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Introduction

This thesis deals with the local solvability problem related to some degenerate second
order partial differential operators with smooth and non-smooth coefficients. The
main class analyzed, which is the one with smooth coefficients, is given by operators
of the form

N
(0.0.1) P=>"X;f'X;+iXo+ ap,
j=1
where p > 1 is an integer, X;(z,D), 0 < j < N (D = —id), are homogeneous

first order differential operators (i.e. with no lower order terms) with smooth coeffi-
cients on an open set {2 C R"™ and with a real principal symbol (in other words, the
iX;(z, D) are real vector fields), ag is a smooth possibly complex-valued function,
and f: Q — R a smooth function with f~'(0) # 0 and df | 17 0. In addition

we suppose that iXyf > 0 on S = f71(0), therefore the vector field iXy(z, D) is
nonvanishing on S and can only be zero at some point of Q2 \ S. Instead the vector
fields i.X;, 1 < j < N, are allowed to be zero at some point of S as well.

Due to the vanishing of the function f, and also to the degeneracy due to the
characteristic set of the system of first order operators, we have that (0.0.1) repre-
sents a class of degenerate second order partial differential operators with multiple
characteristics whose degree of degeneracy depends on the parity of the exponent p.
The choice of the exponent affects in several ways the properties of the operators in
(0.0.1). In fact we need to distinguish between the case determined by odd degener-
acy (p odd) and that one characterized by even degeneracy (p even).

The most interesting situation occurs when one considers p an odd integer. In this
case we deal with operators having a changing sign principal symbol in the neighbor-
hood of the set S where the function f vanishes (more precisely the principal symbol
changes sign in the neighborhood of the fiber of S that we denote by 7=!(S)). This
changing sign property can negatively affect the local solvability of the operator near
the points of S around which the principal symbol changes sign. This is indeed the



2 INTRODUCTION

case for the celebrated Kannai operator P = x; Z?:g DJZ- — 4D, which is unsolvable
at the set S = {x € R™;x; = 0} near which its principal symbol changes sign (see
13)).

This example is also remarkable in order to explore the relation between hypoel-
lipticity and local solvability. In fact the Kannai operator is hypoelliptic on the whole
R™ but is not locally solvable at the set S, where the principal symbol vanishes to
change sign. This means that the hypoellipticity property does not imply the local
solvability of the operator itself. On the other hand, the hypoellipticity property of
an operator has as a consequence the local solvability of its formal adjoint. Because
of that the adjoint of the Kannai operator is locally solvable over the whole R™.
Thus, also near S where its principal symbol changes sign as well.

These observations motivate the study of the local solvability of classes of oper-
ators having a changing sign principal symbol in the neighborhood of the set where
the changing of sign occurs.

For the adjoint of the Kannai operator we get the local solvability property as a
consequence of the hypoellipticity, and we can also use this regularity property (as
we shall see in Chapter 4) to prove that the adjoint is locally solvable with a loss of
one derivative. However, we can not relate the local solvability to the hypoelliptic-
ity, since locally solvable ¥ DO (pseudodifferential operators) are not even adjoints
of hypoelliptic ones.

A first class of solvable operators having a changing sign principal symbol being
a generalization of the Kannai operator (or, more precisely, of the adjoint of the
Kannai operator) was studied by Colombini, Cordaro and Pernazza in [3], in which
they obtain some local solvability results by requiring a kind of condition (¢).

In [6] with A.Parmeggiani we generalized the class introduced in [3]. Thanks
to the local solvability results contained in [6] we have a criterion to distinguish
whenever an operator of the form (0.0.1) is locally solvable at S where the princi-
pal symbol vanishes to change sign. Unfortunately, there is not yet a way to recover
when this kind of operators are unsolvable, since, having multiple characteristics, the
well-known results available for principal type ¢y DO are not suitable in this context.

As we mentioned before the local solvability problem is linked to the hypoellip-
ticity problem, problem which is not yet completely solved. In fact there is not a
general rule to establish when an operator has this property, and, also, it is very
hard and not always possible to define the sharp hypoelliptic loss of derivatives of a
hypoelliptic pseudodifferential operator (see [19]).

In the multiple characteristics setting we have results by Mendoza [15], Mendoza
and Uhlmann [16], Miller and Ricci [18], Peloso and Ricci [22], Tréves [24], and
J.J. Kohn [12] (complex vector fields). We also have a recent work by Parenti and



Parmeggiani [20] concerning the semi-global solvability in presence of multiple trans-
verse symplectic characteristics. There are also results by Beals and Fefferman [2]
(see also Zuily [26] and Akamatsu [1]) in which they give some conditions for the
hypoellipticity of operators of the form P* where P is contained in the class (0.0.1).
Their results for P* agrees with our local solvability results for P in the class (0.0.1).
However, our results are not optimal, giving sufficient and not necessary conditions
for the local solvability around S. Moreover, the characterization of the loss of deriva-
tives is still open, the difficulties being given by the high degeneracy and the control
of commutators. For instance, Parenti and Rodino in [21] proved the anisotropic
hypoellipticity with loss of one derivative of a class of operators, which gives, for
operators of the form P = t?**1D? + D, having adjoints P* in the class considered
in [21], a more precise local solvability result.

Concerning the even degeneracy case associated with (0.0.1), note that we do not
have the changing sign property of the principal symbol anymore, but we still deal
with highly degenerate operators with multiple characteristics, for which the local
solvability is not guaranteed. In this case also the technique we use to prove the
result is different than that used in the odd degeneracy case, and, in particular, we
use Carleman estimates to get the result, which as we will see is on the one hand less
precise than the one we get in the odd setting, but, on the other, less demanding as
regards the requests on the operator.

Let me mention that also the local solvability of (0.0.1) far from S is analyzed,
since it is, again, not granted a priori.

Inspired by [6] I studied in [5] the local solvability of two models of PDO with non-
smooth coefficients which are a variation of the main class presented above. Once
again, the problem is studied around a set S where the principal symbol changes
sign or where the operator is degenerate (or both). The class considered is invariant
under affine changes of variables.

We conclude this introduction by giving the plan of the thesis.

In Chapter 1 we introduce the main class mentioned above and we show the in-
variance of some properties required to the latter.

Chapter 2 is devoted to the proof of the local solvability results for the main class.
First we treat the problem around S in presence of both odd and even degeneracy.
Then also the problem far from S in presence of any parity in analyzed. Finally we
give a generalization of the result in the odd setting in a complex case, that is when
all the vector fields in the second order part are supposed to be complex, a step in
the generalization of [12] in the case of a changing sign principal symbol.

In Chapter 3 we study the two non-smooth coefficients classes inspired by (0.0.1)
mentioned above. We will obtain some local solvability results when the coefficients
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in the higher order part of the operator are real or complex.
Chapter 4 is devoted to the proof of the local solvability with loss of one derivative
of the adjoint of the Kannai operator (this also is interesting to see).



Chapter 1

The main class

1.1 Setting and hypotheses

This thesis starts with the introduction of the main class

N
(1.1.1) P=>" X;f'X;+iXo+ ap,

j=1

where p > 1 is an integer, X;(z, D), 0 < j < N (D = —id), are homogeneous first
order differential operators (i.e. with no lower order terms) with smooth coefficients
on an open set 2 C R™ and with a real principal symbol (in other words, the
iXj(x,D) are real vector fields, so in the sequel we will often call the X; vector
fields; however, we shall also consider the case of X, ..., Xy being complex), aq is a
smooth possibily complex-valued function, and f: 2 — R a smooth function with
f71(0) # 0 and df‘f—l(oﬂé 0. The other models we are going to treat later will be a
variation of that introduced here.

The local solvability of P is studied first in the neighborhood of the zeros of the
function f where the principal symbol changes sign, and next also far from the zeros
of f.

The changing sign property of the principal symbol of an operator is a very
important property to look at when we deal with the local solvability problem, since
it can produce the non solvability of the operator itself, like in the important Kannai
example. It is therefore interesting to find some models with the changing sign
property which are still locally solvable in the neighborhood of the set where the
changing of sign of the principal symbol happens. This is one of the main reasons
why we are interested in the study of the class of operators represented by P. Note

5



6 CHAPTER 1. THE MAIN CLASS

also that in the neighborhood of the set S = f~1(0) the operator is degenerate, due to
the presence of f in the second order part. Moreover P has multiple characteristics,
that is the characteristic set of P contains multiple zeros of the principal symbol (in
this case, since the operator has order two, we have double zeros of the principal
symbol in the characteristic set, thus P has double characteristics).

In order to prove a solvability result for P we need to impose some conditions
on the symbols of the operators X, and on the first order part represented by i.X
(which is the subprincipal part of P). We state here the hypotheses in the real case,
that is when all the vector fields i.X; are supposed to be real, since in the complex
case, as we will see, we consider a suitable generalization of the real case.

We shall denote by Xj(x, &) the principal symbol of X;. We shall also denote by
Y ={(z,6) e T"Q\ 0; X;(z,&) =0} the characteristic set of each X; and put

(1.1.2) 2=

for the characteristic set of the system of first order operators (X, ..., Xy). Finally,
writing Hx, = H; for the Hamilton vector fields associated with the symbols Xj,
for p € ¥ we write V(p) := Span{Hy(p), ..., Hn(p)}. Let also m: T*Q — € be the
canonical projection.

The hypotheses on the class (in the real case), that we call (H1), (H2) and (H3),
are stated in the following way:

(H1) iXof(x) >0 for allz € S := f~1(0) # 0;

(H2) Forallj=1,...,N and for all compact K C Q) there exists C ; > 0 such that

(X Kb, €7 < Ciey D Xy, ¥(w,6) € K x R\ {0)).

Here {-, -} denotes the Poisson bracket with respect to the standard symplectic from
o on T%C).

Now, for p € ¥ let J = J(p) C {0,..., N} be the set of indices for which the
vectors H;(p), j € J, form a basis of V(p). Say that #J = r. Let M(p) be the r x r
real matrix defined as

(1.1.3) M(p) = [{X;, X5} (P)], ey



1.1. SETTING AND HYPOTHESES 7

Definition 1.1.1. We shall say that hypothesis (H3) is satisfied at a point xq if
7 zo) NE #£ 0 and

(H3) rank M(p) > 2, Vp € n ' (zo) NI

Hence hypothesis (H3) yields the existence of a (connected) neighborhood W C ) of
xo such that
rank M(p) > 2, Vperx '(W)NX.

It is important to remark, as we shall prove in Lemma 2.4.3 below, that condition
(H3) is independent of the choice of the basis of V(p).

Except for condition (H1), the other requirements are imposed on the Poisson
brackets of the principal symbols of the vector fields, that is on the principal sym-
bols of the commutators ¢[X;, X;](z, D) with j, j* € {0,..., N}. This suggests that
geometric relations among the vector fields determine the kind of solvability we can
expect for P, that is, as shown later, they affect the loss of derivatives of the op-
erator. Observe moreover that nondegeneracy conditions are not imposed on the
vector fields ¢X; for j # 0, therefore our model presents a degeneracy due both to
the degeneracy of the function f (which is required to be such that f~(0) # @) and
to the degeneracy of the system of vector fields {iX|}1<j<n, if present. Instead, for
Jj = 0, we require the nondegeneracy condition iXy(x, D)f(x) > 0 around the set
S = f~1(0) given by (H1), which does not affect the main degeneracy of the operator,
since this vector field is not contained in the leading term of P.

It is interesting to make a few observations concerning hypothesis (H2), which is
a fundamental assumption.

(i) The first one is that (H2) is equivalent to requiring that there exist functions
Bk € LS (2 x R™) such that for each j,k=0...,N

N
(1.1.4) {X;, X0} = BinX.
k=0

In fact, it suffices to take
N
(1.1.5) B = (X5, Xo} X [ (D XP) € L (2 x RY)

=0

(with, say, B = 0 on £ U (2 x {0}), which has zero measure on 2 x R").
Notice that such g;;, are then smooth outside the characteristic set ¥ and are
homogeneous of degree 0 in the fibers.
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(ii) Notice that in general condition (1.1.4) does not imply a similar relation among
the [Xo, X;] and the i.X; when they are thought of as vector fields. However, as
a consequence of Lemma 1.1.2 below, we have that, for instance when N =1
and X7 is nonzero near a point xy, in a neighborhood of x4 the function [,
is indeed smooth, whence we get that necessarily the vector fields i.X; and
1Xo must be tangent to the integral submanifold of R™ defined, near z(, by
the involutive distribution Span{iXi, Xy}, when the dimension of the latter is
constant (which is the case when df (i.X;) = 0 on S, i.e. iX; is tangent to S,
for by hypothesis we require df (iXy) # 0 there).

In connection to point (ii) above, we have the following lemma. Recall that

Xj(x’€> = <Oéj<x>7£>7 0<j<N.

Lemma 1.1.2. For each v € Q let V(z) = Span{ao(z),...,an(x)}. Suppose there
exists xo € ) and an open neighborhood U C € of xg such that dim V(z) =1 for all
x € U. Then there is an open neighborhood U C U of o such that hypothesis (H2)
is satisfied iff there are p, € C°(U) such that

{ X0, X;}(z,8) = Zﬂjk ) Xi(2,8), Y(z,6) e mH(U)=U xR, 1< j <N.

Proof. The sufficiency is clear. We need only prove the necessity. As already seen
in point (i) above, we have that {Xo, X;}(x,€) = Sor_, Bir(x, ) Xi(x, ) with 8, €
L (Q x R™), which are then smooth outside X, and homogeneous of degree 0 in the
fibers €. Put, for short, Z;(x,€) := {Xo, X; Hz, &) = (2;(2),£). Then, by assumption
(possibly by shrinking U around xg), we have a vector bundle V' — U of rank 1 with
fibers V(x) and may find an open neighborhood U of zy and a smooth normalized
section : U 3 x +—— ((z) € V(x) of V' — U which generates V' (z) for every xz € U.

We thus have that on U

Xj(x7§> = <§,<(I)><&J($),C(ZL’)>, J=0,..., N,

and the same holds for Z;. Let IIy(z): R® — V(x) C R" be the orthogonal projec-
tion onto V(x). Hence the map U x R" 3 (z,&) — I(x)¢ € R™ is smooth. Now,
by virtue of (H2) we have that Z;(z,£) = 0 wherever all the Xj(x,&) vanish, the
latter being the case for all £ € V/(x)* with x € U. Therefore, for all (z,&) € 7~ 1(U),

é # OJ
Zi(x,€) = Zj(x, y(x Zﬁjk 2, o (2)€) X (z, Mo (2)€)
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N
= Z 1‘ HO Xk l‘ 5 Zﬁ]k T C Xk(l',f),
k=

where we have used the homogeneity of degree 0 of the 3;;, in £. Finally, we specialize
the above equality when £ = ((z), x € U, so obtaining

Zi(w, ((x)) = (z(x),C(2)) = Y B, C(2)){an(x), ().

=
o,

=
~
=
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>
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&,
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&

Since 32 o X; (@, ¢(2))? = S,
that for all 1 < j7 < N and al 0

Zj(x, () Xi(x, ¢(x))
Dot Xel, ¢(2))?

thus proving that the p;;, are smooth. O]

k() = Bz, ((z)) =

)

In the sequel we will focus our attention on the invariance properties of the class
described by P. In particular we will first show that the expression of the operator
P and hypotheses (H1), (H2) and (H3) are invariant through changes of variables in
P. Next we will prove another property of P, namely

sub(P)(z, &) = iXo(x, &),

where sub(P)(x, &) is the subprincipal symbol of P.

1.2 Invariance through changes of variables

In the last section we listed the hypotheses on the class (1.1.1). However, in order to
show that these objects effectively form a class of operators, we need to show that
the required properties are invariant under changes of variables.

Since conditions (H2) and (H3) are imposed on the principal symbols of the vector
fields i[X;, Xj/](x, D), j, j' € {0, ..., N}, they are trivially satisfied even if we perform
a change of variables in the operator P, being the principal symbol an invariant of
partial differential operators. Therefore, to characterize these operators as a class,
we prove here the invariance through changes of variables of the expression of the
operator and of condition (H1). Moreover we can consider here the general case in
which all the vector fields X, with j # 0, are complex, since, also in this case, all
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the other requirements are imposed on symbols, whence they are trivially invariant
under changes of variables.

Let F': Q — Q' be a C* diffeomorphism, with y = F(x). We denote by F’(x)
the tangent map of F at x and by y — G(y) = z the inverse F'~'. We have that,
denoting by 4 := u o G,

(K@ Dayu(@)| =Xy, Daly), 1<j <N,

x=G(y)
so that
. 8F/ 5 "L N
X5 Z(Zak] D) G (CW))) Dy iily) = 3 by (9) Dy i),
=1 k=1 k'=1
and

Z 8ak/
8yk1
- ; oG, OF,,

(@ L) =2 (G (y)) + i (G))

_ [_ O*Fy o G,
8:}04 y 8yk/ 8xk

axkﬁmg y ayk’ y

koK f=1
ak; - ~ & Fk’ aGf
+> oy Y
Zaxk ) ; 1l kgl oacdz oy, )
=g mmfae(F @)l g
+Zak iln|det(F/(ZE))|
J 8xk z=G(y)

Next, for any given u,v € C’é’o(Q) we have

(Pu.) =3 / F@ X, (@, Da)u(x) X, (, Dajo(@)da

+/iXo(Jf, Dz)u(:z:)mda:vL/ao(:c)u(x)v(x)dx

= Z/f(G(y))”Xj(y,Dy)ﬂ(y)X (y, Dy)0(y)| det G (y)|dy
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+ / iXo(x, Dy)(y)o(y)| det G’ (y)|dy + / ao(G(y))i(y)o(y)| det G'(y)|dy,

whence, with f(y) = f(G(y)), ao(y) = ao(G(y)) and g(y) = |det G'(y)|, we have
that P goes over, in the new coordinates and by taking adjoints with respect to the
Lebesgue measure dy, to the operator

P =Y X;(y.D,)g()f ()" X;(y, Dy) +ig(y)Xo(y, Dy) + g(y)iio(y)

= Xy, Dy)" faew )P X;(y, Dy) + iXo,., (4, Dy) + 9(y)ao(y).

The operator P maintains the same structure as P and satisfies exactly the same
hypotheses as P in particular it still satisfies condition (H1) (on f-1(0)). In fact,
since i Xq,.., = ig9(y)Xo(y, D,) and g(y) > 0, then we have

i X0new (U Dy) Frew () = 9()*iXo(y, D) f + 9(y) f()iXo(y, Dy)g(y),

which is still strictly greater than zero on f..% (0) = f~1(0).

If one considers the transformed operator with respect to the pull-back Lebesgue
measure g(y)dy one gets the operator (a more invariant setting) as follows. We have
to compute the adjoint X;(y, D,)* of X;(y, D,) with respect to the measure g(y)dy.
Let X(y, D,) = (a(y)D,) and let o, € C5° in the variables y € Q. Then

(X(y, Dy)p, ) r2(gay) = Z /Q (&;(y) Dy, 0 ()0 (y)g(y)dy

3

Il
oL
(ox\

o(y) (W% (9()(y)) + Dy, é;(y) ¢(y)g(y)> dy

S
S
)
=)
S
)
£
_l’_
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Hence, in this case, if X(y, D,)* is the adjoint with respect to dy we have

X(y, Dy)* = X(y, Dy)" + W.

Therefore the transformed operator ﬁg with respect to the measure g(y)dy is the
operator

N
Pg - ZXJ y, D ) X; iy, Dy) +iXo,., (¥, Dy) + ao(y),
7j=1
where
; X0 D)9) 7, e

Once again condition (H1) is satisfied by ]5g (on f71(0)), due to the presence of f in
the expression of 1 X, .

1.3 The subprincipal symbol

The other property we are going to show about P regards its subprincipal symbol.
We have seen that condition (H1) is imposed on the first order part represented by
iXo(z, D) (which is not the total first order part of the operator P in (1.1.1)), and
that it is invariant through changes of variables. Even if (H1) is invariant in general, it
is remarkable that it is actually a condition imposed on the subprincipal part of P. In
fact we will show here that the subprincipal symbol of P is exactly given by i.X,(z, £).
Furthermore, it is useful to see how the invariants of the operator look like, especially
for further generalizations (e.g. the pseudodifferential case) or improvements of the
results obtained for P. In particular it is important to give conditions which are
invariant (e.g. invariant under changes of variables), and in general this reduces to
imposing conditions on the invariants of the operator (principal symbol, subprincipal
symbol, etc.).

Given a partial differential operator P of order m with poly-homogeneous symbol
p(z,§) = ZT:O Pm—j(x,€), we denote by p;,_;(x,&) the subprincipal symbol of P
obtained from p(z, &) in the following way

. o2 .
pfn—l(x7£):pm—1(xa§)+%z xp '({L‘,f),
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where p,,_1(x, &) is the homogeneous part of order m — 1 in the variable £ in p(z, £),
while p,,,(z, ) is the principal symbol (that is the homogeneous part of order m in
€). This object is invariant on the set of double zeros of the principal symbol, that
is where both p,, = 0 and dp,, = 0.

We denote by p“(z, &) the Weyl symbol of P given by

P9 = PP (a6 ~ 3 (3 (55402 D0)) i)

r!
720 I4r=j

and since we have
pfnfl(‘ra 5) = p%,I(CL’, 5)7

then we can use the Weyl calculus on the Weyl symbol to immediately recover the
subprincipal part of P. The choice of the Weyl symbol instead of the classical symbol
to obtain the subprincipal part allows us to make the computations easier by using
the rules of the Weyl calculus. In particular we can easily recover the Weyl symbol
of the adjoint of an operator just by complex conjugation of the Weyl symbol of the
starting operator.

This section is therefore devoted to the proof of the following property of the
subprincipal symbol of P:

sub(P)(z, &) = iXo(x, €),

where, recall, Xy(z,€) is the symbol of Xy(z, D).

Note also that, even if we perform a change of variables in P, we get a new term
of the kind z'f(o(x, D), and the subprincipal part is still given by this term. Whence
sub(P)(z,£) is invariant (it is not just invariant on double zeros of the principal
symbol of P), since, in our case, it coincides with the symbol of an operator.

