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Introduction

What are resonances

This work is devoted to the study of quantum resonances, from different points of

view, of the semiclassical Schrédinger operator
P:= —h*A+V(x)

in one and several dimensions.
In a quantum model, a molecule is described by a wave function ¥ (¢, x,y) that

solves the time-dependent Schrodinger Equation,

{ ihowp = Hy (0.0.1)

Yli—o = 1o

where z € R3",y € R3P represent the positions of, respectively, the nuclei and the
electrons; this state function satisfies the normalization condition ||t:(-)||z2 = 1 and
on every open set £ € R3" x R3 its integral is the probability of presence in €.

With some assumptions the total energy of the system is represented by a quantum

Hamiltonian

“p? h? &
H=-Y —A, —— ) A Ly, 0.2
jZIQMj ; kazl we + Wa,y) (0.0.2)

that contains the interactions between the particles in the molecule and eventually
external fields, is self-adjoint in L?, and the solution v; = e~ tH/hyy o depends on the
choice of the initial state .

For the Stationary states the probability is ”stationary”, the wave packet remains
localized for all time ¢t € R: |¢(z,y)|? = [vo(z,y)e /M2 = |yho(x, y)|?; o is an
eigenfunction of H, Hvy = Evg with F real, and the probability remains the same.
If the particle does not remain localized in a small region of space, but diffuses
through the entire system, we are in presence of Scattering states; in this case

Yo € \per (ker(H — E))*, and it can be shown that, for any compact set K €
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Ri’m X ]RSp7
| 1 H%z(K)—> 0 as |t| — +oo. (0.0.3)

A Metastable state v is a solution to the Schrodinger equation which corresponds
to a complex number p, Imp < 0; more specifically there are states ; with some
particular behavior at infinity, such that ¢, ¢ L? are solutions of Hiyy = pipy. If we
set p = E — ib, the time evolution should be written t(t) = e(=*(E=®))/hyy 50 that
the probability of presence at time ¢ will be

|17Z}(:L‘ay)|2 . —bt/h
oy ¢ =<2V (0.0.4)

t—o0

Thus the quantity % gives us an idea of the life time of the molecule, where b = Im p

is the width, which is important to estimate.

In Physics the notion of quantum resonance comes namely from the behaviour of
quantities related to some scattering experiments (total scattering cross sections); at
certain energies these quantities present peaks, which are described by a Lorentzian
shaped function of the type

1 1

A= = )
(A= Rep)?+ (Imp)*>  |A—p[?

(0.0.5)

where the imaginary part of p gives the inverse of the amplitude of such peaks.
From the physical point of view resonances are also associated to metastable states,
i.e. states that slowly decay, and their life-time is given by the inverse of the absolute
value of the imaginary part (width) of the resonance. A typical resonance situation
occurs when a quantum particle with energy F is trapped within a potential well
with finite barrier of a given size; this is described by a quantum state ), with initial
condition )y localized in the potential well W (E), such that 1, remains in W for a
very long time and will then decay away from W thanks to the tunneling effect.
Resonances appear in almost all areas of quantum physics: the theory of atoms
and molecules, nuclear and elementary particle physics, with applications from the
theory of solids up to quasinormal modes of black holes. These complex values for
energies appeared in relatively old works (for instance in [Gal, to explain the energy
decay of an unstable atomic nucleus by a-particle emission), but in the 1970" and
the 1980" was the most intense research period where the resonances were rigorously
understood as a basic concept of modern physics; Aguilar and Combes [AgCo] and
Balslev and Combes [BaCo| gave a rigorous notion of resonances: they used dilation

analytic technique to prove the absence of singular continuous spectra for 2- and
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Figure 1: Breit-Wigner peak
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N-body Schrodinger operators. The Coulomb potential centered at the origin is
dilation analytic, therefore this theory worked well for atoms. In [Sim], Simon ap-
plied these methods to define quantum resonances, and one of the first application
was to the helium atom and other multielectron atoms. Through the contribution
of various researcher the spectral deformation theory, which was first formulated for
the dilation group, could be applied to distortion analytic potentials. Hunziker in
[Hu] gave a significant contribution to relax and extend the previous formulations,
by analysing those different techniques in order to construct the meromorphic ex-
tension of the matrix elements of the resolvent of P, and since then various notions
of resonances were introduced and their mathematical theory in the generalized
semiclassical regime has been applied to many problem, with different approaches.
Among the problems of 2-body systems, resonances in the Stark effect, Zeeman
effect and magnetic fields were studied in [GrGr], [Si], [HeSj2|; resonances in the
Born-Oppenheimer approximation for molecules were studied by Martinez in [Ma3],
[Mad], and in a model of molecular dissociation by Klein ([KI]).

Through the Born-Oppenheimer approximation ([BoOp]), the spectral proper-
ties of the molecular Hamiltonian can be reduced to the study of smooth pseudo-
differential operators (e.g. in [KMSW]). Roughly speaking, it consists in reducing
the problem of the behaviour of such systems, by ”sending” the mass of the heavy
particles to +o0o. Thus we are led to the study of a cut out Hamiltonian as in ,

where the last two terms represent the electronic Hamiltonian
Qx) = —Ay + W(x,y), (0.0.6)

and the study of P(h) = H can be approximately reduced, when A is small enough,
to the one of the family of operators —h?A, + \j(z),j = 1,..., N, where \;(z) <
A2(z) < ... < Ay(x) are the (so called electronic levels) first NV discrete eigenvalues
of Q(z). We are interested in the spectral properties of P(h) near a fixed energy
level E. (This method allows us to deal only with A;(x) verifying inf,cpn Aj(z) < E).
The minimums of A; can be physically interpreted as the equilibrum positions of the
nuclei around which those will gravitate in a molecular system. Then the spectral
study of P(h) can be reduced to that of semiclassical analytic pseudodifferential
matrix operator F'(z), and its principal part equals the diagonal matrix (up to a
O(h?)) diag(—h?A; + A\j(7))1<j<n corresponding to the original intuition of Born

and Oppenheimer. Then we have the following equivalence:
z€0(P(h)) < z€o(F(2)). (0.0.7)

The way in which the spectral reduction of P(h) and this equivalence are obtained
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relies on the construction of a matrix operator, the so-called Grushin operator, act-
ing on a greater space by means of the eigenfunctions of Q(x) associated with the
eigenvalues A\ (z), A\a(z), ..., An ().

This is the Feshbach method which is also used in several situations to study the
eigenvalues and resonances of P(h) in the semiclassical limit where the potential
function W (z,y) can be of different types. WKB type expansions for the eigenval-
ues and resonances of P(h) are obtained by virtue of the Feshbach method and the

pseudodifferential operator calculus.

From the mathematical point of view the question concerning Born-Oppenheimer
approximation studied in [Ma3] and [Mad], was inspired by the microlocal treatment
of semiclassical spectral problems in [HeSjl]; a first attempt to justify rigorously the
Born-Oppenheimer approximation was made in [CDS] for the diatomic molecule.
Later again the same microlocal method gave rise to a complete adaption to the case
of Coulomb interactions in [KMSW]. It was also natural to compare the different
notions of resonances (which in fact coincide, see [HeMal for the proof): poles of the
meromorphic extension from the upper complex half-plane of the matrix element
of the resolvent (P — z)~! as in [Hul, or points z of the complex plane, for which
(P(h) — z) is not bijective under certain assumption for the hamiltonian, defined
as a Fredholm operator on modified Sobolev spaces; this last definition appeared
in [HeSj2] and allowed the autors to apply the semiclassical microlocal calculus to
typical problems associated to resonances, for instance the so-called ”Shape Reso-
nances”, the subject of our first chapter: a scalar Hamiltonian (N = 1, one electric
level) admits the previous situation; the potential presents the geometric shape of a
Well in an Island. The resonant state describes a quantum particle, concentrated in
a potential well for a long period, but then escaping to the sea (classically allowed
region outside the island) by tunneling effect. This effect is reflected by the width
of the resonance.

The study of shape resonances is a rather old subject in semiclassical analysis, and
since the years 80’s many mathematical works have been done in order to both
locate them and estimate their widths (see, e.g., [AsHal, [CDKS| [HeS;j2) [HiSi, [FLM]
and references therein). In particular, one should mention the work [CDKS]|, where
the existence of shape resonances exponentially close to the real axis is proved, and
the work [HeSj2], where a more refined analysis leads to optimal estimates on the
widths of resonances that are near a local minimum of the potential. For more

excited shape resonances, however, only lower bounds on their widths are available



What are resonances 0. Introduction

in general, except for the one-dimensional case where the exact asymptotic behavior
can be determined : see [Se].

The purpose of the first chapter is to extend some of the results of [Se] to the
multidimensional case. More precisely, considering the semiclassical Schrédinger
operator P := —h%2A + V(x) on L?(R™) with n > 1, we plan to produce optimal
exponential estimates on the widths of highly excited shape resonances, that is,
shape resonances that tend to an energy Ey greater than the local minimum of the
potential V. In contrast with [Se|, here we assume that the potential well (that
is, the bounded component U of {V < Ep}) is connected, excluding the situation
of possible interacting wells. In this situation, the general multidimensional result
says that any resonance p = p(h) that tends to Ey as h — 04 is such that, for any
€ > 0, one has,

Tm | < O(e=2S0-9)/My

uniformly as h — 0. Here, Sy > 0 is the Agmon distance (that is, the degenerate
distance associated with the pseudo-metric max(V — Ep, 0)dx?) between U and the
unbounded component M of {V < Ej}.

In other words p satisfies,

limsup A ln [Im p| < —28. (0.0.8)
h%0+

When n = 1, this result is improved into (see [Se], Theorem 0.2),
lim Aln|Im p| = —25p. (0.0.9)
h—)0+

Here we plan to extend this improvement to the multidimensional case. Because of
, all we need to prove is that, for any € > 0, there exists a constant C. > 0
such that,

|Im p| > Cie_(250+5)/h, (0.0.10)

€

for all A > 0 small enough.

In order to produce such a good lower bound, when n > 2 it is necessary to add an
assumption on the size of the resonant state inside U. This assumption is actually
implied by a geometric condition on the classical Hamilton flow above U (see Remark
that is automatically satisfied in the one-dimensional case. Roughly speaking,
this condition says that the energy shell g, := {(x,&) € R*™; 2 + V(z) = Ep} is
sufficiently well covered by the classical Hamilton flow, in the sense that any open
set intersecting X, is flowed over a whole neighborhood of ¥ g, (this can be under-

stood as a kind of ergodicity of the flow on Xf,).
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From a technical point of view, this problem is very close to that of estimating
the tunneling for a symmetric double-wells at high excited energies, as considered
e.g. in [Mal] (and indeed, part of our argument will use the results of [Mall).
However, an additional difficulty comes from the fact that here, the quantity we

have to study mainly involves the size of the resonant state in M.

In the semiclassical regime, almost all the tunneling occurs along a small neigh-
borhood of the geodesic curves from the well to the set of points of the boundary
of the island where the Agmon distance from the well reaches its minimum. Since
Im p can be represented in terms of the corresponding resonant state as in formula
(10.65) in [HeSj2] (see 2.4.5), where it is shown that the solution coming from the
well can be evaluated and compared to the resonant state with a good approxima-
tion, one can use the microlocal calculus to propagate the estimate to the well.
Our work will essentially consist in evaluating the size of the resonant state in M
as h — 0 and propagating this evaluation up to that in U, through the barrier
B :={V > Ey}. The results of [Mal] permits us to connect the size of the state
in B to that in U only, but not its size in M to that in B. Indeed, it appears that
the argument of [Mal] (which is typically an argument of propagation of microlocal
analyticity) does not seem easy to adapt for this last step. However, following an
idea already present in [DGM], one can develop some explicit Carleman-type in-
equalities that permits us to cross the border between M and B, and to conclude.
Resonances in quantum mechanical systems are often related to bounded orbits in
a corresponding classical system. This idea has been applied to various geometrical
situations. Resonances for the Laplace-Beltrami operator on R™ with certain spher-
ically symmetric Riemannian metrics, such that there exists families of trapped
geodesics, were studied by De Bievre and Hislop (|[DeBH]); resonances generated by
the maximum point of the potential usually called ” Barrier-Top” resonances have
been studied at first by Briet, Combes, and Duclos [BCD2] and Sjostrand [Sj2].
This is a case of resonances generated by closed, hyperbolic trajectories, which were
analyzed by [GSj|.

The second chapter is devoted to the study of a different geometrical situation, more
similar to the barrier-top resonances problem, involving a singularity. It turns out
that the imaginary part of the resonances is much larger than that of those cre-
ated by a regular barrier-top. The underlying idea comes from the studies of [KI|,
[GrMal, [FMW] on the theory of the molecular predissociation, where two potential
intersect transversally. Moreover, in the main result of this chapter we follow the

computations of [FMW] very closely, in order to give the proof of the theorem m
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First of all we consider a linear wedge barrier, a geometrical form of the potential
with a singularity at the origin (V(x) = —|z|). The construction of the solutions
of Schrédinger equation is based on expressions that involve the Airy functions A,
solutions of the second order differential equation

dPu
dx?

