/ﬁJlU) + 1, ﬁ/ﬁllU, %) (F27)
lying on the line
X+Y-p(1l-—akU)—1=0 (F.25)
Y+aZ—-8=0 '
As a result, we can define the point
1
Gy = (0, B(1—arU)+1, ,B/flU—a) (F.29)

corresponding to the intersection of line (F.28) with the edge DF' of the sticking
region H. To sum up, the vertices of the trapezoid Qs are the point F' given in
Eq. (7.23) and the points G, Iy and K5. Finally, the vertices of the trapezoid Ra

are the end points of so and the points J; and Js.

A straightforward calculation yields the lengths /; and [, of segments s; and

So, respectively:

14+ 2a2

L=1+1-rU1+a+p)| > (F.30)
lh=|8+1—rU(+aB+B)| 1Z?ﬂ (F.31)

The distances of segments sy and s, from the edge C'D are, respectively,

[ 14+ a?
d1 == Oél€1U m, d2 = 5(11 (F32>
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Appendix G

Particular events generated on

segments s; and s9 - Chapter 7

The aim of the present Appendix is to investigate the conditions under which
states belonging to the subsets s; and s, of the sticking region H generate n-mode
events involving the separate slips of the asperities, with n > 2. In view of the
following discussion, I recall that the slip deficit of asperity 1 is reduced by an
amount U each time it slips alone; analogously, the slip deficit of asperity 2 is

reduced by an amount Sk;U each time it slips alone.

G.1 Three-mode events 10-01-10

At the end of a two-mode event 10-01, starting at a point P, = (X3, Y1, Z;) on
the segment s; on the face AEC D of the sticking region, the system is at a point

P, with coordinates
XQZXl—KlU, }/2:}/1—5:‘€1U, Zgzzl—l-IilU(l—ﬁ) (Gl)

The event will then continue with a third mode 10 if P, € II;: thus, introducing
the coordinates of P, in Eq. (7.18) and bearing in mind that

X1 =1+ OéZl, (GQ)

we get the following condition:

1
= —. G.3
0= 5 (G:3)
As 0 < f < 1, this result is unacceptable, since « is defined as positive. In

conclusion, if we consider seismic events involving the alternate slips of the
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asperities and starting with the slip of asperity 1, the system can only generate
a two-mode event 10-01. Any additional slip phase is prevented by the stronger

frictional resistance of asperity 1 with respect to asperity 2.

G.2 Three-mode events 01-10-01

At the end of a two-mode event 01-10, starting at a point P; = (X1, Y7, Z;) on the
segment sy on the face BCDF' of the sticking region, the system is at a point P,
with the same coordinates as given in Eq. (G.1). The event will then continue with
a third mode 01 if P, € II5: thus, introducing the coordinates of P, in Eq. (7.19)

and bearing in mind that

we get the following condition:

a=a" =

B
5 (G.5)

Since 0 < 8 < 1, the constraint a* > 0 is always satisfied. Accordingly, under

the particular condition o = «a*, the system can give rise to three-mode events
01-10-01.

G.3 Four-mode events 01-10-01-10

At the end of a three-mode event 01-10-01, the system is at a point P; with

coordinates
X3:X1—H1U7 Y3:Y1 —2ﬁ:‘i1U, Zg :Zl+li1U(1—2ﬁ> (G6)

The event will then continue with a fourth mode 10 if P3 € II;: thus, introducing
the coordinates of P in Eq. (7.18), bearing Eq. (F.28) in mind and taking into

account that a = a*, we end up with
g =-1, (G.7)

which is unacceptable, since [ is defined as positive. In conclusion, if we consider
seismic events involving the alternate slips of the asperities and starting with the
slip of asperity 2, the system can only generate two-mode events 01-10 and, under
particular conditions related with the degree of coupling between the asperities,
three-mode events 01-10-01.
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For the sake of simplicity, the condition o # «o* is assumed throughout all
Chapter 7. Accordingly, seismic events taking place on s, are two-mode events

01-10 and three-mode events 01-10-01 are not considered.
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Appendix H

Stress perturbations between

neighbouring faults

Let us consider two plane faults, namely fault 1 and fault 2, embedded in an infinite,
homogeneous and isotropic Poisson medium of rigidity p (Fig. H.1). Following the
slip of fault 1 (perturbing fault), stress is transferred to fault 2 (receiving fault). I
calculate the normal traction o, and the tangential traction in the direction of slip

o, transferred to the receiving fault, estimated as the average value at its centre.

