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Introduction

Inverse and ill-posed problems are nowadays a very important field of re-
search in applied mathematics and numerical analysis. The main reason for
this large interest is the wide number of applications, ranging from medi-
cal imaging, via material testing, seismology, inverse scattering and financial
mathematics, to weather forecasting, just to cite some of the most famous.
Typically, in these problems some fundamental information is not available
and the solution does not depend continuously on the data. As a consequence
of this lack of stability, even very small errors in the data can cause very large
errors in the results. Thus, the problems have to be regularized by inserting
some additional information in the data to obtain reasonable approximations
of the sought for solution. On the other hand, it is important to keep the
computational cost of the corresponding algorithms as low as possible, since
in practical applications the total amount of data to be processed is usually
very high.

The main topic of this Ph.D thesis is the regularization of ill-posed problems
by means of iterative regularization techniques. The principal advantage of
the iterative methods is that the regularized solutions are obtained by ar-
resting the methods at an early stage, which often allows to spare time in
the computations. On the other side, the main difficulty in their use is the
choice of the stopping index of the iteration: an early stopping produces an
over-regularized solution, whereas a late stopping computes a noisy solution.
In particular, we shall focus on the conjugate gradient type methods for

regularizing linear ill-posed problems from the classical Hilbert space set-

vii



viil Introduction

ting point of view, and on a new inner-outer Newton-Iteratively Regularized
Landweber method for solving nonlinear ill-posed problems in the Banach
space framework.

Regarding the conjugate gradient type methods, we propose three new au-
tomatic! stopping rules for the Conjugate Gradient method applied to the
Normal Equation in the discrete setting, based on the regularizing properties
of the method in the continuous setting. These stopping rules are tested in
a series of numerical simulations, including some problems of tomographic
images reconstruction.

Regarding the Newton-Iteratively Regularized Landweber method, we define
both the iteration and the stopping rules showing convergence and conver-
gence rates results.

In detail, the thesis is constituted by six chapters.

e In Chapter 1 we recall the basic notions of the regularization theory in
the Hilbert space framework. Revisiting the regularization theory, we
mainly follow the famous book of Engl, Hanke and Neubauer [17]. Some

examples are added, some others corrected and some proofs completed.

e Chapter 2 is dedicated to the definition of the conjugate gradient type
methods and the analysis of their regularizing properties. A comparison

of these methods is made by means of numerical simulations.

e In Chapter 3 we motivate, define and analyze the new stopping rules
for the Conjugate Gradient applied to the Normal Equation. The stop-
ping rules are tested in many different examples, including some image

deblurring test problems.

e In Chapter 4 we consider some applications in tomographic problems.
Some theoretical properties of the Radon Transform are studied and
then used in the numerical tests to implement the stopping rules defined
in Chapter 3.

'i.e. that can be defined precisely by a software
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e Chapter 5 is a survey of the regularization theory in the Banach space
framework. The main advantages of working in a Banach space setting
instead of a Hilbert space setting are explained in the introduction.
Then, the fundamental tools and results of this framework are sum-
marized following [82]. The regularizing properties of some important
iterative regularization methods in the Banach space framework, such
as the Landweber and Iteratively Regularized Landweber methods and
the Iteratively Regularized Gauss-Newton method, are described in the

last section.

e The main results about the new inner-outer Newton-Iteratively Regu-
larized Landweber iteration are presented in the conclusive part of the

thesis, in Chapter 6.
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Chapter 1

Regularization of ill-posed

problems in Hilbert spaces

The fundamental background of this thesis is the regularization theory for
(linear) ill-posed problems in the Hilbert space setting. In this introductory
chapter we are going to revisit and summarize the basic concepts of this
theory, which is nowadays well-established. To this end, we will mainly
follow the famous book of Engl, Hanke and Neubauer [17].

Starting from some very famous examples of inverse problems (differentia-
tion and integral equations of the first kind) we will review the notions of
regularization method, stopping rule and order optimality. Then we will
consider a class of finite dimensional problems arising from the discretization
of ill-posed problems, the so called discrete ill-posed problems. Finally, in
the last two sections of the chapter we will recall the basic properties of the
Tikhonov and the Landweber methods.

Apart from [17], general references for this chapter are [20], [21], [22], [61],
[62], [90] and [91] and, concerning the part about finite dimensional problems,

[36] and the references therein.



2 1. Regularization of ill-posed problems in Hilbert spaces
1.1 Fundamental notations

In this section, we fix some important notations that will we used throughout
the thesis.

First of all, we shall denote by Z, R, C, the sets of the integer, real and
complex numbers respectively. In C, the imaginary unit will be denoted by
the symbol 2. The set of strictly positive integers will be denoted by N or
7, the set of positive real numbers by R*.

If not stated explicitly, we shall denote by (-,-) and by || - || the standard
euclidean scalar product and euclidean norm on the cartesian product R”,
D € N respectively. Moreover, SP~! := {x € R? | ||x|| = 1} will be the unit
sphere in R”.

For i and j € N, we will denote by M ;(R) (respectively, M ;(C)) the space
of all matrices with i rows and j columns with entries in R (respectively,
C) and by GL;(R) (respectively, GL;(C)) the space of all square invertible
matrices on R (C).

For an appropriate subset Q@ C RP, D € N, C(Q2) will be the set of conti-
nuous functions on . Analogously, C*(2) will denote the set of differentiable
functions with k& continuous derivatives on Q, k = 1,2,...,00, and C¥(f)
will be the corresponding sets of functions with compact support. For p
€ [1,00], we will write £7(Q2) for the Lebesgue spaces with index p on €,
and WPF(Q) for the corresponding Sobolev spaces, with the special cases
H*(Q) = WE(Q). The space of rapidly decreasing functions on R? will be
denoted by S(RP).

1.2 Differentiation as an inverse problem

In this section we present a fundamental example for the study of ill-posed
problems: the computation of the derivative of a given differentiable function.
Let f be any function in C'([0, 1]). For every § € (0,1) and every n € N define

£6) = f(1) +5sin%t, teo,1]. (1.1)



1.2 Differentiation as an inverse problem 3

Then

d .s d nt
SH) = ST +ncos s 1 0,1],

hence, in the uniform norm,

If = Flleqoay =9

and

4 d
Il f = Efﬁ“c([o,u) =n.

Thus, if we consider f and f° the exact and perturbed data, respectively, of
the problem compute the derivative % of the data f, for an arbitrary small
perturbation of the data § we can obtain an arbitrary large error n in the
result. Equivalently, the operator

d
i ([0, 1), I lleqoy) — €0, 1)), [ leqo.)
is not continuous. Of course, it is possible to enforce continuity by measuring
the data in the C'-norm, but this would be like cheating, since to calculate
the error in the data one should calculate the derivative, namely the result.

It is important to notice that % solves the integral equation

Klal) = [ alt)it = 1(s) = £0) (1.2)

i.e. the result can be obtained by inverting the operator K. More precisely,

we have:

Proposition 1.2.1. The linear operator K : C([0,1]) — C([0,1]) defined
by (1.2) is continuous, injective and surjective onto the linear subspace of
C([0,1]) denoted by W := {z € C'([0,1]) | z(0) = 0}. The inverse of K

% W e((01])

s unbounded.

If K is restricted to

dx
S, :={z e C'([0,1]) | lllleqo,p) + 1= leqo.y < v, v > 0},

then (K|s,)™" is bounded.
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Proof. The first part is obvious. For the second part, it is enough to observe
that ||z]lcqoap + | Zle(o,1) < 7 ensures that S, is bounded and equicontinu-
ous in C([0, 1]), thus, according to the Ascoli-Arzela Theorem, S, is relatively
compact. Hence (K|s, )" is bounded because it is the inverse of a bijective

and continuous operator defined on a relatively compact set. O

The last statement says that we can restore stability by assuming a-priori
bounds for f and f”.
Suppose now we want to calculate the derivative of f via central difference

quotients with step size o and let f° be its noisy version with

17 = Flleqo < 6. (1.3)
If f € C?0,1], a Taylor expansion gives

ft+o) = f(t—0)
20

= ['(t) + O(0),
but if f € C3[0, 1] the second derivative can be eliminated, thus

ft+o) = f(t—0)
20

= f'(t) + O(d?).
Remembering that we are dealing with perturbed data

folt+o)=ft—o) [flt+o0)=f(t—0) 0
~ + -,
20 20 o

the total error behaves like 5
O(O'V)—i‘;, (14)

where v = 1,2 if f € C?[0,1] or f € C3|0, 1] respectively.

A remarkable consequence of this is that for fixed §, when o is too small,
the total error is large, because of the term g, the propagated data error.
Moreover, there exists an optimal discretization parameter o, which cannot
be computed explicitly, since it depends on unavailable information about
the exact data, i.e. the smoothness.

However, if 0 ~ " one can search the power p that minimizes the total error
with respect to d, obtaining 1 = § if f € C?[0,1] and p = % if f € C3[0, 1],
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The behavior of the Total Error in ill-posed problems

1.4 T T T T
—— Approximation Error
Propagated Data Error
1.2k Total Error L
1 |
0.8 b
0.6 i
0.4r b
0.2 B
O 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 1.1: The typical behavior of the total error in ill-posed problems

with a resulting total error of the order of O(v/8) and O(83) respectively.
Thus, in the best case, the total error 0(5%) tends to 0 slower than the
data error ¢ and it can be shown that this result cannot be improved unless
f is a quadratic polynomial: this means that there is an intrinsic loss of
information.

Summing up, in this simple example we have seen some important features

concerning ill-posed problems:
e amplification of high-frequency errors;
e restoration of stability by a-priori assumptions;

e two error terms of different nature, adding up to a total error as in

Figure 1.1;

e appearance of an optimal discretization parameter, depending on a-

priori information;
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e loss of information even under optimal circumstances.

1.3 Abel integral equations

When dealing with inverse problems, one has often to solve an integral equa-
tion. In this section we present an example which can be described mathe-
matically by means of the Abel Integral Equation. The name is in honor of
the famous Norwegian mathematician N. H. Abel, who studied this problem

for the first time.!

