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Chapter 1

Introduction

1.1 Motivation

Among all Unmanned Aerial Vehicles (UAVs), multi-rotor aircrafts have
enkindled great interest of research centers in recent times. Their activities
have grown and developed fast in the first decade of the XXI century.

In civilian applications multi—rotors have proved to be perfect instruments
for aerial monitoring and photography. Nowadays, indeed, many enter-
prises have been established that do business with these machines and on
every TV channel it is possible to attest their efficiency, sooner or later
appearing shots recorded with their on—board cameras. Sadly, by the
way, the recent disaster that involved in 2011 the nuclear power plant of
Fukushima, Japan, can be mentioned. Videos that witness the damages
within that facility were shot with quad-rotors.

Ultimately, some of their capabilities make them preferable also to fixed—
wing platforms. Multi—rotor UAVs can perform very easily hovering flight
and vertical take—off and landing. These characteristics make them the
optimal machine for indoor flight, for example, and for accessing dangerous
locations with no harm for the pilot.

Multi—rotor platforms also are more employed than RC helicopters, for

commercial applications. This is due to their overwhelming simplicity of
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construction and greater ease of piloting.
In a word, multi—rotor aircrafts proved to be interesting machines and

affordable technological solutions.

Figure 1.1: Hexa—copter for Environmental Monitoring

This thesis provides a deep insight in the dominion of multi—rotor UAVs
flight dynamics. All the treatise is addressed to give the reader an analyt-
ical kit of equations, regarding the entire set of rotorcraft configurations,
or at least the most common, for a comprehensive study of their behavior.
Thus this work can certainly be considered as a general reference about
flight mechanics and dynamics of multi-rotors platforms, but also a valid
collection of theoretic instruments, that can direct some design concerns,

avoiding rough and imprecise approaches in the making of these machines.

1.2 Literature Review and Thesis Objectives

Multi-rotor aircrafts, for their relative ease of construction, reliability, low
dangerousness for humans, low—cost spares and maintenance, are exten-
sively employed in academic institutes worldwide. They are indeed a valid
test bed for control systems development, remote guidance techniques, etc.
with the possibility of indoor or outdoor applications. They are exploited

for the validation of all types of control strategies: from linear SISO control
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to more sophisticated techniques, like back—stepping control or non—linear
control through Lyapunov’s functions, passing also through MIMO LQ
regulators.

Various academic works can be mentioned. For example, one is the O5—4
helicopter, designed and built within the laboratories of EPFL of Lau-
sanne. This work is documented in [4] where the questions of modeling,
design and control are treated. Another project is that developed by the
Australian National University of Canberra [20]. There a very interesting
configuration of multi-—rotor has been built, with pushing propellers and
mini teetering rotors, the X4-Flyer. Also, other important universities
have been involved in the study on similar flying vehicles, as Stanford [10]
and the MIT [5].

In all these works a mathematical analysis of the flying systems has not
been neglected. More or less, for any machine, all the modeling issues have
been faced. Also advanced problems like attitude stabilization, remote
control have been treated.

However, notwithstanding the notable results achieved, what the author of
the present thesis felt missing in all these projects, was a sort of theoretic
foundation in the design of all machines and control systems. All the math
tools provided in published works were only a mean to obtain description
a posteriori, more or less precise, of an already existing aircraft.

For example, in the EPFL activity, all the dynamic modeling of the O5—4
multi—rotor is accomplished in great detail. But, when it is the turn of the
tuning of PID regulators, all that is done is a trial assignment of control
gains. This signifies that all the analytical effort was not totally exploited
to the definition of precise and ad hoc control laws.

The work presented in this thesis tries instead to circumvent this obstacle.
The manner this is accomplished starts obviously from the mathemati-
cal study of multi-rotor aircraft dynamics, on the base of the results of
helicopter theory.

This theoretic treatment is approached as usually it is done in the case of
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fixed-wing aircrafts dynamics.

After brief hints on vector analysis, the rigid body equations of motion are
introduced. The non-linear and the linear formulations are considered, as

in all the text about airplanes flight dynamics.

Successively, the description of actions on a generic multi-rotor aircraft is
treated. As before, the loads for non—linear modeling and for the linearized

one are defined.

All this analytic tools are employed in different manners to appreciate the

potentialities of a good mathematical description of multi-rotor behavior.

To the non-linear model, various expedients based on the experience of
the author are included to make all the formulae in the text a serviceable
tool for simulation. Infact non-linear models are the effective mean of
analysis of complex systems like flying vehicles. They allow, for example,
control laws validation, tuning of algorithm, pilot training. An interesting
application of the non-linear model of dynamics is shown in this thesis for

the study of an innovative configuration of quad-rotor.

The linear modeling represents the other great facet of theoretic formu-
lation. The linear analysis has its own advantages. It allows the study
of static and dynamic properties of flying vehicles and also it gives valid

instruments for the study and design of control laws.

The problem of linear dynamics description for multi—rotor aircraft is here
deeply considered. This has permitted the study of the influence of all the
factors concerning multi-rotor dynamics, compared to already published

works, in a very original way.

The results of this analysis are utilized then in various manners. The theo-
retic treatment of dynamic stability, or instability, of multi—rotor aircrafts
is accomplished. The design of control system is addressed only with an
analytical development. A study of controllability of a rotorcraft in case

of actuator failure is tackled.
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1.3 Outline

Chapter 2 starts with the definition of the rigid body equations of mo-
tion. Kinematics and dynamics equations are enounced, in the non—linear
differential formulation.

Chapter 3 is centered on the definition of all the loads acting on a multi—
rotor during flight. Obviously great care is put in the description of rotors
aerodynamics. This chapter also treats the question of modeling of pilot’s
commands.

Chapter 4 provides general considerations to direct the writing of an ef-
fective simulation math model. This discussion faces also the problem of
the resolution of the equations of motion and the problem of trim of the
mathematical system.

Chapter 5 treats the linear modeling of dynamics of a multi-rotor aircraft.
It contains also the definition of linearized aerodynamics of rotors and ends
with the definition of the stability and control derivatives.

Chapter 6 is based on the result of the previous chapter and develops the
analytic study of dynamic properties of multi—rotor aircrafts.

Chapter 7 addresses the problem of control laws design for multi-rotor on
the source of the linear dynamics description provided in chapter 5.
Chapter 8 is an impressive application of all the instruments defined in
the previous chapters. It aims at the analytical study of an innovative
quad-rotor configuration to assess its enhanced performances with respect
to classical quad-rotor.

All the work is enriched with proper numerical tests.
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Chapter 2
Rigid Body Dynamics

In this chapter the mathematical instruments, utilized in the remainder of
the text for the analytical study of the dynamics of motion of a rigid body
in space, are described.

The chapter focuses on the exposition of the equations of motion for a
rigid body, as they are generally treated for aerospace applications. Two
approaches in the definition of the equations can be considered: the non—
linear modeling, for the complete simulation of the motion of an aircraft,
and the linear modeling around an equilibrium flight condition, for the
study of aero—mechanical properties of a flying vehicle. Here only the
non-linear modeling is treated. The linear one is the central argument of
a following chapter.

To all this, brief considerations about reference systems are added.

2.1 Reference Axis Systems

To study the motion of a rigid body in space it is suitable a mechanical
description in a reference frame fixed to the body itself. Also it is useful the
knowledge of position and orientation of the body with respect to the Earth
surface. A reference frame, in Mechanics problems, is generally a right—

handed axis system, i.e. a triplet of directions in space with their relative




2. Rigid Body Dynamics

orientation definite and invariable — precisely any of three orthogonal to
the other two — and whose origin is the intersection of is three axes. To
simulate the motion of a multi-rotor aircraft in space two axis systems
are needed, at least. One is the Farth Awis fixed frame chosen as inertial
system: the first and the second axes of this frame are oriented to the
North and to the East with the origin placed on or over the Earth surface.
The second reference frame is the Body Axis reference frame whose origin
is placed in the Centre of Gravity (C.G.) of the multi-rotor.

This choice of the two reference frames has two motivations. One is that
the principles of Newtonian Mechanics must be applied to an inertial sys-
tem, for writing the equations of motion of a rigid body. The second is that
is very easier define all the actions generated by the aircraft components
in a proper Body Axzis system.

Moreover, in the following, other reference systems are considered. These
systems are centered in the center of the rotors disks. Their definition and
purpose will appear clearly along the discussion. To better understand
the classification, one can refer to [6], where it is spoken about Individ-
ual Element Reference Azis (IERA) and Individual Element Local System
(IELA) systems.

2.2 Transformation Matrices

Because in vector analysis the definition of a vector depends upon the
chosen reference frame, the necessity incurs to describe a vector, represen-
tative of a mechanical or spatial quantity, with respect to different axis
systems. This operation is generally called vector resolution.

The fundamental mathematical tool that permits this operation is the
Rotation Matrix (or Transformation Matrix) of a vector between two axis
systems.

In general two reference frames differ between them because of their un-

equal orientations. To know exactly this relative orientation, it is sufficient
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to impose three sequential rotations about the three axes of a system, one
after the other, to the starting frame. In Flight Mechanics problems these
three rotations are effected in this order: first around the z (the third)
axis of an angle a; then around the y axis (the second), as oriented after
the first rotation, of an angle §; finally around the x axis (the first) of an
angle v. The three angles just defined are the notorious Euler’s Angles.
With these three angles the rotation matrix that can resolve a vector from
an initial reference frame A to a final frame B can be written. This kind
of matrix has the following expression.
CpCla CjSa —Sg
Tpa(y,B,a) = | $55Ca—CySa SySpSa+CyCa 5,Cp (2.1)
CS3Ca+SySa CyS5Sa—=5yCa CyCp
This operator allows to define a vector with respect to a frame B, when it

is known instead in a frame A and the three Euler’s angles are known too.

Vp=TpaVa (2.2)

2.3 Rigid Body Equations of Motion

The dynamical behavior of a multi-—rotor aicraft can be conveniently repre-
sented by means of a set of rigid—body equations of motion, written in a set
of body axes. The equations presented in this section are the results of the
theory of flight dynamics already known from notorious specialized text.
Here as primal reference [6] can be cited. First the non-linear equations
of motion are described. After, from these same equations, the linearized

equations of motions are obtained.

2.3.1 The State Vector

The equations permit, once integrated, to know the evolution of the dy-
namic and kinematic quantities of motion of the aircraft. As dynamic

quantities the vector of the C.G. linear velocities V p and the vector of the
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angular rates wp are considered, in the Body Azis system. As kinematic
quantities, instead, the vector of position with respect to Farth Azis sys-
tem Pp and the vector of the orientation angles aup are considered. The
vector ap is the vector of the Euler’s angles and, if necessary, it can be
substituted by the vector of quaternion q. Now it can be defined the state
vector X of the dynamic system describing the quad-rotor dynamics and

kinematics of motion.

X = (2.3)

wpB
In the following chapters other components can be included in the defini-
tion of the state vector, depending upon the configuration of aircraft under
study.

Now the elements of the state vector are:
1. Position: Py = (N, E, D);
2. Attitude: ap = (®,0, V),
3. Velocity: Vg = (U, V,W);

4. Angular rate: wp = (P,Q, R).

2.3.2 Equations of Dynamics

Now the set of the non-linear equations of motions can be enounced. The
formulation follows reference [6].

In the sequel, the Body axes are assumed to coincide with the principle
axes of inertia of the aircraft. The longitudinal axis xp can be considered
parallel to one of the brackets of a quad-rotor configuration; the zp axis
is oriented towards the ground when the vehicle is in hovering and yp

completes a right—handed frame.

10



2.3 Rigid Body Equations of Motion

The mass of the multi—rotor is assumed constant in quantity and in dis-
tribution. The consequence of this assumption is that mass and inertia
tensor are both constant.

The set of equations of the dynamics of a rigid body is given by

mVB +wp X (mVB) = Fe:ct
(2.4)

lwp +wp % (IwB) = Mt

The first equation of the system (2.4) defines the dynamics of translation
in space of a rigid body, in a Body Axis reference frame. The second
equation defines instead the dynamics of rotation in space of a rigid body,
in the same Body Axis reference frame.

The inertial tensor is defined in eqn. (2.5).

Iz 0 0
I=| 0 I, O (2.5)
0 0 I

The two vector equations of dynamics of motion are equivalent to the set

of six scalar equations (2.6).

X =m(U +QW — RV)
Y =m(V 4+ RU — PW)
Z =m(W + PV — QU)

(2.6)
L=1I,P+(L,—I,)QR
M = IyQ + (Lyw — L..) PR
N =L.R+ (Iyy — I2) PQ
In these equations
X
Feor=| Y (2.7)
Z

11
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and
L

My = | M |- (2.8)
N

Fepr and Mgy are the vector of the external forces and moments acting on
the aircraft, defined in the Body Axis frame. Both vectors will be defined

properly in next chapters.

2.3.3 Equations of Kinematics

The velocity in the inertial Farth axis reference frame is calculated from
the velocity in the Body azis frame. The attitude variation is obtained

from the angular rates vector wp.

Pp=Tpp(®,0,9)Vp
(2.9)
ap =E1®,0,V)wp
The T gr matrix is the rotation matrix that transforms a vector from the
inertial Earth azis frame to the not inertial Body azis frame. The sequence

of rotations is ¥ about z axis, © about y axis and then ® about z axis.

CoCy CoSy —Se
TBE((I), O, ‘I/) = SeSeCy — CeSy SeSeSy + CeCy  SeCo

CsS0Cy + SeSy CpSeSy — SeCy  CeCo
(2.10)

E~! is the matrix that transforms the vector wp in the vector of the time

derivatives of the Euler’s angles.

1 0 —sin(O)
E(®,0)=| 0 cos(®) sin(®)cos(O) (2.11)
0 —sin(®) cos(P)cos(O)

12



2.3 Rigid Body Equations of Motion

It is also to remind that E is a matrix different from those defined in
section (2.2).

Briefly, the equations (2.9) show the relation between inertial frame veloc-
ities and Body axis frame velocities and between Body axis frame rotation

rates and rates of Euler’s angles.

Attitude Representation

The inverse of E matrix presents a mathematical singularity for a value
of © equal to £3 rad. If this orientation in pitch can be reached in
simulation, then, it is necessary to choose, for attitude representation, the
vector of quaternion q. The vector q is a vector of four elements that
describes the rotation around a particular axis, the so called Euler’s axis,

and the orientation of this axis with respect to the inertial frame.

q0
1
qa=-| " (2.12)
2 q2

It is necessary to define the equation of kinematics of the quaternion vector.

a1 —a —a P

U w e

A=51 ¢ a0 —a Q (2.13)
—g2 q1 Qo R

If the quaternion vector is known, then the attitude representation through
Euler’s angles can be restored, given the relation between quaternion vector

and attitude angles, passing through the matrix Tpg.

@+a?—a3—a2 2q192+290q3  29193—2q0q2
(2.14)

Tpr = | 29192—2q093 2—a?+4d3—q% 2¢2g3+2q0q1
2q193+2q0q2  29293—290q1 g2 —q°>—q3-+q?

Because the case of the singularity, in this text, is not considered, the

attitude description with Euler’s angles is maintained in the following.
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2. Rigid Body Dynamics

2.3.4 Complete Differential Set of Equations

The two equations of dynamics and the two equations of kinematics can
be rewritten, in an unique set of equations, isolating the derivatives of the

elements of the state vector.
PE = TE};(OCE)VB

ap = Eil(aE)WB
(2.15)
VB = [Fe:ct —wp X (mVB)]/m

wp =T Mt —wp x (Twp)]

This system is the set of non-linear differential equations of motion of a
rigid body in space. It is apt to study and simulate operations of a flying
vehicle in all its flight envelope, virtual testing of on-board systems of the
aircraft under exam, virtual pilot training, etc.

The system can be written in a more compact form, considering the state
vector X. The vector U is the vector of the deterministic inputs (controls)

of the system.

{ X =X, U) (2.16)

Xo = X(tp)
The second equation defines the initial value of the state vector Xg at
the initial time ¢y, whose knowledge is necessary to start the integration
of the equations of motion, being differential equations with time ¢ as

independent parameter.

2.4 Remarks

This chapter has dealt with the mathematical modeling of the dynamics

and kinematics of motion of a rigid body, applicable also to the study
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2.4 Remarks

and simulation of the motion of multi-rotor vehicles. The problem has
not been discussed in a lengthy manner, because these results are already
available on various and notorious texts about flight mechanics or flight
dynamics. Care has been put in the fact that the equations shown here
could be those which can correctly and fully describe the dynamics of a
multi-rotor aircraft in its complete flight envelope.

In the discussion, with regard to the mathematical aspect of the problem,
the equilibrium point of the system was taken as an already known datum.
However this is not true. The trim condition of the state vector X must

be calculated. This problem is discussed in a dedicated chapter.
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Chapter 3

External Actions Modeling

The motion dynamics of a multi-rotor is influenced by the external actions,
due to aerodynamics and also to other effects. As it results from the
previous chapter, this fact is witnessed by the presence in the equation
of dynamics (2.15) of the vectors Feyp and Mgy, Then, to complete the
mathematical description of the mechanical behavior of the multi—rotor, it
is necessary an accurate definition of all the forces and moments generated
by the components of the aircraft.

This chapter focuses on this last argument. First it begins with the de-
scription of the atmospheric environment. Then all the components of a
multi-rotor aircraft that can affect its dynamics are listed. The mathe-
matical description of the actions imparted by each of these components
are analyzed in detail. Finally the effects of the pilot’s commands are

considered .

3.1 Atmosphere

As any flying vehicle, a multi-rotor aircraft is subjected to aerodynamic
loads due to the relative motion between its surfaces and the atmosphere.
Every action of that type, also, is directly a function of some mechanical

property of the air which the flying vehicle is sunken in.
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3. External Actions Modeling

The principal of this physical characteristics of the atmosphere is the air
density p. p is a fundamental parameter for the evaluation of all types of
aerodynamic actions, both of drag and of lift.

It is notorious that the value of p depends upon many factors. One of
these is the altitude, generally to an increase in height from Earth’s surface
corresponding a decrease of p. Another is the Mach Number M of the air
and another is the Temperature 7.

However, multi—rotor aircrafts are vehicles that, during their operation,
do not fly at velocities that imply high values of Mach Number, so that
effects of compressibility do not occur in their flight envelope. Moreover,
variations of altitude in flight for these machines are of the order of few
ten meters.

All these considerations bring to assume that air density p is a constant
that must be evaluated for the particular operative altitude of the multi-
rotor.

Also in this thesis the problem of modeling of air disturbances, like wind
gusts, is not dealt.

In a word, the only physical quantity of interest of the atmospheric envi-
ronment for aerodynamic loads computation is the air density p, assumed

always as a constant.

3.2 Loads on a Multi-rotor Aircraft

A multi—rotor aircraft is a flying vehicle whose rotors are the prime source
of aerodynamic sustenance, propulsion and control. The lifting force that
they generate has to oppose the gravitational force and drag effects. More-
over various other factors must be analyzed: aerodynamic torques of ro-
tors, aerodynamic interferences, torques of the motors that spin the rotors
blades, inertial torques on motors shafts, gyroscopic effects on rotors.

Thus, a first classification of external forces and moments acting on the

aircraft can be stated. The external forces are due to gravitational effects,
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3.2 Loads on a Multi-rotor Aircraft

aerodynamics of rotor and drag effects of the airframe. The external mo-
ments are due yet to the aerodynamics of rotors. In this vector gyroscopic
effects and inertial torques of motors shafts are included for the sake of

brevity, although they are not external loads.

Fep = F9 + 70 L Flaf) (3.1)

Mgy = M) 4 M(metor) 4 \ployroscopic) (3.2)

Other than the analysis of the effects of gravity, airframe and motors, the
rest of this chapter is dedicated to the study of aerodynamics of rotors,
that, for the major importance on the dynamics of the aircraft, deserves the
deepest and most detailed analysis. It is necessary to remind that the two
previous vectors are defined in a Body Axis reference frame. This signifies
that all the loads must be defined in the same reference axis system. If,
some time in the treatment, this is not done, in those case the loads then
must be resolved in the that frame, before integration of the equations of

dynamics.

3.2.1 Gravity Force

Every body is characterized by its own mass m. A mass, plunged in the
gravitational field of the Earth, is accelerated at a rate equal to the accel-
eration of gravity g. Thus the weight the mass is subjected to is equal,
in magnitude, to mg. For the present study, it suffices to consider g as
a constant, because a multi-rotor aircraft does not operate with signif-
icant variations of altitude, that can involve remarkable changes of the

acceleration of gravity.

In the Body Azis frame the gravity force vector is the following.
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3. External Actions Modeling

—mgsin(0)
F9 =Tgze-| 0 = | mgsin(®) cos(O) (3.3)
mg mg cos(®P) cos(O)

The gravity force is applied at the multi—rotor C.G. and thus it does not

generate any moment.