Since X(z, D) = (oy(z),D) = > 7_, aji(x) Dy, we have that X;(z,&) = >,
a; ()&, and X;-“(z, §) = Xj(x,&)+idiv(iX;)(x), where div(iX;)(z) = Y p_, O jr().
Therefore (X7)* (v, &) = X} (7, §) = X;(z,§) —idiv(iX;)(z), where both Xj(, ) and
div(iX;)(z) are real. Hence the differential operator P is the Weyl quantization of
p¥(z,€), that is P = (p*)V(z, D), where

N
ZX_;" FPAX (a,€) +i Xy (2, ),

with # denoting the composition of symbols in the Weyl calculus.
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Using the computation rules for the composition, and calling ro(z) a general
symbol of order 0 (that, in our case, is a smooth function in z), we have for all j

XPUPAXY (2,€) = KUY 0,6 = XPHPXE + L {F X))
= PIXPR 4 SIXE IXPY 4 ST X0+ ST S 1 X0 + 7o

w 7 —= w 7 ~uw w i w1 Vvw
= PG+ (X7 X+ G X X0+ A7 XX o,

and since X = X (x,£) +idiv(X;)(x) is a sum of a symbol of order one and one of
order zero, we have, keeping all the zeroth order terms in r,

S i i
XP4PAXP(.) = X2+ X )X+ S XX o = X
Plugging that in p“(x,&), and recalling that X' (z, &) = Xo(z, ) + idiv(Xy), where

the zeroth order part is still left in rq, we find
N
P°(@,8) = f@) Y X;(w,€) +iXo(w,€) + 1o,
j=1

and finally have
sub(P)(z,§) = pY'(, &) = iXo(x, §).



Chapter 2

Local solvability results for the
main class

In this chapter we are going to present some local solvability results for the operator
P of the form (1.1.1) previously introduced.

Before starting with the argument, we need to clarify what we exactly mean with
local solvability of an operator and the technique used to prove it for P, that is, the
technique of a priori estimates. Therefore, first we will give some basic definitions
about the local solvability of a general partial differential operator, and we will ex-
plain how to recover the local solvability property starting from an a priori estimate
true for P. Then we will give the statement of the first result concerning the local
solvability of P around S when p is odd in the real case, that is when all the op-
erators X;, 0 < j7 < N, in the expression of P are supposed to have real principal
symbols. There will follow some examples of operators contained in the class under
consideration, also remarking the difference with other similar models discussed in [1]
and [26]. We will complete the analysis of the real case by giving a local solvability
result far from the set S = f~1(0). Finally, we will also give a generalization of the
local solvability result around the set S in the case p odd in a complex setting.

Summarizing, in the following chapter, we are going to prove the results listed
below:

e Solvability near S = f~1(0) in the real case (that is when all the vector fields
iX; are real) when:

—-p=2k+1, keZ;
—p=2k keZy;

e Solvability off S = f~1(0) when p € Z,, in the real case.

15
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e Solvability near S = f~1(0) when p = 2k + 1, k € Z, in the general complex
case, that is when all the vector fields i.X;, with j # 0, are complex (general-
ization of the real case)

2.1 Local solvability

In this section we give some basic definitions about local solvability of a partial
differential operator and we explain the connection between local solvability and
some a priori estimates.

Throughout we shall denote by K the interior of the compact set K, and by (-, -},
(-,+), | - |s the dual inner product, the L?-inner product, and the H*-Sobolev norm
respectively. Moreover we will call P a general partial differential operator of order
m on an open set ) C R".

Definition 2.1.1 (Local solvability). We say that P is locally solvable at x¢ € Q) if
there exists an open set V' containing xg, V C , such that for all f € C*>(Q2) there
isu € 2'(Q) for which Pu=f inV.

Definition 2.1.2 (Local solvability in the sense H® to H*'). We say that P is H*
to H* locally solvable at xo € Q) if there exists K C , xg € K = U, such that for
all f € HE (Q) there is u € HE (Q) which solves Pu = f in U.
Clearly the equality Pu = f is to be considered in the sense of distributions.

It is important to remark that the previous definitions still hold in general for pseu-
dodifferential operators. Moreover, attached to the general H* to H* local solvability,
we have the loss of derivatives property of a locally solvable operator. This property
reflects how far an operator is from being elliptic, that is, describes the kind of reg-
ularity we have for the solution of the problem Pu = f depending on the regularity
of the given source term f.

Definition 2.1.3 (Loss of derivatives). Let P, Q be as above, and let xy € 2 and
p = 0. We shall say that P is locally solvable with loss of p derivatives at xq if for
every s € R there exists a compact set K C Q, xg € K = U, such that

Vfe H: (Q), JueH M), with Pu= fin U.

The two lemmas below show that the local solvability property of an operator is
equivalent to the validity of an a priori estimate.
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Lemma 2.1.4. Let Q be an open set of R", xy € Q, and let P € W} (Q) be a
pseudodifferential operator solvable at xo in the sense H® to H* . Then there exists
an open neighborhood V' of xy and a positive constant C' such that, for allu € C§*(V'),

1Pl -y = Clul...
where P* denotes the formal adjoint of P.

Proof. Since, by hypothesis, P is H* to H* locally solvable at x,, we can take an
open set U as in Definition 2.1.2.

We consider, for any compact K C U, the space C2(U) = {v € C*°(U); supp(v) C
K} with the norm |P*v|_y. Note that, due to the local solvability property of P,
this is a normed space. In fact, if we consider vy € C§°(U) such that P*vy = 0,
then, by Definition 2.1.2, we have for all ¢ € C§°(U) the existence of u € Z'(2) (in
particular, in this case, we have u € H (€)) such that Pu = ¢ in U. Whence, for
all ¢ € C3°(U),

(Pu,vo) 9 (0),92(0) = (u, P*vo) 9(),2(0) = 0,

which gives vy = 0 so that the norm is well defined.

We then consider a compact set K of U which is a neighborhood of a given
compact K C U, and take the Hilbert space H%(U) = {yp € H*(U); supp(yp) C K}.
We show now that the bilinear form

Hi (U) x CR(U) 3 (9.0) = (910} = [ e(opo(a)ds

is continuous, and then, as a consequence, that the estimate in the statement holds.

Observe first that, for a fixed v € CF(U), the mapping H(U) 3 ¢ = (p,v) is
continuous, since [(p, v)| < [¢s|v]|-s. In addition, for a fixed p € Hy(U), also the
mapping C¥(U) 3 v — (p,v) is continuous for the topology on C¥(U) given by
the norm | P*v|_y. In fact, since P is H® to H* locally solvable at z,, and since we

considered U as in Definition 2.1.2, we have for a fixed ¢ € H7 (U) the existence of
u € HE (Q) such that Pu = ¢ in U. Thus, taking a function y € C(Q), x = 1

near the support of P*(C¥(U)), we have

(o, v)| = [{(Pu,v) o @),20)| = {u, XP*0) o 0),2¢0| < |xuls| P v|-s,

which proves the continuity of the linear form on C7°(U) with respect to the given
topology. In particular this gives that the bilinear form Hz (U) x CE(U) 3 (¢, v) —
(p,v) is separately continuous on the product of a Fréchet space with a metrizable
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space, whence it is continuous on H% (U) x CE(U). As a consequence, there exists
a positive constant C' such that, for all p € H%(U) and for all v € CF(U),

(e, o) < ClP* ] sl

Now we finally use the inclusion K € K, together with the continuity of the bilinear
form HZ(U) x CE(U) 3 (p,v) = (p,v), to prove that, for all v € CF(U), we have
ve H*R") and |v|_s < C|P*v| -y, where C' is a new suitable constant.

We define, for all v € C2(U), the linear form on H*(R™) given by £,(¢) := (p,v),
¢ € H5(R™). Since K € K, we consider y € C°(K) such that y = 1 on supp(v).
Hence, by the continuity of the bilinear form Hz (U) x CE(U) 3 (p,v) > (p,v), we
get, for all v € CP(U),

16u(@)] = e, (x + 1 = x)0)| = [(xp, v)| < P 0] -vlxels < ClP™] s lels,

where C' is a new positive constant. Then, for all v € C¥(U), we have that ¢,,
which is independent on the choice of x, depends continuously on ¢ € H*(R™),
and, consequently, for all v € CE(U) ¢, € (H*(R™))*. Finally, since (H*(R"))* =
H~*(R™), by the Riesz representation Theorem we get, for all v € C2(U),

(0, 0)] [(xp,v)] )
[vl-s = [€ull(zrs@ny) = sup = sup 0 <[Py
orpers®) |Pls  oppemr@n) @l

To conclude the proof it suffices now to choose K containing x in its interior K and
consider V' = K.
[

Lemma 2.1.5 (Sufficient conditions for H* to H* local solvability). Let Q be an
open set of R", o € Q, and let P € W7 (S). Assume that there exvists an open
neighborhood U C Q of ¢ and a positive constant C' such that, for all uw € C§*(U),

ClPul s > fu] .

Then, for all f € HY (), there exists u € H,

loc

(Q) which solves Pu= f in U.

Proof. Since |P*u|_y > Clu|_s for all u € Cg°(U), P* is injective on C§°(U). Then,
assuming U € ) (we can always make this assumption by shrinking U around x, to
an open set that we keep denoting by U and which is strictly contained in ), we
get that the space E := P*(C°(U)) = {P*v;v € C§°(U)} is a subspace of C2(€2),
where K is a suitable compact set of Q. Now, fixing f, € H{ .(2), and considering
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E as a subspace of HZ% (Q), we define on E the linear form ¢(P*v) := (v, fy).

comp

Therefore, taking a function xy € C§°(Q2), with y = 1 on U, we have

[L(P™0)| = [(v, fo)| < [v]-sIxfols < ClP 0] -« lx fols,

which gives the continuity of ¢ on the subspace E. Now, by the Hahn-Banach
Theorem, we can extend ¢ to a linear form ¢’ over the whole ch)f;lp(Q) such that
there exists a distribution ug € 2'(Q2) satisfying ¢'(v)) = (¥, uo) 9(),9/() for all ¥ €
C5°(€2). Note also that, if ¢ € C§°(£2), then the map ¥ — (¥, puo) o),/ = €' (V)
depends continuously on 1 € C3°(2) for the topology induced by H~*(R"), whence
pug € H¥(R™) and ug € H (Q) = (Hogh, ()"

In conclusion, by the previous arguments, for all v € C§°(U)

(v, fo) = 0'(P*v) = (P*v,uq) = (v, Puy),

which finally gives Pug = fy on U.
O

We can thus rephrase the definition of H* to H* local solvability in terms of a
priori estimate in the following way.

Corollary 2.1.6 (Definition of local solvability via a priori estimates). We have
that P is H* to H? locally solvable at xo € Q0 if there exists a compact set K C Q,
o € K =U, and a positive constant C' such that, for all u € C§*(U),

(2.1.1) ClP*u|_y > [u]_s.

We will often refer to (2.1.1) as the solvability estimate.

By using functional analysis arguments we proved that the previous statement, that
we take for simplicity as a definition, is equivalent to the formal Definition 2.1.2
given before. We choose to take it as a definition especially to remark that the local
solvability property of an operator is equivalent to an a priori estimate true for it. In
fact we will obtain our solvability results for P of the form (1.1.1), and also for the
other classes treated in this thesis, by proving some estimates of the form (2.1.1).
That is why the technique we use to prove the local solvability property is called
technique of a priori estimates.

It is important to remark that this is an extremely powerful tool. In fact, even
when a fundamental solution is available (that is, even if we now that an opera-
tor is solvable), it is difficult to control its properties, since its expression is not
always known. Therefore, once again, one can use this technique, because it gives
information both on the solvability and on the regularity properties of the operator.
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Remark 2.1.7. Observe that, given a hypoelliptic partial differential operator P, we
have that its formal adjoint P* is always locally solvable, due to the fact that the
solvability estimate (with suitable value of s and s') is always true for P*. This is
exactly the case when we consider the operator P equal to the Kannai operator, that
is, its formal adjoint P* is locally solvable due to the hypoellipticity property of P. In
particular P*, which is in the class (1.1.1), is also locally solvable in the neighborhood
of the set where the principal symbol of P changes sign, and this property, in this
case, comes from the hypoellipticity of P (which is hypoelliptic over the whole R™),
but can also be proved by using our solvability result given in Section 2.2.

However, the hypoellipticity property of an operator implies the local solvability of
the adjoint, but does not imply the local solvability of the operator itself. Therefore, it
18 restrictive to connect the solvability problem to the hypoellipticity problem, since, in
general, a locally solvable operator is not even the adjoint of a hypoelliptic operator.
This remarks the difference between the problem we study here and that analyzed in
[1] and [26], where the hypoellipticity property of operators of the form P*, with P of
the kind (1.1.1), is considered. Hence, in the context of the local solvability problem,
the solvability results we obtain for P in the class (1.1.1) are more general than the
solvability property that follows from the results in [1] and [26]. We shall see this
difference through an example in Subsection 2.2.1.

2.2 Solvability near S with odd degeneracy in the
real case: the statement

In this section we give the statement of the first result concerning the local solvability
of P of the form (1.1.1) around the set S = f~!(0) when p is odd in the real case. In
Section 2.9 we will also give the result in a more general setting, that is, when the
operators X; (1 < j < N) in the second order part of P are allowed to be complex.
The proof of the result in the real case is given in a slightly different way than in
the complex case. That is why we present the two statements separately (even if
the complex one generalizes the real one), since the tools we use in the real case, as
we shall remark later, could also work in a more general case, that is in presence of
pseudodifferential operators in the expression of P.

We recall here the setting of the problem using the notations introduced in Section
1.2.

Let 2 C R™ be open. Let ay,...,ay € C®(£2;R"™) and consider the homogeneous
first order partial differential operators with real smooth coefficients, and hence no
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zeroth order term,
Xj=X;(z,D) = (o;(z), D), 0<j<N,

where D = (D1,Ds,...,Dy), Dj = —id,,, and (v,w) = > ,vaw, (Hence, the
iX;(x, D) are smooth real vector fields.) Let also f € C*°(2;R) and ay € C*(2; C).
On 2 we consider the second order operator

N
(2.2.2) P=>" X;f*X; +iXo+ ap,
j=1
where k£ > 0 is an integer.
Our goal is to prove that operators of this form are locally solvable around the
set S := f71(0). Note also that in this case we deal with an operator with odd

degeneracy, since we assumed S to be different from the empty set.
Recall that we suppose (see Section 1.2 for details and notation):

(H1) iXof(x) >0 for allz € S := f~1(0) # 0;
(H2) Forallj=1,...,N and for all compact K C Q) there exists C ; > 0 such that

N
{X, Xo}(2,€)” < Ck; > Xj(,€)%, V(w,€) € K x (R);

J'=0

(H3) Given g € S, with 7~ (z0) X # 0, we have
rank M(p) > 2, Vp € n ' (zy) NI

After this summary about the hypotheses on the class described by P we are
ready to give the statement of the first result.

Theorem 2.2.1. Let the operator P in (2.2.2) satisfy hypotheses (H1) and (H2).

(i) Let k = 0. Then for all zg € S with 7= (zo) N X # 0 and at which hypothesis

(H3) is fulfilled, there exists a compact K C W with zo € U = K such that for
all v e H_l/z(Q) there exists u € L*(Q) solving Pu = v in U (hence we have

loc

H=2 to L? local solvability).

(it) Let k = 0. Then, for all zo € S for which 7='(xo) N X = O there exists a
compact K C Q with ty € U = K such that for all v € H }(S2) there exists
u € L*(Q) solving Pu=v in U (hence we have H=' to L? local solvability).
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(111) If k > 1 and xq is any given point of S, ork = 0 and xg € S (with 71 (x¢)NE #
() is such that (H3) is not satisfied at xo, then there exists a compact K C
with xg € U = K such that for all v € L} (Q) there exists u € L*(Q) solving

loc

Pu=wvinU (hence we have L* to L* local solvability).

As we said before, depending on the geometric relations among the vector fields
1X;, we clearly have a better kind of solvability when stronger conditions are satis-
fied. By Definition 2.1.6, we will have results in (), (i7) and (i77), when the a priori
estimate (2.1.1) is true with s’ = 0 and s respectively equal to s = —1/2, s = —1
and s = 0. These estimates are obtained starting from an estimate true for P*, that
we will call main estimate and which is proved in Section 2.3, involving an operator
that we will call Fy. Depending on the properties of Fy, related to hypotheses given
in (¢), (#4) and (4i7), we will be able to perform the Melin inequality, the Garding
inequality, and the Fefferman-Phong inequality respectively, gaining, this way, the
estimate (2.1.1) with different Sobolev norms.

Remark 2.2.2.

o Of course, hypothesis (H3) in Theorem 2.2.1 (i) is non-empty only when X # (),
that is, when the operator Z;V:o X7 X; 1s not elliptic. The elliptic case ¥ = 0
is covered by point (ii) of the theorem.

e Observe that we do not suppose that Xi(x,D),..., Xy(x, D) be non-singular
everywhere (that is, we do not assume that the vectors () # 0,1 < j < N,
for all x € §; this is not the case for Xy). Of course, the validity of hypothesis
(H3) permits only certain kinds of degeneracies of the vector fields.

e Note that, when k = 0, we can have different kind of solvability depending on
the point xo € S we are looking at. For instance, even if we always have L?* to
L? local solvability at each point of S, we can also have that, for some xy € S,
we are in case (i) or (ii) of Theorem 2.2.1, and thus we have more than L* to
L? local solvability around that point, that is, we have H='/? to L* or H™' to
L? local solvability.

e In general, our class of operators and assumptions are invariant under sym-
plectomorphisms induced by diffeomorphisms of the base manifold.

2.2.1 Examples

We give here some example of operators in the class described by (1.1.1), showing
how Theorem 2.2.1 applies on different operators with odd degeneracy. We shall
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observe that when the odd exponent is p = 1 different possibilities do arise. A case
when p = 1 is also treated in order to show the generality of our solvability result with
respect to the solvability as a consequence of the hypoellipticity property obtained
in [26].

Example 2.2.3. Consider R? with coordinates z = (1, x3) (it will be then immedi-
ately clear to the reader how to generalize the example to the case © = (21, x9,2') €
R+ with n/ > 1). Let g = g(x2) = 1 + 23, and f(x) = 21 — (25 + 23/3). Consider

the 2 x 2 symmetric matrix A(z) = [aj;(2)]i<jji<o = { i 1}9 } . Then A(z) > 0
and dim Ker A(x) = 1 for all x € R?. Consider

P= i D; (f(x)QkHajj/(x)Dj/) +iXo(x, D) + ao(x),

J'=1

where Xo(x,&) = &y + &/g(x2), with a > 1 a constant. Consider the orthogonal
projection IT; (z): R? — Ker A(z)*. Then we may consider the smooth nonnegative

square root Ay s(z) of A(z) (it is easily seen that Ay, = /g/(1+ ¢g?) A) and define
the symbols X;(z,¢), 7 = 1,2, by

wtemin[§]- 58]

so that

9 12)&1 + & 9(x2)&1 + &2
=g X
1+gx2)2’ 2(®, é)\/ ) 1+ g(22)?

We shall also put X (x,&) = g(x2)& + &, and write X; =: ¢; X, j = 1,2. Hence

(AW@E,E) = Xi(@,6) + Xa(a, O, V(x.€) € T'R?,
and
2
P=>"X;f*X; +iXo+ ap.
j=1
Now, since {Xo, X;} = {Xo, 9;} X + g;{Xo, X}, to check whether (H2) holds or not,
it suffices to study {Xo, X}. We have (using the fact that g = g(x2))

(2.2.3) {Xo, X}, §) = {a& + é,g& + &) = {EZ’QQ}

X(x,¢).
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Hence (H2) holds. We finally deal with (H1): we have
iXof(x)=a—1>0

by assumption. Since hypothesis (H3) cannot hold at any point (notice that the
Hamilton vector fields Hx, and Hy, are always linearly dependent, that the Hamilton
vector fields Hx and Hy, are linearly independent, but that {X,, X} = 0 on the set
{X = 0}), Theorem 2.2.1 yields local solvability in L? near f~!(0) for all & > 0. In
this case we have that the vector fields iX; and X, are tangent to f~1(0).

Observe that the condition @ > 1 makes the vector field i Xy transverse to f~1(0).

Observe also that in this example hypothesis (H2) holds because of the stronger
property { Xo, X} = p(z)X, with g smooth. This is not by chance. As a consequence
of Lemma 1.1.2 one has that, for instance when N = 1 as in this example, near a non-
singular point xg of X (that is a point at which X # 0 as a vector field), hypothesis
(H2) is equivalent to the existence of a smooth u such that {Xo, X} = p(x)X.

Example 2.2.4. The second example is an elaboration of the first one. We take the
operator

2
P=>" X;f*X; +iXo+ ao,
j=1
where X; and X, are as in Example 2.2.3, and where this time f(z) = z; +zy+25/3
and Xy(z,€) = a(r)X(z,£), @ smooth with a(x) > 0 on f~1(0). Hypothesis (H1) is
readily seen to be satisfied, and the same holds for hypothesis (H2), because X, X
and X5 are all multiples of X. Since hypothesis (H3) cannot hold at any point for
all k > 0 and since ¥ # @) over f~1(0), we then have local solvability of P in L? near
f71(0). In this case the vector fields iX; and X, are not tangent to f~1(0).

Example 2.2.5. As a third example, consider in R? with coordinates x = (1, o, 73)
the vector fields ¢ X, 1X5 and X3 where (recall that D = —i0)

e e
X, = D,, — ngg, X, =D,, + ng X5 = D,,.

The vector fields iX;,iX5,iX3 realize a Heisenberg group structure on R3. Let

Xo(z, D) = aXs(z, D), where o > 0 is a constant. Let f(z) = x3 — (23 + 23).

2
Consider the operator P = ZX;fXj +iXo + ag (which is a sort of degenerate
j=1
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sub-Laplacian). One immediately sees that iX,f(z) = a > 0, for all x, and also that
hypothesis (H2) is trivially satisfied. Since ¥ = ¥g N X N Xy = @, we have that P
is H=' to L? locally solvable near f~1(0), that is (recall), for all zg € f~1(0) there
exists a compact K containing z in its interior U such that for all v € H,_! we may
find w € L2 (Q) solving Pu=v in U.

loc

Remark 2.2.6. Note that in Example 2.2.5 we have iX,f = —2x; — x5/2, so that
it is not always zero on f~(0). Hence, Akamatsu’s hypoellipticity condition (see [1])
on the system of vector fields Xy, fX1,..., fXn does not always hold in this case.