2
X1,X2

P, on level h > 0 to a point Py on level 0. The only force acting on the mass

Let a mass element move on the plane R along a curve I' from a point
element is the gravitational force mg.

The direct problem is to determine the time 7 in which the element moves
from P to Py when the curve I' is given. In the inverse problem, one mea-
sures the time 7 = 7(h) for several values of h and tries to determine the

curve I'. Let the curve be parametrized by x; = 1(x3). Then I' = I'(xy) and

I(x) = ( V(x2) ) o dD(x0) = /1 + 9/ (x2)2.

X9

According to the conservation of energy,

gvz -+ mgx, = mgh,

thus the velocity verifies
v(x9) = v/2g(h — x2).

The total time 7 from P; to Py is

T=r7(h) =

/PO dU(xa) [ 144/ (xp)? h > 0.

P, v(x2) B 0 2g(h —x2)

!This example is taken from [61].
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Xordy Source

\ detecior

second scan

third scan

Figure 1.2: A classical example of computerized tomography.

Set ¢(x2) 1= /1 +1/(x2)? and let f(h) := 7(h)y/2g be known (measured).
Then the problem is to determine the unknown function ¢ from Abel’s inte-

gral equation

o(x2 .
/0 ﬁdx = f(h), h>0. (1.5)

1.4 Radon inversion (X-ray tomography)

We consider another very important example widely studied in medical ap-
plications, arising in Computerized Tomography, which can lead to an Abel
integral equation.

Let Q C R? be a compact domain with a spatially varying density f: Q — R
(in medical applications, €2 represents the section of a human body, see Fig-

ure 1.2). Let L be any line in the plane and suppose we direct a thin beam of
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X-rays into the body along I and measure how much intensity is attenuated
by going through the body. Let L be parametrized by its normal versor 8 €
St and its distance s > 0 from the origin. If we assume that the decay —Al
of an X-ray beam along a distance At is proportional to the intensity |, the

density f and to At, we obtain
Al(s0 +t0F) = —1(s0 +t0") f(s60 + tO) At,
where 8% is a unit vector orthogonal to 6. In the limit for ¢ — 0, we have

d

(50 + t0+) = —1(s0 4 t0") f(s0 + t6*).

Thus, if I1,(s, @) and ly(s, @) denote the intensity of the X-ray beam measured
at the detector and the emitter, respectively, where the detector and the
emitter are connected by the line parametrized by s and 0 and are located

outside of €2, an integration along the line yields

|L(S,0)
|0(S, 0) ’

Z(f](s,0) := /f(s@ +t04)dt = —log 0cs', s>0, (1.6)

where the integration can be made over R, since obviously f = 0 outside of
Q.

The inverse problem of determining the density distribution f from the X-
ray measurements is then equivalent to solve the integral equation of the first
kind (1.6). The operator Z is called the Radon Transform in honor of the
Austrian mathematician J. Radon, who studied the problem of reconstructing
a function of two variables from its line integrals already in 1917 (cf. [75]).
The problem simplifies in the following special case (which is of interest, e.g.
in material testing), where ) is a circle of radius R, f is radially symmetric,
ie. f(r,0) =¢(r), 0 <r <R, |0] =1 for a suitable function 1, and we

choose only horizontal lines. If

lIL($>00)
|0(8, 00)

g(s) == —log (1.7)
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denotes the measurements in this situation, with 6y = (0,+1), for 0 < s <R

we have

%m@ﬁwzégg%+w@m:AwW§+wﬁ

VR SR
:/‘ w@@LH%ﬁZQ/ V(VE TR (18)
_JRI=s? 0
R
=2 ry(r) dr.

R V2 — g2

Thus we obtain another Abel integral equation of the first kind:

L) g, 96) os<r (1.9)

s Vr?— g2 2

In the case g(R) = 0, the Radon Transform can be explicitly inverted and

w(r)z—%/ \/%ds. (1.10)

We observe from the last equation that the inversion formula involves the

derivative of the data ¢, which can be considered as an indicator of the ill-
posedness of the problem. However, here the data is integrated and thus
smoothed again, but the kernel of this integral operator has a singularity for
s =r, so we expect the regularization effect of integration to be only partial.

This heuristic statement can be made more precise, as we shall see later in
Chapter 4.

1.5 Integral equations of the first kind

In Section 1.3, starting from a physical problem, we have constructed a very
simple mathematical model based on the integral equation (1.5), where we
have to recover the unknown function ¢ from the data f. Similarly, in Sec-
tion 1.4 we have seen that an analogous equation is obtained to recover the
function ¢ from the measured data g.

As a matter of fact, very often ill-posed problems lead to integral equations.

In particular, Abel integral equations such as (1.5) and (1.10) fall into the
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class of the Fredholm equations of the first kind whose definition is recalled

below.

Definition 1.5.1. Let s1 < sy be real numbers and let sz, f and ¢ be real va-
lued functions defined respectively on [s1, $2]?, [s1, s2] and [s1, s2]. A Fredholm

equation of the first kind is an equation of the form

/52 (s, )6()dt = F(s) s € [s1, 5], (1.11)

S1

Fredholm integral equations of the first kind must be treated accurately
(see [22] as a general reference): if s is continuous and ¢ is integrable, then
it is easy to see that f is also continuous, thus if the data is not continuous
while the kernel is, then (1.11) has no integrable solution. This means that
the question of existence is not trivial and requires investigation. Concerning
the uniqueness of the solutions, take for example s(s,t) = ssint, f(s) = s
and [s1, so] = [0, 7]: then ¢(t) = 1/2 is a solution of (1.11), but so is each of
the functions ¢, (t) = 1/2 4+ sinnt, n € N.

Moreover, we also observe that if s is square integrable, as a consequence of

the Riemann-Lebesgue lemma, there holds
/07T #(s,t)sin(nt)dt -0 as n — +oo. (1.12)
Thus if ¢ is a solution of (1.11) and C' is arbitrarily large
/07T #(s,t)(p(t) + Csin(nt))dt — f(s) as n — 400 (1.13)

and for large values of n the slightly perturbed data

f(s):= f(s)+ C’/O7r (s, t) sin(nt)dt (1.14)

corresponds to a solution ¢(t) = ¢(t) 4+ C'sin(nt) which is arbitrarily distant
from ¢. In other words, as in the example considered in Section 1.2, the

solution doesn’t depend continuously on the data.
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1.6 Hadamard’s definition of ill-posed pro-

blems

Integral equations of the first kind are the most famous example of ill-posed
problems. The definition of ill-posedness goes back to the beginning of the
20-th century and was stated by J. Hadamard as follows:

Definition 1.6.1. Let F' be a mapping from a topological space X to another

topological space Y and consider the abstract equation
F(x)=y.
The equation is said to be well-posed if
(i) for eachy € Y, a solution x € X of F(x) =y exists;
(i1) the solution x is unique in X;
(11i) the dependence of x upon y is continuous.
The equation is said to be ill-posed if it is not well-posed.

Of course, the definition of well-posedness above is equivalent to the re-
quest that F is surjective and injective and that the inverse mapping F~! is
continuous.

For example, due to the considerations made in the previous sections, inte-
gral equations of the first kind are examples ill-posed equations. If X =) is
a Hilbert space and F' = A is a linear, self-adjoint operator with its spectrum

contained in [0, +oo[, the equation of the second kind
y=Ar +tx

is well-posed for every t > 0, since the operator A + t is invertible and its

inverse (A +t)~! is also continuous.
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1.7 Fundamental tools in the Hilbert space
setting

So far, we have seen several examples of ill-posed problems. It is obvious
from Hadamard’s definition of ill-posedness that an exhaustive mathematical
treatment of such problems should be based on a different notion of solution
of the abstract equation F'(x) = y to achieve existence and uniqueness. For
linear problems in the Hilbert space setting, this is done with the Moore-
Penrose Generalized Inverse.

At first, we fix some standard definitions and notations. General references

for this section are [17] and [21].

1.7.1 Basic definitions and notations

Let A be a linear bounded (continuous) operator between two Hilbert Spaces
X and ). To simplify the notations, the scalar products in X and ) and
their induced norms will be denoted by the same symbols (-,-) and || - ||

respectively. For z € A and § > 0,

Bs(7):={x € X | ||z — 7|| < &} (1.15)

is the open ball centered in # with radius § and B;(%) or B;(%) is its closure
with respect to the topology of X.
We denote by R(A) the range of A:

R(A) ={yeY |z ecX: y= Az} (1.16)
and by ker(A) the null-space of A:
ker(A) :={x € X | Az = 0}. (1.17)

We recall that R(A) and ker(A) are subspaces of ) and X’ respectively and
that ker(A) is closed.

We also recall the following basic definitions.
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Definition 1.7.1 (Orthogonal space). Let M C X. The orthogonal space
of M s the closed vector space M* defined by:

Mt ={zcX|(x,2) =0, Vz € M}. (1.18)

Definition 1.7.2 (Adjoint operator). The bounded operator A*: Y — X,
defined as

(A'y,z) = (y, Ar), Ve e X, ye), (1.19)

1s called the adjoint operator of A.
IfA: X — X and A = A*, then A is called self-adjoint.

Definition 1.7.3 (Orthogonal projector). Let W be a subspace of X .
For every x € X, there exist a unique element in W, called the projection of
x onto W, that minimizes the distance ||x — wl|, w € W.

The map P : X — X, that associates to an element x € X 1its projection
onto W, 1is called the orthogonal projector onto WW.

This is the unique linear and self-adjoint operator satisfying the relation P =
P? that maps X onto W.

Definition 1.7.4. Let {x,}n,en be a sequence in X and let v € X. The
sequence x, 1s said to converge weakly to x if, for every z € X, (x,,2)

converges to (x,z). In this case, we shall write

T, — T.

1.7.2 The Moore-Penrose generalized inverse

We are interested in solving the equation
Az =y, (1.20)

for x € X, but we suppose we are only given an approximation of the exact

data y € Y, which are assumed to exist and to be fixed, but unknown.
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Definition 1.7.5. (i) A least-squares solution of the equation Ax = y is

an element ¥ € X such that

| Az — yl| = inf || Az — ]| (1.21)

(1) An element x € X is a best-approximate solution of Ax =y if it is a

least-squares solution of Ax =y and
||| = inf{||z|| | z is a least-squares solution of ||Axz —y||}  (1.22)

holds.

