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Chapter 1

Introduction

1.1 Statistical Mechanics

Statistical Mechanics studies the collective behaviour of systems made up of
a large number of elementary components. The interesting phenomena emerge
from the interactions among the elementary components of the system, while if
each elementary component acts independently of the other ones their collec-
tive behaviour is a trivial superposition. The Statistical Mechanics formalism
reveals that very simple microscopic interactions, when sufficiently strong, can
produce critical phenomena at the macroscopic level (phase transitions, namely
discontinuities of some physical observable in the thermodynamic limit).

The classical examples come from Physics: the transition from water to ice
is characterized by an abrupt change of the density of the system at 0 Celsius
temperature; the transition from a paramagnetic to a ferromagnetic material
is characterized by an abrupt change of the magnetisation at the Curie tem-
perature. In both examples the elementary components of the system are the
molecules constituting a certain material. But it can be interesting to apply
the Statistical Mechanics models also to other fields. In Computer Science and
Neuroscience, the (artificial) neural networks are systems of interconnected neu-

rons that exchange messages [58]. In Biology the bird flocks are an example of

1



2 1.1. Statistical Mechanics

collective behaviour [15]. A possible approach to Socio-Economic Sciences is to
consider interconnected groups of people that exchange trends, information and
opinions (see [22] for an example of application): the social networks actualize
this concept. Bouchaud’s approach to study Economics and economical crisis
is of this type [20,[19] (in particular he affirms that a scientific revolution is
needed: real data should be taken into account when they contradict classical
economics assumptions). In a few words the Statistical Mechanics approach is
actually multidisciplinary and can be interesting for a large number of applica-

tions.

1.1.1 Boltzmann-Gibbs measure

In the Statistical Mechanics of equilibrium, a probability is assigned to each
possible configuration of the elementary components. Then the statistical be-
haviour of the physical observables is studied when the number of elementary

components goes to infinity (thermodynamic limit).

Definition 1.1. The elementary components of the system are indexed by a
finite set A. The possible configurations of each elementary component are
collected in a set S (we assume S finite). Therefore the possible microscopic
configurations of the system are represented by the vectors of Q = S%.

A Hamiltonian H: 2 — (—o0, 00| is introduced: it assigns an energy to each
microscopic configuration, modelling all the interactions among the elementary
components. At the equilibrium, the associated Boltzmann-Gibbs probability

measure is considered on the space of microscopic configurations:
1
Ppe(C) = Ee—ﬁﬁ@ VCeq, (1.1)

where Z is the normalizing factor (called partition function) and § € [0, 00)
is a parameter (called inverse temperature). We will usually absorb [ in the
Hamiltonian. In this framework any observable O: {2 — R is a random variable

with respect to the Boltzmann-Gibbs probability measure.



Chapter 1. Introduction 3

Because of the definition (I.1]), the more likely microscopic configurations are
those with the lowest energy. On the contrary configurations with infinite energy
have zero probability: they can be excluded from the space of configurations {2
at the beginning. We will usually do so in this thesis; but for this introductory
discussion it is convenient to keep Q = S».

A justification of the Boltzmann-Gibbs distribution is out of our purposes:
for particle systems it is related to Boltzmann entropy, to the ergodic hypoth-
esis and the equivalence of ensembles (see [42] for an analysis of foundations of
Statistical Mechanics). However it is interesting to observe that the Boltzmann-
Gibbs distribution maximizes the information entropy given the expected en-

ergy, namely Pgqg realizes
maX{ ~ 3" P(C) logP(C) \ S PE) =1, S P H(C) =Ty }
c c c

for any fixed energy Uy € [minH, |—512‘ > ¢ H(C)] and a suitable # > 0. In other
words, imagine that the expected energy of the system is measured: there are
several probability distributions that are consistent with this expected energy,
but the Boltzmann-Gibbs distribution describes the system as random as it can

be satisfying only the energy constraint.

1.1.2 Phase transitions

The most interesting phenomena in Statistical Mechanics are phase transi-

tions. At finite volume A any expected observable

(O — Deesr OC) )
BT T e O

is obviously an analytic function of the inverse temperature 3. But since the

systems studied in Statistical Mechanics are made up of a large number of
elementary components, one is interested in the thermodynamic limit, that is

the limit as |[A| — oco. After having chosen a proper way to let A go to infinity,
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the system is said to exhibit a phase transition if the limiting generating function
(called pressure)

1
p(f) = lim 7 log Zo(5) = lim |A| ochSAe

is not analytic at some critical inverse temperature § = (.. Observe that the
derivatives of log Z(3) are the cumulants of minus the energy:
0 logZ = (—H)pa ,
o
2
op?

Therefore there is a phase transition if in the thermodynamic limit some cu-

logZ = <H2>BG - <H>2BG g v

mulant of the energy is not continuous with respect to 8 € [0,00) (while the
function p itself is always continuous being concave). In the case H depends an-
alytically on some parameters (e.g. magnetic field, chemical potential, ... ), also
the analyticity of the generating function p with respect to those parameters
can be investigated.

A beautiful link between Algebra, Complex Analysis and Statistical Mechan-
ics is given by the fact that phase transitions are strictly related to complex zeros
of the partition function (the main example is the Lee-Yang theorem [71]88]).
To get an idea of this fact, assume that the Hamiltonian takes non-negative
integer values up to N = O(|A|) and rewrite the partition function as a poly-

nomial:

by setting z := e=? and Cy (k) = card{C € Q| H(C) = k} (assume maxy, log Cy (k) =
O(|A])). By the Fundamental Theorem of Algebra Z,(z) has N complex zeros

zp,p and rewrites as

,’:]2

Zx(2)

Z — ZA,p .
p=1
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If a complex stripe centred along a positive real interval (a,b) +i(—9, ) is free
of zeros of Z, for any A, then ‘—/1“ log Z5(z) is a uniformly bounded sequence
of analytic functions on the compact subsets of the stripe, therefore by the

Vitali-Porter theorem [91] its limit p(z) is analytic for z € (a, b).

1.1.3 Interactions and graphs

When the space of configurations is a product space (2 = S*), and the

Hamiltonian writes as a sum on the elementary components

H(C) = Hi(C) VC=(Cier €9,

ieA
then the system is called non-interacting, since its elementary components are
independent according to the Boltzmann-Gibbs measure. An elementary but
meaningful observation is that phase transitions do not occur in non-interacting

systems:

where each p;(8) = log} ¢ cs e AMi(C) i5 an analytic function, hence p is ana-
lytic provided that the Cesaro-limit can be interchanged with the series.

Often systems with pairwise interactions are considered, namely

HEC) =D HiC) + > Hij(Ci,C)) YVC=(Cier €.

ieA ijeA
It is natural to represent these systems on graphs: A is the vertex set, while the
pairs (4, j) such that H; ; is not identically zero are the edges corresponding to
the interactions. In Physics 2 or 3-dimensional reqular lattices are usually con-
sidered, since the particles interact according to their distance in the Fuclidean
space. For other collective phenomena instead sparse random graphs are more
suitable: there are different methods to build random graphs [59] that have
characteristic features observed in real-world networks [9,[77], as the presence

of hubs and the small-word properties. Models on the complete graph (namely
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the graph where each pair of vertices is connected) are usually considered as
a first approximation in Physics, while for the emerging applications they play
an important role since the behaviour on the complete graph is often similar to

the behaviour on sparse random graphs.

1.1.4 A fundamental example: Ising models

One of the most popular examples in Statistical Mechanics is the Ising model.
Consider a system made up of spin variables that can take only two opposite
values: the space of configurations is Q = {—1,+1}"*, where A indexes the
spins. It can be shown that the most general Hamiltonian H: 2 — R writes,

in a unique way, as

H(o) = —ZJXHU,- VoeQ,

XCA ieX

with Jx € R. In the case of pairwise interactions, the Hamiltonian reduces to

H(o) = —Zhiai — Z Jijoio; Yo e,
1€EA i,JEN
i#]
with h;, J;; € R. It is clear from the definition of the Hamiltonian that if
Jij > 0 the configurations with o; = o; are favoured, while if J;; < 0 the
configurations with o; = —o; are favoured.

Assume zero external field: h; = 0 for all € A. When J;; > 0 for all pairs
(7,7), the system is called a ferromagnet: all the spins tend to imitate with one
another; when J;; < 0 for all pairs (7, j) the system is called an antiferromagnet;
when the J;; follow a symmetric distribution around 0 the system is called a
spin glass.

In ferromagnets a phase transition can occur [84,47] and it is characterized
by the divergence of the second derivative of p(3, h) with respect to the field

h; precisely below the critical temperature two states coexist, one characterized

by most positive spins and the other one by most negative spins. Many results
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are available for Ising ferromagnets: they satisfy useful correlation inequalities
[48,166],44,149], the complex zeros of the partition function in the variable z =

~26h are located on the unit circle [TI,88]; the exact solutions (see [12] for a

e
review) for uniform J > 0 are studied in details on the complete graph, on
the 1 and 2-dimensional lattice [79,[65,08], on a large class of random graphs
[261,29,[30].

Spin glasses are much more complicated. Usually the J;; are taken as ¢.7.d.
Gaussian random variables and this disorder is quenched with respect to the
thermal fluctuations. The model on finite-dimensional lattices was introduced
in [34]. The model on the complete graph (SK model [92]) has been studied for
several decades by physicists and mathematicians (see [75,93//82] and references
therein). On the complete graph a phase transition occurs: at low temperature
several states coexist, they cannot be characterized in terms of simple sym-
metries and they are organized in a hierarchical (ultrametric) structure. The
exact solution of the model was first proposed by Parisi, but it took several years

to prove the validity of the Parisi’s formula [94,52,2,[54] and the ultrametric
picture [S1L[51L[1189)].

1.2 Monomer-dimer models

Monomer-dimer models were introduced in Physics to describe phenomena
like the adsorption of a diatomic gas on a monoatomic layer [85] or the be-
haviour of a fluid mixture of molecules of two different sizes [40]. They are
studied in Mathematical and Theoretical Physics [55,64,099], in Combinatorics
and Computer Science [74,[63], in the applications to Social Sciences [11].

While the Ising model is equivalent to a lattice gas model where monoatomic
particles deposit on the vertices of a graph, the monomer-dimer model can
be informally described in terms of sticks (diatomic particles) that deposit on

the edges of a graph. The occupied edges are the dimers, while the empty
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vertices are the monomers. The space of configurations is Q = {0, 1}¥, where
E indexes the edges; but since different sticks cannot overlap on the same vertex
(hard-core interaction), some configurations are forbidden. Instead of defining
a Hamiltonian that takes the value +oo at these forbidden configurations, we
prefer to restrict the space of configurations, which will not be a product space

anymore:
= {O‘G {0,1}* ‘ Qe =0 Ve, e € E, lend| :1},

It is crucial to keep in mind that the hard-core interaction is now encoded in
the space of configurations, therefore even when the Hamiltonian is only a sum

of individual contributions the system is interacting.

To introduce a Hamiltonian for monomer-dimer models, we analyse the phys-
ical phenomenon of a diatomic gas, let say oxygen, that is adsorbed on a surface
of a monoatomic material X. When a molecule of oxygen O, is adsorbed, its
two atoms deposit on two neighbouring atoms X of the surface. No overlapping
of different molecules of oxygen is allowed: this is the hard-core interaction due
to the repulsive part of the van der Waals potential. Now the surface can be
represented as a planar graph G, where every vertex corresponds to an atom
X. The adsorbed molecules of oxygen form a monomer-dimer configuration
on G: the adsorbed molecules O, are the dimers, while the atoms X free of
oxygen are the monomers. Encoding the hard-core interaction in the space of
configurations, a simple Hamiltonian describes the system taking into account

only the dimer potential of every edge:

H(a) ==Y hea, Yaeq. (1.2)

ecl
As already said, the van der Waals potential is repulsive at very short distance,
preventing different molecules of oxygen from overlapping. But at a longer

distance the van der Waals potential becomes attractive, pushing the molecules
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of oxygen to remain close one another. At too long distance instead the van
der Waals potential is negligible. See figlI.Tl Depending on the lattice spacing

energy

Figure 1.1: The van der Waals potential as a function of the distance r between

two molecules.

r of the adsorbing material X, the attractive component of the van der Waals
potential plays different roles. If r is larger than re, but not too much, then a
Hamiltonian that take into account this attractive interaction is

Ha) ==Y heae— > Jowaeow VYae, (1.3)

eckE el cE
e~e’!

with Jeer > 0 (e ~ ¢ means that the two edges are not incident but connected
by a third edge). If instead r is much larger than r.,, then this attractive in-
teraction is too weak and can be neglected: the system is well described by the
previous Hamiltonian (L2). If r is smaller that re,, then there is even more
repulsion among molecules and J.., should be chosen as positive numbers. Fi-
nally if r oscillates around re,, some J.. can be positive and some J.. can
be negative: one could observe an interesting phenomenon analogous to spin

glasses.

The hard-core interaction alone (J = 0) is not sufficient to cause a phase
transition in monomer-dimer models. This remarkable fact was proved in great
generality by Heilmann and Lieb [56]55], by locating the complex zeros of

the partition function. A probabilistic method instead was used by van den
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Berg [14]. When an attractive component is added to the interaction, things
change and phase transitions can emerge [57,6]. Also in the pure dimer problem
(zero monomer activity: all the vertices occupied by a dimer) phase transitions
are possible, as suggested by the Arctic Circle theorem [62].

On planar graphs the exact solution of the pure dimer problem was found
by Kasteleyn, Fisher, Temperley [64,139,05], in terms of the Pfaffian of the
adjacency matrix of a directed graph; the transfer matrix method was proposed
by Lieb [73]. Recently this solution has been extended to include the presence
of monomers at the boundary [45]. Heilmann and Lieb [55] provided a recursive
formula for the monomer-dimer partition function, that permits to obtain some
exact solutions, for example on the complete graph and on a large class of
random graphs [4].

In this thesis we mainly deal with mean-field versions of the monomer-dimer
model, with the exception of chapter [[l A non-zero monomer activity is always
considered. For an introduction to pure dimer models (also known as perfect

matching problems) on planar lattices we suggest [67].

1.2.1 Results obtained in this thesis

Mean-field monomer-dimer models, on sparse random graphs or on the com-
plete graph, can be considered as an approximation of finite-dimensional physi-
cal models. On the other hand they have a particular interest for the emerging
applications to Computer Science and Social Sciences [11], since the real-world
networks are often modelled by particular families of random graphs [9,[77,[59].

Zdeborova and Mézard [99] gave a complete picture of the monomer-dimer
model with pure hard-core interaction on sparse random graphs: using the
theoretical physics approach of cavity method they compute the replica sym-
metric solution of the model and they verify its stability. In [4] we provided
a complete rigorous proof of Zdeborova-Mézard’s solution, starting from the

previous work [I8]. Our proof is based on the Heilmann-Lieb recursion [55] for
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the partition function, combined with some alternating correlation inequalities

on trees.

As shown by Heilmann and Lieb [55,56], the hard-core interaction is not
sufficient to cause a phase transition in monomer-dimer models. In [86,7,5] we
study monomer-dimer models on the complete graph and in particular in the
first three of these works we add an attractive interaction to the hard-core one.
We provide the solution of this model, showing that a phase transition occurs
when the attractive interaction in sufficiently strong. The phase transition is
studied in details: the monomer (or dimer) density is the order parameter and
a coexistence curve separates a dimer phase from a monomer phase; at the
critical point (where the coexistence curve stems) the critical exponents are
the standard mean-field ones and the central limit theorem breakdowns, since
the fluctuations are of order N3/, The study of these fluctuations is based on
the works by Ellis and Newmann [35,[36] for mean-field spin models, with the
fundamental difference that our space of configurations is not a product space
due to the monomer-dimer hard-core interaction: to decouple this interaction

we use a representation of the partition function in terms of Gaussian moments.

Finite-dimensional monomer-dimer models (and more general hard-rods mod-
els) are still interesting also for applications to Physics, in the theory of lig-
uid crystals (see e.g. [32,[46L[83]). In [57] Heilmann and Lieb proposed some
monomer-dimer models on Z? with attractive interactions that favour the pres-
ence of clusters of neighbouring parallel dimers. They show by a reflection
positivity argument that these systems exhibit a phase transition: at low tem-
peratures a spontaneous order in the orientation of the dimers appears. On
the other hand the authors conjecture that their models do not have a complete
translational order: namely it is equally likely to observe a dimer attached to the
left or to the right of a given vertex z, under local perturbations of the system
sufficiently far from x. These two properties, the orientational order together

with the absence of translational order, characterize liquid crystals. In [3] we
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did not solve the Heilmann-Lieb conjecture, which is open since 1979, but we
proved the absence of translational order in a different framework, when the
dimer potential favours one of the two orientations of dimers on the lattice Z2.
Our proof is based on cluster expansion methods and starts from the Letawe’s

thesis [72].

Here there is a brief description of the chapters that follow. In the chap-
ter[d we introduce the mathematical definitions and some general properties of
monomer-dimer models, like the Gaussian representation for the partition func-
tion and the absence of phase transitions when only the hard-core interaction
in considered. In the chapters from[3 to[d we study the monomer-dimer model
on the complete graph: in chapter [3] the interaction is purely hard-core, while
in chapters [ [ an imitative/attractive component of the interaction is added.
In the chapter[d the pure hard-core monomer-dimer model is studied on a class
of random graphs. Finally in the chapter[7 we study a monomer-dimer model
on the lattice Z2 with imitative interaction in the orientations, which origins

from one of the Heilmann-Lieb liquid crystal models.



Chapter 2

Definitions and general results

Let G = (V, E) be a finite undirected graph with vertex set V' and edge set
Eclij={ijtlieV,jeV i#j}.

Definition 2.1 (Monomer-dimer configurations). A set of edges D C E is
called a monomer-dimer configuration, or a matching, if the edges in D are
pairwise non-incident. The space of all possible monomer-dimer configurations

on the graph G is denoted by Zg.

Given a monomer-dimer configuration D, we say that every edge in D is
occupied by a dimer, while every vertex that does not appear in D is occupied
by a monomer. The set of monomers associated to D is denoted by Mg(D) or

simply M (D).

Remark 2.2. We can associate an occupation variable o;; € {0,1} to each
edge ij € E: the edge ij is occupied by a dimer iff o;; takes the value 1. It is
clear that monomer-dimer configurations are in one-to-one correspondence with

vectors a € {0, 1}F satisfying the following constraint:

VieV Y ay <1, (2.1)
G

where j > © means that ij € E. Therefore, with a slight abuse of notation, we

denote by Z¢ also the set of a € {0, 1} that satisfy eq. (ZT)).

13
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Figure 2.1: The bold edges in the left figure form a monomer-dimer configura-

tion on the graph, while those in the right figure do not.

The condition (Z.I]) guarantees that at most one dimer can be incident to any
given vertex 7, namely two dimers cannot be incident. This fact is usually re-

ferred as hard-core interaction or hard-core constraint or monogamy constraint.

We also introduce an auxiliary variable

a;=1-Y a;; €{0,1} (2.2)
jni
for each vertex ¢ € V: the vertex ¢ is occupied by a monomer iff o; takes the

value 1.

The definition of monomer-dimer configurations is already quite rich in it-
self. Indeed non-trivial combinatorial questions can be asked, as “How many
monomer-dimer configurations, possibly with a given number of dimers, exist
on a given graph G7”. This combinatorial problem is known to be NP-hard
in general, but there are polynomial algorithms and exact solutions for specific
cases [64L[74,[63]55]4].

In Statistical Mechanics a further structure is introduced: we consider a
Gibbs probability measure on the set of monomer-dimer configurations. There
are several choices for the measure, depending on how we decide to model the

interactions in the system.
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2.1 Pure hard-core interaction

The first possibility is to take into account only the hard-core interaction
among particles and assign a dimer activity w;; > 0 to each edge ¢j € £/ and a

monomer activity x; > 0 to each vertex : € V.

Definition 2.3 (Monomer-dimer models). A monomer-dimer model on G is
given by the following probability measure on Yg:

pug(D) == — wa H x;, VDe€ YDgq, (2.3)

ijeD i€EM (D)

where the normalizing factor, called partition function, is

Z H Wy H x,. (2.4)

De9q ijeD €M (D

The dependence of the measure on the activities w;;, x; is usually implicit
in the notations. When we consider the complete graph with N vertices, the

subscript ¢ is usually substituted by .

Remark 2.4. It is worth to notice that the definition is slightly redundant
for two reasons. First one can consider without loss of generality monomer-
dimer models on complete graphs only: a monomer-dimer model on the graph
G = (V, E) coincides with a monomer-dimer model on the complete graph with
= |V vertices, by taking w;; = 0 for all pairs ij ¢ E.
Secondly one can set without loss of generality all the monomer activities

equal to 1: the monomer-dimer model with activities (w;;,z;) coincides with

the monomer-dimer model with activities (;”x’, ), since
J

[T+ = (IT=) T 5= (=) 1T 2

ieM (D) eV i¢ M(D) iev

Vice versa if the dimer activity is uniform on the graph then it can be set
equal to 1: the monomer-dimer model with activities (w, x;) coincides with the

monomer-dimer model with activities (1, T) since

w = w 2 = w — .
A /w
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Remark 2.5. The following bounds for the pressure (logarithm of the partition

function) will be used several times:

Zlog:):, < logZs < Zlog:ﬂﬁ—Zlog 1+

eV eV ijeEE

) (2.5)

T; T

The lower bound is obtained considering only the empty monomer-dimer con-
figuration (a monomer on each vertex of the graph): Zg > [[,., i . The upper
bound is obtained using the fact that any monomer-dimer configuration is a
(particular) set of edges:

M=% = > ] xw;j < ch: f{)xw;] — 'H (1+;’;f'j).

eV De9q ijeD

An interesting fact about monomer-dimer models is that they are strictly

related to Gaussian random vectors.

Proposition 2.6 (Gaussian representation [8,97]). The partition function of

any monomer-dimer model over N vertices can be written as

Zn = Eg[ﬂ@ ra)] 26)

i=1
where & = (&1, ..., &n) is a Gaussian random vector with mean 0 and covariance
matric W = (w;;)i j=1,..n and Ee[-] denotes the expectation with respect to &.
Here the diagonal entries w;; are arbitrary numbers, chosen in such a way that

W is a positive semi-definite matriz.

Proof. The monomer-dimer configurations on the complete graph are all the

partitions into pairs of any set A C {1,..., N}, hence

N = Z wa HSL’ZI Z Z Hwij HIZ (2.7)

Dey ijeD ieM(D AC{1,..,N} P partition jjeP i€ Ac

of A into pairs

Now choose wy; for ¢ = 1,..., N such that the matrix W = (wj;); =1, n Is

positive seml—deﬁnltl Then there exists an (eventually degenerate) Gaussian

IFor example one can choose w;; > > jzi Wij forevery i=1,...,N.
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vector & = (&1,...,&y) with mean 0 and covariance matrix W. And by the
Isserlis-Wick rule (see theorem B.10)

E&[Hfz} = > Il ws- (2.8)

1€EA P partition € P

of A into pairs

Substituting (2.8)) into (2.7) one obtains
N
Zy = Eg{ > JIs 11 x] = Eg{H(@mi)} . (2.9)
AC{1,..,N} i€A  i€Ac i=1

0

Heilmann and Lieb [55] provided a recursion for the partition functions of
monomer-dimer models. As we will see this is a fundamental tool to obtain

exact solutions and to prove general properties.

Proposition 2.7 (Heilmann-Lieb recursion [55]). Fizing any vertex i € V it

holds:
ZG = T ZG—i + Z Wi ZG—i—j . (210)

jroi
G
Here G — i denotes the graph obtained from G deleting the vertex i and all its

incident edges.

The Heilmann-Lieb recursion can be obtained directly from the definition
([24)), exploiting the hard-core constraint: the first term on the r.h.s. of (2.10])
corresponds to a monomer on ¢, while the following terms correspond to a
dimer on ij for some j neighbour of . Here we show a proof that uses Gaussian

integration by parts.

Proof [§]. Set N := |V|. Introduce zero dimer weights wp, = 0 for all the
pairs hk ¢ E, so that Zg = Zy. Following the proposition [2.6, introduce an
N-dimensional Gaussian vector & with mean 0 and covariance matrix W. Then

write the identity (2.6) isolating the vertex i:

Zg = Eg{ﬂ(gmtxk)} =z EE{H(gﬁxk)} + Eg {gi H(gk+xk)] . (2.11)

k=1 ki ki
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Now apply the Gaussian integration by parts (theorem [3.10]) to the second term

on the r.h.s. of (2.I0):
Eg{fi H(&m} ZEg ce) Eg[i IT¢ km} S, Eg[ﬂ km)}.

k#1 k#i Jj#i k#1,j
(2.12)
Notice that summing over j # ¢ in the r.h.s. of (212)) is equivalent to sum over

j 1, since by definition w;; = 0 if ij ¢ E. Substitute (2.12)) into (ZI1)):

Zo = m; Eg{H fk—i-xk] > wy Eg{ 11 §k+x,€)} . (2.13)

ki jri vy
To conclude the proof observe that (§;)x is an (N — 1)-dimensional Gaussian
vector with mean 0 and covariance (wpy)n k2. Hence by proposition
Z-i = E¢ [H(fk + »Tk)] : (2.14)
kit
And similarly

ZG—i—j = E£|: H (gk + Sl?k):| . (215)

ki,
]
The main general result about monomer-dimer models is the absence of
phase transitions, proved by Heilmann and Lieb [55]. This result is obtained
by localizing the complex zeros of the partition functions far from the positive

real axes.

Theorem 2.8 (Zeros of the partition function [55]). Consider uniform monomer
activity x on the graph and arbitrary dimer activities w;;. The partition func-
tion Zg is a polynomial of degree N in x, where N = |V|. The complex zeros

of Za are purely imaginary:
{z € C| Zg(w;;,x) =0} C iR. (2.16)
Furthermore they interlace the zeros of Zg_; for any given i € V', that is:

a; <ady<ay<ay<---<ady_, <an, (2.17)
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where —iay, ..., —iayn are the zeros of Zg and —ia}, ..., —id’y_, are the imagi-
nary parts of the zeros of Zg_;. The relation (217) holds with strict inequalities
if wi; >0 foralli,j €V.
Proof. Set
Qalx) =i VZg(ix) = Y (=D T wi; 2P
Deg ijeD

which is a polynomial of degree N with real coefficients (and leading coefficient
1). Tt is sufficient to prove that the zeros of Q)¢ are real and that, given i € V|
they interlace the zeros of Qg_;: that is (ZI7) is satisfied where ay, ..., ay are
the zeros of Q¢ and af,...,a)y_, are the zeros of Qg_;.

Assume that w;; > 0 for all 7, 7 € V; the general results will easily follow by
a continuity argument.

The result can be proved by induction on the number of vertices N. For
N = 0 and for N =1 the result is trivially true. Let N > 2 and assume the
result is true for every graph having at most N —1 vertices. The Heilmann-Lieb
recursion gives for all x € C

Qo) = #Qa-i(r) = 3wy Qaris() (218)
JeV~{i}

From the induction assumption it follows that for every j € V ~\ {i} the N — 2
zeros of Q)g_;—; are real and strictly interlace the N — 1 zeros of Q)¢_;, which
are also real. Since for every j € V ~\ {i}, w;; > 0 and QQ¢—;—; has same degree
and same leading coefficient, it is easy to prove that also the N — 2 zeros of
S; = ZjEV\{i} w;jQa—i—; are real and strictly interlace the N — 1 zeros of
Qc—i- We can easily deduce the sign of S;(x) when z is a zero of Qg_;. As a
consequence, using (2.18)), we know the sign of Qg (x) when z is a zero of Qg_;.
It is easy to conclude that Q¢ has N real zeros that are strictly interlaced by

the zeros of Qq_;. O

Corollary 2.9 (Absence of phase transitions). Consider dimer activities w wl(jN )
(N)

and monomer activities x x; ~ and assume they are chosen in such a way that
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p = limy_ % log Zn exists. Then the function p is analytic in the variables

can be interchanged with the limit

(w,x) € (0,00)? and the derivatives aha 5

N — oo.

Proof. Let us consider Zy (w;;, z). The general result will follow since Zy (ww;;, xz;)

coincides up to a factor that does not affect the Gibbs measure with Z N(;U;J , \F>

Fix £ > 0. Let € € (0,2) and set U := (g,00) +iR. By the theorem 2.8 the
holomorphic function z — Zy(w;;, ) does not vanish on the simply connected
open set U, then py := % log Zn(w;;, z) is holomorphic on U. Furthermore the

sequence py is uniformly bounded on the compact sets K C U, since

|ZN(wij,x)\ = H ‘SL’ — 1ak\ Z é?N s ‘ZN(U}Z']',SL’H S ZN(wZ-j,s?(p |LL") .
k=1

Then by the Vitali-Porter theorem [91], the sequence py converges uniformly on

U to an holomorphic function p. And by the Weierstrass theorem the derivatives

a*

7w can be interchanged with the limit N — oc. O

2.2 Hard-core and imitative interactions

Beyond the hard-core constraint it is possible to enrich monomer-dimer mod-
els with other kinds of interaction. Assign a monomer activity x; > 0 to each
vertex i € V, a dimer activity w;; > 0 and imitation coefficients .J;, Jj, Jif € R

to each edge ij € F.

Definition 2.10 (Monomer-dimer models). A monomer-dimer model on G is

given by the following Gibbs probability measure on Zg:

/ " "
o) =g s [ T v T8 I
G

ijeD €M (D) ijeER: ijeER: ijeER:
i¢M(D), ¢ M (D) i€M(D),jeM(D) i¢M(D),jeM(D)

(2.19)
for all D € Z¢. The partition function Zg is defined so that >, pc(D) = 1.
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The dependence of the measure on the coefficients w;;, x;, J;; is usually
implicit in the notations. When we consider the complete graph with N vertices,

the subscript ¢ is usually substituted by .

When all the J;;’s take the value zero this model is the pure hard-core

model introduced in the previous section. Positive values of the J/,

1y Jiy favour

the configurations with clusters of dimers and clusters of monomers.
Sometimes it is convenient to rewrite to measure pg(D) in the Hamiltonian

form ZLG e~HaD) | This is possible by setting z; =: e, w;; =: ™ and

— Ho(a Z hijoi; + Z h;o; +

ijER eV

+ Z ( (1= ai)(1 = ay) + Jhasoy + J5 (1 — oi)ag + Jij o (1 — a]))

ijel
(2.20)

for all o € Z.

Remark 2.11. Let us analyse the redundancies in the definition .10l First
a monomer-dimer model on the graph G = (V, E) coincides with a monomer-
dimer model on the complete graph with N = |V vertices, by taking w;; = 0
and Jj; = J; = J{{ = 0 for all pairs ij ¢ E.