3.2.2 Forces Acting on the Airframe

Every body, that moves in a fluid or gas, is subjected to a force that op-
poses its motion. A force of this kind is called drag. Drag forces depend,
in incompressible flows, on the shape of the body immersed in the fluid.
The body shape, for drag assessment, depends, in its turn, on the direc-
tion of motion of the body itself, i.e., for a multi—rotor aircraft in flight,
on its attitude. Thus, the best way to quantify the drag would be to
have a proper drag coefficient for any attitude of the multi—rotor. This
knowledge, even though could be feasible, could prove excessive, with re-
spect to approximated, but nevertheless affordable, solutions. Indeed an
approximated and practical way is to assign a coefficient to each one of the
reference axes of the fixed Body Axis frame. Any of this coefficient can be
experimentally evaluated. In aircraft modeling this is done, assigning to
every coefficient a value for some different orientations of the aircraft under
exam. More details on this argument can be found in reference [6]. For
multi-rotor modeling this last approach can be further simplified, having
in mind what multi—rotor flying vehicles are able to do in flight (hover-
ing, climbing, descending, horizontal flight with almost null attitude are
their major capabilities). Drag is here defined with the assignment, to any
principal axis of inertia of the body fixed Body Axis frame, an unique and
constant aerodynamic coefficient.

More concisely, it is assumed that the forces acting on the multi-rotor
airframe are the three components of the drag directed along the three

axes of the body fixed reference frame. The distance between C.G. and
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3.2 Loads on a Multi-rotor Aircraft

the aerodynamic center of the airframe is considered null. The drag forces

are assessed with the equivalent flat plate area model [6].
[ —1pAUU

Fah) = | _1pA, VIV (3.4)

L _%pAz‘WWV

The three equivalent flat plate areas A;, A,, A, are constant. The effect
of the rotors induced velocities are neglected.

This drag forces in hovering, or near hovering flight, are practically neg-
ligible. Instead, at high velocities, drag forces act as a sort of damping
effect that keeps the multi—rotor from getting out of control, at least in

simulation.

3.2.3 Rotor Aerodynamics

For multi-rotors helicopters, as for any rotary wing machine, rotors are
obviously the most important component in terms of flight performances.
Indeed their action permit the aircraft to lift, hover, fly, be maneuvered
and, necessarily, in a controlled and safe manner.

Because rotors are the device that produce lift forces, thrust and control
actions, a precise analysis of the loads acting on rotors during flight is a
necessary task for the understanding of the dynamic behavior both from
a mathematical and from a physical point of view.

Although multi—rotor aircrafts prototypes [12] had been built before heli-
copters in the classical configuration (with a main rotor and a tail rotor),
scientific research about aerodynamics of a rotor regarded principally, in
the past century, the study of helicopter flight. This can be verified enu-
merating the various and remarkable texts in the specialized literature.

However, since helicopters and multi-rotor UAVs rotors aerodynamics are
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3. External Actions Modeling

based on the same physical principles, the theoretic results obtained for he-
licopter rotors are liable to be applied to the study of multi—rotor aircrafts
dynamics.

After this assumption, before starting the analytical treatment of the aer-
odynamics of a rotor, it is of obvious interest to describe the rotor as
a "solid" device and the peculiarities of rotors for different rotary wing
machines.

A rotor is a set of blades (two or more) attached to a rotating shaft and
arranged as spokes of a wheel. Blades are wings, that is, beams with
section shaped as an aerodynamic profile. They also might be twisted
along their span, might be tapered or have variable chord.

In the case of manned helicopters, rotor blades are not rigidly attached to
the hub of their shaft, but generally they are hinged to it. Then blades
are free to rotate about an axis perpendicular to the shaft and to the
blade span. This is the flapping motion of the blade. Moreover a second
hinge permits the blade to rotate around an axis parallel to the shaft,
to eliminate torques due to blade drag effects on their root and on the
hub itself (lagging motion). A third hinge is the feathering hinge that
commands the pitch of the blades (collective and cyclic). Rotors that
possess all these hinges are named articulated rotors. Another type of
rotor is the tethering rotor whose two blades are free to flap around an
unique central hinge. In some rotors hinges are substituted by flexible
elements (elastomeric bearings). This rotors are called semi-rigid rotors.
All these expedients are necessary for not transmitting moments to the hub
due to asymmetry of aerodynamic loads on the blades and for controlling
the thrust and its direction through the pitch of the blades, by means of the
collective and cyclic pitch controls. Indeed, through these inputs, flapping
allows the flight control of a helicopter, because to flap the blades signifies
to tilt the rotor disk, that is, the direction of the thrust itself. This last
consideration must be united with the fact that helicopters rotors perform

at almost constant rotational speed. A partial view of helicopter main
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3.2 Loads on a Multi-rotor Aircraft

rotor is given in figure (3.1).
For details about rotors of helicopters and their working principles one can

refer to classic texts [17, 2, 21, 15].

Figure 3.1: Main Articulated Rotor for a Manned Helicopter

All the considerations listed previously are valid wholly for helicopters
rotors. A rotor for multi-rotor UAVs, although it is yet a device for pro-
ducing thrust exploiting rotating blades, is more similar to a propeller of
an airplane, for the majority of existing machines, as shown in figure (3.2).
The blades of these propellers are very short ones, with cambered profile,
not rectilinear twist and a shape along blade span different from a linear
tapering but instead comparable to that of blades for airplane propellers,
with the maximum of chord about the half of the blade.

Blades for multi-rotor applications are made generally of wood, plastic
material or carbon fiber. Especially if made of carbon fiber, they grant
high stiffness and resistance against breaking in case of crash. They are
characterized by very low weights, when blades for helicopters, instead,
for hardest design requirements, are made of though metallic or composite
materials.

Multi-rotor aircrafts usually are commanded with combined variations of
their propellers rate and not with the changes of inclination of rotors disks
by means of aerodynamic effects (flapping). Flapping effects for stabi-
lization and pitch variations as control input have been included only in

sporadic, although interesting, academic activities |5, 20]. Of course, ne-
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glecting flapping and all rotor dynamics, the computation of aerodynamic

loads on rotor is a less intricate problem but not, nevertheless, easy.

3

Figure 3.2: Multi-Rotor Propeller

At this point a question that should be answered is in what degree the
aerodynamic models applied to helicopters rotors befit multi-rotor pro-
pellers. Indeed the first are, with respect to those of mini UAVs, very
large rotors that during operations can reach velocities on the blades of
the order of transonic speeds. Multi—rotors propellers instead remain far
from this working conditions, as already stated. A comparison could be
made evaluating the Reynolds’ numbers for both types of rotor in some
flight condition. Without proceeding in this analysis, it can be stated
that multi—rotors UAVs propellers work at very lower values of Re, against
higher Re of modern helicopters rotors [12]. This can signifies that the
aerodynamic field around a multi-rotor propeller could be likely more dis-
tant from an ideal condition of rotor inflow with respect to a helicopter
rotor flow field. This consideration could carry to the conclusion that aer-
odynamic models, that are enounced later, for large rotors could not be
equally adequate for multi—rotor propellers analysis.

However, the aim of the present study is not to describe exactly the aer-
odynamic flow around the blade section of a propeller. Thus, regarding
the assessment, although approximate, of the forces that are generated on

a rotor globally, some other parameter can be chosen for a comparison.
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3.2 Loads on a Multi-rotor Aircraft

The so called Figure of Merit [12] of a rotor is a quantity that relates the
ideal power requited to a rotor to produce thrust divided by the power
absorbed in induced and parasite drag effects on rotor blades, in hovering
flight condition. If values of this parameter are similar for different rotors,
it can be stated that, although the aerodynamic modeling can not give
equally affordable results for wake description of rotors, from the point of
view of global performances of rotors, in terms of forces and power ab-
sorption, the differences are less marked. For example in |28, 20] values of
F.M. of the order of 70% and more are shown, in real applications. These
values are comparable to those listed in [12, 15] for modern helicopters
rotors. On this base it can be admitted that the mathematical modeling
of aerodynamic loads utilized for helicopters rotors and described in the

following pages is a still affordable instrument for multi-rotor analysis.

Hypotheses on Rotor Aerodynamics

After these considerations, some hypotheses have to be stated for the cal-
culation of the aerodynamic loads. The assumptions permit to have an-
alytical results available for dynamic simulations and dynamic stability
characteristics assessment. Some of them regard the type of blades and

these ones are the following:
1. blades are rigid beams;
2. blades are rigidly attached to the rotor shaft;

3. every section of the blades is a profile whose shape is the same along

the blades span;
4. blades are not tapered and have linear twist along their span.

From these suppositions the next considerations derive. No flapping and
rotor blades dynamic must be evaluated. Thus the rotor can be thought

of as a rigid rotating disk (the Rotor Disk), whom a flow of air passes
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through. The lifting characteristics of blades sections are constant along
their span.

Linear aerodynamics of blades section are assumed. In particular:

1. C is the lift curve slope of blades section;

2. Cy is the profile drag coefficient of the blades section and represent

a mean value for all blades sections.

Because blades are wings of finite length, effects of induced velocity must
be included in the aerodynamics analysis of the rotor. The induced velocity

computation will be described in a successive section.

Aerodynamic Loads on Rotor

A detailed study of the aerodynamics of a helicopter rotor is available in
texts like [17, 6], including effects of flapping, pitch of blades, etc. The
assumptions made previously about rotor geometry, stiffness, and aerody-
namic characteristics, permit to treat the aerodynamic load calculation in
a way at all similar to that presented in [15], for the case of a rigid rotor
in forward flight.

For the present case only few components of aerodynamic loads are suf-
ficient to describe the actions on a propeller. Vectors F) and M can
be rewritten. These vectors now are defined with respect to a reference
frame whose first axis is directed along the projection of velocity ugr of ro-
tor center on the rotor disk itself. The third axis of this frame is directed
orthogonal to the rotor disk plane, opposed to rotor thrust 7', and the
second axis is perpendicular to the other two. The origin of this frame is
placed in the rotor disk center. Such a frame, called Rotor Axis frame, is
indicated with a R subscript and can be oriented differently with respect
to the Body Axis frame of the aircraft. In figure (3.3) a sketch of a rotor
with its relative frame is depicted.

In this frame two components of the forces vector and two components of

the moments vector, acting on the rotor, can be defined:
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Figure 3.3: Rotor Axis Reference Frame

1. the thrust T
2. the rotor drag H opposed to the velocity component ug;
3. arolling moment A around the direction of up;

4. a torque IT around the rotor disk axis.

F7 =1 o (3.5)

A
MY = sgn(€) | 0 (3.6)
I

The sign of the not null two components of Mg)

depend on the sense of
rotation of the rotor blades. €2 in this case is exactly the speed rate of the
rotor. The sign of € follows the convention for a rotation in a right—handed

frame.
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In rotor aerodynamics it is usual to refer to non—dimensional coefficients
instead of pure forces and moments. In this case the following coefficients
can be defined.

T
Cr = pAQ2R2
H
O = pAO2R?
(3.7)
A
On = pAQ2R3
I
Crr = pAQ2R3

These coefficients can be referred to as the Thrust coefficient, the Drag
coefficient, the Rolling Moment coefficient and the Torque coefficient, re-

spectively. A is the rotor disk area and R is the rotor radius.
A =rR? (3.8)

Induced Velocity on a Rotor

A rotor is a device that generates a force through its aerodynamic in-
teraction with the surrounding air. For the Third Principle of Newtonian
Dynamics, to the rotor lifting force (and also to the other) must correspond
an equal and opposite force acting on the fluid that invests the propeller.
This signifies that the flow passing through the rotor is subjected to an
acceleration. This increase of the velocity of the air is the so called induced
velocity v;. From this hint it is clear that for knowing the forces generated
by a rotor the calculation of this induced velocity is mandatory.

The induced velocity is distributed on the whole area swept by the rotor
blades. This distribution cannot exactly been calculated. For details clas-
sic texts as [2, 17] can be referred to. Many simplifications must be made

to have an analytical result apt to aerodynamic loads evaluation. Now an
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induced velocity constant distribution is assumed all over the entire rotor
disk. As shown in [2], this mean component of the induced velocity has
the main influence on the rotor thrust. Thus, in this study, the induced
velocity of a rotor in flight is assumed equal to its mean value on the whole
rotor disk area.

The theory that permits the definition of the induced velocity in function
of the rotor thrust is the Momentum Theory (MT). For details one can

refer to [15, 6, 12]|. This theory is based on several assumptions:

1. the rotor is modeled as a propeller with infinite number of blades

(actuator disk);

2. the actuator disk operate on a streamtube that crosses the whole

rotor area;

3. the airflow is incompressible and the induced velocity v; is normal

to the disk actuator;

4. through the actuator disk a leap in the airflow pressure, that is con-
stant across any section of the streamtube and across the actuator

disk area, is assumed.

Exploiting the Bernoulli theorem and defining the Momentum variation
in the airflow through the actuator disk, the relation between the thrust
T and the induced velocity v; can be found. For the mathematical details

[15, 6] can be consulted.

T = 2pAviJUR + (Wi — vi)? (3.9)

This equation can be rewritten in the non—dimensional form.

Cr =20/ 12 + (12 — \;)2 (3.10)
A; is the inflow ratio, u is the advance ratio and g, is the climb ratio. All
these quantities are obtained dividing the respective dimensional velocities

by the blade tip velocity |Q|R.
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The components of velocity in the previous expressions are depicted in

figure (3.4).

Figure 3.4: Air Velocity on a Rotor

Solving this equation is not a trivial matter. There is no analytical solu-
tion, except for the case of hovering flight, where the equations bring the

following results.

T
Y 11
v oA (3.11)
A\ = % (3.12)

In a different flight condition, instead, an iterative approach is requited,
assigning an initial value to the induced velocity or, alternatively, to the
inflow ratio. The affordable and usual mathematical technique for this
problem is the Newton—Raphson method. Now the formulation of the nu-
merical process, as it appears in [6], is enounced. The following equations

are those utilized for the simulations shown in this thesis.
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. [T [Cr(QR)?
YT\ 20a T VT 2

p— (3.13)
it = Ur/v}
1= Wr/v}
Equation (3.9) can then be reformulated.
W[+ (b —H)?]—1=0 (3.14)

With a truncated Taylor’s series expansion the increment of @ can be

calculated.
L f(w)
A= "5
f) = 2[p2 + (b —7)?] — 1 (3.15)

Once the value of w has been updated, the iteration can go on.

Wnew = Word + AW (3.16)

The process continues until the difference between two succeeding values
of W becomes equal or inferior to a fixed tolerance (e.g., this constraint

can be chosen equal to 0.01). Thus the induced velocity v; is achieved.

v; = vjw (3.17)

Another consideration, to the purpose of simulation, must be pointed out.
The knowledge of thrust is necessary to start the calculation. But, as
explained later, also the thrust must be defined in function of the induced

velocity. Thus, to accomplish a numerical flight simulation through time,
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what can be done is to compute the induced velocity at a precise instant,
then to memorize this value of v; and finally to transmit it at next time
instant of the simulation. This little jump in time must be chosen to avoid
divergence of the iterative process. This can be done with a trial and error
procedure, within for example the SIMULINK® environment.

Other than this, the MT provides a relation that connects thrust of the
rotor and the average induced velocity over the rotor disk. However there
is some flight condition for whom its validity is no more granted. For this
question the already cited texts can be the optimal reference.

In this work, all ground effects are neglected in the evaluation of the in-
duced velocity of a rotor.

Moreover all the aerodynamic interferences that can arise between rotors
wakes and between rotors wakes and airframe of the multi-rotor aircraft
are neglected. This is due to the fact that, in the majority of multi—rotor
platforms, propellers are mounted on their airframe in a way that all the

various wakes substantially do not intercept other parts of the machine.

Calculation of the Rotor Aerodynamic Coefficients

Once the induced velocity or the inflow ratio is known, the computation
of the aerodynamic actions defined in (3.2.3) is possible. To obtain the
rotor forces and moments, including aerodynamic characteristics, pitch
and geometry of the blades, it is necessary to make use of the so called
Blade Element Theory (BET).

The approach of BET is to assume that every section of the rotor blades
behaves exactly like an aerofoil. The air velocity over the blade section
is the sum of the velocity due to rotation of blades about their shaft, of
the speed of aircraft and of the induced velocity. From this quantities it
is possible to evaluate the incidence of the aerofoil and then the lift and
drag forces for unit length of every blade. After the integration along the
blades span and around the rotor shaft axis, the rotor aerodynamic loads

are computed, as averaged quantities for a 27 rotation of all the blades.
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All these considerations and the hypotheses previously defined in section
(3.2.3) on blades geometry and aerodynamic characteristics, permit to
exploit the definitions of rotor aerodynamic coefficients presented in [15],
as already stated, for the case of a rotor in forward flight, with also the

effect of a linear blade twist and without inserting the cyclic commands.

Cr Loy A= 2
= Vel —)-——=(1 w
Cr (N —pz)p Ot Cap
oClo T e 4%]
(3.18)

Ca . & . 0t7w _ Ai — e

o (g — 5 g )

C . & . etiw . Ai — Hz Ca 2

For clarity the twist angle of a blade for anyone of its sections, denoted
with the coordinate r, is equal to —Gtw%. With this notation 6y, is al-
ways positive, if the blade pitch is maximum at the root of the blade and
minimum at the tip. 6. is the collective pitch of the blades. For the case of
multi-rotor rigid propellers 6. and 6y, are considered as fixed and constant
parameters of the rotor. o is the solidity of the rotor.
_ Nc

TR
N is the number of blades of the rotor, c¢ is the chord of the blades and R

o

(3.19)

is equal to the span of the blades.

One doubt could arise now about the affordability of these coefficients.
BET is developed for the analysis of the aerodynamics of the rotors of
manned helicopters. These rotors, as already stated, have very different
size, geometry and blade shape with respect to multi-rotor propellers, that
adhere more precisely to the hypotheses under the BET. To briefly settle

the question, a qualitative consideration can be added. A result of the
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BET is that, for example, the total thrust of the rotor [2] is equal to the
thrust generated by a rotor whose blades pitch is an average angle equal
to that of the blade section at the 3/4 of blade span. It can be viewed that
catalogues of propellers, as (http://m-selig.ae.illinois.edu/props/
propDB.html), typically provide, as data, the diameter and the pitch of a
particular section of the propellers blades. This section is generally that
at around the 70% of blade span. This signifies that a correspondence
betwixt the theoretic results and the real propeller aerodynamic behavior
can be accepted.

Thus, the results of BET can be exploited, for propeller analysis, assum-
ing, on the source of data coming from experimental campaigns, proper
values of the various aerodynamic parameters of interest.

From the rotor coefficients the aerodynamic loads can be calculated, by
means of equations (3.7). It is worth also remembering that these actions
are calculated in a Rotor Axis frame. What is missing now, are the def-
initions of p and u,. Aiming at this, some considerations must be added
regarding the position and orientation of the rotor with rspect to the whole

airframe of the multi-rotor vehicle.

Rotation Matrix for Rotor Orientation

For a multi-rotor aircraft any of its rotors possess its own precise displace-
ment in the Body Axis reference frame. Moreover any of them could also
be rotated so that the direction of thrust T could differ from the zg axis.
If the effects of their tilting angles must be accounted for, it is necessary
insert those angles in the definition of forces and moments generated by
the rotor. Indeed only when the orientation of a rotor is accurately defined,
the velocity of the air that flows through the rotor is accurately known.

The mathematical tool available to this purpose is the Rotation Ma-
trix. For each rotor, the rotation matrix is computed with three Eu-
ler’s angles that describe the three sequential rotations that resolve a vec-

tor from the Body Axis frame to a frame fixed to the rotor disk itself
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3.2 Loads on a Multi-rotor Aircraft

({Or,xXR1,YR1,2R1})- The sequence of the rotations follow the same con-
vention chosen for the transformation from Inertial to Moving frame for

the equations of motions, as explained in section (2.2).

The first angle, called 6, is the angle that identifies the angular position of
each rotor arm in the {(xp,ypz)} plane (azimuth). This rotation is around
a direction parallel to the axis zg. The second angle, called I, is the
angle that tilts the rotor disk so that a component of the rotor thrust 7' is
directed along the rotor arm toward the C.G. of the rotorcraft. In a word,
this axis of rotation lies on the {(xp,yp)} plane and on the rotor disk.
I' is called dihedral angle, in analogy to the dihedral angle for a fixed—
wing airplane. The third angle, called &, is the rotation around the local
x axis. This rotation lets the thrust vector generate a component that is
orthogonal to the local vertical plane containing the rotor arm. This last
axis lies on the rotor disk plane. £ is referred to as the tilting angle of the

rotor. In figure (3.5) the tilting and the dihedral of a rotor are depicted.

Zj

Figure 3.5: Rotor Orientation: dihedral and tilting angles

For a rotor the rotation matrix jut described is called T.