(iii) The Moore-Penrose (generalized) inverse At of A is the unique linear

extension of A=t to

D(AT) == R(A) + R(A)* (1.23)
with
ker(A") = R(A)*, (1.24)
where
A= Aljer(aye + ker(A)F — R(A). (1.25)

Al is well defined: in fact, it is trivial to see that ker(A) = {0} and
R(A) = R(A), so R(A)~! exists. Moreover, since R(A)R(A)L = {0},
every y € D(AT) can be written in a unique way as y = y; + 32, with y; €
R(A) and y € R(A)L, so using (1.24) and the requirement that AT is linear,
one can easily verify that Afy = A1y,

The Moore Penrose generalized inverse can be characterized as follows.

Proposition 1.7.1. Let now and below P and Q) be the orthogonal projectors

onto ker(A) and R(A), respectively. Then R(A') = ker(A)* and the four

Moore-Penrose equations hold:
AATA = A, (1.26)

ATAAT = AT, (1.27)
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ATA=1-P, (1.28)
AAT = Q|par). (1.29)

Here and below, the symbol I denotes the identity map.
If a linear operator A : D(AY) — X wverifies (1.28) and (1.29), then A = AT,

Proof. For the first part, see [17]. We show the second part.
Since AAA = AQ|D(AT) = A and AAA = Al — P) = A— AP = A, all
Moore-Penrose equations hold for A. Then, keeping in mind that I — P is

the orthogonal projector onto ker(A)*, for every y € D(A") we have: Ay =
AAAy = (I — P)Ay = A"YA(I — P)Ay = A" AAy = A'Qy = Aly. O

An application of the Closed Graph Theorem leads to the following im-

portant fact.

Proposition 1.7.2. The Moore-Penrose generalized inverse AT has a closed

graph gr(AT). Furthermore, AT is continuous if and only if R(A) is closed.

We use this to give another characterization of the Moore-Penrose pseu-

doinverse:

Proposition 1.7.3. There can be only one linear bounded operator

A Y — X that verifies (1.26) and (1.27) and such that AA and AA are self-
adjoint. If such an A exists, then At is also bounded and A = A'. Moreover,
in this case, the Moore-Penrose generalized inverse of the adjoint of A, (A*)T,
s bounded too and

(AT = (AT, (1.30)

Proof. Suppose A, B : ) — X are linear bounded operators that verify (1.26)
and (1.27) and such that AA, BA, AA and AB are self-adjoint.
Then

AA = A*A* = (A*B*A")A* = (A*B*)(A*A*) = (BA)(AA) = B(AAA) = BA
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and in a similar way AB = AA. Thus we obtain

A= A(AA) = A(AB) = (AA)B = (BA)B = B.

Suppose now that such an operator A exists. For every z € ) and every y €

R(A), y =lim,, o Az, z, € X, we have

(y,2) = lim (Az,,z)= lim (x,, A*z) =

n——+o0o n——+00

= lim (z,, A*A*A*2) = (AAy, 2),

n——+00
so y = AAy and y lies in R(A). This means that R(A) is closed, thus
according to Proposition 1.7.2 AT is bounded and for the first part of the
proof At = A.
Finally, to prove the last statement it is enough to verify that for the linear
bounded operator (AT)* conditions (1.26) and (1.27) hold with A replaced
by A*, together with the the correspondent self-adjointity conditions, which

consists just of straightforward calculations. O

The definitions of least-squares solution and best-approximate solution
make sense too: if y € D(AT), the set S of the least-squares solutions of
Ax = y is non-empty and its best-approximate solution turns out to be

unique and strictly linked to the operator Af. More precisely, we have:
Proposition 1.7.4. Let y € D(A"). Then:
(1) Az =y has a unique best-approzimate solution, which is given by

ot = Aly. (1.31)

(ii) The set S of the least-squares solutions of Ax = vy is equal to x'+
ker(A) and every x € X lies in S if and only if the normal equation

A"Ax = A"y (1.32)

holds.
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(iii) D(AT) is the natural domain of definition for AT, in the sense that

y ¢ DA =S =10. (1.33)

Proof. See [17] for (i) and (ii). Here we show (éi7). Suppose z € X is a
least-squares solution of Az =y. Then Az is the closest element in R(A) to
y, so Ar —y € R(A)*. This implies that Q(Ax — y) = 0, but QAzr = Az,
thus we deduce that Qy € R(A) and y = Qy + (I — Q)y € D(A"). O

Thus the introduction of the concept of best-approximate solution, al-
though it enforces uniqueness, does not always lead to a solvable problem
and is no remedy for the lack of continuous dependance from the data in

general.

1.8 Compact operators: SVD and the Picard

criterion

Among linear and bounded operators, compact operators are of special in-
terest, since many integral operators are compact.

We recall that a compact operator is a linear operator that maps any bounded
subset of X’ into a relatively compact subset of ).

For example, suppose that Q@ C RP, D > 1, is a nonempty compact and
Jordan measurable set that coincides with the closure of its interior. It is
well known that if the kernel s is either in £2(Q2 x Q) or weakly singular, i.e.
s is continuous on {(s,t) € 2 x Q| s #t} and for all s £t € Q

I5¢(s,1)| < (1.34)

|s — t|P—e

with C' > 0 and € > 0, then the operator K : £2(Q) — £%(Q) defined by

K[z](s) ::/Q%(s,t)x(t)dt (1.35)
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is compact (see e.g. [20]).2

If a compact linear operator K is also self-adjoint, the notion of eigensystem
is well-defined (a proof of the existence of an eigensystem and a more exhaus-
tive treatment of the argument can be found e.g. in [62]): an eigensystem
{(Xj;v;)}jen of the operator K consists of all nonzero eigenvalues \; € R of
K and a corresponding complete orthonormal set of eigenvectors v;. Then

K can be diagonalized by means of the formula

Kz = Z)\j<:v,vj>vj, Ve e X (1.36)
j=1
and the nonzero eigenvalues of K converge to 0.
If K : X — Y is not self-adjoint, then observing that the operators K*K : X
— X and KK*: ) — ) are positive semi-definite and self-adjoint compact
operators with the same set of nonzero eigenvalues written in nondecreasing

order with multiplicity
A > > 05, Aj>0 VjeN,

we define a singular system {\;;v;,u;}jen. The vectors v; form a complete

orthonormal system of eigenvectors of K*K and u;, defined as

K'Uj
Us; =
T Ky

(1.37)

form a complete orthonormal system of eigenvectors of K K*. Thus {v;};en
span R(K*) = R(K*K), {u;},en span R(K) = R(KK*) and the following

formulas hold:

K'Uj = )\jUj, (138)
K*Uj = )\jUj, (139)
Kz = Z Nj(x,v;)u;, Vre X, (1.40)

j=1

2Here and below, we shall denote with the symbol K a linear and bounded operator

which is also compact.
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Ky = Z Ny, ujyv;, Yy e . (1.41)

j=1
All the series above converge in the Hilbert space norms of X and ).
Equations (1.40) and (1.41) are the natural infinite-dimensional extension of
the well known singular value decomposition (SVD) of a matrix.

For compact operators, the condition for the existence of the best-approximate
solution KTy of the equation Kz = y can be written down in terms of the
singular value expansion of K. It is called the Picard Criterion and can be

given by means of the following theorem (see [17] for the proof).

Theorem 1.8.1. Let {\;;v;,u;}tjen be a singular system for the compact
linear operator K an lety € ). Then
o0 2
y Uyj
y € D(K) @ZM < 400 (1.42)
i=1 i

and whenever y € D(KT),

Kty = Z <y’>\uj>vj. (1.43)
j=t 9

Thus the Picard Criterion states that the best-approximate solution
of Kz = y exists only if the SVD coefficients |(y, u;)| decay fast-enough with
respect to the singular values ;.

In the finite dimensional case, of course the sum in (1.42) is always finite, the
best-approximate solution always exists and the Picard Criterion is always
satisfied.

From (1.43) we can see that in the case of perturbed data, the error compo-
nents with respect to the the basis {u;} corresponding to the small values of
A; are amplified by the large factors A;'. For example, if dim(R(K)) = 400
and the perturbed data is defined by y? =y + du;, then ||y — yf|| =0, but

KT’y — [(T’y;s = )\;1(5uj,uj)vj

and hence

||KTy—KTy?||:)\j_15—>—|—oo as j — +oo.
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In the finite dimensional case there are only finitely many eigenvalues, so
these amplification factors stay bounded. However, they might be still very
large: this is the case of the discrete ill-posed problems, for which also a

Discrete Picard Condition can be defined, as we shall see later on.

1.9 Regularization and Bakushinskii’s Theo-

rem

In the previous sections, we started discussing the problem of solving the
equation Axr = y. In practice, the exact data y is not known precisely, but

only approximations y° with
Iy’ =yl <o (1.44)

is available. In literature, y° € ) is called the noisy data and § > 0 the noise
level.

Our purpose is to approximate the best-approximate solution xf = Aty of
(1.20) from the knowledge of 6, 3° and A.

According to Proposition 1.7.2, in general the operator A' is not continuous,
so in the ill-posed case Afy° is in general a very bad approximation of zf
even if it exists. Roughly speaking, regularizing Ax = y means essentially to
construct of a family of continuous operators { R, }, depending on a certain
regularization parameter o, that approximate A" (in some sense) and such
that 20 := R,y° satisfies the conditions above. We state this more precisely

in the following fundamental definition.

Definition 1.9.1. Let 0y € (0,+00|. For every o € (0,0¢), let R, : Y — X
be a continuous (not necessarily linear) operator.