Example 2.2.7. In the last example we show an instance in which hypothesis (H3)
is not identically satisfied, changing therefore the solvability according to where
7 (zg), with 2o € f71(0), is located with respect to 3. Consider in R3 with co-
ordinates x = (1, x2,3) an open set €2 which contains the plain z; = —1 and the
first order operators X;(z, D), 1 < j < 3, with symbols

Xi(x,8) = & — w83, Xo(2,8) = (1 +21)83, X3(2,8) = & — 71,
Let Q, :=={zx € Q; 1> —1} and Q_ = {x € Q; x; < —1}. We then have
(2.2.4) {X1,X3} = —Xo, {X1,Xo} =2+121)&, {X2, X3} =0.
Let then f(z) = zy + 23/3 — 1123 and Xo(z, D) = X3(z, D), say. Consider the

2

operator P = ZX;-‘fXj + 11Xy + ag. Notice that, because of the choice of €2, the
j=1

characteristic set ¥ (see (1.1.2)) is such that we always have & # 0 for points

(x,€) € X, and

() =) T =0,
(ii) while if zg = (—1,29,29) € Q, then

T (w0) NE = {(20,§) € T"Q\ 0; & = a88s, & = =&, & # 0}

Hence, in case (ii), in the fiber over f~1(0) N Q2 we always find characteristic points.
It is readily seen that iXyf(z) = 1+ 22 + 23 > 0 for all z, so that hypothesis (H1)
is fulfilled. Hypothesis (H2) is satisfied everywhere in view of the first and third
of relations (2.2.4). As for (H3), in view of case (i) we have that, if W C Q is a
(connected) neighborhood of zg = (2% = —1,29,2%), on #=1(W) N ¥ the Hamilton
vector fields Hy,, Hx, and Hy, are linearly independent and the relations (2.2.4)
grant the validity of (H3) at xg. Therefore:
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o if vo = (29,29, 293) € f71(0) N Q4 (case (1)) we have H™! to L? local solvability
near o,

e whereas if 7o € {x € QN f71(0); z; = —1} (case (ii)) we have H~/2 to L?
local solvability in ) near xg.

Example 2.2.8. This example shows that the class considered contains also opera-
tors whose adjoint is not hypoelliptic. Let g € C5°(R,R) with g # 0 and ¢(0) # 0.
Let 1 < k € N and let

L=1iD,, — (x5 — g(x1))*D? , (z1,25) =2 € R x R.

x1?

By Zuily [26], L is (C*) hypoelliptic iff & # 1, whence for such values of k the
operator L* is locally solvable. Put

Xo = Dy, + kg'(21)(22 — g(21))* ' Dy, X1 = Dy,

f(2) = 22— g(m),  aolx) = ka%(g'(xl)(xg @),
and let

P=Xf*X, +iX,+ ao.

Then P* = —L, whence for k > 1 the operator P is locally solvable because of the
hypoellipticity of L. However, when k = 1 and supposing that |¢'(z1)| < ¢ > 1 for
all 1, one has from Theorem 2.2.1 that P is H~! to L? locally solvable near f~1(0),
since in this case we have that ¥ = (), the vector fields i X, and X, being linearly
independent.

It is important to remark that this example shows that Theorem 2.2.1 covers cases
which are not covered by Zuily’s hypoellipticity results in [26]: the operator P when
k=1is H' to L? locally solvable near f~!(0) even if P* is not hypoelliptic.

2.3 The main estimate

As mentioned earlier, the technique of a priori estimates represents the method we
use to treat the solvability problem for P of the form (1.1.1). The starting point to
obtain the solvability result when the exponent p is odd, both in the real and in the
complex case, is given by an estimate that we shall call main estimate. This section
is therefore devoted to the proof of the main estimate stated in the Proposition 2.3.1
given below.

Recall that throughout we denote by (-,-) and | - ||o, respectively, the L? inner
product and norm, and by K the interior of K.
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Proposition 2.3.1. [Main Estimate] Let P be as in (2.2.2) and satisfy (H1). For
all xy € S there exists a compact Ko C §2, with xg € lo(o, constants ¢ = ¢(Ky),C =
C(Ky) > 0 and g9 = o(Ky) with eg(R) — 0 as the compact R\, {xo}, such that for
all compact K C K

1 ~
(2.3.5) |Pulf = S1Xoulf + e Po(a, Du,u) = Clulf,
for all uw € C§°(K), where
R N
(2:3.6) Py = X5 Xo+ Y (X; X, — 5 [X5, Xol* X, Xo).
j=1
Proof. In the first place we have X = Xy+dx,, where the function dx, := > _,_, Di(agy) =
—idiv(iXy) is smooth and taking values in iR, and for all compact K C Q
| X
(23.7)  |Prulg > §||(Z XX = iXguly — laolioe o lulf, Yu € C°(K).
j=1

For the first term in the right-hand side we have

N N
1O X7 X —iXg)uly = | X7 2 Xul3
j=1 j=1

N
HIXgul —2) " Re(X7 fH Xju, iXgu).

=1
Next, we have (1 < j < N)

—2Re( X [P Xju, iXju) = —2Im (X7 [ Xju, Xju),
and consider
(X7 2 Xu, Xou) = (f*7 Xju, XoXju) + (f*7 Xju, [X;, Xolu).
One has
2ilm (2 Xu, XoXju) = (7 Xju, XoXu) — (XoXju, £ X u)

= (Xg [ Xju, Xju) — (XoXju, f7 Xju)
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= (dx, [ X, Xju) + ([Xo, 251 X0, Xju)
+(f2k+1X0Xju, XJ'LL) — (X()XJU, f2k+1XjU)
= (dxo [* 1 Xju, Xju) —i(2k + 1) (X0 f) [ Xju, Xju),
where it is important to observe that the latter term is purely imaginary. Therefore

! ok 1+ 1
Im( 244 X, XoXu) = 5-(dx, /1 X, Xu) — +

(1 Xof) [ Xju, Xju)

2k +1

= %Im(dXO X u, Xju) — (i Xof) [ Xju, X;u),
and
Im(X f Xu, Xju)
= Im( X u, X;(dxyu)) + Im(F2 X u, XoXu) + Im( 22 Xu, (X5, Xo]u)
= Im( X u, (Xjdx, )u) + Im(F2 X u, dx, Xu) + %Im(dXo FRXu, Xu)

2k +1
2

(F* (i X0 ) Xyu, Xyu) + Im(f21 X u, [X;, Xolu)

2k +1

— Im(f2k+1Xju, (Xjdx,)u) — 5

(f2k<iX0f)Xju, X]U)

1
—ilm(dxo PR XGu, Xu) + Im( 2 X u, [X, Xo|u).

We may thus choose a compact Ky C {2 containing zy € S in its interior such that
1 Xof | K,= C0 > 0. We therefore have that for any given compact K C K, with

xo € K and for all u € C{°(K)
—2Im(X; f X u, Xgu) > (2k + 1)((0 X0 f) f* Xju, f*Xju)
=2 flzoe o) | F* X | oo (a0 | £ X gl Nuello = 2] £l oo a0y | £ X jullo | F5 (X5, XoJulo
—ldxo o ) | | e ) | F* Xl

> (2 + 1) [eo = |l (1 Xl cac + I laoe oy + 1) | (X5 7% X0, u)

e (15, Ko P41, Ko, ) = Lo e L X e el
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Since | f|reo(x)y = 0 as K N\ {0}, we shrink K around zy, keeping x in its interior,
so as to have

Co

o = | ooy (I X sl Doy + Do limieyy 1) 2 2(2k + 1)

and may choose

co 1
238) 0 = <oFa) = 11 g/ VG 1= min(5. 9)

Observe that in general eg(R) — 0 as the compact R N\, {xo}. Therefore, once we
fix Ko with the above properties, then for all compact K C Ky

N
Pruly > S1Xul3 + e S0 14X, — 3, Xal P41, X, u)

j=1
—ceal f* Xjdxo | Lo oy [ulls — laol s (i) lulls, Vu € C5°(K).

Since | Xgul?2 > | Xoul3/2 — ||dX0||200(K0)Hu||8 for all u € C§°(K), and ¢ < 1/8, we
finally get the desired inequality. O

We have the following corollary of hypothesis (H2) and Proposition 2.3.1 which
will be fundamental.

Corollary 2.3.2. Let K be the compact of Proposition 2.3.1. We may shrink K,
around xy € S to a compact containing o in its interior (that we keep denoting by
Ky), in such a way that the principal symbol

Po(x,€) == Xo(z,€)? 2ki( 50{ Xo}(%f)z)

of Py is nonnegative for all (z,€) € 7Y (K,), where (recall) gg = o(Kyo) is given
in (2.3.8). We actually have that for a suitable constant C > 0 (depending only on
Ky)

o~ (X2+f2kZX2>§ < <X2+f2kZX2> (,6) € 7Y (Ky).

Jj=1 Jj=1
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Proof. The proof is an immediate consequence of the equality

N

Xolw, €)% + F(@)% D (X;(2,€) — (X, Xo}(z,€)?)

J=1

= (1= F(@)*) Xolw, &) + F()* D (X (@, 6)" = (X, Xo}(@.6)°).

j=0

]

Remark 2.3.3. From the corollary it follows that if we consider the parameter-
dependent family

N
Poe = X5 Xo+ > (X5 X, — 21X, Xo]* X5, X)),

J=1

where we now allow € to vary in R, then for all compact K C Ky and all |e| < eo(Ky),
we still have that

N
Poc(x,€) = Xg + [ (X7 — (X}, Xo}%) > 0, V(z,&) € 7 (K),
j=1

where py . s the principal symbol of ID\O,E. Notice that 180 = 180750 (see (2.3.6) ).

It is clear that in order to obtain the solvability estimate (2.1.1) starting from
the main estimate (2.3.5) we need to estimate from below (Pyu,u) and |Xouo, and
then cancel the L*-error given by —C'u|3. Since by condition (H1) the vector field
iXy is nondegenerate around S = f~1(0), we can use a Poincaré inequality for non-
degenerate vector fields to estimate this term from below. A version of the Poincaré
inequality for nondegenerate vector fields is given in Appendix A.

Recalling that point (i) of Theorem 2.2.1 gives H~'/2 to L? local solvability, then,
in this case, we need to gain a H'/? Sobolev norm from the term (ﬁou, u), since the
Poincaré inequality for X, just gives an estimate between L? norms. Likewise, point
(ii) of Theorem 2.2.1 requires the gain of a H' Sobolev norm, while in the case (iii) we
just need to estimate (ﬁou, u) from below with a L? norm to recover the solvability
estimate.

Before giving the proof of Theorem 2.2.1, we focus our attention on condition (H3)
and on its connection with the estimate true for 180 in this particular case, that is the
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Melin inequality. We also show the equivalence of (H3) and the Hérmander condition
at step 2, which gives the same result as the Melin inequality (but requiring a stronger
condition). Afterwards, we will prove that the Fefferman-Phong inequality always
holds for ﬁo (by suitably shrinking the compact K, around zo € S), and finally we
give the proof of Theorem 2.2.1 by combining the main estimate with the inequalities
true for F.

2.4 A focus on condition (H3)

In the last section we presented (as we shall see) the key point in the proof of Theorem
2.2.1, namely, the main estimate true for P* and involving a new operator that we
denoted by Fy. The second step to prove Theorem 2.2.1 consists in the analysis of
Py, that is, in particular, in finding some estimates satisfied by the latter. As said
earlier, different estimates hold for F, if we are under the hypotheses contained in
the case (i), (ii) or (iii) of Theorem 2.2.1.

In this section we focus our attention on condition (H3) required in (i), and we
will see that it has as a consequence the validity of the Melin inequality for ]30.

Thus, we suppose now to be under hypotheses of point (i) of Theorem 2.2.1, that
is, we analyze the solvability of P when k& = 0 around a point xy € S which satisfies
condition (H3), namely, z, is such that 771 (zo) (X # 0 and rank M (p) > 2 for all
p € 7 (xo) NX. Note that, if 771(z) (2 # 0, then there exists a sufficiently small
compact set K C (2, containing z in its interior U, such that rank M (p) > 2 for all
p € 7Y (U) NX. Therefore throughout we consider U = K (containing the point z
in which we have (H3)), where Kj is the compact of Corollary 2.3.2, namely, it is
such that py(z, £) in nonnegative on 7= *(Kj).

As we said before, the result in (i) strictly depends on the term (Pyu, u) in (2.3.5),
and in particular depends on the validity of the Melin inequality for ﬁo, since it allows
the gain of the H'/? Sobolev norm. Hence, provided the condition for the strong
Melin inequality (see Hormander [9], Thm. 22.3.2) holds, that is, if on 7= H(U) N Z
(which is then the characteristic set of py in U x (R™\ {0}), pp denoting the principal
symbol of Py), where py > 0, one has the (strong) Melin trace-+ condition

(2.4.9) sub(Py)(p) + Tr* F(p) >0, Vpen Y(U)NY,
then for all compact K' C U there exist constants ¢, C > 0 such that

(2.4.10) (Pou,u) > c||u||§/2 — Cul3, Yue C&(K').
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Here sub(]go) is the subprincipal symbol of ﬁo and Tr™F the positive trace of the
Hamilton map F' = Fp of Py (the linearization of the Hamilton flow of p, at the
characteristic points, also called fundamental matriz). All of them are symplectic
invariants of Py (see Hormander [11]). Notice that since P, is a differential operator,
symmetry yields that (2.4.9) is equivalent to

[sub(Py)(p)] < Te"F(p), pen '(U)N%.

Hypothesis (H3) will yield Tr™ F ‘ ) s 0, when U containing x is sufficiently

small, and since (as we shall see) sub(Po)} yns= O Melin’s condition (2.4.9) will
be fulfilled if (H3) holds. Therefore, in order to prove that (H3) implies the Melin
inequality for PO, we first prove that sub(Pg)‘ (s = 0 in the general case k > 0,
and not just when k£ = 0 (that is the case covered by (i) of Theorem 2.2.1).

Thus recall that ﬁo is given by

N
Py = XgXo+ (X7 X5 = X, Xol S, X))

J=1

N
= XoXo+ D0 ((FX)" (FX) — B0, Xol) (FF 1K X)) ).
j=1
and that the subprincipal part coincides with the first order part of its Weyl symbol,
that we denote by piy. Note that in our notation py stands for the total Weyl symbol,

and py for the principal symbol of ﬁo, which coincides with the principal symbol of
py. For short, we call po(x,&) the Weyl symbol of X(z, D), and p;(z,§), ¢;(z,€),
1 <j <N, the Weyl symbols of X;(x, D) and i[X}, Xo|(x, D) respectively, that is,

po(z, &) = e~ HD=De)/2 (x,&) = Xo(x, &) + ily,
pi(x, ) = e "PPIRIX (2 &) = Xj(x,€) + ity
gj(w,6) = e PPIR XS XoY(a,€) = { X, Xo}(, €) +iby,

where the (y,¢;, and b; are real, smooth functions, while X;(z,¢), 0 < j < N,
{X;, Xo}(x,€), 1 < j < N, are real symbols of order one contained in the symbol
class S*(2 x R™). Hence, once again as in the computation in Section 1.3, we have
that ]/?\6” = Z;V:O(ﬁj#p] - €3ij#qj'>, where qo = 0.

By virtue of the form of py, it suffices to compute in general (a; —icg)# (a1 i)
where a; € S1(Q x R") is a first order differential symbol with real coefficients and
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ap € S°(Q x R™) is a smooth real valued function of x. We have
((1/1 — iao)#(al + iao) = 011#041 —I— ial#ao — iag#al —|— Ozo#OZO

= o +i(a1ag — apay) + (smooth function in ),

whence

N
Py = X5 + f%Z(XJZ — eo{X;, Xo}?) + ro,
=1

where ry = r9(z) is a smooth real valued function over 2. Finally, since no first order
term is contained in the expression of py, we conclude that sub(Py) = 0 on 7-1(9),
and thus also on 77 1(U) N X.

Going back to the the (strong) Melin trace-+ condition on = (U) N3, we have
now that it is equivalent to

TrtF(p) >0, Ypern HU)NY,

therefore we have to prove that condition (H3) implies the previous inequality. So,
we take xg € S and work inside the compact Ky determined in Qorollary 2.3.2. Recall
that in this case we are supposing k = 0. Hence the operator B, acting on C§°(Kj),
is giVGIl by ﬁo = ZjVZO(X]*X] — 5(2)[Xj,X0]*[Xj,X0]), where Ep = Eo(Ko) >0 (see
(2.3.8); of course, [Xy, Xo|] = 0) and the principal symbol py of Py is nonnegative on
71(Kp). It makes hence sense to consider the Hamilton map F(p) of Py at points
p € ﬂfl(}o(o) N X. For simplicity, we will denote by F; the Hamilton map of the
operator ), X7 X and by F that of the operator »_[X}, Xo]*[X}, Xo]. Therefore

the Hamilton map of ﬁo, and the corresponding positive trace, are given respectively
by
F(p) = Fi(p) — e3F2(p), p e '(Ko) N,

and
T+ Fp) = T (Fi(p) - 3Fa(p) ).

Recall that the positive trace of a second order symbol is positively homogeneous of
degree 1 in the fibers.

We will show first the connection of (H3) to the condition Tr* F} > 0, and then
to the condition Tr*F > 0 (by suitably shrinking K, around zy € S). Finally we
will prove the invariance of (H3) under changes of the basis of the vector space
V(p) = Span{Ho(p),...,Hn(p)}, for p € . So, we start by showing that (H3)
yields Tr* Fy(p) > 0 for all p € 7= Y (W) N X,
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Since the principal symbol of Z]‘ X7 Xj is given by Zj X;(z, €)%, we have (denot-
ing by o the standard symplectic form on 77*(Q)

N
Fi(p)v =Y o(v, H;)H;, Vv e T, T

Jj=0

Let r = r(p) = 1 be the dimension of V(p), and let J = J(p), be a set of indices
such that {Hj(p)}jej is a basis of V(p), with #J = r. We then have

Hi(p) = Z’ij(P)Hk(P)a j&J,

keJ

so that we may write (dropping for a moment the dependence on p in the computa-
tions)

=
S

I
Mz

o(v, H)H; =Y o(v, H)H; + > _o(v, Hj)H,

7=0 jeJ j¢J
- Z o(v, Hy)H; +Z(Z%J v, Hy) ZWJH€>
JjE j¢J  ked ted
= Yo H)H;+ 3 (3w o, HHe
jeJ kled j¢J
=T =Tke
= Z (v, Hy)H; + ) Tuo(v, Hy)H,
kJled
= Z( o(v, Hj) +ZFJ;€U v Hk)>H
keJ
- Z( Fa(v,ﬁ))j>Hj,
eJ

where H is the column-vector with entries H;, j € J, and I' is the r x r matrix
[Ljkljkes. Obviously, I' is symmetric and nonnegative, for, if we denote by v the
(N 41 —7) x r matrix [Yrelgesogs, then I' = Tyy. It follows that I + I > 0 because,
denoting by (-,-) and | - | the inner product and norm in R",

(I +TD)w,w) = |w*+ Tw,w) > |w]*, Yw € R".
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Consider now the linear map

U(Uijl)
L=L(p): T,7°Q2> v+— : = [0(v, Hj)]jes € R",
U(U7er)

which is surjective with Ker L = Ker F}, and the linear map

G
T=Tp): R 3¢(=]|: |— (gj + (rg)j) H, € T,T*Q.
¢ | e

Since T¢ = >, ;,(I+1')¢);H; and I+T" > 0 we get that 7' is injective and surjective
onto Im F}, that is, T: R" — Im F} is an isomorphism (for each p € X). It is now
easy to see, recalling from Section 1.2 the skew-symmetric r x r matrix M (see
(1.1.3)), that

(LoT)=—-M{I+T), (ToL)v=Fu.

Therefore, considering the complexified linear transformations,
(2.4.11) Flo=M <= (ToL)v=M\v,

for A € C and v # 0 in the complexified CT,7*Q) = C ® T,T*Q) of T,,T*(). Hence, to
study the purely imaginary eigenvalues in the spectrum of F; we may use the map
T o L. Since the eigenvectors of F; must belong to the complex vector space Clm F},
we may take v of the form v = T'¢, ( € C", so that the eigenvalue problem (2.4.11)
becomes

T(LoT)( =\M( <= —M(I +T)( =\,

which, by the positivity of I 4+ I' and setting w := (I + I')/2¢, is in turn equivalent
to
—(I+D)Y2MI + 1) = dw, w#0.

Hence Tr* F} = Tr'(—(I + I)Y2M (I +T)"?), and if rank M > 2 then Tr"(—(I +
[)Y2M (I +T)?) > 0 and the same holds for F;. This shows the connection of (H3)
to Tr™ Fy > 0.

We next show the connection of (H3) to Tr* F' > 0 (recall that k = 0).

Lemma 2.4.1. Let xy € S be such that (H3) holds. We may then shrink Ky to a
compact containing xo in its interior, that we keep denoting by Ko, in such a way
that Tr" F(p) > 0 for all p € 7 Y(Ky) N .
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Proof. Since our argument is perturbative, it will be convenient to let ¢ vary and
consider the family 16075, le| < eo(Kp), introduced in Remark 2.3.3. We may therefore
consider the Hamilton map F'(p, €) of py . at points p € W_I(IO(O)HZ, for |e| < eo(Ky).
Hence

F(p,e) = Fi(p) — " Fa(p), p € %, |e] < e(Ko),

Tr F(p,e) =Tr" (Fl(p) - 62Fz(p)>7

and, for e = 0,
Trt F(p,0) = Tr" Fi(p).

We now observe the following. With U = Ky, let py € 7 {(U) NS =: Sy (the
piece of ¥ over U) with o = m(pg) € S, and suppose that py is a point such that
Tr" Fi(po) > 0. By the continuity of (p,e) — Tr*F(p,e), there exist 0 < §y <
£0(Kyp) and a conic (in the fibers) neighborhood # (py) C Xy of py with a relatively
compact base (containing z in its interior), such that

Trt F(p,e) > Trt Fi(po)/2, V(p,e) € # (po) X (=0, ).