By computing the connection formulas at the singular point, it turns out that the

= zu. (0.0.11)

transmission coefficient is given in terms of an explicit expression, involving Airy
functions and their derivatives. The zeros of both these functions, that are real and
negative, lead to singularities of the resolvent kernel, thus give rise to resonances for
the Schrodinger operator. They will be localized on a rotated line with an angle of
—%”, and one can notice an analogy with the energy levels associated to a specular
linear potential well V' = |z|. We assume then a more general linear geometrical

form for the potential barrier, acting at first a unilateral dilation, then a complete

unsymmetric generalization:

—agxr x>0,
V(z) = (0.0.12)

ajx <0 (a,a9)>0.
In these cases resonances turn out to be zeros of a much more complicated expres-
sion, that can’t be directly connected with zeros of Ai, Ai’. The next step consists
in generalizing the previous constructions and improve the computation, in order
to refine the theorem in a more general case.
Using a method due to Yafaev [Y] (see also [FMW]), and based on a special change
of variable, we construct an outgoing solution on (—oo, 0], and another one on [0, c0).
Then, the quantization condition simply consists in writing that their Wronskian at
0 vanishes. Since these functions are constructed in an iterative way, and their first
approximations are given by Airy functions, we obtain a corresponding approxima-
tion of the resonances. For the generalization we consider the potential V' = V; in

x <0,V =Vyin x > 0, where
e V; are analytic in regions I';,
I'o:={ze€C;|Imz| < dp(Rez)} N[£Re x > -], (0.0.13)
for some 4; > 0;
e there are constants V|, V; < 0:
Vi(z) = Vi~ (Rex — —c0 in TIYy); (0.0.14)

Va(z) — Vit (Rex = o0 in Ty), (0.0.15)
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and V is a real valued continuous function on the real line satisfying
V(z) <0 (xeR\O0), V(0) =0, (0.0.16)
with linearization Vy(x) = V(x; a1, a0) at x =0, i.e.:
W(x) =aqx (2 <0),Vp(x) = —agze (z>0), (0.0.17)
for some a; >0 (j =1,2). Thus our final result is theorem :
Set  Dy(Co) = |—Coh?/3, coh2/3] i [0, coh2/3] : (0.0.18)

Then for any Cy > 0, h sufficiently small, the operator P = —h292 + V(z) has

resonances
Res(P) N Dp(Coy) = {Ax(h); k € N} N Dyp(Co), (0.0.19)

where  Ap(h) ~ h5 Y cpnh. (0.0.20)

n
The leading term Ay o(h) = h?/ 30;.370 coincides with the resonances for the linearized
operator Py = —h20? + V.

In leading order, this reduces in fact to the explicitly solvable linear wedge
problem. By developing a different WKB construction we will be able to extend
this result to potentials V' (z) ~ atrz. We expect that this type of results appears
in the Born-Oppenheimer approximation, by constructing resonances A for a two-
level problem with a crossing (described by a matrix case) in a window where

Im A\, € [—Chg,()], in analogy with the theory discussed in [FMW].






Chapter 1

Background of Resonances

1.1 Analytic Distorsion

One of the useful tool to study the theory of resonances for the Schrodinger oper-
ator P(h) = —h?A +V on L?(R") is the spectral deformation, developed thanks
to the ”analytic dilation” technique (J[AgCol, [BaCo|) and later with the more gen-
eral "analytic distorsion” ([Hul); it allows us to identify resonances of a selfadjoint
operator P with complex eigenvalues of a closed operator Py, obtained by spectral
deformation, and these eigenvalues are related to the poles of the meromorphic con-

tinuation of the matrix elements of the resolvent.

The basic idea is to consider one-parameter families of diffeomorphisms on R”,
that admit an extension on a neighborhood of R™ in C" as the parameter becomes

complex.

1.1.1 Unitary operators

For # real, any family induces a family of unitary operators Uy on L2 (R") ; if @
becomes complex, the spectrum of the conjugated Schrédinger operator P(6) =
UpPU, ', 6 € R, deforms.

Let g : R — R" be a smooth mapping (C",n > 2), with dg(z) = O(1). Given the
family of applications ¢p (z) : R™ — R"™ defined as:

o9 (x) =z + 0g(x), (1.1.1)

because ¢o(x) = x, we expect that any application is invertible, if 6 sufficiently

small. We will denote the derivative ¢y (x) by
dog (x) =1, + 0dg(z). (1.1.2)

13
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It is invertible for |0| < Mj,
My = (supgern||dg(2)I) ™", (1.1.3)

where the inverse can be computed explicitly by

> (1m0 (dg)". (1.1.4)

n

(The series is absolutely convergent, provided |#|M; ' < 1). Thus, by the inverse
function theorem, ¢y is invertible on R™.
Let S(R™) be the Schwartz space of functions that are rapidly decreasing with

all their derivatives.

Definition 1. For any f € S(R™), we define a map Uy on S(R™) by

(Ugf)(ib') = J¢9(l‘)f(¢9 (1‘)), 0 €R, (1'1'5)

where Jy, is the Jacobian determinant of the map ¢y.

Proposition 1.1.1. Uy maps S(R") into S(R™). Moreover, for |0 < M, 6 € R,

Uy extends to a unitary operator on L? (R™) and the strong limit
s —limg_oUp =1 (1.1.6)
(See [HiSi] for the proof).
Example 1. Analytic dilation group:
(Uaf) () = /2§ (). (1.1.7)

Example 2.

Traslation group with direction é:
(U f)(z) = f(x +0¢). (1.1.8)

1.1.2 Complex extension, analytic vectors

Definition 2. Let A be the linear space of all entire functions f : C"™ — C" such

that in any conical region
C. % [z eC™|im 2] < (1 - €)[Re 2|}, (1.1.9)
for any € > 0, Vk € N

lim |z[*|f(2)| =0, z € C.. (1.1.10)

|z]—o00
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Remark 1.1.2. A # (); any entire function of the form f(z) = e_“ZQp(z) belongs
to A, with p a polynomial, o > 0.

Definition 3.
The set of analytic vectors in L? (R") is the set of ¢ € L? (R") such that 3 f €
A, () = f(z), z € R™

Remark 1.1.3.
The set of functions in A restricted to R” forms a dense, linear subset of L? (R").
Furthermore, for any f € A, f(z) € L2 (R"), for z € C., Ve > 0.

1.1.3 Spectral deformation

Definition 4. [Type-A families | Let D be a non-empty open subset of C and sup-
pose that, for each § € D, Py is a closed operator , with resolvent set p(Py) # 0.
Then the family of closed operators Py, € D, is said to be Type-A if

i) D(Py) is independent of 6;

ii) For any u € D(Py), Ppu is analytic in 6 on D.

Remark 1.1.4. If G is an open bounded set such that G C p(Py,), then
1. G C p(Py) for |§ — | sufficiently small.

2. If A\ € G, themap D 3 0+ (A — Pg)~! is analytic in 0 for |§ — 6| sufficiently

small.

Namely, D(Pg) = (A — Py,) 7L, (Pg — Py, ) (A — Py,) ! is closed, everywhere de-
fined, bounded. Thus, for |# — 6y] — 0 , its norm will be smaller than one, then
1 — (Py— Pgy) (A — Py,) ! is invertible, for A € p(Py).

One can easily prove stability of isolated eigenvalues with respect to perturba-
tions given by Type-A families. In addition, if the eigenvalue is non-degenerate,
then one can also prove that the corresponding eigenvalue of Py, is analytic in 6. In
general, a degenerate, discrete eigenvalue )\, under a perturbation splits into sev-
eral eigenvalue branches, which converge to Ag. In the case Py, self-adjoint, every
branch is an analytic function of 0. (See [HiSi])

Let us now suppose:
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(A1) There exists a family ¢ of unitary operators Uy, § € D = {z € C/|z| < 1}
such that, for 6 € D N R, Uy is unitary, UpD(P) = D(P) V0 € D, and Uy = 1.

There exists a dense set of vectors A C H such that

i) the map A x D 3 (¢,0) — Uyt is analytic on D with values in H;
ii) For 0 € D,U(0) is dense in A.

(A2) Define, for # € D N R, a family of unitary equivalent operators P(0) =
UgPUe_l. Let assume that the map D > 6 — P(6) is analytic of type-A.

The family U satisfying (A1) and (A2) is called Spectral deformation family for
P. The dense set A of vectors is said to be of ”analytic vectors” for Uy. The con-

dition (A2) can be relaxed, it is sufficient to state the analiticity of the resolvent of
Pg in 6.

Let us consider the spectrum o(Py) of Py. In general is a closed subset of C
that may have a nonempty interior. Moreover, Py may have complex eigenvalues

that have no counterpart in o(P).

Example 3 (dilation analyticity).
Consider Py, = —A on L? (R") and recall that o.ss(Pgo) = [0, 00).
If f € S(R™), Uy is defined by (L.1.7). It is easy to check that {Up; 6 € R} forms a
one-parameter unitary group, and that UyD(Py) = D(Py), 6 € R.
Consider Uy acting on the set of analytic vectors (dense L2 (R™)) of the type
2

¥(z) = p(z)e” ", (1.1.11)

cor a > 0,z € C", p polynomial. Then, as long as conditions on the positivity of
Re(e??) hold, the function Ugtp € L? (R™), and the map

(6,) € D x A Ugtp (1.1.12)
is analytic on L?. Moreover,
Po(0) = e YA = e 2Py, (1.1.13)

After a change of coordinates, by replacing § — 46 and considering from now on

0 complex, we have:
ess Ho(i0) = e 20RF, (1.1.14)

Thus the essential spectrum of Py will rotate about the origin through an angle of

—20, as result of the spectral deformation.
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Let us consider in general the action of a spectral deformation family I/ on a set

A of analytic vectors.

Proposition 1.1.5. (see [HiSi[) Let U be a family of spectral deformation related
to the smooth vector field g, that satisfies

sup ||dg(z)|| < 1. (1.1.15)
TeR™
Set
Dy ={0€cC;l|0| <bp}, (1.1.16)

where 0y << 1. Thus,
(i) The map Do x A> (0, f) = Uyf is an analytic function with values in L?;
(ii) For any 6 € Do, UpA is dense in L2.

We can now apply the previous theory to study the Schrédinger operator P =
—h2A + V(z). Assume that h > 0 and g satisfies condition (1.1.15)), g(z) = x for
|z| > 1, and that P is self-adjoint with domain D(P) = H?*(R).

Let Dy be the disk defined in , and consider, for 8 € Dy N R, the family of

unitary equivalent operators

P(0) = UyPU, ' = pj + Vp, (1.1.17)
where
pe = Upp*U, ', pj = —ihi (1.1.18)
o J 5'mj’
and
Vo =UgVU, . (1.1.19)

The operator pg can be computed explicity, and it comes out:

_ 2
ps = ((ddg (z))™" - p)” + ha(z) - p (1.1.20)
(a(x) - pis a first order operator 1 with compact supported coefficients).

Proposition 1.1.6. (see, e.g. [HiSi], Prop. 18.1)
The family of operators pz, 0 € Dy, defined in s a type-A analytic family
of operators with domain D(p3) = H*(R™).
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Proposition 1.1.7. (see [HiSi], Prop. 18.2) Let p3 be defined as in . Then:
Oess(pa) = {z € C;argz = —2arg(1+6)}, (1.1.21)
for any 0 € Dy.

We consider the potential V. Let CZ be the truncated cone obtained from C: in
with the additional condition that there exists R > 0 such that ||Re z|| > R.
We already know, for § € Dy and ||z|| > R, R > 1, that the image of ¢ (x) is
contained in C..

We need then additional assumptions on the potential V since:

1. The modified potential V o ¢y has to be extended, for § € Dy as p?-relatively

compact operator;
2. We want to compute o.s5(P(6)), starting from the previous proposition.

Definition 5. We call a real valued function V on R" for a spectral deformation

family U admissible potential if :
(V1) V is relatively p?-compact;

(V2) V is the restriction to R™ that is analytic on the truncated cone CI, for any

e > 0 and some R > 0 sufficiently large.

If V satisfies both conditions, then V oy extends to 8 € Dy as an analytic, relatively

pg—compact operator.

Lemma 1.1.8. Let V satisfy (V1) and (V2). Then the self-adjoint operator P(6) =
pg + Vi, defined for 6 € Do NR™, extends to an analytic type-A family of operators
on Do with domain H?(R™).