The family { Ry} is called a regularization operator for AT if, for every y €
D(A"), there exists a function

a: (0,400) x Y — (0,00),
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called parameter choice rule for y, that allows to associate to each cou-
ple (6,9°) a specific operator Ro549) and a regularized solution l’i(é g

Ra((;,ya)y‘;, and such that

lim sup «(d,5°) = 0. (1.45)
70 45 <Bs(y)

If the parameter choice rule (below, p.c.r.) « satisfies in addition

lim sup ||Ra(5,ya)y6 — Aly|| = 0. (1.46)
0 oeBs ()
then it is said to be convergent.
For a specificy € D(A"), a pair (R,, ) is called a (convergent) regularization
method for solving Ax = y if {R,} is a reqularization for AT and o is a

(convergent) parameter choice rule for y.

Remark 1.9.1. e [n the definition above all possible noisy data with
noise level < O are considered, so the convergence is intended in a
worst-case sense.

However, in a specific problem, a sequence of approrimate solutions

on

Tolls, yon) COM cOnverge fast to zt also when (1.46) fails!

o Apecr. a=aby’) depends explicitly on the noise level and on the
perturbed data y°.
According to the definition above it should also depend on the exact data
y, which is unknown, so this dependance can only be on some a priori

knowledge about y like smoothness properties.
We distinguish between two types of parameter choice rules:

Definition 1.9.2. Let o be a parameter choice rule according to Definition
1.9.1. If a does not depend on y°, but only on &, then we call o an a-
priori parameter choice rule and write o = «(0). Otherwise, we call o an
a-posteriori parameter choice rule. If o does not depend on the noise level 9,

then it is said to be an heuristic parameter choice rule.
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If a does not depend on ¥° it can be defined before the actual calculations
once and for all: this justifies the terminology a-priori and a-posteriori in the
definition above.

For the choice of the parameter, one can also construct a p.c.r. that depends
explicitly only on the perturbed data y° and not on the noise level. However,
a famous result due to Bakushinskii shows that such a p.c.r. cannot be

convergent:

Theorem 1.9.1 (Bakushinskii). Suppose {R,} is a reqularization operator
for At such that for every y € D(AT) there exists a convergent p.c.r. o which
depends only on y°. Then A" is bounded.

Proof. If a = a(y?), then it follows from (1.46) that for every y € D(AT) we
have

lim sup |[Raqey’ — Alyl| =0, (1.47)

—0
7Y y5eBs(y)

so that Ry = A'y. Thus, if {y, }nen is a sequence in D(AT) converging to
y, then Afy, = Ry, Yn converges to Aty. This means that AT is sequentially

continuous, hence it is bounded. O

Thus, in the ill-posed case, no heuristic parameter choice rule can yield a
convergent regularization method. However, this doesn’t mean that such a

p.c.r. cannot give good approximations of x' for a fixed positive ¢!

1.10 Construction and convergence of regu-
larization methods
In general terms, regularizing an ill-posed problem leads to three questions:
1. How to construct a regularization operator?

2. How to choose a parameter choice rule to give rise to convergent regu-

larization methods?
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3. How can these steps be performed in some optimal way?

This and the following sections will deal with the answers of these problems,
at least in the linear case. The following result provides a characterization
of the regularization operators. Once again, we refer to [17] for more details

and for the proofs.

Proposition 1.10.1. Let {R,},~0 be a family of continuous operators con-
verging pointwise on D(AY) to At as o — 0.

Then {R,} is a regularization for AT and for every y € D(AT) there exists
an a-priori p.c.r. « such that (R,, ) is a convergent reqularization method
for solving Ax = y.

Conversely, if (Ry, «) is a convergent reqularization method for solving Ax =
y with y € D(A") and « is continuous with respect to §, then R,y converges
to Ay as o — 0.

Thus the correct approach to understand the meaning of regularization
is pointwise convergence. Furthermore, if {R,} is linear and uniformly
bounded, in the ill-posed case we can’t expect convergence in the opera-
tor norm, since then A" would have to be bounded.

We consider an example of a regularization operator which fits the definitions
above. Although very similar examples can be found in literature, cf. e.g.
[61], this is slightly different.

Example 1.10.1. Consider the operator K : X := L*0,1] — Y := £?[0,1]
defined by

Then K s linear, bounded and compact and it is easily seen that
R(K) = {y € H'[0,1] | y € C([0,1]),y(0) = 0} (1.48)

and that the distributional derivative from R(K) to X is the inverse of K.
Since R(K) 2 C°[0,1], R(K) is dense in Y and R(K)* = {0}.
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Fory € C([0,1]) and for o > 0, define

l( _ ; 1
Syt+o)—y), o 0<t<y,
(Roy)(t) = { | o ’ (1.49)
Swt)—ylt—0)), of 5 <t<L
Then {R,} is a family of linear and bounded operators with
V6
| Royll 20,1y < 7||y||£2[0,1] (1.50)

defined on a dense linear subspace of £L2[0,1], thus it can be extended to the
whole Y and (1.50) is still true.

Since the measure of 0, 1] is finite, fory € R(K) the distributional derivative
of y lies in L0, 1], so y is a function of bounded variation. Thus, according
to Lebesque’s Theorem, the ordinary derivative y' exists almost everywhere
in [0, 1] and it is equal to the distributional derivative of y as an L*-function.

Consequently, we can apply the Dominate Convergence Theorem to show that
|Roy — KTy||£2[0,1] —0, asoc — 0

so that, according to Proposition 1.10.1, R, is a regularization for the distri-

butional derivative KT.

1.11 Order optimality

We concentrate now on how to construct optimal regularization methods. To
this aim, we shall make use of some analytical tools from the spectral theory
of linear and bounded operators. For the reader who is not accustomed with
the spectral theory, we refer to Appendix A or to the second chapter of [17],
where the basic ideas and results we will need are gathered in a few pages;
for a more comprehensive treatment, classical references are e.g. [2] and [44].
In principle, a (convergent) regularization method (R,, @) for solving Az = y

should be optimal if the quantity

&1 = 61(57 R, 6‘) ‘= sup HR&(&y‘S)y& - ATyH (151)
yo€Bs(y)
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converges to 0 as quickly as

€2 = 52(6> = inf sup HRa(é,y‘S)y& - ATyH? (152>

(Bos0) 5B ()

i.e. if there are no regularization methods for which the approximate solu-
tions converge to 0 (in the usual worst-case sense) quicker than the approxi-
mate solutions of (R,,a).

Once again, it is not advisable to look for some uniformity in y, as we can

see from the following result.

Proposition 1.11.1. Let {R,} be a reqularization for AT with R,(0) = 0,
let o = a(8,1°) be a p.c.r. and suppose that R(A) is non closed. Then there
can be no function f: (0,4+00) — (0,400) with lims_,o f(0) = 0 such that

£1(0, Ry, ) < f(0) (1.53)
holds for every y € D(A") with |ly|| < 1 and all § > 0.

Thus convergence can be arbitrarily slow: in order to study convergence
rates of the approximate solutions to z' it is necessary to restrict on subsets
of D(AT) (or of X), i.e. to formulate some a-priori assumption on the exact
data (or equivalently, on the exact solution). This can be done by introducing

the so called source sets, which are defined as follows.

Definition 1.11.1. Let u, p > 0. An element x € X is said to have a source

representation if it belongs to the source set
X, ={reX|z=A"A) v, |w|<p}. (1.54)
The union with respect to p of all source sets is denoted by

X=X, ={reX | z=(A"A)w} =R((AA)"). (1.55)

p>0

Here and below, we use spectral theory to define

(A" A = / NdE), (1.56)
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where {E\} is the spectral family associated to the self-adjoint A*A (cf. Ap-
pendiz A) and since A*A > 0 the integration can be restricted to the compact
set [0, | A*Al] = [0, ]| A]]?].

Since A is usually a smoothing operator, the requirement for an element
to be in &), , can be considered as a smoothness condition.
The notion of optimality is based on the following result about the source
sets, which is stated for compact operators, but can be extended to the non

compact case (see [17] and the references therein).

Proposition 1.11.2. Let A be compact with R(A) being non closed and let

{R,} be a reqularization operator for AT. Define also
A6, X, p, Ry ) i= sup{||11€Ol((;,ya)y‘S — x| | x € Xy’ € Bs(Az)}  (1.57)

for any fized i, p and 6 in (0,+00) (and « a p.c.r. relative to Ax). Then

there ezists a sequence {0y} converging to 0 such that

_2p 1
A0, Xy py Ryy ) = 67 it (1.58)

B

This justifies the following definition.

Definition 1.11.2. Let R(A) be non closed, let {R,} be a regularization for
At and let p, p > 0.
Let a be a p.c.r. which is convergent for every y € AX), ,.

We call (Ry,a) optimal in X, , if

A(8, X, . Ry, ) = 0257 poart (1.59)
holds for every o > 0.
We call (Ry, o) of optimal order in X, , if there exists a constant C' > 1 such
that

A5, X, ,, Ry, ) < C5217 poist (1.60)

holds for every 6 > 0.
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The term optimality refers to the fact that if R(A) is non closed, then
a regularization algorithm cannot converge to 0 faster than PEm) pﬁ as
9 — 0, under the a-priori assumption = € X, ,, or (if we are concerned with
the rate only), not faster than O(d %) under the a-priori assumption = €

AX,,. In other words, we prove the following fact:

Proposition 1.11.3. With the assumption of Definition 1.11.2, (R,, «) is
of optimal order in X, , if and only if there exists a constant C' > 1 such that

for everyy € AX,,
§_ ot ST pTRFT
sup ||Ra(5,y5)y - H < Cozs P2t (161)
yoEBs(y)

holds for every 6 > 0. For the optimal case an analogous result is true.

Proof. First, we show that y € AX, , if and only if y € R(A) and z' € X, .
The sufficiency is obvious because of (1.29). For the necessity, we observe
that if x = (A*A)*w, with ||w|| < p, then z lies in (ker A)*, since for every

z € ker A we have:

A2
(x,2) = (A" A) w, z) = liII(l] Md(w, Fy\z)
M (1.62)
= 1ir% Md{w, z) = 0.

We obtain that 2" = Aly = ATAz = (I — P)x = z is the only element in
X,,N A ({y}), thus the entire result follows immediately and the proof is
complete. O

The following result due to R. Plato assures that, under very weak as-
sumptions, the order-optimality in a source set implies convergence in R(A).