Let next W C U be a neighborhood of z, € S on which (H3) holds. For all p €
7Y (W) N Y we may find a conic neighborhood # (p) C Yy and 0 < § < go(Kyp),
such that Tr* F(p/,&') > TrtFy(p)/2 for all (p/,€') € # (p) x (—4,0). Take then a
compact K C W containing zg in its interior, and consider 7—!(K) N S*¥, where
S = {(x,€) € ; |£| = 1} is the cosphere of 3. Since 77 H(K) N $*T = {(,¢) €
K xS" ' X;(z,6) =0, 0 <j < N} is compact, we may find an integer Ny > 1, a
family {(p,, 0,) h1<v<n, With p, € 771(K)N S*Y and §, > 0, and conic neighborhoods
W (p,) C By as above, 1 < v < Ny, that form an open covering of 7~!(K) N'Y and
for which Tr" F(p,e) > 0 for all (p,e) € # (p,) x (=0,,6,), for all v = 1,..., No.
Therefore for all p € 771(K) N X and |g] < Opin = min{dy,...,0n,} < o(Ky) we
have that Tr* F(p,e) > 0. To conclude, we must shrink K, if necessary, in such a
way that £9(K) < dmin. This is possible by Proposition 2.3.1. Thus for the positive
trace of the Hamilton map of the operator Py acting on Cs°(K), we have Trt F(p) =
TlrJrF@p7 g9) > 0 for all p € 7~ 1(K) N 3. This shows that we may shrink Ky, with
T € Ky, in such a way that (H3) implies Tr"F > 0 on 77 1(Kp) N X. O

Due to the vanishing of the subprincipal symbol, we have that Lemma 2.4.1 gives
the validity of the (strong) Melin trace-+condition for Py, therefore, together with
the positivity of py(z, &), we get the following corollary.

Corollary 2.4.2 (Melin Inequality for ]30). Let xg € S be such that (H3) holds at
xo, and let Py be as in (2.3.6). Then there exists a compact set Ky C Q containing
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xo in its interior such that, for all K C Ky, there exist two positive constants ¢ and

C such that
(2.4.12) (Pou,u) > cHqu/z —Clul3, Vue€ CP(K).
We finally show the invariance of hypothesis (H3).

Lemma 2.4.3. For all p € X, hypothesis (H3) does not depend on the choice of the
basis of V(p) = Span{Hy(p), ..., Hx(p)}.

Proof. We keep p € ¥ fixed, and therefore drop it in the computations. Denote
henceforth by J and J', with #J = #J = r, two sets of indices such that H =
{H;}jes and H = {H} } e are two distinct bases of V. We shall prove that, denoting
by M’ the skew-symmetric r x r matrix [{X;, X}, e,

rank M = rank M’,
and
Spec((I +T)Y2M(I 4+ T)?) = Spec((I +T")2M'(I +T")/?),

where IV is the symmetric r» X r matrix constructed using the basis H’. Denote also
by T" and L’ the linear maps corresponding to the basis H'. Since H’ is another basis
of V, there esists an invertible r x r matrix S = [sy;]resr jes such that

Hy =Y syH, Vjel.
keJ’
But then we have
Mjg = O'(Hj, Hg) = Z Skjsk’éo-(Hka Hk/) = (tSM,S)jg,
kk'eJ’
that is
(2.4.13) M ="'SM'S,

which proves, S being an isomorphism, that M and M’ have the same rank at each
fixed p.

We finally show the main property concerning the two matrices M and M’, that
is, that either one can be equivalently used to compute the positive trace of Fi. In
the above framework, one has

N

Fiv = Za(v, H)H; = Z (U(U,Hj) + ZFng(U,Hg)>Hj.

j=0 jeJ teJ
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Therefore,

Fro =37 (Y suiow. B+ 30 3 s (v, 1)) 3 sy

JjeJ  keJ’ led ke’ heJ’
= Z Z Z SkjSth'(U7 Hk)Hh + Z Z ShjrngkIgO'(U, Hk/)Hh

heJ’ jeJ keJ’ hk'€J! jLe
=Y (S'So(v, H"),Hy+ Y (ST'So(v, H')), H,
heJ’ heJ’
- Z (I +1)So(v, H ))hHh,
heJ’

where H’ is the column vector with entries H;, j € J'. Since we also have that

Fro=>Y (I+T)o(v,H)),H,

heJ’

we therefore get the relation
(2.4.14) SI+TD)S=1+T".

Hence, by (2.4.13) and (2.4.14), the eigenvalue equation Fyv = v is equivalent to
—M(I+T1){ =X and to —M'(I +T")¢" = X', where ( = Tv and ’ = T"v, and this
concludes the proof of the lemma. O

2.4.1 Equivalence of (H3) and the Hormander condition at
step 2

We prove here the equivalence of hypothesis (H3) and the Hérmander condition at
step 2. The general Hormander condition at step r on a system of vector fields
{iX;}o<j<n yields an a priori estimate that we can use to derive the solvability
estimate (2.1.1) with s’ = 0 and s = —1/2. However, in order to use it to gain

a H'Y? Sobolev norm, we also need to use the Fefferman-Phong inequality on PO,
which is not required if we directly use the Melin inequality to get the result. This
is just one reason why the use of the Melin inequality is more efficient. The other
motivation is due to the fact that, as we shall see, the validity of the Fefferman-
Phong inequality in our case strictly depends on the vanishing of the subprincipal
symbol of Fy, while in the Melin inequality there is hope to control that part, in case
it is nonvanishing, with the positive trace of the fundamental matrix if the latter is
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nonzero. In general the sub(ﬁo) is nonvanishing in the complex case (i.e. when all
the vector fields i.X;, for all j # 0, are supposed to be complex) if no other conditions
are imposed. Moreover, the use of the Melin inequality is natural in the more general
context of pseudodifferential operators, so the previous approach is more suitable for
further generalizations of the result in the pseudodifferential setting. Anyway it is
interesting to observe the connection of (H3) with other geometric conditions on the
vector fields.

Given a system of vector fields {iX;}o<j<ny on an open set @ C R", we denote
by g({iX;})o<j<n the Lie algebra (over R) generated by the vector fields i.X; (with
respect to the usual commutation bracket [X,Y] = XY — Y X). In other words
9({iX;})o<j<n is the real vector space spanned by all the successive brackets of the
vector fields .X;. We then consider their symbols, so that at any given z € 2 we
can identify the vector fields (i.e. operators of the first order with no zeroth order
term) with linear forms on R™. This way, by freezing the coefficients of the vector
fields at a point zy € Q, we identify g({iX;})o<j<n (at x¢) with a linear subspace
Z(x) of the dual of R™ (which is R" itself), and we call rank of g at the point zg
the dimension of .Z(z).

Throughout we shall consider a general system of smooth real vector fields that
we denote by {i.X; }o<j<n, and we shall call bracket of length r a bracket of the form

X, XX i)l 0< g1y < N

Definition 2.4.4. We say that the system {iX;}o<;<n satisfies the Hormander
condition at step v at vy € Q if at xo we have rank g({iX;})o<j<n = n (i.e.
dim.Z(x¢) = n), and g({iX;})o<j<n is generated by all the successive brackets of
the vector fields i.X; up to length r.

Remark 2.4.5. Note that, if the system {iX;}o<j<n satisfies the Hormander con-
dition at step r at xo € €1, then we can find a neighborhood U of xy such that the
condition still holds in U.

Recall that X;(x,&) = (a;(z),§) denotes the symbol of the first order operator
X, 0<j <N, and, of course,

{X5, Xi} (2, &) = ([0, (), €)

is the symbol of the first order operator given by the commutator i[.X;, Xj].

Observe that, if the Hormander condition at step 2 is true for {iX;}o<j<n at a
point xo, then Span{iXo,...,iXn, [1X;,iXk], 0 < 5,k < N}(zo) = T,,2 or, equiva-
lently, Z(x) = Span{ag(zo), ..., an (o), [a;, ] (z0), 0 < j,k < N} = R™
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Now, for any given x € €2, let
L5 (x) = Spang{a;(z), [y, o] (x); 0 <74,k <N},

where % (z) C Z(x) in general, since we are considering just commutators of length
2 in the generating set, and let

{ail(x)7 cet 7O‘id(‘7;)7 [ajwo‘ke](x); 0</(< m}

be a basis for Z(z). In particular we choose d maximal, that is d = d(z) is the

.....

.....

linearly independent of «;,, ..., a;,. Then we consider
W (x) := Span{w, (z), ..., a;,(2)},

Wi(z) := Span{[a;,, ag,](x); 1 <€ <m, 0<j, ki <N},

such that
Lo(x) = W(x) @ Wi(x).
Note that
(,6) e C T\ e W(x)*, €#0,
and that
dim W (zp) <n {iX;}o<j<n satisfies the
dim %(zg) =n Hérmander condition at step 2 at xy.

Remark 2.4.6 (Equivalence of (H3) at xy and m(xzo) > 1). Recall that condition
(H3) is satisfied at a point xo when 7 {zo} N X # O and rank M(p) > 2 for all
p € mHxg} N'X. Moreover, due to the form of the matriz M, at any point p €
T*Q we have rank M(p) > 2 <= m(w(p)) > 1. In fact, to get that m(w(p)) > 1
is a sufficient condition to the rank of M(p) to be greater than 2, we can observe
that, if for some poy there is at least a pair j, k such that {X;, Xi}(po) # 0, that
is, if m(m(po)) > 1, then, by the skew-symmetry of M, we have rank M (py) > 2.
Conwversely, if rank M (pg) > 2 for some py, then, trivially, one gets m(m(pg)) > 1.
Whence, by the previous argument, we get (H3) at xy <= m(xy) > 1.

Remark 2.4.7. If 771 (zo) N2 # 0, which is always the case when we are under
hypothesis (H3), then we have dim W (zg) < n (the case dim W (xy) = n is covered by
point (ii) of Theorem 2.2.1). In fact 71 (xo) N = {x} x (W (x9)\ {0}), therefore,
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if m™Hxo) N # 0, then dim W (zo)t > 1 and dim W (xy) < n. Conversely, if
dim W (xg) < n, then {xo} x (W (o)t \ {0}) =7 (o) N X # 0, thus

T Hwo) NE #0 < dimW(xo) < n.

Therefore Hormander’s condition at step 2 at xy (but not step 1, otherwise dim W (zg) =
n) for the system {iX;}o<j<n gives 7 (xo) N X # 0.

Lemma 2.4.8. If for some xy € Q we have 7 (zo) VT # 0 (i.e. dimW (zo) < n)
and dim % (xg) = n (i.e. if the Hormander condition at step 2 holds at xo for
{iX;}o<j<n ), then for every & € W(xg)t, € # 0, there exists j,k € {0,..., N} such
that

{ X5, X }H(xo, &) = ([ay, arl(20), §) # 0.

In other words,

{ dim W (o) < n = (H3) at xy.

dim % (o) =n
Proof. Otherwise we would have that there exists & € W (x)* \ {0} such that
& € Span{[ay, ay](m0); 0 < j k < N} C Wi(zo)*.

But then
0 75 50 € W(f]?o)J_ N Wl(fljo)J_ = XQ(I'Q)J_ = {0},

which is a contradiction. Therefore, since there is at least a pair j, k such that
{X;, Xi} (20, &) # 0, then m(zy) > 1 and (H3) follows by Remark 2.4.6. O

Lemma 2.4.9. Given zy € QQ we have that

dim W(zp) <n
(H3) at 9 = { dim % (z0) = n
Proof. Since (H3) holds at 2o when 7 (20) N X # (0 (see Definition 1.1.1 ), then, by
Remark 2.4.7, we have dim W (zy) < n.

Suppose now by contradiction that dim % (xo) = k < n. If d(xy) = k, that is
m(zy) = 0 <= Wi(zo) = {0}, then {X;, Xi}(z0,&) = 0 for all £ € W (xo)*, which
contradics (H3) and we are done.

Suppose then that d(zg) < k and m(zg) = k — d(zo) > 1. In this case we may
find 0 # & € W (xo) such that

<[aj£7 ak@](l'O)ng) = Oa Vil = 1a sy M,
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where {[a;,, ag,](z0) }o=1,..m is a basis of Wj(xg). This follows by writing
[ajl’.’&ke]('rO) = wy + wéa Wy € W(xo)l, wé € W(l’o),

where wy # 0 (for every ¢ = 1,...,m) by construction.

Since we supposed dim.%(xg) < n, then Span{wi,...,w,} S W(z)t (re-
call that dim Span{wy,...,w,} = m < n —d = dim W (zy)*), and W(xs) <
Span{w, ..., w, }+. It therefore suffices to take any given

0+# & € Wi(xg)t N Spanfwy, ..., wy,}"

to get that ([ay,, ok, ](20),&) = 0, V¢ = 1,...,m. But then, once more, it follows
that
{(X;, X }(20,&) =0, Vj,k=1,...,N,

again contradicting (H3). O
Lemma 2.4.8 and 2.4.9 therefore give the following proposition.

Proposition 2.4.10. We have that
) {sz}OgjgN .satzsﬁes the dim W () < n
Hormander condition at step 2 at vy <= dim () = n <= (H3) at xy.
(but not step 1) A0S

The equivalence given in the previous proposition allows us to prove the solvabil-
ity estimate (2.1.1) with s = 0 and s = —1/2 by using the following Hérmander
inequality.

Proposition 2.4.11. Let Q C R™ and {iX,}o<j<n be a system of vector fields over
Q satisfying the Hormander condition at step r at a point xo € ). Then there

exists a neighborhood U C Q) of o and a positive constant C(r,U), such that, for all
ue Ce(U),

N
(2.4.15) [ulf), < CQ_ 1Xullg + Jul).

J=0

The use of (2.4.15) permits to derive for Py the same estimate given by the Melin
inequality, since, in our case, a condition at step 2 is satisfied. However, in order
to do that, we also need to apply the Fefferman-Phong inequality on Fy, which is
always true in virtue of the form of F,, that is, in particular, due to the vanishing of
its subprincipal symbol.
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Therefore, before giving a complete description of the procedure consisting in the
use of the Hormander inequality, we first prove in the next section the Fefferman-
Phong inequality (see [7] and [9]) for P, which is also needed in the proof of the
general case (iii) of Theorem 2.2.1.

2.5 The Fefferman-Phong inequality for }A’O

This section is devoted to the proof of the Fefferman-Phong inequality for the oper-
ator Py involved in the main estimate (when k > 0), where, recall,

N
Py=X;Xo+ Y (X7 f*X; — 5[X;, Xo]" FHX;, Xo)).

J=1

The estimate we are going to prove represents a powerful instrument in the proof of
Theorem 2.2.1, since it holds just requiring conditions (H1) and (H2) on the system
of vector fields {i.X;}o<j<n contained in the expression of P and Py, and in general
in presence of an exponent k£ > 0.

Note that we have stronger results for P, that is, we have more than L? to L? local
solvability around S, only when £ = 0, and also by requiring additional conditions
on {i.Xj}o<j<n-

Recall also that we are studying the local solvability of P around S, thus all our
statements are local around each xg € S. In particular, we are now working in the
compact set Ky of Corollary 2.3.2, which is chosen in such a way that py(z,§) in
nonnegative on 7 1(Kj), and which is also such that our main estimate holds for all
u e CSO(K())

Lemma 2.5.1. We may shrink Ky to a compact containing xo in its interior, that
we keep denoting by Ky, so as to have that for any given k > 0 there exists C' > 0
such that R

(Pou,u) > —Clul?, Yu € C°(Ky).

Proof. Recall that in 160 we fixed g9 = £q(Kp) so that py is nonnegative on 7 (Kj).
By shrinking K, around =z, keeping z( in its interior, and then considering a com-
pact neighborhood K|, of Ky, we may suppose that py is nonnegative on the big-
ger set 7! (KY). Observe that [X;(x, D), Xo(z, D)] = (1/i){X}, Xo}(x, D), and that
of course [Xo(z, D), Xo(x,D)] = 0. The plan is to be in a position to apply the
Fefferman-Phong inequality. To this purpose we extend ﬁo to an operator with sym-
bol in 57 o(R™ x R™). We shall then be able to use the Weyl calculus and finish the
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proof. Let henceforth x € C§°(K() with x = 1 near Ky and 0 < x < 1, and let
L;i(z,D) = f*xX;(z,D), B;(x,D)= f*x[X;(z,D), Xo(x,D)], 1 <j <N,

LO(xa D) = XX(](Z‘,D), Bo(ZL’, D) = 0.

Then, with OPS™(R") denoting the space of pseudodifferential operators (i dos, for
short) whose symbols are in ST, (R" x R"), we clearly have that L;(z, D), B;(x, D),
0 < j < N, all belong to OPS*(R"). Furthermore, for all p € C§°(K,) we have
Lo(z, D) = Xo(x, D)y and

Lj(xa D)SO = kaj(xv D)907 Bj(x7 D)SO = fk[Xj(xa D)? XO(xa D)]@a
for all j. The same holds for their (formal) adjoints. Set
N
A=Y "(L;L; - £4B; B;) € OPS*(R")
=0

(where By = 0). Since the L; and B; are local operators (that is, they decrease
supports), as well as the X; and Xy, we get that

Pop = Ap, Vg € CP(K).

With Lg(z, &) = x(x)Xo(z, &), resp. Bo(x,&) = 0, denoting the symbol of Ly(z, D),
resp. Bo(xz, D), and for 1 <j < N

Li(w,€) = f(a)"x(2)X;(,€), resp. By(x,€) = —if(x)*x(2){X;, Xo}(x,€)
denoting the symbol of L;(z, D), resp. Bj(z, D), let us now consider
po(,€) = e PP L (2, €) = x(w) Xo(,€) + il (),
and for 1< j < N
pj(x,8) = e PP L (. €) = f(x)* x(2)X;(x,€) + ity (),

gj(w,&) = ie”PoPIR Bz, €) = fa) x(2){X;, Xo}(w, ) + ibj(x),
where the ¢y, £;, and b; are real, smooth and supported in K||. Then (see Hormander

[11])
Li(z,D) = p} (v, D) =: P;, Bj(x, D)= —iqj(z,D) = —iQ;, Qo =0,



2.5. THE FEFFERMAN-PHONG INEQUALITY FOR Py 45

and

]
i

N
(P]*P] - EgQ;Qj Z pj#p] ) gg(q_j#qj)w(x7 D>)’
7=0

j=0

with # denoting the symbol composition in the Weyl calculus. Hence the differential
operator A = a"(x, D), where a = 3 (pj#p; — €54;#4;) € S7o(R" x R"). Moreover,

the principal part of a‘ 1K) is ﬁolﬂ We next write out the symbol a. By

~1(Ko)
virtue of the form of A, as we have already seen in Section 2.4, it suffices to compute
in general (a; — iao)#(al + iag) where ay € S} is a first order differential symbol
with real coefficients and «y € S?yo is a smooth compactly supported real valued

function of z. Recall that we have
(O-’l — iao)#(a1 + i&o) = 011#041 + z'al#ao — iag#a1 + (1/0#&0

= o +i(a1ag — apay) + (smooth function in ),

whence
N

= X5+ ) (EX] — 20X, Xo}) + o,

Jj=1

where ry = 7o(x) is a smooth real valued function compactly supported in K.
Therefore a(z,£) > —c for all (z,£) € R” x R" and we may apply the Fefferman-
Phong inequality. This concludes the proof. m

Remark 2.5.2. The validity of the Fefferman-Phong inequality for ]30 15 allowed by
the vanishing of sub(Py).

Recall that the Fefferman-Phong inequality holds for an operator P if its (global)
Weyl symbol p* (x, £) is such that there exists a positive constant C' for which p*(x, &) >
—C for all (z,£) € R" x R™.

In our case, since sub(ﬁo) = 0, the Weyl symbol py of ﬁo does not have part of
order one, thus, to get the required estimate for py, we control the principal part by
using Corollary 2.3.2. Conwversely, when the subprincipal part is nonzero, like, for
example, in the general complex case if no other conditions for the vanishing of the
subprincipal part are imposed, also the lower order part of the Weyl symbol counts
(the first order part is not zero anymore), thus one could not have the required control
of the symbol, and, consequently, the Fefferman-Phong inequality could be untrue.
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2.5.1 The use of the Hormander inequality on ]30

In Section 2.4.1 we proved that, given a system of smooth real vector fields {i.X; }o<;<n,
we have that condition (H3) at a point z is equivalent to the Hérmander condition
at step 2 at x for {iX;}o<;<n. In particular, by Proposition 2.4.11, this means that
the Hérmander inequality (2.4.15) holds for the system of vector fields. Moreover,
still in Section 2.4.1, we proved that when the odd exponent p = 2k + 1 in (1.1.1) is
equal to 1, that is when k& = 0, then if (H3) is satisfied at a point zy € S the Melin
inequality holds for ﬁo in a suitable neighborhood of xy.

In this subsection we finally show how to use the equivalence of (H3) and the
Hormander condition at step 2 and the Feffermann-Phong inequality to get for 130
the same result as the Melin inequality (recall, when k& = 0).

Let us consider a point zy € S such that (H3) is satisfied at xg, and let Kj be the
compact set given in Corollary 2.3.2 and containing z in its interior. Since we are
now in the case k = 0, we can rewrite the expression of Fy in (2.3.6) in the following
equivalent way:

N
1 . ~
=3 > XX, + Py(x,D),
j=0
where
. N
Py, D) = 3 (5% — <fXo, X' [Xo, X))
=0
Note that ]36 has exactly the same form of ﬁo, thus, possibly by shrinking the compact
set K around zy in such a way that Corollary 2.3.2 is true for P}, that is, in such a

way that now &2 is sufficiently small to get the control of the commutator part, we
can apply the Fefferman-Phong inequality on P so that, for all u € C5°(K)),

N
= 1
(Pou,u) = 5 Y (Xju, Xju) + (Fy(x, D)u, u) Z | X;ulls — Cllulg.

j=0

[\]

Since condition (H3) is true at xy, which is equivalent to say that the system
{iX;}o<j<n satisfies the Hérmander condition at step 2 at zy, then, possibly by
shrinking (again) K, around z, to a compact set that we keep denoting by Ky, we
can use the inequality (2.4.15) (with r = 2) to get, for all u € C§°(K)),

(ﬁﬂuﬂ u) > C/HUH%/Z - C//”U”g, Cl? " > 0,

which is the same estimate given by the Melin Inequality.
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Remark 2.5.3. The same procedure (still when k = 0) can be applied when the
system of vector fields satisfies the Hormander condition at step r # 2, which is not
related to condition (H3). In that case we can get a local solvability result for P in
(1.1.1) in the sense H'Y" to L2, which is clearly less than the one given by using the
Melin Inequality or, equivalently, by using a combination of the Fefferman-Phong
imequality and the Hormander condition at step 2. This generalization, given by the
combination of the Fefferman-Phong inequality and the Hormander condition at step
r, will be given in the statement of the general complex version of Theorem 2.2.1.