Secondly the monomer and dimer activities can be reduced from (w;;, z;) to

(2L 1) or from (w, ;) to (

Tix;’

, \F) as shown by the remark [2.4l Moreover also
the imitation coefficients can be reduced from (Jj;, Jj3, Ji7 (Ji; =I5, I —

150 Yigo ) YRV
" :
Jij,0), since

a(l—a)+(1—a)oy = —aua; — (1 —a)(1—ay) + 1.

If the imitation coefficients .J', J” are uniform on the graph G, then a further

reduction is possible to remain with only one imitation coefficient, for example

from (th/,J//) to (hi 4 (J” J’) degGi J’+J// J/_gJ//) since

Z a; + ;) ZO‘Z degq 7 .

ijJER i€V
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The Gaussian representation and the recursion relation found for the pure
hard-core case can be extended to the imitative case, even if the resulting ex-

pressions are not as limpid as the previous ones.

Proposition 2.12. The partition function of any monomer-dimer model over

N wvertices can be written as

Zy = Es[ Z H& Hl‘z 1_[‘5’%/2 H e’/ H eJ{y/ﬂ , (2.21)

Ac{1,..,N} icA i€Ac €A jeA 1€ AC,jeAC i€A,jeAC

or v.v.

where & = (&1, ..., &n) is a Gaussian random vector with mean 0 and covariance
matric W = (w;;); j=1,..~ and E¢[-]| denotes the expectation with respect to §.
The diagonal entries w;; are arbitrary numbers, chosen in such a way that W

is a positive semi-definite matriz. Moreover we set J!, = J!l = J!! =0.

The proof is the same as proposition 2.6l It is interesting to observe that,
when all the ;’s are positive, the sum inside the expectation on the r.h.s. of

(2.21)) is the partition function of an Ising model.

Proposition 2.13. Fixing any vertex i € V it holds:

ZG = T; ZG—i + Z Wi ZG—i—j s (2.22)

J ’51
where:

e in the partition function Ze—i the monomer activity xp 1s replaced by

J,

" . . . . " "
xy e’ik and the dimer activity wg 1S replaced by Wy elik+J;

' for all ver-
tices k, k' (notice that only the neighbours of i really change their activi-

ties);

e in the partition function ZG_Z'_]' the monomer activity x; s replaced by
T elint ik and the dimer activity wyg s replaced by wyy eIt Tt Ty
for all vertices k, k' (notice that only the neighbours of i or j really change

their activities).
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The relation (2:22]) can be obtained directly from the definition: the first
term on the r.h.s. corresponds to a monomer on ¢, while the following terms
correspond to a dimer on ¢j for some j neighbour of 7.

The hard-core interaction is not sufficient to cause a phase transition, but
adding also the imitative interaction the system can have phase transitions [23]
241[576]: in the chapters @] [H we will study this phase transition on the complete
graph. To locate the complex zeros of the partition function in presence of

imitation is an open problem.
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Chapter 3

Hard-core interaction on the

complete graph

This chapter is based on the joint work [§]. We consider a monomer-
dimer model with pure hard-core interaction (see section ), we fix a
uniform dimer activity on the complete graph, while we choose i.i.d. ran-
dom monomer activities.

Under quite general hypothesis on the distribution of the activities, we show
that this model is exactly solvable and does not present a phase transition (in
agreement with the general results by Heilmann and Lieb [55,56]). Precisely
we prove that in the thermodynamic limit the pressure density exists and is
given by a one-dimensional variational principle, which admits a unique solution
(theorem [3.2]). The problem becomes accessible by the use of a Gaussian rep-
resentation for the partition function, then a careful application of the Laplace
method leads to the solution.

A particular case is obtained when the monomer activity is also uniform on
the vertices. Thus we obtain the solution of the deterministic monomer-dimer
model on the complete graph, which was previously studied by Heilmann and

Lieb [55] using the Hermite polynomials.

25
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Let w > 0. Let x; > 0, ¢ € N, be independent identically distributed random
variables. In order to keep the logarithm of the partition function of order IV, a
normalization of the dimer activity as w/N is needed. Therefore in this chapter

we will denote

zy = 3 ()" 1] = (3.1)

Degy ieM(D)
pun will denote the corresponding Gibbs measure and (- )y will be the expected
value with respect to uy. Notice that now the partition function is a random

variable and the Gibbs measure is a random measure.

Remark 3.1. Since the dimer weight is uniform, the Gaussian representation
of ([6.1]) gives simply:
N

i=1
where £ is a one-dimensional Gaussian random variable with mean 0 and vari-
ance w/N.

Indeed by proposition 2.6, Zy = Eg[Hf\il(& + ;)] where € = (&,...,&x) is an
N-dimensional Gaussian random vector with mean 0 and constant covariance
matri < (w/N)ij=1,..~. It is easy to check that £ has the same joint distri-
bution of the constant random vector (¢,...,£). Therefore the identity (3.2)

follows.

Zn can be expressed as an expectation in the Gaussian variable &; but on
the other hand Zy is a random variable dependent on the monomer weights
x;’s. To avoid confusion we rewrite (3.2]) as an explicit integral in d¢:

N

/2% /Re-ﬁuﬁQ H(g+x,~) de . (3.3)

Theorem 3.2. Let w > 0. Let x; > 0,7 € N be i.i.d. random wvariables.

In =

Denote by x a random variable distributed like x;; suppose that E.[z] < oo and

!Notice that setting also the diagonal entries to w/N, the resulting matrix is positive

semi-definite: Zﬁl Zj-v:l(w/N) a;a; = (w/N) (Zﬁl ai)2 >0 for every a € RV.
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E,[(logx)?] < co. Then:

3 Nninoo%Ea,[logzN] = sp () € B (3.4)
where
2
B(¢) = o +Eu[log(€ + )] VE>0. (3.5)

Furthermore the function ® attains its maximum at a unique point £*. £* is the

only solution in [0, 00 of the fized point equation

w
=Kl —— . 3.6
¢ el 0
Thus the following bounds hold:
—E, E,[z]?> 4+ 4 —t +4wP,(x <t
=]+ 5 l2]* + w\/sup S —i—2w <9 << \/E/\Ex[%]
>0

(3.7)

In consequence of the theorem it is not hard to prove that the system
does not present a phase transition in the parameter w > 0. It is also easy to
compute the main macroscopic quantity of physical interest, that is the dimer
density, in terms of the positive solution £* of the fixed point equation (3.6]).
Therefore we state the following two corollaries before starting to prove the

theorem.

Corollary 3.3. In the hypothesis of the theorem[3.2, consider the limiting pres-
sure density p(w) := limy_ %Em[log ZN(w)}. Then p is a smooth function

of w > 0.

Proof. By the theorem p(w) = ®(w, &%), where ®(w,&) = —£2/(2w) +
E.[log(¢ + x)] and & = &*(w) is the only positive solution of the equation
F(w,€) = 0 with F:= 2.

F is a smooth function on ]0, 00[ X ]0,00[, because ® is smooth as it will be

proven in the lemma[3.6l In addition %—Ig(w, £*) # 0 for all w > 0, by the lemma
equation (3.I3).
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As a consequence, by the implicit function theorem (see e.g. [86]), £* is a smooth
function of w €]0, 00[. Hence, by composition, also p(w) = ®(w,&*(w)) is a

smooth function of w €0, oo]. O

Corollary 3.4. In the hypothesis of the theorem[3.2, the limiting dimer density

. 1
d:= m LE,[(ID]),]

can be computed as

dp _ (&)
dw 2w (38)
Proof. Set py = %log Zy and perform the change of parameter w =: e”.

Clearly dih =w ﬁ and it is easy to check that

dEw[pN] .
4Bl _ g, [(pp), ]

By the theorem B2land its corollary B3, E,[py] converges pointwise to a smooth
function p as N — oo for all values of h € R. A standard computation shows

that E,[py] is a convex function of h. Therefore

dEz[pn] dp

dh N—oo dh

Since p(h) = ®(h,£*(h)), where £* is the critical point of ® and is a smooth

function of h, it is easy to compute

dp .. 0@ . 00 d&r o ()
——

=0
Remark 3.5. In the deterministic case, namely when the distribution of the
x;’s is a Dirac delta centred at a point x, the theorem and its corollary [3.4]
reproduce the results that have already been obtained in the Proposition 6 of [6]
by a combinatorial computation. Indeed the fixed point equation (B.6) reduces

to £ = 22—, whose positive solution is

= =2,
—x + Va2 + 4w
5 :

& = (3.9)
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As a consequence, by ([B.8), the limiting dimer and monomer density are respec-

tively
2_x\a2+4 2 —x? Vaz+4
d:I x :B2+ w + w’ m—1—2d— :E+:)s2x+w. (3.10)
w w

Moreover by and ([B.8)) the limiting pressure p = ®(£*) can be written as

(3.11)

3.1 Proof of the convergence

Now let us start to prove the theorem 3.2l The logic structure of the proof is
divided in three main parts. First we study the basic properties of the function
®. Then we use the uniform law of large numbers and other observations to
show that for large IV the integrated function in (3.3]) can be well approximated
by eV®. Finally we will be able to exploit the Laplace’s method in order to

compute a lower and an upper bound for % Eg[log Zn] .

Lemma 3.6. ® is continuous on [0, 00[, it is smooth on |0, 00 and the deriva-

tives can be taken inside the expectation. In particular for all &€ > 0 it holds

'(§) = —g +E, [H%] ; (3.12)
(&) = —% ~E, [ﬁ <0. (3.13)

As a consequence ® has exactly one critical point £ in |0, 00|, that is the equa-
tion ([B.6) has exactly one solution in ]0,00[. & is the only global maximum

point of ® on [0, co].

Proof. 1. First of all ®(¢) is well-defined for all £ > 0. Indeed for £ > 0

IA

—1 Llpm
gl +0) 4 = ST ERE) ;

1 1 1
> 1_@ 21—E e L'(P,)
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while for ¢ = 0, E,[|logz|] < E.[(logx)?]'/? < oo by the Hélder inequality.

® is continuous at & = 0 by monotone convergence: log(§+z) decreases to log x
as £ \, 0 and E,[log(¢ + 7)] < 0.

Let now £ > 0 and let 6 > 0 such that £ — 0 > 0. The first derivative of ¢ at &
can be computed inside the expectation, obtaining (3.12]), since the difference

quotient of & +— log(¢ + ) satisfies the dominated convergence hypothesis.

Indeed for all £’ €€ — 0,& + ]

| ! —1 1 1 1
og(¢' +x) — log(§ + ) < sup = < sup = < —— GLI(Px).

§=¢ T e ét T geeené T §0

Now the second derivative of ® at £ can be computed inside the expectation,
obtaining ([3.13), since the difference quotient of £ — g%x satisfies the dominated
convergence hypothesis. Indeed for all £’ €| — §,& + ]

1 1
iz itz 1 1 1
fhw  Sre) o SUp — < sup —

<
&=¢ feleen (E+ )% Eeee (5)2 ~(§-9)

1
5 €L (P,).

This reasoning can be iterated up to the derivative of any order, since 1/ (5 +
2 <1/(€) <1/ =)k € LMP,) for all £ €]€ — 6,¢ + 0] and all k> 1.

IT. In virtue of (BI3]) @ is a strictly convex function on |0, 00[. At the bound-
aries of this domain lime_ oy ®'(€) = E,[z7!] > 0 and limg o, ®'(£) = —00 < 0
by (B:12)) and monotone converge. Therefore ® has exactly one critical point £*

in ]0,00[ and it is the only global maximum point of . O

Remark 3.7. Since £* satisfies the fixed point equation (B.0]), it is easy to
obtain the bounds (B.1) for £*. Since £* > 0 and z > 0,

s*zﬁx[ v ]gi:»f*sﬁ; s*zEx[ v ]SExH.

m £* &+

Using the Jensen inequality,

- xr

=B | 2 e & Bl 20 & ¢ > TR VREE

& +ax] T &+ Eofa]
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Finally, since £* 4+ x > 0, it holds for all £ > 0

g*:EIL*iI} Zg*zitIP’x(:cgt) = (@24 Et—wP(z<t) >0 =

ot VE+4wP,(z < t)

= > 5
Lemma 3.8. Define the random function
2 1 X
Dy (€) = ‘ﬂ*ﬁg log|€ + ;| VEER. (3.14)

This function is defined also for negative values of & and it takes the value —oo

at the random points —x, ..., —xy. It is important to observe that

Py(=E) < Pn(§) VE>O. (3.15)

i. Let 0 < M < oo. Then for alle >0

N—oo

Pa((VEE0. M) 00(0) - 2] <) 5 1. (3.16)
1. Let 0 <m < M < oo. Then there exists A\p, p»r > 0 such that

Pm<vge[m, M] ®y(=8) < ch(g)—Am,M) 1. (3.17)

N—oo

i1i. Let C € R. Then there exists Mc > 0 such that

Pw(vge[MC,oo[ By(€) < C and <I>N(§)<<P(§)) 1 @)

N—oo

where @ is the following deterministic function
2

_ & 1
p(§) = —%+log§+g(Ex[:E]+1) VE>DO. (3.19)

Notice that ®x(€) — ®(&) = + N log(é + a;) — E,[log(é + )] for all
& > 0. Since the z;, i € N are i.i.d., the basic idea behind the lemma is to
approximate ® with ® by the law of large numbers. But this approximation
is needed to hold at every & at the same time, hence a uniform law of large

numbers is required.
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To prove the theorem it will be important to have found a good uniform
approximation near the global maximum point £* of . Far from £* instead
such a uniform approximation cannot hold: for example ¢, diverges to —oo at
certain negative points, while, if the distribution of x is absolutely continuous
and satisfies some integrability hypothesis, it is possible to show that ®(§) =
—% + E,[log|¢ + z|] is continuous on R. But fortunately, far from &*, it will

be sufficient for our purposes to bound suitably ®, from above.

Proof. i. For every x > 0 the function £ — log(¢§ 4+ z) is continuous on [0, M]

compact. Moreover there is domination:

< log(M +z) € L'(P,)
log(¢ + ) Ve e o, M].

> logz € L'(P,)

Therefore (3.16) holds by the uniform weak law of large numbers (theorem B.12).

ii. Clearly log(§+x) > log|—&+ x| for all £,z > 0. Furthermore an elementary

computation shows that for all £, z,7 >0

log(+x) —log| =&+af 27 <

Therefore for all £ € [m, M| and all 7 > 0,

N
Dy (€) ~ D (~€) = 5 O (log(€ +x.) — log| €+ )
i=1
1 & e — 1 T4+1
zNZrﬂ(eTH&gxigZT_lf)z (3.20)

v
\‘
=

N

1 e _1M§:)§,~§6 —|—1m .
eT+1 em —1

Set I7, \r = [67_1 M ”’1 } Now by the weak law of large numbers, for all

e™+1 7 eT—

e>0

N—oo

N
(%Z]lxleﬁ >1Px(:cel;,M)—a) — 1. (3.21)
=1
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Hence, using (3.20) and (B.21]), for all 7, >0

IP)a,((I)N(f) —On(—€) > 7 (Po(w € 1], 3) — 5)) — 1. (3.22)

N—oo

To conclude observe that I7 ,, /" ]0,00[ (which is the support of the distribu-
tion of z) as 7\, 0. Hence there exists 7o > 0 such that P,(z € I}7,,) > 0.

Choose 0 < g9 < P,(z € I7 /) and set

>\m,M = Tp (]P)m(l’ c ]:z—”?,M) — 80) >0.

Then ([B.17) follows from (3.:22)).
iii. For all £ > 0 the following bound holds:
N N
52 1 52 1 Ly
= -4 — i) = —— +1 — log(1+—) <
Py (&) 2w+N;log(§+x) 2w+og§+N;0g( +£)_
N
£ 1
< —2— +10g£+gﬁle

(3.23)

Now by the weak law of large numbers (no uniformity in & is needed here), for

all e >0
LN
Hence, using (3.23) and ([3.24), for all0 <e < 1
Pa(VE>0 B9 < 0l6)) 10 1. (3.29

Furthermore it holds ¢(§) — —o0 as £ — oo . Hence for all C' € R there exists
Me > 0 such that
p€)<C YE&> M. (3.26)

In conclusion (B.I]) follows from (B.28) and (3.20)). O

Lemma 3.9. There exists a constant Cy < oo such that

log Zn >
E. ~ <(Cy VNeN. (3.27)
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Proof. Since = + (logx)? is concave for x > e, the Jensen inequality can be

used as follows:

Ez[(log Zn)* 1(Zy > €)] = Eo[(logZn)? | Zn > €] Po(Zy > €) <
< (logEo[Zy | Zn > €] )’ Pu(Zy > €) =

o Em[ZN ]l(ZNZe
N P.(Zy > e)

)] )2 P (Z >e
z\ &N — ) <

(3.28)

Since the z;, ¢ € N are i.i.d. E;[Zy] equals a deterministic partition function

with uniform weights. Hence it is easy to bound it as follows:

w)” | \M(D| il |En| ! N—2d
i 5 5 < (5 2 e
DeIn
N w 5 |En| N N-1 w
Bl (14 SR7) < Bl ew (T )
(3.29)
(here |Ex| = Y2=U denotes the number of edges in the complete graph over

N vertices). Therefore, substituting (3.29)) into (3.28)),

2
E, [(log Zn)* 1(Zy > €)] < 2N (ngx[x] + ) + 2 max (logp)*p
pell,

(3.30)

w
OE, [2)2

It remains to deal with the case Zy < e. When 1 < Zy < e, it holds 0 <

log Zn < 1 hence trivially
E.[(log Zn)* 1(1 < Zy < e)] < Eg[(loge)* 1(1< Zy <e)] < 1. (3.31)

When instead Zy < 1, it holds log Zn < 0 hence we need a lower bound for Z .

For example, considering only the configuration with no dimers, Zy > Hf\il X .
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Therefore:

IA

Em{(logf[lxi)%(zjv <y = E[(ilg)]

< N2Ex[logx}2 + NE,[(logz)?] .
(3.32)

In conclusion the lemma is proved splitting E,, [(log Zy)?] as E, [(log Zn)? 1(Zy >
e)] + Eg[(log Zy)?1(1 < Zy < €)] + Ez[(log Zn)*1(Zy < 1)] and applying
the bounds (3:30), 331, (3:32). O

Proof of the theorem[3.2. 1t remains to prove only the convergence (3.4]). Fix
C < ®E). Fix 0 <m < Mg =1 M < oo such that (BI8) holds and m <
£* < M : it is possible to make such a choice thanks to the bounds (8.7)) for &*
proven in the remark B.7. Fix A, ps =: A > 0 such that (3.I7) holds. Let € > 0.

Then consider the following random events depending on x1,...,zx
Ey. = {VE€[0,M] [n(E) —2(§)| <e}
EY = {Veéelm, M] dn(—£) < Py(E) — A}
EX = {VEe[M, 00 @n(6) <O, dn(6) < 0(§)}

and set Ey. := Ey N EY N EY . It is convenient to split the expectation of

log Z as follows:

E, {% log ZN} = E, {% log Zx ]1(EN,€)] + Eq {% log Z ]1((EN,5)°’)}
(3.33)
In the following we are going to see that in the limit N — oo the second term
on the r.h.s. of ([B.33) is negligible, while the first term can be computed using
the Laplace’s method.

By the lemma [3.8 using the Holder inequality and the lemma [3.9,

'Ew % 1ogZN]1((EN,£)C)] ‘ < Ew{(%logzjvﬂm P ((En.)")"? —— 0.

N—oo

(3.34)
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[Upper bound] Using the Gaussian representation (3.3), a simple upper bound

for Zy is
VN N oo T VN
In < e 2w + 2] d zi/eNq)N(S)d. 3.35
N—m/R [leratac = o= | . (339)

If the event Ex. holds true, remembering also the inequality (3.15]), then the
following upper bound holds:

/eN‘i’N(E) d¢ <
R

m M M
< 2/ NN g +/ N g +/ N @NE-N ge 4 2/ N ge <
0 m m

M
M

<9 / Tov@era ge 4 [ N@©+ ge 4 /
0

m m

M

eV (@) +e=2) d¢ + 2 c(N-1)C /OO e?(8) d¢ =
M

_ O(eN (max(g m) <I>+8)) + 6N(<I>(§*)+€) V21 (1 + 0(1)) + O(eN(CP({*)-l—E—)\)) + O(€NC) :
Voo No(©)

(3.36)

the last step is obtained by applying the Laplace’s method (theorem B.I1]) to
the function ®, which by lemma satisfies all the necessary hypothesis. Now
since maxp ) ®, ®(£*) — A and C are strictly smaller than ®(£*), it holds

W N@E)e V2T
r.h.s. of (3.36) ot o) (3.37)

As a consequence of ([3.35)), (3.30), (3.37),

1 log N
NlogZN 1(En.) < q)(f*)—l—a—i-O( if ) ,

where the O(longN ) is deterministic. Therefore for all ¢ > 0

1
limsup E,, NlogZN ]l(EN,a):| < O+ ¢€. (3.38)

N—oo

[Lower bound] Observe that the product Hfil(§ +x;) is always positive for £ > 0,

while it is negative for some £ < 0. Hence using the Gaussian representation
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B3), a lower bound for Zy is

Zy > (/ooe zw52H|§+x,|d§ / 20 H|§+azz|d§)

2mw
= VN </ eN e (6) d¢ _/ NN (E) d{) ]
27TU) 0 —00

If the event Ex. holds true, remembering also the inequality (3.15]), then the

(3.39)

following lower bound holds:

/ N<I>N(§ d€ / N<I>N df >

M
> [ eNen© ge - / N de >

M
/ N @O-2) g _ / N (e ge —

N (@(e)-e) V2T (1+0(1) N (@(e)+e-2) V 2m (1 +0(1)) .

I

(3.40)

v

N N NE(©)
the last step is obtained by applying the Laplace’s method (theorem B.I1]) to

the function ®, which by lemma satisfies all the necessary hypothesis. Now
since ®(£%)+e— A < () —eforall 0 < e < 3\, for such a choice of ¢ it holds

. 2T
r.h.s. of (B.40) eN(@E)—e) YR 3.41
oo —NE) o

As a consequence of (3:39), (3.40), (341), for all 0 < e < X
1 log N
oy 1By = (2(€) -2+ 0(2E0)) 18w,

where the O(IOJgVN ) is deterministic. Therefore, using also the lemma B.8] for all

0<e<iA
. 1 .. . log N .
lim inf E, NlogZN]l(EN@)] > lim inf <<I>(§ )—€+O< ng )) Py(Ene) = (£7)—

(3.42)
In conclusion the convergence Eg [+ log Zy] — ®(£*) as N — oo is proven by

considering (333) for 0 < ¢ < A, then letting N — oo exploiting (3:34),
B38), (342), and finally letting ¢ — 0+. O
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3.2 Appendix

In this appendix we state the main technical results used in this chapter.

We omit their proofs that can be found in the literature.

Theorem 3.10 (Gaussian integration by parts; Wick-Isserlis formula). Let
(&1, ..., &n) be a Gaussian random vector with mean 0 and positive semi-definite
_____ . Let f: R"! — R be a differentiable func-
tion such that E[\glf(gg,...,gn)u < oo and E[|£L (52,--.,&)\] < 00 for all
7=2,...,n. Then:

covariance matriz C' = (¢;j)i j=1

El& f(&, .. &) iclj [% ovoyn )} : (3.43)

As a consequence one can prove the following:

E“jlg} = > IT @i (3.44)

P partition of i,jYeP
{1,..., n} into pairs { 7]}

The Gaussian integration by parts (8.43) can be found in [93]. The Wick-
Isserlis formula (3.44) follows by ([B.43) using an induction argument; but it
appeared for the first time in [60].

Theorem 3.11 (Laplace’s method). Let ¢: [a,b] — R be a function of class

C?. Suppose that there exists xy € |a,b| such that

i. ¢(xo) > @(x) for all x € [a,b] (i.e. xo is the only global maximum point

of ¢);
1. (b//(xo) <0.
Then as n — 0o

b
/ €@ dg = end@o) L (1+0(1)) . (3.45)
a —n ¢ (xo)

A formal proof of the Laplace’s method can be found in [25].
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Theorem 3.12 (uniform weak law of large numbers). Let X', © be metric
spaces. Let X;, i € N be i.i.d. random wvariables taking values in X. Let
f: X x0 — R be a function such that f(-,0) is measurable for all § € ©.

Suppose that:
i. © is compact;
ii. P(f(Xy,-)is continuous at §) =1 for all 6 € © ;

iti. 3 F: X — [0,00] such that P(|f(X1,0)| < F(X1)) =1 for all§ € © and
E[F(X;)] < .

Then for all e > 0

IP( sup
0cO

The uniform law of large number appeared in [61]. Tt is based on the (stan-

n

lzf(xi,e)_E[f(X,e)]‘ 25) —— 0. (3.46)

n n—o0
=1

dard) law of large numbers and on a compactness argument.
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Chapter 4

Hard-core and imitative
interactions on the complete

graph

This chapter is based on the joint works [6l[7]. We study a monomer-dimer
model with hard-core and imitative interactions (see section 2.2)) on the
complete graph; we fix uniform dimer activity w;; = 1/N, uniform monomer
activity z; = " and uniform imitation coefficients Jj; = J/; = J/N > 0,

=0

We show that this model is exactly solvable and, for J sufficiently large,
presents a phase transition between a high monomer density phase and a high
dimer density phase. The properties of the phase transition are studied in
details. Precisely we prove that in the thermodynamic limit the pressure density
p exists and is given by a one-dimensional variational principle in the monomer
density m (theorem [4.1]), which admits two solutions when (h,.J) belongs to a
curve I' or one solution otherwise (propositions .5, A9]). The order parameter
m(h,J) presents a jump discontinuity along I', while it is continuous but not
differentiable at the critical point (h,, J.), its critical exponents are the mean-

field ones: B = 1/2 along the direction of I" and 1/6 = 1/3 along any other

41
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direction (theorem [4.14)).
To decouple the imitative interaction we adopt the strategy used by Guerra
for the Curie-Weiss model [53], while the exact solution of the pure hard-core

model is obtained by a combinatorial argument.

4.1 Solution of the model

Let h € R and J > 0. Since the number of edges is of order N?, in order
to keep the logarithm of the partition function of order /N, a normalisation of
the dimer activity as 1/N and of the imitation coefficient as J/N are needed.

Therefore in this chapter we will consider the Hamiltonian

Hy(a) := —h Z o — % > (g +(1—)(1-ay) (4.1)

1<i<j<N
for every monomer-dimer configuration on the complete graph o € Yy, and the

partition function
N = Z N-IDI exp(—HN(a)) ) (42)
aEDN

where |D| = 37, oy = (N — SN @;)/2. The corresponding Gibbs

measure is
_ N-Plexp(—Hy(a))
— 7

and the expectation with respect to the measure py is denoted by (-)y. In

pn () : Va e Dy (4.3)

particular, setting my(a) == + SV, @i, the monomer density is

Z]-\il a; exp(—Hy(a)) 0 log Zy
= 3 = o : 4.4
(mn)n Z I Zn T (4.4)
aEDN
The main result of this section is the following theorem, where in the limit

N — oo the model is solved in terms of a one-dimensional variational principle.

Theorem 4.1. Let h € R, J > 0. Then

=supp(m) €R, (4.5)
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where the sup can be taken indifferently over m € [0,1] or m € R, and

1
p(m) = —Jm? + 57+ PO(@m—-1)J+h) YmeR,  (46)

1 —29(16) B %log(l () = 1 —29(t)

g(t) = % (Vett +4e2 — ) = (p(o))/(t) VteR. (4.8)

pO(t) =

—logg(t)+t, (4.7)

Furthermore the function m +— p(m) attains its maximum in (at least) one

point m* €10, 1], which is a solution of the the consistency equation
m = g((2m —1)J+h) . (4.9)

At each value of the parameters (h, J) such that h — m*(h, J) is differentiable,

the monomer density admits thermodynamic limit and precisely:

N—oo

This result relies on two main facts:

1) for J = 0 the thermodynamic limit of the pressure per particle can be

computed explicitly and turns out to be p© (h);

2) for J > 0 the Hamiltonian (41]) can be expressed as a quadratic form in
the hamiltonian with J = 0.

Therefore before proving the theorem we state and prove these two results.
Denote by ZJ(S) and (m N>§3) respectively the partition function and the
monomer density at J = 0, namely when the system presents only the hard-core

interaction.

Proposition 4.2. Let h € R. Then

(0)
3 lim logZy  _ oy, (4.11)
and
3 lim (my)y = g(h). (4.12)

The analytic functions p*) and g are defined respectively by [{-71) and (Z-8).
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Proof. This proposition has already been proven in the remark [3.5, by using
the Gaussian representation of the partition function and the Laplace method.
Another way to prove it is to write an explicit combinatorial expression for the

pure hard-core partition function on the complete graph (see [6]). O

On the complete graph the Hamiltonian (A1) admits a useful rewriting,
which shows that it depends on the monomer-dimer configuration « only via

the fraction of monomers my(«).

Lemma 4.3. For all o € Dy,
Hy(a) = —N (JmN(a>2 + (h— J)my(a) + cN) (4.13)
with cy = Y=L T,

2N

Proof. Using the identities analysed in the remark 211l the Hamiltonian (4£.1)

rewrites as

. ON(N-1)J
Hy=-—%—"%
J\ < J
— h—(N—].)—)ZO(Z—Q— Z OéiOéj.
( N i=1 N1§i<j§N

Then on the complete graph it holds

2 > oy = (i ai)z —g ;. (4.14)

1<i<j<N i=1

Substituting in the previous expression one obtains

N N 2
N -1 J
and since SN | oy = N'my/(a) the identity [@I3) is proved. O

Now using proposition and lemma, we are able to prove theorem (.1
Our technique is the same used by Guerra [53] to solve the Curie-Weiss model

(namely the ferromagnetic Ising model on the complete graph).
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Proof of Theorem[/.1. The proof is done providing a lower and an upper bound

for the pressure per particle.

[LowerBound] Fix m € R. As (my(a) — m)? > 0, clearly my(a)?

v

2mmy(a) —m?2. Hence by lemma 3] using the hypothesis J > 0,

—Hy(a) = N (Jmy(@)? + (h—J)my(a) + cy) >

> N ((2Jm~+h—J)my(a) — Jm® + cy)
thus

Zy = ZN Pl exp(—Hy (o ZN Plexp N((2Jm +h — J)my(a) — Jm? + cy) =
= ¢Nwm) Z](\(,]) (t(m))

where yy(m) == —Jm?+ 5L J and t(m) :=2Jm+h—J.