35



3. External Actions Modeling

CrCs CrSs —Sr
T(,,T,0) = | SeSrCs — CeSs SeSrSs + CeCs  SeCr (3.20)
CgSFC(s + 5555 CgSFS(S — 5505 0501"

Other than this matrix, for reasons that are pointed out successively, for
any rotor a rotation matrix independent of the azimuth angle § can be

defined. This matrix is named T.

Cr 0 =5t
T(¢,T,0)= | SeSr Ce  SeCr (3.21)

CeSr S¢ CeCr
These mathematical expressions are very helpful. They permit to pass
from a configuration with tilted rotors to that without tilted rotors only
changing the numeric value of the dihedral and tilting angles just defined.
Also they allow to account for various numbers of rotors and their dis-

placement with the angle 4.

Air Velocity on a Rotor

In equations (3.18) the quantities p and p, are present. Through them the
air velocity is included in the calculation of aerodynamic actions. Thus for
the rotor the advance ratio and the climb ratio must be properly defined.
Indeed, the velocity at which a rotor is moving can be different from the
inertial velocity of the C.G. of the whole flying vehicle V g. Moreover the
Rotor Axis reference frame utilized for rotor aerodynamics computation
can have a diverse orientation with respect to the Body Axis system.

The factors that must be included in the air velocity definition are the

following:
1. the rotor position in the Body Axis frame;

2. the orientation of the rotor.
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3.2 Loads on a Multi-rotor Aircraft

As velocity of the rotor, that of the rotor disk center is assumed. This
choice has been made in consideration of the fact that rotors for multi—rotor
UAVs are generally of very small dimensions. Other than this, neglecting
blades dynamics, under the hypothesis of linear aerodynamics of blade
sections the effects of linear distribution velocities over the rotor disk due
to angular rate wp are equal to the effects of the average velocity of the
rotor disk center. The BET results of equations (3.18), because of the
operation of integration over the rotor disk area, adhere exactly to this

consideration.

Any rotor is hinged to the extremity of its own arm. The position of the
propeller in the Body Axis frame on the plane {(xp,yp)} can be described
with two quantities: the distance b between the C.G. of the aircraft and the
rotor disk center and its angular (azimuth) position, named 0, around the
zp axis. b is always positive definite. The distance between the C.G. and
the rotor center along the zp axis is indicated with A and its sign depends
by the rotor displacement. Any j—th rotor of a multi-rotor aircraft is
identified by its J; angle. b and h, in any numerical case, are considered
equal for all the propellers of the same rotorcraft. b, h and d; can be

visualized in figure (3.6).

At this point for the rotor what can be calculated is the rotor velocity in a

reference frame with axes parallel to those of the Body Axis frame. This

vector can be called Vg).

bCs
VI = Vg +wp x | bS; (3.22)
h

Now, by multiplying the matrix T to vector Vg), what can be obtained

is a velocity vector with two components that lie on the rotor disk plane.

This vector can be called Vg).
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'

Figure 3.6: Rotor Displacement: b, h and J; angle are shown; P is the
C.G. of the aircraft and O the origin of the Inertial Frame
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3.2 Loads on a Multi-rotor Aircraft

UR*
v — vl = | v, (3.23)
WR*

However this is not yet the vector needed for rotor aerodynamic coeffi-
cients calculation. It is necessary another operation of vector resolution
that could transform Vg in a new vector of the form [ug,0,wg|’. This
operation can be effected with another rotation matrix. This matrix can

be defined in the following manner.

Cc =S 0
T (0,0,0)= | S, C; 0 (3.24)
0 0 1

The angle ¢ is a function of the first two components of Vgi.

¢ = arctan <UR*> (3.25)

URx

Finally the velocity vector of the rotor disk center in the Rotor Axis frame
can be defined.

Ur
v — vy | =TV (3.26)
Wgr

The air velocity of the rotor can be obtained summing to this last vector
the induced velocity v; of the rotor itself, that is always directed along the
third axis of the Rotor Axis frame and opposed to the thrust T'.

From the vector defined by the expression (3.26) the advance and the climb
ratii can be computed. Now there is all to compute the rotor aerodynamic
coefficients. It is worth noticing that in the hovering flight condition the
frame {(Or,XR,Yg,2zr)} and the frame {(Or«, XRs, Y ps, ZR«) } coincide.
The aerodynamic actions of the rotor defined in this way are referred not to

the Body Axis frame. To have the forces and moments resolved to the axis
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system with respect to which the equations of Dynamics (2.4) are written,
the next passage must be done, reminding that, for the properties of the

rotation matrices, the inversion and the transpose operations coincide.

FO = (T,T)"'Fy = TTTIFY) (3.27)
M®) = (T,T)"'MY) = 7T M, (3.28)

In a complete multi-rotor mathematical model, vectors F(") and M) are
obviously the sum of the contributions given by all the propellers.

The analytical treatment of rotor aerodynamics is thus terminated.

3.2.4 Rotor Gyroscopic Effects

A rotor is a body rotating about its own shaft axis and moving in space.
The combination of its spinning motion and the rotation of the airframe
of the multi—rotor generate gyroscopic effects on it.

The rotor can be considered as a body whose inertia matrix IL.o¢0-, defined
with respect to a reference frame whose third axis is the spinning axis, is
diagonal, like that of a disk. With this analogy, the moments of inertia
along the axes different from that of spin are equal. So, a rotor can be
adequately viewed as a gyroscopic body.

Like for any rotating body, the gyroscopic torque can be calculated con-
sidering the variation of its angular momentum L. In the case of a rotor

L is the product of the inertia matrix L.t and the spinning vector €.

0
L= Iratorﬂ = Irotor 0 (329)
Q

Calling I,5tor the third element of the diagonal of I, the angular mo-

mentum of the rotor is equal to the following vector.
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3.2 Loads on a Multi-rotor Aircraft

0
L=|0 (3.30)
IrotorQ

Now, the variation of L can be defined with its derivative with respect to
time, with the aid of the Coriolis’s theorem.

C(li—]; = %]; (Twp) X (LrotorS2) (3.31)
The vector wp has been multiplied by matrix T to account for rotor ori-
entation.
The second term of the right hand side of this last equation represents the

gyroscopic)

gyroscopic effect on the rotor. Vector M for a single rotor can be
defined, noting that to the airframe the rotor transmits this torque with

the opposite sign.
M (gyroscopic) _ _TT{(TWB> % (I'rotorﬂ)] (332)

3.2.5 Motors and Engine Dynamics

A rotor is a propeller made up of two or more blades that are clutched to
a rotating shaft. The rotor angular rate is another fundamental parameter
to be known for the evaluation of aerodynamic loads generated by the
rotor. The rotation of the shaft is granted by the torque provided by a
motor connected to the shaft or to another shaft that is linked by means
of a mechanical transmission to the rotor shaft. The rotor spin is therefore
enhanced or decreased with a proper command to the motor.

Thus, for completing the calculation of rotor aerodynamics, it is necessary
to describe the dynamics of the rotor shaft and, then, of the motor.

The motors usually applied in multi—rotor applications are electric motors.

Generally one motor is associated to any propeller. However, a chapter of
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this thesis is dedicated to the study of an innovative configuration of multi-
rotor helicopter, that is featured with a single internal combustion engine.
For this reason, in the present section, the description of the dynamics
both of electric motors and of an I.C.E. to be installed on a mini-UAV
flying vehicle is discussed. First is presented the case of an electric motor

and then the case of an I.C.E.

Electric Motor Dynamics

The electric motors mounted on multi-rotors frames, generally, are D.C.
brushless electric motors. For details around this electric machines one
can refer to [11].

In the case of electric motors, ¢.e. of electric machines, it is necessary to
define the corresponding electromagnetic circuit, including all the electric
and magnetic effects. Without a deep sinking in the description of the
physical principles concerning the behavior of these motors, in the electric

circuit, represented in figure (3.7), can be included:
e an electric resistance Rg;
e a magnetic inductance Lg;
e a counter electromotive force (c.e.m.f.);

e an armature voltage V, (input to the motor) and the armature cur-

rent 1,.

For clarifications, the recommended reference is still [11].

The equation of the electric equivalent circuit is the following.

dig
Vi = Ry ia + Lo é +cem.f. (3.33)

The c.e.m.f. is proportional to variation of the magnetic flux ® that crosses
the motor rotating coils. It can be also demonstrated that it is proportional

to the motor angular speed 2. K, is the electric constant of the motor.
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3.2 Loads on a Multi-rotor Aircraft

Figure 3.7: Brushless Motor Electric Circuit

cem.f.=K®Q=K,Q (3.34)

In the case of small D.C. brushless motors the inductance effects are not
so relevant and also to simplify the equation L, can be neglected.
From equation 3.33, the armature current can be calculated given a voltage
input V.

g = (W.—RGKGQ) (3.35)
The knowledge of the armature current i, permits to find the torque gen-
erated by the electromagnetic circuit on the motor shaft. This torque is
proportional to the same current ¢,. K; is the so called motor torque

constant.

Qmator = Kt Z.a, (336)

K is a quantity that is strongly tied to the electromagnetic characteristics
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of the non rotating part (stator) of the motor. For D.C. brushless motors
the following relation between electric and torque constants can be stated
[11].

K = V3K, (3.37)

If between propeller and motor shaft there is no gear or any transmission
other than the motor shaft, the propeller speed is the same speed of motor.
If this is not the case, then the load of the propeller must be multiplied to
the gear ratio 7. The dynamics of motor is given by the difference between

driving torque of motor and the aerodynamic torque of rotor.

Ishaft Q= Qmotor — QrotorT (338)

Q?'otor =1I (339)

Every part of the multi-rotor aircraft, that is accelerating with respect
to the remainder of the whole vehicle, imparts to the vehicle structure a
torque proportional and opposite to its own acceleration. So in the case
of electric driven propellers, the inertial torques of all the shafts must be
accounted for in the equilibrium of rotational momentum. It is supposed
that all the shafts have the same rotational inertial moment with respect

to their own axis of revolution.

0
M(motor) _ 0 (340)

N’!'U -
—Lshaft Ejzlt Qj
The rotational inertia that opposes the spin of the motor, if 7 is different

from 1, must be calculated.

Ishaft = 7”0to7"7_2 (341)
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3.2 Loads on a Multi-rotor Aircraft

A brief annotation must be included. The dynamic behavior of an electric
motor is far from be really represented by this equation. Every motor,
truly, does not receive, as input, simply a voltage from the pilot for bring-
ing the propeller to the desired spin rate. There are other phenomena and
principles that must be dug. Still reference [11] remains an optimal sup-
port. The aim of this modeling is to have a mathematical approximated
expression of the transients of the rate of rotors, instead of even more un-
realistic step input responses. Moreover, notably, there is the fact that
every motor, in real applications, is generally driven by a control system

that this dynamic modeling does not include.

Internal Combustion Engine Dynamics

As mentioned before, in this text an innovative mock-up of quad-rotor
with rotors driven by a single I.C.E. is discussed in detail in a following
chapter. So, a mathematical model of the dynamics of this engine must
be defined.

The quad-rotor engine is a two stroke combustion engine. The rate of the
shaft ) is proportional to the velocity of the rotors. The gear ratio is 7.
To determine the dynamics of rotors and the counter—torque applied to
the airframe by the engine itself it is necessary to describe the dynamics
of the shaft of the engine.

The performances of an I.C.E. can be assessed with direct measurement of
the torque absorbed on a test bench and of its angular speed. The results
of this data collections are available by engines constructors in diagrams
known as power curves. From these diagrams one can establish empirical
relations between rotation speed of the shaft, torque and also power, fuel
consumption, etc. in function of other parameter as, for example, the
valve deflection (throttle position), that is, in general, the input for engine
regulation. An interesting example regarding the modeling of a helicopter
engine is given in [24]. A similar approach is utilized here.

The shaft dynamics of the I.C.E. is described by the following equation.
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The effects of 7 are neglected, for simplicity.

IshaftQ = Qengine - Qr‘otors (342)

Qrotors 18 the sum of the aerodynamic torques of the four rotors multiplied

by the gear ratio. 1I; is the aerodynamic torque acting on the j-th rotor.

NT'ot

Qrotors = Z(H]T) (343)

j=1
Qengine 1s the torque provided by the engine.
It is assumed that the engine works at nearly constant speed. The power
provided by the engine can be considered function only of the throttle
position, that is the fuel flow. Thus the control variable of the engine is
the throttle valve deflection (d;). The power of the engine is assumed pro-
portional to the valve deflection itself. The value of §; must be comprised

between 0 and 1.

Pengine = ( gLZgLe,&t - ;?ng‘lne,ét)‘st (344)
P .
Qengine = ergzne (345)

Shaft acceleration or deceleration determine a torque acting on the air-

frame.

0
M(engine) — 0 (346)
- shaftQ
In the case of I.C.E. driven propellers the definition of Mg, slightly

changes.

My = M(r) + M(engine) + M(gyroscopic) (347)
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In the case of a single engine driving all the propellers of the rotorcraft,
the inertia of the shaft must include the inertia of all the rotors and of the

mechanical transmission.

Ishaft = lgear + Ej'vzritjrotorTz (348)

As for the case of electric motors, this engine modeling is conceived with
the purpose of giving to the entire mathematical modeling of dynamics of
a multi—rotor aircraft an approximated description of the transients of the
rotation rate of propellers. This engine dynamics description is far from

covering the whole knowledge of an engine behavior.

3.3 Controls

The actions that permit to control the multi—rotor aircraft during its oper-
ations must be accounted for in the modeling. Indeed, to a mathematical
model it can reasonably be requested the simulation of remote controllers
or human pilot’s commands. The subject of this section is the ingertion of

the pilot’s actions in the mathematical model.

3.3.1 Multi—-Rotor Inputs

A multi-rotor in flight can be maneuvered with simultaneous changes of
the spin rates of their rotors. In the majority of the existing platforms any
rotor is driven directly by its own electric motor. This implies that there is
no actuators action to be modeled, other than the dynamics of the motors
shaft, as described in section (3.2.5).

The action of a remote pilot requires some further considerations. A human
pilot is capable of guiding the aircraft imposing rotors spin variations by
means of a transmitter. The transmitter sends an electromagnetic signal
to the receiver of the multi-rotor. The aircraft on—board computer, on the
source of the information obtained by that signal, through its algorithms,

effects a mixing operation to regulate the electric input of each motor. At
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this point the rate of the rotors can vary, following the dynamics of their
motors.

From these few words it is clear that the modeling of the control actions
concern first the choice of what quantity the pilot really masters.
Obviously the modeling of pilot actions must be suitable to the simulation
purpose. Because the argument of this thesis regards more the dynamic
aspect of multi-rotor behavior, the electric motor voltage input V, or the
spin rate of rotors {2 can be conveniently chosen as the control input of all
the simulation model, for the case of electric driven multi-rotor aircrafts.
To all this appropriate considerations have to be added about the concept

of control mixing and the particular configuration of multi-rotor vehicle.

3.3.2 Pilot Action Modeling

A multi-rotor aircraft in flight can be maneuvered with variations of the
spin rates of its rotors. Any control action does not cause the acceleration
or the deceleration of a single rotor. Otherwise unbalanced torques would
be generated that would risk the flight.

To allow the aircraft to be safely handled, it is necessary to change the
speed of all or some of the rotors together. This fact can be referred to as
control mixing. The combination of rotors for any control action depends

upon:
e the number of rotors;

e the rotors arrangement;

e the type of maneuver.

Any multi-rotor aircraft has its own number of propellers (4, 6 or 8).
These are positioned, generally, with respect to the airframe, giving an
axisymmetric look to the whole machine. Moreover, the orientation of the

"nose" of the aircraft marks also two types of configuration. The so called
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X-shape configuration is the one in which the reference axis xp is directed
between two rotors arms. The other configuration is the Cross-shape type,
where the reference axis coincide with one of the rotor arms. The sketches

(3.8) and (3.9) represent the two possibilities, for an hexa—copter.

Figure 3.8: X-Shape Configuration

Figure 3.9: Cross—Shape Configuration

Once the mock—up of the multi—rotor is precisely defined, for any maneu-

ver, the set of rotors to be driven can be selected. Normally, a multi—rotor
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characteristic is to have 4 possibilities of motion in space (4 degrees of

freedom). These are:

e the translation along the zp axis (vertical flight), analogous to the

response to a collective command for helicopters u.o;;

e the rotation about the xp axis (lateral flight), analogous to a lateral

cyclic command uy,, response;

e the rotation about along the yz axis (forward and backward flight),

analogous to a longitudinal cyclic command w;,; response;

e the rotation around the zp yawing axis (heading maneuver), analo-

gous to a rudder command u,,g response.

Vertical flight can be effected with a simultaneous acceleration or deceler-
ation of all the rotors. This command has an effect on the velocity W.
Lateral flight is imposed with an acceleration of the rotors on the right
of the xp nose axis and an acceleration of the opposite sign of the other
rotors. This command acts on V', W and & variables.

Forward flight is imposed with the decrease of spin rate of the rotors whose
arms point along the positive verse of the xp axis, together with the in-
crease of speed of the other rotors. This command acts on U, W and ©
variables.

A yawing rate is commanded by means of the variation of the rate of
rotors that spin in one sense of rotation with the contemporary opposite
rate variation of the other rotors. This command acts only on 7.

It is worth noticing that horizontal flight is always coupled to an attitude
variation. This is why electric driven multi—rotor helicopters are classified
as under—actuated systems.

Once that the control action mixing is devised, for any of the 4 commands
of the pilot, a linear relation between the range of stick position on the

pilot’s transmitter and the range of motors voltage or spin rate of propellers
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can be established. The stick limit positions can be conveniently put equal
to0and 1 or to —1 and 1.
For example a collective command u., can be forced to impose to the

rotor 1 of figure (3.9) a spin rate as expressed in the next formula [6].

Ucol — Ucol,min
Ql = Q1,min + (Ql,maaz - Ql,min) : L (349)

Ucol,max — Ucol,min

In terms of voltage V, for rotor 1 in the same figure it can be written an

equivalent relation.

Ucol — Ucol,mi
Val = Val,min + (Val,mam - Val,min) = " (350)

Ucol,max — Ucol,min

Another example is the case of a longitudinal command w;,,. The rotors
spin rates for a cross-shape configuration, considering rotors 1 and 4 of

figure (3.9), are the following.

Uion — U, ;
Ql = Ql,min - (Ql,max - Ql,min) ton Lon,min (351)
Ulon,mzzm - Ul(m,mm
Uion — U, ;
Q4 — Q4,min + (Q4Jna:p - Q4,min) lon Lon,min (352)

Ulon,max - Ulon,m'm

Similarly the pilot actions on all the rotors for the possible commands can
be easily defined.

The influence on control actions due to the signal transmission between
pilot transmitter and the aircraft on—-board computer are not here con-
sidered. However a very rapid and simple way to consider them could be
that of a lag effect. This lag can be modeled with a transfer function with

proper values for gain, damp, overshoot [6].

The Input Vector

Now it is defined how the pilot can affect the dynamics of the multi—rotor
aircraft. Referring to the state equation expression (2.16) of a dynamic

system, the input vector U can be finally defined.
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U= [Ucol Ulon Ulat Urud]T (353)

This is, as always, only a possible choice. The input vector just introduced
is proposed for the configuration of multi—rotor platform examined above.
For any other configuration or also for this same one other definitions of

the U vector can be elected.

3.4 Remarks

In this chapter a mathematical description of all the actions to whom a
multi-rotor aircraft is subjected during flight is provided in detail. All
the formulae are useful to complete a non-linear math model of multi—
rotor dynamics of motion. The problem of linear modeling of dynamics
of motion is dealt with in a following chapter, because it requires some
introductory consideration about the trim condition evaluation.

Great care has been put in the definition of rotor aerodynamics, for obvious
reasons. All the results are principally collected from the theory of aer-
odynamics of helicopters rotors. Proper assumptions and simplifications
has been done to obtain instruments apt to the modeling of multi-rotor
UAVs aerodynamics.

Moreover, various considerations and personal mathematical expedients
are included to render all the equations actually a practical and serviceable
tool for simulation in a proper electronic calculation environment, as it can
be the MATLAB®.

This chapter also suggests a method to insert the action of the pilot in
the mathematical modeling of multi-rotor dynamics. It must be pointed
out that the results listed here are not the ultimate possibility. They are
defined, as all the rest in this thesis, to be functional to the development

of the arguments in next chapters.
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Chapter 4

Solution of the Equations of
Motion

In the previous chapters all the equations needed to analyze the behavior
of a multi-rotor aircraft in flight have been provided, after the description
of the various phenomena that must be accounted for.

This chapter contains a periphrasis about the approach in the usage of the
previous results, from a practical point of view. Also the problem of the
integration of the equations of motion and their initialization are treated.

This last argument falls in the study of the trim of a multi—rotor aircraft.