N

Figure H.1: Geometry of the model employed to study the stress transfer between
neighbouring faults. Fault 1 is the perturbing fault, while fault 2 is the receiving fault.
The coordinates (E, N, D) are the UTM coordinates and depth of the centres of the
faults, respectively, whereas the axes (z,vy,z) correspond with the directions of dip,
strike and normal on fault 1, respectively. The angles ¢ and 1 are the strike and dip

angles of the faults, respectively.

Let us define a coordinate system (z,y,z) with axes corresponding with the

directions of dip, strike and normal on fault 1, respectively. Fault 1 lies on the
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plane z = 0 and its centre is in the origin of the coordinate system. Accordingly,
the unit vector perpendicular to fault 1 is ny; = (0,0, 1). Let ¢4, ¢; and A\; be the
strike, dip and rake angles of fault 1, respectively. The slip direction of fault 1 is
then given by

my; = (—sin A, cos Ay, 0). (H.1)

Fault 2 is characterized by strike and dip angles ¢, and 1, respectively. Accord-

ingly, the unit vector perpendicular to fault 2 is given by
n9; = (sin At cos A, — sin A sin A¢, cos Ar) (H.2)

where
Ad = ¢y — o1, Avp = 1Py — 1y. (H.3)

Let Ay be the preferred rake angle on fault 2, correlated with the orientation of
tectonic loading: Ay = 0° for left-lateral strike-slip, Ay = 180° for right-lateral
strike-slip, Ao = —90° for normal dip-slip and Ay = 90° for reverse dip-slip. The

components of the corresponding slip direction mo; are

Mo,y = COS A sin A — sin Ay cos A1) cos A (H.4)
Mgy = €OS Ay cos A + sin Ay cos A sin Ag (H.5)
Mo, = Sin Ag sin Ap (H.6)

Let (E;, N;) and D; be the UTM coordinates and depths of the centres of the
faults, respectively. In the (z,y, z) reference system, the coordinates of the centre

of fault 2 are identified by the following three steps:

1. placing the origin at the centre of fault 1:
7 = FEy — Fy, Yy = Ny — Ny, 2 =Dy — D (H.7)
2. clockwise rotation about the z axis by the angle ¢;:
2’ = a2’ cosp — 1 sin ¢y y" = 2’ sin ¢y + 1/ cos ¢, 2=z (HS)
3. counterclockwise rotation about the y axis by the angle v;:
"

x = 2" cos; — 2" siny, y=1" z=a"siny; + 2" cosyp;.  (H.9)

The perturbing fault is treated as a point-like dislocation source (a double-couple
of forces) located at the origin. This is good approximation for nonoverlapping

regions (Appendix B). Let mg be the scalar seismic moment of the dislocation.
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The i-th component of the static displacement field generated by the slip of fault
1is
U; = — jsz‘j,k (H~10>

where M;; is the moment tensor associated with the dislocation source
M;j; =my (m1m1j + mljnu) (H.11)

and Gj; is the Somigliana tensor
1 2 2
Gij = — | =0y — =7Tyij H.12
I S (7" i—3" ]) ( )
with

r=\a?+y>+ 22 (H.13)

The components of the stress field are given by
Oij = u(ekkdij + 2€ij)a (H14)

where e;; is the strain field associated with the displacement field (H.10). Finally,
the normal traction o,, and the tangential traction in the direction of slip o; on
fault 2 are

On = O45N2iN2j, Ot = 045M2N2;. (H15)

The signs of 0, and o; define the effect of the stress transfer on fault 2. If
o, > 0, the amount of compressional stress on the receiving fault is reduced,

and vice-versa. If o, > 0, the slip of the receiving fault is promoted, and vice-versa.