[UpperBound] my takes values in the set Ay := {0, L 1}. Clearly,

YN N )
writing 0 for the Kronecker delta, ZmeAN Smmn(a) = L and F(my(a)?) dmmy(a) =

F(2mmpy(a) —m?) 0y my (o) for any function F. Hence by lemma E3]

Omany(a) eXP(—HN (@) = Ommy(a) eXp N(Jmy(a)* + (h = J)my(a) +ey) =

= Ommn() PN ((2Jm~+h — J)ymy(a) —JJm* +cy)

thus
T = TN S i el =
meAN
— ZN DI Z Smmy(@) eXpN((2Jm+h—J)ymy(a) —Jm’* +cy) <
meAN
< Z ZN“D‘ expN((2Jm~+h—J)my(a) —Jm* +cy) =
meEAN «
= Z eNn(m) ZJ(S) (t(m)) < (N+1) sup {eN”’N(m) ZJ(S) (t(m))} .
meAn me[0,1]

Therefore putting together lower and upper bound we have found:

sup {eNVN(m) ZJ(S) (tm))} < Zny < (N+1) sup {eNVN(m) ZJ(S) (t(m))} :

me0,1] me(0,1]
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Then, taking the logarithm and dividing by N,

log Z log Z0 (¢
0 < SEAN _ wup () + 2 A ()

L < log(N + 1)
me[0,1] N

< N o 0.

log 2 (h)
N

Now the pressure per particle h +— is a convex function, hence as

O (O) o . . . .
N — oo the convergence w — p©@(h) of proposition €2l is uniform in h
on compact sets. Moreover yy(m) — v(m) := —J m? + 1 J uniformly in m as

N — o0. Therefore

log ZJ(S) (t(m))
N N—o0

v (m) + v(m) + p@ (t(m))

and the convergence is uniform in m on compact sets. As a consequence also

log Z](\?) (t(m)) }

¥ sup {~(m) + p(t(m))} .

sup {VN(m) +
] me[0,1]

mel0,1

This concludes the proof of (4.5]).
It remains to prove (A9) and (4I0). First of all observe that

g—f;(m) =—-2Jm+2Jg(2m—1)J+h),

since (p(?) = g (see proposition E2). It holds g—i(m) > 0 for all m <0
and g—i(m) > 0 for all m > 1, therefore the function m +— p(m) attains its
global maximum inside the interval |0, 1] and any global maximum point m* is
a critical point of p, i.e. satisfies equation (Z£9).

Now % log Zn(h, J) is a convex function of h and, as shown before, it converges
to p(h,J) =p(m*(h,J),h,J) as N — oo. Therefore, assuming that m*(h, J) is

o 1

differentiable in h, the monomer density my = 5 + log Zy converges to % p.

Thus to prove (4.10) it suffices to compute this derivative:

op  d _ op . .. om* 9p

0 @p(m (h,J),h,J) = 8—m(m ) n Tan = g((2m*=1) J+h) = m".
=0 POy
- =

0
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4.2 Study of the phase transition

In this section we study the properties of the solution provided by theorem
41l We divide the analysis in three subsections. In subsection [L.2.1] we study
all the stationary points of the function m — p(m,h,J). One of them will
be the global maximum point m* we are interested in, since it represents the
monomer density. We provide their complete classification, regularity proper-
ties and asymptotic behaviour as functions of the parameters h and J. As a
consequence in subsection [4.2.2] we are able to identify the region where there
exists a unique global maximum point m*. The function m* is single-valued
and smooth on the plane (h, J) with the exception of a implicitly defined curve
[ union its endpoint (h,, J.); along I" the order parameter m* presents a jump
discontinuity: this fact has a crucial physical role since it represents the coexis-
tence of two different thermodynamic phases and in physical jargon we say that
a phase transition occur. The point (he, J.) is the critical point of the system,
where m* is continuous but not differentiable. In subsection [4.2.3 we compute

the critical exponents that characterizes the behaviour of m* near (h., J.).

4.2.1 Analysis of the stationary points

Let us identify the stationary points of the function p(m,h, J) defined by
(E8). Remembering that (p®)" = g, one computes

g—i (m,h,J) = =2Jm + 2J g((2m —1)J + h) (4.15)
% (m,h,J) = =2J + (2J)* ¢'((2m — 1)J + h) (4.16)

Since 0 < g < 1, it follows that for every J >0, h € R

op p
8—m(m’h’J)>0 Vm e]—o00,0], 8—m(m’h’J)<O Vm e [1,00[. (4.17)
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Therefore p (-, h, J) attains its maximum in (at least) one point m = m*(h, J) €

10, 1], which satisfies

37];( D J)=0  ie. m=g((2m—1)J+h), (4.18)
% (m,h,J)<0 ie. ¢ (2m—1)J+h)< 2i (4.19)

The stationary points are characterized by equation (4.I8]), which can not be

explicitly solved. Anyway their properties and a rough approximation of their

values can be determined by studying inequality (£I9]), which admits explicit

solution.

The next proposition displays the intervals of concavity/convexity of the
function m — p(m, h, J). Set

J. = 71

4(3 —2v2)

Proposition 4.4. For0 < J < J. and h € R

~ 1.4571 . (4.20)

2~
gmz(mh‘])<0 VmeR.
For J>J.and h € R
82~( n ) <0 iff m < ¢i(h,J) or m > ¢o(h,J)
m,
om? ’

>0 iff ¢1(h,J) <m < ¢go(h,J)

where fori=1,2

1 h 1
; =—-—-—+—1 4.21
oi(h, J) 5 37 + 17 oga;(J), (4.21)
(@t~ D+ C- )/ @E o
i) = @) i 277\ @12 ~ 27 . (4.92)
2J

Observe that ¢1(h,J) < ¢a(h,J) for all h € R, J > J. and equality holds iff
J = J. (since a1(J.) = az(Je)).

Proof. 1t follows from the expression (4.10) through a direct computation done

in lemma [LTT of the Appendix, taking ¢ = (2m —1)J + h and ¢ = 55 . O
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Using the previous proposition we can determine how many, of what kind

and where the stationary points of p (-, h, J) are.

Proposition 4.5 (Stationary points: classification). The equation ([4.18) in m
has the following properties:

1. If 0 < J < J. and h € R, there exists only one solution m(h,J). It is the

mazimum point of p (-, h,J).

2. If J > J. and Yo(J) < h < ¢y(J), then there exist three solutions
my(h,J), mo(h,J), mo(h,J). Moreover my(h,J) < ¢1(h,J) and my(h, J) >
¢o(h,J) are two local mazimum points, while ¢1(h,J) < mo(h,J) <

¢o(h, J) is a local minimum point of p (-, h,J).

3. If J > J. and h > ¢1(J), there exists only one solution ms(h,J). More-
over ma(h, J) > ¢a(h, J) and it is the maximum point of p (-, h, J).

4. If J > J. and h = ¢y (J), there exist two solution my(h,J), ma(h,J).
Moreover my(h,J) = ¢1(h,J) is a point of inflection, while my(h,J) >
¢o(h, J) is the mazximum point of p (-, h, J).

5. If J > J. and h < 1o(J), there exists only one solution mq(h,J). More-
over my(h,J) < ¢1(h,J) and it is the maximum point of p (-, h, J).

6. If J > J. and h = y(J), there exist two solutions my(h,J), ma(h,J).
Moreover ma(h, J) = ¢o(h, J) is a point of inflection, while my(h,J) <
¢1(h, J) is the mazimum point of p (-, h,J).

Here ¢1, ¢o are defined by (4.21]), while for i =1,2 and J > J.
1 1
Ui(J) == J+ 3 log a;(J) — 2Jg(§ loga;(J)) , (4.23)

where a; and g are defined respectively by (4-23) and (4.§). Observe that
Uo(J) <1 (J) for all J > J. and equality holds iff J = J..
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1 max pt. m2(h,J) vl

J
Jé 2 3

" T 2 local max pts. m1(h,J), m2(h,J)

1 local min pt. mO(h,J)
1 max pt. m(h,J)

1 max pt. m1(h,J) Y2

Figure 4.1: Number and nature of the stationary points of the function m +—

p(m,h,J) in the regions of the plane (h, J).

Proof. Fix h € R, J > 0 and to shorten the notation set G(m) := %(m, h,J),
observing it is a continuous (smooth) function.

e Suppose J < J.. By proposition L4l G'(m) < 0 for all m € R and equality
holds iff (J = J. and m = ¢1(h, J.) = ¢a(h, J.) ). Hence G is strictly decreasing
on R. On the other hand by ([@IT), G(m) < 0 for all m < 0 and G(m) > 0
for all m > 1. Therefore there exists a unique point m (m €]0,1[) such that
G(m) = 0.

e Suppose J > J.. By proposition [£.4] G is strictly decreasing for m < ¢q(h, J),
strictly increasing for ¢1(h,J) < m < ¢o(h,J) and again strictly decreasing
for m > ¢o(h,J). On the other hand by (£I7), G(m) > 0 for some point
my < ¢1(h,J) and G(m_) > 0 for some point m_ > ¢o(h, J). Therefore:

(3 (aunique) my €] — 00, ¢p1(h, J)] s.t. G(my) =0) < G(é1(h,J)) <O0;
(3 (aunique) mg € [Pa(h, J),00[ s.t. G(mg) =0) < G(pa(h,J)) > 0;

(3 (aunique) mgy € [¢1(h, J), p2(h, J)] st. G(my) =0) < G(o1(h,J)) <0, G(pa(h,J)) > 0.
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And now, using identity (£I5) and definitions (£21), (£.23))

G(¢1(h, J)) é) 0 < g((201(h,J) = 1)J + h) é) ¢1(h, J) = h < i(J)

and similarly G(¢s(h, J)) (>) 0 & h (>) o (J) .
The first e allows to conclude in case 1., while the second e allows to conclude in

all the other cases. Notice that the nature of the stationary points of p (-, h, J)

. . . . . 9%p . . oL
is determined by the sign of the second derivative 7% studied in proposition
44 O
ossl P(MNJ)
°2 5(mh,J) J>Jde
J<lde - h>wiw)
m(h.J) - o1(hJ) ®2(hd) m2(hd)  m
d 1 Bm,h,J)
p(m,h,J)
J>Je
00 J>Je W2(J) <h <yi1Q)
h=yi1(J)
mi(h,J) mO(h,J) m2(h,J)
®1(hJ)=ma(hJ)=mi(hJ) @2(hJ)  m2(hJ) . U YD N /A S .
i e a5 g —— »1(hJ) 2(h,J) m

m

Figure 4.2: Plots of the function m +— p(m,h,J) for different values of the
parameters h,J. In particular cases 1., 3., 4., 2. of proposition are repre-

sented.

A special role is played by the point (h,, J.), where we set

he == Un () = tha( ) = %log(Q\/_ _o) =t~ a4t (4.24)

=~ =

indeed in the next sub-sections it will turn out to be the critical point of the
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system. It is also useful to define

me = ¢1(he, Jo) = da(he, J.) = 2 — V2 ~ 0.5857 , (4.25)

1
te = (2me — 1)J, + he zsé-kg(zvrl—z);w-—00941. (4.26)

The computations are done observing that a;(J.) = as(J,) = 2v/2 — 2 and
g(Llog(2v2—2) =2~ V2.

Remark 4.6. We notice that m, is the (unique) solution of equation ([£IS) for

h = h. and J = J., that is m(h,, J.) = m,. Indeed a direct computation using

(4.8)) shows
g((2mc - 1)Jc + hc) = g(tc) = Me.

Observe that as a consequence m, is a solution of equation (4.18)) for all (h, J)

such that h — h. = (1 —2m.)(J — J,).

In the next proposition we analyse the regularity of the solutions of equation
@I18).
Proposition 4.7 (Stationary points: regularity properties). Consider the sta-
tionary points of p (-, h, J) defined in proposition[f.3: m(h, J), mi(h,J), mo(h,J), ma(h, J)

for suitable values of h, J. The functions

m(h,J) if 0<J<J., heR
:ul(hv J) = ) (427>

(D) i T > e, < ()

m(h,J) if 0<J<.J., heR
pa(hy J) = , (4.28)

| ma(h,J) i T > e, b= ()

m(h,J) if 0<J<J., heR
po(h, J) = (4.29)

have the following properties:

i) are continuous on the respective domains;
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i1) are C* in the interior of the respective domains;

iii) fori=0,1,2 and (h,J) in the interior of the domain of ;

o _ o
%p(:u’i(hv J>7h'7 J) = Wi, wp(:ui(hv J>7h'7 J) = — (1 - :ui) )
(4.30)
Ops 24 (1 — pui) Opi Opi
— _— = Z_ . 4- 1

Proof. i) First prove the continuity of ;. Observe that by propositions 5]
4.4

o for (h,J)in Dy :={(h, J)|(0<J < J, heR)or (J>J., h<s(J))},
w1(h, J) is the only maximum point of p (-, h, J) on the interval [0, 1];

o for (h,J) in Dy := {(h,J)|J > J., h < Y1(J)}, pi(h,J) is the only
maximum point of p (-, h, J) on the interval [0, ¢1(h, J)].

Hence by the Berge’s maximum theorem [7§], continuity of the functions p and
¢1 implies continuity of the function p; on the sets Dy and D,. As Dy and D,
are both closed subsets of R x R, by the pasting lemma p; is continuous on

their union
DiUDy = {(h,J)| (0<J<J,heR)or (J>J,h<i(J]))}.

A similar argument proves the continuity of uo and .

i1) Now prove the smoothness of py, o, o in the interior of their domains. Set
G(m,h,J) := %(m, h,J). As just seen m = py(h,J), ua(h,J), uo(h,J) are

continuous solutions of

G(m7 h? J) = 0 )

for values of h, J in the respective domains. Observe that G € C*(R xR xR})
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and by propositions [4.4] it can happen

a—G(m,h,J):O J>J., (m=¢1(h,J) or m = ¢pa(h,J))
om PN PN
G(m,h,J) =0 G(m,h,J)=0
J > Jom=¢i(h,J) J > Jo., m= a(h,J)
54 or
h=11(J) h = 1s(J)

m = pyi(h,J) can fall only within the first case, while m = us(h,J) can fall
only within the second case. Therefore by the implicit function theorem [80]
11, Ho, o are C on the interior of the respective domains.

iii) Let i = 0,1,2 and (h,J) in the interior of the domain of u,;. Using (4.0,
(p©)" = g and the fact that y;(h, J) satisfies equation (ZIS), compute

(9 _ a/JJZ (0)y/ o a/JJZ
5P p(pih, J) =—2J o + () ((2ps — 1)J + k) (2J o +1)
_ gy Ol 1y =

and similarly 2 p (i, b, J) = pd — p; .
Using the fact that p;(h, J) satisfies equation (4.18) compute
Ou; 0
on — o 9(ni -
ops _ g(@ui—1)J+h)
oh  1-2Jg¢'((2w —1)J +h) "’

J+h) =g (2u—1)J+h)(1+2J] %‘Z)

%:(2‘”‘1)9’((2*‘2‘—1”*") Then observe that ¢ = 2g(1—g)/(2—
oty (@mnyrin) o OREYE TR g(1=g)/(

g) (identity (4.49) in the Appendix), hence since p;(h, J) satisfies equation (4.18))

and similarly 3

9'((2pi = 1)J + h) .
substituting this in the previous identities concludes the proof. O

To end this subsection we study the asymptotic behaviour of the stationary

points of p (-, h, J) for large J.
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Proposition 4.8 (Stationary points: asymptotic behaviour). Consider the sta-
tionary points my(h, J), mo(h, J), ma(h,J) defined in proposition [{.5 for suit-
able values of h, J.

i) For all fited h € R

ml(h,J) J—> O, mg(h,J) J—> 1, mo(h,J) J—> - .

it) Moreover for all fized h € R

Jmy(h,J) —— 0, J(1—may(h,J)) —— 0.

J—00 J—o00

iii) And taking the sup and inf over h € [o(J), Y1 (J)]

supmy(h,J) —— 0, infmy(h,J) — 1.
h J—o0 h J—o00

Proof. i) First observe from the definition ([£23)) that 1o(J) — —o0, ¥1(J) —
oo as J — oo. Hence for any fixed h € R there exists J > 0 such that
o(J) < h < a1 (J) for all J > J. This means that the limits in the statement
make sense.

Now remind that by proposition .5, for J > J
ml(h, J) < gbl(h, J) < mo(h, J) < qbg(h, J) < mg(h, J) .

Observe from the definition (L2I)) that ¢ (h, J) — 1, ¢a(h, J) — 1 as J — oc.

2

It follows immediately that also mg(h, J) — 1 as J — oco.

Moreover definition (-21]) entails that J (3 —¢1(h, J)) — oo, J(¢a(h, J)—3) —
oo as J — oo. Exploit the fact that my(h, J) is a solution of equation (4.I18):

mi(h,J) = g((2mi(h,J) = 1)J+h) < g((2¢1(h,J) = 1) J +h) =

= g(~27 (5= (b D) +B) 0,

J—o00
where also the facts that the function g is increasing and g(t) — 0 as t — —o0

are used. Since m; takes values in ]0,1[, conclude that my(h,J) — 0 as
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J — oo. Similarly it can be shown that my(h, J) — 1 as J — oo.

i1) Start observing that, by a standard computation from the definition (4.§]),
tg(—t) — Oand ¢ (1 —g(t)) — 0 as ¢ — +oo. Then exploit the fact that, for
fixed h and J sufficiently large, m; = my(h, J) is a solution of equation (£.I8):
Jmy = Jg((2my —1)J +h) =

(1 =2my)J —h) g(—= (1 =2m)J +h)  hg(—(1—2m)J+h) 0
_l_ —
1—2my 1—2my J—oo 1

using also that m; — 0 as J — oo by 4). Similarly it can be shown that
J(1—=my) — 0 as J — oc.

iii) Start observing that, by a standard computation from the definition ([@23]),
—J + 1 (J) — —o0 and J + 12(J) — o0 as J — oo. Then exploit the fact
that, for J > J. and h € [12(J),¢1(J)], m1 = my(h, J) is a solution of equation
(4.18):

sup my = sup g((2mg —1)J+h) < g((2m1 — 1)J + i (J)) =
hep2,1] he(2,1]

= g(2Jm1—J+w1(J)) — 0,

J—00

using also the facts that g is an increasing function, ¢g(t) — 0 as t — —oo, and
Jmy — 0as J — oo by 4). Similarly it can be shown that infep, 4,1 me — 1

as J — oo. O

4.2.2 Coexistence curve

In the previous subsection we have studied all the solutions of equation
(418), that is all the stationary points of m — p(m, h, J). One of them is the
point where the global maximum is attained and, because of theorem [ we
are interested in this one.

Consider the points m, my, mg, mo defined in proposition and look for the

global maximum point of m +— p(m, h, J):

e for 0 < J < J.and h € R, m(h,J) is the only local maximum point,

hence it is the global maximum point;
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o for J > J, and h < 9(J), my(h,J) is the only local maximum point,

hence it is the global maximum point;

e for J > J. and h > ¢1(J), ma(h,J) is the only local maximum point,

hence it is the global maximum point;

o for J > J,. and ¥y(J) < h < 91(J), there are two local maximum points
my(h, J) < ma(h,J), hence at least one of them is the global maximum

point.

To answer which one is the global maximum point in the last case, we have to

investigate the sign of the following function
A(h,J) = ﬁ(m2(h, J), h, J) —ﬁ(ml(h, J), h, J) (4.32)

for J > J, and vu(J) < h < ¥y (J).

Proposition 4.9 (The wall: existence and uniqueness). For all J > J. there

exists a unique h = y(J) €o(J), Y1 (J)| such that A(h,J) = 0. Moreover

<0 if J>Je ta(J) < h <A(J)
A(h, J)

S0 i T e () <h <))

Proof. 1t is an application of the intermediate value theorem. Fix J > J.. It

suffices to observe that

i. A(¢a(J),J) <0, because for h = 15(.J) the only maximum point of the
function p (-, h, J) is my(h, J);

ii. A(¢1(J),J) > 0, because for h = ¢;(J) the only maximum point of the
function p (-, h, J) is ma(h, J);

iii. A — A(h,J) is a continuous function, by continuity of p, my, msy (see

proposition ET);
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iv. h — A(h,J) is strictly increasing; indeed it is C* on |i(J), 11 (J)] by
smoothness of P, my, my (see proposition 7)) and, by formula (£30),

0A 0 0 -
%(h, J) = %p(mg(h, J), h,J) — %p(ml(h, J),h,J) =
= m2(h’ J) _ml(h> J) > ¢2(ha J) _¢1(h> J) >0
for all h € Jiho(J), 11 (J)]. O

‘lf1

1 local (global) max pt.

, " 2local max pts.
the global max pt. is m2(h,J)

» he
Y

2 local max pts.
“.__the global max pt. is m1(h,J)

w2

. T

Figure 4.3: v separates the values of h, J for which my(h, J) is the global max-
imum point from those for which mgy(h,J) is the global maximum point of
m — p(m,h,J). As my(h,J) < mgy(h,J), this entails a discontinuity of the

global maximum point m*(h, J) along the “wall” T'.

Remark 4.10. By the previous results the global maximum point of m +—

p(m,h,J)is

(
m(h,J) if 0<J<J., heR

m*(h,J) = my(h,J) if J>J., h<~(J) (4.33)

mao(h,J) if J>J., h>~(J)

\

where the function v is defined by proposition .9, Set also

L:={hJ)|J>J, h=~))}, T:=TU/{(h,])}. (4.34)
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Notice that proposition guarantees that there is only a curve I' in the plane

(h, J) where the global maximum point of m — p(m, h, J) is not unique.

Remark 4.11. The techniques developed in this work do not allow us to con-
clude the existence of the monomer density on the wall. Nevertheless it is easy
to show that, using Theorem (4.1} its limsup and liminf are included between
my and my. In the standard mean-field ferromagnetic model (Curie-Weiss) the
existence of the magnetization on the wall (h = 0) is achieved by symmetry, a

property that we do not have in the present case.

By proposition L. 7it follows that the function m* is continuous on its domain
(RxR,)\T and it is C* on (R xR, )\T . The behaviour of m* at the critical

point (h,, J.) will be investigated in the next subsection.

Now we investigate the main properties of the curve I', which we call “the

wall”. Extend the function v defined by proposition by

() = WA= e (4.35)

he it J=J.

Proposition 4.12 (The wall: regularity properties). The function 7 is C* on
|Je, 00] and (at least) C' on [J,,00[. In particular

VI(J) = 1_m1(7(<])>‘]) _m2(7(<])>‘]) VJ> JCa

and

F'(J) = 1—=2m. = —(3-2V2).

Proof. I. First prove that the function v € C*°(].J,, o0l ).

By proposition for all J > J., h = v(J) is the unique solution of equation
A(h,J)=0

where A is defined by (£32]). Moreover 15(J) < v(J) < ¥1(J). Observe that A
is C* on {(h,J)|J > J., a(J) < h <11(J)} by smoothness of p and my, ms
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on this region (see proposition [4.7]). And furthermore, as shown in the proof of

proposition £.9,
% (h,J)#£0 Y (h,J)st. h=~(J).
Therefore by the implicit function theorem [86] v € C*°(]J., 00[). Now
d 0A , OA
MG D) =0 = 0= S AG).I) = G DY) + 22 (), )
v OA  OA _
= V() = =55/, ), J);

by formulae [@30) 22 = my —my and 28 = (m — ma) — (m§ — my) ; therefore

V(J) = 1= (ma+m)(v(J),J).

II. Now prove that the extended function 5 € C'([J,, 0o]) .

First observe that 7 is continuous also in J., indeed:

o(J) <y(J) < (J) VI >J. = lim ~(J) = h,

J—=Je+

by definition of h. ([@24) and continuity of v, 1. Then observe that
V() = 1= (m2+m) (v(J),J) —— 1-2m,

because m(h,, J.) = m. (remark [.6]) and the functions p;, ps defined in propo-
sition [4.7] are continuous. By an immediate application of the mean value the-

orem, this proves that there exists 7'(J.) = 1 — 2m,. O

Proposition 4.13 (The wall: asymptote). The function 7 has an asymptote,

precisely

1
W) =2 —3-

Proof. I. Consider the function A defined by (£32]). The first step is to prove
that A(h,J) — 0 as J — oo, h = —1 . Use definitions (0), (L7) and the fact
that for fixed h and J sufficiently large my; = mq(h, J), my = mo(h, J) satisfy
equation (LI8), in two different ways:

_ Jo1-

Blmh,J) = —Jmi+ 5 - le —logg((2my — 1)J+h) + (2my — 1)J +h |
_ 1-
p(m2>h'> J) = —ng—i—%— 2m2

—logms + (2me — 1)J + h .
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Hence, reminding that m; — 0 and my — 1 as J — oo by proposition part
i),
A(haJ) = ﬁ(mQahaJ) _ﬁ(mlahﬂj) =
1
= J (—=mj +2my + mi — 2my) +log g((2my — 1)J + h) + 5+ o(1),

Set 0 := —m3 + 2my + m? — 2m; and ¢ := (2m; — 1)J + h and prove that in

general
J 3§ +logg(t) r— h; (4.36)
in particular it will follow that for h = —%
1
A(=5.0) — 0. (4.37)

Now proving (A30)) is equivalent to prove exp(Jd) g(t) — exp(h) as J — oc;
and using definition (4.8])

Vet + 4e2t — o2t \/62(J5+2t) 1 4e2(Jo+t) _ pJo+2t
e‘]‘sg(t) — 6‘]6 5 — 5 - €h ’

because, since Jm; — 0 and J (1 —my) — 0 as J — oo by proposition [4.§8 part
i),
Jo+2t = J(—(1—m2)>+mi—2my —1)+2h —— —0,
Jo+t=J(—(1—ma)*+mi)+h — h.
II. Remember that by definition of v in proposition
A(y(J),J) =0 VJ>J.; (4.38)

hence using ([E37) will not be hard to prove that v(J) — —3 as J — oco. Let
€ > 0. By [&37) there exists J, > J, such that

1 _
[A(=5 D) <e VI>J. (4.39)
Now by the mean value theorem for all J > J. and h € [1(J), ¥1(J)],

1 , oA 1
AN =A=g ) 2 Wl g GOl 3]
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Furthermore by identity (£30) and proposition L8 part iii)

0A
inf — (-, J)| = inf my —my) (-, J) >
[2(),th1 () 12 ) vt (ma =) (-, T)
> inf  me(J) —  sup  ma(nJ) — 1.
[th2(]) %1 (J)] (D)1 ()] o

Therefore there exist .J such that
1
5’
Choosing h = ~(J) in (£40), by (438)), (£39) one obtains that for all J >
max{.J, J.}

AR, J) = A(==, J)| > %}h+%} VJ>J, he [h(]), 1 (J)].  (4.40)

)+ 5| < 2[AG),T) A= 5. 7)] < 2. .

4.2.3 Critical exponents

As observed in remark .10 the global maximum point m*(h,.J) is a contin-
uous function on (R x R*) N\ T, but it is smooth only outside the critical point
(he, J.). In this section we study the behaviour of the solutions of equation
(418) near the critical point, with particular interest in the function m*.

As usual the notation f = O(g) as © — 1z means that there exists a
neighbourhood U of zy and a constant C' € R such that |f(z)| < C'|g(x)] for all
x € U. The notation f ~ g as x — x¢ means that f(x)/g(z) — 1 as x — xo.
Finally f = o(g) as * — xo means that f(x)/g(z) — 0 as x — .

We call critical exponent of a function f at a point zy the following limit

o g 17 (@) = fwo)|

a—zo  log|r — x|

The main result of this section is the following:

Theorem 4.14. Consider the global mazximum point m*(h, J) of the function
m — p(m,h,J) defined by ({4.0]).
i) m* is continuous on (R x Ry) T and smooth on (R x R.) \ T, where
I =T U{(he, J.)} and the “wall” curve I is the graph of the function ~y
defined by proposition [{.9.
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i1) The critical exponents of m* at the critical point (he, J.) are:

o leglm () ) —md 1
P = JEI}; log(J — J.) 2

along any curve h = §(J) with § € C*([J,,0[), 6(J.) = he, §'(J.) =

1 —2m, (i.e. if the curve is tangent to the “wall” in the critical point);

o loglm(6(). ) —md|
J—Je log|J — J.|

o Toglmt(,0(R) —me]
h—he log |h — he|

|~ &=
Wl wlr

along any curve h = 6(J) with 6 € C*(Ry), §(J.) = he, 8'(J.) #1 —2m,
or along a curve J = §(h) with § € C*(R), §(h.) = J., 8'(he) =0 (i.e. if

the curve is not tangent to the “wall” in the critical point).

ii) Denote by m*(h*,J) := limp_pp m*(W',J). The critical exponent of
m*(h*,J) and m*(h=,J) at the critical point (he,J.) along the “wall”
h =~(J) is still

5 i EIOWN D) —m 1
iy log(J — J.) 2
J—Jet log(J — J.) 2

Proof. As observed in remark [£10, the global maximum point m* is expressed
piecewise using the two local maximum points j;, po and inherits their conti-
nuity properties outside I' and their regularity properties outside I. Thus part
i) of the theorem is already proved by proposition [L.7
The proof of the other parts of the theorem, regarding the behaviour of m* at
the critical point (h,, J.), is long and rather technical, then we sketch only the
major points. For the benefit to the reader, the remaining parts of the proof
are given in Appendix B.

In the following proposition we find the fundamental equation characterizing

the behaviour of the solutions of equation (AI8) near the critical point (h., J.).
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Proposition 4.15. Here for h € R, J > 0 let m = m(h,J) be any solution of
the consistency equation ({{.18):

m=g((2m —1)J +h) .

Then m is continuous at (h.,J.) and furthermore, setting t := (2m — 1)J + h,

it satisfies
(t —te)’ = k1 (J = o) (t = to) = kg 0(h, J) + O((t — tc)*) = 0 (4.41)
as (h, J) = (he, J.), where we set k1 =32 (2 —m,), ks =3 J—JZ (2 —m,.) and
o(h,J) :=h—h.+ (2m.—1)(J — J.) . (4.42)

Proof. I. First show that m is continuous at (h.,J.). Exploit equation (ZIS)

for m(h, J) and use continuity and monotonicity of ¢g: as (h, J) — (h, J.)

lim sup m(h, J) = limsup g((2m(h, J) — 1) J + h) = g((2limsupm(h, J) — 1) J. + h.) ,

liminf m(h, J) = liminf g((2m(h, J) — 1) J + h) = g((2liminfm(h, J) — 1) J. + h,) .

Thus limsupm(h,J) and liminfm(h, J) are both solution of equation u =
g((2,u +1)J.+ hc). But this solution is unique by proposition .5, and it is m,.
by remark Therefore
limsup m(h,J) = liminf m(h,J) = m..
(hyJ)—(he,Je) (h,J)=(he,Je)
II. Make a Taylor expansion of the smooth function g at the point ¢, (see (L),

([@24)). By identities [£49), (A50), (E5I) and since g(t.) = m, it is easy to
find

g(t) = m (t —te) (t—t)>+O((t—t)")  (443)

by C6J2(2—me)

as t — t.. Now choose t := (2m — 1)J + h. Then ¢(t) = m and
t—t. = o(h,J)+2J (m—m,), (4.44)

where o(h, J) := h—h.+ (2m.—1)(J — J.). Now (@A) follows from (5.73). O
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Given the previous expansion, the proof of part i) of the theorem .14 is
rather technical and it is contained in the proposition L2T] of the Appendix (and
in the other results of the Appendix B).