4.1 Modeling Objectives and Issues

Till now only a heap of equations has been shown. These equations are
only the bricks which the house can be built with.

The mathematical model of the dynamics of an aircraft is a way to analyze
a certain behavior of a real physical system. In terms of Systems Theory,
this analysis corresponds to the study of the evolution through time of
certain quantities, the state variables, tied together by a set of equations,
that, in vector form, corresponds to the state equation. These concepts

have already been introduced in sections (2.3.1) and (2.3.4). In those
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sections also the notion of input vector has been included.

A methodology to write the state equation of a dynamic system, as it is
a multi-rotor aircraft, has been addressed. Obviously, the analysis of a
dynamic system could be liable to be effected in different manners, admit-
ting different purposes or types of information that have to be reckoned.
Other variables or physical aspects could be introduced, but all the efforts,
however, must be directed to a precise target.

To clarify, a more practical example can be cited. In the study of a dy-
namic system it is of paramount importance the choice of the components
of the state vector and of the input vector. This choice is directed by the
characteristics of the system that have to be analyzed. The number of
components of the state and input vectors, and so the complexity of the
problem, are strictly dependent upon this consideration. As a paradig-
matic case, the angular speed of rotors is worth mentioning. Indeed, the
rate of the propellers can be taken both as an element of the state vector
or of the input vector. The first case can be that of the direct analysis of
the pilot action on the multi-rotor dynamics, where the dynamics of the
rotors are required. The second case can be represented by the study of
the aerodynamic effect of propellers on the dynamic stability of the multi—
rotor aircraft. In this problem the rate of rotors can be seen instead as an
input of the system. In following chapters these considerations are applied.
Other than this, the aim of a mathematical model could be also the study
of a quantity that is not part of the state vector, like the induced velocity
of rotors or the power consumption of motors.

These few words to show that the analytical description of a dynamic
system does not have an unique solution. What has been proposed in
previous chapters is the one that has been considered suitable to obtain
the results that are presented in the following.

Also, the analytical description of the system can not precede the deep ex-
amination of the flying machine, viewed as a "solid" subject. This knowl-

edge concerns indeed aspects as number of rotors, mass properties, control
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systems, motors curves, energy supplies, payloads, etc. For example, the
hypothesis of principle axes of inertia introduced in section (2.3.2) is only
an approximation, due to the more or less axisymmetric mock—up of the
majority of existing multi-rotor aircraft. The same hypothesis of rigid
body could be questioned, thinking about a payload that has some degree
of freedom with respect to the airframe of the aircraft.

Lastly, all phenomena could be considered in the modeling, the degree of
precision that can be attained in the modeling goes side by side with its
complexity and the more great difficulty in the resolution of the equations
of motion. So, before writing all the equations, it is worth considering
whether the depth of the modeling could bring an effective bargain in the
results.

Once the state equation of the dynamic system has been completely writ-
ten, it is time to deal with the solution of it. This problem is addressed in

the next sections.

4.2 Integration of the Equations of Motion

In section (2.3.4) it is stated that the mathematical formulation of the
equations of motion provides an expression like that of equation (2.16).
This is a system of differential equations. The time ¢ represents the inde-
pendent parameter, with respect to which the derivatives of the state vec-
tor elements are defined. Unfortunately, the solving of such a set of equa-
tions does not provide an analytical result available by means of an hand
calculation. What can be done is proceeding with a numerical method of
resolution.

The solution of a differential equation corresponds to the integration of it.
Because the integration is made with respect to time ¢, the first step is to
define the value of the state vector Xy at the starting time of integration
to. This is due to the fact that this mathematical problem corresponds to

a Cauchy problem, or better to an initial value differential problem. Once
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the initial condition of the state vector is known, a numerical integration
of the equations can start.

The numerical methods of integration substitute to the analytical solution,
at discrete instants of time, an increment of the function to be integrated
that is an average of the derivative of the same function in some precise
instants of time multiplied by an increment of time At. How that average
of the derivative through time is calculated, defines a particular method
of numerical integration. Any of them has its own performance character-
istics, in terms of error in the solution and propagation of the error.
Classical methods of numerical integration are the Runge—Kutta methods.
For the simulation results shown in this text, the fourth order Runge—Kutta
explicit method RK4 has been utilized, because in the M ATLAB® envi-
ronment it can be easily implemented. The time increment for integration
must be chosen so that the results are affordable. This has been done with
various attempts. If not declared, in the following the time increment At
for integration is put equal to 0.01 s, reminding also what stated in section
(3.2.3).

4.3 The Problem of Trim

In the previous section it is stated that to start the integration of the
equations of motion, that is to say a numerical simulation, the knowledge
of the initial value of the state vector is mandatory. In section (5.1) it has
been assumed that in this work the initial value of the state vector will
always coincide with a trim condition, that is a flight equilibrium point.
Valid motivations for this choice can be cited from [6]. For example, the
trim condition evaluation permits to study the stability and controllability
properties of the aircraft. In this case the value of the state vector is
necessary to define the linear model that includes all the aerodynamic
derivatives. Other reason to find the trim condition is that, to simulate a

mission for pilot training, an equilibrium starting point is the preferable
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4.3 The Problem of Trim

way of initialization.

The solution of the trim problem coincides, on the mathematical point of
view, with the definition of the state X and input U vectors elements that
yield a state vector derivative X equal to zero. Thus, what is to do, is to
resolve the equations of the differential system (2.15) with all the left hand

sides put equal to zero. In vector form the equation is the following.

0=f(X,U) (4.1)

The mathematical formulation of the problem shown in the previous chap-
ters is such that the value of the vector of position P g does not affect the
trim condition calculation. Thus, the only state variables considered in the
remainder of the chapter are the attitude ag, velocity Vp and angular
rate wp variables.

Moreover, the solution of the trimming problem it is not more the solu-
tion of a differential system, but instead the solution of an algebraic one.

However this does not signify that the result can be found easily.

4.3.1 Numerical Trim Solution

The trim equation (4.1) does not in general posses an analytical solution.
To solve it, for a general flight trim condition, it is necessary to make use
of an numerical (iterative) method.

Some interesting methods of resolution can be listed from literature.

In [17] an iterative process is explained, for the trim of an helicopter, where,
beginning with the imposition of very few variables, the value of the other
state elements are found, trying to satisfy, step after step, some ulterior
constraint. If the iteration does not give acceptable results at some point,
the entire process must newly start from the beginning, with new values
for the initial constraints. This methodology is referred to, elsewhere, as
Sequential Correction [6]. In a word this is a procedure that, at any step,

tempts to find the equilibrium for any degree of freedom of the system.

57



4. Solution of the Equations of Motion

Another way is the numerical resolution of the trim equation (4.1). For
example, the Jacobian method, shown in [6], is a valid one.

First of all, the value of the state vector must be assigned properly or
at least with some constraints on its components. Also an initial value
to the input vector must be imposed. Then, after a linearization of the
equations of motion around the equilibrium point, a linearized model of
the perturbation of the state vector is obtained. This small perturbation
vector is a linear function of the input small perturbations. If the initial
guess of the input vector does not provide a null value of the state vector
acceleration perturbation, a new value of the control vector is calculated, in
iterative way, until the perturbation of the derivative of state vector is zero
or sufficiently near to zero. This method corresponds to the expansion of
the Newton-Raphson method utilized in section (3.2.3) for vector equation
resolution.

In MATLAB® a numerical method for the trim of a dynamic system is
implemented. This method has not the same formulation of the Jacobian
method, but it is an iterative process, too, that exploits the theory of
the Lagrangian multipliers (http://it.mathworks.com/help/simulink/
slref/trim.html). The MATLAB® function named trim recalls this
numerical method. This function has been cited because in the following
section it is used for numerical validation of a special trim calculation.
Anyone of the aforementioned methods can be utilized for the calculation

of the trim values of the state vector and of the input vector.

4.3.2 Analytical Trim Solution

In opposition to what has been just asserted, for multi-rotor platforms it
exists an equilibrium flight condition that allows an analytical result of the
equations of motion.

All rotary wing aircrafts possess, within their flight envelope, the capability
of hovering flight. This is a particular flight condition characterized by null

values of all the components of the velocity vector Vp and of the angular
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4.3 The Problem of Trim

rate vector wp. Moreover for a multi—rotor aircraft, due to symmetry of
its airframe, the attitude vector ap can be considered equal to zero in
this same equilibrium flight condition. In addition, the condition of zero
translational velocity in hovering flight allows to assume null all the drag
forces acting both on the rotors and on the airframe, too, and also the
rolling moments due to a component in the velocity that could lie on the
rotors disks planes.

All these assumptions permit to eliminate, in the equation of motions, a lot
of terms that cause various coupling effects between the diverse degrees of
freedom of the multi—rotor aircraft, granting a relatively ease of resolution.
Before starting the mathematical demonstration, it is necessary to give
some information on the type of aircraft to be trimmed. In this case it
is considered a multi-rotor UAV with N, propellers, driven by electric
motors. However the trim calculation will be extended to a different test
case in this text with little effort.

Thus the object of the trim calculation is that of finding the spin of the
rotors Qg at the equilibrium point of the flight envelope and successively
the voltage input V, of all the motors.

Some assumptions can be made. Particularly, it can be thought that all
the rotors, being all immersed in an equal aerodynamic field, must rotate
at the same speed and consequently that the motors inputs are the same.
Also it is supposed that, for reasons of equilibrium of forces, it can be
assumed that the thrust in the trim condition Ty of each rotor should be
equal to the weight of the whole aircraft, divided by the total number of
rotors N, and by a term due to the tilting angle ¢ and to the dihedral

angle I' of the rotors themselves.

Nyot To cos(€) cos(I') = mg (4.2)
— mg
To= Nyot cos(€) cos(T) (43)
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4. Solution of the Equations of Motion

In this last formula, it is supposed that the rotors possess the same dihedral
angles and that the tilting angles are equal in modulus but differ in sign
between adjacent rotors. The reason for this choice will be explained in a
following chapter.

The hypothesis of equal rotors spins grants also the equilibrium around
the yaw axis zg.

Having the thrust of any of the rotors, it is also possible, through the

formula (3.11), to obtain the induced velocity of each rotor.

To
o 4.4
Ui0 2/) A ( )

Considering now the expression of the thrust coefficient given in equa-

tion (3.7) and that in hovering flight u = p, = 0, the following result is

o _0Ca (0  |To 1  Ow (4.5)
pAQZR2 2 3 20A2Q0R 4 '

This last equation is obtained given the definition of the inflow ratio at

achieved.

hover.

_ Yo
QR
Provided €2 is the unknown variable, a quadratic equation can be derived

Aio (4.6)

from equation (4.5).

96 Htw 2 1 T() 2T0
(3 4 > 07 9Rr\ 204" 6ClpAR? (47)

The positive solution provides the magnitude of the rotor spin rate in

64 (6. O
Ty 14— (e
[ +\/+0%<3 4)

B @ 2pA ec etw

3 4

hovering flight.

Qo
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4.3 The Problem of Trim

Once that the speed of the rotors is defined, it is possible to compute
also the input voltage of the electric motors V,, that, as already stated, is
supposed to be the same for all the motors.

At the equilibrium point, the shafts of the motors must not be subjected
to some acceleration. Thus, from equation (3.38), the identity of torque
furnished by the coils of each motor and of the aerodynamic torque of the

respective rotor must be granted.

Qmotor = Qrotor'r (4-9)

In the hovering flight condition, from equations (3.7), it can be shown the

following relation between the thrust coefficient and the torque coefficient.

C
Chio = CroXio + % (4.10)

1o

CTO = pA(QoR)2

(4.11)
Thus, the aerodynamic torque due to the rotor can be computed.

B Ty vio  0Cq
Qrotor — (pA(Q()R)2 Q()R + S

) pA(QR)?R (4.12)
From equation (3.36) the armature current at hover can be found.

Ty vio | 0Cq 9
A(QoR)*R
i QrotorT _ <PA(QOR)2 O >p S (4.13)
0= T e .

And finally from equation (3.35) the trim input voltage is achieved.

Va() = Raia(] + KeQO =

(4.14)

To vio  0Cy 9
A(Q
<pA(QOR)2 WR 8 >” QR "R 7
= K —i—KeQ()
¢
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4. Solution of the Equations of Motion

With this last result all the data necessary to start the simulation of a

mission are obtained.

Numerical Test

Exploiting the MATLAB® function mentioned before, it is possible a
numerical validation of the trim calculation method for hovering flight.
Now it is considered the case of a hexa—copter driven by electric motors.

With the formulae of the previous section and the data contained in table

1

4.3), supposing Vg = 0m s !, wg = 0 rad s™! and ar = 0 rad, the
g

following values for g, v;0 and V,g can be computed.

Qo | 461.9230 rad s !
Vo | 2.4159 V
vio | 6.1725 m s~}

Table 4.1: Hovering Flight: Trim Analytical Results

Using the numeric resolution method implemented in MATLAB®, the
components of the state vector are calculated, for the hovering flight con-
dition. The input of any motor, the spin rate and the induced velocity for
any of the rotors are also computed.

The numeric results are identical for both the trimming problem solutions.
Through another simulation during a finite period of time, it can be seen
that this flight condition is perfectly maintained by the multi-rotor air-

craft.

4.4 Remarks

This chapter has started with a brief discussion about the approach in
the analysis of dynamic systems. This to have an insight in the usage of
the mathematical expressions till now described, in a complex simulation

environment. Attention has been paid also to the identification of the real
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ap [rad] | Vg [ms™!] || wp [rad s7}]
-0.0000 0.0000 0.0000
-0.0000 0.0000 0.0000
-0.0000 0.0000 0.0000
Qo [rad s7] Vao [V] vio [m s71]
461.9230 2.4159 6.1725
461.9230 2.4159 6.1725
461.9230 2.4159 6.1725
461.9230 2.4159 6.1725
461.9230 2.4159 6.1725
461.9230 2.4159 6.1725

Table 4.2: Hovering Flight: Trim M AT LAB® Results

Type | Value Unity Type | Value | Unity
p 1.2235 | kg m™3 g 9.81 | ms2
m 4 kg I, | 0.044 | kg m?
I, | 0044 | kgm? L. | 0.098 |kgm?

Nyot 6 R 0.15 m
N 2 0. 15 °

O 2 ° Cla 55 | rad™!
Cy | 0.003 c 0.04 m

Lrotor | 1074 kg m? b 0.68 m

h —0.3 m Rq 0.01 Q
K. | 0005 | NmA™! ¢ 5 °
r 5 ° T 1

Table 4.3: Hexa—Copter Data for Trim Calculation
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4. Solution of the Equations of Motion

system and on the choice of the behaviors of interest.

After this, some questions around the mathematical aspects of simulation
of dynamic systems has been faced. Hints about the resolution of the
equations of motion have been mentioned. Finally the problem of the
initial condition for the integration of the equations has been discussed
and an analytic solution to the problem of trim of the multi—rotor aircraft
has been described.

The knowledge of the equilibrium flight condition is not only usable for
direct integration of the equations of motion. All the results just found
are necessary to the definition of linearized model of dynamics of motion,
as already discussed in section (5.1). As it is testified in the remainder
of this thesis, the trim point evaluation permits to affront the problem
of stability and controllability of the type of air vehicles under study, in
a purely analytic way. From now on, the condition of hovering flight is

assumed as the trim —or equilibrium— flight condition.
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Chapter 5

Multi—-Rotor Dynamics Linear
Modeling

In chapter (2) only the non-linear modeling of dynamics has been consid-
ered.

This chapter deals instead with the linear modeling of dynamics. It starts
with the definition of the linearized equations of motion. Then it pro-
ceeds with the linearization of the rotor aerodynamic loads. After, all the
aerodynamic and control derivatives are computed and the stability and

control matrices are defined.

5.1 Linearized Equations of Motion

The other classical approach in the study of the dynamic characteristics of
a system like a flying vehicle is based on the linear analysis of its behavior in
the proximity of a trim condition of its flight envelope. The trim condition
represents an equilibrium point of the differential equations system (2.16),

that is a value of X for whom its time derivative X is null.

The linearized equations of dynamics can be written in the following clas-

sical form.
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5. Multi-Rotor Dynamics Linear Modeling

{ x = Ax+Bu, x(ty) =xo (5.1)

y = Cx+ Du

x is still the state vector, but now it represents the small perturbation of
the state variables from the equilibrium point. y is the output vector. u
is the vector of small variations of the inputs of the system. This vector
will assume a proper definition for any of the configurations of multi-rotor
analyzed in the next chapters. A is called stability matrix or state matrix
and B is the control matrix. C and D are the observability matrices of the
state and of the inputs. In this work only the study of the first equation
of the system (5.1) is considered.

As before, xg is the state vector at the initial time ¢ and it represents also
the trim condition. From now on the notations for a trim flight condition
and the initial condition for a flight simulation will be the same, because
they will always coincide. In the trim condition, the previous differential

system reduces to the following set of algebraic equations.

{ 0=Axg+ Bug, x¢= X(to) (5 2)

yo = Cx¢ + Duy

The relation between state vector X and state vector x is stated by the

next system of equations.

{ X=Xo+x (5.3)
X=Xp+x=x

In the present work, in the linearized modeling of dynamics of a rigid body,
from the state vector x, the perturbations of the variables of position N, F,
D are excluded, because they are not decisive in the questions of dynamic
stability discussed in following chapters. The state vector can be defined

as follows.

X = [¢7 97 /(/}7 u7 /U7 w7p7 q7 T}T (5'4)
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5.1 Linearized Equations of Motion

The linearized equations of motion are obtained, as the name suggests,
from an operation of linearization of the non—linear equations of motion
around a trim condition. With this consideration the A and B matrices
can be defined in terms of Jacobian of the vector function f (eqn. 2.16),
neglecting the equation of kinematics of position.

A= g;;, B— ngJ (5.5)
In the equations of system (5.1) the dynamics of the state vector are written
in compact form. The linearized dynamics of the state vector x can be
expressed in a more explicit way, bringing to the writing of a system of
scalar differential equations. The 0 subscript indicates the trim condition

and the A indicates the small finite excursion of the related variable.

mi = AX —mgWy + mrVy —mgcos(©p)AO

mo = AY — mrUy + mpWy — mg cos(Py) AdD

mw = AZ — mpVy + mqUy — mgsin(©g)AO

L..p=AL

Iy =AM (5.6)
1.7 =AN

¢=p

0=q

Y=r

These equations are the equations of linearized dynamics of an aircraft with
respect to a Body Azis reference frame. This differential system is referred
to an equilibrium point for the state vector of the complete dynamics,

namely, Xj.

XO = [(I)O,(“)O,\I’(),UU,‘/O,W(),O,O,O]T (57)

Xp can represent a general condition of trimmed horizontal or vertical

flight for a multi-rotor aircraft.
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5. Multi-Rotor Dynamics Linear Modeling

Noting that A© = 0 and that A® = ¢ and isolating the time derivatives,

the linearized system can be rewritten.

w=AX/m—qWy+1rVy— gcos(0y)AO

0 =AY /m —rUy + pWy — g cos(Po) Ad
w=AZ/m—pVy+ qUpy — gsin(By)AO

P=AL/l

g=AM/I,, (5.8)
i = AN/L.

¢=p

0=q

Y=r

This formulation of the equations of the linearized dynamics coincide with

the first equation of the system (5.1).

The vectors AF = [AX, AY, AZ]T and AM = [AL, AM, AN]" define the
perturbations of the external forces and moments. They are computed as
the sum of the perturbations due to every component of both the state
vector x and the control vector u, by means of the first terms of a Taylor’s
series expansion. For example, AX = X,,Au+ X, Av+....+ X, Au; + ...,
where u; is the i—th element of the vector u. Every term of the sum is the
first term of the Taylor’s series expansion of X associated to the variable in
subscript. They are generally known as aerodynamic derivatives. All the
aerodynamic derivatives permit to define all the elements of the stability
matrix A and those of the control matrix B. The elements of A are
the stability derivatives and the elements of B are the control derivatives.
Their definitions are discussed in following chapters, once all the external

actions on the multi—rotor are defined too.
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5.2 Rotor Linearized Aerodynamics

5.2 Rotor Linearized Aerodynamics

To define precisely the aerodynamic derivatives of the linearized model of
dynamics, some considerations about linearization of aerodynamic loads
of rotors must be added.

The linearized model of the dynamics of a system is characterized, as
in expression (5.1), by the Stability matrix A and the Control matrix B.
The components of these matrices represent, for a multi—rotor aircraft, the
perturbations of forces and moments acting on it, due to little variations
of the state variable and of the control inputs. In section (5.1) it has been
stated that these small perturbations can be computed by means of an
operation of differentiation of the various loads.