2.6 Solvability near S with odd degeneracy in the
real case: the proof

This section is devoted to the proof of Theorem 2.2.1 concerning the local solvability
of P of the form (1.1.1) around the set S when p is odd. As we shall see, the case p
even is solved in a different way than the odd case.

Recall also that around the set S the principal symbol of the operator changes
sign, therefore it is more difficult and interesting to study the local solvability here.

The proof of the theorem consists in the application of the results given in the
previous sections and subsections, therefore, by keeping all together these results in
a consistent way we get the proof given below.

Theorem 2.6.1. Let the operator P in (2.2.2) satisfy hypotheses (H1) and (H2).

(i) Let k =0. Then for all xg € S with 7" (x0) N X # O and at which hypothesis
(H3) is fulfilled, there exists a compact K C W with xo € U = K such that for

allv e H_I/Q(Q) there exists uw € L*(Q) solving Pu = v in U (hence we have

loc

H=Y2 to L? local solvability).

(ii) Let k = 0. Then, for all zg € S for which 7~ (x¢) N X = 0 there exists a
compact K C Q with vy € U = K such that for all v € H () there exists
u € L*(Q) solving Pu=v in U (hence we have H™ to L? local solvability).

(iii) Ifk > 1 and xq is any given point of S, ork = 0 and xg € S (with ! (x¢)NY #
0) is such that (H3) is not satisfied at xo, then there exists a compact K C Q
with g € U = K such that for all v € L2 (Q) there exists u € L*(Q) solving
Pu=wv1in U (hence we have L* to L* local solvability).

Proof. The starting point of the proof is given by the use of the main estimate.
Thus, by Proposition 2.3.1, for all zy € S there exists a compact Ky, C €2, with
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2o € Ky, constants ¢ = ¢(Ky), C = C(Kp) > 0 and gy = £o(Ky) with g9(R) — 0 as
the compact R ™\ {zo}, such that for all compact K C K

1 ~
(2.6.16) |Pulf = S| Xoulf + c( Po(a. Dyu, w) — Clul?,

for all u € C§°(Ky).

By the definition given in Corollary 2.1.6 we have that P of the form (1.1.1) is H®
to H* locally solvable at z, when there exists a compact set K C €, containing z,
in its interior K = U, such that, for all u € C5°(U), the solvability estimate (2.1.1)
is satisfied. Whence, in order to prove the result, the point is to pass from the main
estimate to the solvability estimate (2.1.1) with suitable values of s and s according
to the case (i), (ii) or (iii).

By using the inequalities proved for ﬁg, we have the following intermediate esti-
mate:

e For all compact K C Ky there are constants ¢; > 0 and C7 > 0 such that
* 1 oo
(2.6.17) | Prul§ > §||Xou||(2) +erful? = Cilulg, Vu e C5F(K),

where

(a) ¢4 >0 and s = 1/2, in case the hypotheses of point (i) of Theorem 2.2.1

are fulfilled so that we can apply in (2.6.16) the Melin inequality for P,
giwen in Corollary 2.4.2;

(b) 1 > 0 and s = 1, in case the hypotheses of point (ii) of Theorem 2.2.1
are fulfilled so that we can apply in (2.6. 16) the Garding inequality (see
[9], [14]) for Py (due to the ellipticity of P, );

(¢) ¢1 = 0 in case the hypotheses of point (iii) of Theorem 2.2.1 are fulfilled

so that we can apply in (2.6.16) the Fefferman-Phong inequality for 130
gwen in Lemma 2.5.1.

The final step to obtain the solvability estimate from (2.6.16) is to use the fact
that Xy # 0 near S and control all the L?-error terms by means of the following
Poincaré inquality (see Appendix A).

Lemma 2.6.2. We may shrink Ky around xy so that there exists Cy = Co(Ky) > 0
such that for all compact K C K,

(2.6.18) lulo < Cy diam(K) [ Xoulo, Vu € C°(K).
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Therefore, finally, we shrink K to that of Lemma 2.6.2 and it is important to
observe at this point that eg = €9(Ky) is finally fized in relation to Ky. There will
not be in fact any additional need to choose it again even if we will have to shrink
K, further around x.

We hence get that for all K C Ky (with ¢;, C; and C; the constants in the above
lemmas)

. 1 . 1 o0
|Prulf > (16— C1C3 diam(K)?) | Xoul§ + EIIXouII(% +ealull, Vue CF(K).
At last, we choose a compact K C Kj so as to have xy € K and

1
0 < diam(K)* <
< diam(K)* < 60,7

and get the estimate

1
16C2 diam (K)

(2.6.19) [P ul? > erfu)? + Sluls, Yu € CG°(K).

This completes the proof of the theorem. O

Remark 2.6.3. Observe that when we take the Sobolev exponent —s, s > 0, from
(2.6.18) we trivially get |u|_s < Cydiam(K)|Xoulo, for all uw € C§°(K), and hence
from (2.6.19) the estimate |P*u|o > C|u|_s, which proves the local solvability near
S of Pu = v, withv € H{_(Q) and u € L} (). Hence, we do have solvability in
Sobolev spaces with positive exponent s, but our approach loses a large number of

derivatives.

Remark 2.6.4. Observe that our method of proof yields also solvability near S but
outside of it.

2.7 Solvability near S with even degeneracy in the
real case

We show in this section that when the degeneracy carried by f is of even type, that
is, f2* we have L? to L? local solvability near S. We thus deal in this section with
the second order degenerate differential operator (for some integer k& > 1)

N
(2.7.2) P=>" X:f*X;+iXy+ ao,

j=1
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where the X, Xo,ap and f are as before. As for the main assumptions, we just
assume hypothesis (H4):

(H4) iXof(z) #0 forallz € S.

Recall that S = f~1(0) # 0, that D = —id, and that K denotes the interior part of
the set K.

Remark 2.7.1. Note that, in this case, the principal symbol of the operator does
not change sign in the neighborhood of the set S (more precisely, in the neighborhood
of the set 7=Y(S) that is the fiber of S). However, in order to give a complete
characterization of the class of degenerate operators we are considering, it is also
important to describe the local solvability property when the changing of sign of the
principal symbol does not occur, which corresponds to the case p = 2k.

In addition operators in (2.7.2) could exibhit a degeneracy due to the interplay of
the degeneracy of f and that of the system of vector fields {iX;}1<j<n (j #0), and,
consequently, the local solvability is not guaranted.

Theorem 2.7.2. Let the operator P in (2.7.2) satisfy hypothesis (H4). Then for all
xo € S there exists a compact K C Q with xg € U = K such that for all v € L2 _(Q)

loc

there exists u € L*(Q) solving Pu = v in U (hence we have L* to L* local solvability).

Proof. Since the reduction of the problem to the nonnegativity of an operator 130 is
not possible in this case, we shall prove the result through a Carleman estimate, that
is, for A € R and ¢ € Cg° we shall estimate |Re(P*p, e )| from below.

It will be useful to have the following lemma. Recall that our first order operators
X, 0 <j <N, have the form

Z(z,D) =Y ¢(x)Da,, G € CT(LR).
j=1

Hence
1 <~ 9¢;
Z(x, DY = Z(x, D - —1
(2. D) = 2x.D)+ 5 3 5o

where dz = div(iZ) € C*(;R) is the divergence of the real vector field iZ, which
is therefore real-valued. We need the following lemma.

Lemma 2.7.3. If g € C*(Q;R) and Z(x, D) is as above, we have the formula

(2.7.3) 2Re (Z¢,igp,) = (dzge, ) + ((iZ9)¢, @), Ve € O ().
(Observe that dz and iZg are both real-valued.)

(x) = Z(x,D) — idz(z),
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Proof (of the lemma). In fact,
(Zpyige) = (o, Z7(igy)) = (¢, —idzigp) + (¢, Z(igp))

= (¢, (iZg)e) — (Zp,igp) + (¢, dzgp)
= ((iZg)p,p) = (Zp,ige) + (dzge, ),
which proves formula (2.7.3). O

Let ko := sgn(iXof(xo)). We next fix a compact Ky C Q with zy € K, such that,
by virtue of (H4), we have

sgn(iXof(x)) = ko, and |iXof(z)] > |iXof(x0)|/2 =:co >0, Va € K.

Next, since P* = Zj\le X;.‘f%Xj —iX{ + ag, we have for all p € C§°(K)

N
Re (Prp,e M) = "Re (f* X0, X;(e7M p))
7j=1
—Re (Z'XS% e M) + Re (agp, e M)
N
= e Xels - 2AZ Re (f*X;p. (X;f)e M)
j=1

+Re (Xop,ie ™/ p) = Re (dxoso, e M o) + Re (dgp, e M p)
(by (2.7.3))

N
= lfre M X0l - 2AZ Re (f2* X0, (X, f)e"M )
j=1

1 _ . _ _ _ _
5 (dxpe Mo,p) = MiXof)e Mo, ) — Re (dx, 0, €M ) + Re (aop, e M)

N N
= eV XGels = 20D T Re (f* X 0, (X; e M)
=1 j=1

1

—g(dxoe‘”f ©,0) — M(iXof)e M g, ) + Re (agp, e M p),

whence it follows

(2.7.4) |Re (P*p, e_”fgp)| > Re (P*¢, 6_2’\ng)
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N N
= DI e M Xl — 20 ) Re (f* X 0, (X;f)e M)

j=1 j=1
1

—5 [@xoe™0,0) = Ao (i Xofle™ 0, 0) + KoRe (qop, €2V p).

Case kg = 1. In this case we take A = —|\| < 0 and get from (2.7.4), for any given
d > 0 and for all ¢ € C§°(K)),

N
[Re (P, ™M o) = (1= 6IA]) D /%M X0l

j=1

A i 15X £)e™ o) + co |)\]< [dxo o= o) + ||a0“L°°(K0)) [ o2
) = C0|)\‘ o

We next choose |[A| = Ao > 1 so large that 1 — Il reg) Hlaoleoouey) 1/2 and

coAo

d = o > 0 so small that 1 — dp\g > 1/2. Hence for every compact K C Ky and all
v € C(K) we have

* CoAo
Re (P, /)| > (200 - 20 Z 1 S 1 e ) e 1) ) I 1.
We now choose a compact K C Ky with zy € K such that

w1 Z 1 P M i 2

and get

ol | Pplofplo > Lellimo |ff, Vi € C(K),

whence the existence of a constant C' = coe~**l/le=u0) /4 > 0 such that

(2.7.5) [P ¢lo > Clelo, Vo € C5°(K).

Case kg = —1. In this case we take A = |A| > 0 and, by exactly the same consider-
ations we have just seen, get from (2.7.4) that for the same compact K determined
in the previous case and the same constant C' > 0 the local L?-solvability estimate
(2.7.5). This concludes the proof of the theorem. O
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Remark 2.7.4. It is interesting to see what one obtains by using this method in the
case the degeneracy p is of odd type, i.e. of the kind f***1, under assumption (H1).
N

Consider therefore P = Z X7 fPX; +iXo + ao, p odd, and write

j=1
N

Re(P*p,e M) = (X0, X;(e7M )

7j=1
—Re(iX5p, e M o) + Re(age M, e M)
N
= 3| Xp e Xp) 2A (P X, (X))

i (. .

:1 Vv vV
J = =:I2

+Re(Xop,ie"Mp) — Re(dx, v, e M ) + Re(age ™M @, e ).

The problem is now to use the Cauchy-Schwarz inequality to control Iy by I, which
must then necessarily be positive. But a term Il(]) i Iy is of the form

. 2
1 = [ plee s = [ sen(p)(1£172150l) P,
K K

and we have IV > 0 for any given ¢ € Ce(K) (recall that zy € K, so K has a
non-empty interior part) for sure in case

sgn(f) =1 almost everywhere in K.

Hence, the solvability estimate may still hold for large \ in case p is odd and (H1)
18 fulfilled only provided we choose very particular compact sets K, namely those
compact K that, roughly speaking, are concentrated (since f is smooth and has a
reqular zero-set) in the set f~1(0,+00).

2.8 Solvability off S in the real case

In this section we prove the L? to L? local solvability of P in the complement of S
in  (regardless the parity of p), so we consider, with p > 1 an integer,

N
(2.8.2) P=> " X;f'X;+iXy + ao.

Jj=1

The only assumption in this case is:
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(H5) For every xo € Q\ S there exists jo, 1 < jo < N, such that o, (o) # 0 (i.e.,
the vector field iX;, is nonsingular at x).

Remark 2.8.1. The principal symbol of an operator of the form (2.8.2) does not
change sign in a sufficiently small neighborhood of Q\S (to be precise, in a sufficiently
small neighborhood of m=1(Q \ S)). However, even if the degeneracy due to the
function f is not present here, the class described by (2.8.2) also contains degenerate
operators, since we do not impose nondegeneracy conditions on the system wvector

fields {iX;}h<jen (7 #0).

Theorem 2.8.2. Let the operator P in (2.8.2) satisfy hypothesis (H5). Then P is
L? to L? locally solvable in 2\ S.

Proof. Let o € 2\ S. Let U C 2\ S be an open connected neighborhood of z, on
which ¢X; is nonsingular for all x € U and take K, C U to be a connected compact,
with 29 € Kp, on which we have the Poincaré inequality (A.0.2) for iX,,, for all
compact sets K C K.

Since for all x € Ky we may write f(x) = sgn(f(zo))|f(x)|, we have

Vo € Ko, f(z)P = (sgn(f(20)))"|f(x)[? = kol f(2)]?,

where
| 1, if p is even,
07 sen(f(x0)), if pis odd.

Hence, on Ky, writing X := | f(z)|?/?X;, 1 < j < N (whence iX, is nonsingular as
well as 1.X;, on Kj), we have

N N
P = /{()ZX;(|f(x)|p/2)2Xj +1Xo 4+ ag = KJ()ZX;X]‘ + 1 Xo + ag.

J=1 J=1

We next choose g € C*°(U;R), and put 7 := max lg(x)|. By the same method we
TEKQ
followed in the preceding section, we have, for all ¢ € C§°(K)y),

N N
Re(koP*p, €*)] > > e X005 + 2 Re(X;, (X;9)e¥¢p)

J=1 J=1

K . _
—?O(dXoezg% ©) + ko((iX0g)e*p, p) + roRe(aop, €*9p)
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N N
1 - .
> v Xs0ls =2 1e°(X;9)¢l3
2
=1 j=1
1 , -
- <§"dXo | oo (ko) + 1X0g] oo (10) + ”CLOHLOO(KO)) lefelo
e
1 - -
> S Klf - (2 max 1Xjg1 ey +C ) el
-~

Now, using the Poincaré inequality (A.0.2) for iX,, we have that for a constant
Co = Co(Kp) > 0 and all compact K C Ky

1 . .
[Re(roP*p,e¢)| = ge™ 1 Codiam(K) |l — (C1 + Co)e”™plg

006_270
- diam(K)_2<T — diam(K )220 (Cy + @)) lol2, Vo € C2(K).
Hence, we may choose K C K, with xg € K such that
Cpe=20 . C
0 5 diam(K)?*e*°(Cy + Cy) > 46—20%,
whence o
* 27, 0 2 e8]
1P cloe™ el > Tmammralell Ve € G ().
that is,
Pl = bl Vi € CR(K)
Plo = 4etrodiam(K)? Plo, v 0 ’
which concludes the proof. O

2.9 0Odd degeneracy: the general complex case

In this section we wish to extend Theorem 2.2.1 to a case in which the vector fields are
complex. More precisely, we consider operators Xo(x, D), Xi(z, D), ..., Xn(z, D) as
before where i X (z, D) is real and satisfies (H1) but where the ¢.X;(z, D), ..., iXy(z, D)
are now allowed to be complez. So we write Xo(z,§) = (ap(z), ) and

Xj(l',é') = <C¥2j_1([[‘) + iO[Qj($),§>, Qqp, 01, ...,09N € C(X)(Q,]Rn)

Besides (H1) we shall assume:
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(H2') Forallj=1,...,N and for all compact K C Q there exists Ck ; > 0 such that

X5, Xo} (2, < Oy Y 1Xp (@, PP, V(w,€) € ' (K)\ 0

§/=0

(H3") For all compact K C ) there exists Cx > 0 such that
N N
D AL XM, OF < Ok ) 1X(, OF, V(@) € nH (K)\ 0;
j=1 =0
(H4") For all compact K C 2 there ezists Cx > 0 such that
N N
[ D AT X} X, Xo b, O < O Y 1X(2, )P W(w,€) € ! (K) \ 0.
j=1 =0

Remark 2.9.1. Note that condition (H}’) is, by the Jacobi identity, a condition on
commutators of length 4, that is of the kind [a, [b, [c, d]]]. In fact we have [[a, b], [c,d]] =
[CL, [ba [Ca d]]] o [ba [aa [Ca d]“

Given r > 1 an integer and x € {2, we denote by
Z(x) = Spang{ag(x), ..., aen(x),

[y [0Gys - [y, o, J](@); 0<gi,....jn <2N, 1<h<r}

the Lie algebra generated by the vector fields ay, ..., asy and their commutators of
length at most r at x. Hence, if dim.%Z.(z) = n at every point of (2, the sum of
squares of vector fields Z;V:O X7 X; satisfies the Hormander condition at step r and
hence we have the subelliptic estimate of Proposition 2.4.11, that we recall here this
way: For all compact K C ) there exists Cx > 0 such that

N
(2.9.3) ul?,, < C’K<(Z X7 Xju, ) + ||u||g), Yu € C(K).
=0

Notice that, once we have a compact K on which (2.9.3) holds, then the same
constant may be used for all compact K’ C K.
We shall prove in this section the following theorem (recall that S = f~1(0)).

Theorem 2.9.2. Let P be given as in (2.2.2) satisfying hypotheses (H1), (H2’),
(H3’) and (H4’) above.
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o [fk >0, then for all xzy € S there exists a compact K C ) with xy € K=U
such that L? to L? local solvability holds on U.

o [fk =0, suppose in addition that there exists r > 1 such that for all xq € S for
which w1 (xg) N X # () there exists a neighborhood W,, C Q of ¢ such that

(2.9.4) dim Z,.(z) = n, VYo e W,,.

Then for each xq € S there exists a compact K C Q with xy € K = U such
that we have H=Y" to L? solvability on U.

Of course, as we have already seen, at the points zy such that 771(zo) N X = () we
have H~! to L? local solvability. Therefore in proving the second part of Theorem
2.9.2 we may restrict ourselves to considering only points with fiber intersecting the
characteristic set ¥ of the system of first order operators (X, ..., Xy). The proof
will use the main estimate (2.3.5), which holds also in this case of complex vector
fields, the main point being that the symbol Xq(z, ) is still real, and a blend of the
subelliptic estimate and the Fefferman-Phong inequality to control the operator ﬁg
given in (2.3.6).

It will be convenient to have the following two lemmas, which extend the Fefferman-
Phong inequality in case of addition of first order operators, that will be stated
directly in the Weyl-Hormander calculus.

Lemma 2.9.3. Let g be a Hormander metric on R™ X R™ and let h be the associated
Planck’s function. Let py € S(h™2,g) and p, € S(h™L,g) be real symbols. Suppose
that there are constants cy, cy,co > 0 such that

pg(l’,f) > —Co, pl('x7€>2 < Cl(p2(x7£) + C2>7 V(l',f) € R" x R™
Then there ezists C > 0 such that p¥(x, D) + pY(xz, D) > —C.

Proof. We simply write

Po(2.6) + pr (1. €) = pol €) — PLB " (pl(:z:,S) .

C1 \/a 2

Thus, by using the hypothesis giving the control of p;(z, £)?, we get

oyt

&1

pa(7,8) +p1(7,8) > —co — ik —C,

therefore the Fefferman-Phong inequality holds for p¥ (x, D)+pYy (z, D) and the result
follows. 0
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Lemma 2.9.4. Let p; € S(h™',g), 0 < j < N. Suppose that py is real whereas

p1,...,pN are complex. Suppose there are constants Cy,Cy > 0 such that
N
(2) {pipo}P <C1 Y IpilP +Cay 1< <N;
3'=0

N N
(12) > {5 pi P <G pP + Cos
=1 §'=0

N N
(i) > {{pspod {ps o3P < Co Y lpy P+ Co.
j=1 J'=0

Put P; = p¥(z, D), Q; = {p;,po}"(x, D), 0 < j < N (note that Qo = 0). Then there
ezists e, € (0,1] and C' > 0 such that for all eg € (0,€,) we have

N

A:=a"(z,D) =Y (P[P —£Q;Q;) = —C.

J=0

Proof. By the calculus, we have P} P; = (p;ip;)™ (v, D), and likewise for Q3Q;. Since
_ 9 b
pitp; = Ip;|” — §{pj,pj} + 70,5,

. i -
{pj; po}t{pj, po} = |{pj7po}|2 - 5{{]9]‘,190}, {pj,po}} + 7“6,]-,
where the errors ry ;, T{M € S(1, g) are real-valued, we have that a = as + a; where

N

a2 =3 (Inil* = e3l{ps.m}?) € S(h2,g),

j=0

]

-3 Z({p],py — <8 {Tpspo} Apiso}}) + S(Lg) € (7", ).