Theorem 1.1.9. Let U be a spectral deformation family for the Schrodinger oper-
ator P = —h2A + V, where V satisfies (V1) and (V2). Then for any 0 € Dy,

0ess(P(0)) = {z € C;argz = —2arg(1 + 0)}. (1.1.22)

To prove ([1.1.9)) we recall the Weyl Theorem ([1.1.10]) and we refer to the subse-

quent remark:



1. Background of Resonances

19

Figure 1.1: Spectrum of Schrédinger operator

Figure 1.2: Spectrum of deformed Schrédinger operator
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Theorem 1.1.10. [Weyl theorem]
Let A be a closed operator on a Hilbert space H, and B a relatively A-compact

operator. Then:

Tess(A) = Oess(A + B). (1.1.23)

Remark 1.1.11. (Distorsion on the Laplacian)
By computing the essential spectrum of the distorted operator pg, we focus on the
term coming out from the complex distorsion of (d¢y)~!. Thanks to the assumptions

(1.1.1} {1.1.2} [1.1.3]), we find an expression of the type

(depg) ™t = e + My, (1.1.24)

where My is a compact supported matrix.
Substituting in (1.1.20) we obtain

P2 = e 2992 4 (A(z)-p,p) + ha(z) - p, (1.1.25)

where ha(z) - p is relatively compact, and A(z) is a compact supported matrix.
Then, applying the theorem ([1.1.10) in this case we find:

O'ess(pg) = Oess (6_2i6p2 + <A($)p,p>) (1126)

Set By =e 29 (A(z) -p,p) = b(x,p), B = By+b(x,p). In order to apply again
theorem ([1.1.10f) we act on the resolvents: instead of check for information about
compactness of b(z,p) = B — By , we evaluate the resolvents on a certain element

which does not belong to the spectrum, for example on —i ¢ o(B):

(B+i) ' = (Bo+i) t=B+i)(I-(B+i)(Bo+i) )=
(B+4) 1 ((Bo+14)(By+1) ' — (B+1i)(By+i)7!) =
(B+14) ' [(Bo+i)— (B+4)](Bo+i)~ ' =
(B+i) Y (By — B)(By +1i)' =
—(B+14)"(x,p)(By + )"t

The previous operator is compact from L? to L?:
e The map (By)~!: L? — H? is bounded.

e By composition on the RHS of b with a cut-off function x, x(x) = 1 for
x € SuppA(z) := K, with C > 1, we obtain b(x,p) = L(x,p)x(z), thus
x(z)(By + i)' : L? — H? is compact. (Where H3- is the set of compactly

supported functions on K).
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e The identity I : H2 — L? ( by Sobolev theorem) is compact.

e The map (B +i)~'b is bounded on L2.

Summing up:

i)~ N,
p2 P g2 s gy L2 (B0 e (1.1.27)

Therefore (B +i)~! — (B + 4)~! is compact, and applying theorem (1.1.10) (by
substituting A+ B = (B +14)"', A = (By +i)™'), the following equality holds:

Oess((B+1) ") = 0ess((Bo +14) 7). (1.1.28)
Now we apply the Spectral Mapping Theorem (Theorem 1.e, Cap. VII [ReSi]):
Oess(B 4 1) = 0ess(Bo + 1), (1.1.29)

thus
Jess(B) = Uess(BO)- (1130)

210

The essential spectrum of p7 is then exactly e 2?04 (p?).

1.2 Resonances for the Schrodinger operator

The theory developed by Aguilar, Balslev, Combes e Hunziker since 1970, identify
the resonances with the eigenvalues of the deformed hamiltonian Py in the lower
complex half-plane. The resonances do not depend on 6 and g, and they are associ-
ated with the poles of the meromorphic extension from the upper complex half-plane
of the resolvent Rp(z). In order to prove the existence of such continuation we op-

erate an explicit construction assuming appropriate conditions.

Theorem 1.2.1. Let P be a self-adjoint Schrddinger operator with spectral defor-
mation family U satisfying (A1) and (A2) with set of analytic vectors A , and such
that oess(P) = [0,00), 04(P) C (—o0,0].

We consider a connected open set 2 C {z € C;Re z > 0}, with QT = QN CT £ 0,
Q" =QnNC™ # 0 (setting C* = {£Im z > 0}). For any ¢ > 0 there exists a
subset Q- C Q~, such that, for some 0 € D, = {6 € Do;Im 6 > e}, we have
Oess(P(0)) NQ- =0 Ve >0. Then:

1. For f,g € A, the function

Fyg(2) = (f, Rp(2)9), (1.2.1)
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Figure 1.3: Spectrum of a deformed family

defined for Im z > 0, has a meromorphic continuation across oess(P) = Rt
in Q7 Ve > 0.

2. The poles of the continuation of Fyy(z) into 7 are eigenvalues of all the
operators Pg,0 € D, , such that o.ss(Pg) N Q- = @.

3. These poles are independent of U : let V be a spectral deformation family for
P, with a set of analytic vectors Ay satisfying the previous assumptions and
such that AN Ay is dense. Then the eigenvalues ofﬁ = VgPVefl, 0 e D,
m Q-

-, are the same as those of Py in this region.

Proof. Let us fix z € CT.

For 0 real Uy is invertible, and U, 1 Uy. Therefore we can write
Fry(2) = (Ugf, (UgRp (2)Uy M) Upg). (1.2.2)

By condition (A1) 8 € D — Uyf,Uyg are analytic maps and the following equality
holds:
UyRp(2)U, ' = Rp,(2). (1.2.3)

By assumption (A2) the map 0 € D — Rp,(z) is analytic if z ¢ o(P(6)). Further-
more, for # € D NR, (where § = §), we have:

0 € D — Fyy(2,0) = (Ugf, Rp(o)(2)Upg)- (1.2.4)
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This map is analytic , well defined for § € C, we can then extend for § in D, and z
in QF C QF. We fix 0 € D.; Fyy(z) can be meromorphically continued in z, from
{Im z > 0} into C\oess(P(f)). The identity principle for meromorphic functions
permits us, since

Ftg(2,0) = Fyg(z) for Im z > 0, (1.2.5)

to state the existence of a meromorphic function on Q7 U Q7 that coincides with
Fp4(2) on QF. This function is the extension into Q.

The meromorphic continuation of Fy(z) in Q is given by the matrix elements
of Rp,(z) computed in the states fy e gg, which denote the continuation of Uy f e
Upg. Condition (A1) states that such vectors in UpA, 0 € Dy, are dense. Therefore,
if Py has an eigenvalue at A\p € Q7 , Fry(2) will have a pole there; vice versa, if
Fy4(2) has a pole at Ag, then it must be an eigevalue of Py.

We conclude that the poles of the continuation of F'y, in Qig_ are independent of 6.
In fact, if 2; € O isa pole for Fy4(z,0), due to uniqueness of the identity principle
for meromorphic functions, it is a pole for Fy4(z,6'), since they both coincide with
Fpy(z) on QF. Thus the eigenvalues of Py, 0 € D, are the same of P(#'), ¢’ € D,,
supposing z; away from o.s5(P(0")). The last statement of the theorem comes again

from the uniqueness . ]
Corollary 1.2.2. Under the same hypothesis of the theorem:

(1) ca(PO)NQF =0,0¢€ D..

(ii) any A € 04(Py), 0 € D, is independent of 0, provided A ¢ oess(P(0)).

(iii) If X is an eigenvalue of P, then A € o4(P(0)) for 6 € D,.

Proof. (i) Ftg(2,0) = Fyg(2) for § € D, Im z > 0. P is self-adjoint; if o4(Pg) N
{Im z > 0} # 0 we would have an eigenvalue for Py, thus a pole. Therefore

P would have a complex eigenvalue z € {Im z > 0}.

(ii) The continuation F't4(z) is unique and independent of #. Hence as A € oq(P(0))

is a pole of this continuation for some f, g € A, it is independent of 6.

(iii) Let suppose A € 04(P). Let

1
I=—9¢R d 1.2.6
3ri . Be () (1.2.6)
be the orthogonal projection of P, where I is a closed contour about A. There

exist ¢,1 € L? such that (¢, IIy)) # 0. Then, by density of A, we can find
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f,g € A with
(f,11g) # 0. (1.2.7)

If A is isolated from o.ss(P(#)), for 6 € D,

(f,Tg) = (Ugf,MeUpg) (1.2.8)
holds, where
1
—1
Hg = UQHUO = o fRP(O)(Z)dZ (129)

is the spectral projection of Py on Int(I'). The matrix element has continua-
tion for 8 € D,.
Then Int(T") Noy(Py) = 0 for any contour I' about A\. Thus X € o4(H(6)).

O

It follows from the previous theorem and corollary, that the set Res(P) of res-

onances of P, in the sector {1 can be given by:

Res(P)N Q. = | 0a(Po) N Q. (1.2.10)
0D,
Thus we have the following definition:
Definition 6. The quantum resonances of a Schrédinger operator P associated with

a dense set of analytic vectors A, are the poles of the meromorphic continuation of

all matrix elements

(f,Rp(2)g), f, 9 € A, (1.2.11)

from {z € C;Im z > 0} to {z € C;Im z < 0}.

1.3 Distorsion of pseudodifferential operators

Let A = Opp(a) be a pseudodifferential operator, with symbol a € Ss,((£)"). We

assume that there exists § such that a is holomorphic in

I':= {|Re z| > Ry, [Im z| < §|Re z|} x {|Re y| > Ry, |[Im y| < §|Re y|} x
{lim &] < 6(Re &)},

and 0% = O((Re {)™), where 6 >0, Ry > 1.

We want to obtain an expression of the type

UpAU; ' = Opy! (ag(x,¢)), (1.3.1)
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where the symbol of the distorted operator ag has similar properties of a , in order

to define resonances. We consider

1
(2wh)"

Au(x) = /R e Ra(a, y, ©)uly)dydg, (132)

and applying distorsion with 6 € R, setting ﬁ = a, ¢p(x) = ¢, we obtain

UpAU, ' = oz/e_i(x+99(x)_y)f/ha(x + Hg(a:),y,§)u(y)J¢1)/2J¢f1dyd§ = (1.3.3)
(by changing integration variable y — z 4 0g(z))
=« / e~ i@z 0@ =9ENIE/ g (1 4 Og(x), 2 + Og(2), E)u(z + Og(2)) x
<2 g1 J ) g
The scalar product in the exponent becomes
[z —2+0(g(z) —g(2))] - € = Z(% — 2i){0ij + 9/01 ji;(m +(1-t)2)} =
i.j

(x — z)(I—i—HF(a:,z)) b= (x—2)-(I+0F(z,2))E,

where F'(z,z) is a bounded function, given by the expression

1 .
(F¢~(x,z)):/0 Z’;(tﬁ(l—t)z)dt. (1.3.4)

By a further change of variable
n="4I+0F(z,2))¢, (1.3.5)
we obtain
E=YT+0F(x,2)) 'n, = d¢ = det(I + OF (z,2)) dn, (1.3.6)
and by substitution in :
=a / e*i(mfz)”/ha(aj +0g(z), 2+ 0g(2), (I + 0F (z,2)) "'n)u(z + 0g(z))-

T3 (@) Jy-1 0} (2) det (I + 0F (x, 2)) " dzdy =

—a / e~V (2, y, €)u(y)dyde, (1.3.7)

where ag(z,y, &) is obtained denoting the new variables z — y,n — &, from

a(x +0g(x), 2+ 0g(2), (I + OF (z,2)) ") ) * (@) Jy-1 1} % (2) det (I + 0F (, 2)) L.
(1.3.8)
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This symbol is well defined, of order m, g(x) = x for |z| > 1, and all the deter-
minants are bounded. Now we can extend 6 to a complex value and consider the

pseudodifferential operator
Ay = UyAU, " = Op)Y (ap), (1.3.9)

where the new symbol has been changed by Weyl quantization thanks to the theo-
rem 2.7.1 in ([Ma2]).

Remark 1.3.1. If m = 0 and 9%a — 0 for (z,y,£) — oo in I'N {|z — y| < d|z|},

then Ay is compact.

Remark 1.3.2. In particular, this is true if we consider operators of the type A =
Op) (a) (with left-quantization), or as A = Op} (a) (right-quantization), a € Sa,(1)
and holomorphic in {|Re z| > 0, |Im z| < d|Re z|} x {|Im & < 6(Re §)}. By Weyl
quantization we need to assume a holomorphic in {|Im z| < 6(Re z)} x {|Im &| <

6(Re )}
We consider now a matrix operator of the type
P = —h*Aly +V + hOpy(a), (1.3.10)
such that

o V= (Vi(x)) Vij € Sn(1);

1<i,j<N?

e aq = (aij($7y7£))1<ij<N’ where the symbols a;; satisfy the assumptions of
previous paragraph (1.3)), m = 1;

e Va € N (&)719% — 0 for |z| — oo, uniformly with respect to (y,&) in

I N {|z —y| <d|z|} (Compactness assumption).

Under the previous assumptions there exists a distorted operator Py, 6 € iR™, § <
1, of the form

Py = Ug(—h2A)U, ™ + Vi + hA,, (1.3.11)

where Ay is A-compact.
By applying the general consideration of ([1.2)) to Py we can define the resonances

of P as the complex eigenvalues of Pj.



1. Background of Resonances

27

1.4 Example: the shape resonances

This model was developed by Gamov, Gurney and Condon (see [Gal], [GC]) to
describe the decay of instable atomic nuclei, with emission of alpha particles. The
nucleus is modeled as a potential barrier of finite length, that "traps” the alpha
particle. The wave function is at first localized in the potential well, oscillating
between the barriers. Since their thickness is finite, the wave function will penetrate
them, and the probability to escape to infinity for the particle is not zero. We

consider the Schrodinger operator
P = —h%’A +V(z) + hA(z,hD,), (1.4.1)

where V' has the ”shape” of potential barrier with finite thickness, determined by
the semiclassical parameter h, and A is a pseudo-differential operator as in section
. The life-time of the particle is controlled by the properties of V and h; If
p = FE—i', T" > 0is the associated resonance, the particle lives ﬁ The assumptions

on the potential are:

(V1) V € C real valued; there exists a compact set K C R™ such that V is

analytic on K¢ = R™\ K, and can be holomorphically extended in a sector:
Do = {z € C";[Im z| < §|Re z|,Re v € K“} (1.4.2)

for some § > 0. Additionally V(z) — 0 for |Re z| — oo.
(This assumption permits us to define as usual the resonances near the real
axis. If ug is an eigenvalue of Py, it can be extended holomorphically on Dy,

such that ugp = Ujpu. Such u’s are called resonant states.)