The forces and moments acting on the aircraft depend all on the state
vector variables (attitude, velocity and angular rates) other than the con-
trol inputs. In the 6 D.O.F. math model this relations are included and
defined. To obtain the aerodynamic derivatives, all these relations must be
considered in the differentiation. In particular great care is necessary for
the definition of the derivatives of the aerodynamic actions of the rotors,
described by their relative aerodynamic coefficients. The coefficients are
those defined in equation (3.7).

In the formulae of the coeflicients quantities as the advance ratio, the climb
ratio, the inflow ratio and blade pitch are included, besides the aerodyna-
mic and geometric parameters of rotors. All these quantities depend on
the state variables themselves.

Also, a particular attention must be paid to the presence of the induced
velocity, that is itself dependent on rotor thrust and velocities.

In the academic literature about helicopters flight theory, useful results are
again available. Thus, helicopters aerodynamics is yet the starting point.
The equations shown in this section are extracted directly from [2] or
derived from the results described in the same text.

The next formulae are relative to the hovering flight condition.
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5. Multi-Rotor Dynamics Linear Modeling

0.0 is the blades pitch of a rotor in the hovering flight condition.

‘gt —0 (5.9)
AN — 11z) 8o
=— 1
O, 160 + Crao (5 0)
%iT —0 (5.11)
aCT _ QO'CLQ)\Z‘O
Oty N 160 + Crao <5.12)
oCr 80CLa)io
06,  16Mip + Crao (5.13)
8)\1 . 1 >\i0 8C’T
90, — 2Cro 06, (5.14)
O\ —2) O\ 5.15)

00, 06,
From these equations it can be defined the derivative of the inflow ratio

with respect to the pitch of the blades.

N 2 Crao
_2(__brao 1
90, 3 (SAw —I-C'Laa> (5.16)

Now the other derivatives necessary to the definition of the linearized ro-
tor aerodynamics can be obtained. The missing derivatives are 0Ct/0u,
0Cr1/0u, OCr1/00. and the derivatives of C and C)y coefficients.
Noting that p, is independent of u, the next relation stands.

8()\1 — ,uz) . 8/\1 .
ou o

0 (5.17)

Thus, it can be shown that 0Cr/0u = 0.
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00 _ o [0 =) (e O N—pe)
o L ou 6 8 4
(5.18)
. 10N\ —p2) | Cq

In hovering flight u, u, = 0.

oCn o oNi (0 Oy N _)\l%
o — Tla ou "4 0u

For the 0Cr/0p, derivative the chain rule must be used in the differenti-

+ 0] =0  (5.19)

ation.
AC 0Cq O\ — puz)
= 5.20
oCn 0 Ot Ai — [z Ai — fiz
g o - — 21
o =0 | (5% ) - (5:21)

Combining this result with the derivative of the downwash ratio (\; — 1,),

the derivative can be calculated.

oCn —40Crq 00 Orw
= SEU Y 22
. 16M0 + 0CLa < 3 4 0) (5:22)

The derivative 9Cr/00. can be calculated as a sum of derivatives.

oCn ()\z - ,Uz) a()\z - ,Uz) <90 0tw> _ 16()\2 - ,Uz)2
6 8

= 7CLa * 1 00

2. 6 a0, " 0}

(5.23)
For the rule of differentiation of a composed function it can be obtained

the following expression.

8()\1 - NZ)Q
06,

Finally 0Cr;/06. can be calculated.

a(>\z - Mz)

(5.24)
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Ay Ao 2
— 0Oy, |20 4 2 CLa®
90, "l |6 T 380+ Crac

6 8

3 8Xio + Crao
(5.25)

The derivatives of Cgr and C are very easy to compute. Thus the demon-

Crao ( Bco Otw ) Aio Crao

stration is omitted.

3;7 (/4 (5.26)

%ilj —0 (5.27)

88005 _o (5.28)

%C;A 0Oy (‘%0 S 9;;) (5.29)
g(;:? —0 (5.30)

%(gf —0 (5.31)

Although all the derivatives are calculated in the case of hovering flight,

for easing the writing, the subscript 0 is not included.

5.2.1 The Rotor Rate Derivatives

The motor or engine speed perturbation can be a component of the state
vector. Then the derivatives with respect to this variable must be com-
puted. In this case the hypothesis of constancy of the rotors aerodynamic
coefficients during motor or engine acceleration is applied. For example,
with that assumption, the variation of thrust of a rotor can be evaluated

in the following way.

AT = ToAQ = Cr pA (TR)? 20y AQ (5.32)
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5.3 Stability and Control Matrices Computation

In this section the linearized model of dynamics is completed with the
calculation of the elements of the A and B matrices. The results of the
previous sections are the base for the following treatment. Numerical tests
permit to evaluate the goodness of the linear modeling, in association
with the non—linear one. Here it is considered a multi—rotor traditional

configuration with electric driven propellers, exactly that of section (4.3.2).

5.3.1 Premise

In section (5.1) an implicit formulation of the linear equations of motion is
shown. The so called state equation is characterized by the two matrices
A and B. This equation can be used to describe the dynamics of a multi—
rotor aircraft in the neighborhood of an equilibrium flight condition, in
terms of small variations of the state variables.

For completing the non—linear modeling of dynamics, the definition of vec-
tors of external forces and moments has been executed. Similarly, for the
linear equations of motion (5.8) the perturbations of the external actions
must be computed.

The definition of the linearized model of an aircraft can be done either in an
experimental or a mathematical way. The experimental way is the so called
System Identification methodology [26, 14]. The other way is to directly
compute the values of the derivatives, with a numerical differentiation or
with the analytical differentiation of the non linear equations of motion
[17].

In this thesis the expression of the matrices is found by differentiation of
the equations. The calculation can be made in both manners, numerical
and analytical, to compare the two results, as a first check for the ana-
lytic differentiation. The numerical differentiation can be done with the
MATLAB® functions. The analytic differentiation is explained in detail

in the following, both for the stability matrix and for the control matrix.
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5. Multi-Rotor Dynamics Linear Modeling

5.3.2 Conventions

When in the following formulae the derivative of C'r will appear, there will
be always a negative sign. This is due to the fact that the thrust of a rotor
is oriented along the zr axis with verse opposite to the same axis.

Attention must be paid also when the derivative of Cpy appears because of

the verse of rotation of each rotor.

5.3.3 Derivatives Trim Values

In the computation the following relations must be considered.

105 = 7, cos(T;) cos(6) pA(W )2 (5:33)

0. 0w N C
CHOj = |:O'Cla <6 — t? — 40> Aio + U8d:| (5.34)
2 = 9] (5.35)

7 indicates the j-th rotor. The last equation is based on the assumption
that, in the trim condition, all the rotors spin at the same rate. In the
trim condition, also, the derivatives of the rotor coefficients are assumed
equal for all the rotors. Also 6. is a constant, equal for all the rotors.

In the linear model, the gyroscopic effects are neglected. In hovering the
contribute of airframe drag can be ignored. Also, the effects both of the
drag coefficient Cr and of the rolling moment coefficient Cy are neglected,
because they describe, as it appears clear from their definition, second or-
der aerodynamic effects with respect to the thrust and torque coefficients,

especially near the hovering flight condition where y = 0.

5.3.4 Stability Derivatives

The stability matrix A is a square matrix with 9 rows and 9 columns. In

the subsequent argumentation it is explained how the elements of A are
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computed.

Attitude kinematics terms

The first three rows represent the linearized kinematics of the attitude.

The only non-zero terms in them are the following.

Ay7=Asg=A39=1 (5.36)

This result descends immediately from the relation between derivatives of
Euler’s angles and angular rates in the Body Aris frame, in the hovering

flight condition.

Xy and Y, derivatives

The next three rows describe the dynamics of velocity in Body Azis frame.
Ay and As 1 define the effects of attitude variations combined with gravity

acceleration.

Ao =Xg=—g (5.37)

A571 = Y¢ =g (538)

X, Y and Z Derivatives

These derivatives describe the effects of the variations of velocities, angular
rates on the velocity dynamics.

Of the X terms, other than Xy, only X, and X, are effective and both
derivatives are due to the variation of C'r. X, has no effect because the
drag of rotors would not give a component along the xp axis. X,, is null
because the variation of C'r is null. The rotors drag effects due to yaw rate
variations are nullified by the symmetric displacement of the rotors.

To define the derivative X, for each rotor the velocity u must be resolved

to the Rotor Axis frame, to be multiplied by %%: this operation is done
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5. Multi-Rotor Dynamics Linear Modeling

through a multiplication by the term T;(3, 1) of the matrix T;. Then this
perturbation of the rotor thrust must be transposed back to the Body Axis
frame and its component directed along the xp direction must be isolated.
This operation can be done through the multiplication by Tj_l(l, 3). Tt is
worth reminding that a rotation matrix is an orthonormal one: its inverse
is equal to its transpose. Thus, T;l(l, 3) = TJT(l, 3)="T;(3,1).

Finally, the derivative X, is the sum of the contributions of all the rotors.
This utilization of the matrix T; is the way to insert the tilting angles
of the rotors in the definition of the stability derivatives. Indeed, the
modification of an unique or two parameters within the rotation matrix
permits to insert, severed from the others, the contribute due to any rotor
alone. Similar considerations can be applied in the evaluation of all the
other derivatives. Obviously the elements of the rotation matrix selected
for each derivative depend upon the component of the state vector and

upon the direction of the action considered.

1
Agg =Xy = —— 30 0Cr

m 7=1 8/1/2: pA QO R T](3a 1)2

(5.39)

To compute the X, derivative two effects must be considered: one for
the distance of each rotor location from the C.G. along the zp direction
(component of velocity on rotor gh) and another for the component of
velocity due to the rotor arm in the plane {(xp,yp)}. Both the velocity
components generate variations of thrust along the y 5 direction and along

the zp direction.

1 Nyo aCT
A4,8 = Xq = _E E j:lt alu
z

pA Qo R (—bcosd;) T;(3,1) Tj(3,3)—

1 Nyo aCT 2
o S Gl pA Q0 R AT (3,1)

(5.40)
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For the Y terms the same considerations apply. Only Y, and Y}, are not

null.
1 oC
Ass =Yo=—0 PO 8uT pA o RT(3,2) (5.41)
1 oC
As7 =Y, = T Zjv_m 8p,T pA Qo R X

(5.42)
x [(bsin(d;)) T;(3,2) T;(3,3) + (—h) T;(3,2)?]

Along the zp axis the perturbations of forces are generated by variations of
climb ratio of the rotors, mostly due to perturbations on w. From equation
(5.11) it is clear why the contributions of u, v, r are zero. For symmetry
in rotors displacement the effects of p and ¢ are also null.

1 oC
Age = Zy = —— S Nrgt —1

m

Oz RT3 (5.43)

L, M and N Derivatives

For the roll dynamics the remarkable effects are those due to the lateral
velocity v that gives a variation of the thrust of all rotors and those due
to the p rate itself that generates opposite variations of Cr on the lateral

rotors. For reasons of symmetry, other effects are negligible.

N'rot aCT

z

A775 = Lv = Z A Qo R Tj(3,2)><

(5.44)
x [bsin(8;)T;(3,3) + (—h)T;(3,2)]

h is the height of rotors from the center of gravity of the aircraft: h < 0
if the rotors are placed above the C.G. itself.
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1 oC
Arg =1L, = A Zg:mt auT pA Qo R x
(5.45)
x [bsin(d;)T;(3,3) — hT;(3,2)]

For the pitch dynamics the results are similar to those for the roll dynamics.

Nrot aCT

Aga =M, = E pA Qo R T;(3,1)x
(5.46)
x [WT;(3,1) 4 (—bcos(d;))T;(3, 3)]
1 Nrot aCT
Agg = My = _IyyZFl o pA Qo R x
(5.47)

% [beos(5;)T;(3,3) + (—h)T;(3,1)]

On the dynamics of yaw rate r instead the most important derivative is
N,. The other effects can be supposed negligible for symmetry of rotors
displacement and for the alternation of their verses of rotation. N, is
composed by two factors, for any rotor: one for the variation of torque
and one for the variation of thrust. In the following formula the matrix
’i‘j is inserted, because the effect of r on all the rotors is independent of

the azimuth position of rotors.

Ago=N, = — ZNW aCT pA Qo R b2T;(3,2)%+
1 aC - -
+ SRt aTH pA Qo sgn(Q0,) R b T;(3,2)T;(3,3)

(5.48)
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5.3.5 The Stability Matrix

Finally the stability matrix can be written in the proper form.

0 00 0 0 1 0 0
0 00 0 0 0 1 0
000 0 0 0 0 0 1
0 Xp 0 X, 0 0 0 0 0
A=Y, 0 0 0 ¥, 0 0 0 0 (5.49)
0 0 0 0 0 Z, 0 0 0
0 0 0 0 L, 0 L, 0 0
0 0 0 M, 0 0 0 M 0
0 00 0 0 0 0 0 N |

5.3.6 Control Derivatives

In section (3.2.5) the dynamics of a rotor have been described by the
equations of angular motion of the shaft of the electric motor associated
to the rotor itself. The speeds of rotors are the quantities that permit to
change the state of the aircraft. As described before, however, they do
not represent the inputs of the system. The inputs are the voltages of the
electromagnetic circuits of motors.

In the non—linear model, the definition of dynamics of motors is included
to insert appropriate transients in the rotors speed, eliminating unreal
step variations in the angular rates. But, also, these equations are not
comprehensive of other effects, as electric transients, regulation of current
armature, etc. thus maintaining some degree of uncertainty.

Thus, as control inputs, the small variations of rotors velocities are chosen.
The rotors dynamics could be successively inserted, in a more practical
way, as transfer functions of the motors. With this hypothesis the study
can focus more on the aerodynamic effects of rotors on the state dynam-
ics. That is a result nevertheless interesting, if not only an experimental

relation between thrust and motor input is considered.
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The components of the control matrix B describe the influence of small
variations of control inputs on the kinematics and dynamics of the aircraft.
The matrix B in the present case has 9 rows and 4 columns. The columns
are 4 because the aircraft possesses 4 inputs, as discussed in section (3.3.2).

These inputs can be listed as:

1. simultaneous variation of all rotors spin rates for vertical flight (col-

lective or throttle command);

2. opposite variations of spin rates of the "back" rotors and on the

"fore" rotors for forward flight (longitudinal command);

3. opposite variations of spin rates of rotors on the "right" side and on

the "left" side for lateral flight (lateral command);

4. opposite variations of spin rates of adjacent rotors for heading control

(directional or rudder command).

In case of perturbation of the control variables, the input vector for the

linear model can be defined with the next expression.

u= [Ucol Ulon Wiat Urud]T (550)

From the 6 D.O.F. model equations it is clear that the inputs do not
directly affect the attitude kinematics, in hovering flight, so that the first

three rows of the matrix are rows of zeros.

Collective Command Derivatives

From the hovering condition, for symmetric displacement and orientation
of the rotors, the collective command exerts its influence only on the ver-
tical direction. Thus the notable derivative is Z.,. The value of this
derivative can be found making use of equation (5.32). It must be consid-

ered only the projection of the thrust of each rotor along the zp axis.
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(5.51)

Nrot
1 mg =
Zeol = — T;(3,3) |-
== ; i(3,3) [ Nyot cos(I';) cos(&5) Qo

Longitudinal Command Derivatives

The prime effect of longitudinal command is a rotation about the yp axis.
This rotation generates an acceleration along the xp axis. This two effects
can be described by the derivatives M;,, and Xjgy,.

To Mj,,, one contribution is due to the components of rotors thrusts along

the zp axis and another to those along the xp axis.

1 Nyot mg 2
- '_7'0 — X
Iy, Z]—l Nyot cos(I'j) cos(&5) Qo

Mion, =
X [=T;(3,3)(—b) cos(d;) sgn{—rcos(d;)} —T;(3,1) h sgn{— cos(d;)}]
(5.52)

Xion is given by the effect of the components of rotors thrusts along the

Xp axis.

1

Nro myg 2
Xion = % Zj:lt 7Tj(3a 1)

Nyot cos(T;) cos(€5) Qo sgn{— COS(‘SJ')}]
(5.53)

Other than this derivatives the Ny, derivative must be computed, because

there are unbalanced variations of torque and the tilted thrusts affect the

yaw dynamics.

1 N - mg 2
Nign = —b> Vet | —T;(3,2 = sgn{— cos(J;
’ TN s eost) @ 0O

+i Z;V:“f [Tj(3,3) Cro,; p A 2Qg R3 sgn{cos(éj)}(—sgn{Qo,j})]
(5.54)
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5. Multi-Rotor Dynamics Linear Modeling

Lateral Command Derivatives

The effects of a lateral control are similar to those of the longitudinal
command. Three derivatives must yet be computed. These are Lj.t, Yiar

and Nyg¢. Lig: is analogous to Mo, Yiar to Xion and Ny to Nigp,-

1 N mg 2
L _ - Vrot = | X
lat ZFl Nyot cos(I';) cos(&5) Qo

x [=T;(3,3)(=b) sin(d;) sgn{sin(d;)} — T;(3,2)h (sgn{sin(d;)})]

(5.55)
— l Nrot _T. mg i —q] .
Vo = 1 ST [0 D ey eoml-sin)]
(5.56)

1
Nlat = Tb Z;V:”f

zz

i mg -
[_ iB25 cos(T';) cos(&;) o

sqn{- sin(t )} +
+L ZN:”{t [Tj(3,3) Cro,j p A 209 R3 sgn{—sin(éj)}sgn{—ﬂo,j}]
(5.57)

Directional Command Derivatives

For symmetry of displacement and tilting of rotors the only effect of this
control action is on the yaw rate . The derivative to compute is Nyqyq.
This derivative is sum of two components. One is due to the inclination
of the rotors thrusts and the other to the variation of aerodynamic torque
of all the rotors. A positive directional command is supposed to give a

positive acceleration of 7.
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1 N ~ mg 2
Npwa = —b> Nrer | T3, 2 p :
rud I, 2521 [ 53 )Nmt cos(I';) cos(&;) Qo sgn{ﬁj}] *
1 Nrot T 3
S [T5(3.3) Crog p A 20 R
(5.58)
5.3.7 The Control Matrix
The control matrix can now be written.
0 0o o 0 |
0 0 0 0
0 0 0 0
0 Xion 0 0
B = 0 0 Yiat 0 (5.59)
Zeol 0 0 0
0 0 Lot 0
0 My, O 0
L 0 Nlon Nlat Nrud i

5.4 Numerical Results

The stability matrix and the control matrix for the linear model of the
dynamics of a multi—rotor aircraft have been defined in an analytic way.
A numeric test can be done to assess the correctness of the results of
linearization.

Inserting the data of table (4.3), we can compute the value of any element
of the matrix A. This result can be compared with the stability matrix

obtained after a numerical differentiation executed with M ATLAB®.

The numerical calculation brings the same result.
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Aanalytic =
0 0 0 0 0 0 1 0 0
o 00 o o 9o 0 0 1
0 —9.810 —0.0048 0 0 0 0.0200 0 (5.60)
981 0 0 0 —00048 0  —0.0200 0 0
0 0 0 0 0 —06243 0 0 0
0 0 0 0 —18190 0 —141730 0 0
0 0 0 1819 0 0 0  —141730 0
0 0 0 0 0 0 0 0 —0.0957
Aumeric =
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 —9.810-0.0048 0 0 0 0.0200 0 (5.61)
981 0 0 0 —00048 0  —0.0200 0 0
0 0 0 0 0 —06243 0 0 0
0 0 0 0 —18190 0 —141677 0 0
0 0 0 18190 0 0 0  —14.1677 0
0 0 0 0 0 0 0 0 —0.0957

Also for the B matrix, the results of the numeric and analytic differentia-

tion can be compared.

Banalytic =
0 0 0 0
R T
0 00025 0 0 (5.62)
0 0 00021 0
—0.0425 0 0 0
0 0 15745 0
0 —18180 0 0
0 00426 0 0.1277
Brumeric =
0 0 0 0
0 0 0 0
0 00025 0 0 (5.63)
0 0 00021 0
—0.0425 0 0 0
0 0 15745 0
0 —18149 0
0 00426 0 0.1278

There is only a small difference in the p and ¢ angular rates dynamics.
However, with proper simulations, it can be verified that the numeric re-
sponses are indistinguishable. Thus the analytic definition of B is consid-

ered valid (errors are under 0.2%).
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5.5 Remarks

In this chapter the analytic development to obtain a linear model of a
multi-rotor aircraft dynamics is explained in detail. The aerodynamics
of rotor has been accurately considered so that the analysis of dynamic
stability can be accomplished with great depth. This linear model can
also be utilized properly for control system design.

The problem of linearization of rotors aerodynamic loads is here focused.
Although the question has taken relatively little space, this is a very im-
portant one for the study of dynamic characteristics of multi—rotor flying
vehicles. It is worth noticing that in the specialized literature about multi—
rotor aircrafts, this question is almost neglected. Thus the arguments in
this and in the following chapters represent a sort of prime attempt in the

analytic study of multi-rotor dynamics.
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Chapter 6

Aeromechanical Stability
Analysis of a Multi—-Rotor
Vehicle

In this chapter the question of static and dynamic flight stability of a
multi-rotor is addressed. All the work is based on the linear modeling

developed in chapter (5). A numerical test case is also considered.