The part 4i) of the theorem describes the critical behaviour of the local
maximum points along curves of class C?. Notice that “the wall” 7 belongs to
CY([J., 0o]) N C°°(]J., >o[) by proposition 12}, but we did not manage to prove
that it is C? up to J.. Anyway we are interested in the behaviour along this
coexistence curve, which separates two different phases of the system. This is
provided by part 4ii) of the theorem T4l To prove it let start with the following
proposition, which is bases on corollary and lemma [£.18 in the Appendix.

Proposition 4.16. Consider the “wall” curve h =7(J) defined by ({{.39) and
proposition [4.9. There exist r > 0, Cy < oo, Cy > 0 such that for all J €
| ey Je + 1|

pe(Y(J), J) —m, me — i (7(J), J)
< < <
02 m 017 C2 — J JC

Proof. Observe that by definition, on the curve h = 7F(J), J > J., both the

<

local maximum points p1(h, J), ps(h, J) exist.

As 7y € CY([J.,0|) (see proposition EE12)), the existence of the lower bound
C5 > 0 is guaranteed by corollary part 2).

Only the existence of an upper bound C; < oo has to be proven. Fix
J > J. and shorten the notation by m; = m;(¥(J),J) = w:(3(J),J) and ¢; :=
(2m; — 1) J + ~(J) for i = 1,2. By proposition 15 ¢, t; satisfy equation
(441]). The Taylor expansion with Lagrange remainder of 7 is (see proposition

L.12)
YT) = he + (1 =2me) (J = J) +4"(J) (J = J)*,  with J €], J[;

notice v”(.J) (J — J.)? is not necessarily a O((J — J.)?), because we do not know
the behaviour of 4" as J — J,, but for sure it is a o(J — J,.) as J — J..

Thus (see identities (£.42)), (4.44)):
oh, J)=~"(J)(J—J.)* and t;—t.=2J(m;—m.)+~"(J)(J—J.)>
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and equation (4.41]) becomes:
(tl - tc)s — K1 (J - JC) (tl - tc) — Ko ’)///(j) (J - Jc)2 + O((tz - tc)4) =0 y

which entails

Distinguish two cases.

1) IE~"(J)(J = J.)* = O((m; — me)*) (along a sequence), then (@45 rewrites

R1

(27)

(m; —me)® — (J = Jo) (m; —me) + O((m; —m.)*) =0, (4.46)

which, dividing by m; — m. and solving, gives

m; —m, ==+ \g—? (J = J)7 +O((m; —m,)?) ;

hence m; —m. ~ /k1/(2J) (J — J.)"/?, proving the result (along the sequence).

2) Now suppose (m; —m,)* = o(v"(J) (J —J.)?) (along a sequence), then (45)

rewrites

G 7 ) = e (L o(1) =0,

°q

(4.47)
Claim A := (£)* + (£)® < 0. Suppose by contradiction A > 0. Then the cubic

equation (4.47) has only one real solution: for i = 1,2

m; —me = uq +u_  with ui:'\J/—% :I:f/(%)zju(g)g_

Observe that ¢ and p are written only in terms of J, so that uy 4+ u_ at the

main order do not depend implicitly on m;. Therefore m; — m. and my — m,

must have the same sign for every J > J. small enough. But this contradicts
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proposition and lemma (.18, which ensures that in a right neighbourhood
of J,

Mo — Mg > ¢g —me >0 while m; —m. < ¢pog —m. <0.

This proves A < 0. And now adapting to equation (4.47) the step ii. of the
proof of corollary 119, A < 0 entails (along the sequence)

m—m, = O((J —J.)?) .
This completes the proof of the proposition. O

To conclude the proof of the part 74i) of theorem [4.14], it suffices to have the

previous proposition and observe that

for all J > J., by proposition and continuity of my, ma. O

4.3 Appendix: properties of the function ¢

We study the main properties of the function g defined by (£, which are
often used in the chapter @l Remind

1
g(t) = = (Velt +4e2 — &) VieR.

2
Standard computations show that g is analyticon R, 0 < g < 1, limy,_._, g(t) =
0, limy,_ g(t) = 1, g is strictly increasing, g is strictly convex on |—oo, W]
: lo - lo —
and strictly concave on [W, ool g(@) =22

Solving in h the equation g(t) = k for any fixed k €]0,1[, one finds the

inverse function:
gy = Llog -
9 T2 %1

It is useful to write the derivatives of g in terms of lower order derivatives of g

vk €]0,1]. (4.48)

itself. For the first derivative, think g as (¢7')~! and exploit (£.48):

1 _2kA=k 290 0-9()

M G W gy T 2F e 2590
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Then for the second derivative, differentiate the rhs of (4.49) and substitute
(E49) itself in the expression:

2q g(1—g) 2¢9'(1—-29)+(¢)?
" _ 1—2 = . 4,
g 2_g( g+ > ) 5 g (4.50)

The same for the third derivative: differentiate the rhs of (£50) and substitute
(A50) itself in the expression:

1
¢*=§j§@dﬂfﬂg+93—4wy+y
9"2—4g+3g)—4(g)

2—yg

,24(1—2g)+(df) _

2=y (4.51)

Lemma 4.17. For ¢ > 6—4\/5,
gt)<c VteR.
For0<c§6—4\/§,

<c iff t < 3loga_(c) or t > 3 logay(c)

g'(t) ,
>c iff 1loga_(c) <t < 3 loga(c)
where
—(2+8—4) + (2= —12c+4
ag(c) == ( ) £ ( ) )

4c

Proof. Investigate for example the inequality ¢'(t) < c¢. By (£49) clearly 0 <
g’ < 2, hence the inequality is trivially true for ¢ > 2 and false for ¢ < 0.
Using identity (£49) one finds

g<c & 2¢7—(2+c)g+2c>0;

this is a second degree inequality in ¢ with A = ¢ — 12¢ + 4.
If 6 —4v2 < ¢ < 64 41/2, it is verified for any value of g.
If instead ¢ < 6 — 4v/2 or ¢ > 6 + 4v/2, it is verified if and only if

24 c—+c?—12c+4 24 c+ Vet —12c+4
g(t) < =:s_(c) or g(t)> 1 =:5.(c) .

4
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! which is strictly

For 0 < ¢ < 2, s4(c) € ]0,1] hence one can apply g~
increasing:

t<g '(s-(c) or t>g ' (s+(c)).
This concludes the proof because identity (4.48) and standard computations

show that

g7 (s2(0) = 3 logas (o). a

4.4 Appendix: critical exponents

Let us prove the results used in subsection E2.3 to compute the critical

exponents.

Lemma 4.18. Consider the inflection points ¢1, ¢2 of p defined by (4.21)).
Their behaviour at the critical point (he, J.) along any curve § € C*([J,, o0[),
with §(J.) = he, is

¢1(6(J)>‘])_mc —C ¢2(5(<])>J)_mc
VI —Jc T Jet ’ J—Jc T Jet

where C = v/2/(2J.) > 0.

Proof. For i = 1,2 and J > J, definition (4£.21]), observing that (2m. —1)J =
—he+ (2m. — 1) (J — J.) + t., gives

2J (‘bz(é(J)v J) - mc) = llog az(J) - tc - (5(']) - hc) - (ch - 1)<J - Jc) :

2
Now the definition ([4.22) may be rewritten as
1 1 1
()= (20 —2——) T 4(5—=—)\/J—22 VT Jec.
wld) = 21 =2-5) F G- 55) BT e
::?)r(J) ::;r(J)

Thus, exploiting log(x +y) = log x +log(1+y/z) = logz +y/x + O((y/x)?) as
y/x — 0, 3 logb(J.) = t. and log b(J) differentiable at J = J,,
1 logb(J) — log b(Je)

2 (J—Je)

1)
=¥3300) VI —J. +0(J—-1,).

Slogai(J) —t. =

- (J—Jc)q:%@\/J—JH@(J—JC)

b(J)
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To conclude put things together and use also ¢ differentiable at J.:

¢i(0(J),J) =m.  glogai(J) —t.  8(J)—he
J—Jc NI —= VI =,

1 ¢(J) s

2J (2m, — D)/ T — J,

Next corollary gives a first bound for the critical exponents.

Corollary 4.19. Here for h € R, J > J. let m = m(h,J) be any solution of
the consistency equation ({.18).
1) There exist ri > 0, Cy < oo such that for all (h,J) € B((he, Je), 1) with
J > J.

m—me| < Co([h = hel5 + | = JI3) .

2) Assume that m pointwise coincides with one of the local mazimum points my,
my (see proposition [{.5). There exist ro > 0, Cy > 0 such that for all (h,J) €
B((he, J.),r2) with J > J. and h = 6(J) for some & € C*([J., 00[), 6(J.) = he

Im—m.| > Cy|J— Jo|7 .

Proof. 1) Set t := (2m — 1)J + h. By proposition [L.15] ¢ satisfies equation
(4A4T), which can be treated as a third degree algebraic equation in ¢ — ¢.:
(t —te)® —k1 (J = Jo) (t —to) —ra0(h, J) + O((t — t.)*") = 0.

— ~-

-q
Analyse the real solutions of this equation. Set A := (£)* + (£)® and observe

that (2)? > 0 while (£)* < 0 as we are assuming .J > J...

i. If A > 0, the only real solution of (£41]) is
t—te=uy +u_ with ug = ¢ —%if/ﬁ.
On the other hand

5205 By =0(l)) + a-o()).
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Therefore, reminding also definition (4.42),
t=te = O((2)7) = O((h = h)¥) + O((J = J)}) + Ot~ t)?)

hence t —t, = O((h—hc)%) +0((J - Jc)%) because (t—t,)3' — 0 as (h, J) —
(he, Je) -
1. If A =0 or A <0 there are respectively two or three distinct real solutions

of (A4T]) and, from their explicit form, it is immediate to see that they all satisfy

t—to = O({/-5) = O((J - 1)%).

Conclude that for any possible value of A,

Ll

t—te=0O((h—ho)3) +0O((J - J.)

).

Now, as observed in ([L44), t — t. = h — he + (2m. — 1)(J — J.) + 2J (m — m,.).
Therefore also m —m, = O((h— hc)%) +0O((J - JC)%) , and this concludes the
proof of the first statement.

2) Now consider the two maximum points m;, my. By proposition
my < @1 < gy <My

where ¢1, ¢y are the inflection points defined by (4.21]). Hence applying lemma
.18 one finds:

Mo — M P2 — My Me — My me — @1

> >
as J — J.+ and h = 6(J) with 6(J.) = h. and ¢ differentiable in J.. And this

— C, — O,

proves the second statement. O
The next lemma tells us in which region of the plane (h,J) described by
figure 41l a curve passing through the point (h,, J.) lies.

Lemma 4.20. Let § € C?*([J., 00[) such that §(J.) = he, §'(J.) =: a. There
exists r > 0 such that for all J €]J., J. + ]
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o ifa=1—-2m, P(J)<do(J)<ir(J);
o ifa<1—2m, 6(J)<(J);
o ifaa>1—2m., 0(J)>¢(J).
Proof. I. Observe that a;(J) is continuous for J > J. and smooth for J >
Je. Moreover ¢'(3loga;(J)) = 55 by definition [@22) and lemma EI7, and

g(3loga;(J.)) = g(t:) = me by definition ([@26) and remark E6l Then differen-
tiating definition (£23) at J > J.,

1 1
3 a()) (1—2Jg(§logai(J)z) 7 1—-2m, .

=0

Ui = 1-24(; loga(1)) +

Hence an immediate application of the mean value theorem shows that for
i = 1,2 there exits ¢¥[(J.) =1 —2m,.

II. Differentiating definition (4.22)) at J > J, shows that a}(J) — —o0, a5(J) —
+00 as J — J.+, while a;(J) — 2v/2 — 2 as J — J,. Hence

i ! +oo fori=1
¢:/(J) _ —g'(%logaZ(J)) CLZ(J) _ _i CLZ(J> N o0 or 1 .

—oo fori=2
The result is provided comparing the first order Taylor expansions at J. with

Lagrange remainder of v, 15 and 9. O

The following proposition essentially contain the proof of part i) of theorem

414

Proposition 4.21. Let (h,J) — (he, J.) along a curve h = §(J) with 6 €
C*(Ry), 6(J.) = he, §'(J.) =: a or along a curve J = §(h) with 6 € C*(R),
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d(he) = Je, 8'(he) =0, then

(

N

—C(J—=J)z ifh=6(J),a=1-2m. and J > J,.

pi(h, J) =me ~ § Co(J —J)3  ifh=46(J), a<1—2m,

| Coo (W= he)sif J = 0(h)

(

C(J—J): ifh=0(J),a=1—2m. andJ > J,

pra(h, J) =me ~ ¢ Cy(J = J)s  if h=6(J), a>1—2m,

| Coo (h = he)s if J =6(h)

where C' = 2_1Jc V32—-m.), C, = 2%16 ¢/2J.(2—me)2m.—1+0a), Cx =
2—1 {/3J.(2 —m.). To complete the cases, along the line h = h.+ (1 —2m.)(J —
J.), when J < J,

pa(h, J) = pa(h, J) = me.
Proof. Fix (h,J) on the curve given by the graph of § and in the rest of the
proof denote by m a solution of the consistency equation ([AIF]), i.e. m =
g((2m —1)J + h). Furthermore when necessary m is assumed to be a local
maximum point of p. Set ¢t := (2m — 1)J + h. By proposition E.15] ¢t — ¢, — 0
as (h,J) — (he, J.) and it satisfies ([AL.41)). Solve this equation in the different

cases.
i) Suppose h = §(J) with @« = 1 — 2m,. Hence h — h, = (1 — 2m.)(J — J.) +
O((J — J.)?). Observe that by ([@42), [E44)

o(h, J) =0O((J = J.)*) and t—t.=2J(m—m.)+O((J—J.)?) .
Hence equation ([£4I]) becomes
t—t) =k (J—J)(t—t)+O((J—J)*)+O((t—t.)*") =0.
Observe that if J > J, by corollary part 2),

(J—J)z = O(t—t,);
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therefore when J > J. the previous equation rewrites
(t—te)’ =k (J = Jo) (t—t) + O((t —te)*) = 0.
This one simplifies in
t=t. or (t—t)? =k (J—J)+0O((t—1t)%) =0,

giving t = t. or, as we are assuming J > J,,

(][54

t—t, = + /i1 (J—J)7 +O((t —t.)

This entails

m—m, =+ é—’;_l (J = J)7 +O((J = J)*) + O((m — m)?)

(SIS

and dividing both sides by m — m,, since (m —m,.)z — 0, one finds

JF1
iW(J_JC)

D=

(4.52)

m—me ~

it) Suppose J = §(h) with §’(h.) = 0. Hence J — J, = O((h — h.)?). [@42) and
(4.44)) give

o(h,J) = h—h.+O((h—h.)*) and t—t,=2J (m—m.)+h—h.+O((h—h.)?).
Hence equation (441l becomes
(t = te)* = kg (h = he) + O((h = he)?) + O((t — 1)) = 0.

giving
t—t. = YRz (h—he)s +O((h—ho)3) +O((t—1.)3) .

This entails

ol

S \f (h— ho)b + O((h — b)) + O((m — my)

)

and dividing both sides by m — m,, since (m — mc)% — 0, one finds

=

3
m—me ~ \g? (h—he)s . (4.53)
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iti) Suppose h = 6(J) with o # 1—2m.. Hence h—he = a (J—J.)+O((J—J.)?).
Observe that by (£.42), (&.44)

o(h, J) = (a4 2me — 1)(J — J.) + O((J — 1)) ,

t—t.=2J(m—m.)+ (a+2m.—1)(J = J.) + O((J — J.)*).

Hence equation (£.41]) becomes

%/_/ ~ /
~~
=:p

(t=te)’ —r1 (J = o) (t=te) =k (@ + 2me — 1) (J = Jo) + O((J = J.)*) + O((t — t)*) = 0.

iq
This third order equation has A := (£)* + (£)® > 0 for |J — J.| small enough,
indeed if J < J,. then p > 0, while if J > J,. then by corollary ET9 part 1)
(t—t)' = O((J - J.)5) = o(J — J.) hence
g=—ro(a+2m.—1)(J—J)+o(J-J) =

(@Y +(2) = "2 (ot 2m = 1?7~ 1) (1 +0(1) —

3
e . 3
1 27(J J.)? > 0.
#0

Then, using Cardano’s formula for cubic equations: ¢t — t. = uy + u_ with
3l 4 q\2 P\3 q q D3
=({—=x4 (3 =) =4 —=%|= o(1z1?%)
hence

t—te = Y71 +O(|5]) =
= ra (a+2me— 1) (J = J)5 +O((J = J)5) + O((t —t.)5) + O((J = J.)7) .

This entails

B %//42 (+2m.—1)
n 2J

[SYES

Wl
=

(J—J)s +0((J = Jo)2) + O((m —m.)3)

m — me

[NIES

and dividing both sides by m — m,, since (m — m.)2 — 0, one finds

ko (+2m, — 1)
2J

=

m — me

(J— )5 . (4.54)
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Now by propositions [L.5] [£.7 and lemma [A.20, ;; and ps are solutions of the
consistency equation (£I8) defined near (h.,J.) along the curves h = d(J)
respectively with o < 1—2m,. and a > 1 —2m,. Moreover for « = 1 —2m, and

J > J. sufficiently small, by lemma [4.18]
fo — Me > o —me >0 while pu —me <oy —m.<0.

These facts together with (4.52), (4.53)), (£.54]) allow to conclude the proof. O



Chapter 5

Law of large numbers, central

limit theorem and violations

This chapter is based on the joint work [5]. We continue the study of the
monomer-dimer model with hard-core and imitative interactions on the
complete graph that has been presented in the chapterdl. While in the chapter
Ml the deterministic limit of the average number of monomers is studied, here we
study the distributional limits of the number of monomers (with respect to the
Gibbs measure). Precisely we prove that a law of large numbers holds outside
the coexistence curve I', where instead the limiting distribution is a convex
combination of two Dirac deltas representing the two phases (theorems[5.1] [5.2)).
Moreover we prove that a central limit theorem holds outside I'U(h,, J..) : at the
critical point a normalisation by N~3/* is required and the limiting distribution
is Ce="dz (theorems 511, 5.3).

We follow the Gaussian convolution method introduced by Ellis and New-
man for the mean-field Ising model (Curie-Weiss) in [3536,[37] in order to deal
with the imitative potential. Here an additional difficulty stems from the fact
that even in the absence of imitation the system keeps an interacting nature:
to decouple the hard-core interaction we use the Gaussian representation of the

partition function (see 2.6). We mention that recently the fluctuations of the

7
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Ising model on random graphs have been studied in [31].

The fundamental quantity is the number of monomers in a given monomer-
dimer configuration, hence we set

N

Sn(@) =Y a; Yaey. (5.1)

i=1
The fraction of monomers is my(a) := % Sn(c).

Let h € R and J > 0. In this chapter, like in the previous one, we consider

the Hamiltonian
Hy(a) = —N ((h — D my(a) + JmN(a)2> (5.2)

for every monomer-dimer configuration on the complete graph o € Yy, and the

partition function

Zy = Y N Pexp(~Hy(a)), (5.3)

aEDN

where |D| = 37, oy = (N — SN @;)/2. The corresponding Gibbs

measure is
N-IPI —-H
pn () == exp(—Hy(a) Vae 9Dy (5.4)
ZN
and the expectation with respect to the measure uy is denoted by EJ[-],, . The

pressure density is denoted by py = % log Zy .

The aim of the present chapter is to describe the limiting distribution of the
random variable Sy with respect to the measure py, in a suitable scaling when
N — oo . From now on d, is the Dirac measure centered at x, N (m, o) denotes
the Gaussian distribution with mean m and variance o2 and - denotes the
convergence in distribution with respect to the Gibbs measure puy as N — oo

First of all consider the case J = 0, where the only interaction is the hard-
core one. It is convenient to introduce the following notations:

Z\) = Zy PN =pn| o N =a| o (55)
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Recall from the proposition that for all h € R

lim plY) = pO(n) (5.6)
and
. o Opw op” _
Jim E ) [mn] = 1\}2%0% o g(h), (5.7)

where the limiting functions are analytic and defined by

_1-g(h) ~1—g(h)
2

PO = L2 Siog(1 - g(h) = ~loggh) +h (53

g(h) = e —”%24_6 . (5.9)

At J = 0 the law of large numbers and the central limit theorem hold true.

Precisely

Theorem 5.1. At J = 0 the followings hold:
myNy — 5g(h) (510)

and

Sy —Ng(h) p dg
—\/N =S N (0, %(h)) . (5.11)

Notice that, even if J = 0, (5.11) is not a consequence of the standard central
limit theorem, indeed Sy is not a sum of i.i.d. random variables because of the
presence of the hard-core interaction. The theorem L. follows from the recent
results of Lebowitz-Pittel-Ruelle-Speer [70]. A different proof is given in the
next section.

Now consider the case J > 0. Recall from the theorem [Z.1] that
A}im pn = supp(m) (5.12)

where

p(m) == —Jm?*+p@(2m—1)J+h) YmeR. (5.13)
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The points where the function p reaches its maximum satisfy the following

consistency equation:

m=g((2m—1)J+h). (5.14)

The analysis of (5.14)) allows to identify the region where there exists a unique
global maximum point m*(h,J) of p. The function m* is single-valued and
continuous on the plane (h,J) with the exception of an open curve I' defined
by an implicit equation A = v(J). Moreover m* is smooth outside I' U (h,, J.).
Instead on I' there are two global maximum points m4(J) = my(y(J),J) and
ma(J) = mo(y(J),J): choosing m; < mgy, they correspond to the dimer and
the monomer phase respectively. The curve I" plays a crucial physical role since
it represents the coexistence of two different thermodynamic phases and its
endpoint (h,, J..) is the critical point of the system. Outside I, by differentiating
the expression (5.12) with respect to the external field h, one obtains that the
maximum point m* is the limit of the average monomer density my with respect

to the Gibbs measure:

. . 8pN d _ * *
Jim By fma] = Jm 2 = St =gy (515)

We observe that in the standard mean-field ferromagnetic model (Curie-Weiss
model) the existence of the limiting magnetization on the coexistence curve
(zero external field) is achieved by a symmetry argument (spin flip), a property
that we do not have in the present case.

Consider the asymptotic behaviour of the distribution of the number of
monomers Sy with respect to the Gibbs measure py. The law of large numbers
holds outside the coexistence curve I', while on I' its breakdown results in a

convex combination of two Dirac deltas. Precisely

Theorem 5.2. i) In the uniqueness region (h,J) € (R x Ry) \ T, it holds
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it) On the coexistence curve (h,J) € T, it holds
D
my — 01 5m1 + 02 5m2 ’ (517)

where o] = b= (—N(2—m)™? and \ = g—;g(ml) , forl=1,2.

_b

b1+b2 7
Remark 5.1. We notice that, on the contrary of what happens for the Curie-
Weiss model, the statistical weights p; and g9 on the coexistence curve are in
general different, furthermore they are not simply given in terms of the second

derivative of the variational pressure p.

The first fact can be seen numerically, and analytically one can compute

. o0i(J) _ i
}Lrgo o) Vo (5.18)

Indeed, by exploiting the formula (p(®)" = ¢’ = 2¢(1—g)/(2—g) (see Appendix
[43)), the ratio g1/ rewrites as

@ _ \/(2—m2) —4Jm2 (1—m2) (519)

02 (2=my) —4Jmy (1 —mq)

The second fact can be interpreted as follows: the relative weights o; have
two contributions reflecting the presence of two different kinds of interaction.
The first contribution ); is given by the second derivative of the variational
pressure (5.I3), while the second contribution 2 — m; comes from the second

derivative of the pressure of the pure hard-core model.

The central limit theorem holds outside the coexistence curve I' and the
critical point (h,, J.). At the critical point its breakdown results in a different

scaling N*/4 and in a different limiting distribution Ce=*"dxz . Precisely

Theorem 5.3. 1) Outside the coexistence curve and the critical point (h, J) €

(R x RT)\ (LU (he, o)), it holds

SN — Nm*

e 2 N (0,0%) (5.20)

where 0> = —A"1 — (2J)"1 > 0 and A = 25 (m*) < 0.

Om?
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i1) At the critical point (he, J..), it holds
SN — ch )\ 4
—En — C exp (24 )dx (5.21)

where A\, = %(mc) <0, me =m*(he, J.) and C7' = [, exp(3sa?)dz .

5.1 Hard-core interaction on the complete graph

A basic ingredient of all the proofs is the knowledge of the properties of
the moment generating function of Sy with respect to the Gibbs measure at
J = 0. However, compared with spin models, monomer-dimer models have an
additional feature: the problem at J = 0 is itself non trivial in the sense that the
Gibbs measure is not a product measure. We start by deriving the properties
of the partition function of the model at J = 0 that will be used during all the
proofs.

For given u,t € R and n > 0, let us consider

ZZ(S) (u+ %) = Z N~Plexp ( u + %) Sn(D )) (5.22)
DeIn

In order to obtain an asymptotic expansion of (5.22), which allows us to
obtain its scaling properties, we will use a connection between the monomer-
dimer problem and Gaussian moments. The Gaussian representation of the

partition function on the complete graph (see eq. (3.3])) in this case gives:

Proposition 5.2. The following representation of the partition function holds

Z(>u+— ,/ /\IIN d:)s, (5.23)

22

Un(x) := (:B+e“+ﬁ) e 7. (5.24)

where

The above integral representation allows to use an extension of the Laplace
method (see theorem [5.4] in the Appendix), to obtain a useful asymptotic ex-

pansion of Z](\(,]) (u+ 7). Precisely
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Proposition 5.3. For a given u,t € R andn >0

t ¢ : 1
23w+ ) = e (Vo (wt ) e (V00 (7)) 2—g(u)
(5.25)

where p© and g are defined respectively in (5.8) and (5.9).

Proof. Use proposition and check that the function Wy defined in (5.24)
satisfies the hypothesis of Theorem B4, with 2y = e “+H/Ng(y + t/N").
By means of the stationarity condition #% + ¢"*/¥"iy — 1 = 0, one finds

log U (n) = p©@(u+t/N7) and L5 log Uy (in) = —2 + g(u + t/N"). O

We will show that the previous proposition gives immediately Theorem (.11
On other hand, in the case J > 0 we need additional information about the

convergence of pg\?) to p(©.

Proposition 5.4. For each k € {0,1,2,...}, %pg\?)(h) converges uniformly to

%p(o)(h) on compact subsets of R.

Proof. The location of the complex zeros h € C of the partition function ZJ(S) (h)
was described in the work of Heilmann and Lieb in [55]: the theorem 2.8 shows
that these zeros satisfy R(e”) = 0, that is S(h) € 2 +7Z. Set U := R +

i(—Z,%) c C. The analytic function Z](S)(h) does not vanish on the simply

connected open set U, hence pg\?)(h) = % log ng)(h) is a well-defined analytic
function on U. Moreover the sequence (pgs)(h)) vey 18 bounded uniformly in N

and in h € K, for every K compact subset of U; indeed

1
PV (h)] < v |log |2 (h)| | + N

from the definition of Z](\(,]) it follows immediately

S S log Z](\?) ( sup §R(h)> ,

(0)

and on the other hand, since Z](\?) is a polynomial in the variable ", using the
Fundamental Theorem of Algebra and thank to the choice of U, it follows

1 V2
(0) > inf R0
N log}ZN (h)‘ - ﬁgff(e 2
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Thus, the claim is a consequence of the Vitali-Porter and Weiestrass Theorems

[91]. O

Proof of the Theorem[51l. For each u € R and n > 0 we define

L SN — U
= (5.26)

SN,n,u

In order to prove the two statements of the Theorem [5.1], namely the law of large
numbers (B.10) and the central limit theorem (5.11]), it is enough to compute
the limit of the moment generating function of Sy, for n = 1,u = 0 and for
n=3,u = g(h) respectively.

Consider the moment generating function of Sy, , with respect to the Gibbs

measure u§3> with external field h, namely for all t € R

Gsn () = Y V(D) et FnelD) (5.27)

De9n

By (£.22) one can rewrite (5.27)) as

Z (h + <)

¢ . t — e—tu/N"
1) 20 (h)

(5.28)
Using proposition [5.3] for the numerator and the denominator of (5.28)) one gets

ZQ(h+ ) ;

. N (0) ()

20 o eXPN(p (h+ N”) D (h)) (5.29)
N (h)

Setting 7 = 1 and u = 0 and using the Taylor expansion p©(h + L) —
pO(h) = L ZpO(h) + O(N~2) and Zp® = g, we obtain
dim s, (1) = et vt eR (5.30)

which implies (5.10).

In the case of the central limit theorem, setting n = 1 and u = g(h), the
leading order is provided by the Taylor expansion of p®(h + LN) up to the
second order

p® (h+
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and then we obtain

. 2 o
]\}er(l)o Ps, (t)=eza9™ VtecR (5.31)

%.9(h)

which implies (5.IT]) and completes the proof. O]

5.2 Hard-core and imitative interactions on the
complete graph

The strategy in the case J > 0 follows the general method of Ellis and
Newman [35], namely, in order to overcome the obstacle of the quadratic term
in the interaction, we consider the convolution of the Gibbs measure py with a

suitable Gaussian random variable. Let us start by two simple lemmas.

Lemma 5.5. For all integer N, let Wy and Yy be two independent random

variables. Assume that Wy KA W, where
Ee™ £0 VteR.

ThenYNgYifand only ifWN+YN2>W+Y.

Lemma 5.6. Let W ~ N(0, (2J)7") be a random variable independent of Sy
for all N € N. Then given n > 0 and u € R, the distribution of
W SN — Nu

i T N (5.32)
18
T
Cy exp (N Fy (W + u)) da (5.33)
where Cy' = [, exp (N Fy (% + w))dz and
Fy(z) = —J? +pQ2Jz+h—J). (5.34)

Proof. Given # € R,

%74 SN — Nm
IP’{ 7+ e < 9} -P{VNW+Sye B}  (535)
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where E = (—o0, )N'™" + Nm].
The law of vV NW+Sy is given by the convolution of the Gaussian N (0, N(2J)~1)
with the distribution of Sy w.r.t. the Gibbs measure puy :

P{\/NW+SN6E}:
J\? J 2
<7T—N) /Edt By exp(—NG—SN) ) = (5.36)
1 [ J\? T o\ o (27t
S _ = AR i —
ZN<7TN> /Edtexp( Nt) N<N—|—h J),

where the last equality follows from (5.22). Making the change of variable
r = (t — Nu)/N'"" in (5.36), we obtain:

" IN(L 1)) 290 (20 (2 h—J

T exp | — <m+u) N <m+u)+ -
(5.37)

and the integrated function can be rewritten as (5.33)). O

PIVEW Sy e B} = CN/

—00

The core of the problem is the convergence of the sequence of measures
determined by (5.33) for suitable values of 1 and u. Thus, we are interested in

the limit of quantities of the form

/Rexp (N FN<% + u)) b(w) de (5.38)

where 1 is an arbitrary bounded continuous function. Clearly, the results de-

pend crucially on the scaling properties of Fiy near its maximum point(s). By

(5.34), (5.I3) and (5.6) we know that

lim Fy(z) =p(z) VzeR. (5.39)

N—oo

However, the study of the asymptotic behaviour of the integral (5.38) requires
stronger convergence results provided by propositions 5.3 and 5.4

Given a sequence of functions fy : R — R, for any x,y € R we define

Afn(zy) = fn(z +y) — fa(y). (5.40)



Chapter 5. Law of large numbers, central limit theorem and violations 87

Let i = pu(h, J) be a maximum point of p and denote by 2k the order of the
first non zero derivative at u. Hence, making a Taylor expansion, one finds as
N — o0

_ 1 A
N Ap(e N7 1) = o]

o +0(N—i> (5.41)
where A\ = %ﬁ(u) < 0.
The next proposition relates the asymptotic behaviors of N AFy and N Ap.