(V2) There exists an open, bounded domain O, with smooth boundary, such that
V has a non degenerate minimum in zg = 0, i.e. Hess(V(xo)) is positive

defined, and we assume for simplicity V' (0) = 0.
(V3) (non-trapping) For any (z,¢) € p~1(0)
|exptHp(z,§)| — 00 ast — oo, (1.4.3)

where p(z,&) := &2+ V(z) is the symbol of P, and H), := (V¢p, —V,p) is the
Hamiltonian field of p.

The classical forbidden region is defined as CFR(E) = {z € R"; V(z) > E}.
Assumption (V1) implies that CFR has compact closure. If it is non-empty, then

the complementary set in R™ consists of two closed and disconnected regions, the
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potential well W(E) ( compact, containing the origin), and the unlimited region
outside, X(F). V represents the geometrical situation of a ”well in an island’,
that originally describes the shapes resonances; in particular, the assumption (V2)
describes the shape of V' (z) in the island.

A very accurate study of this argument was made by Helffer e Sjostrand in [HeSj2]
in the global analytic case with A = 0, whereas for the case with analyticity only
at infinity one can refer to [FLM] (for A = 0).

The method (which can be extended to the case A = 0) consists in extending the
solutions (WKB-method) from the bottom of the well to a neighborhood of T, and
estimate the difference with the resonant state. With a non-trapping condition for
V, it becomes an admissible potential for P, and one can apply analytical distortion
( with a Type-A analytical family).

If e; denotes the j*" eigenvalue of the harmonic oscillator
- A+ %(V”(O)x, ), (1.4.4)
one can find that, for any j, there exists a resonance:
p; = h(e; +a(0,0,0)) + O(h?), (1.4.5)

where the asymptotic expansion is given by p; ~ > <o pjkhg, pik € R.
Furthermore, one can estimate |Im p;| = (’)(e*S/ h), with S > 0 geometrical constant

concerning the tunnel effect.



Chapter 2

The shape resonances

2.1 Notations and assumptions

We study the spectral properties near energy 0 of the semiclassical Schrédinger
operator,
P:=—h’A+V(z)

on L?(R"), where x = (x1,...,2,) is the current variable in R” (n > 1), h > 0
denotes the semiclassical parameter, and V represents the potential energy.
We assume,

Assumption 1. The potential V is smooth and bounded on R™, and it satisfies,

o {V <0} = UUM where U is compact and connected, M is closed, and
UNM=0;

o V has a strictly negative limit —L as |z| — oco.

This typically describes the situation where so-called shape resonances appear.
In order to be able to define such resonances, we assume,

Assumption 2. The potential V extends to a bounded holomorphic functions
near a complex sector of the form, S5 := {x € C"; |Im z| < §|Re x|}, with 6 > 0.
Moreover V' tends to its limit at oo in this sector.

We also assume,

Assumption 3. F =0 is a non-trapping energy for V above M:

The fact that 0 is a non-trapping energy for V' above M means that, for any
(z,€) € p1(0) with € M, one has |exptH,(z,£)| — 400 as |t| — oo, where
p(x, &) := €2 + V(z) is the symbol of P, and H), := (V¢p, —V,p) is the Hamilton
vector field of p. It is equivalent to the existence of a function F € C®(R?";R),

29
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supported near {p = 0} N {x € M}, that satisfies,
H,F(z,&) >0 on {p(z,§) = 0}. (2.1.1)

In particular, M has a smooth boundary: since the only £ € R™ such that p(z,£) =0
is 0, and Hp, = —VV(z) - 9/0¢, it implies that VV (x) # 0 on OM.

We denote by dy the Lithner-Agmon distance associated with V', that is, the
pseudo-distance associated with the pseudo-metric max(0, V (x))dx?.

In the rest of the chapter we set,
So :=dy (U, M).

Thanks to our assumptions, we necessarily have Sy > 0.

2.2 Resonances

In the previous situation, the essential spectrum of P is [-L,4o00). The reso-
nances of P can be defined by using a complex distortion as in chapter Let
g € C*°(R™,R™) such that g(z) = = for |z| large enough. For 6 # 0 small enough,
we define the distorted operator Py as the value at v = i6 of the extension to the
complex of the operator U, PU, ! which is defined for v real, and analytic in v for
v small enough, where U, is defined by . By using the Weyl Perturbation
Theorem , one can also see that the essential spectrum of Py is given by,

Oess(Py) = efQieR_,_ — L.
It is also well known that, when 6 is positive, the discrete spectrum of Py satisfies,
0disc(Pp) C {Im z < 0}.

Then, those eigenvalues of Py that are located in the complex sector {Re (z) >
L; —20 < arg(z + L) < 0} are called the resonances of P (as in the previous
chapter), and they form a set denoted by Res(P) (on the other hand, when 6 < 0,
the eigenvalues of Py are just the complex conjugates of the resonances of P, and
are called anti-resonances).

Let us observe that the resonances of P can also be viewed as the poles of the
meromorphic extension, from {Im z > 0}, of some matrix elements of the resolvent
R(2) := (P —2)""asin (6) of (1.

It is proved in [HeSj1], [HeSj2| that, in this situation, the resonances of P near 0

are close to the eigenvalues of the operator

P:=—h*A+V (2.2.1)
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where V € C°(R™;R) coincides with V in {dis(z, (M)) > 6} (§ > 0 is fixed
arbitrarily small), and is such that inf {dis(x,M)<6} V > 0. The precise statement is
the following one : Let I(h) be a closed interval containing 0, and a(h) > 0 such
that a(h) — 0 as h — 04, and, for all ¢ > 0 there exists C. > 0 satisfying,

a(h) > Cie—e/h; (2.2.2)

£

o(P) N ((L(h) + [—2a(h), 2a(h))\I(R)) = 0, (2.2.3)

for all A > 0 small enough. Then, there exists a constant €; > 0 and a bijection,

B : o(P)NI(h) — Res(P)NT(h),

where we have set,

such that, for any € > 0, one has,
BA) — A = O(e~ZSo=e)/h), (2.2.4)

uniformly as h — 04.
In particular, since the eigenvalues of P are real, one obtains that, for any € > 0,

the resonances p in I'(h) satisfy,
Im p = O(e~250=e)/hy, (2.2.5)

From now on, we consider the particular case where I(h) consists of a unique

value E(h), such that,

E(h) € 04isc(P);

E(h) = 0as h — 0y;

o(P) N [E(h) = 2a(h), E(h) + 2a(h)] = {E(h)},
where a(h) satisfies (2.2.2)).

(2.2.6)

Remark 2.2.1. Let us observe that, by Weyl estimates, one knows that the number
of eigenvalues of P inside any small enough fix interval around 0 is O(h™"), and
thus, in particular, is not exponentially large as h — 0. As a consequence, and
possibly by restricting the set where h takes its values (e.g. by taking h along a
sequence tending to 04 ), it is not difficult to construct many such intervals I(h)
satisfying (see also [HeSjl|], Section 2, and [HeSj2|, Section 9).
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We denote by ug the normalised eigenstate of P associated with E(h), and,
applying , we also denote by p = p(h) the unique resonance of P such that
p— E(h) = O(e=(@%—e)/h),

The purpose is to obtain a lower bound on the width |Im p|, possibly of the

same order of magnitude as the upper bound.

2.3 Main Result

Following the ideas of [Mall], we consider the following additional assumption of
non degeneracy. We denote by G the set of all minimal geodesics (relatively to the
Lithner-Agmon distance dy ) between U and M that meet each boundary oU and
OM at one point only, and we assume,

Assumption [ND] For all ¢ > 0 and for all neighborhoods W of the set
U,eq(yNOU), there exists C = C(g, W) > 0 such that, for all A > 0 small enough,
one has,

Juoll 2w = ge™/"

Our main result is,

Theorem 2.3.1. Suppose Assumptions 1-3, , and Assumption [ND]. Then,
for any € > 0, there exists C(e) > 0 such that, for all h > 0 small enough, one has,

1
IIm p(h)| > " (2So+e)/h (2.3.1)

Remark 2.3.2. In view of , this lower bound is optimal. Indeed, a conse-
quence of and is the following identity:

lim Aln|Im p| = —2Sy (2.3.2)
h—04

Remark 2.3.3. Assumption [ND] is always satisfied in the one dimensional case.
When n > 2, thanks to standard properties of propagation of the microsupport
(defined in Appendix, for the properties see, e.g., [Ma2]), a sufficient condition to
have Assumption [ND] is the following geometrical one (see also [Mall]): For any
neighborhood W in R?" of U,ec(y N OU) x {0}, the set g exptHy(W) is a
neighborhood of ¥y := {¢2 + V(z) = 0, x € U}. Obviously, a sufficient condition
is: For any open set W intersecting Yo, |J,cg exp tH,(W) is a neighborhood of ¥.
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2.4 Reduction to an estimate in M

From now on, we denote by u the resonant state of P associated with the resonance

p, and normalised in such a way that,

HUHL2(@) =1, (2.4.1)

where O := R™\M. Then, it is well known (see, e.g., [HeSj2], Theorem 9.9) that
for any bounded set B C R", and for any € > 0, one has,

[e® @Dy || gy ) = O(e*/™). (2.4.2)
In particular, if B C M, then for any € > 0, one has,
]l 1) = Oe™ o=y, (2.4.3)

Then, if we set,

Ti:=J(ynom)

~EG
(the set of “points of type 1”7 in the terminology of [HeSj2]), and if B stays away
from the set,

A:=11, (U exp tH, (T1 % {0})) :
teR

(where II, stands for the natural projection (z,&) — z, and H) := (O¢p, —0yp) is
the Hamilton field of p(z, &) := €2+ V(z)), by [HeSj2], Theorem 9.11, we know that
for any s > 0, there exists 9 > 0 and a neighborhood B’ of B such that,

[ ull 51y = O(eFore0)/m), (2.4.4)

On the other hand, performing Stokes formula on any smooth bounded open domain

Q containing the closure of O, we see as in [HeSj2], Formula (10.65), that one has,

ou

(T p)[Jul|72(qy = —h*Im /m 3, s, (2.4.5)

where ds is the surface measure on 92, and v stands for the outward pointing unit
normal to §2. Using (2.4.3)-(2.4.5)), we deduce that, for some &f, > 0, one has,

Im p = —h*Im %Uds + O(eSote0)/hy, (2.4.6)
oQnAr OV

where A’ is an arbitrarily small neighborhood of A (indeed, one has [lul|;2q) =

1+ O(e 9" by 1}1 , and, away from A’, the quantity e250/h%ﬂ is expo-
nentially small in virtue of (2.4.4)), while on A’ it is O(e*/") for all € > 0).
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In order to transform this expression into a more practical one, we plan to use
the analytic pseudofifferential calculus introduced in [Sj]. For this purpose, we first
have to prove some a priori estimate on u near A.

So, let z1 € T1, let Wi be a neighborhood of z1 in 9M, and for tg > 0 sufficiently

small, consider the two Lagrangian manifolds,

Ar:= | exptH, (Wi x{0}) (C{p=0}).
0<£t<2tg

(Note that they are Lagrangian because Wi x {0} is isotropic.) Then, it is easy to
check that Ay projects bijectively on the base, and since p(z, £) is an even function

of £, we see that they can be represented by an equation of the type,
Ay : € =£Vi(z),
where 1 is a real-analytic function, such that,
(Vep(z))? + V(x) = 0. (2.4.7)

Now, we set zg := II, (exptoH,(z1,0)), and we still denote by ¢ an holomorphic

extension of ¥ to a complex neighborhood of z3. We have,

Proposition 2.4.1. For any €1 > 0, one has,

—ip/h
€ v/ U € H—So+€1|lm z|,207

where H_g | ¢\ |im z|,z, 1 the Sjostrand’s space consisting of h-dependent holomor-

phic functions v = v(x; h) defined near zy, such that, for all € > 0,
v(a;, h) — 0(6(750+51|Im x|+s)/h),
uniformly for x close to zg and h > 0 small enough.