Note that a; is r’eal—valued. For ¢ sufficiently small we thus have, for some constants

C1,C2,C3,Cq > 07
N N
2 2 2
>y pilP—c, di < Ipfft+a
j=0 7=0
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and hence c
a? < 2(ay + ) + cu.
C1
Therefore Lemma 2.9.3 yields the result. [

Remark 2.9.5. Note that, since ai(x,€) is not identically zero, the subprincipal
symbol of ﬁo is in general different from zero in the complex setting. In fact, in this
case, unlike the real one where the subprincipal symbol of Py is always zero, we need
additional hypotheses on the system of vector fields {iX;}o<j<n in order to apply

Lemma 2.9.3 and get the Fefferman-Phong inequality for Py, which is fundamental
to prove the local solvability result.

Proof of Theorem 2.9.2. The proof follows exactly the same lines of the proof of
Theorem 2.2.1. The main estimate (2.3.5) holds also in this complex case (by virtue
of the fact that Xo(z,&) is still supposed to be real), so that for all zy5 € S there
exists a compact Ky C Q with xg € [O(g, constants ¢, C' > 0 and g9 = g¢(Ky) > 0 as
in Proposition 2.3.1 such that for all compact K C K|

(2.9.5) [P*ulg > 2| Xoul§ + e(Pou, u) = Clulg, Vu € CF(K),

! |
8
where

N
o= 5+ 30 (X 740, — <46, 0 40 ] )

j=1

When k& = 0 (hence no f is present in the expression of ]30) we write
1o Al
(296)  Ro=3 XX+ 2(5){;)@ — 21X, Xol*[ X, XOD =: Py + Fy.
=0 §=0

Now, proceeding exactly as in Lemma 2.5.1, using hypoetheses (H2’), (H3’) and
(H4’) and Lemmas 2.9.3 and 2.9.4 we have that, suitably shrinking K, (and hence
o) and for a suitable constant Cy > 0,

(Pyu,u) > —Collul?, Yu € CF(K).

Therefore, whatever k € Z., we have from (2.9.5) that for all compact K C K

N
. 1 c 0o
(29.7) [Pl > §||Xou||3 t3 > 1 Xulf = (cCo+ O)ullg, Vu € C5°(K).
=0
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One therefore ends the proof as in Theorem 2.2.1 by using a Poincaré inequality for
X to select a compact K C K, on which the L? error-term can be controlled, so as
to obtain (Ck > 0)

[P ulg = Ckluls, Vu € C5°(K),

which gives L? to L? local solvability in the interior of K.

It remains to see what happens when k& = 0 and condition (2.9.4) holds. In this
case if 771(zo) N = 0, the system of vector fields (i Xy, ...,iXy) is elliptic and the
Garding inequality gives, using the Poincaré inequality for X, to control L? errors
as before, the existence of a compact K C K, on which the estimate for the H~*
to L? local solvability holds as in the proof of Theorem 2.2.1, which in particular
says that we also have H=Y/" to L? local solvability in the interior of K with r = 1,
since dim .Z,(x) = n near x, then, and we are done. Otherwise, if 7! (x¢) N3 # 0,
we exploit hypothesis (2.9.4) to obtain the subelliptic estimate (2.9.3) and hence get
from (2.9.7) (on a suitable compact K, C W,,, containing z, in its interior, on which
also the Fefferman-Phong inequality can be used) the estimate

[Puls > 2| Xouls + Cr, luli) — (cCo + O)ulls, Vu € CF°(K),

.
8
for all compact sets K C Ky which contain x( in their interior. Therefore, using once
more the Poincaré estimate for X, to control L? errors, the existence of a suitable
compact K C Ky C W,, and of a constant C'x > 0 such that

|Prullg > Crluli)., Vu€ C3°(K),

thus obtaining the H~/" to L? local solvability in the interior of K. This ends the
proof of the theorem. n

Remark 2.9.6. [t is important to remark that Theorem 2.2.1 may be viewed as a
corollary of Theorem 2.9.2. This is indeed the case. However, hypothesis (H3) in
Theorem 2.2.1 when k = 0 is expressed in terms of the symplectic geometry of the
vector fields Hx,, ..., Hx, and are invariant under symplectic transformations. This
point of view will be important when generalizing the operator P to cases in which the

first order operators X;(x, D) are replaced by first order pseudodifferential operators
Py(z, D).



Chapter 3

The non smooth coefficients case

This chapter is devoted to the analysis of the local solvability property of two classes
of degenerate second order partial differential operators with non smooth coefficients
similar to (1.1.1).

First we will consider the second order partial differential operator on R™ of the
form

N
(3.0.2) P =Y X;glglX; +iXo + a,

j=1

where X; = X;(D), 1 < j < N, are homogeneous first order differential operators
(in other words iX;, 0 < j < N are vector fields) with real or complex constant
coefficients (the two cases will be analyzed separately), iXy = iXo(z, D) is a real
vector field with affine coefficients, g # 0 is an affine function, and ag is a continuous
function on R"™ with complex values.

The purpose here is to study the L?-local solvability of P in a neighborhood of
the zeros of the function g, where the principal symbol of the operator can possibly
change sign (that is, the principal symbol can change sign in the neighborhood of the
fiber of g7'(0)).We will see that P is a class of locally solvable second order operator
across S having respectively C! coefficients if the vector fields iX; are tangent to
S =g 10) # 0 for all indices 7, 1 < j < N, or C%! coefficients if there is at least an
index k # 0 such that i X} is transverse to S.

The proof follows the approach used in Chapter 2, in which a solvability result
for degenerate second order operators with smooth coefficients analogous to P is
proved. In fact, the class considered here is an elaboration of that introduced in
Chapter 1 and it differs (here is the novelty and interest) from that class in the
regularity assumption on the coefficients which are assumed to be less regular.

61
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The second class we are going to treat is described by the operator

N
(3.0.3) P =>"X;|fIX; +iXo + ao,

=1

where X; = X;(z, D), 0 < j < N, are homogeneous first order differential operators
with smooth coefficients (in other words ¢X;, 0 < j < N are smooth vector fields)
defined on an open set 2 C R™ and with a real principal symbol, f : Q) — R" is a
C! function with f~1(0) # 0 and df|s # 0, and ag is a continuous possibly complex
valued function.

Note that, unlike the operator in (3.0.2), we do not have for (3.0.3) the changing
sign property of the principal symbol. However, to give a complete characterization
of operators of this form, it is interesting to analyze the local solvability property of
operators like (3.0.3), having non smooth coefficients and being degenerate. More-
over, once more like in (1.1.1), we can have an interplay between the degeneracy due
to the function f and that due to the system of first order operators appearing in
the second order part of the operator.

Again, we are interested in the L?-local solvability property of (3.0.3) around the
set S = f~1(0) where the operator is degenerate and the coefficients are non smooth,
since, far from S, operators like (3.0.2) and (3.0.3) are still in the class considered
before, that is in (1.1.1), thus we can extend, at least in the real case, Theorem 2.8.2
which is available for operators in (1.1.1).

Since we deal with operators with non smooth coefficients, and since we are
interested in the L2-local solvability property, we give below the definition of L?-
locally solvable PDO which is suitable in this context (for more information about
solvability see [10] and [14]).

Definition 3.0.1. Given a partial differential operator P, defined on an open set
Q C R", such that both P and its adjoint P* have at least L™ coefficients, we say
that P is L?-locally solvable in € if for any given xq € ) there is a compact set
K C Q withazy e U =K (where K denotes the interior of K ) such that for all
f e L .(Q) there exists u € L*(U) such that for every compact K C U

loc
(u, P*o) = (f, ), V€ CF(K),
where (-,-) is the L* inner product.

Remark 3.0.2. Note that in Definition 3.0.1 we require at least L™ coefficients not
just for the operator itself but also for its adjoint P*. This is indeed the case for our
class of operators, but it is worth to remark that without the L> reqularity assumption
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for P* the previous definition is in general ill posed. In fact, given a general partial
differential operator P of order m defined on an open set 2 C R™ of the form

where a,, is at least L>(Q) for every a, we have that P* may have coefficients which
are merely distributions of order m, and consequently the L? inner product (u, P*p)
used in Definition 3.0.1 may be not defined. However, as said earlier, this problem
does not occur in our class of operators (which always have adjoints with at least
L™ coefficients), therefore throughout we shall refer to the previous definition when
talking about L?-local solvability and solution of the problem mentioned before.

Let us end this introduction by giving the plan of the chapter.

In Section 3.1 we make the setting precise, introduce the main hypotheses, and
give the proof of their invariance under affine changes of variables of the latter.

In Section 3.2 we prove a fundamental estimate, corresponding to the main es-
timate in Section 2.3, that will be the crucial step in the proof of the solvability
estimate (3.2.3) below.

In Section 3.3 we prove a solvability result for the operator (3.0.2) in the real
coefficients case. Here we shall use the estimate of Section 3.2 to derive the solvability
estimate from which the result follows.

In Section 3.4 we study (3.0.2) in the complex coefficients case. Again, by using
the estimate of Section 3.2, we obtain a solvability result.

Finally in Section 3.5 we look at the model operator (3.0.3) that differs from
the operator in (3.0.2) in that the function responsible for the extra degeneracy
of the symbol does not change sign across its zero set but the coefficients are less
regular. Here, unlike the other cases listed, the solvability result is not based on
the fundamental estimate proved in Section 3.2, but it follows by using a Carleman
estimate.

3.1 Hypotheses

Let P be a linear second order partial differential operator as in the introduction,
then the first order partial differential operators X;,1 < j < N, and X, in the
expression of P are of the form

Xj(x, D) = X;(D) = (g, D), Xo(w, D) = (B(x), D)
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where D = (D1, Dy, ..., D,), D; = —i0,;, aj = (aj1,...,a;,) € C", and (z) =
(B1(z),...,Bn(x)), where 5;(z), j = 1,...,n, are affine real functions of the form
Bi(x) = > 0 , Bixtr + Bjo, and Bk, B0 € R for all j,k = 1,...,n. Moreover g is
an affine real function over R”, thus we have g(z) =>_"_, g;z; + go, with g;,g0 € R
for all j = 1,...,n, and g is such that S = ¢g71(0) # 0, g #Z 0. Note also that
the commutator [X;, X, for all 1 < j < N, is a first order homogenous partial
differential operator with complex constant coefficients. In addition we suppose:

(H1) iXog(z) > 0 for all z € S := g~1(0);

(H2) for all 1 < j < N there exists a constant C' > 0 such that
N
X5, X} O < C Y 1X;(9)7, Ve eR™,
j=1

where the { X, Xo}(€) and the X;(§) are the total (principal because of homegeneity)
symbols of i[X;, Xo] and X respectively, {-, -} denoting the Poisson bracket.
First of all we show that the analysis of the local solvability of

N
P =" X;glglX; +iXo + ag

J=1

can always be reduced, after an affine change of variables, to that of
N
P = ZX}‘y1|y1|Xj + 1 Xo + ao,
j=1

where P (in the new variables) is of the same kind of P, and the new quantities
still satisfy hypotheses (H1) and (H2). After that we will focus our attention on the
local solvability of P in a neighborhood of the points of S = ¢~1(0), where, by the
previous argument, we can assume g(x) = x;. In this way we deal with the operator
in a form that is simpler to study.

Observe that hypothesis (H1) is explicitly stated as

iXog(w) = (B(),vg) = > 5, Bij(x)g; >0 on S.

We may suppose that ;—fl = g1 # 0 (otherwise we would have 88793- = g; # 0 for

some index j, and we could repeat the argument below with respect to the variable
x;j). Under this assumption the function x : (z1,...,2,) — (9(2),22,...,2,) is an
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affine diffeomorphism of R", and we can choose (y1,...,y,) = x(z1,...,T,) as new
coordinates. Changing variables we have

N
P =" Xyl X; +iXo + do,
j=1
where

Xi(Dy) = > ajrgeDy + Y ajpDy,
k=1 k=2

Xoly, Dy) = > (80X )(W)gi Dy + (850X (y) Dy
ao(y) = (agox ")(y),
iy) = (gox ) =wu.

It is important to note that X i, 1 <7< N, and X, are still first order homogeneous
partial differential operators, and they still have, respectively, constant and affine
coefficients.

Now we look at conditions (H1),(H2), and we see that if they are satisfied by the
Xj, 1< j <N, and Xy, then the same holds for the Xj, 1 <7< N, and X,. In
fact, since

(3.1.4) X9 =Xy = X;9, Xog = Xoyr = Xog,

then our hypothesis (H1) is trivially invariant with respect to affine changes of vari-
ables. As for condition (H2), there is nothing to prove, since the Poisson bracket is
an invariant of partial differential operators. Observe moreover that the first identity
in (3.1.4) means that if X, 1 < j < N, is tangent or transverse to S, then the same
holds for ZX] All this proves that after performing an affine change of variables in
P, what we get is an operator with a simpler expression and of the same type of P.

3.2 The fundamental estimate

By the argument of Section 3.1, we can therefore reduce our problem to the analysis
of the local solvability of operators of the form

N
(322) P:ZX;$1|I'1|Xj+iX0+a0,

j=1
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where the X;, 1 < j < N, Xj and ag are assumed to be as before.

By the definition given in Corollary 2.1.6 we have that to obtain a local L?2-
solvability result for an operator P on R™ the main point is to get the following a
priori estimate: there exist a compact set K and a positive constant C' such that

(3.2.3) |P*u| = Clul|, Yue C§(K),

where P* is the formal adjoint of P, and | - | is the L?-norm. If this inequality holds
for P then, using standard arguments, we have for all v € L% (R™) the existence of
u € LQ(K ) solving Pu=vin U = K, where K denotes the interior of K.
Consequently, our goal is to obtain the solvability estimates (3.2.3) for our oper-
ator P of the form (3.2.2) in a neighborhood of S. To this aim, we need some further
preliminary estimates. In particular we will derive in this section a fundamental
estimate that will be useful both in the real and in the complex coefficients case.

Proposition 3.2.1. Let S = {z € R"; 1 = 0}. Then for all xy € S there exist
a compact set Ky containing xo in its interior and three positive constants C' =
C(Kp),c = c(Kp) and g9 = €o(Ky), with eg — 0 as Ko N\ {z0}, such that for all
compact sets K C K

1
(3.2.4) | P*ul® > Z||X0u||2 + c(Pyu,u) — Clul?, Vu € C(K),
where
N
(3.2.5) Py =Y (X} a1 X; — eg[X;, Xol* |1 |[X;, Xo))-
=1

Proof. First of all we observe that X§ = X+ dx,, where dx, =Y ;_, Di(5) € iR,
Dy = —i0y,, and X7 = (a@;, D), 1 < j < N (we are considering the general case in
which «; € C™).

Moreover, since P* = Zjvzl Xiwy|2| X — i X + @, for all compact K C R" we
have

[Prul* >

l\DI»—t

N
Z (Xjai || X — i X5)ul® = [aolfo i) lul?
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for all u € C§°(K

), where

DO | —

Since
N

Z Re(X; 21|21 | Xju, iXgu) =

Jj=1

N
1Y (X wfan] X; —iXg
j=1

ESTIMATE

N
1 * *
Jul” 5 (IXGul® + 1 > Xl | Xul?

j=1

N
2 Z Re(X7 1|21 | Xju, iXgu))

j=1
1 N
> §||X3‘u”2 — ) Re(X7a |2 | Xju, iXgu).
j=1
N
Z Im (X7 21|21 | Xju, Xgu),
j=1

we then estimate the imaginary part. Thus, for each index j, we have

Im (X 21|21 Xju, Xgu)

where

m(zq|z1| X u, X;Xou)

+ +

+

Im(X;x1|x1]Xju, Xou) + Im(X;azl\xﬂXju, dx,u)
m(x1|x1|Xju,XjX0u) + |m(l’1|ZL‘1|X]‘U, (dexo)u)
m(z1|z1| X u, dx, X;u),

|m(I1‘LE1’XjU, [Xj,Xo]U) + m(:c1|a:1|Xju, X()Xj'u,)

1
E [(I1|ZL‘1|X]‘U, X()Xju)

|m(x1|x1|Xju, [Xj, X()]U) +
(XoXju, 71 |21| X;u)]

1
|m(x1|x1|Xju, [Xj, X()]U) + Z [(|CL’1|(X0[E1)X]‘U, XJU>
(@1 (Xo|z1]) Xju, Xju) + (@1]21| Xo Xju, Xju)
(dXOLUI‘IllXjUJ XU) — (XoXju,x1|x1\Xju)}
Im (s |21 | Xju, [X;, XoJu) — ([21|(iXox1) Xju, Xju)
1

—Im(dXOx1|:z:1|X u, Xju).

Putting the last expression inside the term Im (X2 |z,[X;u, Xju) gives

—Im( X5z |21 | Xju, Xgu) =

—Im(zy |21 Xju, [X;, XoJu) + (|o1|(iXox1) Xju, Xju)
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1
—|—§|m(dX0x1|xl|Xju, X]U) — |m(m1|x1|Xju, (deXO)U).

By hypothesis (H1), for each xy € S we can find a compact set K; such that zy € K,
and i Xog(z) > ¢o in Ky, with ¢g > 0 and g(x) = x;. We then work in a fixed compact
set K7 containing the point xy € S in its interior, and we get

—Im( X5z |21 | Xju, Xgu) > co(\xl\l/QXju, ]xlll/QXju)

—Im(zy |21 |2 Xu, |21 )Y X;, Xo]u) + %Im(dxoa:1|x1|1/2Xju, |21 |2 X )
—Im(a fo |2 X, Y2 (X dx ),
for all u € C(K,). Therefore, for each K C K, with o € K, we have
—Im(X;‘x1|x1|Xju,X6‘u) > co|||:1€1|1/2Xju||2

=2|aa] ooy [ |2 X jul o1 [V2[X5, Xoul

1
—§||$1||L°°(K) ldxo |z e |21 |2 X )2

—2]a1 ] poo iy 1 |2 (X i )| oo ey |l )2 X s
1
> ||!96’1|1/2Xju||2(CO — 1] ooy (1 + §“dXo | oo xr) + ||!$1|1/2(deXO)HL°°(K1)))
— 1] ooy 1 |2 1X5, XoJul® — |2 | ooy N [V (X ) | oo gy ]

Since |1 |peo(x)y —> 0 when K N\, {zo}, 2o € S, we can find a compact set K, C K;
containing xq in its interior such that, for all K C Ky with 2y € K, we have

1
co — |z ey (1 + §||dX0 | poeiiey + N |2 (Xjdxo ) o r) =
Co

1
co — |z1]Loe (o) (1 + §||dX0 | poo (o) + N |2 (Xjdxy) [ poe i) = 5

since |z1]zo(k) < 1] poo(ko) for every compact set K C K. Then, calling ¢ =
c(Ky) := ¢p/2, we may choose

o = 80(K0) = (”$1”L°°(Ko)/c)1/27 Wlth o — 0 as Ko \‘ {z()},
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which depends only on K. By the previous arguments we get that, for all K C Ky,
and all v € C§°(K)

[P ul® > S1XGul® + e(Pou, w) — cegllla [V (Xdxo ) 7o aeq) lul® = laolZoe ) Il

DN | —

Finally, since |Xgu|* > (1/2)|Xou|? — ||dXO||%OQ(KO)||u||2 for all u € C§°(K), for all
K C Kj (containing ¢ in its interior), we obtain inequality (3.2.4). ]

Looking at (3.2.4), it is obvious that we need to estimate (FPyu,u) to have the
solvability estimate (3.2.3). For this reason we have to distinguish between the real
and the complex coefficients case, since we need different hypotheses on the vector
fields ¢.X; in order to obtain the appropriate estimate for the term (FPyu,u).

3.3 Local solvability result in the real coefficients
case

Let us start with the real case, that is, we assume that iX; = iX;(D), for each j # 0,
is a vector field with real constant coefficients, and iX, = iXo(x, D) is a vector field
with real affine coefficients. The plan is to use (3.2.4) to derive (3.2.3) by estimating
P, from below in L? and then by using a Poincaré inequality for iX.

A key point in order to pass from (3.2.4) to (3.2.3) is represented by (H2). Con-
dition (H2), which is an estimate between symbols, does not imply the same relation
between the relative operators (see Section 1.1). In this case, however, (H2) gives
strong properties.

Therefore, before proving an estimate for Py, we give the following consequence
of hypothesis (H2).

Lemma 3.3.1. If condition (H2) holds, then, for each index j € {1,--- N}, we
have

N
(3.3.2) i[X;, Xo] =) aXi, o €R

k=1

Proof. Recall that the iX; and [X;, Xo], 1 < j < N, have real constant coefficients,
and that a; € R" is the vector associated to X;, 1 < j < N. Now we consider two
cases. The first one is when there exist n linearly independent elements «;,, - , o

n
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of R" (associated with Xj,,---, X, ), with j1,---,7, € {1,---,N}. This means
essentially that R" = Span{a;,,--- ,;, }, and thus, for each index j, we have

n N
HX5 X0 =D Xy, = aXp, c€R =0, Yk & {ji, - . jn}-
k=1 k=1

The second case is when there are m < n linearly independent elements ;- -+, o;
of R™ (associated with X, -+, Xj ), with ji,--- ,j,, € {1,--- ,N}.

Since X;(z, D) = X;(D) = (o, D) and i[X;, Xo|(z, D) = i[ X}, Xo|(D) = (v;, D), we
shall denote by V;, and W), the sets

m

Vi = {€ € R™; X1 (€) = 0} = Spang{a;}*,

Wi = {€ € R™; {Xp, Xo}(€) = 0} = Spang{y}™,
and also by Xx,, Yx,, x, the characteristic sets of Xy, i[Xj, Xo] respectively, so that

ZXk — Vk \ {0}7 Ei[XkyXo} - Wk \ {O}

In this situation condition (H2) states that, for all 1 < j < N, there exists a constant
C > 0 such that

which implies

The latter inclusion shows that, passing to the orthogonal complements, we have
(3.3.3) ( N vjk) > Wk,
k=1
Now, applying in (3.3.3) the well-known relations
~ + L L
(3.3.4) (ﬂv) - ViV
i=1

we haVe
N
‘/jL1 + -+ ‘/ij ) ‘/‘/j,L’ V] —17 7N’
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which is equivalent to
SpanR{aﬁ?'” ,Oéjm} 2 SpanR{vj}, \V/] - ]-7 JN‘

Finally, by the latter inclusion, we have

m m N

i[X;, Xo] = (v, D) = (Z cray,, D) = ZCkak = ZCka,
k=1 k=1 k=1
where ¢, € R, and ¢, =0, Vk & {j1, - ,jm}- ]

Next we prove the following lemma (the analogue of the Fefferman-Phong in-
equality in this case with non-smooth coefficients).