Proposition 5.7. For any x,y € R and n > 0,
A}im exp <N <FN(£L’ N4+ y)—pla N7+ y))) = ¢(y) (5.42)
where c(y) == (2 — g(2Jy + h — J))_l/z. Hence,

N(AFN(N ") = Apz N ")) — 0. (5.43)

N—oo

Proof. Keeping in mind the definitions (5.34)), (5.13) and using Proposition
we get (.42). Then (£.43) is a straightforward consequence. O

The next two propositions allow us to control the integral (.38) in the limit
N — oo.

Proposition 5.8. Set M := max{p(x)|z € R}, let C be a closed subset of R
which contains no global mazximum points of p. Then there exists € > 0 such
that

e_NM/CeNFN(x)d:E = 0™ as N — oo. (5.44)

Proof. Observe that the sequence of functions (p§3>) ~Nen is uniformly Lipschitz

with constant 1, namely for all A, A’ € R and N € N
[N () = o ()] < 1h = 1] (5.45)
since a%pgs) =E o (my) €0,1]. From ([£.45) and definition (5.34) we get
N

lim sup Fiy(z) = —o0 (5.46)

|z| =00 N
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and

sup/ Ny < oo (5.47)
N JR

Fixed ¢; > 0, by (5.46) we can pick a number A € R sufficiently large such that

sup Fy(x) =M < —e; VNE€EN (5.48)

€0y

where O4 = {z € R : |z| > A}. Furthermore C \ O4 is compact (or possibly
empty) and then, by proposition [5.4], there exist 5 > 0 and N such that

sup Fy(x) — M < —ey VN >N . (5.49)
Z‘EC\OA

Thus setting € := min(ey, e5) we get

sup Fy(z) =M < —e VYN >N (5.50)

zeC

Hence, for N > N,

e—NM/eNFN(x)dx < €_NM€(N_1)(M_E)/€FN(x)dl’
¢ ¢ (5.51)

< e Neem(M—e) / e'N@ dy
R
The last is uniformly bounded in N by (5.47) and this completes the proof. O

In the rest of this section 9% f(x) denotes the k''-derivative of a function f

at the point z.

Proposition 5.9. Let p be a maximum point of p, let 2k be the order of the
first non-zero derivative of p at . Given §,e > 0, there exists N, such that for

all N > N.

2%k—1
NAFN(xN_ﬁ;,u) < Z el + Ls. v%* Va, |z| < SN (5.52)
j=1

where
_ OP(u) te | SWPLsurg |07l H €
(2k)! (2k + 1)!

Lse - (5.53)
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In particular, since 0**p(u) < 0, one can choose §,¢ > 0 such that Ls. < 0, and

then the sequence of functions
exp (NAFN(:BN_i;,u)) 1(|z] < 5Nﬁ) (5.54)
turns out to be dominated by an integrable function of x .

Proof. The Taylor expansion of F at the point u gives

2k—1

- _ 8jFN(N) 1—-5/2k _j aszN(N) 2k 82k+1FN(f) - 2k+1
NAFw(@N g0 = 3 = N S et Ty Ve
(5.55)
where € € (1, ju + 2 N™2¢). We claim that for any j € {1,...,2k —1}
& Fy(pu) N1=9/% =0 (5.56)
Indeed, by (5.43)
N(AFy(aN“F:p) — Az N“#:p)) = 0, (5.57)
that is, by substituting (5.55) and (5.41) into (5.57),
SRV EN() e g O Fa(p) — 0% 5() 1
Z N\H) nri=if2k i 4 NH P 2k O<N—ﬁ> — 0,
7=1
(5.58)
hence using proposition 5.4, we get
%1 o o ‘ ‘
> P Ev) {V,(“) NIk gl — (5.59)
) Vi N—o0

which implies (5.50]) since z is arbitrary. Thus (5.56]) gives the control of the
terms of order up to 2k — 1 in (555). The last two terms in (5.55) can be
grouped together observing that |z|2! < 22§ N2r; then the estimate (5.52) is
obtained using the uniform convergence of 9% Fyy, 9***1Fy on the compact set

[ — 6, 1w+ 9], which is guaranteed by proposition 5.4l O
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Proof of the Theorem[52.4. Denote by M = {y;},=1...p the set global maximum

points of p and let k; and \; be as in (541]). Set M := max,, p(m) = p(y,) for

.....

each [ = 1,..., P. From the analysis of p and using the properties of the

function g, it turns out that k; do not depend on [ and precisely

(

({m*(h, J)},1) if (h,J) € RxR")\ (yU (he, )
(M. k) = 4 ({m.},2) it (h,J) = (he, J.)

\({ml(J)>m2(<])},1) if (h’ J) €.

(5.60)

The argument described below applies in all the cases proving respectively
(516) and (5.17). Keeping in mind (5.60), we proceed with the computation
of the limiting distribution of the monomer density my = Sy/N. By lemmas
and with n = 0 and u = 0, it suffices to prove that for any bounded

continuous function

/eNFN(m)qﬂ(:c)dx i@b(ﬂl)bz
B - = . (5.61)

P
R =1

For each [ = 1,..., P let §; > 0 such that the sequence of functions (5.54),
with g4 in place of p, is dominated by an integrable function. We choose 6§ =
min{d; | [ = 1,..., P}, decreasing it (if necessary) to assure that 0 < § <

min{ | — ps| : 1 <1# s < P}. Denote by C the closed set

P
C=R\|J(u =8, u+0);

e_NM/eNFN(m)w(x)dx = O(e™9) . (5.62)
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For each I =1,..., P we have

L NM s NF
N2k e™ / eNEN@ ) (z) da =
Hi—

0

= eN(FN(;U'l)—M)/ . exp <NAFN(U)N_ﬁ,Ml))¢(U)N_ﬁ "‘Ml) dw
|w

|<6N2F

(5.63)

where the equality follows from the change of variable x = u; + wN ~2r and
AFy is defined in (5.40).
Since M = p(p), from (5.42) we know that

lim N E )= _ ! !
N—oo V2—9@2Jm+h— J) 2—

where the last equality follows from the fact that p; must satisfy the consistency

equation (B.14).

By Proposition we can apply the dominated convergence theorem to the
integral on the r.h.s. of (5.63), then by (5.43) and (5.41]) we obtain

(5.64)

-0 (5.65)
Wl),w%) () dw

| Hi+o
lim N2k e_NM/ eNEN@ () da =
i

N—oo

1
a V2= u
Making the change of variable = w(—X;)2 in the r.h.s. of (5.65) and using
(5.62) we obtain

P
I NI-WM/’N% ~ 1 / ~ 2 Vde.
Jim Nze . ; 57— ,ul % () . exp < (2k)!> x

(5.66)
The analogous limit for the denominator of (5.61]) follows from (5.66]) by choos-
ing ¢ = 1. This concludes the proof of the Theorem [5.2] O

Proof of the Theorem[5.3. Keeping in mind (5.60)), let us start by proving the

following
/Rexp (N Fy (:L’N_ﬁ + m*)) () dx /Rexp <(2)l\c) ZE%) Y(x)dx
[erlomirt i~ o)e

(5.67)
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for any bounded continuous function . We pick d > 0 such that the sequence
of functions (5.54)) is dominated by a integrable function. By proposition

there exists € > 0 such that as N — oo
e_NM/ . exp (N Fy (:EN_i + m*)) Y(x)dr = O(Ni e ™) (5.68)
|x|>6N 2k
where M = max,, p(m). On the other hand as |z| < § N/

e_NM/ | exp <J\TF}\;($]\7_ﬁ —l—m*)) Y(x)de =

[I<ONEE (5.69)

= e(FN(m*)_M)/ _exp <N AFy (:EN_i;m*)> Y(z) de .
|

x| <SN 2k

Thus, by proposition [5.9 we can apply the dominated convergence theorem, and

then by (0.64), (5.43)) and (5:41]) we obtain

lim e_NM/II o exp (NFN(xN_ﬁ —|—m*))1/1(x)dx =
z|<dN 2k

N—oo

(5.70)
1 / <—)\ 2k> Y(x) dx
= ex X
VI S P \@R)]
which, combined with (5.68)), implies (5.67).
For k = 2, by lemmas[5.5 and 5.6l with n = 1/4 and w = m*, the convergence
(5.67) is enough to obtain (B.21]).
For k = 1, by lemmas and with 7 = 1/2 and u = m*, since W ~
N(0, (2J)71), the equation (5.67) implies that the random variable Sy converges

to a Gaussian whose variance is 6% = (—\)~! — (2J)7!, provided that

A+2J
W\ 1 —1 —
(N -t =

where A = 2-p(m*) . Considering the function g defined in (59), we have that

>0 (5.71)

g—;ﬁ(m*) +2J = (2J)*¢'(2Jm* + h — J). Since ¢’ > 0 and X < 0 the inequality
(5.71)) holds true. O

5.3 Appendix

The usual Laplace method [25] deals with integrals of the form

/R (b)) do
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as n goes to infinity. In this appendix we prove a slight extension of the previous

method where ¢ can depend on n.

Theorem 5.4. For alln € N let ¢, : R — R. Suppose there exists a compact
interval K C R such that ¢, > 0 on K, so that

Yp(z) = @ Ve K.
Suppose that f, € C*(K) and
a) fo = f uniformly on K ;
b) fI = " uniformly on K .
Moreover suppose that:
1) maxg f, is attained in a point &, € int(K) ;
2) limsup,,_ . (supR\K log [¢n| — maxg f,,) < 0;
3) maxg f is attained in a unique point & € K ;
4) f'(&) <0;
5) limsup,, . [g |[¥n(z)|dz < co.

Then,
/ (Yn(2))" dz ~ (@) o
R

—_—. 5.72
i e 57
In the proof we use the following elementary fact:

Lemma 5.10. Let (f,)n be a sequence of continuous functions uniformly con-
vergent to f on a compact set K. Let (I,), and I be subsets of K such that

max,ey, yer dist(z,y) — 0 as n — oo. Then
e max;, f, — max;f;
n—oo

e argmax; f, — argmax;f, provided that f has a unique global maxi-

mum point on I .
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Proof of the Theorem[5.4]. Since Z,, is an internal maximum point for f,, (hy-

pothesis 1), f1(2,) =0 and for all x € K
1
fu(x) = ful@n) + 3 ' (&n) (x —3,)* with &, € (Bn,2) C K. (5.73)
Fix € > 0. Since f// — f” uniformly on K, there exists IV, such that

) ="l <e YEEK Yn>N,. (5.74)

n

Since f” is continuous in Z, there exists d. > 0 such that B(Z,.) C K and

f7(€) = f"(@) <& VE:[§—2] <0 . (5.75)

By the lemma [(5.10/ %, — Z, because Z is the unique maximum point of f on

n—oo

K (hypothesis 3). Thus there exists Nj, such that
" O N
|z, — 2| < 3 VN > Nj. . (5.76)

Therefore for n > N,V Nj. and x € B(%,4.) it holds:

(Iﬂﬁl)é 0,
€om — 2| < o — 2| + |2 — 2| < |20 — 2| + |2 — 2 §+§:5€:>

|f”(5m n) - ( )| |f//(£w n) - f//(gﬂc,n)‘ + \f”(ﬁx,n) - f”(i’)‘ M){m eE+e=2.

By substituting into (5.73) we obtain that for n > N,V Ns. and = € B(%,6,)

< fuldn) + 5 (f7(2) + 2¢) (& — 2,,)?
fu() : (5.77)
> fol@n) + 5 (f(2) = 2¢) (& — &)

Now split the integral into two parts:

/ ()" dz = / ennlin) 4 / (n(x))"dz . (5.78)
R B(&n,0¢) R\B(&n,d¢)

e To control the second integral on the r.h.s. of (5.78) we claim that there
exists 75, > 0 and Nj such that

log |t (z)| < fu(#n) —ms. Vo€ R\ B(2,,0.) YN > Nj ; (5.79)
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namely lim sup,, ., SUP g\ p(2,,.5.) 108 [¥n ()| = fu(Zn) < 0. Indeed:

limsup  sup  log |y, (z)| — fu(Zn) =
n—oo  geR\B(&n,0)

(lim sup sup )fn(x) — fn(i’n)> vV (lim sup sup log |, (z)| — fn(:i:n)> =

n—oo  geK\B(Zn,0¢ n—oo geR\K

( sup )f(x) — f(i’)) Vv (limsup sup log |¢,(z)| — fn(i’n)>

2€K\B(%,0. n—oo zeR\K

where the last identity holds true by the lemmal[5.10L Moreover sup,¢ i\ pa,s.) f (2)—
f(z) < 0 since Z is the unique maximum point of the continuous function f
on the compact set K (hypothesis 3); while limsup,, ., Sup,ep\ x 10g [¢0n ()] —
fn(Zn) < 0 by the hypothesis 2. This proves the claim.

Now using (5.79) and the hypothesis 5, there exist C' and N such that for all
n> NV Nj

[ @) e < e [ @)
R\B(&n,0:) R (5.80)

< O enlhalEn)=ns.) |

e To study the first integral on the r.h.s. of (B.78]), choose ¢ € (0, g¢], where
() + 260 < 0 (hypothesis 4). By (B.11), since we can compute Gaussian

integrals, we find an upper bound:

5 (f"(@)+2e) (z— a”cn)zd

(& T

%\

/ enfn(:c) dr < e nfn(&n)
B(&n,0¢)

_ nfa(En) —z? d
e e x
z f// 2¢) /R (5.81)

\/
— fn(in)
\/ f// ‘|‘ 25)
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and a lower bound:

/ @) g > nfn(en) / o3 (" (@)420) (a-20)?
B(&n,0¢) B(&n,d¢)

L / e da
\/_% (f//( ) + 25) B(O7 Oe _%(f”(i)—QE))

N 2T
‘ \/—n (f"(z) — 2¢) (14 wnes.)

(5.82)

where wy, 5. — 0 as n — oo and ¢ is fixed.

In conclusion, by (5.78), (5.80), (5.81), (5.82) we obtain that for € € (0, &
and n > N,V N5, V N V N; it holds:

fR (¢TL f// l n f// j\j —Tl?’]és

enfn xn 2f7;
— f” ; —
n—o00 f”( )—|— 2 e—0
and:
" (s
fR (wn ) f ( ) (1 +wn,s,55) e _n]; (ZL’) e s
m

enfn(@n) | 307; f// — 9

[ rw

n—oo f”([)j') — 2¢ =0

hence (5.72)) is proved. O



Chapter 6

Hard-core interaction on locally

tree-like random graphs

This chapter is based on the work [4]. We consider monomer-dimer models
with pure hard-core interaction (see section 2.1]) living on some particular
random graphs, that we will define properly in the following. The class of
diluted graphs that we cover is the same for which the ferromagnetic Ising
model was rigorously solved by Dembo and Montanari [26]28], using the local
weak convergence strategy developed in [10]. The fundamental feature of these
random graphs is that locally they have a tree-like structure. Examples of
“famous” graphs in this class are the Erd6s-Rényi graphs and the configuration
models, which provide a random graph with any prescribed degree sequence [59].

We fix a uniform monomer activity x and uniform dimer activity w = 1. We
show that these monomer-dimer models are exactly solvable and do not present
a phase transition (in agreement with the general results by Heilmann and
Lieb [55[56]). Precisely we prove that in the thermodynamic limit the monomer
density exists and is expressed as the expectation of a random variable X,
whose distribution is determined as the unique solution of a fixed point equation
(theorem [6.1]). Moreover we deduce the existence of the pressure density in the

thermodynamic limit and we obtain an expression in terms of X (theorem [6.2]).

97
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Therefore we provide a rigorous proof of the conjectures made by Zdeborova
and Mézard [99], and partially studied in [18,90]. Previously the problem of
matchings on sparse random graphs had been already considered in [63,[13].

In order to exploit the locally tree-like structure of the considered graphs,
we use some alternating correlations inequalities for monomer-dimer models
(lemma [6.3)): they are a great tool to pass from global quantities to local quan-
tities. In this way we reduce ourselves to study the root monomer probability
on a random tree. This problem is approached by means of the Heilmann-Lieb

recursion on trees.

Let x > 0. Let G = (V, E) be a finite graph. In this chapter we will denote
Zoa) = 3 NI (6.1
DePq

pe, will denote the corresponding Gibbs measure and (- )g, will be the ex-
pected value with respect to jig .. As usual the pressure density is

1
pe(x) = m log Zg(x) (6.2)

and the monomer density is

mols) = <%>Gﬁ _ x%(:ﬁ), (6.3)

Notice that when G is a random graph the partition function, the pressure
density and the monomer density are random variables and the Gibbs measure
is a random measure.

We state here the main results of this chapter, even if the definitions about

the class of graphs that we treat will be clarified later.

Theorem 6.1 (Monomer density limit, see also [90]). Let (Gy)nen be a sequence

of finite random graphs, which:

i. is locally convergent to the unimodular Galton-Watson tree T (P, o);
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ii. has asymptotic degree distribution P with finite second moment (equiva-

lently o < o).

Consider the monomer-dimer model on the graphs G,, n € N. Then almost

surely for all x > 0 the monomer density

meg,(r) —— E[Y(z)]. (6.4)

The function x — E[Y ()] is analytic on Ry. The law of the random variable

Y (x) is defined as:

113'2

x? + ZiA:I Xi
where A has distribution P and is independent of (X;)ien, (Xi)ien are i.i.d.

Y(z) 2 (6.5)

copies of X, the distribution of X is the only solution supported in [0, 1] of the

following fixed point distributional equation:

2
x2 T (6.6)

LU2 + Zfil XZ ’
where K has distribution o and is independent of (X;);en-

Theorem 6.2 (Pressure density limit). Let (G,)nen be a sequence of random

graphs, which:

i. is locally convergent to the unimodular Galton-Watson tree T (P, o);
it. has asymptotic degree distribution P with finite second moment;

111. s uniformly sparse.

Then almost surely for every x > 0

pa, () — E[log (“Z Xi(x)

0o T

. )] (6.7)

where A has distribution P and is independent of (X;)ien, (Xi)ien are i.i.d.

1] = L E[l0g (1 4 212) Xo(@)

2 T T

copies of X, the distribution of X is the only solution supported in [0, 1] of the

fixed point distributional equation

D z?

z? + Efil X; ’
where K has distribution o and is independent of (X;);en-
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6.1 Preliminary results

It is useful to introduce the following notation for the probability of a

monomer on a given vertex o € V:
MI(Ga O) = <]]-0€M(D)>G,x . (68)

Now the monomer density can be rewritten as
1
mea(z) = W > M.(G,o0). (6.9)
oV
Following [18] we introduce a recursion relation for the probability M,()
that will be extensively used in the sequel; this is a rewriting of the recursion

relation for the partition function Z.(z) that appears in [55].

Lemma 6.1. The family of functions M, (G, o) fulfils the relation

LL’2

Mm<G7 0) - x? + vavo M:B(G -0, U) .

(6.10)

Proof. Following the Heilmann-Lieb recursion (see proposition 2.7)), it holds:

Za(x) M (G,0) = Z MO = 7 (x) |

and:

Therefore one obtains:

x Zg_o(T) ZG—o-v(@) \ 7!
Mi(Guo) = s e = (14 X ) -

1
— <1+x 2ZMw(G_O’U)> T2y, MG —ov) N

v~o
Iterating the recursion relation (6.I0), one obtains the squared recursion

relation

1 >—1
T2+ uno Ma(G — 0 —v,u) '

M.(G,0) = (1 +Y (6.11)
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In the next lemma we allow the monomer activity to take complex values,

precisely those of the open half-plane
H, ={2 € C|R(z) > 0}.

This has no physical or probabilistic meaning, but it is a technique to obtain
powerful results at real positive monomer activities by exploiting complex anal-
ysis. This lemma already appeared in [18] and in particular point #i can be seen

also as a consequence of theorem 4.2 in [55].

Lemma 6.2. i. If 2 € Hy, then 27! M_.(G,0) € H,
it. The function z — M (G, 0) is analytic on H

iii. If z € Hy, then |M,(G,0)| < |z|/R(2)

Proof. Note that H_ is closed with respect to the operations w — w~! and
(’LUl, wg) — Wy + Wa.
[1, 4] Proceed by induction on the number N = |V| of vertices of the graph

G. For N = 1 the graph G coincides with its vertex o, hence M,(G,0) = 1.
Therefore for z € H.,, 27! M,(G,0) = 27! € H, and M_(G,0) = 1 is obviously
an analytic function of z.

Suppose now the statements 7 and # hold for any graph of N — 1 vertices and
prove them for the graph G of N vertices. By lemma

22 z

M.(G,0) = 2243, MG —o0,0) T T Yoo 2TV ML(G = 0,0)

By inductive hypothesis, for z € H, and for every v ~ 0, 27 M_(G—o,v) € H,

and M, (G — o,v) is an analytic function of z. Therefore
2437 MG —o0,v) € Hy (in particular it is # 0)

so that 27" M, (G, 0) € H, and M,(G, o) is an analytic function of z (as it is

the quotient of non-zero analytic functions).
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[777] Use lemma [6.1] then apply the elementary inequality |z + w| > R(z + w)

and conclude using point i:

z |2|
(G, 0)| = = -
MG N = s MG o) | = RO T, R MG = 00))
VO -
e
“R()

In the graph G, given o € V and r € N, we denote by [G, o], the ball of
center o and radius r, that is the (connected) subgraph of G induced by the
vertices at graph-distance < r from the vertex o. A tree is a connected graph
with no cycles. If the graph G is locally a tree near the vertex o, the next lemma
allows to bound the operator M,(+,0) from above/below by cutting away the

“non-tree” part of G at even/odd distance from o.

Lemma 6.3 (Correlation inequalities on a locally tree-like graph).
If |G, 0]a, is a tree, then M, (G, 0) < M,([G,0]a) -

If [G, 0]or41 is a tree, then M, (G, 0) > M,([G,0]2r41) -

Proof. Proceed by induction on the distance r € N from the origin o.

For r = 0, the graph [G, oy is the isolated vertex o hence
M, (G,0) <1=M,(|G,0]y) .

Assume now the result holds for 2r and prove it for 2r + 1 (with r» > 0).

Suppose [G, 0]a,41 is a tree. Note that [G,0]op41 —0 =], |G — 0,v]s,, where

|G — 0,v]y is a tree for every v ~ o. As in general M, (H,v) depends only
on the connected component of the graph H which contains the vertex v, it

follows:

Mx([G> 0]27’4-1_ o, 'U) = Mx([G — 0 U]2r) .

And by the induction hypothesis

M (G — 0,v) < M ([G — 0,v]a) .
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Then using lemma two times one obtains:

7 7
T G7 - ; 2 ;
Ma(G,0) 243 MG —o,0) T a2+, MG —o0,ila)

2

T
= = M, ([G, 0]2r11) -
R S N (X PR B
Induction from 2r — 1 to 2r (with r > 1) is done analogously. O

6.2 Solution on trees
The next proposition describes the behaviour of our model on any finite
tree. It is an easy consequence of lemma

Proposition 6.4. Let T be a locally finite tree rooted at o. Consider the
monomer-dimer model on the finite sub-trees induced by the vertices in the first

r generations T(r) = [T, 0]., r € N. Then:
i. 7+— My(T(2r),0) is monotonically decreasing
ii. m— My(T(2r +1),0) is monotonically increasing
iii. My(T(2r),0) > M, (T(2s+1),0) Vr,seN

Proof. Let r,s € N.
[7] Consider the graph T'(2r 4+ 2). Cutting at distance 2r from o, one obtains
[T(2r + 2), 0o, = T'(2r) which is a tree. Hence by lemma

M (T(2r 4 2),0) < M,(T(2r),0).

[17] Consider the graph T'(2r+3). Cutting at distance 2r+1 from o, one obtains
[T(2r 4 3), 0)9r41 = T'(2r + 1) which is a tree. Hence by lemma

M (T(2r +3),0) > M,(T(2r +1),0).

[777] Consider the graph T'(2r + 1). Cutting at distance 2r from o, one obtains
[T(2r + 1), 0]o, = T'(2r) which is a tree. Hence by lemma

M (T(2r+1),0) < M,(T(2r),0).
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Now if r < s, combining point ¢. and this third inequality, one finds
Mo(T(2r),0) = My(T'(25),0) = Mo(T (25 4 1), 0);
while if s < r, combining point #. and the third inequality, one finds
M (T(2s+1),0) < M (T(2r+1),0) < M, (T(2r),0). O

As a consequence of proposition we obtain that on any locally finite
rooted tree there exist lim,_ . M, (T(2r),0), lim, .. M, (T(2r + 1),0) and

moreover

0 < lim M, (T(2r+1),0) = supM,(T'(2r+1),0) <

r—oo reN
< inlg./\/lx(T(%),o) = lim M,(T(2r),0) < 1.
re r—00

A natural question is if these two limits coincide or not. In the next propo-
sition we prove that they are analytic functions of the monomer activity =z,
therefore it will suffice to show that they coincide on a set of x’s admitting a
limit point to conclude that they coincide for all z > 0. First we state the

following lemma of general usefulness.

Lemma 6.5. Let (f,)nen be a sequence of complex analytic functions on U C C
open. Suppose that
e for every compact K C U there exists a constant Cx < oo such that

sup |fn(2)| < Cx VneN;

zeK

o there exist Uy C U admitting a limit point and a function f on Uy such that
fule) —— () V2 e lp.

Then f can be extended on U in such a way that
fule) = () VzeU;

moreover the convergence is uniform on compact sets and f is analytic on U.



Chapter 6. Hard-core interaction on locally tree-like random graphs 105

Proof. By hypothesis (f,)nen is a family of complex analytic functions on U,
which is uniformly bounded on every compact subset K C U. Therefore by
Montel’s theorem (e.g. see theorems 2.1 p. 308 and 1.1 p. 156 in [69]), each
sub-sequence (fy,, )men admits a further sub-sequence (f,,, )pen that uniformly
converges on every compact subset K C U to an analytic function £, where
0 = (N, )pen . On the other hand by the second hypothesis one already knows
that
VzelUy 3 lim f,(2).

n—~0o0

Thus by uniqueness of the limit, all the f(©)’s coincide on Uy. Hence, as U,
admits a limit point in U, by uniqueness of analytic continuation all the f(*)’s
coincide on the whole U. Denoting f their common value, this entails that

VzeU 3Flim f.(2) = f(2). O

Proposition 6.6. Let T' be a locally finite tree rooted at o. Consider the
monomer-dimer model on the sub-trees T'(r), r € N. Then the functions

x— lim M,(T(2r),0) , x— lim M, (T(2r+1),0)

r—00 r—00

are analytic on R, .

Proof. Set f.(z) := M, (T(2r),0) and ¢,(2) :== M_(T(2r + 1),0). By lemma
(fr)ren is a family of complex analytic functions on H,, and it is uniformly

bounded on every compact subset K C H,:

||
sup | fr(2)] < sup—— <o VreN.
Ze}glf( )] SUD )
On the other hand by proposition one already knows that
V>0 3 lim f(z).

r—00

The result for (f,).en then follows by lemma [6.5l The same reasoning holds for
the sequence (g, )ren. O
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Now we define an important class of random trees. We will prove that for
these trees the previous limits on even and odd depth almost surely coincide at

every monomer activity.

Definition 6.7 (Galton-Watson random tree). Let P = (Py)ren, 0 = (0k)ken
be two probability distributions over N. A Galton-Watson tree T (P, ) is a
random tree rooted at o and defined constructively as follows.

Let A be a random variable with distribution P, let (K, ;);>1,>1 be i.i.d. ran-

dom variables with distribution ¢ and independent of A .
1) Connect the root o to A offspring, which form the 15 generation

2) Connect each node (r, ) in the r*" generation to K.,.; offspring; all together

these nodes form the (r + 1) generation

Repeat recursively the second step for all 7 > 1 and obtain 7 (P, ). We denote
T (P, 0,7) the finite sub-tree of 7 (P, ¢) induced by the first r generations.

A special case of Galton-Watson tree is when o = P, which we simply denote
7T (o) =T (0,0) and T (o,7) := T (0, 0,7) . If instead the offspring distributions
satisfy P := Y 7k Py < 0o and

k+1)P
op = FED By +ﬁ) Bk eN,

we call T(P, ) a unimodular Galton-Watson tree.

In the following when we consider a Galton-Watson tree we suppose it is
defined on the probability space (€2, F,P) and we denote E[-] the expectation
with respect to the measure P. Remember that when the monomer-dimer model
is studied on a random graph G, then the measure ji, is a random measure

and therefore the probability M, (G, o) is a random variable.

Theorem 6.3. Let T (o) be a Galton-Watson tree such that 0 := ), .k ox <

oo . Consider the monomer-dimer model on the finite sub-trees T (o,r), r € N.
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Then almost surely for every x > 0

3 lim M, (7 (o,7),0) =: X(z).

r—00

The random function x — X (x) is almost surely analytic on R, .

The distribution of the random variable X (x) is the only solution supported in

[0, 1] of the following fized point distributional equation:

D x?

At S X
where (X;)ien are i.i.d. copies of X, K has distribution o, (X;)ien and K are

(6.12)

independent.

Proof. To ease the notation we drop the symbol g as 7 := 7 (p) and 7 (r) :=
7 (o,7). By proposition there exist the two limits

XH(x) = lim M,(T(2r),0) , X (z):= lim M,(T(2r +1),0),

moreover 0 < X~ < X* <1 and by proposition the functions x — X (z)
and x — X~ (x) are analytic on R,. The theorem is obtained by the following

lemmas.