Proof. Set
v(z, h) = e”W/MFS0/hy (2 h). (2.4.8)

We have to prove that v € He||rpmg|,z, for all e1 > 0.
Let x € C3°(R™) supported in a small neighborhood of zp, and such that y =1
near zo. Setting ¢(z,y,7) := (z — y)7 + 3i(z — y)? and a(z,7) = 1 + Sizr, for

x € {x =1} we can write (see, e.g., formula (6.9) in [Sj]),

v(z) = (2m) 7" / g (g gy, ;>v<y>x<y>dydf, (2.4.9)
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Moreover, by ([2.4.3)) we already know that, on the real axis, v cannot be expo-

nentially large, that is, for any € > 0, one has,
v = O(e*/") locally uniformly on R™.
In addition, v is solution to
((hDy + V)2 +V — p)v = 0. (2.4.10)

We set,
Q(y, hDy) := (hDy + VT/’)Z +V(y) —p

and, in order to estimate the integral, as in [Mal], we first plan to construct a
symbol b = b(z,y,7,§,h) ~ > psobr(z,y, 7, Rh)|£|7%, with large parameter |¢[, in

such a way that one has,
e~ Hle@y I Q(y, hD,) (e”gW(x’y’T)b) ~a(r —y,T). (2.4.11)

Here, the asymptotic must hold as |¢| — oo, and the quantities 7 € S"~!, p =

ﬁ € (0, 2] (with C > 0 large enough) have to be considered as extra parameters.

In particular, (2.4.11]) can be rewritten as,
[(=Dy + ulé|Ve(y) — [€1Vye)? + 12E2(V = p)] b~ alz —y, 1) [E]? (2.4.12)

Since (V)2 = Eg —V and p — Eg as h — 0, the (leading order) coefficient cy

of [£|? satisfies,

co = (uVY = Vyp)? + 2 (V = p)

(Vy)? = 2uVy Ve + o(1)

(= —i(z —y)* +2u(1 —i(x — y)) VY + o(1)
=1+ 0(Jx —y| + pn) + o(1).

In particular, we can solve the transport equations for x,y close enough to zg,
and for p small enough, that is, || > C/h with C > 0 sufficiently large. By the
microlocal analytic theory of [Sj], we also know that the resulting formal symbol ad-
mits analytic estimates, and can therefore be re-summed into a symbol b(z, y, 7, &, h)

such that, for some constant § > 0, one has,

e—ilﬂgo(a:,yﬂ')tQ(y? hDy) (ez‘gld)(wvyv’r)b) — a(m -, 7') = O(€_5|§|)’ (2413)

uniformly with respect to 7 € S*~1, [¢| > C/h, h > 0 small enough, and =,y € C"

close enough to zg.
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Then, splitting the integral in (2.4.9)), we write,

v(x) :/ +/ +/ . (2.4.14)
(e=>5y  Je<3y  JG<lE<Ey

The first integral can be estimated by using (2.4.13)), an integration by part, and
the fact that v solves Qu = 0. One finds that it is O(e~%1/") for some §; > 0.
The second integral can be estimated as in [Mal], and it is O(est ™I/,

For the third integral, we make the change of variable £ = n/h, and we find,

h" / eiemn/hinle=u)* 2hg (i gy Ty (y)u(y) dydn. (2.4.15)
{e1<in<C} il

But, from the theory of [HeSj2], we know that if u is outgoing, then, near zy,

the microsupport of u satisfies,
MS(ue>/my c A,

Since Ay = {V¥(y);y close to zp}, by standard rules on the microsupport we de-
duce,

MS(v) C {n=0}.

As a consequence, the integral appearing in (2.4.15) is O(e=%/") for some &5 > 0,
and the result follows. O

Thanks to this proposition, we can enter the framework of the analytic pseu-
dodifferential calculus of [Sj]. We set v := e~®/hy, and, in a complex neighborhood
of zg, we can write Pu = e~ W/h Peit/hy ag (see [Sj], Section 4, in particular Remark
4.4),

1

Pu(@) = 5o

/r( )ei(x‘y)o‘ﬁ/h_[(z_a2)2+(y_a“”)2}/2hp¢(ozx,ag)v(y)dydoz, (2.4.16)

where py, is the symbol of Py := e~ W/hpei/h and satisfies,
Pu(@) = (g + Vib(an))? + Vi(ay) + O(h), (2.4.17)

and where I'(x) is the (singular) complex contour of integration given by,

rT—y
z =yl
|z —y| <r, y€C" (r small enough with respect to 1) ;

045 = 2i€1

I(z) :

|x — ag| <7, a, € R™.
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Let us observe that the identity (2.4.16) takes place in H_g . im |2, that is,

(=So+e1lm z[)/h i 4 complex

modulo error terms that are exponentially smaller than e
neighborhood of zj.

Taking local coordinates (2, z,,) € R*~! x R near z1, in such a way that dV (z1)-
r = —cx, with ¢ > 0 (and thus T,,0M = {z,, = 0}), we see that Vi (z) remains
close to (0,y/z,). In particular, still working in these coordinates, the symbol
p—V(z) — (& + Vup(x))? is elliptic along I'(z) (at least if e; has been chosen
sufficiently small), and with positive real part. Thus, in view of , SO is
(&n + Op, b (1)) — py(, &) + p. As a consequence, applying the symbolic calculus of
[Sj], we conclude to the existence of a pseudodifferential operator A = A(z, hD,/),

with principal symbol,

a(xagl) = \/:0 - V($) - (6/ + meb(m))z,

such that Py, — p can be factorised as,
Pw —pP= (thn + amnw(m) + A) ° (hDa:n + aanrb(x) - A),

when acting on H_g . |tm 2|,2- Since (Py — p)v = 0, and hD,, + 0,9 (z) + A is
elliptic along I'(x), we deduce,

(hDy, + 05, (x) — Ao =0 in H gy 1o, jtm af.zo- (2.4.18)

Now, going back to (2.4.6)), and choosing € in such a way that its boundary contains
2o and is of the form {x,, = dp} (with dy > 0 constant) near zp, the corresponding

part of the integral can be written as,

Iy := —h*Im v + z@gbv> vdx'

{zn=060}NWo <8$n h 8.17”
where Wy is a small real neighborhood of zp. Thus, using (2.4.18), we obtain,

Iy = —hRe / (A’U)@dl’, + O(e_(QSO-l-eo)/h)’
{xn:&)}ﬂW()

with €9 > 0. Finally, observing that the principal symbol of A is strictly positive
in (z0,0), and proceeding as in [Mal], Section 2 (in particular, considering the
realisation on the real of A), we can construct an elliptic pseudodifferential operator
B of order 0, such that,

A= B*B + O(e~Sote)/h)

on L?({z,, = 0}NW)) (with some £ > 0). Finally, taking advantage of the ellipticity

of B, we conclude, as in [Mal], Lemma 2.3, that we have,

h —
Ip < _6||UH%2({I”=O}QWO) + O(e~@SFe0)/hy



2.5 Propagation across OM 2. The shape resonances

where C, g are positive constants. Summing up all the contributions, and observing
that, in the previous formula, v may be replaced by u (since 1 is real on the real

and v = e_iwhu), we have proved,
Proposition 2.4.2. There exist C,eq > 0 such that,

h _
Tm p| > 5”“”%2(39) _ Qe (2So+e0)/h.

uniformly for h > 0 small enough.

From now on, we proceed by contradiction : We assume the existence of €1 > 0

such that,
Im p| = O(e~2Sote)/hy, (2.4.19)

uniformly as h — 04 (possibly along a sequence of numbers only). By the previous

proposition, this implies,

lull L2(a0) = O(e™ o=/, (2.4.20)

2.5 Propagation across oM

The purpose of this section is to propagate the estimate (2.6.1)) up to the boundary
of M and beyond. From now on, we specify the choice of ) by taking,

Q:=0uU{V(z)> —d},

where 6y > 0 will be fixed small enough later on (in particular, one has V = —dy
on 092).

In order to propagate across OM, we use explicit Carleman estimates, in
a spirit similar to that of [DGM] (see also [KSU]).

We denote by N some fix neighborhood of OM, and, for §y small enough and
d € (0,00), we consider the neighborhood of M given by,

s = {x‘ eN: —§ < V(z) < 5}7
We also set,
Ys:={reN;V(z)=4d}k
Yo:={zeN;V(z)=—b},

so that we have,

0N =%g ; 04s=XsUXy.
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By , we have,
ullr2(s) = O (e~ (Soteo)/hy, (2.5.1)

for some constant £y > 0, and, using the equation Pu = pu and the (standard)
ellipticity of P, we obtain similar estimates on the derivatives of u, too.
As in [Mal], Section 2 (in particular the proof of Lemma 2.1), one can see that

inside ON N {V > 0}, the Lithner-Agmon distance to M is given by,

dy (z, M) = G(z, /V (), (2.5.2)

where G is an analytic function, and G(z,s) ~ s

as s — 04. Actually, this result
is obtained by using a technique taken from [HeSj2|, and consisting in representing
the Lagrangian Ao generated by the nul-bicharacteristics of g(z,&) := &2 — V(x)

merging from OM x {0} locally as,

0
Ao { —Tn = ﬁ(l‘/agn)

fl = Vz’Q(«T,y xn)v

where the local Euclidean coordinates (2/, x,) (centered at some arbitrary point of
M) have been chosen in such a way that V(z) = —Cox,, + O(|z|?) near that point,
and where ¢ is analytic near 0 and satisfies g(0) = 0, Vg(0) = 0. Then, using that
the projection Ag 3 (x,&) — x is bijective above {V > 0}, one can see in a way
similar to that in [HeSj2], Section 10 (in particular Formula (10.15)) that on this

set one has,

d(.ﬁ[), 8./\/1) = —C.V.¢, (-’Ifné.n + g(.’El, En))7

where the notation c.v.¢, stands for the critical value with respect to the variable &,,
and where the critical point is chosen in such a way that d(x,dM) is a decreasing

function of z,. Finally, using that g is a solution to the eikonal equation,
(Varg)? + & = V(2',=0s,9),

follows by taking a second order Taylor expansion of g with respect to &, at
&, = 0 (observe that, in contrast with the situation in [HeSj2|, in our case the caustic
set corresponds to the singularities of the distance to M, and thus is exactly OM;
as a consequence, one has the equivalence 8;1 g =0« &, =0, together with the
property V. g(z’,0) = 0).

Now, by the triangle inequality, we have,

dV(U7 :E) > So — dV(:L‘vM)’
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and thus, by , we deduce the existence of a constant ¢y > 0 such that,
dy (U, z) > Sy — comax(V (z),0)>/?
in all of Zs. As a consequence, by , for any d,& > 0 small enough, one has,
u= O<e—(so—c063/2—a)/h) on Zs, (2.5.3)
and similarly for all the derivatives of w.

Proposition 2.5.1. For § > 0 sufficiently small, there exists £ > 0 such that,

Julz2(z5) = O(e= 00",

uniformly for h > 0 small enough.

Proof. The proof relies on some explicit Carleman-type estimates, in a way rather
similar to that of [DGM]|. We set,

V= eoz((SfV(x))/h

u,
where a > 0 is fixed sufficiently small in order to have
2080 < £0/2, (2.5.4)
where ¢ is that of . The function v is solution to,
(=R*A+V — p—a*(VV)? = 2ha(VV) -V — ha(AV))v = 0,

that is,
(A+iB)v =0,

where A and B are the two formally selfadjoint operators given by,
A:=-h*A+V —Rep—a*(VV)? ; B:=-2ha(VV)-D, —Im p+iha(AV).
In addition, by (2.5.3)), for any ¢ > 0, we also have,

0l g2y = O(e(So=cod*/2=e)/h) 2.5.5
(2s)

and, by (Z54),
[l g2(s0) = O(e_(so+‘51)/h), (2.5.6)

where 1 := g9/2. Then, we write,
0=|(A+ ’iB)UHzﬁ(Z,;) = ”AUH%%ZJ) + HB’UH%Q(Z(S) + 2Im (Av, Bv)12(z5), (2.5.7)

and the key-point is the following Carleman estimate:
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Lemma 2.5.2. If a and 0y has been chosen sufficiently small, then, there exists a

constant C > 0 such that, for all 6 > 0 small enough, one has,
h 9(Sp—cn83/2—
Im (Av, Bv)r2(z;) = 5“1}”%2(25) — Oh||Av|[ T2z, — Cee 2009/ (2.5.8)

Proof. Using Green’s formula, together with (2.5.5)-(2.5.6|) and the fact that A and

B are formally selfadjoint, we immediately obtain,

Im (Av, BU)LQ(Zs) = %([Aa B]U7U>L2(Z§) + 0(672(S076053/2*5)/h)’

where € > 0 is arbitrarily small. Then, we compute,
[A, B] = a[-h*A, —2h(VV) - D, +ih(AV)] — 2ha]V — o*(VV)2,(VV) - D).

By setting Q9 := QEjyk(ajakV)ajﬁk, Q1 := V(AV)V and Qg := (VV) . (V(AV)Q)
(of order 2, 1, and 0, respectively), we find,

[A, B] = —2iah3(Qa + Q1) — iah3((A?V) 4 2Q1) — 2iah(VV)? 4 2ia®hQy, (2.5.9)

that is,
) 1
%[A, B = ah®(Q2 +2Q1 + 5(AV) + ah(VV)? ~ a®hQu.