More precisely:

Theorem 1.11.1. Let {R,} a reqularization for AT, For s >0, let o, be the

family of parameter choice rules defined by

as(6,9°) = a(s0,9°), (1.63)
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where « is a parameter choice rule for Az =y, y € R(A).

Suppose that for every T > 19, 70 > 1, (R, @) is a reqularization method of
optimal order in X, ,, for some p,p > 0.

Then, for every T > 19, (R, ) is convergent for every y € R(A) and it is
of optimal order in every X, ,, with 0 <v < p.

It is worth mentioning that the source sets &), , are not the only possible
choice one can make. They are well-suited for operators A whose spectrum
decays to 0 as a power of A, but they don’t work very well in the case of
exponentially ill-posed problems in which the spectrum of A decays to 0 ex-
ponentially fast. In this case, different source conditions such as logarithmic
source conditions should be used, for which analogous results and definitions
can be stated. In this work logarithmic and other different source conditions
shall not be considered. A deeper treatment of this argument can be found,
e.g., in [47].

1.12 Regularization by projection

In practice, regularization methods must be implemented in finite-dimensional
spaces, thus it is important to see what happens when the data and the
solutions are approximated in finite-dimensional spaces. It turns out that
this important passage from infinite to finite dimensions can be seen as a
regularization method itself. Omne approach to deal with this problem is
reqularization by projection, where the approximation is the projection onto
finite-dimensional spaces alone: many important regularization methods are
included in this category, such as discretization, collocation, Galerkin or Ritz
approximation.

The finite-dimensional approximations can be made both in the spaces X
and ): here we consider only the first one.

We approximate z! as follows: given a sequence of subspaces of X

X, C X C X (1.64)
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such that
Jx =x (1.65)
neN

the n-th approximation of z' is
T, = Aly, (1.66)

where A, = AP, and P, is the orthogonal projector onto A,,. Note that since
A,, has finite-dimensional range, R(A,) is closed and thus AJ, is bounded (i.e.
T, is a stable approximation of 2T). Moreover, it is an easy exercise to show
that x,, is the minimum norm solution of Az = y in X,,: for this reason, this
method is called least-squares projection.

Note that the iterates x, may not converge to = in X, as the following
example due to Seidman shows. We reconsider it entirely in order to correct
a small inaccuracy which can be found in the presentation of this example
in [17].

1.12.1 The Seidman example (revisited)

Suppose X is infinite-dimensional, let {e,} be an orthonormal basis for X
and let X, := span{ey,...e,}, for every n € N. Then of course {X),} satisfies
(1.64) and (1.65). Define an operator A : X — ) as follows:

A(ZIZ’) = A (Z Xjej> = Z (Xjaj + ijl) ej, (167)
j=1 j=1
with
0 if j =1,
bjl:==9 . (1.68)
J if 7> 1,
1 . ..
J if 7 is odd,
la;| = { s (1.69)
J2 if j is even.
Then:

e A is well defined, since |a;x; + b;x;1[* < 2(|x;]% 4 |x1]772) for every j

and linear.
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e A is injective: Ax = 0 implies
(a1x1, a9Xg + boxy, agxs + bsxy, ...) = 0,
thus x; = 0 for every j, i.e. z = 0.

e A is compact: in fact, suppose {z\}ren is a bounded sequence in X.
Then also the first components of xj, denoted by xy 1, form a bounded
sequence in C, which has a convergent subsequence {xg, 1} and, in cor-
respondence, Z;’il b;xy, 1€; is a subsequence of Z;‘;l b;xy.1€; conver-
ging in X to Zj‘;l b; lim;_,o x5, 1€;. Consequently, the application x
>, bjxie; is compact. Moreover, the application z ~— > 77, a;x;e;
is also compact, because it is the limit of the sequence of operators
defined by A,z :=>"

j=1
operators, A is compact (see, e.g., [62] for the properties of the compact

a;x;je;. Thus, being the sum of two compact

operators used here).

Let y := Azt with

zl = Zj_lej (1.70)
=1

and let z,, ;= Z;‘;l X, je; be the best-approximate solution of Az =y in &,,.
Then it is readily seen that x,, := (X1, X2, ..., Xn ) is the vector minimizing

n

D (il — 571 +bi(x — 1)) Z i (14 a, —x;)? (1.71)
j=1 j=n+1

among all x = (xq,...,x,) € C™.

Imposing that the gradient of (1.71) with respect to x is equal to 0 for x =

X,, we obtain
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Here, ;) is the Kronecker delta, which is equal to 1 if £ = j and equal to 0

otherwise.

Consequently, for the first variable x, ; we have

xn1_<1+ > (1+ay)) )<1+ i )_1

Jj=n+1 Jj=n+1

00 00 -1
=1+ ( > ajj—2> <1+ > j‘z)
j=n+1 Jj=n+1

and for every k = 2, ..., n there holds
Xnk = (ak)_l (k_lak — bk(XnJ — 1)) = ]{3_1 — (akk)_l(xml — 1)

We use this to calculate

a2 = Ppa®|)? = || Z (0 — 77 e
= (X1 — 1)*+ (] b= (a) (ke — 1) — g 1)
j=2
= (xp1 — 1)? <1 +) (aj4) 2)
j=2

(B () (- £)

Of these three factors, the third one is clearly convergent to 1.

The first one behaves like n*, since, applying Cesaro’s rule to

> J’

Sy 1= pra—

we obtain
Y ¥ (n + 1)3 1
im s, = lim ————— = —.

Similarly,

i ajj_zN i j_?’wn_2’

(1.72)

(1.73)

(1.74)
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because
PO B U DR U G VRN
n—2 n+1)2-n=2 (n+1)2-—n2 "2
These calculations show that
|2, — P2'|| = A >0, (1.75)

so x,, doesn’t converge to x', which was what we wanted to prove.
The following result gives sufficient (and necessary) conditions for con-

vergence.
Theorem 1.12.1. Fory € D(A"), let x,, be defined as above. Then
(1) v, — 2t <= {||x,||} is bounded;

(it) x, — a7 <= limsup||z,| < ||27||;

n—-+o0o
(idi) if
limsup ||(A!)*z,|| = limsup ||(A) 2, || < oo, (1.76)
n—+4-o00 n——+00
then
z, — ol

For the proof of this theorem and for further results about the least-

squares projection method see [17].

1.13 Linear regularization: basic results

In this section we consider a class of regularization methods based on the
spectral theory for linear self-adjoint operators.

The basic idea is the following one: let { F)\} be the spectral family associated
to A*A. If A*A is continuously invertible, then (4*A)™' = [ }dE,. Since
the best-approximate solution 2 = Afy can be characterized by the normal

equation (1.32), then
1
xt = /XdEAA*y. (1.77)
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In the ill-posed case the integral in (1.77) does not exist, since the integrand
% has a pole in 0. The idea is to replace % by a parameter-dependent family
of functions g,(A\) which are at least piecewise continuous on [0, ||A|[?] and,
for convenience, continuous from the right in the points of discontinuity and
to replace (1.77) by

Ty = /gg()\)dE)\A*y. (1.78)

By construction, the operator on the right-hand side of (1.78) acting on y is

continuous, so the approximate solutions
z° ::/gg(k)dE,\A* o (1.79)

can be computed in a stable way.

Of course, in order to obtain convergence as o — 0, it is necessary to require
that lim,_0 g-(A) = 5 for every A € (0, [|A|]?].

First, we study the question under which condition the family {R,} with

R, = / 9o (\)dEyA* (1.80)

is a regularization operator for Af.

Using the normal equation we have

oty = ot — g (AT AV ATy = (I — g, (A*A)A* A)zt = / (1= Ago(\)dBxa.

1.81
Hence if we set, for all (o, A) for which g,(\) is defined, | |
ro(A) = 1= Ago(X), (1.82)

so that r,(0) = 1, then
ot =, =r (A A)xl (1.83)

In these notations, we have the following results.

Theorem 1.13.1. Let, for all 0 >0, g, : [0, [|A]|*] — R fulfill the following

assumptions:
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® g, 1S piecewise continuous;

e there exists a constant C' > 0 such that

[Age(N)| < C (1.84)
for all X € (0, ||A||*];
.
ANES (185
for all X € (0, ||A]]?].
Then, for all y € D(AT),
lim g, (A" A) A"y = ol (1.86)
and if y ¢ D(AT), then
lim {|g, (A" A) A%y = +-o00. (1.87)

Remark 1.13.1. (i) It is interesting to note that for everyy € D(AT) the
integral [ g-(A\)dE\A*y is converging in X, even if [ +dE\A*y does not

. . . . . 1
exist and g,(\) is converging pointwise to 3
(13) According to Proposition 1.10.1, in the assumptions of Theorem 1.13.1,
{R,} is a regularization operator for AT.

Another important result concerns the so called propagation data error
lzo — a5 I
Theorem 1.13.2. Let g, and C be as in Theorem 1.13.1, 2, and x° be
defined by (1.78) and (1.79) respectively. For o > 0, let
Gy = sup{|g-(A)| | A € [0, [ A"]}- (1.88)
Then,
|Az, — Azl|| < C§ (1.89)
and
s — 25|l < 03/CG, (1.90)
hold.
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Thus the total error ||z7 — 2%|| can be estimated by

|2t — 28| < ||zt — 25| + 6/ CG,. (1.91)
Since g,(A) = § as ¢ — 0, and it can be proved that the estimate (1.90)

is sharp in the usual worst-case sense, the propagated data error generally
explodes for fixed 6 > 0 as 0 — 0 (cf. [22]).

We now concentrate on the first term in (1.91), the approzimation error.
While the propagation data error can be studied by estimating g,(\), for the

approximation error one has to look at r,(\):

Theorem 1.13.3. Let g, fulfill the assumptions of Theorem 1.13.1. Let
W, p, 0y be fized positive numbers. Suppose there exists a function w, : (0,0) —

R such that for every o € (0,00) and every A € [0, || A||*] the estimate
s (V)] < wul0) (1.92)
is true. Then, for z' € X, ,,
lzo — 2"l < pwi(o) (1.93)

and
|Az, — Azl < pw/ﬂr%(a) (1.94)

hold.