Finally, the particular case in which fault 1 and fault 2 are coplanar and lined
up in the strike direction is discussed. Also, it is assumed that the faults are
characterized by the same dip angle and faulting mechanism. Accordingly, we

have
¢1 = @2, V1 = 1o, AL = Ay (H.16)

so that it results

n; = 1o, mi; = 1s. (Hl?)

Under this circumstance, the tangential traction in the direction of slip is given by

5 mo
= H.1
7T 12ms (H.18)

in the case of strike-slip faulting (\; = 0, 7) and by

mo
673

(H.19)

Oy
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in the case of dip-slip faulting (\; = +7/2), where the results reported in §B.1
were employed. Since the faults are coplanar, the normal traction o, is always
null; what is more, it is always o, > 0, so that the slip of the receiving fault is

always promoted by the failure of the perturbing fault.
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Appendix 1

Poroelastic effect

Let us consider a system made up of n plane faults characterized by the same strike
and dip angles (§9). The fault system is placed in a homogeneous and isotropic
Poisson poroelastic medium characterized by an hydraulic diffusivity ¢ and drained
and undrained Poisson moduli v and v, respectively. Let r;; be the distance
between the centres of the ¢-th and the j-th fault. The stress field produced by a
seismic event is discussed, treating each fault as a point-like dislocation source
and distinguishing between strike-slip and dip-slip faulting. The solutions are
provided by Carvalho and Curran (1998) and Cheng and Detournay (1998).

The stress field consists of two terms: a constant term, corresponding to the
coseismic stress, and a time-dependent term, associated with pore fluid diffusion.
The former was discussed in §B.1. In order to study the latter term, I introduce

the nondimensional variable

_ i
£(t) = S (I.1)
and a coefficient
Uy, — U
b= A= 00 =) (1.2)

where t is time. After the failure of the i-th fault, associated with a seismic

moment m;, the j-th fault is subject to the time-dependent tangential traction
bmi

Ao-ij(t) - 271'7“23]-f(t)7 (I3>
where o
2 2 erf & 6 e~
t)=——=¢te ¥ +3—2 — —— Ferfcé 1.4
) = ——=¢ iy (1)
for strike-slip faulting and
752 1
f=-—ce, 3 er L oee (L5)

4 §2+2ﬁ5 2

213



for dip-slip faulting. As t — oo, the traction (I1.3) approaches an asymptotic value

bmi

Aoy = L.
%ij 27, (L.6)
for strike-slip faulting and ;
m;
Ag™® = — ¢ 1.7
%ij mr; (L.7)

for dip-slip faulting. The function f(t) is shown in Fig. (I.1).

15 LI T T T
l 5
0.5} .
=
~— 0 ]
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_1- -
_1.E 1 1 1 1
0 1 2 3 4 5

t/T

Figure I.1: Function f(¢) in the case of strike-slip faulting (solid line) and dip-slip

faulting (dashed line). Time is in units of the characteristic diffusion time 7.

According to the choice of a Poisson solid, I take v, = 0.25. For a typical value
v = 0.2 under drained conditions (e.g. Rice and Cleary, 1976), it results b ~ 0.1.
Then the ratio |Acf?|/Aci; between the asymptotic poroelastic stress and the
coseismic stress reported in Eq. (B.9) and Eq. (B.10) is about 0.12 for strike-slip
faulting and 0.15 for dip-slip faulting. These are the maximum values, which may
be reached for ¢t > 7, where 7 = 77, /(4c) is the characteristic diffusion time. For
distances of tens of km, 7 is much longer than the typical duration of a seismic
sequence: as a result, the poroelastic effect is at least one order of magnitude

smaller than the coseismic stress transfer.
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