Lemma 6.8. Givenz > 0, X (x) and X~ () are both solutions of the following
fixed point distributional equation:
D K H; _1\—1
X = (1 + 2 (@ + Zj:l Xij) 1) ] (6.13)
where (X, j)ijen are i.i.d. copies of X, (H;)ien are i.i.d. with distribution o, K
has distribution o, (X ;)ijen, (H;)ien and K are mutually independent.
We will write u < v to denote “u son of v in the rooted tree (7,0)”. We will
indicate 7, (r) the sub-tree of 7 induced by the vertex u and its descendants until

the r'" generation (starting counting from u). Using lemma and precisely

equation (611]) one finds, with the notations just introduced,

MA(T(2r +2),0) = 1+, (02 + Xy Mo(T(2r +2) —0—v,u)) )
= (14 Xy (2 Sy Me(Tu(20),w)) )7
2 (14 28, (@ 4+ 0 Ma(T5(2r).0) )
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where (7;;(2r)); jen are i.i.d. copies of 7 (2r), independent of (H;);eny and K.
Now since M,(T(2r),0) —>— X*(x), it holds also

M, (T (2r),0) —2— Xt (z),

r—00

and moreover, thanks to the mutual independence of (/\/lx(’];j(Qr),o))ijeN,

(H;)ien , K , by standard probability arguments
D
( (Mx(z,](Qr)a 0))i,j€N’ (Hi)iENa K) E) ((Xi—:rj)i,jEN> (Hi)iENa K) )
where (X;7); jen are ii.d. copies of X*(z), independent of (H;)icn and K.

Then for any bounded continuous function ¢ : [0,1] — R

El¢p(X*(2))] = lim E[¢p(M.(T (2r +2),0))]

r—00

— lmE {qﬁ((l + X (2 D Ma(Ty(2r),0) )_1)]

r—00

a0+ s ) )]

Namely X (x) is a solution of distributional equation (G.13)).

In an analogous way it can be proven that also X ~(z) is a solution of distribu-

tional equation (6.13)).

Lemma 6.9. Almost surely for allx >0 X*(z) = X (x).

By proposition 6.4 X (z) > X~ (x). By lemma 6.8 X (z) and X~ (z) are
both solutions of equation (GI3). Therefore, taking ((X;)ijen, (X;;)ijen)

Lequivalence between convergence in distribution and convergence of the characteristic

functions (e.g. see theorems 26.3 p. 349 and 29.4 p. 383 in [16]) can be used.



Chapter 6. Hard-core interaction on locally tree-like random graphs 109
independent of ((Hi)ieN K ), one obtains:
E[[XT(z) - X (2)]] = E[XT(2)] - E[X " (2)]] =
H; + -1\!
= |E[(1+ X5+ 20 X5 )] +

—E[1+ K @2+ x|

Zz 1(:17 +ZH1 X ) Zz (SL’ +ZH2 X+> H
(1 S+ o X ) (1 S+ 2 X))
K Z ' (X+'_Xi_])
= | K .
o s ) e r e x|

(T E TR X)) T (X5 S X)) T

< S E[SE S0 1xG - X501 = SRl @) - X)),

LU4 2¥)

= [E[

where the last equality is true by independence.

If z > /0, the contraction coefficient is 9°/z* < 1. Therefore for all z > /o
E[|X*(z) — X (2)]] =0, ie. X'(z)=X (2)as.
As Q is countable it follows that
(X*(x) = X(2) ¥ €]y/3. [ NQ) @

Now remind that by proposition X*(x), X~ (z) are analytic functions of

x > 0. Hence, as QQ is dense in R, this entails that
(XT(2)=X"(z) V& >0) as

by uniqueness of the analytic continuation.
As a consequence (3lim,_.oc M, (7 (r),0) = X¥(z) = X~ (z)Vz >0) a.s. We

call X (x) this random analytic function of x.

Lemma 6.10. Given x > 0, the random variable X (x), satisfying the distribu-
tional equation (G.13), satisfies also the distributional equation (G.12).
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Using lemma and precisely equation (6.10), one finds

x? x?

T2y, M(Tr ) —o0) 22y, M(T(r),v)

1.2

1’2 + Zfil Mx(,];(r% O)

Mo (T(r +1),0)

1iS}

Y

where (7;(r));en are i.i.d. copies of 7 (r), independent of K.

Now since M, (7 (r),0) —— X(z) (by definition, which is possible thanks to
lemma [6.9)), it holds also

M (T (r),0) —— X(z),

and moreover, thanks to the independence of (M, (Z;(r), 0))Z.EN, K,

(MoATi(r),0)) 000 K ) —— (Xiiens, K ) ,

where (X;);en are i.i.d. copies of X(z), independent of K.
Then for any bounded continuous function ¢ : [0,1] — R

2

B{o(X(2))) = Jim Elp(Mo(T(r +1).0)] = lim BIo( 5]
= E[cb(mﬂ :

Namely X () is a solution of distributional equation (6.12).

Lemma 6.11. For a given x > 0, the distributional equation (G.12) has a

unique solution supported in [0, 1].

Let Y be a random variable taking values in [0, 1] and such that

D x?

x? + Zfil Y; ’
where (Y;);en are i.i.d. copies of Y, independent of K. Observe that:

Y

113'2

z? + Zfil Y;
all I
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Therefore there exist (Y;);en i.i.d. copies of Y and (M,(7(0),0);)ien i.i.d.
copies of M, (7(0),0) such that

Y < M.(7(0),0); VieN.
Let K’ £ o independent of (Y)ien, (Mz(7(0),0);)ien. Applying the function

z2 L . . .
—————, which is monotonically decreasing in each argument, to each term
224375, (4)] ’

of the previous inequality one finds

x? x?

r? + Zfil M (T(0),0); — 22+ Z;K:ll Y/
all Qall
M, (T (1),0) Y

Therefore there exist (M(7(1),0);)ien 1.1.d. copies of M (7 (1),0) and (Y, )ien

(2

i.i.d. copies of Y such that
M (T(1),0); <Y/ VieN.

Let K” X o independent of (M(T(1),0)i)ien s (Y )ien . Applying the function

(2

2 . . . . .
— . which is monotonically decreasing in each argument, to each term
2243 K0 ()7 )
Yis

of the previous inequality one finds

LU2 LU2
—II S "
w2+ Y 22+ 310 M (T(1),0);
_ll _ll
Y M(T(2),0)

Proceeding with this reasoning one obtains that for any r € N there exist
M (T (r),0)~ 24 M (T (r),0), Y 2 ¥ such that
M (T@2r +1),0)~ < YC+ and YO < M (T(2r),0)~
Ql as r — o0 Ql
X (2) X*(z)
Since by lemma 6.9 X *(z) = X (z) = X(x) a.s., it followg that ¥ 2 X ().
O

2A squeeze theorem for convergence in distribution holds: if X, < Y, Y, < X/,
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Corollary 6.12. Let T (P, 0) be a Galton-Watson tree such thato := ), .k or <
oo . Consider the monomer-dimer model on the sub-trees T (P, o,r), r € N.
Then almost surely for every x > 0

3 lim M, (T (P,p,7),0) =: Y (x).

r—00

The random function x — Y (z) is a.s. analytic on R,.
The distribution of the random variable Y (x) is

1.2

Y2 — 2
) x? + Zle Xi

where A has distribution P and is independent of (X;)ien, (Xi)ien are i.i.d.
copies of X, the distribution of X is the only solution supported in [0, 1] of the

following fixed point distributional equation:

LL’2

P
LL’2 + Zi:l XZ

where K has distribution o and is independent of (X;);en-

Proof. We drop the symbols P, g as 7* := T (P, p) and T*(r) := T (P, o,7).
Observe that 7*—o = | |, 7, and the random trees (7,f),—, are i.i.d. Galton-

V0o v v

Watson trees of the type 7 (o). Using lemma

x? x?

T, M(T (1) —o00) a2y, M(Tr(r),v)

Mo (T (r +1),0)

By theorem for any v son of o, lim, .. M,(7(r),0) almost surely ex-
ists, it is analytic, and its distribution satisfies equation (GIZ2). Therefore

YHEYAEonrallneNanan#X, X;L#Xthenygx.

To prove it work with the CDFs: Fx/(z) < Fy:(z) = Fy, () < Fx,(z) Vz € R,
Fx: (x) — Fx(z) and Fx, (z) — Fx(z) for every x continuity point of Fx. Since
Fy: = Fy, = Fy, by the classical squeeze theorem it follows that Fy (z) = Fx(x) for every x

continuity point of Fx. Now since F'x and Fy are right-continuous and the continuity points

of Fx are dense in R, one concludes that Fy = Fx.
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lim, o M.(77*(r),0) almost surely exists and is analytic, in fact

2

x
li (T*(r),0) = ,
TLHQOM (T7(r),0) 22+ 3, limyoo Mo (T (r), v)
b
x? + Zle X
where (X;);en are i.i.d. copies of the solution supported in [0, 1] of equation
(612)) , A has distribution P and is independent of (X;);en - O

Corollary 6.13. In the hypothesis of corollary [6.13, almost surely for every
z e Hy
3 lim M (T (P, o,7),0) =Y (2).

The random function z — Y (z) is almost surely analytic on H, and the con-

vergence is uniform on compact subsets of H .

Proof. Set f.(2) := M,(T(P,p,7),0). By lemma (fr)ren 18 a sequence of
complex analytic functions on H,, uniformly bounded on compact subsets. On
the other hand by corollary (fr)ren a.s. converges pointwise on R, . Then
the result follows from lemma [6.5. O

6.3 From trees to graphs

Let G, = (Vi,, ), n € N be a sequence of finite random graphs, defined
on a probability space (€2, F,P). We introduce now the main class of graphs
studied in this paper. The idea is to fix a radius r and draw a vertex v uniformly
at random from the graph G,: for n large enough we want a large fraction of

the balls [G,,, v], to be (truncated) Galton-Watson trees.

Definition 6.14 (Locally tree-like random graphs). The random graphs se-

quence (G, )nen locally converges to the unimodular Galton-Watson tree 7 (P, o)

if for any r € N and for any (7', 0) finite rooted tree with at most r generations
]_ a.s.

— > 1[G, 0], = (T,0)) 2 P(T(P,0,7) (T, 0)) . (6.14)

| n | n—~o0
’UGVn
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Here = denotes the isomorphism relation between rooted graphs.
Remark 6.15. The following statements are equivalent:

i. (Gpn)nen locally converges to 7 (P, o)

ii. a.s. for all » € N and (7', 0) finite rooted tree with at most r generations

7] > U([Gul = (T,0) —— B(T(P.o,r) = (T,0))

iii. a.s. for all r € N and F bounded function, invariant under rooted graph

isomorphisms,
1 .
A 1%; F([Gn,v]r) 1([Gp, v], is a tree) — E[F(T(P, 0, r))}

iv. a.s. for all € N and (B, o) finite rooted graph with radius <r

A > 1([Gu 0] = (B.0)) —— P(T(Po,r) = (B,0))

v. a.s. for all » € N and F' bounded function, invariant under rooted graph
isomorphisms,

1
[Val

(]

F([Gp,v],) —— E[F(T(P,o,7))]

n—oo
veEV,

Observe that local convergence of random graphs (G,,),en to the random tree
T (P, p) is, in measure theory language, a.s.—weak convergence of random mea-

sures (Vpn)nen to the measure v, for all » € N, where:

v.(B,o) == P(T(P,0,7) = (B,0)) Y(B,o)€¥(r).

and ¥(r) is the countable set of finite rooted graphs with radius < r, consid-
ered up to isomorphism. From this point of view, this remark gives different
characterisations of the weak convergence of measures, valid in general for mea-

sures defined on a discrete countable set (in particular the equivalences ii < i
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and iv < v can be seen as consequences of the Portmanteau theorem, e.g. see

theorem 2.1 pl6 in [I7]).

Remark 6.16. In a graph G the degree of a vertex v, denoted deg(v), is the
number of neighbours of v. If (G),)nen locally converges to 7 (P, o), then P is
the empirical degree distribution of GG, in the limit n — oo. Indeed the degree
is a local function (degg(v) = degq,, (v)) and clearly an indicator function is

bounded, hence by remark [6.15] almost surely for every £ € N

1
7] 2 1dega,(v) = k) = Pldegr(p,0) = k) = Pi.

VeV

Definition 6.17. The random graphs sequence (G, ),en is uniformly sparse if

Z degg, (v) 1(degg (v) >1) = 0 a.s.

veEV,

lim 1 1
1m 11m su

Remark 6.18. If (G,,),en is uniformly sparse and locally convergent to 7 (P, ),

|En|

1 —
—— - P a.s.
|Va| n—oo 2
To prove it write 2 ‘|€:|‘ = ﬁ > vev, degg, (v), then fix I € N and split the

right-hand sum in two parts, concerning the degrees respectively smaller and

grater than [. To the first part we may apply the local convergence hypothesis

(remark [6.15]):

1 a.s.
m E degg, (v) L(degg, (v) < 1) IR Eldegr(pq(0) L(degr(p,)(0) < 1]
" ovev,

—— Eldegr (o)) = P.

[—0o0

To the second part we apply the uniform sparsity hypothesis:

1
lim lim sup

Z degg (v) 1(degg (v) > 1+1) = 0 a.s.

veEV,
Example 6.19. An Erdds-Rényi random graph G,, is a graph with n vertices,
where each pair of vertices is linked by an edge independently with probability

¢/n. The sequence (G,)nen is uniformly sparse and locally converges to the
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unimodular Galton-Watson tree 7 (P, 9) with P = p = Poisson(c). For proof

and further examples see [27,26].

We are now able to prove the main result of this chapter.

Proof of the Theorem[6.1. Set T*:=T (P, o) and T*(r) := T (P, o,7).
Let r € Nand v € V,,. If [G,, v]ar41 is a tree, then lemma [6.3 permits to localize
the problem:

< M ([Gh,y v)or, v) 1([Gr, v]2r41 is a tree)
M (Gp,v) 1([Gy, v]or41 is a tree)

> M ([Gr,v)2rt1,v) 1[G, v]or41 i a tree)

Now work with the right-hand bounds and take the averages over a uniformly
chosen vertex v. First let n — oo using the hypothesis of local convergence
(see remark [6.15]) and then let 7 — oo using the results on Galton-Watson trees

(corollary [6.12) and dominated convergence: almost surely for all = > 0

. Z Mm([Gm U]27‘7U) ]l([Gn,U]ng is a tree) —

‘ n| veEVR o
E[Mo(T*(2r),0)] N\ E[Y()]
and similarly
7 2 Mel(Gatharss ) LG a2 ) —
veEVR
E[M,(T*(2r +1),0)] / E[Y(x)].

On the other hand observe that a.s. for all z > 0

Z M ”’ |V | Z M na [Gn, U]2r+1 is a tree)} <

|V | vEVR veEVL
v Z 1-— Vary11s a tree) ) — 1—P(7T*(2r+1)is atree) = 0.
" vev,

Therefore, reasoning with liminf and lim sup, one finds that almost surely for
all x > 0 there exists

g&ﬁ Z M, (G, v) = E[Y (z)] .
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Remembering the identity (6.9]), the proof is concluded, except for the analyt-
icity of x +— E[Y (x)] which will follow from the next corollary. O

Corollary 6.20. In the hypothesis of theorem[6.1, almost surely for all z € H

mea,(2) —— E[Y(2)], (6.15)

n—oo

where the random variable Y (z) is defined in corollary[GI3. The function z —
E[Y (2)] is analytic on Hy and the convergence is uniform on compact subsets

of Hy . As a consequence almost surely for all k > 1 and z € H

& () d"' E[Y(2)
dzk """ '

(6.16)

n—oo dzk-1 z

Proof. By lemma (mga, Jnen is a sequence of complex analytic functions on

H., , which is uniformly bounded on compact subsets K C H:

Z sup |M,(G,,0)| < sup 12

2€K zek N(2)

sup |mg, (2)| < <oo VneN,

zeK | n| vev,

On the other hand by theorem [6.1] (mg, (%) )nen a.s. converges pointwise on R

to E[Y (x)]. Then lemma [6.5] applies: E[Y (z)] is analytic in z € H; and a.s.

me, (2) —— E[Y(z)] uniformly in z € K for every compact K C H,.

This entails also the convergence of derivatives (e.g. see theorem 1.2 p. 157

in [69]). 0

The existence and analyticity of the monomer density in the thermodynamic
limit entails the same properties for the pressure per particle. Only the addi-

tional assumption of uniform sparsity is required.

Corollary 6.21. Let (G,,)nen be a sequence of random graphs, which:
i. 1s locally convergent to the unimodular Galton-Watson tree T (P, o);
it. has asymptotic degree distribution P with finite second moment;

111. s uniformly sparse.
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Then almost surely for every x > 0

pona) — pla)+ [ o (6.17)

n—oo

where a > 0 is arbitrary, p(a) = lim, . pg, (a) a.s., and Y (t) is the random

variable defined in theorem [G1.

The function x — p(a) + [ w dt is analytic on R .

Proof. From theorem [6.1], using the fundamental theorem of calculus and dom-
inated convergence, it follows immediately that a.s. for every x > 0, a > 0

V()]

P (6.18)

pG,(r) — pa,(a) = gf" (t) dt —— / [

a

By theorem the function z +— E[Y (x)] is analytic on R, therefore the
integral function x — fax w dt is analytic on R too.

To conclude it remains to prove that almost surely for all x > 0
3 lim pg, (x) .
Use the bounds for the pressure of remark to estimate

< pg, (x) —loga

pa, () = pa,(a) (6.19)

> pGn(x) o 1Oga - ‘|€:“ log(l + é)

Put together (618), (6.19), remind |E,|/|V,| —>- P/2 and obtain that a.s.

forall z >0

B (1),
R

liminf pg, () > loga—l—/

n—oo

P 1 TRY (¢
limsup pg, (z) < loga+§ 1og(1+?)+/ [t( ) de .

Therefore a.s. for all z > 0

P 1
0 < limsuppg, (z) — liminfpg, (z) < — log(l+ =) —— 0,

n— o0 o 2 a2 a— 00

which entails existence of lim,,_,, pg, () and completes the proof. O
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Corollary 6.22. In the hypothesis of corollary [6.21, if P > 0, almost surely
the pressure density lim,, .o pg, S an analytic function of the monomer density

lim,, oo mg,, -

Proof. Set p, = pg, , p :=1lim,_ p, and m,, 1= mg,,, m := lim,,_ . M.

By theorem and corollary on an event of probability 1 the monomer
density m and the pressure p are analytic functions of the monomer activity
x > 0. Now a direct computation shows that

(IM(D)P)cna = (IMD))E,

om,,
>
V2l

x@x

(z) =

But a more precise lower bound is provided by theorems 7.3 and 7.6 in [55]:

om,, Vol 2 2 |E,
1 - n d 1 - n Z ’
T (x) > T 2® (1 —my(2))” an mn () R DA
hence
om,, 4z°  |E,] 22%
> P.
e (z) 2 (22 +2)2 |V,| nooo (2242)2
By corollary [6.20] it follows:
om 2722
- > — =P >0.
o (z) 2 (22 4 2)2

Thus m is an analytic function of x with non-zero derivative, so that it is
invertible and its inverse is analytic (e.g. see theorem 6.1 p. 76 of [69]). In
other words = can be seen as an analytic function of m. Since the composition
of analytic functions is analytic, it is proved that p is an analytic function of

m. ] ]
We are ready to proof the second main theorem of this chapter.

Proof of the Theorem[6.4. By theorem [6.1]and corollary[6.2T] one already knows

Opc.,
oz

that almost surely there exist lim,, .., x (x) =:m(z) and lim, . pg, () =:

p(z) and that

p(z) = pla) + / ’ @ dt, ie = %(;ﬁ) = m(z) . (6.20)
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Applying remark 2.5 to GG,, and passing to the limit exploiting remark [6.18] one

obtains the following bounds

P 1
logz < p(z) < logx—l—g log(1+§), thus lim p(z)—logz =0. (6.21)

r—-+00
Now set

() = Eflog (r+ Y- 0] — © Ellog (14 21 22)]

- xT
=1

In order to prove that p(z) = p(x) it will suffice to show that p shares the two

previous properties. Hence split the proof in two lemmas.

Lemma 6.23. For every x > 0

Ip
e (x) = m(x) .

The random complex function z — X(z) = lim, o M,(7 (g,7),0) is a.s.

analytic on H by corollary [6.13] and it is bounded by a deterministic function

by lemmal[6.IF | X (z)] < §R|(Zz|) . As a consequence also its derivative at zy € H is
bounded by a deterministic constant, precisely fixing r > 0 such that B(zy,r) C

H, the integral representation (e.g. see theorem 7.3 p. 128 in [69]) gives

dX 1 X 1

——(20)| = ‘—/ idz‘ < — max 2 =:c(2) .
T k)

It follows that the random functions under expectation in the expression of p

are differentiable with integrable derivatives:

9 =X, YR (2 X v+ Ac(x) + 1
}x%log(:):+2?)‘:} IZJF—;A%&QC)}S (:E() 2) c I\(P).
i=1 i=1 &z
0 Xy Xoy R GR2 0P 11
2 gplos (L = D) = 12w | < 2(@) = + 2.

Thus one may apply Lebesgue’s dominated convergence theorem and take the

derivative under expectation, finding:

O, [t ELE %)) P oremminom_ynu
x;@%— A X, Y pep e
€ $+Zi:1? 1+xm
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Now reordering terms and setting

hm —E[-EEE ] 4 PE[ ]
DY 1+ 55
A 9X; X1 0Xa
b—E[Elw} ]
x—i_Zz 1 z + x T
one may write :c = Iy + I; + I. Observe that Iy = m(x) by theorem

Then showing that I; = I, = 0 will prove the lemma.

Start proving that Iy = 0. First condition on the values of A, use the fact that
(Xi)ien are ii.d. and independent of A and K, and exploit the hypothesis of
unimodularity (i.e. d P; = Pog_, ¥d > 1):

ZAlﬁ o) d X, 0o Xq
E[—Z=le ] = E[—= P =Y dE[—=— P
[95"'2?:1%] dZ:O; [$+Z?:1%] ’ dZ:o [954’2?:1%] ’

> Xq o XK1
— N PE[——* g, = PE[— 2 ],

2Bl ] e = PR e

. D _
then exploit the fact that X/z = (z + 3.5, X, /x)~!

o XK+1 . & o &&
PE[—I%—ZKH‘?} = PE[—(%)_ijL%} = PE[ﬁ}

This proves I; = 0. An analogous reasoning proves that I, = 0; one should
only observe that the family of couples (X, aaz )ien can be chosen i.i.d. and

independent of A and K (it suffices to work on i.i.d. trees (7 (9);)ien)-

Lemma 6.24.

lim p(x) —logz =0.

T——+00

A direct computation and the dominated convergence theorem give

Xi
2

X7 X,
; 1

A —_—
B P
p(z) —logz = Ellog (1+ ) —)] - 5 Ellog (1+ —5—)] —
=1

indeed the function x — X (z)/x is bounded in [0, 1] for all x > 1.
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Now lemmas [6.23] [6.24] together with formulae (6.:20)), (6.21]) allow immediately

to conclude the proof of the theorem:

o) =pta) = [ " ar = o) ) =

p(z) —p(a) +loga = p(z) —p(a) +loga = p(z)=p(z) . O
S———— S———
— 0 as a—00 — 0 as a—o0

6.4 Numerical estimates

To conclude we consider the particular case when the graphs sequence (G,)nen
locally converges to 7 (P, ¢) with P = ¢ = Poisson(2) (e.g. this is the case of
G, Erdés-Rényi with ¢ = 2), and we show an approximate plot of the monomer

density m(z) := lim mg, (z).

mpnomer density —-
sk

complete graph =8

depth 4 7

06

depth 6

binary tree

depth 3

021y //

monomer activity x

Figure 6.1: The figure displays upper (even depths) and lower (odd depths)
bounds for the monomer density m versus the monomer activity z, in the Erdds-
Rényi case with ¢ = 2. The binary tree (continuous line) and the complete graph

(dashed line) cases (treated in [55]) are also shown.

We describe briefly how to obtain it. The distributional recursion X =2

2?/(z2 + I, X;) with K ~ P = Poisson(2) is iterated a finite number r of
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times with initial values X; = 1. The obtained random variable X (r) represents
the monomer density on a truncated Galton-Watson tree 7 (P, P,r) (lemma
6.1). If X is the fixed point of the equation, we know that X(2r) \, X,
X(2r+1) / X as r — oo (proposition [6.4], theorem [6.3) and that E[X] is the
asymptotic monomer density on (G, )nen (theorem [6.1).

For values of x = 0.01, 0.1, 0.2, ..., 2, the random variables X (r), r = 3, 4, 5, 6
are simulated numerically 10000 times and an empirical mean is done in order
to approximate E[X (7)]. The results are plotted as circles, squares, diamonds,
triangles connected by straight lines.

The dot at 0.216074 on the vertical axes corresponds to the exact value of the
monomer density when the monomer activity x — 0, supplied by the Karp-
Sipser formula [63] or by its extension due to Bordenave, Lelarge, Salez [18§].
Therefore the graph of the monomer density = — E[X] = nh_)rrolo me, (x) starts

from (0, 0.216074) and lays between the diamonds and triangles curves.
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Chapter 7

A liquid crystal model on the
2D-lattice

This chapter is based on the work [3]. We study a particular monomer-dimer
model with hard-core and imitative interactions on the 2-dimensional
lattic Z?. This model favours one orientation of the dimers (e.g. the hori-
zontal one), both via a chemical potential and via a short-range imitation: we
choose different potentials uy,, ., for horizontal and vertical dimers and we con-
sider an imitation potential J > 0 for pairs of neighbouring collinear dimers.
We prove that when the parameters satisfy

> (7.1)

pn > —J and ,uv<—2

the system has the properties of a liquid crystal: namely, at low temperatures,
it displays a long-range order in the orientation of its molecules, while there is
no complete ordering in their positions. In other words: clearly the choice of the
dimer potentials results in more horizontal than vertical dimers, on the other
hand a local perturbation of the system does not influence the position (left or

right) of the horizontal dimer attached to a distant vertex.

By the lattice Z2, we mean the graph with vertex set Z? and edge set F(Z?) composed

by the pairs of vertices having euclidean distance 1

125
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Onsager [80] was the first to propose hard-rods models in order to explain
the existence of liquid crystals. In 1979 Heilmann and Lieb [57] proposed two
monomer-dimer models (named I and IT) on the lattice Z?, where short-range
attractive interactions among parallel dimers are considered beyond the hard-
core interaction. They claimed that these systems are liquid crystals. In par-
ticular they proved the presence of a phase transition, by means of a reflection
positivity argument [41]: at low temperature there is orientational order. More-
over they conjectured the absence of complete translational ordering for their
models. A proof of this conjecture for the model I was announced in [57] by
Heilmann and Kjaer, but never appeared. Letawe, in her thesis [72], claimed
to prove the conjecture by cluster expansion methods, but some proofs are
missing and the result was not published. Numerical simulations related to
the Heilmann-Lieb conjecture are performed in [83]. We also mention that,
in absence of attractive interaction, systems of sufficiently long hard-rods were
proved to display a phase transition and behave like liquid crystals by Disertori
and Giuliani [32], using a two scales cluster expansion and the Pirogov-Sinai
theory. In presence of attractive interaction, but without monomers, a quantum
dimer model was recently proved to have a crystalline phase by Giuliani and
Lieb [46]. Our result is in agreement with the Heilmann-Lieb conjecture. Indeed
the model studied in this chapter is obtained from the model I of Heilmann and

Lieb [57], but while they suppose
Uh = fy =2 4 and > —J ’ (72)

we assume very different horizontal and vertical potentials as in ([ZI). This
choice of the parameters allows us to work with cluster expansion methods, by
defining our polymers starting from regions of vertical dimers, instead of con-

tours.

A monomer-dimer configuration on the lattice Z? is represented by an oc-
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cupation vector a € {0, I}E(ZQ) satisfying the hard-core constraint

Z Ay <1 Vo eZ®. (7.3)

y: (z,y)€E(Z?)

Dimers on Z? may have two different orientations: vertical (v-dimers) or hori-
zontal (h-dimers), according to the orientation of the occupied edge. Let A be
a finite sub-lattice of Z2. Consider a horizontal boundary conditionlj, namely we
assume that every site of Z? \ A has a h-dimers (with either free or fixed posi-
tions). Denote by 28 the set of monomer-dimer configurations on A (we allow
also dimers toward the exteriorH) which are compatible with the selected hor-

izontal boundary condition. The Hamiltonian, or energy, of a monomer-dimer

configuration is defined as

ntJ sites of A with h — sites of A with
Hy = b #{ Il .
2 monomer 2 v-dimer
sites of A with h-dimer sites of A with v-dimer
+ 3 #1< but h-neighbor also to a v- ¢ + #1< but v-neighbor also to a h-
dimer or a monomer dimer or a monomer
(7.4)
We assume that the parameters appearing in the Hamiltonian satisfy
o > —J,  pn >y, J>0. (7.5)

In this way, if the horizontal boundary condition with free positions is ChOSGHH,
then the ground states in 2} (i.e. the configurations minimizing the energy
under the given condition) are exactly the configurations where every site has
a h-dimer. The partition function of the system is

Zy =) el (7.6)

ae@k

2The external boundary of A is A := {x € Z? \ A |z neighbor of y € A}. The internal
boundary of A is instead A = ™A := {z € A|x neighbor of y € Z? \ A}. We set A :=

AUG™A.
3Namely we allow dimers having one endpoint in A and one in Z2 \ A.
4 Also fixed positions work, provided that the positions of the two h-dimers at the endpoints

of each horizontal line of A allow a pure dimer configuration on that line.
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where the parameter § > 0 is the inverse temperature.

Remark 7.1. We want to show that the Hamiltonian ((T4]) essentially corre-
sponds to the model I introduced by Heilmann and Lieb in [57], except for
the important fact that we allow the horizontal and vertical dimer potentials
tn, by to be different, while they take p, = py = . We can introduce another
Hamiltonian (that maybe is written in a more natural way; see fig[T.1]):

fN[A = — pp #{h-dimers in A } — py #{v-dimersin A } +
_ J#{pairs of neighboring} (7'7)

collinear dimers in A

= 2 e )2 e ()2 oot - -Hy My

Figure 7.1: The same monomer-dimer configuration on the lattice A and the
corresponding energies in accordance to the Hamiltonian (4] (on the left) and
to the Hamiltonian (7)) (on the right). A horizontal boundary condition is
drawn in grey.

The monomer-dimer model I in [57] is given by the Hamiltonian (7.7)) with
Un = iy = i, when A is a rectangular lattice of even sides lengths with periodic
boundary conditions (torus). It is easy to show that when A is a torus the two
Hamiltonians (7.4]), (7.7)) describe the same model; indeed they only differ by

an additive constant which does not affect the Gibbs measure:

fn +J
2

Hy + IA| = Hy (7.8)
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since
sites in A with
|A| — 2 #{b-dimersin A } = |A| — #{ } =
h-dimer
sites in A with sites in A with
monomer v-dimer
sites in A with
2 #{v-dimersin A } = #{ } ;
v-dimer
sites in A with h-dimer (v-dimer)
airs of mneighborin
|A| — 2 # P & Bl |A| — #< and h-neighbor (v-neighbor) to an- » =
collinear dimers in A

other h-dimer (v-dimer)
sites in A with h-dimer (v-dimer)

} + #4 and h-neighbor (v-neighbor) also to

# sites in A with
monomer

something different

On the other hand when A has horizontal boundary conditions the two Hamil-

tonians (7.4)), (7.7)) are not exactly equivalent. Indeed it hold

. . . int S
Hy + pn + J Al + J #{31tes in O AWlth} _u, (7.9)

2 2 out h-dimer

when the following conventions are adopted in the definition ([.7): if only half
a dimer is in A while the other half is in Z?\ A, it counts %; if only one dimer of
a pair of neighboring collinear dimers is in A, while the other one is in Z? \ A,

. . 1
this pair counts 5.