A straightforward calculation leads immediately to an important conse-

quence:

Corollary 1.13.1. Let the assumptions of Theorem 1.13.3 hold with
wy(o) = co” (1.95)
for some constant ¢ > 0 and assume that
G,=0 <%) , as o — 0. (1.96)

Then, with the parameter choice rule

§\ ZrT
an~ | - , 1.97
(5 9

the regularization method (R, ) is of optimal order in X, ,.
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1.14 The Discrepancy Principle

So far, we have considered only a-priori choices for the parameter a = «/(0).
Such a-priori choices should be based on some a-priori knowledge of the true
solution, namely its smoothness, but unfortunately in practice this infor-
mation is often not available. This motivates the necessity of looking for
a-posteriori parameter choice rules. In this section we will discuss the most
famous a-posteriori choice, the discrepancy principle (introduced for the first
time by Morozov, cf. [67]) and some other important improved choices de-

pending both on the noise level and on the noisy data.

Definition 1.14.1. Let g, be as in Theorem 1.13.1 and such that, for every
A >0, 0= gs(A) is continuous from the left, and let r, be defined by (1.82).

Fiz a positive number T such that
7> sup{[r,(A)| [ o >0, A € [0, [|A]*]}. (1.98)
Fory € R(A), the reqularization parameter defined via the Discrepancy Prin-
ciple is
a(8,9°) == sup{c >0 | ||Az® —3°|| < 70}. (1.99)
Remark 1.14.1. o The idea of the Discrepancy Principle is to choose
the biggest parameter for which the corresponding residual has the same

order of the noise level, in order to reduce the propagated data error as

much as possible.

e [tis fundamental that y € R(A). Otherwise, || AxS —y°|| can be bounded

from below in the following way:
ly = Qull =26 < lly =’ + Q" — w)ll + [y’ — Qy°ll — 20 (1.100)
<6+ 0+ || Azg —y°l| - 20 = | Axg — 3.
Thus, if 6 is small enough, the set
{o>01] Az —y’|| < 76}

15 empty.
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o The assumed continuity from the left for g, assures that the functional
o ||AxS —y°|| is also continuous from the left. Therefore, if a(d,y°)

satisfies the Discrepancy Principle (1.99), we have

1Az, 5.5y — 4°Il < 76. (1.101)

o If ||AxS — °|| < 78 holds for every o > 0, then «(6,y°) = +oo and

1)

Loy

5) has to be understood in the sense of a limit as o — +o0.

The main convergence properties of the Discrepancy Principle are de-
scribed in the following important theorem (see [17] for the long proof). A
full understanding of the statement of the theorem requires the notions of
saturation and qualification of a regularization method.

The term saturation is used to describe the behavior of some regularization

operators for which
a3 — at| = O(F%+7) (1.102)

does not hold for every g, but only up to a finite value pug, called the qualifi-
cation of the method.

More precisely, the qualification g is defined as the largest value such that
Mre(N)| = O(c") (1.103)
holds for every u € (0, po.

Theorem 1.14.1. In addition to the assumptions made for g, in Definition

1.14.1, suppose that there exists a constant ¢ such that G, satisfies
G, <=, (1.104)
o

for every o > 0. Assume also that the regularization method (R,, ) corre-
sponding to the Discrepancy Principle has qualification pg > % and that, with
wy, defined as in Theorem 1.13.3,

wy(a) ~ar,  for 0 < p < pg. (1.105)

Then (R,, o) is convergent for everyy € R(A) and of optimal order in X, ,,
for € (0, o — 3] and for p > 0.
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Thus, in general, a regularization method (R,, @) with « defined via the
Discrepancy Principle need not be of optimal order in &, , for > g — %,

as the following result for the Tikhonov method in the compact case implies:

Theorem 1.14.2 (Groetsch). Let K = A be compact, define R, := (K* K+
o) ' K* and choose the Discrepancy Principle (1.99) as a parameter choice
rule for Ry,. If

25y — 'l = 0(6%) (1.106)

holds for every y € R(K) and y° € Y fulfilling ||y° — y|| < 0, then R(K) is

finite-dimensional.
Consequently, since

e o= 1for (R,,«a) asin Theorem 1.14.2 (cf. the results in Section 1.16)

and
e in the ill-posed case Hxiw )~ 21| does not converge faster than O(62),

(Rs, ) cannot be of optimal order in X, , for 1 > 11 — 3.

This result is the motivation and the starting point for the introduction
of other (improved) a-posteriori parameter choice rules defined to overcome
the problem of saturation. However, we are interested mainly in iterative
methods, where these rules are not needed, so we address the interested
reader to [17] for more details about such rules. There, also a coverage of

some of the most important heuristic parameter choices rules can be found.

1.15 The finite dimensional case: discrete ill-

posed problems

In practice, ill-posed problems like integral equations of the first kind have
to be approximated by a finite dimensional problem whose solution can be
found by a software.

In the finite dimensional setting, the linear operator A is simply a matrix A
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€ M,, n(R), the Moore Penrose Generalized Inverse AT is defined for every
data b € Y = R™ and being a linear map from R™ to ker(A)+ C X = R" is
continuous. Thus, according to Hadamard’s definition, the equation Ax = b
cannot be ill-posed. However, from a practical point of view, a theoretically
well-posed problem can be very similar to an ill-posed one. To explain this,
recall that a linear operator A is bounded if and only if there exists a con-
stant C' > 0 such that [|Az|| < C||z|| for every x € X if the constant C' is
too big, then this estimate is virtually useless and little perturbations in the
data can generate very huge errors in the results. This concern should be
even more serious if one takes into account also rounding errors due to finite
arithmetics calculations. Such finite dimensional problems occur very often
in practice and they are characterized by very ill-conditioned matrices.

In his book [36], P.C. Hansen distinguishes between two classes of problems
where the matrix of the system Ax = b is highly ill-conditioned: rank defi-
cient and discrete ill-posed problems.

In a rank deficient problem, the matrix A has a cluster of small eigenva-
lues and a well determined gap between its large and small singular values.
Discrete ill-posed problems arise from the discretization of ill-posed problems
such as integral equations of the first kind and their singular values typically
decay gradually to zero. Although of course we shall be more interested
in discrete ill-posed problems, we should keep in mind that regularization
methods can also be applied with success on rank deficient problems and
therefore should be considered also from this point of view.

As we have seen in Example 1.10.1, the process of discretization of an ill-
posed problem is indeed a regularization itself, since it can be considered as
a projection method. However, as a matter of fact, usually the regularizing
process of discretization is not enough to obtain a good approximation of the
exact solution and it is necessary to apply other regularization methods.
Here, we will give a very brief survey about the discretization of integral
equations of the first kind. More details can be found for example in [61]
(Chapter 3), in [3] and [14].



40 1. Regularization of ill-posed problems in Hilbert spaces

There are essentially two classes of methods for discretizing integral equa-
tions such as (1.11): quadrature methods and Galerkin methods.

In a quadrature method, one chooses m samples f(s;), i = 1, ..., m of the func-
tion f(s) and uses a quadrature rule with abscissas 1, ts, ..., ty and weights

w1, ws, ...wy to calculate the integrals

So N
/ s Ot ~ S wise(si t)o(t), i=1,..m.
s1 =1

The result is a linear system of the type Ax = b, where the components of
the vector b are the samples of f, the elements of the matrix A € M,, n(R)
are defined by a; ; = w;(s;,t;) and the unknowns x; forming the vector x
correspond to the values of ¢ at the abscissas ¢;.

In a Galerkin method, it is necessary to fix two finite dimensional sub-
spaces Xy C X and Y,, C Y, dim(Xy)= N, dim(},,)= m and define two
corresponding sets of orthonormal basis functions ¢;, j = 1,..., N and 1,
1 =1,...,m. Then the matrix and the right-hand side elements of the system

Ax = b are given by
aij = / /[ A Odsit and b= /:zf(s)z/)i(s)ds (1.107)

and the unknown function ¢ depends on the solutions of the system via the
formula ¢(t) = Zj\;l x;0;(t).

If 5¢ is symmetric, X = Y, m = N, Ay = Vy and ¢; = 1); for every 1,
then the matrix A is also symmetric and the Galerkin method is called the
Rayleigh-Ritz method.

A special case of the Galerkin method is the least-squares collocation or
moment discretization: it is defined for integral operators K with continuous
kernel and the delta functions d(s — s;) as the basis functions ;. In [17] it is
shown that least-squares collocation is a particular projection method of the
type described in Section 1.12 in which the projection is made on the space
Y and therefore a regularization method itself.

For discrete ill-posed problems, we have already noticed that the Picard
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Criterion is always satisfied. However, it is possible to state a Discrete Picard
Criterion as follows (cf. [32] and [36]).

Definition 1.15.1 (Discrete Picard condition). Fiz a singular value de-
composition of the matric A = UAV™* where U and 'V are constituted by the
singular vectors of A thought as column vectors. The unperturbed right-hand
side b in a discrete ill-posed problem satisfies the discrete Picard condition
if the SVD coefficients |(u;, b)| on the average decay to zero faster than the

singular values ;.

Unfortunately, the SVD coefficients may have a non-monotonic behavior,
thus it is difficult to give a precise definition.
For many discrete ill-posed problems arising from integral equations of the
first kind the Discrete Picard Criterion is satisfied for exact data. In general,
it is not satisfied when the data is perturbed by the noise.
We shall return to this argument later on and we will see how the plot of the
SVD coefficients may help to understand the regularizing properties of some

regularization methods.

1.16 Tikhonov regularization

The most famous regularization method was introduced by A.N. Tikhonov
in 1963 (cf. [90], [91]).
In the linear case, it fits the general framework of Section 1.13 and fulfills

the assumptions of Theorem 1.13.1 with
1

-(A) = )
9o(A) A+o

The regularization parameter o stabilizes the computation of the approxi-

(1.108)

mate solutions
1) = (A*A+ o)A, (1.109)
which can therefore be defined by the following regularized version of the

normal equation:
A A+ oxd = A%, (1.110)
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Tikhonov regularization can be studied from a variational point of view,

which is the key to extend it to nonlinear problems:

Theorem 1.16.1. Let x, be as in (1.109). Then x° is the unique minimizer

of the Tikhonov functional
z = || Az — y°||> + o ||| (1.111)

As an illustrative example, we calculate the functions defined in the pre-

vious chapter in the case of Tikhonov regularization.