Lemma 3.3.2. Consider xqg € S and Ky as in Proposition 3.2.1. Then, suitably
shrinking Ko to a compact set containing xo in its interior, and that we still denote
by Ko, we have that for all K C Ky, with xqg € K, we have

(Pou,u) =20, Yue C°(K).

Proof. From the definition of Py (see (3.2.5)) we have
(Fou, u) Z [ 2 X jul —Eoz [ [21X;, Xolul?,

where K C Ky and u € C§°(K).
Observe now, in view of Lemma 3.3.1, that

N
|z |V2[X 5, Xo|ul* = /yxlu Xo]uPdw:/yxlychkauFdxg
k=1

< NZ/|J:1Hckau\ dr < N(maxc}) /]leXku\ dz

N
= O(j) ) e[ Xyul?,
k=1
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where C(j) = N maxy c; > 0.The latter inequality yields

N N N
D a1, Xolul® <) CG) Z [ENRE
j=1 Jj=1

< N(maxC(y Z”|x1|1/2Xku||2

= CZ o[ Xiul?,

k=1

where C' = N max; C(j) > 0. Therefore

N
(Pou, u) Z [ [ X ju]* - EOZ [ 21X, XoJul?

> (1-¢0) Z 1|2 X5ul?, VK C Ko, Yu € C5°(K).
j=1

and since €2 = £q(Kp)?, we can shrink K, to a compact set K/, containing z; in its
interior in such a way that Ceo(K})? < 1/2. Finally, denoting K|, by K again, the
result follows. N

Remark 3.3.3. Lemma 3.3.2 still holds for all compact K C Ky not necessarily
containing xo in its interior but sufficiently close to S.

Remark 3.3.4. Summarizing, by Proposition 3.2.1 and Lemma 3.3.2, for every
compact K C Ky (containing o in its interior) we have that there exists a positive
constant C = C(Ky) such that

1
(3.3.5) [Prul* 2 Z1Xoul* = Clul?, Vv € C5°(K).

To conclude the solvability estimate (3.2.3) we need to apply the Poincaré in-
equality (2.6.18) on Xy, which is true being Xy # 0 near S (see Appendix A).

Then, in view of (2.6.18) and (3.3.5), for all K C K, (K suitably shrunk so that
Lemma 2.6.2 holds)

1
|P*ul® > (Z — CCydiam(K)?)| Xoul?, Vu € C°(K).
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We finally choose a compact set K C Ky (which is a shrinking of K containing x
in its interior) such that

) 1
diam(K) < (80022 ) 1/27

and we obtain the solvability estimate

(3.3.6) ||P*u||2 > HXouH2 >

1 1 N
2 §lXod” 2 Gl e € T
2

We have essentially proved the following result.

Theorem 3.3.5. Let P be of the form (5.0.2) such that all the vector fields iX; have
real coefficients and hypotheses (H1),(H2) are satisfied, and let S be the zero set of
g. Then for all zy € S there exists a compact set K C R™ with U = K and xo € U,
such that for all v € L% _(R™) there exists u € L*(U) solving Pu=v in U.

loc

Proof. After reducing P of the form (3.0.2) to the form (3.2.2) (see Section 3.1) the
proof follows directly by the solvability estimate (3.3.6) using classical arguments. [

Remark 3.3.6. Theorem 3.8.5 means that, for all v € L} _(R™), there erists a

loc

solution u € L*(U) of the equation Pu = v in U in the sense of Definition 3.0.1,
that is, for all compact K C U,

(U7P*90):<U’90)7 V@GC(C))O<K)

3.4 The complex coefficients case

Also in the complex coefficients case it is possible to prove a solvability result when
P is given in the general form

N
(3.4.2) P=>"X:glglX;+iXo+ ao,

J=1

when iX; = 1X;(D) (or simply X, in this case), for all j # 0, are vector fields with
complex constants coefficients, and iX, = iX(z, D) is a real vector field with real
affine coefficients, that is,

Xo = (B(x), D), pBlx) € R",
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in which

Bi(x) = Bjo + Zﬁj,il‘z, Bii€R Vij=1,..n
i—1

Once more we may reduce matters to the case g(x) = .
We assume now the following hypotheses, which we state for g(z) = zy, since
they are invariant:

(Hl) 1 Xoxr1 > 0;

(H2) for all 1 < j < N there exists a constant C' > 0 such that
N
XL X} O < C Y IX(OP, YR,
j=1

(H?)) ng:XjJ}l:O, \V/j:]_,...,N,

where (H3) means that each vector field X;, with j # 0, is tangent to S = {z €
R"™; z; =0} = g~ 1(0), while (H1) states that iXj is transverse to S.

Our goal now is to prove the analogue of Theorem 3.3.5 in this case.

The solvability result still follows by the a priori estimate (3.2.3) that we recall
here: for all x5 € S there exist a compact set K which contains x in its interior and
a positive constant C' such that

[Prul = Clul,  Vu € CF°(K).

First of all note that the main estimate (3.2.4) still holds for P* even if P* has
complex coefficients in the second order part, thus we have that for all o € S there
exist a compact set Ky containing xy in its interior and three positive constants
C = C(Ky),c = c(Kp) and g9 = €o(Ky), with eg — 0 as Ky N\ {zo}, such that for
all compact K C K

* 1 oo
[P*ul* 2 1 Xoul + e(Pou, u) = Clul?,  Vu € C5°(K),

where
N

Py =Y (X7 |a] X — e[ X;, Xol |1 |[X;, Xo)).
j=1
Since we need to control the term (Fyu,u) from below we will use hypotheses
(H2),(H3) to obtain some useful results to conclude the desired estimate.
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Corollary 3.4.1. Consider o € S and Ky (xg € l%o) as in Proposition 3.2.1. We
then can shrink Ko to a compact set that we keep denoting by Ky, with xq € Ky, so
that

O, V& e mHK),

IIMZ

(3.4.3) €2 Z {X;, Xo}(€)

where 7 : T*R™ — R™ s the canonical projection.

Proof. By condition (H2) we have

N

> 1% —%ZH XHOP > (1 - N S [X Q)P ve e R

j=1
By Proposition 3.2.1 we can shrink Ky to a compact set, that we keep denoting by
Ky, with 2y € Ky, so that C'Neg(Kp)? < 1/2 and (3.4.3) holds. O

We shall work throughout in the compact set Ky of Corollary 4.0.3, and we shall

consequentely fix g9 = €q(Kj).

Remark 3.4.2. Recall that by (H3) we have X;g(x) =0 for each index 1 < j < N,
where g(x) = xy. Therefore, if we write & = (£1,&'), & € R"™, we have X (&) =
X;(&,0) + X,(0,¢) = X;(0,¢). Moreover, since condition (H2) holds, we also have
{X;, Xo}(&) = {X;, X0}(0,¢"). Then, by Corollary 4.0.3,

N N
€0 ) X, Xo} (0,607 < D 1X,(0,€)P, V€' € me (! (1)),
j=1

j=1
where g is the projection on the component £'.
Now we prove the following lemma.

Lemma 3.4.3. Consider xg € S and Ky as in Corollary 4.0.3. Then for all K C Ky
with xo € K we have
(Pou,u) =0, Vue Cy°(K).

Proof. Observe that
(Pou,u) 20, Yue Cy°(K)

is equivalent to

N N
(3.4.4) D Xl — e3> ]2 [Xo, Xjlul® > 0, Vu € C3(K),
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therefore we prove the latter.
We write x = (x1,2') € R x R"™!. Since for all K C K{ we have

N N

2
S M [V X ) = Z/‘leXjU(Il,x/H dx
j=1 j=1

N
=S / X u(ar, ) ooy das, W € CR(K),
j=1

to have (3.4.4) it suffices to prove the pointwise estimate

N N
(345) D INGu(en Ny > 2 DI, XoJulwr, ) oo,
j=1 j=1

where z; is thought of as a parameter.
Denoting by f(z1,&’) the partial Fourier transform in the z’ variable of a function
f(z) = f(x1,2") then, by the Plancherel theorem and (3.4.3), we get

N
Z|\Xju(x1,.>uiwl,l) = = IZule, HLQRn N
j=1
= G Z/\Xog (&) de!
> 1Z/|{XJ,X0}05>| A, €)Pde

= &%Z ”[vaXO]u(xla')”%2(Rn71),
J=1 ‘

which is exactly (3.4.5), whence (3.4.4) holds. O

Remark 3.4.4. Summarizing, since Proposition 3.2.1 holds in Ky, xg € I%O, Ty €S,
and since we have shrunk Ky in such a way that Lemma 3.4.3 holds, then for all

K C Ky (containing xo in its interior) we have that there exists a positive constant
C = C(Ky) such that

1
(3.4.6) [Prul* 2 J1Xoul” = Clul?, Ve € C5°(K).



3.4. THE COMPLEX COEFFICIENTS CASE 7

Now, exactly as in the real case, by applying the Poincaré inequality (2.6.18) on
Xy we get the solvability estimate.
We have therefore proved the following theorem.

Theorem 3.4.5. Let P be of the form (3.4.2) such that hypotheses (H1) to (H3) are
satisfied, and let S be the zero set of g. Then for all xo € S there exist a compact
set K C R™ with U = K and zy € U, such that for all v € L _(R™) there exists

loc

u € L2(U) solving Pu = v in U in the sense of Definition 3.0.1.

3.4.1 A remark on the difference between the complex and
the real case

The complex coefficients case is in general more difficult to solve. In fact, in order to
prove Theorem 3.4.5 for P of the form (3.4.2), we require that the vector fields Xj,
for all j # 0, be tangent to S (i.e X;g = 0 for all j # 0). This assumption is needed in
order to prove that the term Ejvzl |21 [*2[X;, Xo]| is controlled by Z;V:1 |1 2 X5
This control is necessary to obtain the solvability estimate that yields the result.

In the real coefficients case we do not suppose this tangency condition, since, by
Lemma 3.3.1, condition (H2) gives that, for all j, i[X;, Xo| € Spang{Xy,..., Xn},
which, in particular, allows the desired control on the norms.

To have the analogue of Lemma 3.3.1 in the complex coefficients case, that is, to
have the solvability result without asking to the complex vector fields to be tangent
to S, we should replace condition (H2) with the following condition (H2'):

(H2') for all 1 < j < N there exists a constant C' > 0 such that
N
{X5, X} QPP < C Y IX(QP, e,
j=1

the point being that we need this inequality for { complez.

With this assumption we would have that, for all j, [X;, Xo] € Spanc{Xi, ..., Xy},
and, once again, we would get the control on the commutators and finally the solv-
ability estimate. However condition (H2') is stronger than (H2). In fact (H2) does
not imply (H2') as shown by this counterexample.

Example 3.4.6. We consider the operator P = Xz |z1]|X;+iX, of the form (3.4.2)
with N =1 and n = 2, where

Xl(D) = (1 + Z)Dl + (2 + Z)DQ and Xo([L’, D) = (31‘1 + 1)D1 + (61‘1 — ZL‘Q)DQ.
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First we will show that condition (H1) and (H2) are satisfied by P, next we will
prove that condition (H2') is not fulfilled even if (H2) holds for P.

Note that (H1) is trivially satisfied, since iXq(z, D)z = 1 > 0, and also that
X1(D) is not tangent to S = {z € R?* z; = 0}, since X;(D)x; # 0. This means in
particular that (H3) is not true in this case, so we are not allowed to use Theorem
3.4.5 here.

As regards (H2), since X1(§) = (14+14)& + (2 +19)& and Xo(z,§) = (321 +1)& +
(621 — 22)&, we have { X1, Xo}(&) = (3 + 3i)& + (4 + 5i)&,, and, denoting by (-, -)
the euclidean scalar product in R? (note that £ € R? now),

{X1 Xo}E)I* = [{(3,4), (&1,&)) +i((3,5), (&1, &))" =

1((3,4), (&1, &)1? + [{(3,5), (&1, &) =
(1,2), €, @)) + 201, 1), (6, &) +12((1,2), (6, &) + (1,1), (6, @) <

10(1{(1,2), (&1, &) 2 + (1, 1), (&1, &))P) = 10[X1(§)[?, V€ € R

By the latter inequality we conclude that (H2) is satisfied by P.

We focus now our attention on condition (H2'). If (H2') holds for P, then, for all
¢ € C? such that X;(¢) = (a,¢) = 0, where o = (1 + 4,2 + 1), also {X;, Xo}(() =
(7,¢) = 0, where v = (3 + 3i,4 + 5i). We then consider (, = (—13 + 7,8 + 2i) and
note that

X1(6o) = (L +1,2+1), (=13 + 14,8+ 2i)) =0,

but
(X1, Xo}(Co) = (34 3i,4+ 5i), (—13 + 1,8 + 2i)) = —20 + 12i £ 0.

Whence (H2') is not verified by P satisfying (H2), therefore (H2) = (H2').

Remark 3.4.7. Recall that in Theorem 3.4.5 we require that the complex system
of vector fields {X;}1<j<n be tangent to S and satisfies (H2). This is not the
same as requiring (H2'), that is, the tangency condition together with (H2) does
not imply (H2"). Summarizing we have that (H2) = (H2') in general, but also
(H2) + the tangency condition # (H2") as Example 3.4.8 shows. Thus, in the proof
of Theorem 3.4.5, we do not use (H2') to prove the result.

Example 3.4.8. We consider now the operator P = Xu|x;| X + i X, of the form
(3.4.2) with N =1 and n = 3, where

Xl(D) = (2 + Z)DQ + D3 and X()(l‘, D) = D1 + ZL’QDQ.
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Note that (H1) is satisfied by Xy, since iXo(x, D)x; = 1 > 0, and that X;(D) is now
tangent to S. Also condition (H2) is trivially satisfied, since X;(§) = (2 + )& + &,
Xo(w,8) = &1 + 26, { X1, Xo}(§) = (2 +14)§2, and

{X1, XoHOI? = 5l&)* < 5(1286 + &2 + 1&[°) = 5[ X1 (7, VEe R

Since (H1) and (H2) are true for P and the complex vector field X is tangent to S,
we have the local solvability of P around S by Theorem 3.4.5.

Again, if (H2') were true for P, then, for all ( € C? such that X;(¢) = 0, we
would also have { X, X¢}(¢) = 0.

We call a = (0,2 + 4,1) the vector in C?* such that X;(¢) = (o, (), and v =
(0,2 + 4,0) that one such that {X;, Xo}(¢) = (v,() (we are considering ¢ € C?
and we are still denoting by (-, -) the euclidean scalar product). Next we consider
Co = (0,144, —1 — 3i), and observe that we have

X1(Go) = ((0,2414,1),(0,1+4,—1 — 3i)) =0

and
{X1, X0}((o) = ((0,2+14,0), (0,1 +4,—1 —3i)) =1+ 3i #0.

This shows that, even if both the tangency condition and (H2) are satisfied by
the system of complex vector fields (here we have an easier situation since we are

considering just one complex vector field), we do not have as a consequence the
validity of (H2').

Remark 3.4.9. However, still under hypotheses (H1) and (H2), it is possible to
obtain the same solvability result in a specific case in which the tangency property is
not required. The case under consideration is when N = 1, that is, when just a vector
field is involved in the second order part of P (precisely P = Xig|g| X1 + iXo + ag
where X1 has complex constant coefficients and i Xy has affine real coefficients), and
the coefficients of X1(D) = (a, D), a € C", are such that Re(a) and Im(«) are two
linearly dependent vectors in R™. Under this assumption (and still under hypotheses
(H1)-(H2)) we have that there exists zy € C such that [ X1, Xo](D) = 20 X1(D). In
fact, since {XluXO}(g) = <77£> = <71 + Z"V%f): Y1, 72 € R, and Xl(g) = <O"€> =
(14N, &), ag € R" and A € R (we used the assumption that Re(a) and Im(«)
are linearly dependent), then by condition (H2) we have

|1 +i72,6)? < O+ iN)ey, E)?, VE e R,

which in particular means that Spang{vyi,v2}+ 2 Spang{a;}*t. Finally, passing to
the orthogonal complements we get Spang{vy1,v2} C Spang{as}, and therefore can
find a unique suitable zy € C such that v = zpa and [ X1, Xo](D) = 20X:1(D).
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This last property is sufficient to prove that P = X;g|g| X1 + iXo + ag (where
X is not tangent to S anymore but has coefficients with a suitable structure) is L*-
locally solvable in a neighborhood of S. In fact, since we may still assume g(x) = x4,
and since Proposition 3.2.1 still holds in this case, again we have that for all zo € S

there exist a compact set Ky, containing xo in its interior, and three positive constants
C(Ky), c(Kyp),e0(Ko) such that, for every compact set K C K

1
[Prul* = Z1Xoul” + e(Pou,u) = Clul?, - vu € C5°(K),
where now Py is given by
P() = XT|ZE1|X1 — 83[X1, Xo]*|ZL‘1|[X1, X()]

Once more to prove the L2-local solvability it is sufficient to prove the solvability
estimate (3.2.3). Thus, by showing that (Pyu,u) > 0 and by using the Poincaré
inequality for iXo, the estimate (3.2.3) will follow. So we start by looking at (Pyu,w)
which is, due to the property [ X1, Xo](D) = 20X1(D), given by

(Pou,u) = [l |2 X0ul? = el |2 (X0, Xolul?
= (1= cglzo)aa|* Xyul?

for all w € C{P(K). Since g9 = eo(Kyp), and in particular €y shrinks when K is
shrunk (see Proposition 3.2.1), we can then suitably shrink Ko to a compact set that
we still denote by Ko and which contains zo in its interior, so that g < 1/(2]2]?).
Choosing Ky in this way we have, for all compact K C Ky, that (Pyu,u) > 0 for all
u € C°(K), and moreover

* 1 oo
[Prul* = Z1Xoul = Clul?,  Vu € C5°(K).
Then one ends the proof using Lemma 2.6.2 as before.

Remark 3.4.10. [t is important to observe that in the special case shown in Remark
3.4.9 we have that (H2') is always satisfied, since [Xo, X1](D) = 20X1(D) for a suit-
able zg € C. Therefore, when N = 1, X1 has linearly dependent real and imaginary
part and (H2) is true then we trivially get that also (H2') is true. This suggests that
when we consider a general system of complex vector fields (not necessarily tangent)
in the second order part of the operator (3.4.2) we need to require the stronger con-
dition (H2') to get the L* to L? local solvability result. This shows the difference
between the real and the complex coefficients case and the difficulties carried by the
complex case.

On the other hand, by Remark 3.4.9, we conclude that there is an explicit sub-
class of operators in (3.4.2) always satisfying (H2"), which is in general a too strong
condition to require.
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3.5 A further class

In this final section we study the solvability of a class of operators similar to the
previous one, that is

N
(3.5.2) P =>"X;|fIX; +iXo + ao,

j=1

where X; = X;(z, D), 0 < j < N, are homogeneous first order differential operators
with smooth coefficients defined on an open set {2 C R"™ and with a real principal
symbol, f : Q@ — R is a C! function with f=1(0) # 0 and df|s # 0, and ao is a
continuous possibly complex valued function.

This class is more “general” in the sense that the vector fields i.X; (or simply X;
in this case, since they can also be complex), 1 < 7 < N, are not necessarily with
constant coefficients but they are given in general with variable coefficients, and
1X( is not required to have affine real coefficients but smooth variable coefficients.
Moreover note that, in this case, the coefficients of our operator P could have C%! or
L™ regularity depending on the tangency or transversality, respectively, to the zero
set of f of the vector fields X;, 1 < j < N, which is less demanding as far as the
regularity of the coefficients in the preceding examples is concerned.

Our purpose is to prove also in this case an L? to L? local solvability result in a
neighborhood of the zero set of the function f, that we keep denoting by S and which
is non-empty by hypothesis. The method used here is that of Carleman estimates.

We assume now only the following assumption

(H1) Xof #0 for all z € S := f~1(0) # 0.

Theorem 3.5.1. Let the operator P in (3.5.2) satisfy hypothesis (H1). Then for all
xo € S there exists a compact set K C Q) with U = K and xoy € U, such that for all
v € L} _(R™) there exists uw € L*(U) solving Pu = v in U in the sense of Definition

loc

3.0.1.

Proof. We take e*| where f is the function appearing in P and )\ is a real number
that we will choose later. Observe that, for all u € C§°(Q2), we have

N
2Re(P*u, e*Mu) = Z Re(X7|f|Xju, e*Mu)

=1

—Re(iXgu, e*Mu) + Re(agu, > u)
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N N
= 2) > " Re(|f1Xu, (X;£)eMu) + > Re(|f1Xju, e Xu)

j=1 Jj=1
—Re(iXju, e*Mu) + Re(agu, > u)
N N
= D AP XGul® + 20 Y Re(eM |f12 X u, e f1V2(X fyu)
=1 j=1
—Re(iXju, eMu) + Re(agu, e*Mu).

Furthermore, since X§ = Xy + dx,, where dx, = —i div(iX)),

Re(iXgu,e®Mu) = Z[(iXgu,e®Mu) + (€M u, iXu)]

— DN =

5 [2X(u, (—iXof)e*Mu) + (M u, —iXou)

+ (eMu,iXou) + (€M, idx,u)]

1
AM(iXof)eMu, eMu) + 5(6)‘fu, ieM dy,u),

and therefore

N
2Re(P*u, eMu) > Y || 12N Xul?
j=1

N
2N [Re(e 1712 X, 26 (X )| = Ao )e e )
j=1

1
—5(6’\fu,ie”dxou) — Ha0||He)‘qu2, Yu € C3°(Q).

Recall that (H1) states that iXof # 0 on S, which yields that for all g € S there
exists a compact Ky C €2 containing z in its interior such that i Xy f # 0 on Ky, and
in particular it has a constant positive or negative sign in K. Hence, if iXyf > 0
in Ky, then we choose A negative so that —A(iXof) = |A|[iXof| > co in K, for
some positive constant ¢y, otherwise if i.Xyf < 0 in Ky we choose \ positive so that
—AiXof) = |A\|[iXof| > co in Ky. Thus, by choosing A having the appropriate sign,
we have

N N
2Re(Pru, M u) 2 3 [[f1V2N Xjul? = 6IA1 Y 112N Xul?