The monomer-dimer model that we have introduced, in a certain region
of the parameters corresponding to large horizontal potential, small vertical
potential and low temperature, behaves like a liquid crystal. This means that
the model exhibits an order in the orientation of the molecules (dimers), while
there is no complete order in their positions.

The following results will give a precise mathematical meaning to these
statements. First we introduce some observables attached to the sites, asking

questions as “Is there a horizontal dimer at site x?”, “If so, is it positioned to

50y, On denote respectively the vertical, horizontal component of the boundary; e.g. 9, A =

{z € A |z h-neighbor of y € Z* \ A} and 9, A := {x € A |z v-neighbor of y € Z?\ A}.
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the left or to the right of 7”. To measure the absence or presence of some kind
of order, at a microscopic level we study the expectations and the covariances
of these quantities according to the Gibbs measure, while at a macroscopic level
we introduce a suitable order parameter and study its expectation and possibly
its variance.

Define the following local observableﬂ

fop =1 (:B has a h—dimer) . few =1 (:E has a V-dimer) : (7.10)

fz =1 (:)3 has a left-dimer) . frw =1 (9: has a right—dimer) ) (7.11)

Clearly fu. = fiz + fir and fu, + fyvo < 1. In the following we denote the

Gibbs expectation of any observable f by

k= g 2 Slaeme),

ae@k

We denote by N the minimal distance between any two vertical components
of the boundary of A and our only assumption on the shape of A is that N — oo
as A /' Z*. To fix ideas one could think that A is a rectangle (in this case N
would be simply its horizontal side length), but actually we will need to consider
also non-simply connected regions.

There exists fy > 0 depending on py, fiy, J only and Ny(3) depending on
B, pn, J only such that the following results hold true.

Theorem 7.1 (Microscopic expectations). Assume that J >0, u,+J > 0 and
21y +5J < 0. Let 8> By. Let A C Z? finite having N > No(B). Let x € A
such that disty(x,ON) > No(5). Then

1 _ﬁ“h;‘l 1 _ﬁll«h;J

<f1,x>]/n\ > s —e ) <fr,:c>]?\ > 5 —e€

: : (7.12)

SWhen the expectation of the order parameter is zero but the variance is not, a small

perturbation can lead to a spontaneous order of the system.
“"We say that the site = has a left-dimer if there is a dimer on the bond (x, x — (1, O)) ,a

right-dimer if there is a dimer on the bond (:v, x4+ (1, 0)) .
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As a consequence.

prtd
2

(foa)h = 1—2€7" (7.13)

Pt

| (fra)h — (fa)h | < 27775 . (7.14)

Theorem 7.2 (Microscopic covariances). Assume that J >0, puy + J > 0 and
24y +5J < 0. Let 3> By. Let N C Z? finite such that N > No(3). Let z,y € A
such that disty(z, OA) > No(B), disty(y, OA) > No(F) and disty(x,y) > No(B).
Then:

9m — 2 (dis z,y)—
[(fz fa)h — (fa)i ()i < T 1 (distz2(2,9)=1) (7.15)
9m - (dis z,y)—
‘<.fr,x fr,y>}/1X - <.fr,:c>]/ﬂ\ <.fr,y>]/ﬂ\‘ < ﬁ € 7 (distz2 (@y)—1) R (716)
h h h I _m(distp (2,9)-1)
‘<fl,:v fr,y>A - <f1,m>A <fr7y>A‘ < 16 e ! e . (7.17)

The definition of m is clarified in the Appendiz (lemma[7.15); anyway it can be

sy +3J

sufficient to know that m = e %2 (14 0(1)) as 8 — .

The density of lattice sites occupied by h-dimers/v-dimers is respectively:

1 1
Vh = m Z fh,x y W= m Z fv,x . (718)

TEN TEA

A parameter measuring the orientational order of the dimers is
Aorient. = Vh = Uy (719)

Corollary 7.2 (Orientational Order Parameter). Assume that J > 0, p,+J >
0 and 2u, +5J < 0. Let 3 > fy. Let A C Z? finite, having N > 2 No(3) . Then

N, m
<Aoricnt.>}1{ Z (1 -2 %) (1 - 46_5 };J) . (720)
Hence
lim liminf (Agent)s = 1. (7.21)

B/ A 72



132

The corollary [7.2] shows that fixing 3 sufficiently large and then choosing A
sufficiently big (more precisely the distance N between vertical components of
OA must be large enough), the average density of sites occupied by h-dimers is
arbitrarily close to 1: in other terms the system is oriented along the horizontal
direction. The majority of sites is occupied by h-dimers. But there can still be
some freedom, indeed we may distinguish the h-dimers in two classes according
to their positions: a h-dimer is called even (resp. odd) if its left endpoint has
even (resp. odd) horizontal coordinate. The density of lattice sites occupied by

even/odd h-dimers is respectively:

1 2
Veven = W Z ]l(:c has an even h—dimer) = m Z frw s
zEA ' TEA
1 2 £heve11 (7‘22)
Vodd 1= W Z ]l(x has an odd h—dimer) = m Z fiz -
TzEA zEA
L'h even
A parameter measuring the translational order of the h-dimers is
Atransl. = Veven — Vodd - (723>

Corollary 7.3 (Translational Order Parameter. Part I). Assume that J > 0,
pn +J > 0 and 2uy +5J < 0. Let B > [By. Let A C Z* finite such that
N > 2Ny(B). Then

N (6) _akptJ N (ﬂ)
h 0 fad i 0
‘<Atransl.>/\‘ S <1 - 2T) 26 p 2 + 2 N (724)
Hence
lim limsup [(Aganst)a| = 0. (7.25)

B0 A jp2
Corollary 7.4 (Translational Order Parameter. Part II). Assume that J > 0,
pn +J > 0 and 2uy +5J < 0. Let B > [y. Let A C Z* finite such that
N > 2Ny(3). Then

2\h 2 1 9m Ny N,
<(Atransl.) >A - (<Atransl.>]/n\) < W a _6_%)2 + ]\(fﬁ) (6—8 ;fﬂ)) ‘

(7.26)



Chapter 7. A liquid crystal model on the 2D-lattice 133
Hence for fixed B > [y

. h 2
All/Il’Zl2 <(Atransl.)2>A - (<Atransl.>}1{) =0. (727>

The corollaries[7.3], [7.4lshow that fixing [ sufficiently large and then choosing
A sufficiently big (in particular the distance between different components of 0, A
must be big enough), the mean value and the variance of the difference between
the density of even h-dimers and the density of odd h-dimers are arbitrarily
close to zero. In other terms, at large but finite 3, there is not a spontaneous

translational order for the h-dimers.

Remark 7.5. The bounds (Z.24)) hold for any kind of horizontal boundary
conditions, but in some particular cases it is possible to obtain a better result
by a symmetry argument. Assume that A is a rectangle with N + 1 sites in
each horizontal side. If N + 1 is odd, by choosing horizontal dimers with free

positions at the boundary one obtains

<Atransl.>?\ — <Veven>?\ - <Vodd>}/l\ =0 (728)

for all parameters 3, J, uy, py. To prove it consider the reflection on A with

respect to the vertical axis at distance % from O,A: this transformation in-
duces a bijection T: 2% — P4 . Tt is easy to check that Hy(T(a)) = Hy(a),
Veven (T'(@0)) = Voaa (@) ; Voaa(T()) = Veyen () for all a € 2}

On the other hand if N + 1 is even, by choosing periodic boundary conditions

one still obtains

<Atransl.>RCr. =0 (729)

for all parameters (3, J, uy, ity . To prove it one can consider the reflection on

% from each other: it induces

A with respect to two vertical axis at distance

a bijection from Z;" to itself having all the previous properties.
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7.1 Polymer representation

In this section we show how to rewrite the partition function Z} as a poly-
mer partition function of type (Z.94). This representation will be suitable for
applying the cluster expansion machinery (see Appendix [ZH) in a regime of
large horizontal potential, small vertical potential and low temperature.

We start by isolating the “few” vertical dimers. Associate to each monomer-

dimer configuration o € 2} the set
V =V(«a) :={z € A | x has a v-dimer according to a} .

Partition V into its connected components (as a sub-graph of the latticeH 7?):

V=S . SieAVi , distz(S;,S) > 1Vi#j

i=1
where the family ., is defined by

def

Sec. s & SCA, S#D, S connected (as a sub-graph of Z?)
every maximal vertical segment of S has an even number
of sites | (7.30)
S does not contains those sites of 9™ A that necessarily
have a h-dimer because of the boundary conditions.
The knowledge of the set V' (or equivalently of Sy, ..., S,) does not determine
completely the configuration a of the system, since on A \ V' there can be both
h-dimers and monomers. Anyway a fundamental feature of the model is that

the system on A\ V' can be partitioned into independent 1-dimensional systems.

Introduce the family £, (V') defined by

LeZ\(V) & I is a maximal horizontal line of A \V. (7.31)

80n any graph the distance between two objects is defined as the length of the shortest
path connecting them. In particular distzz (S, S’) := inf,cs, s distzz (z,y) for all S, S’ C Z?
and distgz (z,y) := |2n — yn| + |y — | for all 2 = (zn,2¢), ¥y = (yn,yv) € Z2.
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The Hamiltonian (7.4) rewrites as

- - Mv J J
Hy = Z (:uh . H |S;| + 5 |OwS;| + ) ‘&,Siﬁal\‘) +
i=1

sites of L with h-dimer

J ites of L with J
+ Z LI #{Sl e b } + 5 #< but h-neighbor also to a

monomer
LeZp (Ui S:) monomer or to U;S;

Hence the partition function (Z.6]) rewrites as (see fig[7.2])

1 - Hh — bV J J
h _ —B( V18| + £16,5:| + £]8S:NA]
Zy = E o E | | e (%3 21% 2 ) | | Zr

n>0  S1,..,5.€5 i=1 LeZ (Ui S;)
diSt(Si,Sj)>1Vi7ﬁj
(7.32)
where 7 is the monomer-dimer partition function of the line L, considered as

a sub-lattice of the 1-dimensional lattice Z, with suitable boundary conditions:

Zp = Z e PHL(aL) ohe(a) olrar(aer) (7‘33)

ar €9y,

An explanation of the notations introduced in (7.33)) is required. Z; denotes
the set of monomer-dimer configurations on L (dimers can only be horizontal,

external dimers at the endpoints of L are allowed);

sites of L with dimer

J .
+ 3 # < but h-neighbor also to a p ;

HLZ 5

monomer

Mty + J sites of L with
— o
monomer

x1, T, denote respectiVjér the left, right endpoint of the line L (which eventually

may coincide): observel that because of (.31)

U =@ = ((ui a;xtsi)mA) L (alA\uialsi), (7.34)

LeZp(UiSs)

U =) = ((u,. afxts,.)m\) L (&A\U,ﬁr&); (7.35)

Le £\ (U;S5)

981, O, denote respectively the left, right component of the vertical boundary; e.g. dA =
{r e Alz—(1,0) € Z>\ A} and 6, A := {z € Az + (1,0) € Z? \ A}.
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Figure 7.2: A monomer-dimer configuration on A and the corresponding regions
S1,S2,53 and lines Ly, ..., L5 € £\ (U;S;). Given the positions of the regions,
the configurations on the lines are mutually independent: the arrows represent

the energy contributions of type J/2. A horizontal boundary condition is drawn.

ﬁnall

if 21 € U; antSi = Il,acl = (—oo _ﬁ% O)
if ;m; € A, on x;—(1,0) it is fixed a l-dimer = I, = (—oo 0 _5%)
if 1 € AA, on 2;—(1,0) it is fixed a r-dimer = 1), = (0 — 00 —oo)

if z; € A, on 2;—(1,0) there is a free h-dimer = 1, = (0 0 _ﬁ%)

10The possible states of a site x € L are three: “I”=left-dimer namely a dimer on
the bond (m,x — (1,0)), “r” =right-dimer namely a dimer on the bond (m,x + (1,0)),

“ 7

m”=monomer. Here we think [, , I, ;. as vectors: I, = (Ilm(l) L g (1) Ilm(m))

and s, = (Lo, (1) Ton, (1) o (m)) -
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and, similarly,

3 ext o
if v, € U; 078 = Ly, = <_/5% — 00 0>
if x, € O, A, on z,+(1,0) it is fixed a r-dimer = I, = (0 —oc0 _ﬁ%)

if z, € O, A, on x,+(1,0) it is fixed a l-dimer = [, == (—c0 0 —oo)

A~

if , € O, A, on z,+(1,0) there is a free h-dimer = I, == (0 0 _ﬂ%> :
(7.37)

The 1-dimensional systems described by Zp, L € £, (U;S;), are studied in the
Appendix [74

In the form (Z32) of Z%, the weight of the regions (Si,...,S,) is not a
product of the weights of each region S;, because of the lines L connecting
different regions. Therefore the regions 5; € %, are not a good choice for a
polymer representation of the model. In order to decouple some regions from
some other ones, it is possible to do a simple trick. It is convenient to deal in
different ways with the endpoints lying on 9°*S; and those on JA; hence given
a line L € £ (U;S;) we set

floy =1 (11 € (U 07S) NA) L iy o= 1— e, 20 1 (1) € (BA) \ U; A1)
Erm =1 (2, € (U;0FS)NA) | o= 1= 2r 2 1 (2, € (B,A) \ U; 0,S))

Using the notations of the Appendix [[4] given a line L € %, (U;S;) we intro-
duce the two vectors representing the boundary conditions outside its endpoints

Ty, Ty

eIF,ﬂUr (l)

pp+J
Bl,xl = (ellyzl(l) ell,zl(r) e_ﬁlT'i'Il,fEl(m)) , Br,l‘r = 6Ir»9€r(7’) ;

J
6_5% + Iryﬂfr (m)

then to shorten the notation we set

1
bl,xl = = Bl,xl Eﬁl) s br,xr =

EVYB., .
VA Lo

ER
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Now define
ZL €1,
Ry = ————— — b b (7.38)
N

and, using .# as an abbreviation for .2, (U;S;), rewrite the quantity [[, ., Zr

by means of elementary algebraic tricks:

Z €
155 = T1 (R + ol be ) v o)

)\\L\
Lez 1 Le?
_— m »T] 77r Ty 1 »T] €r ,Zy
- || blxl r,Zr § : ||RL || blxl r,Zr
Lez HCL \Lex Le\x

By identities (7.34]), (Z.35) it holds

N,z
H blmll ?rxfr = H bl,x H bn:c

Le? xe(’)lA\UiE)lSi xearA\UiarSi
El,x g .
| R W | II bo):
Le\x z€(U;08%¢ S )NA (U 0Pt S;)NA
x¢ supp Ji/ x¢ supp JE/

By substituting into the previous formula and thinking % = {L;,...,L,}, we
find outl!!

7
H )\‘—Z = H bl/r,m
1

Le? €Iy A\U; 0y S;
» (7.39)
E: >, \II7w II b
p>0 Ll,...,LPEfZ k=1 x€(U; 08X S;)NA
Lp#Ly Vh#k (E%UkLk

Now substitute (7.39) into (7.32), using also the fact that [A] = > 7 | |Si| +

UTn the first product on the r.h.s. of (Z.39) the shorten notation bi/r,» means: take by, if
x € OA, take by, if x € O;A; notice that A and O, A are disjoint for N > 1. In the last
product instead the shorten notation b,/ , means: take b, . if z € OP*tS; only, take by, if
x € 9F*S; only, and take the product b, ; b, in the case that = belongs to both 9f**S; and
oextS;.
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ZLe:fA(uisi) |L|, and obtain:

Z}{ - )\|1A\ ( H bl/nf) )

rEOA
n (Eh (85| + £10nS:) B3

DIETED S | f G o)
n>0  Si,.., Sn € SN i=1 1 €Iy ANOS; ’

dlst(S S;j)>1Vi#j

1 p
sy () I
p>0 © " Ly, Lp€ Za(UiSs) \k=1 U 0t S5)NA

Lk7éLth7£h Z‘iUkLk
(7.40)

The next step is to partition | J;, S; U Ur_, Lx, into connected components as
a sub-graph of Z2, where Z2 is the lattice obtained from Z?2 by removing all the

vertical bonds incident to the lines L :

n p q
US" U ULk = Usupth ,
i=1 k=1 t=1
P, e P\ Vt , distz.(supp P, supp Py) >1Vt # s

where the family &7, (yes, it is finally our family of polymers! see fig[73]) is
defined by:

Py = {P = ((Si)ier, Lirex) | (Si)i € PIn, (Li)y € PLA(UiS))}

(7.41)
0<|I|] <o
(S)ier € 29y B { 5 c.7 Vi (7.42)
diStzz(Si, S]) > 1Vi 7&] R
0<|K|<oo, I|+|K|>1
L, € Z\(U;S;) Vk
(Li)kerx € L7 (YicrSi) & ’ A ) (7.43)

Ly # LyVk # h

| (UiSi) U (U L) connected in 72 .
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N

e RaRuEs! |

L NOT A FR
1 oLYM

Figure 7.3: The first three pictures represent three different examples of poly-
mers P € &,. The set represented in the last picture is not a unique polymer

since it is not connected in Z? (even if it is connected in Z?).

The identity (7.40) now rewrites as

= Oy Z p > HQA 2 [[ow. P (7.44)

q>0 Pr,..,PaePp t=1 t<s

by setting, for all P, P’ € P with P = ((Si)ier, (Lk)kex),

Cr o= M T e (7.45)

TEOVA

P 1 (518l + 4 10nSil) 1 e 53
OA =\ 7 ) :
]! >\|1SZ| 2€0. AN, S; biyr,

(-
() ne)

z€(U;e 109t 8;)NA
z¢Ukek Lk

1, if dists (P, P) > 1
5(P,P) = | . (7.47)

0, otherwise

\
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The identity (7.44)) finally shows that the partition function Z% | up to a factor
C), admits a polymer representation of the form (Z.94)).

It is convenient to bound the polymer activity pp by a simpler quantity.
Using the proposition [[.I8 plus the lemmas [7.16, [7.17 and the fact that |0,.5;| >

2, one finds:

on(P) < 9(P) := (ﬁ He—ﬁ(““z*‘VISHJ)) (ﬁ He—m'Lk'm> (7.48)

el keK

with the 7.’s defined by the equation (7.93)).

7.2 Convergence of the cluster expansion

In the previous section we rewrote our partition function Z% as a polymer
partition function up to a factor Cy (see formula (7.44)). In this section we
will find a region of the parameters space py, fty, J where the condition (7.95))
is verified by our model at low temperature, so that the general theorem [7.4]

about the convergence of the cluster expansion will apply to our case.

Theorem 7.3. Assume that J >0, pup+J > 0 and 2, +5J < 0. By choosing

a(P) := % |supp P| VP e Py (7.49)
the conditions
~ a(P) m
> a(p)e® < S VreA, (7.50)
PeP)
supp P>z
> P < a(P*) VPe Py (7.51)
PePy
§(P,P*)=0

hold true, provided that B > [y and N > No(B) (N is the minimum distance
between two vertical components of OA). Here 5y > 0 depends on iy, iy, J only,
while No(B) depends on B3, uy, J only; they do not depend on A, P*, x .
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Corollary 7.6. Assume that J > 0, up+J > 0 and 2u,+5J < 0. Suppose also
that B > [y and N > No(3). Denote by €, the set of cluster composed by

polymers of Py . Then the partition function (L.0) rewrites as

zh = oy exp< Z Un((Py):) ) (7.52)

(Pr)tEEPA

where we denote Y- (p cam, = Dgs0 @ D (Pyi_ ey and
q
Ur(Py,...,P) =u(Py,...,P, H . (7.53)

Remind that Cy is defined by (T45), on is defined by (T4G) and u is defined by
Con), (CAT). Furthermore for all & C Py it holds
Yo U(E))] = D lealP)] ™ (7.54)

(Pe)t€CPA PePy
dt: PLe& preé&

where a is defined by (T.49).

Proof. The corollary follows from the general theory of cluster expansion (the-
orem [7.4]), since Z% admits a polymer representation (.44]) and satisfies the
Kotecky-Preiss condition ((T.51)), |oa] < 0). O O

For ease of reading, in the following of this section we will denote
* * 1
DD P 2. oamd 3 =05 )
(Si)i n (Si) 1 €EPSn (Lk)k P (L)Y _  EPLA(U;S:)
where P.S), PL\(U;S;) are the projections of the polymer set Py defined in

(C42)), (743). The next lemmas provide the entropy estimates that will be
needed in the proof of theorem [7.3l

Lemma 7.7. If U;S; # 0, namely n > 1, then

Z 1 < 4%:lsil (7.55)
(L)

12 As explained in the Appendix [Z.5] using the definition (T.47) for §, a family of polymers

(P1,...,P,) is a cluster iff U]_, supp P, is connected in 72,
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Proof. Fix p > 0 and denote by c@.f[fp)(uiSi) the set of (Ly)i_, € L\ (UiS;).
Given (Lg)h_, € t@‘Z/{p)(UiS,-), each line L has at least one endpoint on
U;09S; , since (U;S;) U (UgLy) have to be connected in 72. Therefore the
number of ways to choose each Ly is at most Y, [0S, <23°.]S5;|. Since the
Ly, k=1,...,p, must be all distinct, it follows that

(2> 1sl) (2 IS =1) - 2> Sl —p+1)

’gg(p

Therefore

DD ELAY
(Li)k P P

SZ( p ):221 .

p

U U

Lemma 7.8. Let x € Z*. For all s > 2

16

#{S C Z* connected | |S|=s, S>3z} < 3445 . (7.56)

Proof. Given a connected graph G' and one of its vertices x, there exists a walk

in G that starts from x and crosses each edge exactly tWic. Therefore

#{S C Z? connected | |S| =5, S>3z} <
2s
< Z #{S connected sub-graph of Z> ‘ ledges of S| =e, S > SL’}
e=s—1
2s

< Z #{Walks in Z? that start from z and have lenght 26}

e=s—1
2s JAs+2
<Y s
e=s—1 3

Lemma 7.9. Let A C Z? finite. For alls>2,1<d < oo

#{S C Z* connected | |S] = s, disty(S, A) =d} < 3—32 |AJ 4% . (7.57)

13This can be easily proven by induction on the number of edges.
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Here disty, (S, A) := inf,ecg yea distu(z,y) and the horizontal distance between

= (2, 2y), ¥y = (yn,yy) € Z?* is defined as

‘xh_yh| ifxv:yv
disty(z,y) = : (7.58)

+00 if vy # Yy
Proof. Observe that dist, (S, A) = d if and only if there exists a horizontal line
L, |L| = d+1, having one endpoint on 9, A and the other one on 0,5 . Therefore:
#{S C Z* connected | |S| = s, disty(S, 4) =d} <
< > #{S CZconnected | |S| =5, 0, 3 other endpt.of L}

L horiz. line, |L|=d+1,
Oy A3 one endpt. of L

16
< 2[0,A| #{S C Z* connected | [S| =5, S0} < 2|4 ?443 :
For the last inequality we have used the lemma [7.8 O O

Lemma 7.10. Let n > 1. Let T be a tree over the vertices {1,...,n}. Let
s;>2 foralli=1,....,n and d;; > 2 for all (i,j) € T.
Then given A C Z* and 1 < d < oo
#{(502;1 S c@yA ‘ diSth(Sl,A) = d, ‘Sz‘ = SiVi,
diSth(Si, S]) = dij V(Z,]) GT} S

(7.59)
T (32 4 degr (i
< |A _4481 degr .
<AL o)
while given v € 72
#{(Sz>zn:1 € DI ‘ S15ux, |SZ| =s; V1,

d 32 egr (1
< H (? Jdsi s? g7 ( )) .
i=1

Here deg,(i) denotes the degree of the vertex i in the tree T .

Proof. Let start by proving the inequality (7.59) by induction on n. If n = 1,
then the tree 7 is trivial and (7.59) is already provided by the lemma [7.9. Now
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let n > 2, assume that (7.59) holds for at most n — 1 vertices and prove it for
n . It is convenient to think that the tree 7 is rooted at the vertex 1 and denote
by 7 < i the relation “vertex j is son of vertex ¢ in 7”7 and by 7 (i) the sub-tree
of 7 induced by the vertex i together with its descendants. Then, denoting by
Nra (A, d; (8i)ieT, (dij)(m)ef) the cardinality on the Lh.s. of (Z.59)), it holds

NT,I (A, d7 (Si)iGTv (dl )(Z j)GT) =
— Z H NT Sl,dlv; (Sz)zeT( ) (dij)(i,j)eT(v)) :

S1€7, |S1|=51 ve1
disty (S1,4)=d

Since 7 (v) has at most n — 1 vertices, the induction hypothesis gives
32 e degrin (i)
N1 ()0 (S1, 1o (80)iet(0), (dij) i jyerw)) < s1 H <§ 4loig, T :
1€T (v)
Then by substituting in the previous identity, bounding degz (i) by degs (i)
and using the lemma [7.9] one obtains:

Nr1(A,d; (si)ier, (dij)ager) < |A| H( degm) .

€T
This concludes the proof of (7.59)).
In order to prove the inequality (Z60), denote by N (; (si)ier, (dij) i j)er)
the cardinality on the L.h.s. of (Z.60) and observe that

N (@5 (si)iers (dig)jer) =
Z H N7(w)y0 (51, div; (80)ieTw)s (dig) .j)eT () -

S1€7), |S1|=s1 v1
S12x

By (T.59) we already know that
32 4s degr(n (D)
Nz ()0 (51, divs; (80)iet(w), (dij) i jyerw) < s1 H <? glsi 18T ) .
1€T (v)
Then by substituting in the previous identity, bounding degr(,)(i) by degr(i)
and using the lemma [7.§] one obtains:

S; de i
N'},l(x ( Z)ZETa( zy (4,9) eT < H( 44 gT()) :

i€l
which proves ([Z.G0). O O
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of the theorem[7.3. According to the definition (7.47)), the condition §(P, P*) =
0 implies that supp P N [supp P*]; # 0, where [A]; := {z € Z*| distz(x, A) <
1}. Therefore

S oape® < Y Y g

Pe@p z€[supp P*]1 PeZp
§(P,P*)=0 supp POz
* ~ a(P)
< 4|supp P*| max o(P)e™ .
TEA
PeP)
supp P>z

Thus, by choosing a(P) := % |supp P| for all P € &y, the inequality (Z.51I)) will
be a consequence of ([Z.50).

We have to prove the inequality (Z.50). It is worth to write down explicitly
the quantity we will work with (see the definitions (48] and (Z.49)):

—~ 122 Hv_ ]_ P _m
o(P) ™ = (n' He (L )ISi] 5J> (H He zlLklek>

i=1 T k=1

for all P € 2y, P = ((Si)iy, (Lx)y—;) - Notice that if supp P > z, the site z
may belong either to a region S; or to a line Ly; hence we can split the sum on

the Lh.s. of (T.50) into two parts:

> o(P)e™® =%y + %, with: (7.61)
Pe2p
supp P2z
Z (He (B —m) 8- 5J> Z He 2\Lk\ (7.62)
(Si)i (Li)k
U; S;dx
= Z* <H6_(5“h2uv—’§ 1S3 W) Z He 7”\Lk\ L - (7.63)
(i) ( (Lk)k
UkLkSZ‘

During all the proof o(1) will denote any function w = w(f, i, J) such that
w — 0 as § — oo and w depends only on 3, uy, J (in particular it does not

depend on the choices of A C Z?, x € Z*, P € P,).

I. Study of the term ;.
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We fix a family of regions (5;)7_, that contains the point z; we also assume
that Z2%)(U;S;) is non-empty, otherwise the contribution to ¥ is zero. By the
lemma [7.7 it holds

Z H z |Lk| < 423191 max e m|Lk"YLk (7.64)
k

(o (L)

where the maximum is taken over all (Ly), € ZZ\(U;S;). The factor vy,
can take two values (see formula (7.93))), both smaller than 1 for 5 sufficiently
large (uniformly with respect to L), since each line L, must have at least one
endpoint on U;0%"S; to ensure that (U;S;) U (UxLy,) is connected in 72.
Obviously n > 1 in order for U}, S; to contain the point . It is convenient

to consider separately the case n = 1 and the case n > 2:

The case n = 1 is easy to deal with, simply by bounding the r.h.s. of (7.64]) by
4151 and using the lemma [T.8 Precisely:

2= Y (PR og)isl-a Z He 1Lkl

< Z o= (BH5I =2 )|S|=BT 4IS]
50 (7.65)
]_6 Eh—=Hv _m
< 2 s o~ (B -5 )s—BT ys
16

=5 210 =B (pm—pv+J) (1+0(1)).

Now assume n > 2. Fix a family of lines (Ly)i_, € ZZ\(U;S;). We can
consider the graph G = G((S;);, (Lx)x) with vertices i € {1,...,n} and edges
k € {1,...,p}: the edge k joins the two vertices ,j iff the line L has one
endpoint on 02'S; and the other one on 9¢'S;. In the graph G there can be
multiple edges, loops and pseudo-edges with a single endpoint. The graph G is

connected (it follows from definition [.43)), hence G admits at least one spanning
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sub-tree 7. And clearly, since each factor e~ 2 [l Yr, is smaller than 1,

P

_m m — 7 (disty, (S;,5;)—1
H |k\fyL < He \k\ YL, H 5 (disty, (Si,55) )fyshsj

k=1 keT (4,9)€T

pptJ
2

where yg,g 1= (3¢ 4 A7 ([stn(S5)=D) (1 4 (1)) . Therefore:

max He_%w’“'fyLk < max H e~ 2 (stn(SuS)—) o o (7.66)

L T tree over
(Lk)k . Jreeover er

Now using (7.64) and (7.66) we can bound X :

S Z ' Z (ﬁ[le—(ﬁ‘%“— 15:l BJ> Z H ~ 10kl

n>2
U S Bm

<y v 4 Z (ﬁe—(ﬁ%—z“—%—mw)&i—w). (7.67)

n>2 7 tree over . (Ss
L..n} Ui S Se

— ™ (disty, (S;,5:)—1
[ e Btnsesnn o o
(4.9)ET

where in the sums we keep implicit that :i)" | € PS.
Y ([T60). Since U;S; > x, but not
necessarily S; 3 x, an extra factor n appears. Moreover observe that |S;| is

even and > 2 (see the definition (7.30))) and disty,(S;,S;) > 2. Then:

S D DT Y (H Asi 8§ogﬂi)>,

Substitute into (7.67) the entropy bound

n>2 T tree over (s Yi=1,...,n (dij)ijer \i=1
bA 777/
sjeven 32 dg;>2 (7.68)
n
5’”“ HV———lo 4 s —BJ -1)
e B H e E '
dij

i=1 (7])67—

where 74 := (s¢7%/ + =01 @=D) (1 + 0(1)).
Given n > 2 and 61,...,0, > 1, the number of trees 7 over the vertices
{1,...,n} with given degrees deg,(i) =¢; Vi =1,...,n is exactl

(n—2)!
(0 — D) (6, — 1)!