6.1 Introduction

Many off-the—shelf multi—rotor vehicles are often provided with a fixed
geometry non-planar displacement of rotor discs, such that the thrust gen-
erated by the individual rotor is inclined with respect to the local vertical.
It is the case when a dihedral angle is provided to each rotor arm and a
tilt angle deviates the rotor thrust from the vertical plane that contains
the relative rotor arm. It is common knowledge that such design solutions
may provide some kind of passive stability, that allows the vehicle to re-
level at hover after attitude perturbations [7]. Although the behavior of an
isolated rotor has been widely studied in the past years, with results about

its inherent dynamic instability [13], there are very few results about the
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interaction of two or more rotors. In [3| it was demonstrated that the sta-
bility of the longitudinal and lateral motions of a tandem-rotor helicopter
largely depends on small differences between the thrusts of the front and
rear rotors. In that framework, it was necessary to calculate the rotor
thrust derivatives far more accurately than for the single-rotor helicopter.
In the end it was shown that, in order to eliminate a divergence in longi-
tudinal dynamic stability, a suitable value of swash—plate dihedral angle
was necessary between the two rotors.

In this chapter, the open—loop stability analysis of a fixed—geometry multi—
rotor at hover is addressed. In particular, it is investigated how attitude
and velocity stability properties are influenced by design parameters such
as the blade geometry, the position of the vehicle center C.G. and the
rotors displacement and orientation in space. All the demonstration is
based on the stability derivatives expressions as given in chapter (5).
After a detailed study of pure static stability, design solutions are proposed
in order to cope with unstable oscillations affecting the longitudinal and
lateral dynamics. Vertical and directional stability properties are analyzed
and, as a further contribution, it is investigated how the combined use of
feedback control systems, proper design of tilt angles, and a positive (in-
ward) dihedral angle may drive the vehicle to dynamically stable hovering
flight.

The whole argumentation is developed with respect to a quad-rotor con-

figuration.

6.2 Rotors Arrangement

As hinted in section (4.3.2), the values of the dihedral I'; and tilting &;
angles for all the rotors must be properly assigned. The choice must grant
essentially that in flight all the loads generated by the rotors are recipro-
cally balanced. In a word, in hovering condition, all the horizontal forces

due to rotors inclination and all the torques need to make ineffective them-
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selves.
To this purpose the rotors must be arranged in the following way. The

dihedral angles I'; must have the same magnitude and the same sign.

[;=T, Vji=1,.. Nyt (6.1)

To have equal dihedral implies that any rotor generates a component of
thrust in {(xp,yp)} plane all directed toward the C.G. or pointing out
from it. These components of thrusts are perfectly balanced, in the case
of regular azimuthal displacement of rotors.

The tilting angles &;, instead, must possess same magnitude but different

sign between adjacent rotors.

5] = ga ] = 1> "'73> --'7Nrot —1
(6.2)

é_] = —g’ j == 2, ...,4, ...,Nrot

Both the possibilities of sign for £ are acceptable.
With this hypotheses, the assumptions of section (5.3.3) still hold and are

maintained in this chapter.

6.3 Stability Analysis

In this section, stability analysis is performed without loss of generality
for the multi-rotor configuration depicted in figure (3.6). Note that, with
slight modifications, the considerations provided below also hold for ve-
hicle arrangements where 6 or more rotors are symmetrically displaced.
Particular attention is dedicated to the rotational stability of the vehicle
about the hovering condition, showing how design solutions related to the
dihedral angles I'; and the tilt angles &; influence the open-loop static
stability of roll, pitch, and yaw dynamics. Moreover, some considerations

are provided about vertical damping. Finally, the dynamic stability of the
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linearized system at hover is addressed, and design solutions are suggested
in order to improve the vehicle open-loop behavior.

In what follows, the main stability derivatives are evaluated as components
of the A stability matrix. For the sake of simplicity it will be assumed
that the rotors spin rate at hover Qg and the rotor derivatives of chapter
(5.2) do not depend on I' and ¢ and are calculated for the planar case,
['=¢=0°.

Table (6.1) shows relevant vehicle data. In order to evaluate the stability
derivatives described in the previous chapter, some additional parameters
need to be calculated. From table (6.1) and equation (3.9), the rotor
induced velocity results to be v;g = 4.52 m/s. Taking into account equation
(4.8), with the value obtained for v;g, it is also Qg = 216.0 rad s~!, while
for the inflow ratio it is Ajg = 0.084. A more accurate model in which
the rotor derivatives, as section (5.3.3), vary with T' and &, does not add
significant contribution to the calculation of the stability derivatives. In a
configuration where I' = £ = 20°, for example, it would be easy to show
that the evaluation of the derivatives according to the approximate model
leads to an error of about 3 % with respect to the exact model. Thus, the
assumption of null dihedral and tilting for rotor derivatives computation
can be retained.

The derivatives of the rotor aerodynamic coefficients involved in the defi-
nition of the stability derivatives are then calculated, with the result that
9CT /0, = 0.04 and OCr/Op, = 4 - 1074,

In this pages, only the most influencing derivatives are investigated. For
the multi-rotor configuration provided in table (6.1), in fact, terms such
as Xy, Xg, Yy, and Y, actually provide a less significant contribution with

respect to the derivatives presented in what follows.

6.3.1 Lateral and Longitudinal Stability

The effect of linear velocities u and v on longitudinal and lateral stability

is mathematically represented by the derivatives L, and M,. Taking into
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account the equations (3.20) and (5.44) with the arrangement represented
by 01 =0, 62 = /2, 03 = m, and 04 = (3/2)7, one derives:

L,(T,€) = _2,01;12()11288?": {cos?(€) sin(T [) [beos(I) — hsin(T)] — hsin2(§)} =
(6.3)
= cos?(€) Ly (T, 0) 4 L, (0, €) (6.4)
where
L,(T,0) = —QpiZORgif sin(I) [bcos(I") — hsin(T)] (6.5)

is the contribution provided by dihedral angle only, and

2pAQyR OC

[ hsin?(€) (6.6)

L,(0,€) £

is the contribution provided by tilt angle only. In the same way, from
equations (3.20) and (5.46), it follows:

M,(T,€) = _Qpifjd%gif {— cos®(&) sin(T) [beos(T) — hsin(T)] + hsin®(§)} =
(6.7)
= cos?(&) M, (T',0) + M,(0,¢) (6.8)
where
M,(T',0) = Qm;lgfj(ﬂ%%if sin(I") [bcos(T") — hsin(I)] (6.9)

is the contribution provided by dihedral angle only, and

2pAQOR 8CT
lyy  Ops

M, (0,€) & — hsin?(€) (6.10)

is the contribution provided by tilt angle only.

The sign of & (j = 1,...,4) has no influence on the derivatives reported
in the equations (6.4) and (6.4), since &; only appears in cosine or squared
sine functions. Provided T' < tan=!(b/ |h|), the sign of the two dihedral
contributions L, (T,0) and M,(T,0) is determined only by the sign of T
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In both cases, I' = 0 leads to null dihedral derivatives. According to
the convention adopted for the Body Axis frame, a positive dihedral an-
gle provides a statically stabilizing effect either along the roll axis, where
L,(T,0) < 0, and the pitch axis, where M, (T,0) > 0. On the other hand,
the effect of the tilt angle is always statically stabilizing in L,(0,¢) and
M,(0,€) if h < 0, with the C.G. lying below the plane that contains all
the rotor centers.

The stability properties related to L, and M, may be clarified by the case
when attitude perturbations drive the vehicle to acquire velocity compo-
nents on the {(xp,yp)} plane, owing to the inclination of the total thrust
from the local vertical. The result is the generation of a moment that
would lead the vehicle back to the hovering condition.

In the end, from equations (6.4) and (6.8), it is possible to derive the

equation:

M, (F,6) = —j L,(F.€) (6.11)

The effect of the angular velocities p and ¢ on lateral and longitudinal
stability is represented by the derivatives L, and M, respectively. From
equations (3.20) and (5.45), it is:

=SA QPAQORaCT 2/ = = . =\12 2 .. 92/% .
L,T,¢) = L. o {cos (€) [beos(T) — hsin(I)]” + A% sin (f)} =
= cos*(€)L,(T,0) — 2 AR ICT sin?(€) (6.12)
Ly aﬂz
where
L,(T,0) 2 —W%CT beos(T) — hsin(@)]®  (6.13)
xrxr IJ/Z

is the damping contribution when ¢ = 0. From equations (3.20) and (5.47)

it is also:
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M,(T,¢) = _2p AR 00T {cosz(f_) [beos(T) — hsin(f‘)]2 + h? SiDQ(g)} =
Iy Ops
= cos?(£) My(T,0) — 2pAN R OCr sin?(€) (6.14)
Ly Ope
provided
M,(T,0) 2 _2PARRICT B —hsin@)] (6.15)
lyy  Ops

is the damping contribution when £ = 0. The L, and M, derivatives re-
ported in equations (6.12) and (6.15) are always negative definite, provid-
ing a damping effect. It is interesting to note that, even when I' = £ = 0,
the system results to be damped. This effect is due to the differential thrust
that is generated between the ascending and the descending rotors with
respect to the instantaneous axis of rotation that lies on the {(xp,yp)}
plane. In particular, the damping contribution increases as I' ranges from
negative to positive values but decreases the more the tilt angle £ inclines
the thrust perturbation of each rotor from the vertical plane that contains

the rotor arm, as it can be seen in figure (A.2)).

As a final consideration, the derivatives L, and M, are related to each
other by the equations (6.12) and (6.14):

Ly(T,€) (6.16)

6.3.2 Directional Stability

Now the stability derivative in equation (5.48) for N,.,; = 4 is considered.

It results:
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L 4pAQuRY ICr
B I.. 8Mz

sin? (£) +

AQuR2b OC; S\ S
+p170 8,uH cos (£) cos (I) Z sin (§5) sgn (Q0,5)

j=1
(6.17)

Note that N, is null in the case when no tilt angle is provided. On the other
hand, the term in equation (6.3.2) that is related to the thrust coefficient
derivative dC7/0u, is always negative definite for any choice of £ # 0
(actually providing a damping effect about the zp axis). The sign of the
term related to the rotor torque coefficient OCr/0u, instead depends on
the particular configuration adopted for the rotors spin rates {2 ; and the
relative tilt angles &;. Since 0Cr/Op, is positive in the given hovering

condition, the best design solution that maximizes the cost function

4
I, = — Z sin (&5) sgn (Qo,5) (6.18)
j=1

is represented by the configuration:

sin (@-)sgn (Q(],j) <0, j=1,...,4 (6.19)

for every choice of £ = |&;|. In this case, the inequality in equation (6.19)
holds if sgn (&) = —sgn (Qo,;), with the result that the cost function in

equations (6.18) becomes:

JN, = —4 sin (§) (6.20)

As a matter of fact, it should be noted that the rotor torque variation
related to OCr /0, does not provide a significant contribution if compared
to the effect induced by dCr/Ou,. In fact, at the considered hovering
condition, it is |0Cr/0u,| << 0CT/Ou,. Nevertheless, the small damping
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contribution obtained by the configuration proposed in equation (6.19)
comes at no cost on the vehicle endurance for a given choice of I' and & —
that is, the overall thrust required by the equilibrium of forces in equation
(4.3) is not altered.

In figure (A.3) the derivative N, is plotted as a function of ¢ with the
arrangement proposed in equation (6.19). In particular, only the curve for
[ = 0° is reported, because the dihedral angle appears in the term related

to 0Cr/Ou, and thus it does not provide a significant contribution.

6.3.3 Vertical Motion Stability

The effect of the linear velocity w on the thrust component directed along
the zp axis is represented by the derivative Z,,. Taking into account
equations (3.20) and (5.43), it is:

_4,0AQOR oCr

Z =
b m Op.

cos(T)? cos(£)? . (6.21)

The stability derivative in equation (6.21) is always negative definite. Ac-
cording to the convention adopted for the Body Axis frame, a negative
contribution of Z,, provides static stability along zp. In other words, if
altitude is perturbed from the trim condition, the generation of a velocity
component w induces a force AZ that opposes the altitude variation. In
figure (A.4) the vertical damping Z,, is plotted as a function of the dihedral
and the tilt angles.

Note that the inclination of the individual rotor thrust from the zp axis is
always detrimental for the vertical damping. In fact, the maximum value of

|Zy| is obtained when I' = £ = 0°, that represents a planar configuration.

6.3.4 Dynamic Stability

Till now, static stability has been explored for a multi-rotor at hover, with
detailed considerations about the influence of dihedral and tilt angles on

the stability derivatives. In particular, the speed stability represented by

95



6. Aeromechanical Stability Analysis of a Multi—-Rotor Vehicle

the L, and M, derivatives has been analyzed, with the description of the
statically stabilizing momenta induced by perturbations of u and v. If dy-
namic stability of the linearized system in equation (5.1) is addressed, one
should verify whether every real pole of the state matrix A = A(T,€), or
every real part of any complex pole, is negative. To this aim, it is conve-
nient to write the stability matrix as a function of the stability derivatives
defined in chapter (5). It follows:

0 000 O 0O 1 0 07
0 000 O 0O O 1 O
0 000 O 0O O 0 1
0 Xe0X, 0O 0O O 0 O
A = Y, 00 0 Y, 0 0 0 O 929
0 000 O0Z, 0 0 O (6 )
0 000 L, 0O L, 0 O
0 00M, 0O 0O 0 My O
L O 000 O 0 0 0 N,

Now a planar configuration C1, where I' = £ = 0°, is considered. Taking
into account equation (6.22) and the expressions of the stability derivatives

provided above, it results:

|
©
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>
&

(6.23)
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The eigenvalues of A assume the configuration:

n, = [0, 0, —0.5194, —10.9171, —10.9171, 0, 0, 0, 0]

where the three negative real poles are related to the damping effect pro-
vided by Z,,, L, and M, respectively. In particular, the vertical motion of
the multi—rotor at hover is described by a first order differential equation,
that is w = AZ/m, with a time constant given by 7, = —1/Z,, (about 2 s
in this case). The time-to-half amplitude is about 1.3 s. No damping is

provided about the yaw axis.
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6.3 Stability Analysis

Now instead it is considered a configuration C2 where I' = 20° and £ = 10°,

with the tilt arrangement suggested in equation (6.19). Tt follows:

0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 —9.8066 0 —0.0373 0 0 0 0 0
A2 = | 9.8066 0 0 0 —0.0373 0 0 0 0
0 0 0 0 0 —0.4448 0 0 0
0 0 0 0 —6.0214 0 —12.6571 0 0
0 0 0 6.0214 0 0 0 —12.6571 0
0 0 0 0 0 0 0 0 —0.3014
(6.24)

with the eigenvalues:
Ny = [0.170942.12144, 0.1709+£2.12144, —0.4448, —13.0362, —13.0362, —0.3014, 0]”

The presence of a tilt angle generates a stable real pole related to the yaw-
damping derivative, namely N, = —0.3014 s~!, while vertical damping
is still provided by Z, = —0.4448 s~!. In particular, the motion of the
multi-rotor about the yaw axis, that is described by a first order differential
equation, 7 = AN/I,,, has a time constant given by 7, = —1/N, ~ 3.3 s.
Both the roll and the pitch dynamics are described by a stable, subsidence
mode (a large negative real root due to damping) and a mildly unstable,
oscillatory mode (due to the speed derivatives L, and M,,). In this case,
the oscillation associated with the unstable dynamics has a period of about
3 s. Time-to-double amplitude is about 4 s and gets worse if dihedral and
tilt angles are increased. Because of the speed stability of the rotors, the
vehicle is susceptible to gusts whenever it is hovering and, as a result, its
position relative to the ground drifts considerably: this makes the task of
station-keeping, for which multi-rotor are universally employed, particu-
larly taxing for a pilot if manual control is performed. Finally, it is a result
that, if the vehicle is perturbed from trimmed forward flight, the unstable
oscillatory mode is made even worse with an increase in the trim advance
speed [13].

It can be noticed from figure (A.1) that it is possible to reduce L, (and
M,,) to zero by tilting the rotor-hub axes outwards (i.e., the dihedral angle

becomes negative). Let £* be the design value of tilt angle obtained, for ex-
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6. Aeromechanical Stability Analysis of a Multi—-Rotor Vehicle

ample, from a requirement on the time constant of the yaw damping mode,
as in figure (A.3). Provided T'* is the angle that satisfies L, (T'*,£*) = 0,

it follows from equation (6.4):

cos?(€%) sin(T™) [beos(T™*) — hsin(T™)] — hsin?(£*) =0 (6.25)

that can be rearranged to give:

2h sin?(T*) — b sin(20*) + 2h tan?(£*) =0 . (6.26)

Equation (6.26) provides two real negative solutions:

) b+ \/b2 — 4h2 tan?(£*) [1 + tanQ(é*)]

b =tan” 2h [1 + tan?(£)]

(6.27)

provided

* —1 1 b2
£ < tan sy (6.28)

Between the two solutions of the equation (6.27), the smallest one repre-
sents the suggested design, because it allows to reduce the effort demanded
to the motors at hover by the equation (4.3) and to avoid excessive loss of
roll, pitch, and vertical damping, according to figures (A.2) and (A.4). In
this case, equation (6.27) gives I = —65° and ' = —0.79° for £* = 10°.
If the design parameters T and & are selected for a third configuration,

C3, the vector of eigenvalues results to be:
N5 = [—0.0079, —0.0079, —0.5037, —10.5215, —10.5215, —0.3018, 0, 0, 0]"

where no re-hovering moment is actually generated by changes of speed.
In particular, damping is still provided to p, ¢, r, and w velocities with a
fast dynamics of the first—order, as in figure (A.5) for a sample maneuver
based on the linearized model). On the other hand, a creeping first—order

dynamics with no practical interest characterizes the behavior of u and w
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6.4 Quad—Rotor Data

if linear velocity perturbations only are introduced, as figure (A.6) clearly
shows).

The slow response of the velocity perturbations v and v is due to the small
derivatives X,, and Y,,. Nevertheless, it must be taken into account that the
effect of the airframe drag is not considered in the linear analysis, which
would strongly increase the force contributions that oppose the motion of
the C.G. of the vehicle.

The analysis provided about static and dynamic stability is based on the
open loop modeling of the multi-rotor, where no active stabilization sys-
tem is implemented. The ad hoc configuration proposed in equation (6.27),
that allows to eliminate the divergent oscillations induced by speed stabil-
ity, however makes the system very slow in compensating any speed per-
turbation, with no possibility to oppose attitude variations. As a matter of
fact, a stable configuration with positive dihedral is possible if additional
damping is artificially provided to longitudinal and later dynamics by a
closed—loop control. In many multi—rotor vehicles, this regulation is per-
formed by means of the feedback of p and g on the rotor spin rates, while
the same result is obtained for longitudinal stability in many single-rotor
helicopters by adding a tailplane [13]. Sufficient extra damping would thus
result in the oscillatory mode being stabilized. In the case when attitude
information also is used as a feedback term, the system would stabilize
at hover after very fast transients and with the capability to avoid the
oscillatory behavior. A compromise should be envisaged between the use
of passively stable configurations, with tilt and positive dihedral, and the
effort demanded by closed-loop controllers, in order to accomplish the de-

sired requirements in terms of both stability and endurance.

6.4 Quad—Rotor Data

In the following table the data employed in the calculations of the previous

sections are provided.
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Type | Value | Unity | Type | Value | Unity
p 1.2247 | kg m—3 g | 9.80665 | ms?2
m 4 kg Lo 0.044 | kg m?
I, | 0.044 | kg m? L. 0.098 | kg m?

Nyot 4 R 0.25 m
N 2 6, 15 °
O 2 ° Cla 5.5 rad~!
Cy | 0.003 c 0.03 m
h —0.3 m b 0.68 m

Table 6.1: Quad-Rotor Data

6.5 Remarks

In this chapter, the open—loop dynamics of a multi—rotor aerial vehicle
with fixed geometry has been addressed. In particular, it has been investi-
gated how geometric and aerodynamic parameters influence the capability
of the vehicle to passively maintain a stable hovering flight. A non—planar
configuration of rotors has been considered, where the thrust of the indi-
vidual rotor is inclined by design with respect to the local vertical. Two
angles define the thrust orientation: a dihedral angle rotates the thrust on
the local vertical plane that contains the rotor arm, and a tilt angle rotates
the thrust in such a way to generate a component that is orthogonal to
that plane. Static stability has been analyzed for a vehicle configuration
with four rotors, showing how directional stability is closely related to the
tilt angles, while the stability of the longitudinal and lateral axes is mostly
influenced by the dihedral angle. As a final contribution, dynamic sta-
bility has been tackled and design solutions have been suggested in order
to improve the vehicle open—loop behavior and assist eventual feedback
controllers in the stabilization task. In this direction, the parameterized
linear model has been proven to be a valid instrument for the analysis of

different vehicle configurations and a test bench for the design of novel
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control strategies.
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Chapter 7

Control of a Multi—Rotor
Ailrcraft

In chapter (5) a linear model of a multi-rotor aircraft dynamics has been
obtained. In this chapter control laws for attitude stabilization are defined
on the base of this linear system. These control laws are validated with
numerical simulations. With the same simulations it is also shown whether
the speed stability characteristics for a multi—rotor aircraft improve, with
respect to the result of the previous chapter for a multi-rotor without
active stabilization.