Now, our assumptions imply that VV does not vanish on M and thus also on Zs
if 09 has been chosen sufficiently small and § € (0,dp]. Therefore, there exists a

constant Cy > 0 (independent of §, §p small enough) such that,
2 1 2
(VV)70,0)12(z;) 2 a)HUHLz(za)-

Using (2.5.9), we deduce,

ha
Im (Av, Bv) 12 () ZEHUH%%%) + ah®Re (Q2v,v) 12(z;)

+ 2ah®Re <Q1,U’U>L2(Z5) — Cl(ah?) + O‘Sh)HU||%2(Z5) (2.5.10)

—2(Sp—cpd3/2—€)/h
— C.e 2S00 )/

where C7,C. > 0 are constants that do not depend on h and « (and actually nor
on 9,dp).
Since Q)7 is a real vector-field, by Green’s formula and (2.5.5)-(2.5.6) we easily

obtain,

—9(Sp—co83/2—
Re (Q1v,0)12(z,) = Oll[vllFa(z,) + e 2070, (2.5.11)
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Moreover, still by Green’s formula and ({2.5.5))-(2.5.6)), we have,
hQRe <Q2,Ua /U>L2(Z5)
= O(h2|[V0|32(z,) + B2IIv]132z,) + 7207002 =2)/m)
_ 0(|<h2AU, U>L2(25)| + hQHUH%Q(Z(;) + 6_2(80—0053/2_8)//1)’

and thus, for any constant C' > 0 arbitrarily large,
h?[Re (Q2v,v) 12(z,)|

2 A 112 Lo —2(So—co8%/2—¢) /b (2.5.12)
< Cl|h"Avl|72(z,) + 5“”\&‘2(25) + Cee™ 7707 :

Since we also have,
[B2A0]| L2(z5) < [[A]|L2(z5) + IV = Re p = a®(VV)?)0| 1225,

and [V —Re p—a?(VV)?| < 260+ Caa? (where Cy := supy |VV|?) on Zs, we deduce
from ([2.5.12)) that, for any C > 0, one has,

h?[Re (Q2v,v) 12(z,)|

1 —2(Sp—¢ —c
< Cl|Av]Faz,) + (5 + 2080 + CC2a)[ol[faz,) + Cee 20220,

Choosing first C sufficiently large, then §y and « sufficiently small, in such a way

that

1 1
— 49 2
c +2CHp + CCra” < 5Cy’

this gives,

h?[Re (Q2v,v) 12(z,)|

1 i 532 (2.5.13)
S CHAUH%Q(Z(;) + 27%”1}“%2(26) + Cee 2(So—cod 5)/h.
Inserting (2.5.11)) and (2.5.13) into ([2.5.14]), we finally obtain,
ha 9 9
Im (Av, Bv) 12 (z,) ETCOHUHLQ(Z(;) — 2Cah||Av|72 4, (2.5.14)
— Ci(ah® + o) |[v] 22z, — CLe™2So—eod®2 =€) /b
where C] is some new constant, and the result follows by shrinking « again. O

Inserting (2.5.8]) into (2.5.7)), for h small enough we obtain,

L 9(Sy—cod3/2—
[0l 72(z,) = O(e™ om0 el

and therefore, since 2a(d — V') > ad on Z5/5 C Zs,

- —2c83/2—
HUH%Z(ZM) — Qe (2S0tad-2008¥/2=2¢) /),

Observing that « has been chosen independently of §, we obtain the result of Propo-
sition by taking § sufficiently small in order to have ad > 2¢od%/2. O
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2.6 Completion of the proof

We recall that we have proceeding by contradiction, assuming condition (2.4.19) at
the end of section (12.4)), that implies the estimate (2.6.1)),

[l 12 (a0 = O(e~Eot=1)/h), (2.6.1)

thanks to the proposition (2.4.2)).

From this point, the proof proceeds exactly as in [Mal]. More precisely, if
P = —h2A +V is the operator defined as in , with V = V near O\Z(;/g, we
already know (see [HeSj2], Theorem 9.9) that the difference u — ug satisfies,

e O = o) 201z, ) = O™/,

for some constant e3 = €3(d) > 0. Then, applying Proposition we deduce,

Hedv(U’x)/hUOHLQ(Zg\Z(;/Q) = 0(6764/}1)7

with €4 = €4(6) > 0. At this point, we are in a situation absolutely similar to that
of [Mal]. In particular, the previous estimate can be propagated up to the well U
along any minimal geodesic v € G, and as in [Mal], Section 6, we obtain that for

all z1 € U, cq(vNOU), one has,
(x1,0) & MS(uo),

where M S(u) stands for the microsupport of u as defined by formula in (3.5))
and e.g., in [Ma2] (it was called F'S,(u) in [Mal]). In fact, as in [Mal], section 3,

we can construct a function Fly(y, z), and a symbol ar = a4 (y, z; h), such that
vi = ax(y, z, h)e FEW2/h (2.6.2)
are asymptotic solutions of the equation
(P(z,hD,) — E)vs(y, z,h) =0, (2.6.3)

where y € yN {V(z) > 0} and z € y N {V(z) < 0}.

Choosing local coordinates, we denote by I' the hypersurface that cut transver-
sally the projection « of the outgoing bicharacteristic of p = €2 +V(z), and by
the hypersurface that cut v € G transversally in yo € {V(z) > 0}.

There exists then w(y) = a,, UT such that Fiy(y, w(y)) = 0 and

Re (Fy) > %]z —w(y), (2.6.4)
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for z € I" and y € ¥; and if 3 and 2’ are local coordinates on ¥ and T" respectively,
one can see that
detV V. Re (Fy(yo, w(yo))) # 0.

Thanks to these properties, the application H lC(')OC|Im Z,|(F) Sw fr wvd? is a
FBI-transform as defined in , and permits us to characterize the microsupport
MS(w).

Furthermore, V. Re (Fy(y,w(y))) = 0, and we can apply to the computation in
1' the same consideration of [Mal], Prop. (4.2): Since [lug||z2(z) = O (e~ (Soteo)/hy,
there exists €5 > 0 such that

/(;; + P Au)vida’ = O(e™=/M), (2.6.5)
I n

where A is an elliptic pseudodifferential operator.

Thus (2,0) ¢ MS ((g%g + tA’LL())h‘), and that means that (z},0) ¢ M .S ((%\p) U
MS (tAuo)\r). Taking into account the ellipticity of the symbol of A, we know by
composition of pseudodifferential operators, that (z7,0) ¢ MS(ugp|r). By propo-
sition (4.5.1.) in [Ma2], and standard propagation of the microsupport, one can

deduce,

(a;l,O) Qé MS(’U,[))

Then, applying theorem (4.2.2.) of [Ma2], one has M S(ug) C p~*(0), and since
(OU x R") N p~1(0) € {€ =0},

we deduce
MS(ug) N | |J(ynou) xR™ | =0,
veG

and thus by standard properties of MS(u) (see, e.g., [Ma2]), we conclude as in
[Mal], Prop. (5.2), the existence of a neighborhood W of |, _~(y N OU) and of a

positive constant €7 > 0, such that,

veG

ol 2wy = O(e™=™/™),

uniformly for h > 0 small enough. But this is in contradiction with Assumption

[ND], and the proof of Theorem is complete.



Chapter 3

Resonances near a Singularity

in One Dimension

3.1 Notations and Assumptions

We consider now the semiclassical Schrodinger operator P = —h?92 +V on R, and
we investigate some spectral properties near some fixed energy level A € C, in order
to find resonances, where the potential V' is a smooth real-valued function, with a
singularity at the origin that leads to a particular wedge shape.

We compute the solutions for the Schrodinger equation
(P—MNu=0, Im A > 0, (3.1.1)

in order to describe the behavior of the resonances. In section (3.2)) we compute a
simplified linear potential V : R — R,V = —|z|, where its symmetry permits us to
find an expression directly involving the zeros of Airy functions and their derivatives
(some basic formulas for these functions are in the appendix). In section we
generalize the computation by slightly relax the shape of the potential in two steps,
varying the slopes by multiplication with different coefficients. The solutions of the
equation coming from computing the transmission coefficient turn out to be more
difficult to express in terms of the Airy functions. In section we state a general
theorem for the existence of a set of resonances, using formulas that still involve
Airy functions and their derivatives. In order to find resonances one constructs
the meromorphic continuation of the resolvent kernel in the lower complex half-
plane; its singularities represent the resonance of the Schrodinger operator, thus the
quantization condition leads to nullify the Wronskian computed on the extension of

the solutions.
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Quadrant Colors

Figure 3.1: ||Ai(z + iy)||

3.2 Tunneling by a linear wedge barrier

From now on P will denote its self-adjoint realization.

Definition 7. Let z € RA € C, 0 < Im X << 1. Set w = €37 as in Appendix

(63).

we (1,0 1= Ai( = (@ 4+ ),
h2/ ’ (3.2.1)
u_(z, \) = Az(h2/3( - ).
Proposition 3.2.1.
ug(w,\)  solves (—h?0% —x — Nuy(z,\) =0 for x > 0; (3.2.2)
Proof. By natural computation, applying the Airy equation we obtain:
w
Optiy (z, ) = h2/3A ( St /\))
2
Osus(z,\) = h4/3 ( h2/3x+)\)
2
w
W( h2/3x+>\) ( 2/3“”“”): (3.2:3)
— @+ A) Az( 2/3 (x 4+ ) ) =
(x4 A
- 12 )u+("r7 )‘)
O

A similar computation shows the same property for u_ :

Proposition 3.2.2.

u_(z,\) solves (—h?0? + 2 — Nu_(z,\) =0 forxz <O0. (3.2.4)
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Remark 3.2.3. The oscillatory behavior at 0o of the Airy functions permits us

to consider u_, u4 as acting in the following way:

ur(z,A) =0(1) x — 400;
(3.2.5)

u_(z,A\) =0(1) x— —o0.
In fact, this allows us to consider the functions w,,u_ as stricly decreasing in
+oo respectively; for instance, thanks to the properties in (3.6 (substituting with

—wz,r < 0 the expression (3.6.2]), or in (3.6.7))), a straightforward computation
shows that, for z — 400, uy(z, A) behaves like

et/ .
ﬁ\xrl/%l%lrl‘“’/ g (3.2.6)

At this point we can extend a solution like u_ on the whole real axis, as solution
of the differential equation ([3.1.1)).

Definition 8.

w1
vy =Al (— Py (x+ )\)> forz >0
3

b= Ai <w_21 o A)> et (3.2.7)

h3
By the same computation as in (3.2.3)), and referring to similar considerations
as in (3.2.3)) for the function u, one can then see that:

Proposition 3.2.4. The functions v+ solve the Schrédinger equation re-

spectively for x 2 0 and they are not vanishing solutions for x — oo.

With the previous assumptions, the pair (u4,vy) forms, for Im A > 0, a funda-

mental system for (3.1.1)) in (0, +00).

Definition 9. Extension of u_ toward x > 0, as solution of (3.1.1])

(o) = a(MNug (2, \) + b(Nvy(x,A) x>0 (3.2.8)
u_(x, \) x < 0.

Analogously we define u (z, \):

Definition 10. Extension of uy toward x < 0, as solution of (3.1.1):

Uy (2, ) = U@ ) (3.2.9)
a(Nu—(z,\) + V' (Nv_(z,\) z<0.
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The previous constructions are defined through analytic continuation and, by

applying Airy equation ({3.6.1)), it is easy to prove as in proposition (3.2.2)) that
Proposition 3.2.5. u_(z,\) solves for x € (—00,0) U (0, 400).

It is well known from the theory of the second order differential equations that
the solutions of (3.1.1)) should be continuously differentiable on the whole real axis,

thus we obtain the following:
Proposition 3.2.6. Connection formulas:
u—(0,\) = u_(0, )
2. 0yu—_(0,\) = 0pu—(0,\).

The previous condition lead by computation to a linear 2 x 2 system in two

unknowns, a(\), b(A), involving the Wronskian W (uy,vy).

Lemma 3.2.7. Computation of b(\)
-1
u—(0,\) =a(N)us(0,\) + b(AN)v4(0,\) = a(N)Ai ( e )\) + b(\)Ai <—:2/3/\>

7(0.0) =a(A) (=737 ) A7 (= 5754) + b0V (—:2_/;)\> Ail <—WA>

(3.2.10)
Thus the connection formulas become:
S wt
1. Ai (=3575A) = alN) Ai (=) +b(N) Ai (-WA)
S—— S—— N —
=:An1 =:A11 Ao
—1 -1
w o, w w y w w y w
2 i (- h2/3A> = a(\) <_W) Ai (——W3 A) +b(V) <_h?/3> A <_h2/3> .
=:—A2 =:Ao =:A29

This gives a 2 X 2 linear system in two unknowns, the coefficients a(\) and
b(\), where A := (ﬁ; ﬁg) is the associated matriz. The computation of det(A) =
Aq11A9e — A19As1, thanks to the properties of the Airy functions, brings to an ex-
pression for the Wronskian of vy and u4:

1

W (ug(A),v4( ) = =W(vg,uq) = Tomi

(3.2.11)

Finally, applying the Cramer rule in order to solve the linear system, we find an

expression for the transmission coefficient b(\):

b(A\) = —24i (—2)\> = Al <—h)\> i (3.2.12)
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Remark 3.2.8. Since the definition of uy(0,\) is analogously given, it can be
shown, that there exist coefficients a’ and b’ such that @y (z, \) solves (3.1.1]) on the

whole real axis.