14The families of regions (S;)"_; such that disty(S;, S;) = oo for at least one edge (i,5) € T

give zero contribution to the sum, therefore we do not need to worry about them.
15This is an improvement of the well-known Cayley’s formula.
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if " (8; —1) = n — 2 and zero otherwise. Furthermore the number of edges

of 7 is n — 1. Therefore the bound (7.68)) leads to

e ¥ (Bew ot gy
b= 3 (6 —1)!

n>2 s>2 5>1

(7.69)

n—1
e (d b .

The sum over s gives, as § — o0,

)

S ey o

5>2 6>1

) (7.70)
_ Zse_(ﬁuhQMv_%_510g4—l)s _ 262 410 e—ﬁ(,uh—,uv) (1 + 0(1)) )

s>2
even

The sum over d gives, as 3 — oo,

o (d-1)

Ya =
d>2
m e P m pp+J
(Ze n (1) e~ 2 (d-1) =B85 (d—1)> (14 0(1)) (7.71)
d>2 d>2
1 e 87 Hp+J
(=5 + 0(1)) (1+0(1) = ™ (1+0(1))

+3J

where we used the fact that 1 —e™2 = ie ~B%5= (14 0(1)) (see lemma [7.15).

Substituting (Z.70)), (Z.71)) into (7.69), one obtains

n>2

2 < (226 = et <1+o<1>>> eI (L4o(1) . (1.72)

Assume py, — py > "hTJFJ Then for [ sufficiently large (.72)) becomes:

2262 phtJ 2 pptJ
2/1/ < ( ; e—ﬁ(ﬂh_ﬂv)+6 2 ) e P (1+O(1))
52 4
_ 2 96 B 2Am=p)H0 B (1))

I1. Study of the term 3.

(7.73)
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The ideas are not far from those seen for ¥;. We fix a family of regions
(S;)™_, and we assume that there exists (Ly)r € P2L\(U;S;) such that Uy Ly 3 x,
otherwise the contribution to 3, is zero. Clearly the line L* € %, (U;S;) that

contains x is unique. It is convenient to consider separately four cases:

Yo = XL+ 32+ X5+ 55

In ¥} we assume n = 0, namely U;S; = (; then L* have to be a maximal
horizontal line of A. In X)) we assume n = 1, namely there is a unique region
S and L* may have one endpoint on 9%'S and one on d,A or both on 9%*S.
In X4 we assume n > 2 and L* has one endpoint on U;0%*S; and one on d,A
or both on the same 9S;. In X" we assume n > 2 and L* has one endpoint

on 02%S; and one on 02*S; with i # j.

By methods similar to those already seen for ¥;, one can prove that

< e 2N (1+0(1)); (7.74)

= (1+0(1)) ; (7.75)

52,4
2/2// < 2 69\/§ e—,@2(ﬂh_ﬂv)+ﬁw (1—|—0(1)); (776)
< 2% =B 2(pn—pv) B +2J) (1 1 7.7
e (1+0(1) (7.77)

We refer to the Arxiv version of the paper for the details.

In conclusion, by using the estimates (7.69), (Z.03), (T.74), (T.75), (T.76),

ppt+3J

(T77), and the fact that m = e #~2— (1+0(1)) (see lemma [T.15), if we assume
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Bh — My > %’, we find that:

1
= 5(P) edP) —
— D aPye

PecPp
supp P>z

= P (N 4 X 4 S+ S 4 S 4 50 (14 o(1))

IN

24 52 4
2—6_6(“1‘_“V)+5H1T+J 4 _2 € e B 2(m— — ) +p 02 + ie—%N
3 9 -

(7.78)

225 .5

52.5 .4
4 207 a2t 27 e
3

9

2uh +5J +6J

—B2(n —pav ) +B20LEL

(&

52 o4
2 e B )45 “””) (1+o0(1))
]_ m N 225'5 5( 5J
— | % 2 BtEF) ) (1 1
(m e + 7€ (1+0(1))

where N is the minimum distance between two different vertical components of
OA and o(1) — 0 as # — oo (uniformly with respect to V).

Now we assume that p, + % < 0. Thus there exists Fy > 0 such that for
all g > ﬁo the function 1 4 o(1) on the r.h.s. of (TT8) is < 2 and the term
? B %) < 1/32. There ex1stl also Ny(3) such that for all N > Ny(5)

m

the term Le™2N < 1/32. Therefore if y, + % < 0 (which entails also the

previous condition puy, — py > ’”‘; 7), then the inequality (Z778) implies that

> e < =

PeP)
supp P3z

for B > By and N > Ny(3). This concludes the proof. O O

7.3 Proofs of the liquid crystal properties

In this section we will finally prove that the model behaves like a liquid
crystal, as stated at the beginning of this chapter, by means of the cluster

expansion results obtained in the previous sections.

6Ny = % log %
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Proof of the theorem [7.1. We will prove the inequality (7I12) for fi,. That
one for f,, can be proved analogously; then (7.I3) and (7.I4)) follow since

.f:c = fl,x + fr,:c .

Observe that

<.f1,:c>h = 5

where Z}{\m is the partition function over the lattice A\ xz with horizontal bound-
ary conditions including a left-dimer at the site z. Since N > Ny(8) and
disty(x,0A) > Ny(), both partition functions satisfy the hypothesis of the
corollary [7.6l. Hence by the cluster expansion (7.52)) the partition functions

rewrite as

78 = Cy exp( S UA((Pt)t)) :

(Pt)tE(&@A

Zho = Oneen (X Unal(R))

(Pt€ECP g\

By applying the definition (7.45]),

C1/\\m . br,m—(l,O) bl,m—i—(l,O)

Ch A

Now consider a polymer P € Py U Z,,,. Keeping in mind the definitions of
polymer (7.41]) and polymer activity (7.40), observe tha

if distp(supp P,z) >1 = P& P\N Py, oa(P)=ona(P).

Therefore:

S Une(B)) - Y UA((B)) =

(POtECP \\& (Py)t€€Pp

> = Y o) - Y ual)]
(P)tECT N\ (P)t€CPA
3t: disty, (supp Py, x)<1 3¢: disty, (supp Py, z)<1

1"The condition disty, (supp P, z) > 1 guarantees that supp P C A \ 2 and that the polymer
P does not include any line Ly having one endpoint on 2+ (1,0), nor any region S; containing

these points.
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And by the inequalities (7.54) and (Z.50) applied to both Z}, Z}, , ,

Z* ‘UA((Pt)t)‘ < Z o(P) P < 3%;

(Pe)t€CP PePy

3t: disty, (supp Py, x)<1 disty, (supp P,xz)<1
* m
~ P
> Una(P))] < D0 aP)e® <22
(Pt)te?a”ﬁ”,\\z PE'@A\;C
3t: disty, (supp P, 2)<1 disty, (supp P,x)<1

In conclusion one obtains:

A b b
h A\z r,z—(1,0) U1, 2+(1,0) ( m)
z)A = > -5 —
<f1, ) ZR > )\1 exp 3

(1— e (1 +0(1)) .

N~

where the last identity follows from the fact that Ay by »—(1,0) b z4(1,0) = El(l)Br,x—(LO) Bl,x+(1,o)Er(1) =
\/—(1 —5(1+0(1))) f(l —2(1+0(1))) (by lemma [T7], since there is a left-
dimer fixed at x according to ZA\I), A =14 %2 (14 o(1)) (proposition [Z.13),
and e™/® =1—3ab(1+0(1)) (lemmalTT5). Finally, since o(1) — 0 as f — oo
and o(1) does not depend on the choice of x and A, one may obtain the desired

inequality eventually increasing [ . O

Proof of the corollary[7.3. Set pan, = #{x € A|disty(z,0A) > No}/|Al.
By the theorem [.1], bound (7.13), using also f,, <1 — fi, ., one obtains:

<Aorient Z fhx fv m>h) Z QOA,NO(ﬁ) (1 - 46_ﬁuhT+J) .

TEA

On the other hand:

: : |L] — 2No(B) No(B)
PANo = L_g;;(?mal PLNy L_nIlI;.)lc?mal |L| N
horiz. line of A horiz. line of A

Proof of the corollary[7.3. Set pan, = #{x € A|disty(z,0A) > Ny} /|Al.
By the theorem [, bound (7.14]),

O

[(Apranst )i | < Z |[(Fra)d = (fadh] < oanoes) 2775 41— PANo(B) -

TEA,
fEh even

On the other hand we have already observed in the proof of the corollary
that @a N, > 1 —2Ny/N . O
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Proof of the theorem[7.3. We will prove the inequality (7.I5). (7.16) and (7.17)

can be proved analogously. First of all observe that, since 0 < fi,, fi, <1,

h h h <f1m fLy)I/lx <f1m>}1{ <f1y>}/1x)
[Uis fr)i = (a3 ()] < Tog <<f1,x>2<f1,y>2 R T I
Now observe that:
h Zk\ry h Zk\r h Zk\y
<f171‘ fLy)A = ZR7 ) <f1,x>A = Zk ’ <f17y>A = Z—R 5

where Zk\w , Zk\y , ZR\W are the partition function respectively over the lattices
A\z, A\y, A\ z,y, with horizontal boundary conditions including a left-dimer
respectively at the site x, at the site y, at both sites z,y. Therefore

<fl,x fl7y>}/1\ _ ZR Zk\ryy
<f1,$>k <f17y>k Zk\m Zk\y

Since N > Ny(f3), disty(x,0A) > No(B), disty(y,0N) > No(3), disty(x,y) >

(7.80)

No(B), all four partition functions satisfy the hypothesis of the corollary [Z.0.
Hence by the cluster expansion (.52)) the partition functions rewrites as

2 = exp( N UA((Pot)),

(Pe)t€CPA

Zive = Ora eXP( > UA\x((Pt)t)) :

(Pr)t€EP A\

Z}{\y = Chyy exp( Z UA\y((Pt)t)) ,
(Pt)tE%@A\y

Z/}{\x,y = Chvay exp( Z Un\zy ((Pt)t)) -
(Pt)te(&@[\\z’y

(7.81)

By applying the definition (7.45]), it holds

CA CA\x y
—= =1. 7.82
C’A\ﬂc CA\y ( )

Now consider a polymer P € &\ U Py, U Pr\y U Pp\,y - Keeping in mind
the definitions of polymer (7.41]) and polymer activity (7.46)), observe that:

if disty (supp P,z) > 1, disty(supp P,y) >1 =

P e gZA N gZA\x N gZA\y N y[\\m,y s QA(P) = QA\x(P) = QA\y(P) = QA\x,y(P) ;
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and tha:

if disty(supp P,z) <1, disty(supp P,y) >1 =

Pe (91\ N c@A\y) \ (f@A\w U c@A\x,y) , oa(P) = ony(P) or

P e (PraN Pruy) \ (PaUPry) » 0aa(P) = 0pvuy(P) or

P e P\NPpen PrvyN Pray, 0a(P) = 0ny(P), 0ae(P) = 0a\ey(P) ;

and the case disty,(supp P, x) > 1, disty(supp P,y) < 1 is clearly symmetric to

the previous one. Therefore:

Z* Ua((P):) — Z* Unve ((Pr):) +

(Pt)te%””/\ (Pt)tE%@A\x
— Y Uny((P)) + D Uny((P)) <
(Pt)tE%@A\y (Pt)tE%@A\x,y
< Y m@l X use®)]| + (7.83)
(Pt)tE%WA (Pt)tecg'@/\\z
3t: disty, (supp P, z)<1 3t: disty, (supp P, z)<1
3t disty (supp Py, y)<1 3t’: disty, (supp Py, y)<1
D DR [/ (CAN] IS SR AP (AN
(Pt)te(gg/\\y (Pt)te(gg/\\z’y
3¢: disty, (supp Py, z)<1 3t: disty, (supp P, 2)<1
3t': disty, (supp Py, y)<1 3t’: disty, (supp Py, y)<1

It is crucial to observe that given a cluster (P,); € €%, , since U, supp P, have

to be connected in Z?,
distzz (x,y) < distze(Ussupp Py, x) + Z | supp P| — 1 + distzz(U; supp B, y) .
t

Hence, assuming that distzz(U;supp P, z) < 1, distzz(Ussupp P, y) < 1, it

18The first possibility, namely P polymer only of the lattices that contain x, happens when
supp P 3 z or P includes a region S; containing  — (1,0). The second possibility, namely
P polymer only of the lattices that do not contain z, happens when P includes a line Ly
with one endpoint on z + (1,0). The last possibility happens when P includes a region S;

containing z + (1,0) (and does not verify the other conditions).
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follows

H@(Pt) -

t

1
- H ne! py!

t

m
= exp <_Z Z\SUPth|> :
t
B | [ et e i|5i|—3—m§:\l)k\—ﬂjnt
nt!pt! 2 4 i—1 4 1

t

p( 6,Uh2 Z|S\ mZ|Lk\ 6Jnt>

=1

< exp (——(dlstzz (z,y) —1) HQ* F)

where P, = ((S),, (L)) for all ¢ and g,(F;) is defined as the factor ap-
pearing in the product over t at the penultimate step. By defining a,(P) :=
Zt|supp P|, we have that g,(P) e®(P) is essentially equivalent to o(P) e*?) : we
can follow exactly the proof of the theorem [Z.3] up to the inequality (Z.78)) and
prove that the Kotecky-Preiss conditions (Z.50)), (Z51]) hold also with g, , a. and
m/16 in place of g, a and m/8 (eventually increasing (y). Therefore, defining
U, ((P):) == u((P):) I1, 0.(F:), by the general theory of cluster expansion the
inequality ((Z.54]) holds also with (7*, 0. and a, in place of Uy, pp and a. As a



Chapter 7. A liquid crystal model on the 2D-lattice 157

consequence:
* *
> o))l < D0 fu(R))] [Tar) <
(Pt)té(éjﬂ/\ (Pt)te(@”ﬁ”/\ t
3¢: disty, (supp Py, z)<1 3t: disty, (supp Py, z)<1
3t’: disty (supp Py, y)<1 3t': disty, (supp Py, y)<1
(Pr)t€C€P
3¢: disty, (supp Py, x)<1
3t’: disty, (supp Py, y)<1
= ¢ Fist2(z,9)-1) Z 0.((P),)] (7.84)
(P)t€CPA
3¢: disty, (supp Py, z)<1
3t’: disty, (supp Py, y)<1
< 1 (distye(zy)-1) Z 0.(P) e+ (P)
PePy
disty, (supp P, x)<1
< (dlStZQ (z,y)— 3 e

16

The same reasoning can be repeated also for the clusters in €2\, €%\, and

CPp\\ay - Thus, by (L80), (T.871)), (.82), [.83, (7.84)), one finally obtains:

<f1mf1y>51\ ZA ZA\:cy < 0 (dista (2,4
) ) — ) < 1S Z2 3 2 2 2 )
<fl,x>}/1\ <f1,y>}/l\ Zk\x Zk\y exple 4 ( 19424 ) -

(fLe)h L)k

The same bound can be shown to hold also for the inverse ratio Frof g
T JLY/IA

hence by (Z.79) we conclude that:

9m

(o Fidh = (i ()] < e F@malon=y 2 -

Proof of the corollary[7.4 Since Ayans. = ﬁ > wen, (frw — fiz), the variance

T} even

of A rewrites as:

<(Atransl,)2>};\ — ((Atransl.>/\ |A|2 Z C z,y

z,yEA
Th,Yp even

with
C y = (<fr,m fr,y>}1{ - <fr,m>}1{ <fr,y>?\) + (<fr,w>}/§ <f17y>}/1x - <fr,:v fLy)kflx) +
+ ((fradh (fradh — (fe feadh) + (o frodh — (adh (fdd) -
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By the theorem [7.2], for x,y € A such that disty,(z, OA) > Ny(5), disty(y, OA) >
No(8) and disty(z,y) > No(fB), it holds

Im  _m dis z,y)—
C‘%y S 41—6 e 4( tZQ( y)—1) .

Hence:

h 2 Im ™ (dis z.y)—

<(Atransl.)2>A - ((Atransl)?\) S 4W Z e 4 S tz2( ) 1)+ 1_¢A7A,N0(ﬁ) )
z,yEA

TAY

where we set

#{(z,y) € Ax A | disty(z, 0A) V disty(y, OA’) V disty(x, y) >N0}
T [ATTA

Now observe that

> min ’ > min (|L| _ 2N0) (|L/| _ 4N0)
PAANo = L,L’ maximal PLL\No = L,L’ maximal |L| |L/|
horiz. lines of A horiz. lines of A

No No
> (1-222) (1-422
= (1-2%) (%)

hence 1 — wpa N, < No/N (6 —8Ny/N). And on the other hand:

Z e~ 7 (distye (x,y)—1) < |A| Ze (dist,2 -1) _

z,yeEA z€z2
Ay T#0
4
A 4de= Tl — |A| ——— . O
- WY N G

7.4 Appendix: 1D systems

Consider a finite line L, that is a finite connected sub-lattice of Z. Consider
a monomer-dimer model on L given by the following partition function:
ZL — Z e ﬁHL Il Oéacl) Ir(Oéacr) .
aeYy
91, denotes the set of monomer-dimer configurations on L (allowing also exter-

nal dimers at the endpoints of L); the Hamiltonian is defined as

H, = i
L 9 2

monomer bor to monomer in L

i+ J #{sites of L With} J #{sites of L with dimer but neigh—}



Chapter 7. A liquid crystal model on the 2D-lattice 159

x1, x, denote the left and the right endpoint of L respectively; I, I, represent the
interaction among the configuration on L and the boundary condition outside
its endpoints.

This one-dimensional system can be described by a transfer matriz T over

— ?

the three possible states of a site, [ =“left-dimer”, r =“right-dimer”, m =“monomer”:

T, T(,7) T(I,m) 0 1 +ab
T= |7l Terr) Tem) | =1 0 0 [, (7.85)
T(m,l) T(m,r) T(m,m) 0 Vab a

. pptJ . .
where to shorten the notation we set y/a := e # 1 the transfer contribution
of a monome, Vb := e=P% the transfer contribution of a site with a dimer but
neighbor to a monomer. Two vectors are also needed to encode the boundary

conditions:

B= (B() B(r) Bim)) = (eh® ei) aenim) |

L
Bi(1) el (7.86)
Br = Br(’f’) = €Ir(r)
B.(m) Vaehm

Proposition 7.11. The partition function of the system rewrites as a bilinear

form:

Z, = B THB, . (7.87)

Proof. According to the previous definitions it is clear that for every configura-

tion a € {I,7,m}*

1(a € 9p) e PHL@) =

1(ap=m 1(a iz )=m
= \/a ( ) T(Oél,OéQ) T(ag,ag) e T(aw_l,aw) \/5 ( £ ) .

19The transfer energy of a monomer is half the energy of a monomer because it appears

during two “transfers”.
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Therefore
Z, = Y Bia)T(ar,a0) T(on,03) ... T(eqz-1,011) Belyy)
ae{l,r,m}ILl

= B TH-'B .

0 0

Assume for the moment that the transfer matrix 7" is diagonalizable. De-
note by Ay, Ag, A3 its eigenvalues and by Er(l), Er(2), Er(?’), El(l), E1(2), E1(3) the cor-
responding right (column) eigenvectors and left (row) eigenvectors, normalized

so that BVEY =1 for i =1,2,3.

Corollary 7.12.
Zy =Y NT'BEYEYB, . (7.88)

i=1,2,3
Proof. Since we are assuming that 7T is diagonalizable, it holds T = P D P~}
where D is the diagonal matrix of eigenvalues, P is the matrix with the right

eigenvectors on the columns, P~! has the left eigenvectors on the rows. Then

THE=1 — p pILI=1 p=1 and

B TH B, = (B P) D (P B,) = Y (BLEM) N (E"B,).

=1
U U
Now our purpose is to diagonalise the transfer matrix 7" when [ is large.

Proposition 7.13. For all 3 > 0 the transfer matriz T is diagonalizable over

R. [ts eigenvalues are

Ao = —1+ %b (14 0(1)) (7.89)
A3 = a—ab—ab(1+0(1))

as 3 — oo.
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Proof. The eigenvalues \j, Ao, A3 are the (complex) roots of the characteristic

polynomial of T, that is
p(A) i=det(\ —T) = —ab+ (A —a)(\> — 1) .

For all # > 0 it turns out that p has 3 distinct real root, hence T is diago-
nalizable over the reals.

As 3 — oo, p(A) — A(A2 —1) hence \; — 1, Ay — —1, A3 — 0. Thus it
is convenient to write Ay = 1+ &1, A\g = —14+69, \3 = a+e3 with g; — 0
as 0 — oo for ¢ = 1,2,3. Now expand the polynomial p in powers of ¢; and

truncate it at the first order:

0=p\)=—ab+(1—a+e) (2 +€2) = —ab+2¢; (1 +0(1))
= 51:%6(1+0(1));

0 =p(\) = —ab+ (=1 —a+¢) (=22 +¢2) = —ab+ 25 (1 + o(1))
= 52:%19(1%(1));

0 =p\s) = —ab+e3((a+es)®—1) = —ab—e3(1+o(1))
= g3 = —ab(1+0(1)) .

In order to find the following order of A3, now one can write A3 = a —ab (1 +£%)

with e — 0 as f — oo and repeat the procedure:

p(A3)
—ab

= eh=a*(1+0(1)) .

0= =1+ (1+¢5) (a®>(140(1) —1) = a®(1+0(1)) — €5 (1 + o(1))

20The discriminant of the cubic is A = 18a(1—b) + 4a?(1—b) + a® + 4 — 27a*(1-b), which
is strictly positive for all 0 < a,b <1, (a,b) # (1,0).
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Proposition 7.14. The right eigenvectors of the transfer matrix T are

1 -5 (1+0(1))

EY = % 1—%(1+0(1))
Vab (1 +0(1))
1+ 5 (1+0(1))
E® % 12 (14 o(1)) (7.90)
Vab (1 + o(1))
—avab (1 + o(1))

E®) = | —Vab(1 4 o(1))
1+a(l+o0(1))

and moreover

ab
Wi (1+0(1))
E®(2) +Vab E® (3) = —a*Vab (1 + o(1))

ED1) +EP Q)+ Vab EP(3) =

as f — oo. The left eigenvectors are obtained by a simple transformation:

El(l) — O'(Elsl)) for 7 = 1’ 2,3; where

U1
oluv | = <U2 Uy v3> .
U3
Proof. The right eigenvectors E, associated to the eigenvalue A are the non-zero

solutions of the linear system
AN —a)
(M-T)E, =0 & E, = A—a t,teR.
Vab

And the left eigenvectors Ej associated to the same eigenvalue A are the non-zero

solutions of the linear system

BO-T)=0 & F=(\—a AA-a) Vab)t, teR.
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The desired normalization Ej F;, = 1 can be obtained by choosing

t=1/2 )\ —a)+ab

in both cases. Now to conclude the proof it is sufficient to exploit the estimates

of the eigenvalues given by the proposition [7.13l O O

The formula (Z.88]) together with the estimates of propositions[.I3], [T 14l give
us a complete control on the one-dimensional system on L at low temperature,
for every choice of the boundary conditions.

We concentrate on providing an estimation of the quantity R, defined by
(T3], since it is needed in the section [[Jl We have to distinguish three cases,

according to where the endpoints of L lie.

Lemma 7.15. The ratios of the eigenvalues of the transfer matriz T are

)\2 )\3

— = —1+ab(1+0(1)) , — = —a+ab(l+o0(1))
A A2
as [ — oo. In particular setting m := —log })\2/)\1‘ it holds
e =1 e P (14+o0(1)) asf — oco. (7.91)
Proof. 1t follows immediately from the proposition [7.13] O O

Lemma 7.16. If x) € 0°'S;, then as f — oo

B EWY = % (1+0(1))
B E® = —£ (1+0(1))

BIE® = a(1+o(1).
If ., € OP**S;, then the same estimates hold for El(l)Br , EI(Q)Br , El(?’)Br respec-

tively.

Proof. 1f z; € 05, then by (.36) and (7.80]) the vector describing the bound-
ary condition on the left side of the line L is B} = <0 Vb \/5> . Then the es-
timates for B Er(i), 1 =1,2,3, are computed using the proposition (.14 0O O
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Lemma 7.17. If x; € OA, then as § — oo

" % (1—%(140(1)) if the h-dimer on 2—(1,0) has fized position
B EY =
\ V2 (1—2(1+0(1))) if the h-dimer on x1—(1,0) has free position
)
—% (1+2(1+0(1)) if the h-dimer on 21— (1,0) is fized to the left
B E? = % (1+%(140(1)  if the h-dimer on 2,—(1,0) is fized to the right
\ % (1+0(1)) if the h-dimer on x;—(1,0) has free position
. —a*Vab (1 +o(1)) if the h-dimer on x;—(1,0) is fived to the left
B E® =

—avab(1+0(1))  if the h-dimer on 11— (1,0) is fived to the right or free

Ifx. € 0.\, then the same estimates hold respectively for El(l)Br , El(Q)Br , El(?’) B.
after substituting: ,—(1,0) by x,+(1,0), “left” by “right” and “right” by “left”.

Proof. 1f x; € O|A then by (C30) and (Z.86) the vector describing the boundary
condition on the left side of the line L is: B} = (() 1 @) if a left-dimer
is fixed on z;—(1,0); B, = (1 0 0) if a right-dimer is fixed on z;—(1,0);
B = (1 1 \/%) if on 2;—(1,0) there is a h-dimer with free position. Then
the estimates for B Eﬁi), 1 =1,2,3, are computed using the proposition [Z.14l

] ]

Proposition 7.18. Denote by o(1) any function w(B, un, J) that goes to zero
as  — oo and does not depend on the choice of the line L nor on A. Then
for every line L € £5(U;S;), S; € Sp pairwise disconnected, N C Z* finite, it
holds

|Rr| < ey (7.92)
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where the quantity v, can be chosen as follows:

r
<¥ + 6_6Mh;J|L|> (1 + 0(1)) Zf x) € UiarCXtSi, = UiaICXtSZ'

-8% .
e\/;' (]_ + O(].)) Zfl’] € UiantSi, Xy € UﬁrA

or vice versa x) € U;O\ | x, € U;05*S;

\1+0(1) if ; € OA, x. € OA
(7.93)

Proof. e Suppose x; € 0™'S; and z, € 0f*'S;. The definition (7.38) and the
corollary [.12] give

Z
MR, = TL—l _ BlEr(l)Efl)Br
Al
)\2 |L|—1 ) )\3 |L|-1 5
= (A—) BE®PE®B, + <A—) BE®PEYB, .
1 1

By the lemma |As/A1] < a|Xo/Ai| when 3 is sufficiently large. Therefore,

using also the estimates of lemma [T.16] one finds

A

<
|Ry| < N

|L]-1 (g +a|L|) (1+0(1)) .

e Suppose now x; € 0°'S; and x, € 0;A. The definition (7.38)) and the corollary

[(.12] give
L
N?Rp = e — BEW
L|-1 (1 r
AT EV B,
B <A2)|L|_1 BEPE? B, N (Ag)L‘l BEYEP B,
A EYB, At EYB,

By the lemma |As/A1| < alXo/A1| when [ is sufficiently large. Therefore,
using also the estimates of lemmas [7.16], [.I7, one finds

|Rr| <

e Suppose now z; € A and z, € 0,A. The definition (Z38)) and the corollary
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.12 give

Zr
Ry = —1
A B EVEY B,
B <A2>|L|_1 BEPE? B, (Ag)L‘l BEYEP B,
- (T Sifr B S St B Br

BEVEVB,  \M BEVEYR,

By the lemma [TI5] |A3/A1] < a|A2/A1| when [ is sufficiently large. Therefore,
using also the estimates of lemma [T.17, one finds

L1
|Rr| < &

. (1+0(1)) .

7.5 Appendix: cluster expansion

In this Appendix we state the main results about the general theory of clus-
ter expansion used in this paper. The cluster expansion method permits to
rewrite the logarithm of the partition function of a polymer system as a power
series of the polymer activities. This expansion entails analyticity results and
simplifies considerably the study of the correlation functions, that can be ex-
pressed in terms of ratios of partition functions. Clearly the cluster expansion
cannot hold in general on the whole space of parameters: it converges only when
the polymer activities are small enough to compete with the entropy. A rigorous
study of the conditions of convergence dates back to [43,50,[87], by means of
Kirkwood-Salsburg type of equations. In this paper we use a criterion proposed
by Kotecky and Preiss [68] in 1986. Afterwards this criterion was compared to
the previous ones, was improved and simplified in [21,33,38,[76,96] (for a clear

and modern treatment we suggest for example the last work).

Let & be a finite set, called the set of polymers. Let o : &2 — C, called
the polymer activity, and § : P x P — {0,1}, called the polymer hard-core
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interaction, such that 6(P, P) = 0 and 6(P, P') = §(P’, P) for all P, P’ € 2.

Consider the polymer partition function:

> I e o P

P'CP Pe P,P'cs
qPﬁ (7.94)
=X L% [aw [Loer
¢>0 1Py, P,ez t=1 t<s

A family of polymers (Py,..., P,) is called compatible if §(P;, Ps) = 1 for all
t # s; otherwise it is called incompatible. Observe that in the partition function
Z only the compatible families of polymers give non-zero contributions.

A family of polymers (P, ..., P,) is called a cluster if the graph with vertex set
{1,...,q} and edge set {(¢,s)|0(P;, Ps) = 0} is connected.

Theorem 7.4. Suppose that there exists a: & — [0,00], called size function,

such that the Kotecky-Preiss condition is satisfied, namely:

> le(P) e < a(PT) VPEZ. (7.95)

pPcy
o(P,P*)=0

Then:
log Z = Z Z <H9Pt> (Py,...,P) (7.96)
q>0 ~ Pp,.., Pez

where the series on the r.h.s. is absolutely convergent and

w(Py,...,P) = > (—1)El (7.97)
G=(V,E) connected graph
V:{l ~~~~~ q}
EC{(t,s)|8(P%,Ps)=0}

Moreover, for all & C &

q
Z o Te®)|fuPr, ., PYL < D e(P) e (7.98)
q>0 ..... Piez ! t=1 Pcoy
Et Pteé” pe&

It is worth to observe that if (Py, ..., P,;) is not a cluster then u(Py, ..., P,) =
0. Therefore only the clusters of polymers (that are infinitely many) give non-

zero contributions to the expansion (7.96)) of log Z.
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