Numeric examples are all referred to the same hexa—copter data already

used.

7.1 Control of a Linear System

The dynamic behavior of a multi—rotor around the hovering flight condition
can be described by an LTI system with the following implicit expression

for state vector equation.

x = Ax+ Bu, x(ty) = xo (7.1)

Once the state equation is defined, a control strategy can be chosen. Clas-
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7. Control of a Multi—Rotor Aircraft

sical linear control approaches are PID controllers for SISO systems or
the Optimal Control theory for MIMO systems [16]. Both the control
techniques are discussed in the following, with few theoretic hints, and ap-
plied to the attitude stabilization of the multi-rotor. The control laws are
then tested in numerical simulations of the non—linear model of dynamics
of the aircraft.

In the following treatment all the control laws provide a direct variation of
the spin rate of the rotors, without considering the dynamics of the electric
motors. This only to show that the linear model is an effective analytic

tool for an affordable control system design.

7.1.1 PID Control

To design a PID controller of a plant, the transfer function of this plant
is needed. Thus, aiming at the stabilization of the attitude in hovering
flight, the SISO systems to be controlled are the attitude perturbation
variables ¢, # and . Now their transfer functions must be defined.

Considering only the ¢ angle, its state equation can be obtained beginning

from the roll rate p dynamics.

p= Lpp + Lyv + LigtUiat (72)

Inserting the Laplace’s variable s the time derivative disappears.
p(s - Lpp) = Lyv + Llatulat (73)

Now an assumption is made to obtain a SIS0 system. The contribute of
the velocity v is omitted, supposing less importance of the effects of v, near
the hovering flight condition. With this hypothesis the transfer function

for roll rate dynamics can be written.
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7.1 Control of a Linear System

The transfer function of the roll angle perturbation derives from the rela-

tion between ¢ and p.

Finally the ¢ transfer function can be expressed.

Llat

¢ = s(s — Lpp)

Ulat (77)

The transfer function of # and v can be similarly found.

. Mlon
0= 565 — Myq) Ulon (7.8)
N,

s(s — Nyr) Hrud
For any transfer function a PID controller can be designed. To do this,
the M AT LAB® function pidtune is utilized. This function for each plant
provides the proportional gain Kp, the integral gain K7 and the derivative
gain Kp. If H(s) is the regulator transfer function, its expression is the

following.

K
H(s)= Kp + ?1 + Kps (7.10)

For the present case a PD regulator architecture is chosen (K; = 0). For
the 3 controllers the gains are shown in table (7.1).

The negative sign of the gains of the 6 regulator is due to the fact that
a positive longitudinal command ., gives a positive response of the u

velocity but a negative one of the angle # and of the pitch rate q.
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¢ [rad] | 6 [rad] Y [rad]
Kp | 204.7194 | -177.2922 | 397.8994
Kp | 4.2596 -3.6889 67.4201

Table 7.1: PID Gains

7.1.2 PID Regulators Simulation

The PID regulators can be tested with a numerical simulation of the non—
linear model of the multi-rotor aircraft. In this simulation the motors
dynamics are not included. The simulation starts with non null values of
the angles ®, © and W. Precisely, ®(tg) = 15°, O(tp) = 15° and ¥(tg) =
15°. In figure (B.1) the simulation result is shown. The effectiveness of
attitude regulation can be thus witnessed.

Similarly, because, for multi-rotor aircrafts, velocities and attitude are
strictly tied, it can be assessed whether the presence of an attitude stabi-
lization system improve the speed stability characteristics of the rotorcraft
with respect to the case shown at the end of chapter (6). Figures (B.3)

and (B.5) give a positive response.

7.2 Regulation through Optimal Control

Optimal control theory [16, 25| provides a proportional regulator for M IMO
LTI systems. This regulator is also known as linear quadratic regulator
(LQR). This control problem returns a gain matrix K. This matrix is

obtained from the minimization of a scalar cost function J.

J = /OO (x"Qx + u"Ru) dt (7.11)
0

Q and R are diagonal arbitrary weighting matrices.
The state dynamics with the presence of the LQ R and without pilot inputs

can be described by the following equation.
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7.2 Regulation through Optimal Control

x = (A -BK)x, x(ty) =xp (7.12)

It is worth noticing that this regulator acts on all the state variables to-
gether. Thus, with it, the stabilization action does not work only on the
attitude angles but on all the state vector.

The numeric value of K can be obtained directly through MATLAB®.

7.2.1 LQR Simulation

With another simulation the performance of the LQR can be viewed in
figure (B.2). For this numeric example the following values have been

assigned to the weighting matrices.

100 0 0 000 0 0 0
0 100 0 000 O 0 0
0 0 100 000 0 0 0
0 0 0 100 O 0 0
Q=] 0 0 0 010 O 0 0 (7.13)
0 0 0 0071 0 0 0
0 0 0 00 0 0001 0 0
0O 0 0 000 0 000l 0
0 0 0 000 O 0 0.001 |
(10 0 0o 0 |
R_| 0 001 0 o0 (714

0 0 0.01 0
0 0 0 0.01

Differently from PID regulation, the control action of the LQR works

on all the state variables, so that a stabilizing action is delivered to the

velocities and to the angular rates. The speed stability in this case, more
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7. Control of a Multi—Rotor Aircraft

than also in the case of PID regulators, is again enhanced, as it can be
seen in figures (B.4) and (B.6).

7.3 Remarks

In this chapter the problem of the attitude stabilization of a multi—rotor
aircraft has been dealt with. The results shown here do not represent
obviously the very ultimate solution. The objective of the argumentation
was to prove the affordability of the mathematical modeling presented
in the previous chapters for the designing of control systems for multi—
rotor flying vehicles. In this way simple control laws, even though with
various approximations, have been found only on the base of analytical

computations or with the aid of ad hoc tuning algorithms.
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Chapter 8

The Quad-Tilt—Rotor Aircraft

This chapter deals with the study of a never built configuration of multi—
rotor aircraft. All the mathematical instruments of the previous chapters
are here utilized to demonstrate whether this innovative machine really
grants enhanced flight capabilities with respect to classical multi-rotor

platforms.

8.1 Introduction

Recently a patent [1] has been registered in which a new quad-rotor mock—
up is described. This new configuration is there named as the Quad-Tilt—
Rotor aircraft. The features of this aircraft are: tilting rotors, variable
pitch propellers and an unique internal combustion engine. The tilting
rotors are a mean to increase the number of inputs of the system and, thus,
to augment the maneuverability of the aircraft, with respect to classical
quad-rotors that are a manifest example of under—actuated systems. The
interest in this technology is testified by recent publications [22, 23]. The
internal combustion engine is an expedient chosen to possibly increase the
flight endurance. More details about this machine are given in following
sections.

Before designing a prototype of such a machine, a study has been at-
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8. The Quad-Tilt—Rotor Aircraft

tempted to understand if actually this machine could grant improvements
in terms of maneuverability. Also control strategies and driving actions
for a human pilot has been defined [8].

This analysis has been accomplished by means of the dynamic modeling
equations described in the previous chapters.

In the next sections a brief mention of the non-linear 6 D.O.F. model is
given and, then, the linear model is derived.

The objective of this chapter is the refinement and prosecution of the
already cited published work [8]. Starting always from the same mathe-
matical model of dynamics of motion, exploiting the so called technique of
Inverse Simulation, complex missions are simulated. This technique per-
mits to show more effectively both the performances of this machine and
the necessary pilot control actions for any maneuver.

Finally, a study of the controllability property of the Quad—Til-Rotor as
a linear dynamic system is accomplished. Successively, an approximated
study of residual controllability of the system in case of actuator failure
is developed, to show if the aircraft can overcome this characteristic of

traditional multi-rotor.

8.2 Description of the Aircraft

These pages are focused on the description of a mathematical model of a
quad-rotor with tilting rotors and variable pitch propellers, driven by a
single internal combustion engine. The model is suitable for describing the
dynamics of the vehicle with the purpose of developing feedback control
laws for stability and control augmentation. In this framework, structural
vibrations and unsteady aerodynamic effects will be neglected.

The dynamics of a conventional multi—rotor configuration is relatively sim-
ple: the vehicle is controlled by changing the rate of rotation of the pro-
pellers. Most of the times, an even number of rotors is used. The most

common configuration, named quad-rotor or quad—copter, features two
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pairs of rotors mounted at the ends of a simple cross—shaped structure,
or at the corners of a square frame. Two rotors rotate in the clockwise
direction and two rotate counter—clockwise, such that at hover each ro-
tor produce a thrust equivalent to one fourth of vehicle weight, with zero
pitch and roll moments and perfectly balanced rotor aerodynamic yawing
torques, as in figure (8.1).

Yaw control is achieved unbalancing aerodynamic torques acting on the
two pairs of rotors (e.g. increasing the speed of clockwise rotors while de-
creasing the rotation rate of the other two, or viceversa), keeping a constant
total thrust. Roll and pitch control moments are obtained by variation of
lateral and longitudinal rotor thrust, respectively (e.g. increasing the for-
ward rotor rotation rate while decreasing that of the aft-mounted rotor, a
pitch—up moment is obtained). Hexa—copters are also quite popular, where
the vehicles may feature either three couples of counter—rotating propellers
or six independent ones. In both cases, three of the propellers rotate in one
direction, and the remaining three in the opposite one. Note that a con-
ventional quad-rotor is, in terms of control variables, an under—actuated
vehicle, where four control variables are present to control 6 mechanical

degrees of freedom.

As a major difference, the novel quad—rotor configuration features the pos-
sibility of tilting all of the four rotors disks, thus allowing the quad-rotor
to move and maneuver with greater flexibility. As an example, it can fly
along a horizontal trajectory with zero pitch and roll attitude. Moreover,
rotor thrust variation is achieved by varying propeller pitch rather than
rotation rate, which results in a faster and linear response. Control along
the zp Body Axis — that is, control of the normal load factor — is achieved
by changing simultaneously the pitch of all the rotors. Lateral flight is
controlled by tilting fore and aft rotors, whereas longitudinal speed and
acceleration are controlled by tilting the lateral rotors. Yaw orientation
can be changed by the (indeed little) tilting of a couple of opposite ro-

tors. For each rotor only the tilting around the axis along its own bar is
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CLOCKWISE

ANTICLOCKWISE

Figure 8.1: Direction of rotation of the 4 rotors.

considered, as in figure (8.2). This machine is also intended to work with

constant engine speed, by means of a suitable RPM governor [8].

The advantage of such a configuration is the capability to maintain the
payload almost always oriented on a fixed plane during the maneuvers of
the quad-rotor. Moreover the tilting of all the rotors increases the number
of inputs of the vehicle, thought as a dynamic system. This feature trans-
forms it into an over—actuated system, where some sort of control blend
needs to be envisaged in order to allow a pilot to fly it as a conventional

helicopter.

In this latter respect, the novel quad—rotor will be manually controlled by
means of four control inputs, like any other standard RC helicopter: one
command for vertical acceleration, corresponding to the collective, one

command for longitudinal control moment, like the longitudinal cyclic,
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Figure 8.2: Tilting of a rotor

one command for roll control moments, like the lateral cyclic, and one
command for heading control, like the tail rotor collective [21]. How to
blend the control over the different control variables available will be a

major issue in the development of the vehicle control system.

8.2.1 Vehicle Dimensions and Characteristics

A preliminary concept of the novel configuration is presented in figure
(8.3). Dimensions and other characteristics of the quad-rotor are sized
starting from a survey of available off-the-shelf components. Obviously
parts the landing gear and a detailed structure layout will be designed
and built according to the actual needs once the configuration is defined
in better detail. Brackets will be built out of aluminum alloy commercial
tubes or carbon fiber after an adequate evaluation of strength, weight,
manufacturing complexity and cost. The engine can be a two stroke engine
as the Graupner OS SPEED 91 Hz-R 3C with a maximum output of about
2.65 kW of power (http://www.graupner.de). The tank will be located
below the engine. The electronic package will be more conveniently located

on the top of airframe, which is a mandatory position, in order to protect
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Brackets Electronics Propeller & Tilt

& Frames /

PowerPlant

Tank

Figure 8.3: Sketch of the Main Parts of the Quad—Tilt—Rotor

the electronics from possible shocks from collisions with the ground.
Masses and moments of inertia are estimated by 3D CAD model with
discrete mass distribution. In table (8.1), overall geometric characteristics
and split out of total mass are reported. In relation to the estimated
geometry and masses, the moments of inertia are obtained and are listed
in table (8.2).

8.3 Description of Dynamics of Motion

The mathematical modeling of this machine can be made with all the
equations introduced in the previous chapters, both for the non-linear
model and for the linear one.

The non-linear model needs only some clarifications about rotors dynamics

and control inputs. In this case, the dynamics of the internal combustion
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Type Value Units
Overall dimension 1360 x 1360 x 250 | mm

Variable pitch propellers cluster 50 (x 4) g
Electronics 250 g
Engine and Transmission 1900 g
Tank (full) 600 g
Aluminium alloy brackets 225 (x 4) g
Frame 100 g
Overall mass 3950 g

Table 8.1: Quadrotor characteristics

Inertia | Value | Units
. 0.044 | kg m?
Iy, 0.044 | kg m?
I. 0.098 | kg m?

Table 8.2: Inertia moments

engine, in terms of its speed (), must be considered in the study of the

whole system. Moreover, pitch of blades and tilt of rotors are now inputs

of the system.

The linear model is discussed in detail successively.

8.3.1 Non-Linear Modeling

The non-linear 6 D.O.F. mathematical model can be written with the

expressions of chapters (2) and (3).

The engine equations, as in section (3.2.5), are inserted in place of the
electric motors dynamics, remembering that now there is only one engine

driving all the rotors. The engine speed €2 must be inserted in state vector.

The speed of rotors is then equal to €.
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The control inputs are different from those of a classical electric driven
multi-rotor. A possible choice for them can be the following. Velocities,

position and attitude of the vehicle can be controlled through:
1. the pitch of rotors blades 6. for vertical flight;
2. the tilting of the fore and the aft rotors for lateral flight;
3. the tilting of the other two rotors for longitudinal flight;

4. the tilting of a couple of opposite rotors (or of the two couples), that

rotate in opposite sense, for directional control.

For any rotor a tilting input can be modeled with a proper rotation ma-
trix, to give the correct orientation of the air velocity components on the
propeller and of all the aerodynamic loads.

Also the throttle of the engine §; can be included in the input vector.
Trim

Considering the trim of such an aircraft, in this case all the values for pitch
of blades, rotors tilting and throttle deflection must be found. However the
method of section (4.3.2) can be still utilized with proper modifications.
For hovering flight, the tilting of rotors can be put equal to 0°. Yet again,
the thrust of every rotor must be equal to the weight of the aircraft divided
by the number of rotors. At this point the engine speed €y can be chosen
arbitrarily. With this value of engine rate the blades pitch can be computed
from the expression of Cp. Finally, imposing the equilibrium condition to

the engine dynamics equation (3.42), the throttle valve deflection can be

obtained.

mg

o = CTT (8.2)
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Vio = )\l‘()QoTR (8.3)
Cr Ao Ow
0.0=06 — + — 8.4
0 <aCla+4+8> (84)
oC
Crio = CroXio + —8d (8.5)
8 = CroV, 2 o
+ = CUTI0 mtpA(QoTR) RT pmaz Pmm (8.6)
( eng,0s eng,&)

The trim values just calculated are those that are inserted in the Inverse
Simulation algorithm as initial condition for the integration, as explained
in the following dedicated section.

8.3.2 Stability Derivatives

Passing to the linear modeling, the development is almost identical to that
of chapter (5). It begins again from the linearized rotor aerodynamics
equations. The effects of coefficients Cy and C are yet neglected.

The stability matrix A is now a square matrix with ten rows and ten
columns, because of the presence of () in state vector.

Attitude Kinematics Terms

The first three rows represent the linearized kinematics of the attitude.

A7 =A28 =A39=1 (8.7)

Xy and Yy Derivatives

The next three rows describe the dynamics of velocity in Body Azis frame.

Ay and As ;1 are defined as in chapter (5).
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As1=Y,=g (8.9)

X, Y and Z derivatives

These derivatives describe the effects of the variations of velocities, angular
rates and engine speed on the velocity dynamics. The gyroscopic effects
are neglected and in hovering the contribute of airframe drag can not be
considered.

X, is null because the variation of C'r is null. The p, ¢ and w perturbations
give a variation to u, for every rotor, but this does not affect the dynamics
along the xp axis itself. The effects of engine speed variations act only on
zZp axis.

Along the zp axis the perturbations of forces are generated by variations

of climb ratio of the rotors and by the engine acceleration.

1 0C
Ags = Zy= ———LpA QTR Nyotor (8.10)
m O,
2 29
A6710 = ZQ = —CTpA (TR) 290 Nrotor = —Qfo (811)

L, M and N Derivatives

For the roll dynamics the remarkable effects are those due to the p rate
itself that generates opposite variations of Cr on the lateral rotors. The
lateral rotors, e.g., if r changes, create two rolling moments that acts
around the same direction, but the different rotation verses of the same
rotors impose opposite signs to the rolling moments themselves, that cancel
each other.

h is the height of rotors from the center of gravity of the aircraft: h < 0
if the rotors are placed above the C.G. itself.

118



8.3 Description of Dynamics of Motion

1 Nyo
9Cr pA QTR Tt b2

Apr =L, = ——
TP e O (8.12)

For the pitch dynamics the results are the same as for the roll dynamics.

1 Nro
_ L 9Cr pA QorR Lo 2
Ly Op 2 (8.13)

AggZMq:

)

On the dynamics of yaw rate r instead more effects are considerable. There
is an effect due to w velocity that generates a torque through the load that
imparts to the engine. Another effect is a consequence of the engine speed
variation itself. p and ¢ variations give a torque for the variation of Cg on

the two rotors that are doing a roll or pitch rotation.

1 9Ch
Agg =Ny =—— A Qo(TR)? Ny,
9,6 I, o, p o(TR) t (8.14)
1 801—[ Nyot
Ag7 =N, = A QT R?
9,7 P auzﬂ 0 5 (8.15)
Agg = N, = —N, (8.16)
1 8 (Pmcw% _ Pmin6 )515
A = No= ——— _Nr A 3.2 20) . eng,ot eng,ot
9,10 Q Izz[ ot Cip AR T=(200) 7 + 30 aQ ]
1 oC, (Plrass — P )0
= —E[—Nrot(2)\?o + 78d)pAR37'2(2Q0)T - 9:0 a2 9:0 ]
(8.17)

Engine Dynamics Derivatives

A perturbation of the state of the engine is caused by the variation of w

and the subsequent variation of C; and by a variation of ) itself.
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IZZ

A10,10 = Qa = —Na7 (8.18)
shaft
IZZ
Ar06 = Qu = _Nw[ (8.19)
shaft
The Stability Matrix
Finally the stability matrix can be written in the proper form.
0 00000 1 00 0 7
0 00000 0 100
0 00000 0 010
0 Xp000 0 0 00 0
Y5 00000 0 00O
A= |0 00002%, 0 002Zo (8.20)
0 00000 L, 0 0 O
0 00000 0 MgO O
0 0 000Ny Np Ny 0 Ng
LO 0000Qw O 0 0Qqd

8.3.3 Control Derivatives

The matrix B in the present case has 10 rows and 9 columns. The columns
are 9 because the aircraft possesses 9 inputs: the blades pitch and the

tilting angle of the 4 rotors and the throttle valve deflection of the engine.

U= [0c1 O Oc3 Oca &1 & &3 &4 &) (8.21)

This choice of the input vector allows the analysis of the controllability
of the aircraft in case of actuator failure, as explained in the dedicated
following section.

Here again, the inputs do not directly affect the attitude kinematics, in

hovering flight, so that the first three rows of the matrix are rows of zeros.

Blades Pitch Derivatives

The pitch variation of the blades of a rotor induces a variation of C'r and

Cr. This brings to:

e a component of thrust in the zp direction;
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8.3 Description of Dynamics of Motion

e a moment due to the rotor arm around the xp or yp direction;

e an acceleration of the engine;

e a moment around zp axis due to the variation of torque and the

acceleration of engine.