Remark 3.2.9. uy,u_ are linearly independent. In fact, let us suppose, that
there exists A, Im A > 0, such that u,,u_ are linearly dependent. For instance,
U+ = cu—, where c is some constant. Therefore, we can solve simultane-
ously at +oo with a solution u, which actually decays exponentially, in view of the
asymptotic behaviour of uy,u_ (since Im A > 0). It follows that v € L?(R). This
is a contradiction: due to the self-adjointness the operator P should only have real

eigenvalues, but Im A > 0.

3.2.1 The resolvent kernel

The resolvent kernel is given by:
R(z,y, \) = (W (-, @4)) " G (Fmin, At (Trmaas ), (3.2.13)

where 7 = min{z,y}; rmee = maz{z,y}.
In fact, a straightforward computation shows that the integral operator R induced

from the kernel maps L? into L? ( for Im A > 0) and satisfies
(=h*92+V —X) Ru = u. (3.2.14)

Proposition 3.2.10.

h3

-1
R(z,y,\) = (m (-“LA) %Az" <—:)\>> T (Fanimes g (s A), (3.2.15)
3 3

and the resonances of P come from zeros of Ai, Ai'.

Proof. By inspection, for fixed x, ¥y, the resolvent kernel has a meromorphic contin-
uation to the complex lower half-plane, thus the resolvent (P — \)~! is an integral
operator with kernel R, and has a meromorphic extension too.

Since W(u_,uy) = W(auy + bvy,uy) = b(A)W(v4, uy ), the zeros of Ai <_h%A)’

Ai (—h%)\> lead to singularities of R(x,y, \), i.e. to resonances of P. O
3

3.2.2 Expression for the singularities of the resolvent

The zeros of Ai and Ai’ are all real and negative, and we can find an expression for
the singularities of the resolvent, by computing them from the values of these zeros.

The following table contains a list of the first ten zeros of Ai and A’:
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— -1
h=1,A=—0 a,

—a, —a’, —a,

Figure 3.2: Correspondence between resonances and zeros of Airy Function

k | ag aj,

1 -2.33810 74105  -1.01879 29716
2 -4.08794 94441 -3.24819 75822
3 | -5.52055 98281  -4.82009 92112
4 | -6.78670 80901 -6.16330 73556
5 | -7.94413 35871  -7.37217 72550
6 | -9.02265 08533  -8.48848 67340
7 | -10.04017 43416 -9.53544 90524
8 | -11.00852 43037 -10.52766 03970
9 | -11.93601 55632 -11.47505 66335
10 | -12.82877 67529 -12.38478 83718

By setting

3

w w / ’
— —3 Aop = ag; —hiAzk+1 = ay

3

we obtain a simple formula for the resonances:

3.2.3 Resonances

Theorem 3.2.11. Let ay,a) be the zeros of Ai, Ai' respectively. Then the reso-

nances of the operator P are
RES(P) = {)\k eC; My = —wflh%ak, )‘Qk—‘rl = _wflh%a;w ke N}’ (3217)

and they are localized on a line which is rotated by an angle of —%ﬂ' from the real

axis.
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3.2.4 Analogy with |z|

Figure 3.3: First energy levels and corresponding wave functions of |z|

The previous resonances are related with the eigenvalues of the Schrodinger
operator in the case of a linear potential well V' = |z|. In that case (see, for instance
[VS]), the bound states are determined by solving (3.1.1) for the wave function

b = N Ai (?)3 (2| - An)] , (3.2.18)

where N is a normalisation constant and A, the energy levels, that are defined by

the matching conditions at = 0. According to the parity of the quantum numbers

n we obtain two cases.

For example if n is even, the connection formulas enable us to obtain Ai'[—A,] =
0 ( setting 2m = h = 1 in order to simplify); thus, if a/, indicates the n'" zero of
the Ai’ function, we will have A, = —aj, | (in a similar way we obtain, for n odd,
the value A,, = —a, 1 for the ntt zero of the Ai function).

By restoring the constants and computing the normalisation coefficient N, we

find an expression for the wave function

, (3.2.19)

2m\ 1/ 1 | /2m\ Y32
Yy = <h2> mAZ [<h2> (|z] — Ay)
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1/3
ie. Ay = —aj, (%) , which is very similar to that of the resonances of the

previous section.
3.3 Linear wedge without symmetry

We want to slightly generalize the form of the potential, assuming for instance,

—ax x2>0,a>0,
V(z,a) = (3.3.1)
T z <0.

As in the section (3.2) we can construct a function

uy = Ai (— (ozh)§ (ax + A)) , (3.3.2)

that solves the Schrodinger equation . The behavior of other solution as in
definition and @ can be analogously determined, and all the computations
( Wronskian, connection formulas, etc.) are very similar to the ones of section
(3.2), although the lack of symmetry gives rise to a different expression for the
transmission coefficient, more complicated. In fact, the resonances turn out to be

zeros of this expression:

Ai (_(OZ)?)‘) Al (—}EA) +as A <_(a:)§ A) Ai (—;:%)\)] . (3.3.3)

To analyze these zeros one could consider the self-adjoint operator P = —h29? —

V(z); similarly to the symmetric case of section ({3.2)), there is an increasing sequence

of real numbers ¢, k € IN, such that
o(P) = {h%ck; k € IN}. (3.3.4)
The numbers ¢, are the zeros of

Ai (—(a2)§> Ai (—%) + a3 Ail (— (a2)§> Ai (—}2)] . (3.35)

In particular (since the zeros correspond to eigenvalues of the self-adjoin operator,

which spectrum consists of real and positive numbers), this proves that all zeros of
this combination of Airy functions are real and positive.

It follows that all the resonances of P = —h292 + V(x) are of the form

2

wlh3e(a). (3.3.6)
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3.3.1 Tunneling without any symmetry
We consider now a linear potential whit a different slope for x > 0 and = < 0.
Definition 11.

—asr x>0,
Wl(z) =V(z;a1,a2) == (3.3.7)
oa1x r<0 (a1,09)>0.

Proposition 3.3.1.

us(z, A) = Ai(— (agz + N)) (3.3.8)

Y
(a2h)2/3
solves (—h?0% — anx — Nuy(z,\) =0 for z > 0. (3.3.9)

As in the previous section, all the definition and the conditions that lead to an

expression for the resonances, are in fact directly related with the computations in

B2).

They bring us to the following form for the transmission coefficient:

b(A) = <Z;> B A <_(a1¢hu)2/3/\> A <_(042:)2/3/\> (3.3.10)

Al [ ——Y AV ai[——Y
e ( (azh)?/3 > < (arh)?/3 >

w
h2/3 a;/ 3
Alternatively the computation of the resonances can be reduced to the case a; = 1

where oy =

considered above. There is an increasing sequence of positive real numbers ¢ such

that the resonances are of the form w‘lh%Ek, k € IN. Here the values ¢i(aq, az) are

given by
~ % a7
cx(ar, az) = of ck(a—Q), (3.3.11)
where the ci(a)’s are the numbers mentioned in the section {i setting a = g—f;
In fact, writing P = —h20% — V (z; ), it follows
- ho\2
(3.3.12)

o(P) = aro [(\/%)2 o — V(az,a)] .

Thus, by shifting the factor which contains h, aq, it comes out formula (3.3.11]).
Analogously, analysing the operator P with a plus sign of the potential as in 1}

the resonances will be of the form

wthi g, (ar, as). (3.3.13)
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3.4 Main result
Consider the potential V =V, in z < 0,V = V5 in 2 > 0, where
e V; are analytic in regions I';,
I'o:={z € C;|Imz| < Jp(Re z)} N [FRe x > —d1], (3.4.1)
for some 4; > 0;

e there are constants V|, V;“ < 0:

Vi(z) = Vi~ (Rex - —oc0 in TYy); (3.4.2)
Va(z) — V5" (Rex = o0 in Ty), (3.4.3)

and V is a real valued continuous function on the real line satisfying
V(z) <0 (xe€R\O0), V(0) =0, (3.4.4)
with linearization Vp(x) = V(z;a1,a2) at x =0, i.e.:
W(z) =z (. <0),Vy(z) = —agz (x> 0), (3.4.5)

for some o; >0, (j =1,2).

3.4.1 Set of resonances

Theorem 3.4.1.
Set  Dy(Co) = [—cth/S,cth/ﬂ — [o, coh%} . (3.4.6)

Then for any Co > 0, h sufficiently small, the operator P = —h20? + V() has
resonances
Res(P) N Dp(Co) = {\e(h); k € N} N Dy (Cy), (3.4.7)
where  Ag(h) ~ h3 Z ckmh%. (3.4.8)
The leading term Ago(h) = h2/3ck’0 coincides with the resonances for the lin-
earized operator Py = —h%02 + V.

Proof. We write the proof for &y = as = 1 only, since the general case can be
deduced in a straightforward way.
We proceed in a way very similar to that of [FMW]. First of all, following the

constructions of [FMW], Appendix, for E € D, (Cy), we can construct two functions
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u1 and ug, defined on I} := (—o0,d1] and Iy := [—d1,+00) respectively, that are
solutions to,

—hQu;’ +Vjuj =Fu; onl; (j=1,2),

and such that,

= (B = Vi) Ve VIO o(1)) (o —oc)
= S (= Vaa)) e e VIO o)) (o s ),

where z;(E) stands for the unique complex point near 0 where V; — E vanishes.
In particular, u; (resp. ug) is out-going at —oo (resp. +o0), and E € Dy (Cp)
will be a resonance of P iff there exists a (continuously differentiable) solution u # 0
to Pu = Eu, such that u is both proportional to u; on (—o0, 0] and to ug on [0, +00).
But this is equivalent to the fact that the Wronskian of w; and wg vanishes at 0.

Therefore, the quantization condition simply reads,
u1 (0)uhy(0) — u) (0)ug(0) = 0. (3.4.9)

(In this case, setting 5 := u1(0)/u2(0) = u}(0)/u4(0), the resonant state u will be
given by u = u; on (—oo O] and u = fug on [0, +00).)
In order to solve | , we use a semiclassical asymptotic expansions of u; and

ug near 0. We set,

where &j(x) is the analytic continuation to complex values of E of the function,

originally defined for real values of F,

2
z;(E) 3
¢i(x ) = — (2/ ' ,/V}(t)—Edt) when z € T;.

Then, by [FMW], Section 8 and [Y], we have,

o0

fi=(Ai—iBi) Y Lf(1)
k=0

fo = (Ai —iBi) ZL
k=0

where 1 stands for the constant function of value 1, and the operators Li and Lo

are defined on the set Cp(R4) of bounded continuous functions on Ry respectively,
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by the formulas,

Lm@wzﬁ;jﬁgﬁm<><>—mwwa@ﬂmwm@w (t < 0)
t A+ s . . . .
Log(t) := /0 i‘;’ii((t)) (Ai(t)Bi(s) — Bi(t)Ai(t)(s)) Ra(s)g(s)ds (t > 0),

where A, := Ai —iBi, Ai(t) = Ai(—t), Bi(t) = Bi(—t), A}, := Ai —iBi, R;(s) :=
W30, (12/35), o3() = [(€ @) ] (€ ()42

In particular, on can show that the norms of L; are O(h), and since &; is an-

alytic at 0, we see that, actually, u;(0) and h2/ 3u;- (0) admit complete asymptotic

expansions in powers of h%, with coefficients depending analytically on p := Eh~2/3.

Their leading terms are given by,

ur(0) = Az (—p) + O(h3);
W33 (0) = (Agy) (—p) + O(h3);
u(0) = AL, (p) + O(h5) = Az (—p) + O(h3);
W3 (0) = (Af) (p) + O(h3) = —(Az,,) (—p) + O(h

W=

W=

)-

Therefore, at the first order in h%, the quantization condition becomes,

).

W=

A (=p) (o) (=p) = O(h

In fact, observing the behaviour of the Airy functions Ai, Bi at infinity, it turns
out that A, , = m/s ¢ ——Ai(wx) as stated in this means that also their zeros
correspond, and the quantization condition leads to computations that are related
to the ones in the previous sections.

We deduce that p = pg + O(hS) with pg € {z € C; A ,(—2)(A,,) (—z) =0} =
{—w™lay; k> 1} U{—w™'a}; k > 1}. Then, using the analyticity of all the coeffi-
cients with respect to p, we conclude in a standard way the existence of complete
asymptotic expansions of p in powers of hs. In fact, all this can be made explicit
by use of Lagrange’s inversion formula (in a version for formal power series). For a
proof see e.g. [WW]J.

Writing F'(p, h) = u1(0)ub(0) — u}(0)uz(0), we have, by the WKB expansion con-

structed above,

Z er(p)hP/3, (3.4.10)

with coefficients ¢ analytic in p. If co(po) = 0, i.e. pg corresponds to one of
the resonances of the linear wedge problem as described above, we know from the

properties of the Airy function (or, in the case of a non-symmetric linear wedge,
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from properties of the solutions of a Sturm Liouville problem) that it is a simple
zero, leading to F’(po, h) # 0. Furthermore F(pg, h) = O(h'/3) is a formal power
series in h'/3.