1
e Remembering that g,(\) = Tro Ve obtain immediately that
o
Go=2L and () =1-g,(\)=—2 (1.112)
o o TCT - gCT - o + >\' .

e The computation of w,(¢) requires an estimate for the function

g

ha(o) = My (1.113)
Calculating the derivative of h, brings to
W, (A) = re (AN (1 — A ), (1.114)
Ao
thus if 4 < 1 h, has a maximum for A\ = % and we obtain
hu(0) < (1 — )", (1.115)

whereas h/,(X) > 0 for > 1, so h,, assumes its maximum for X = || A[?.

Putting this together, we conclude that for w, we can take

boou<1
wu(a):{ :U’ Z;l (1.116)

with c=||A[|%2.
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The results of Section 1.13 can thus be applied to Tikhonov regularization:
in particular, according to Corollary 1.13.1, as long as pu < 1 Tikhonov

regularization with the parameter choice rule (1.97) is of optimal order in X, ,

and the best possible convergence rate, obtained when =1 and o ~ (%) E,
is given by

|20 — zf|| = O(6%) (1.117)

for ' € X ,.

Due to the particular form of the function w, found in (1.116), the Tikhonov
method saturates, since (1.103) holds only for ¢ < 1. Thus Tikhonov regula-
rization has finite qualification pp = 1. A result similar to Theorem 1.14.2
can be proved (see [17] or [22]).

Theorem 1.16.2. Let K be compact with infinite-dimensional range, x° be
defined by (1.109) with K instead of A. Let a = a(8,y°) be any parameter

choice rule. Then

sup{[l«%, — ¥ : |Q(y — y°)I| < 8} = 0(6%) (1.118)
implies ' = 0.

The Tikhonov regularization method was also studied on convex subsets
of the Hilbert space X. This can be of particular interest in certain appli-
cations such as image deblurring where we can take X = £2([0,1]?) and the
solution lies in the convex set C := {x € X | x > 0}. A quick treatment of
the argument can be found in [17] and for details we suggest [71].

The Tikhonov method is now well understood, but has some drawbacks:

1. It is quite expensive from a computational point of view, since it re-

quires an inversion of the operator A*A + o.

2. For every choice of the regularization parameter the operator to be
inverted in the formula (1.109) changes, thus if « is chosen in the wrong

way the computations should be restarted.
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3. As a matter of fact, Tikhonov regularization calculates a smooth solu-

tion.
4. Tt has finite qualification.

The third drawback implies that Tikhonov regularization may not work very
well if one looks for irregular solutions. For this reason, in certain problems
such as image processing nowadays many researchers prefer to rely on other
methods based on the minimization of a different functional. More precisely,
in the objective function (1.111), ||x||? is replaced by a term that takes into
account the nature of the sought solution zf. For example, one can choose a
version of the total variation of x, which often provides very good practical
results in imaging (cf. e.g. [96]).

The fourth problem can be overcome by using a variant of the algorithm
known as iterative Tikhonov regularization (cf. e.g. [17]).

The points 1 and 2 are the main reasons why we prefer iterative methods
to Tikhonov regularization. Nevertheless, the Tikhonov method is still very
popular. In fact, it can be combined with different methods, works well in
certain applications (e.g. when the sought solution is smooth) and it remains
one of the most powerful weapon against ill posed problems in the nonlinear

case.

1.17 The Landweber iteration

A different way of regularizing an ill-posed problem is the approach of the
iterative methods: consider the direct operator equation (1.20), i.e. the
problem of calculating y from x and A. If the computation of y is easy and
reasonably cheap, the iterative methods form a sequence of iterates {xj}
based on the direct solution of (1.20) that z; converges to .

It turns out that for many iterative methods the iteration index k plays the
role of the regularization parameter o and that these methods can be studied

from the point of view of the regularization theory developed in the previous
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sections.

When dealing with perturbed data v°, in order to use regularization tech-
niques, one has to write the iterates z¢ in terms of an operator Ry (and of
course of 3°). Now, Rj, may depend or not on y° itself. If it doesn’t, then the
resulting method fits completely the general theory of linear regularization:
this is the case of the Landweber iteration, the subject of the present section.
Otherwise, some of the basic assumptions of the regularization theory may
fail to be true (e.g. the operator mapping y° to 2{ may be not continuous):
conjugate gradient type methods, which will we discussed in detail in the
next chapter, fit into this category.

In spite of the difficulties arising from this problem, in practice the conjugate
gradient type methods are known as a very powerful weapon against ill-posed
problems, whereas the Landweber iteration has the drawback of being a very
slow method and is mainly used in nonlinear problems. For this reason, in
this section we give only an outline of the main properties of the Landweber
iteration and skip most of the proofs.

The idea of the Landweber method is to approximate Afy with a sequence
of iterates {xy }ren transforming the normal equation (1.32) into equivalent

fixed point equations like
r=x+Ay—Az) = (I — A"A)z. (1.119)

In practice, one is given the perturbed data y° instead of y and defines the

Landweber iterates as follows:

Definition 1.17.1 (Landweber Iteration). Fir an initial guess x5 € X
and for k =1,2,3,... compute the Landweber approximations recursively via
the formula

ad = |+ A*(y° — Azl ). (1.120)

We observe that in the definition of the Landweber iterations we can
suppose without loss of generality ||A|| < 1. If this were not the case, then

we would introduce a relaxation parameter w with 0 < w < ||A||72 in front
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of A*, i.e. we would iterate
2l =0 | +wA (Y’ — Az ), k €N, (1.121)

In other words, we would multiply the equation Az = y° by w? and iterate
with (1.120).

Moreover, if {20} is the sequence of the Landweber iterates with initial guess
20 = 0 and data y° — Az, then 2 = x} + 2, so that supposing z3 = 0 is no
restriction too.

Since we have assumed ||A||?> = 1 < 2, then I — A* A is nonexpansive and one
may apply the method of successive approximations. It is important to note
that in the ill-posed case I — A* A is no contraction, because the spectrum of
A*A clusters at the origin. For example, if A is compact, then there exists a
sequence {\,} of eigenvalues of A*A such that |\,| — 0 as n — 400 and for

a corresponding sequence of eigenvectors {v,} one has

I — A*A)v, 1—A\)v,
Ut Aol By
Uy, Uy,

ie. [|[(I —A*A)|| > 1.
Despite this, already in 1956 in his work [63], Landweber was able to prove

the following strong convergence result in the case of compact operators (our
proof, taken from [17] makes use of the regularization theory and is valid in

the general case of linear and bounded operators).

Theorem 1.17.1. If y € D(A"), then the Landweber approximations xy
corresponding to the evact data y converge to A'y as k — +oo. Ify ¢
D(AY), then |lzk| — +oo as k — +oo.

Proof. By induction, the iterates x; may be expressed in the form
k—1
mp=Y (I—A"Ay A"y (1.122)
=0
Suppose now y € D(AT). Then since A*y = A*Az', we have

k—1 k—1
ey = 2l (- ATAY A Aal = 2= A" AN (I-ATAY el = (1-A" Ak,

j=0 7=0
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Thus we have found the functions g and r of Section 1.13:

— A\ j’
-:0(1 ) (1.123)

gr(A)

Since ||A]] < 1 we consider A € (0,1]: in this interval Agp(A) = 1 — ri(X)
is uniformly bounded and gj(\) converges to + as k — 400 because 7,(\)
converges to 0. We can therefore apply Theorem 1.13.1 to prove the assertion,

with k! playing the role of o. O

The theorem above states that the approximation error of the Landweber
iterates converges to zero. Next we examine the behavior of the propagated
data error: on the one hand, according to the same theorem, if 3° ¢ D(AT)

the iterates x; must diverge; on the other hand, the operator Ry defined by

Ry’ = (1.124)
k-1 .
is equal to Y (I — A*A)7 A*. Therefore, for fixed k, 2 depends continuously
7=0

on the data so that the propagation error cannot be arbitrarily large.

This leads to the following result.

Proposition 1.17.1. Let y, y° be a pair of right-hand side data with ||y —
V|| <6 and let {x},} and {22} be the corresponding two iteration sequences.
Then we have

|z — 20| < VE6, k>0, (1.125)

Remark 1.17.1. According to the previous results, the total error has two
components, an approximation error converging (slowly) to 0 and the propa-
gated data error of the order at most VkS. For small values of k the data
error is negligible and the total error seems to converge to the exact solution
Aty, but when VEO reaches the order of magnitude of the approzimation
error, the data error is no longer hidden in x3 and the total error begins to

increase and eventually diverges.
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The phenomenon described in Remark 1.17.1 is called semi-convergence
and is very typical of iterative methods for solving inverse problems. Thus the
regularizing properties of iterative methods for ill-posed problems ultimately
depend on a reliable stopping rule for detecting the transient from conver-
gence to divergence: the iteration index k plays the part of the regularization
parameter o and the stopping rule is the counterpart of the parameter choice
rule for continuous regularization methods.

As an a-posteriori stopping rule, a discrete version of the Discrepancy Prin-

ciple can be considered:

Definition 1.17.2. Fiz 7 > 1. For k = 0,1,2,... let 2 be the k-th iterate
of an iterative method for solving Az = vy with perturbed data vy° such that
ly — 30| <8, 6 > 0. The stopping index kp = kp(5,y°) corresponding to the
Discrepancy Principle is the biggest k such that

ly® — Azl|| < 70. (1.126)

Of course, one should prove that the stopping index kp is well defined,
i.e. there is a finite index such that the residual ||y® — Az¢|| is smaller than
the tolerance 79.