=1 =1
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N
Al
=S M2 o) DX e e I ull® + ol Al ul?

j=1

~lxo ool ull® = Jaol oo iy e ul?

N
= (1= 8D D 112N Xyl + | (o
j=1

T ldx, | + ol \ g ar, 1o
o LR D Db T A 5 eVl
j=1

for all u € C3°(Ky). Now we fix A := A\ (with the sign previously chosen) such that
| Ao| is so big that
¢ — 1% HL‘X’(KO)| AT |9olz= o)

In addition we choose 0 := 1/(2|\g|) so that

Co
5

N
1 &

* 2Xo f - 1/2 Xof v .., 12 0
Re(P*u,e* " u) > 5 jEl I f17 e Xul* + |/\0|<2

N
2Dl iy D1 e sy ) 1€ ul?

=1

N
Co

> Dol 5 = 2Pl A1 20 a0y D X5 o () 1€
2

j=1
for all u € C§°(Ky), and in particular for all u € C§°(K) for every compact K C K.

Since g € Ky and f(z9) = 0, we can find a compact set K C K, sufficiently small
and containing x( in its interior such that

N
Co
5 = 2Pl [ DX 1 (o)

Jj=1

N

Co @

2 5 = 2l e 2 WX i 2 5
j=1

whence

IRe(P*u, e*fu)| > Re(P*u, e*fu) > |)\0|%||6’\0fu||2, Yu € Cy°(K),
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and finally
SO ulful > Pol e V=@ fulf, - u € GFF ().

In conclusion, we have shown that for all zy € S there exist a compact set K
containing x, in its interior and a positive constant (depending on the compact K)
C = |No|@e*olflz=u0 guch that

|[Prul = Clul,  Vu € CF°(K).

The latter inequality is exactly the solvability estimate (3.2.3) that we were searching
for, thus the proof follows directly by once more using standard functional analysis
arguments. O



Chapter 4

Loss of one derivative for the
adjoint of the Kannai operator

Let us consider the Kannai operator on R”
(4.0.1) P =a2,|Dy|* —iDy,

where @' = (g, ..., 2,), |Dw|* = 37, D}, and D; = —id, .

As we said before, this operator is a fundamental example to look at when we
deal with the local solvability of an operator with a changing sign principal symbol.
In particular P is a hypoelliptic operator on the whole R™ having a changing sign
principal symbol in the neighborhood of the set S = {z € R"; 21 = 0} at which the
operator is not locally solvable.

Note also that, even if P has an expression of the form (1.1.1), it is not in the
class of operators considered before, that is, in the class consisting of operators of
the form (1.1.1) satisfying conditions (H1) and (H2) (or (H1), (H2) and (H3)), since
condition (H1) is not satisfied by the latter, and, consequently, Theorem 2.2.1 does
not apply on P.

It is also worth to remark that Theorem 2.2.1 gives sufficient conditions for the
local solvability of the class (1.1.1), thus we are not allowed to say that P is unsolvable
at S because the hypotheses of Theorem 2.2.1 are violated. This shows that the
nonsolvability of P comes from the changing sign property of its principal symbol
and has no relations with the fact that P is not in the class (1.1.1).

Conversely, due to the hypoellipticity of P, the adjoint P* is a locally solvable
partial differential operator over the whole R™ which has a changing sign principal
symbol in the neighborhood of the set S = {z € R";z; = 0}. Of course, since
P* is in the class (1.1.1) (containing operators which are not necessarily adjoints

85
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of hypoelliptic ones), we can get the local solvability of P* around S also by using

Theorem 2.2.1, and the local solvability of P* off the set S by using Theorem 2.8.2.
Moreover, by virtue of the hypoellipticity property of P in (4.0.1), we can say

more about the regularity property of its adjoint P*. In fact, once more by using

the technique of a priori estimates, we shall prove in this chapter that P* is locally

solvable in R" with loss of one derivative (that is, H* to H*™! locally solvable Vs € R).
Our starting point will be the estimate given by the following Proposition.

Proposition 4.0.1. For every xo € R" there exists a compact set K, which contains
xo in its interior that we denote by K = U, and a positive constant C' such that

(4.0.2) [Pulo = Cluly,  vu e C52(U),

where | - |s denotes the norm in the Sobolev space H®.
The previous inequality yields (see Definition given by Corollary 2.1.6) that for
all f € H;!(R") there exists a function u € L2 (R") such that P*u = f in U = K,

loc
where K denotes the interior of K.

Proof. Let K be an arbitrary compact set such that xy € K , then, for every u €
C°(K), we have

(4.0.3) [Pulf = | Dyull§ + > |1 D2ulf + > 2Re(—iDyu, z1 Dju).

j=2 j=2
Since
2Re(—iD1u,m1D]2-u) = (—iDlu,mlD]Zu) + (a:lDJQ-u, —iDu) = |Djul?, Yu € C3°(K),

this means that

[Pull§ > > |Djulf, Vue CF(K),
j=1

which is equivalent to
n

[Pul§ = > 1Dgully + Julf = Julf = [ulf = Jul§. Vu € C5*(K).
j=1

By the Poincaré inequality, for all u € C3°(K), there exists a positive constant C
such that |u]2 < Cdiam(K)?|ul|?. Therefore

[Pul§ > (1 — Cdiam(K)*)[uli, Vu € C5°(K).
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Finally, by suitable shrinking K around zy to a compact set, that we keep denoting
by K, in such a way that 1 — C'diam(K)? > 1/2, we get the result. O

To prove that P* is locally solvable (on R™) with a loss of one derivative we need
to show that: for all xqg € R™ there exists a compact set K, which contains xqy in its
interior U, such that for all s € R there exists a positive constant C' for which we
have

(4.0.4) |Puls > Clul|s+1, Yue CE(U).

Let us consider an arbitrary zo € R™ and a suitable compact set K, with zy € K=U ,
such that (4.0.2) holds for all v € C§°(U) (we will work throughout in this fixed
compact set K).

Let A; and A, ., with s, € € R, € > 0, be the pseudodifferential operators of order
s with total symbols A (€) = (1 + &2 + |¢'|?)*/? and A (€) = (1 + €23 + |¢']?)%/2
respectively, and note that, for every fixed € > 0, we have the following equivalent
norms in the Sobolev space H*

[l = 18sClo ~ 1+ ls.e = A5 (o

We take now three compact sets K', K", K", with zy € I%’, and three open
neighborhoods V', V" V" of K', K" and K" respectively, such that K’ € V' &
K'eV'eK"eV"eU=K. Wecal U = K', U" = K" and U"” = K", and we
take three smooth functions a(x), B(x), v(x) such that

aeCyEU"), a=1ommV 0<a<l,
(405 BeCEU”), B=1lon V" 0<B <1,
yeCyU), ~y=1lonV" 0<~y<1.

Finally we define the properly supported pseudodifferential operators EY _, EY_,
E{_ of order s with total symbols

€ee(®,8) = a(z)Asc(§)
(4.0.6) e;/,a(a:?g) = B(z) A5 (£)
eg,ls(xvf) - 7(I)As,e<§>

respectively. We recall that £ _ maps Cg°(U") in itself, E_ maps Cg°(U") in itself,
and E?” maps C§°(U) in itself.

,€
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Note also that
E,.=A.+R,. on&' (K,
(4.0.7) El.=A.+R]. on&(K"),
E;"E =N+ R’S’; on &'(K"),

where R, _, R} _, and R’ (which depend on s and ¢) are regularizing when acting on
compactly supported distributions on the compact sets K’, K” and K", respectively.
In fact we have that R} = (a(r) — 1)A,., and its kernel is given by the oscillatory

integral
K (0.9) = (2) " [ €091~ o) Aec (X

where x € C§°(V’) is such that x = 1 on supp(u) for allu € C§°(K"). Since 1—a(z) =
0 on V', we have that Kz, _ is supported outside the diagonal of K’ x K’, whence it is
regularizing on &'(K'). By using the same argument, we find the analogous property
for R{_ and R{..

In the sequel we will use the following identities

E/// E// _ [ + E&E on Sl(K”),

(4.0.8) .
E" E’ =+ R, on&(K,

where R, R;E are regularizing on &'(K"”) and &'(K’) respectively.

To prove the first equality in (4.0.8) we compute the symbol of the pseudodiffer-
ential operator of order zero E". B _, which is €}’ fe” , (z,{) (modulo S7°), where

# denotes the composition in the ngmbolic calculus We have
6/” _SE Z aa " :L‘ 5 Da " (I,g)
(4.0.9) 20
= 7(2)Asc(§)B(m)A—sc(€) + Z — 08 (7(@) A5 () D5 (B(2)A=5(6)).-
a>1 !

Observe now that B E” = ~vy(x)B(x)] + R,., where y(z)B(z) = 1 on V", and R,
is smoothing (by the same argument used above in the proof of (4.0.7)), thus the
first relation in (4.0.8) follows, and also the second one by the same arguments.

We will call throughout C; . every constant depending on s and € possibly different
at each appearance. Since E . = A,. + R _ on C5°(U’), for all s € R and for every

fixed e > 0 there exists a positive constant Cs . such that, for all u € C3°(U"),

(4.0.10) [ulssre < 1Egculo + Cuelulse
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Note also that when 0 < e <1 then by (4.0.7) there is a positive constant (which
depends on s and ¢ and that we keep denoting by Cj.) such that for all u € C5°(U’)

" s+1, su”() = |Asa eu+Rs+1 sU”O © < ||A57€u||1—|—057€ ”u”m (4<7) ||E;,6u||1+0575||u”575'

<e<1 0.

Therefore, taking ¢ € (0,1] and using the previous inequality in (4.0.10), we have
that for every s € R there exists C' > 0 such that for all u € C§°(U")

||U||s+1,e < ||E§,5U||1 + Cs,anu“s,a
< C”PE;,EUHO + Csefuse

(4.0.2)
= C|(I+ RS,E - Rs,s)PEé,euHo + Cse ||u||575

(4.0.8)
(4.0.11) < C|EIE", PE. uls. + Csclul..

5 OV, Pl C. .

- C”EZS,E[P? E;,s]u + E//ss ssPUHSE + CS €||u”85

(4%8) CIEZ [P B Julse + [ Pulse) + Coelulse-

We focus now our attention on the term |E”, [P, E. Juls..

We call for short L the pseudodifferential operator of order one given by L :=
E", [P, E;_]. Observe that, denoting by p(z,§) = x1]¢'|* — i& the symbol of P, we
have that the part [;(z,£) of the symbol [(x,£) of L which contains the principal
symbol of L is given by
(4.0.12)

hiz, &) = e, t{p, e},
= ¢ (2, D €L @, ) + Xjagzn w0 (1, ) DY, € Hw, §)
= e (@ Ol el §) — € (2, ik, e Ha, §)
+ ez O € (2, ) Dip, € (2, €),

where
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(4.0.13)
e e(@, {1 €', el 3, &) = Bl )(1+€2§f+\§’I2)’S/2{x1\£’!2,a(ﬂ:)(1+€2§f+!€’|2)S/2}

= B@)(1+ %€ + €17/ (a1 kaazka D1+ +1¢/[2)

—sl¢/Pal@)(1 + 5251 + g2 e )

= 2018(x) (Y dnal@)ée) — eBla)ale) (1 + 265 + [¢'2)7 ()€

k=2

By using (4.0.12) and (4.0.13) we can write l1(x,&) = l{(z,&) + l{(x,&) + ly(z, §),
where

h(e,€) = 2018(x) (Y (O 0(e))6s ).
k=2
(40.14) 1(x,6) = —ef(@)alx)(1 + € +1¢1) 7 (&)
lo(,€) = =€, (2, &){ikr, €, Y(w, &) + Y dge”, (¢,6)Dg{p, €, }(x,E),

a>1

and this allows us to write L = L} + L{ + Lo, where L, L], Ly are the pseudod-
ifferential operators with symbols l{(x, &), I{(z,€) and I(z,§) — {(x, &) — U] (x, &),
respectively. Note that L} is a differential operator of order one, thus, by (4.0.5),
Liu =0 for every u € C§°(U’), LY is a pseudodifferential operator of order one, and
Ly is a pseudodifferential operator of order zero. This means that, for a suitable
positive constant C ., we have

(4.0.15) [ Lulse = | Lu + Loulse < [LYulse + [ Lotlse < [Liulse + Coclulse,

for all u € C3°(U).
Since |Liulse < |LYAscullo + |[Ases Li]ulo < |LYAsculo + Cselu]se, then, for a
suitable (new) constant Cs. > 0,

(4.0.16) |Lulse < |LYAsculo + Cselulse, Yu e CEU').

We now estimate the term | LA ulo.
Observe that, since the symbol If(z, &)\ (€) can be written as

CEIET

(2, A 2(€) = e(—28(x)a(z)) G

s+1,e (g) = 5@(1’)[)8 (g))‘s—i-l,s (5)7
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then, denoting by B. the pseudodifferential operator of order zero with symbol b.(&),
we have
"LgAS,Eu‘IO = 8”aB5A8+1,8u”05 Vu € CSO<U/)

Moreover a € C3°(U”) and w := B:Agy1.u € (R for all u € C5°(U’). Thus
elaw|o < glaloo]|w]o = eCu| B:Ass1.ulo for all u € C5°(U’), where C, = |aoo-
We now write B:Asi1.u as B.v, where v := Agpq.u € L (R”) for all u € C§e(U').

Since b.(&)v(&) = E:v(g), where B.v denotes the Fourier transform of B.v, we have
by Parseval’s identity

eC,| Bovlo = £Cu(21) 2| Bovo = eCu(2m) ?|b0]o, Vv € L (R).

In order to prove (4.0.10) we need only show that |b.v]o < C|v]o, where C' is a
positive constant independent of . In fact

2¢2| ¢4
1091 = [ i el POPS
(L@ + €1+ + [€]°)°
4.0.17
00 < | e
= [1o©rds = ol = 1ol vo e 7@,

Therefore eC, || BeAst1cufo < eCo|Asi1ctt]o = eColtt]s41, for all u € C(U’), and

[5(&)]%d¢

|L{Ascullo = elaBeAsirculo < eCol| Asirculo = eCalulsire,  Vu € CF°(U").
Summarizing, by the previous inequality and (4.0.16), we have
| Lulse < eCalulssre + Cselulse,  Vu e G2 (U).
Using the last inequality in (4.0.11) we find
[ulss1e < ClPulse + eCalt]sire + Coelulse,  Vu € G (V).

We now fix € := ¢y € (0, 1] such that (1 —£,C,) > 1/2, and finally, with suitable new
constants (in which we drop the dependence on ¢, that is fixed now),

C”PuHs,Eo + CsnuHs,Eo > ”u”erl,aoa Vu € CSO(U/)-

Since for every fixed ¢ > 0 we have | - |s- ~ | - |s, the latter inequality also holds
with the standard Sobolev norm | - |s instead of | - |5, (with new positive constants
C and C).

In conclusion we have proved the following proposition.
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Proposition 4.0.2. For every xg € R™ there exists a compact set K, containing xg
in its intertor K = U, such that for every s € R there exist two positive constants
C and Cy such that

(4.0.18) CillPuls + Colluls = Julsa,  Vu € G5 (U).

From the latter Proposition we can easily derive the following Corollary.

Corollary 4.0.3. For every s > —n/2o and for every xo € R", there exists a compact
set K, containing xo in its interior K = U, such that for all f € H, :(R"™) there
exists a function u € ng(sfl)(]R”) for which Pu= f in U = K.

C

Proof. The proof follows directly from (4.0.18) and a Poincaré type inequality (see
[14] Lemma 4.3.5) by suitable shrinking the compact set K of Proposition 4.0.2
around xg. O

Remark 4.0.4. Note that the result in Corollary 4.0.3 does not depend on the hy-
poellipticity of P, and it still holds for every operator which satisfies the hypotheses
of Proposition 4.0.2. In general, given an arbitrary operator L for which (4.0.18) is
true, we can prove more about the reqularity properties of its solutions (depending on
the regularity of the source term f) if the space N(K) = {u € &'(K); Lu = 0} is both
a subspace of C3°(K) and finite dimensional. In order to prove these properties for
N(K), and thus to have a more general solvability result (even under hypotheses of
Proposition 4.0.2), we need to use, if possible, either the hypoelliticity of the operator
or a propagation of singularity argument.

We can finally use the hypoellipticity of P and the result in Proposition 4.0.2 to
prove the solvability estimate (4.0.4) we are looking for.

Theorem 4.0.5. For every xg € R"™ there exists a compact set K, containing xg
in its interior K = U, such that for every s € R the estimate (4.0.4) holds for all
u € CO(K). In particular for every s € R and for all f € H *(R") N N(K)*, where
N(K) ={u € &(K); Pu= 0} is such that N(K) C C3°(K) and dim N(K) < +oo,
there exists a function u € H, *t1(R") such that P*u = f in U.

Proof. Since P is hypoelliptic we have that
N(K)={ue &'(K); Pu=0}

is a closed subspace of C§°(K). Moreover, by considering the identity map id :
(N(K),C*®) — (N(K), L?), from N(K) with the C* topology to N(K) with the
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L? topology, then we have by the closed graph theorem that the two topologies are
equivalent on N(K) (since also the inverse map id~' is continuous). Moreover a
closed ball in (N(K),C>) is a bounded and closed set in C*°(K), therefore it is
compact by the Heine-Borel property of C*°(K) (see [23]). Hence the closed unit
ball in (N(K), L?) is compact (by the equivalence of the L? and C* topology over
there) and therefore dim N(K) < +o0.

We next consider a supplementary space of N(K) in H**'N&”’(K) that we denote
by V. If estimate (4.0.4) were not true we could find a sequence {v;} C V such that

[ojlsrr =1, [Pvjls = 0.

Since H*™' N &'(K) is compactly embedded in H* N &'(K), then there exists a
subsequence {v;, } of {v;} which converges in H® to an element v € V so that
v € H*' N &' (since v;, — v € V and v;, — v in H*) and Pv = 0. Finally
this yields a contradiction, since by (4.0.18) we have Cy|v|s > 1, and hence 0 # v €
VN N(K) = {0}. The solvability statement of the theorem now follows by standard
functional analysis arguments.

]
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Appendix A

The Poicaré inequality for
nondegenerate vector fields

In this chapter we give the proof of the Poincaré inequality for nondegenerate vector
fields stated in Lemma 2.6.2. In order to prove the result we need the following
preliminary lemma.

Lemma A.0.1. Let K C R = R; x R” be a compact set. Let § := diam7;(K),
where T« Ry T — Ry is the t-projection, so that K C I xR™, with diam(I) = d.
We have

(A.0.1) lulo < 20k |Opu)o, Yu € C3°(K).

Proof. Let us assume that v is a real valued function, since, in the complex case, we
simply apply the argument below to the real and to the imaginary part separately.
By using the previous assumption we have that, for all u € C§°(K),

u(t, r)? = 2/ Osu(s, x)u(s,z)ds

—0o0

< 2(/+m asu(s,x)2d3>l/2</+wu(s,x)2ds>1/2

= 2| 0pu(-, )| 2 (- ) | L2 a)
whence, since K C Ig x R",

[ uttaft = ut o) By = [ utt,afdt < 2cl0uute o)) iz,

Ik
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Therefore, denoting by 7, : Rg;” — R” the x-projection, we get

= [ e = [t s

]KXTI'QC(K)

<2 [ oot o)ands < 25cldalolulo
7z (K)
by the Cauchy-Schwartz inequality. Thus, finally,

lulo < 20k [Orulo < 20k V1.2 ulo-

We recall below some basic definitions which will be useful in the sequel.

Definition A.0.2. Let Q and ' be two open sets in R™. Let ¢ : Q +— € be a smooth
diffeomorphism, and f a smooth function over Q'. We call pull-back of f under ¢
the smooth function ¢*f over Q' given by ¢*f := f o ¢.

Definition A.0.3. Let Q and ' be two open sets in R™. Let ¢ : € — € be a smooth
function, and X € C*(Q,TQ) a smooth vector field. The push-forward of X is a
smooth vector field ¢, X € C™(2,TCY) defined by

¢*Xf\¢(x):X(fo¢)|x, VfeC™(), VreQ.

We can also write ¢ X (f) = X(¢*f).

By means of Lemma A.0.1 we now prove the Poincaré inequality for nondegen-
erate vector fields used in Lemma 2.6.2.

Lemma A.0.4 (Poincaré inequality for nondegenerate vector fields). Let Q@ C R"
be open and let X be a smooth real vector field on 2. Let xqg € Q be such that
X(x0) # 0. Then there exists a compact set Ky C Q, with g € Koy, and a constant
C = C(Ky) > 0 such that for all compact K C K,

(A.0.2) |ulo < Cdiam(K)|Xulo, Yue C5P(K).
Proof. By the flow box theorem there exists U C €2 open and a smooth diffeomor-
phism ® : U — (=T,T) x U', ®(x) = (y1,v'), U' C R"! open, such that

0

= — , Vxel.
ox)  Oyr | ¢(a)

®,X ’



Now we take two compact sets K and K, such that zo € K C Ky C U, and
consider the compact ®(K). Then, given any u € C3°(K), we have that the function

is such that 4 € C§°(P(K)). Whence, by Lemma A.0.1, we get

lafo < 2diam(®(K))|P.Xa|o, Vae C(P(K)).

On the other hand we may find constants c¢;, C;, Cy > 0, depending on K, such
that
3 < |detJy(z)| < C?, Vr € K,

and
|®(2") — ®(2")] < Colz’ — 2|, V' 2" € K,.

The latter inequality yields that

diam(®(K)) = sup |[®(2') — &(2")] < Codiam(K).

z x'eK

Therefore
Al < [ lu@)Pletsoa)lds = [ fat)Pay < cHlal
and likewise for | Xu|o. Hence
ciluly < Clalf < 2CTdiam(®(K))*|@. Xl < 2CC3diam(K)* | Xulf,

and thus )

C;C:
[uo < 2= diam(K)| Xullo,
(&]

which concludes the proof. O]
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