Then the Lagrange inversion formula represents the unique zero p of F'(+, h) close

to po by the explicit formula

nF pOah) n— w=po
p—po+z Jim 9 ! ( (3.4.11)

F wvh) —F(p07h)>

Clearly, this formal sum of formal power series defines by ordering according
to powers of h'/3 a complete asymptotic expansion, as claimed above. While the
classical form of the Lagrange inversion formula refers to analytic functions F(p),
our version of the formula for formal power series in h'/? follows immediately from
the classical result replacing F'(p, h) by finite partial sums. This proves our theorem.

O

Remark: This result probably extends to potentials V(z) ~ asx at © — +oc.
But this needs a different WKB construction. We expect that this type of result
appears in the Born-Oppenheimer approximation. The purpose is to extend the

previous constructions for the two-level problem with a crossing as in [FEMW],

WA+ V) hR
H(z) = _ 3.4.12
(@) ( hR —h2A + V2> ( )

V1

Figure 3.4: 2-level Potential with crossing

This could be done thanks to the analogy between the linear wedge barrier and

the crossing between the two potential , V1, Va; As in Theorem 2.1 of [FMW] the
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resonances Ej for h > 0 small enough has Im Ej, ~ A3 in first approximation, and
the previous resonances are connected with the bound trajectory of a particle in
the potential Vi. They are longer lived than resonances due to the linear wedge
alone. (Who would be sitting on a wedge?) In the B-O approximation, in a window
Im X € [—ch%,O], we expect to find resonances with a similar construction of the
scalar case in the matrix case. But the full construction needs a new idea compared
with the work of A.Martinez et al.([FMW]).



Appendix

3.5 Semiclassical Pseudodifferential Calculus

3.5.1 Spaces of Symbols

Definition 12. An order function is a function g € C®°(R",R") such that 9% =
O(g) for any a € N uniformly on R".

We denote by (£) the order function /1 + [£]?.

Definition 13. Let a = a(z, &) € C*®(R?"); a is said to be a symbol of order m
(m € R fixed), denoted by a € S({¢)™) if, for any o € N?", there exists C, > 0 such
that

0%a(z,€)] < Cal@)™ V¥ (2,6) € R™

Example 4. If y € C3*(R*™") = x € S(1) = S((¢)?).
Example 5. If V(z) € S(1) = &2+ V(z) € S((¢)?).
Example 6. Vm € R (£)™ € S({&)™).
Proposition 3.5.1.
m,m' € R,a € S(()"),beS((&™) = abe S((™™)

Definition 14. A symbol a € S((£)™) is said to be elliptic in S((£)™) if there exists
a constant C' > 0 such that, for any (z,¢) € R?*?

la(z,&)| = (6™ (3.5.1)
Example 7. (£)™ is elliptic in S({(§)™).

Example 8. If V € S(1) is such that infga V' > 0, then &2 + V(z) is elliptic in
S((6))-

59



3.5 Semiclassical Pseudodifferential Calculus 3. Resonances near a Singularity

Proposition 3.5.2. Let a be elliptic in S((§)™). Then L € S((¢)™™)

Definition 15. Let a(z,{; h) (semiclassical symbol, depending on h) be € S({£)™).
Let ag, a; ... be a sequence of symbols of S({£)"). Then we say that a is asymptoti-
cally equivalent to the formal sum - h/a; in S({€)™) (notation: a ~ >2i>0 ha;)
if and only if for any N > 1, a € N?" there exists a constant C(a, N) > 0, such
that
N
0% (a(z,§) = Y Waj(x, &) < ChYN ()™, (3.5.2)
§=0

for h > 0 small enough.

In the particular case where all the symbols are identically zero, a; = 0V j, we
write a ~ 0 in S((£)"™), or a = O(h*°) in S(({)™).

Remark 3.5.3. Let (a;);>0 be an arbitrary sequence of S((£)"). Then there exists
a € S((§)™) such that a ~ .-, hla; in S({£)™). Moreover a is unique up to
O(h™).

Such a symbol a is called RESUMMATION of 3, hla; in S((§)™).

A useful application is the WKB method (Wentzel, Kramer, Brillouin), used to
construct approximate solutions of the one-dimensional Schrédinger equation of the

form

u(z; h) = e?@)/h ijo ha;.

3.5.2 Semiclassical pseudodifferential operators

Proposition 3.5.4. Let m € R,a € S({(§)™),a = a(z,y,§) The semiclassical pseu-
dodifferential operator of symbol a of degree m is an operator that maps u € S(R™)
to the function

1
(2wh)"

Opn(a)u(z; h) = / / G (. € uly)dyde, (3.5.3)

in the sense of oscillatory integrals. Therefore, for any a € S({(§)™), Opp(a) maps
S(R™) into S(R™).

If a € S((§)™),d € R, then we denote by
h=40py,(a) (3.5.4)

the operator of degree m and order d.
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Example 9. (Semiclassical differential operators)

In the particular case where a is of the form:

CL(.T,y,f) = Z ba(ﬂﬁ)fa, (355)

laf<m

with by € S(1), we obtain

Opn( Y ba(2)€%) = > bala)(hDy)". (3.5.6)
lal<m la|<m
Example 10. (Usual differential operators)
If the symbols b, € S(1), the differential operator

P= > ba(x)DS (3.5.7)

can be rewritten as .
P=h"">"h 3 ba(hDs)", (3.5.8)
=0 |a|=m—j
Then P becomes a semiclassical pseudodifferential operator of order m. Its corre-

sponding symbol will be

plw,&h) =h™™ Y Wip(x,€), (3.5.9)

j=0
where pj(z,§) = Zm‘:m_j bo ()£

Note that the composition of such operators is well defined, although there is not
uniqueness of the symbol for a pseudodifferential operator (Composition theorem
2.6.5, [Ma2]). (For instance, if n = 1 we have Opy(x§) = Opp(y€ + ih), or = - hD,
and hD, - x — % correspond).

To overcome this ambiguity we introduce the ”Weyl quantization”:

r+y

Opl = Op;/*(a) = Opn(a 5

,€)), (3.5.10)

which is a particular case of the general definition of ”#-quantization” of a,

where it can be proved that makes the symbol unique. Namely, in order to
simplify the computations it is better to remain in a given quantization (a fixed
value of ), and this is possible thanks to the existence of a unique symbol b;(x,§) €

S2,((§)™) depending on 2n variables only, that can be associated to b(x,y,§) €
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S3,((€)™) because of theorem 2.7.1 in [Ma2].

Thanks to this powerful tool we can write the Schrédinger operator as a pseudod-
ifferential operator of symbol ¢? 4+ V(z). Moreover, if the symbol a is real valued,
OphW turns out to be formally sef-adjoint, i.e. symmetric with respect to the scalar

product in L2 (R™); this is very useful in quantum mechanics.

3.5.3 Symbolic Calculus: some general results in the case of Weyl

quantization

Thanks to the uniqueness of the symbol by the composition of pseudodifferential
operators, following theorem 2.7.4 in [Ma2], we introduce the ”"Moyal product”: ,
Il ez, €) € S((€)™™') such that

Opyy’ (a) o Opy (b) = Opy, (c), (3.5.12)

setting
c=af"b. (3.5.13)

Theorem 3.5.5. Va € S((€)™),Vb € S((6)™) holds:
hk
(af"'b)(,8) ~ > o (VY. = VeV, " [a((14t)a+ty, ) -b(tz+(1—1)z,€)] |y;§z
’ (3.5.14)

in S({€)™+™).

Remark 3.5.6. In first approximation the previous composition corresponds to the

multiplication of the symbols:

(a8"0)(x,€) = a(w,&)b(w,€) + O(h) in S({E)™™); (3.5.15)
moreover,
- (=1)lelpla=p 4 8 a0
af"o~ Y (090 a) (0008D) =
a+B G z ¢
= (24)let5la) B!
h /
= ab+ o (VeaVeb — Voa¥eh) + O(h2) in - S((€)™™) = (3.5.16)
h
=ab+ Z{a, b} + O(h?).
where {a,b} represents the Poisson brackets of a, b.
Theorem 3.5.7. ( Calderdn-Vaillancourt)
Let a € S(1). Then the operator Opy,(a) is continuous on L? (R™) and
10ph(@)lleczzy < Cul D 110%all oo (gsny ) (3.5.17)

|| <M,

where the positive constants M, C, depend only on n.
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Furthermore:

Theorem 3.5.8. Let a be in Sa,(1) such that, for any a € N?"
0%a(xz,&) — 0 for |(x,&)| — +o0. (3.5.18)
Then the operator A := OpZV(a) is compact on L2 (R").

In the case a € S3,,(1), considering the operator Opy(a), by integration by part in
the area |x —y| > d|z| (for some 0 > 0), a sufficient assumption for the compactness

of Opp,(a) is the existence of §; > 0 such that, for any a € N3"

|(z,,§)| = o0

(3.5.19)
|z —y| < &1l

0%a(z,y,§) — 0 for {

Definition 16. For u(z, h) € S'(R™), we define the so-called FBI-Bargmann trans-
form T by the formula,

Tu(z,&;h) = Q_E(Wh)_in/ ei(’”_y)S/h_(x_y)Q/zhu(%h)dy, (3.5.20)
used by many authors ([Ma2], [Sj]) to treat simultaneously the local behavior of u

and that of its h-Fourier transform Fju.

From the theory of such operators we can derive characteristics of u just by
knowing the behavior of T'u; its local properties are called microlocal properties of
u, and the fact that Tu = O(h™) near some point (zg,&y) will be expressed by

saying that w is microlocally O(h®) near that point.

Definition 17. For u(x,h) € S'(R"), (z0,&) € R?", we say that u is microlocally

exponentially small near (xo, &) if there exists some 0 > 0 such that
Tu(w, & h) = O™/,

uniformly for (z,¢) in a neighborhood of (zg,&p). The complementary set of such
points (g, &) is called the "microsupport” of u, and is denoted M S(u) C R?". In
other words, it is the subset of R?” consisting of the points near which u is not
microlocally exponentially small as h — 0.

The properties of invariance for the microsupport are a useful tool to studying
solutions of analytic PDEs. They are related to the geometry of the characteristic set
of the equation; in fact, the microsupport of a solution of a PDE is invariant by the
Hamilton flow associated with the equation, i.e. any point of the microsupport gives
rise to a whole curve passing through this point and contained in the microsupport

(propagation of the microsupport).
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3.6 Airy functions

The behavior of the Airy functions is oscillatory at + — —oo and exponential at
x — 00. They are the most basic functions that exhibit a transition from oscillatory
to exponential behavior, and because of this they arise in many applications, for
instance in describing waves at caustics or turning points (see e.g. [O]). The Airy
function Ai(z),z € R is characterised as the solution to the homogeneus second

order differential equation (called the Airy equation)
u’(z) = zu(x). (3.6.1)

It decays exponentially as x — 4o0:

—2,3/2

1
Ai(z) ~ ﬁx_%e 37 (3.6.2)
When x < 0 it is oscillating and at * — —oo it behaves as:
1 2
Ai(zx) ~ ﬁ(—w)*i sin <3(—x)3/2 + Z) . (3.6.3)

Moreover, the asymptotic behaviour of its derivative Ai’ is obtained by formally
differentiating the previous one, and these asymptotic behaviors remain valid in
sufficiently small complex sectors around the real line.
We define as further solution of the equation the function Bi(x), (which has
the interesting property to be real when z is real), linearly independent of Ai(z),
by the asymptotic behavior as x — —o0:

-1 1 2

Bi(z) ~ —(—) 1sin <3(_:c)3/2 - D . (3.6.4)

Bi(x) is positive and grows exponentially for z > 0, and satisfies for x — 4o00:

1 1 2,302

Bi(z) ~ ﬁx 1e3”, (3.6.5)
Other solutions of the Airy equation are Ai(zw*!), where w := ei3™ (1,w,w?

are the cubic roots of the unity);
From standard properties we deduce the following relations between Airy func-

tions:
) otis
Ai(w*te) = ?[Az(x) FiBi(x)];

A (W z) = %[Ai’(x) T iBi'(z)); (3.6.6)
Bi(z) = €'% Ai(wz) + ¢ 7% Ai(w ™ z);

Bi'(z) = €5 Ai'(wz) + e~ Ai' (™).
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i2/3n
e

w

S

Ai(0 ™" x) recessive So

Ai(x) recessive

Ai(w x)recessive

Moreover, from the asymptotic behaviors of Ai(z) and Bi(x) as + — —oo, one

can easily see the following properties:

Ai(z) — iBi(z) ~ e\/i}(_x)iexp <2i(_x)§> ;

Ai(wz) =0(1) in S_;:={2€C/—7 <|arg(z)| < —z};

3 (3.6.7)
Ai(wtz)=0(1) in S :={zeC/- g < |arg(z)| < w};
Ai(z) =o(1) in Sp:={zeC/— g < |arg(z)] < g}.
The computation of Wronskian determinants leads to:
1
W {Ai(z), Bi(z))} = —;
T
1
W {Ai(wx),Ai(w_lx)} =57 (3.6.8)
eiiﬂ/ﬁ

W {Ai(z), Ai(wTz)} = o
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