For the fore rotor of the aircraft the non-zero derivatives are listed below.

1 oCr

B6’1 = Z@Cl = 69 ,OA (Q()TR)
1 0Cr

Bg1 = My, = pA (QTR)? b

1 T, 90,
1 oC
BlO,l = Q9c1 — _m aen O(TR)S
sha C
1 0C )
Bo1=No, =7 9“ pA (Q07)2R? — Qo

For the other rotors the results are similar.

Beo = Bg1 = Zg,,

Iy
372—*3811 = Lg,,
T

Bio2 = Bio1 = Qo,,

Ishaft

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)

(8.27)

(8.28)

(8.29)

(8.30)

(8.31)
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8. The Quad-Tilt—Rotor Aircraft

Bios = Bio1 = Qo (8.32)
Box = —B Ishaft _
93 = —DBg1— Qg T = Ny, (8.33)
zZz
B¢ s = Bs1 = Zy,, (8.34)
I
Bg4 = B&lf/—y =Ly, (8.35)
T
Bios = Bio1 = Qo4 (8.36)
Ishaft
Bg4=—Bg1— Qq,, 7 Ny, (8.37)
zZz

Rotors Tilting Derivatives

The symbols &1, &, &3 and &4 indicate the four angles of rotors tilting.
They are other four control inputs of the system. Considering only small
values of the rotors tilting, the variation in vertical thrust, in the hovering
flight condition, can be neglected. The tilting angles do not enter directly
in the definition of the aerodynamic coefficients rotors. Then, the following
hypothesis is applied: the coefficients are not function of the rotor tilting
itself around the trim condition. The forces generated in the {(xp,yp)}
plane are proportional to the rotor inclination with respect to the vertical
direction. Every horizontal force due to rotor tilting generates also two

moments.

g
Bss = N, o Ye, (8.38)
m(—h
Brs =Y, ; ) _ L, (8.39)

122



8.3 Description of Dynamics of Motion

g
Big = — X
0 Nrot &
m h
Byg = Xeg7— = Mg,
yy
mb

g
Bsr = =Y
T Nrot &
m(—nh
Br7 =Y, ; ) Le,
T
m b

g
Big = — X
8 Nrot &
m h
Bgg = Xey7— =My,
yy
mb

Engine Speed Derivatives

(8.40)

(8.41)

(8.42)

(8.43)

(8.44)

(8.45)

(8.46)

(8.47)

(8.48)

(8.49)

The input of the engine is the throttle valve deflection. The throttle valve

deflection ¢, is the last input of the entire system. Commanding the engine

driving torque, two effects derive: one is the acceleration of the engine itself

and the other is the yaw rate variation caused by the inertial torque due

to the engine acceleration itself. The derivatives to be evaluated are two.
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8. The Quad-Tilt—Rotor Aircraft

( max min )

. eng,0t eng,ot .
B9,9 = /Ishaft = Q(St (850)
Qo
. Ishaft o
Bgg = —Qs, - Ns, (8.51)
zzZ
The B Matrix
The control matrix can now be written.
T 0 0 0 0 0 0 0 0 07
0 0 0 0 0 0 0 0 ©
0 0 0 0 0 0 0 0 ©
0 0 0 0 0 Xg, 0 Xep O
0 0 0 0 Yy 0 Yy 0 0
B=| %, Zo., Zo Zo,, 0 0O 0 0 0 (8.52)
0 Lg, O Lo, Le; 0 Legg 0O 0
My, 0 My, 0 0 Mg 0 Mg 0

No.3 No.y Ney Neg Neg Ney N,
| Qo Qo Qogg Qoy, 0 0 0 0 Qp |

8.3.4 Numerical Results

Inserting the data of table (8.4), we can compute the value of any element
of the matrix A. This result can be compared with the stability matrix
obtained after a numerical differentiation executed with MATLAB®.

The numerical calculation brings almost the same result.

Aanalytic =

0 0 000 O 1 0 0 0 7
0 0 000 O 0 1 0 0
0 _981000 0 0 0 0 0

981 0 000 0 0 0 0 0 (8.53)

0 0 000-09478 0 0 0 -0.0491
0 0 000 0 —199219 0 0 0
0 0 000 O 0 —19.92190 0
0 0 000 0.1550 —0.0527 0.0527 0 0.0409

L 0 0 000-1.4609 0 0 0 -0.3858 |

Anumeric -

0 0 000 O 1 0 0 0 7
0 0 000 O 0 1 0 0
0 —981000 0 0 0 0 0

981 0 000 0 0 0 0 0 (8.54)

0 0 000-09478 0 0 0 —0.0490
0 0 000 0 —199219 0 0 0
0 0 000 O 0 —19.92190 0
0 0 000 0.1550 —0.0527 0.0527 0 0.0409

L 0 0 000-1.4609 0 0 0 -0.3858 |
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8.4 Inverse Simulation

Also for the B matrix, the results of the numeric and analytic differentia-

tion can be compared.

Banalytic =
B 0 0 0 0 0 0 0 0 0 7
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 —0.0025 0 —0.0025 0
103 0 0 0 0 0.0025 0 0.0025 0 0
* | —0.0316 —0.0316 —0.0316 —0.0316 0O 0 0 0 0
0 —1.9531 0 1.9531 0.0669 0 0.0669 0 0
1.9531 0 —1.9531 0 0 0.0669 0 0.0669 0
0 0 0.0437 0.0437 0.0681 0.0681 —0.0681 —0.0681 —0.0375
L —0.2059 —0.2059 —0.2059 —0.2059 0 0 0 0 0.3535 |
(8355)
Bnumeric =
B 0 0 0 0 0 0 0 0 0 7
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 —0.0025 0 —0.0025 0
103 0 0 0 0 0.0025 0 0.0025 0 0
* | —0.0316 —0.0316 —0.0316 —0.0316 0 0 0
0 —1.9531 0 1.9531 0.0669 —0.0030 0.0669 0.0030 0
1.9531 0 —1.9531 0 0.0030 0.0669 —0.0030 0.0669 0
0 0 0.0437 0.0437 0.0681 0.0681 —0.0681 —0.0681 —0.0375
L —0.2059 —0.2059 —0.2059 —0.2059 0 0 0 0 0.3535 |
(8.56)

There is only a small difference in the effects of tilting on the p and ¢
angular rates dynamics. However, with proper simulations, it can be ver-
ified that the numeric responses are indistinguishable. Thus the analytic

definition of B is considered valid.

8.4 Inverse Simulation

Inverse Simulation is a well known and abundantly used technique in the
study of flight dynamics. Many articles by now show various applications
of this technique to the assessing of handling qualities, control design,
model validation, etc. [27].

What Inverse Simulation precisely does, it is to compute the control actions
for a system to exhibit a prescribed behavior. For a flying machine this
is equal to calculate the control actions a pilot must exert to make the

aircraft follow a precise trajectory. In this work Inverse Simulation is
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8. The Quad-Tilt—Rotor Aircraft

applied to the Quad-Tilt—Rotor non-linear model to verify if this aircraft

can perform maneuvers not feasible for a classical quad-rotor.

Inverse Simulation Algorithm

The theoretical treatment of Inverse Simulation is exhaustively described
in [9].

An application of Inverse Simulation similar is documented in a parallel
work [19]. The algorithm there outlined is the same utilized here. Briefly
the Inverse Simulation algorithm and some hints about its implementation
in MATLAB® are now described.

In general, there are two types of Inverse Simulation algorithms. One is
the Integration Method. The other is the Differentiation Method. The
algorithm used here belongs to the first type. The Inverse Simulation

problem starts from the declaration of the state vector equation.

X = f(X,U) (8.57)

To this equation it is associated the output equation.

y(t) = a(X(1)) (8.58)

y(t) is the analytic definition of the trajectory that the aircraft must follow.
It is a function g of some element of the state vector X(¢).

The mission time AT is divided in small intervals equal to At. The first
step now is to find a constant input vector U* that satisfies the following

condition.

y (At) = g(X(At)) (8.59)

This input vector U* allows the evolution of the state vector during the
interval At to reach the desired output of the previous equation, from the

initial condition X(0).
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8.4 Inverse Simulation

The equation (8.59) can be solved only with a numerical method. In
MATLAB® this is done through a sequential quadratic programming
(SQP) algorithm.

The components of U for the Inverse Simulation problem differ from those
utilized till now in the modeling, as in equation (8.21). In place of the
blades pitches 0.;, with j = 1,..., Ny, the parameters X; are inserted. ;
is a non—dimensional parameter that identifies the thrust of the j-th rotor

through the following expression.

mg

Ty =2 t
TOi

(8.60)

The SQP algorithm computes through the 3; parameters the thrusts of all
the rotors. Then, from all the thrusts, the pitch of all the rotors 6.; can be
computed. Expression (8.60) allows to have an initial value of parameters
¥;. In hovering flight, 3; = 1.

Once the input vector U™ is defined, the integration of the state equation
is effected on a time interval equal or inferior to At, again with a Runge—

Kutta method of numerical integration.

X(At) = X(0) + > F(X, U)dt (8.61)
0

This last value of the state vector X (At) is chosen as the new starting point
for the successive step of Inverse Simulation along another time interval
At. All the process is repeated till the end of the predefined maneuver.
Very shortly, this is how Inverse Simulation works.

The implementation in M ATLAB® allows some useful expedient in the
algorithm.

The usage of the SQP algorithm permits to fix some constraint on the
state element or on someone of the inputs that do not appear in the output

vector y(t).
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8. The Quad-Tilt—Rotor Aircraft

For example, in the next simulations, it is imposed that the engine rate (2
can not depart from its trim value .

Another important aspect of the entire process is the definition of the
output function y(t), that is to say the flight path of the aircraft. This
function must satisfy some conditions in terms of continuity [9, 27| in the
time domain. To this purpose, often the output functions were defined
by means of polynomial functions of time ¢. This is done also in [19].
Instead in this work all the output functions are defined with trigonometric
functions, as explained in the following.

Five maneuvers are here considered for the Inverse Simulation problem.
All these missions can not be performed by a traditional electric driven
multi-rotor. Because all these maneuvers develop in few seconds, it is
neglected the mass variation of the aircraft due to fuel consumption.

The initial condition of all the maneuvers is that of hovering flight with
null attitude (®g, Oy, ¥g = 0°). The time of the mission is indicated with
AT.

8.4.1 U-Turn Maneuver

After the hovering initial condition, the aircraft accelerates along the xp
axis until it reaches a velocity equal to Vi,uz, always with null attitude.
Then, maintaining the same total velocity and the angle ® equal to zero,
turns to its right. The turn ends when an heading angle ¥ of 180° is
achieved and the aircraft continues its reversed forward flight.

The output function for this maneuver is defined in terms of the three

components of inertial velocity Pp.

Py =[N E D" = [V, V, ViJ” (3.62)

For this simulation AT is put equal to 20 s.

It is introduced now the non—dimensional time .
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8.4 Inverse Simulation

t—1
AT —2

At time ¢; = 1 s, the acceleration begins and then it ends at to = AT/4.

t=2

(8.63)

The relative non-dimensional times #; and #5 can be easily computed. In
this non—dimensional time interval, the following auxiliary variable can be

defined.

€1 = [1 — cos? <(t_“)”ﬂ 7r (8.64)

(ty — 1) 2

In the same time interval V, and V, can be defined.

1 Vma$
Vo= |1- <=7
* { V 1+tan?(e)| 2 ° “ 2

(8.65)
1 Vmam
T = 1 5 5
Vs [ + 1+ tan?(ey) | 2 R
V,=0ms™* (8.66)

The second phase of the maneuver starts from ¢t = AT /4 and ends in
t = AT. This phase is characterized by the increase of the heading angle
U from 0° to 180°. For this phase another auxiliary ey variable can be

computed between t3 and £.

- AT —1
t3 =2 :
3 AT _ 9 (8.67)
The trend of the heading angle is defined in the following manner.
1 s T
UV=|1—/———| =, e2<=—
[ 1+ tan2(e2)] 27 257 2
(8.68)
1 s s
=1 ———— | =, &> —
{ TVittand(@)) 20 @7 2
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Remembering that the angles ® and © are always null, the velocities V

and V, can be easily obtained.

Ve = Vinaz cos(¥)
(8.69)
Vy = Vinae sin(¥)

For the whole maneuver it is imposed that V, = 0 m s~'. The SQP algo-
rithm implementation permits moreover to fix a constraint on the angles

® and O, so that they could remain near the null value.

U—Turn Simulation Results The results of the Inverse Simulation are

shown in appendix. V.. is put equal to 0.5 m s~

In the graphs of
figure (C.1) the V, and V,, velocities and angle ¥ are plotted as given by
the previous formulae. In figure (C.2) the same quantities as tracked by the
Quad-Tilt—Rotor are depicted. All the trends adhere perfectly. Finally in
figures (C.3) and (C.4) the pitch of propellers and the tilting of the rotors

are shown.

8.4.2 Straight Flight with 360° Yaw—Turn

The desired output of this maneuver is defined in terms of inertial velocities
Vz, Vy, V. and of the heading angle W. The other attitude angles are put

equal to zero.

Vy, V. are always equal to zero, too.

The velocity V,, in a first phase, is brought to its maximum value Viqz
and in a second phase returns to the initial zero value. The first phase
starts for at time t; = 1 s and ends at time to = AT/2.

Utilizing again the non-dimensional time £ and the auxiliary variables e

and y, the inertial velocity V can be defined.
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1 1 T < T
= — _ | —. € —
X 1+tan2(e)] 27 P57 2
1+ : L a>Z
= —_— [e— 6 J—
X 1+tan2(e)| 27 717 2
T
Ve = Vias COS (% — 5)

(8.70)

In a second phase of the maneuver, between to = AT/2 and t3 = AT — 1,

the velocity V, is decreased to zero in a specular fashion.

Iy 1 m
X2 = 1+ tan?(eg) | 2’
14 1 T S s

= —_—m - € —_
X2 1+ tan2(e)] 27 27 2

i ()]

< v
€ <= —
2 9

\

(8.71)

The function that describes the desired trend of ¥ is obtained in a similar

way. This angle passes from 0° to 360° in a time interval between t; =

AT/3 and ta = 3AT)/2.

1 us

=1 /—— |7 <=2
[ 1+ tan?(e;) ™A 2

1 T

D | — >z
{ 1 + tan?(e;) Ty

Straight Flight with 360° Yaw—Turn Simulation Results

pendix (D) the results of simulation are shown.
In this case, Vinee = 0.5 m s~ and AT =15 s.

The maneuver is perfectly effected.

(8.72)

In ap-
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8.4.3 360° Yaw—Turn

This maneuver is identical to the preceding, with V, equal to zero during
the whole time interval AT. This maneuver has been simulated to the
purpose of comparing its result with a similar maneuver obtained through
direct simulation, as shown in [8]. There the yaw—turn has been accom-
plished only approximately, without a perfect control on velocities and the
attitude angles. With Inverse Simulation, instead, it is possible to assess
what is the proper control action to impart to the aircraft. The results are

shown in appendix (E) and are also in this case satisfactory.

8.4.4 Straight Flight with Rolling Tilt

In this maneuver the aircraft reaches a condition of forward flight. Then
it effects a rotation around the roll axis xpg till a value of ® equal to 90°,
prosecuting the forward flight.

The acceleration is accomplished in a time interval between ¢; = 1 s and

to = AT/2.
1 1 Vinas T
Ve= 11— <= —
v [ VIttanZ(e)] 2 @ 757 2
(8.73)
1 | Vinaz 7T
Ve=|1 > —
v [ Vit 2 972
For t between t9 and t3 = AT the rolling motion occurs.
) 1 s - s
= —_— —e —_— 6 _ —
X 1+ tan?(eg) | 2’ 2 2
1 0 U (8.74)
=1 — | =, 2> — :
X [ Vittan@)) 2 @7 2

b = Dy, cos(x)

\
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Straight Flight with 90° Rolling Tilt Simulation Results For this

maneuver AT is put equal to 10 s and Vjuer = 1 m s™ 1.

D02 18 equal
90°. In appendix (F) the relative diagrams are presented. This maneuver,

too, is exactly performed.

Hovering with Not Null Attitude

The definition of the output function y for this maneuver derives from that
of the previous one, with V, equal to zero during the whole time interval
AT. This simulation responds to the question whether the Quad-Tilt—
Rotor could hover with an attitude different from one with null & and

O.

The variation of attitude begins at time t; = 1 s and ends at to = AT.

1 Doz ™
o=[1- =T
[ 1+tan?(e)| 2 ¢ 2
(8.75)
1 Do us
o= |1 T
[ Vit 2 72

In appendix (G) the graphical results are inserted. Here @4, is put equal
to 30° and AT = 10 s. The hovering flight condition with a not null

attitude can be reached.

Final Considerations on Inverse Simulation

The Inverse Simulation has proven to be an excellent instrument to the
analysis of flight dynamics of multi-rotor platforms. In this section, with
this technique, the enhanced performance capabilities of the Quad-Tilt—
Rotor have been assessed, with respect to classical quad-rotor normal
operations.

This section does not address a theoretical discussion about mathematical
or numerical concerns of Inverse Simulation. For similar questions the

references cited in the previous pages can be consulted.
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8.5 Complete State Controllability Analysis

For a dynamic system one important property, that is related to the design
of the control systems in the state space, is the complete state controllabil-
ity of the system itself. For the definition of complete state controllability
of a system several texts are available in literature [16, 18]. If the property
is verified, then the system, with an apt control action, can be brought
from any initial condition in the state space to any other point in the state
space in a finite time.

In the case of a LTI system, as one described by equations (5.1), a math-
ematical definition can be derived for the complete controllability. It can
be stated that the so called controllability matriz P must have rank equal
to the dimension of the state vector. The matrix P is defined in the next

expression.

P=[B|AB| --- | A" !B] (8.76)

The condition for the complete controllability is, in formula, p(P) = n,
where n is the number of component of the vector x.

Because for the system under study the A and B matrices have been
defined, the complete state controllability can be checked. Computing the
matrix and its rank with MATLAB®, the result is that p(P) = 10 =
dim(x). This means that the aircraft is completely controllable in terms
of attitude, velocity, angular rate and engine speed, by the chosen 9 control
inputs.

Now, being the Quad-Til-Rotor not more an under—actuated system as
a classical quad-rotor, it is interesting to investigate the residual control-
lability of the aircraft in case of an actuator failure. As a failure it is
considered the inaccessibility to one command, so that the related control
input is maintained equal to that in the trim condition. In a word, to
the system linearized mathematical description, a component of the con-

trol vector u and, consequently, a column of the B matrix are eliminated.
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With the new matrix B the matrix P can be newly computed and its rank.

8.5.1 Results

In table (8.3) the results of the Controllability analysis previously described

are listed for various cases of virtual block of one or more actuators.

Blocked Inputs | p(P)
&4 10
04 10
&4, ca 10
03, Oca 10
Oc2, Oc3, Oca 9
&3, &4 10
&2, &3, &4 10
€1, €2, €3, &4 9

Table 8.3: Residual Controllability Test

The case with all tilting actuators blocked is interesting, because the sys-
tem results not completely controllable. This is due probably for the pres-
ence of the engine speed in the state vector, though this quantity may not
have significance from the point of view of the control and guidance of the

alrcraft.

8.6 Data for Simulations

In table (8.4) the data utilized for the simulations are shown.

8.7 Remarks

An innovative configuration of quad-rotor, the Quad—Tilt—Rotor aircraft,

has been presented in this chapter.
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Type | Value | Units || Type | Value | Units
R 0.25 m Ot 0 rad
Lotor | 107* | kg m? Cla 5.5 rad~!

Cy 0.003 T 1
m 4 kg - 0.044 | kg m?
L, 0.044 | kg m? I.. 0.098 | kg m?
Ijear | 0.01 | kg m? A, 0.5 m?
A, 0.5 m? A, 0.8 m?
p 1.2235 | kg m~3 Qo 400 | rad s™!
ppins 0 kW pras | 147 kW
b 0.68 m h -0.3 m
N 2 Nyot 4
g 981 | ms? At 0.01 s

Table 8.4: Quad-Tilt—Rotor Simulations Data

Of this aircraft an accurate mathematical modeling of dynamics has been
defined.

This model, by means of Inverse Simulation technique, has been exploited
to simulate some maneuvers that clearly highlighted the increased maneu-
vering capabilities of this aircraft with respect to a traditional quad-rotor.
Also a linearized model of dynamics has been obtained by an analytic
differentiation of the equations of motion.

Through the linearized model an analysis of controllability of the machine
in case of actuator failure is accomplished, that showed in what damage
situations the aircraft is still controllable.

All the development of this chapter represents a paradigmatic example of
how a mathematical model of dynamics is a really effective tool for the

study of complex systems like multi—rotor platforms.
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