In the case of the Landweber iteration, we observe that the residual can be

written in the form
y5 - A?@’g =Y - Ami—l - AA*(?f - Axi—l) = - AA*)(?f - Axi—l)v

hence the non-expansivity of I — AA* implies that the residual norm is mono-
tonically decreasing. However, this is not enough to show that the discre-
pancy principle is well defined. For this, a more precise estimate of the
residual norm is needed. This estimate can be found (cf. [17], Proposition

6.4) and leads to the following result.

Proposition 1.17.2. The Discrepancy Principle defines a finite stopping
index kp(0,y°) with kp(8,4°) = O(572).

The regularization theory can be used to prove the order optimality of

the Landweber iteration with the Discrepancy Principle as a stopping rule:
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Theorem 1.17.2. For fivzed T > 1, the Landweber iteration with the discre-
pancy principle is convergent for every y € R(A) and of optimal order in
X, for every p > 0.

2
Moreover, if Aly € X,, then kp(d,y°) = O(§ %) and the Landweber

method has qualification pg = +00.

As mentioned earlier, the main problem of the Landweber iteration is
that in practice it requires too many iterations until the stopping criterion

is met. Another stopping rule has been proposed in [15], but it requires a

_2
2u+1

cannot be improved in general. However, it is possible to reduce it to ﬁ if

more sophisticated methods are used. Such accelerated Landweber methods

similar number of iterations. In fact, it can be shown that the exponent

are the so called semi-iterative methods (with the r-methods as significant
examples): they will not be treated here, since we will focus our attention
in greater detail on the conjugate gradient type methods, which are conside-
red quicker (or at least not slower) and more flexible than the accelerated
Landweber methods. For a complete coverage of the semi-iterative methods,
see [17].
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Chapter 2

Conjugate gradient type

methods

This chapter is entirely dedicated to the conjugate gradient type methods.
These methods are mostly known for being fast and robust solvers of large
systems of linear equations: for example, the classical Conjugate Gradient
method (CG), introduced for the first time by Hestenes and Stiefel in 1952
(see [45]), finds the exact solution of a linear system with a positive definite
N x N matrix in at most IV iterative steps, cf. Theorem 2.1.1 below. For this
reason, the importance of these methods goes far beyond the regularization
of ill-posed problems, although here they will be studied mainly from this
particular point of view.

One can approach the conjugate gradient type methods in many different
ways: it is possible to see them as optimization methods or as projection
methods. Alternatively, one can study them from the point of view of the
orthogonal polynomials. In each case, the Krylov spaces are fundamental in
the definition of the conjugate gradient type methods, so that they are often
regarded as Krylov methods.

Definition 2.0.3. Let V be a vector space and let A be a linear map from

V to itself. For a given vector xo € V and for k € N, the k-th Krylov space

o1
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(based on xq) is the linear subspace of V defined by
KCr_1(A; z0) == span{xg, Axo, A%xq, ..., AF 1), (2.1)

A Krylov method selects the k-th iterative approximate solution z;, of x
as an element of a certain Krylov space depending on A and x( satisfying
certain conditions.

In particular, a conjugate gradient type method chooses the minimizer of a
particular function in the shifted space x¢ + KCr_1(A;y — Axg) with respect
to a particular measure.

We will introduce the subject in a finite dimensional setting with an opti-
mization approach, but in order to understand the regularizing properties
of the algorithms in the general framework of Chapter 1 the main analysis
will be developed in Hilbert spaces using orthogonal polynomials. The main
reference for this chapter is the book of M. Hanke [27]. For the finite dimen-

sional introduction, we will follow [59].

2.1 Finite dimensional introduction

For N € N we denote by
() RYxRY — R (2.2)

the standard scalar product on R inducing the euclidean norm || - ||.

For a matrix A € M,,, v(R), m € N, ||A]| denotes the norm of A as a linear
operator from RY to R™.

For notational convenience, here and below a vector x € R will be thought
as a column vector x € My ;(R), thus x* will be the row vector transposed
of x.

We consider the linear system
Ax =D, (2.3)

with A € GLy(R) symmetric and positive definite, b € RY, N >> 1.
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Definition 2.1.1. The conjugate gradient method for solving (2.3) generates
a sequence {Xy bren in RY such that for each k the k-th iterate x;, minimizes

p(x) = %X*AX —x'b (2.4)

on Xg + Kr_1(A;rg), with rg := b — Axy.

Of course, when the minimization is made on the whole space, then the
minimizer is the exact solution x!.
Due to the assumptions made on the matrix A, there are an orthogonal
matrix U € Oy (R) and a diagonal matrix A = diag{\, ..., Ay}, with A; > 0
for every ¢ = 1, ..., N, such that

A = UAU* (2.5)
and (2.5) can be used to define on RY the so called A-norm

|x||a = Vx*Ax. (2.6)

It turns out that the minimization property of x; can be read in terms of

this norm:
Proposition 2.1.1. IfQ C RY and x;, minimizes the function ¢ on ), then
it minimizes also ||x" — x||a = |Ir]|a-1 on Q, withr =b — Ax.
Proof. Since Ax' = b and A is symmetric, we have
[x' —x|3 = (x = x)*A(x' —x) = x"Ax — x*Ax' — (x/)*Ax + (x")*Ax!
= x"Ax — 2x*b + (x")*Ax = 2¢(x) + (x!)*Ax.
(2.7)
Thus the minimization of ¢ is equivalent to the minimization of |x" — x||4

(and consequently of ||x" — x][a).

Moreover, using again the symmetry of A,
I —xMA = (A(x = x))" A7 (A(x - xT)) = (Ax — b)"A7'(Ax — b)
= |Ax —b[3-

and the proof is complete. O
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Remark 2.1.1. Proposition 2.1.1 has the following consequences:
1. The k-th iterate of CG minimizes the the approximation error
€ =X — X!

in the A-norm in the shifted Krylov space xq + Kr_1(A;1p).

Since a generic element X of xg + Kx_1(A;1rg) can be written in the

form
k-1 k-1
X=x0+ » VArg=x0+ ZyjAj“(xT —Xo)
=0 =0

for some coefficients 7y, ..., Yk—1, if we define the polynomials

k—1

-1 A) = j)\j,
Qi—1(A) ;7 (2.9)

Pr(A) == 1= Agr-1(X),

we obtain that

(2.10)

Hence the minimization property of X, can also be written in the form

1" — ][ = min [|p(A)(x" — x0)|[a, (2.11)
pell?

where 11 is the the set of all polynomials p of degree equal to k such
that p(0) = 1.

2. For every p € Il := {polynomials of degree k} one has
p(A) =Up(A)U".

Moreover, the square root of A is well defined by Az = UA%U*, with
1 1
A = diag{A7, ..., A} } and immediately there follows

Ix[I3 = [|A2x|?, x € RY. (2.12)
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Consequently, since the norm of a symmetric, positive definite matriz

15 equal to its largest eigenvalue, we easily get:
Ip(A)x|[a = lIp(A)Azx]| < [[p(A)][[|x]la, ¥x € RY, Vp € TTy, (2.13)

T < f_ i A 2.14
I =l < 7 o) i e PN (214)

where spec(A) denotes the spectrum of the matriz A.
The last inequality can be reinterpreted in terms of the relative error:

Corollary 2.1.1. Let A be symmetric and positive definite and let {X}ren
be the sequence of iterates of the CG method. If k > 0 is fized and p is any

polynomial in T1Y, then the relative error is bounded as follows:

T
IxT = ulla o e o). (2.15)

||XJr — XOHA " \&spec(A)
This leads to the most important result about the Conjugate Gradient
method in RY,

Theorem 2.1.1. If A € GLy(R) is a symmetric and positive definite matrix
and b is any vector in RN, then CG will find the solution x' of (2.3) in at

most N iterative steps.

Proof. Tt is enough to define the polynomial

N
A — A
— )\ — ‘] ’
P =11 y
7=1
observe that p belongs to IT1% and use Corollary 2.1.1: since p vanishes on

the spectrum of A, ||x" — x;||a must be equal to 0. O

This result is of course very pleasant, but not so good as it seems: first,
if N is very large, N iterations can be too many. Then, we should remember
that we usually have to deal with perturbed data and if A is ill-conditioned
finding the exact solution of the perturbed system can lead to very bad

results. The first problem will be considered immediately, whereas for the
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second one see the next sections.
A-priori information about the data b and the spectrum of A can be very
useful to improve the result stated in Theorem 2.1.1: we consider two different

situations in which the same improved result can be shown.

Proposition 2.1.2. Let u; € RN, j=1,...,N, be the columns of a matriz
U for which (2.5) holds. Suppose that b is a linear combination of k of these
N eigenvectors of A:

k
b:Z%uil, weER, 1<i;<..<iy<N. (2.16)
=1

Then, if we set xo := 0, CG will converge in at most k iteration steps.

Proof. For every | = 1,...,k, let \;, be the eigenvalue corresponding to the

eigenvector u;,. Then obviously

X]L = Z luil
=1 "
and we proceed as in the proof of Theorem 2.1.1 defining

s =] Ai}i_ A

=1 !

Now p belongs to II) and vanishes on \;, for every [, so

k
p(A)X' = 3" B(N) 3w, =0
2

=1

and we use the minimization property
Ix" = xx[[a < [Ip(A)x"]la =0
to conclude. m

In a similar way it is possible to prove the following statement.
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Proposition 2.1.3. Suppose that the spectrum of A consists of exactly k
distinct eigenvalues. Then CG will find the solution of (2.3) in at most k

iterations.

One can also study the behavior of the relative error measured in the

euclidean norm in terms of the condition number of the matrix A:

Proposition 2.1.4. 1. Let \y > Xy > ... > Ay be the eigenvalues of A.

Then for every x € RN we have

Ixllar < Ax]| < [x]laA- (2.17)
2. If ko(A) := ||A||||A7Y| is the condition number of A, then

b—- A —xf
|| HbHXkHS\/mHFOH ka XHA. (2.18)

[IbI] %0 — x|

Proof. Let u; € RY (j = 1,...,N) be the columns of a matrix U as in the
proof of Proposition 2.1.2. Then

N
Ax = Z)\ (ujx)uy,
j=1
SO
N
1
Anlxla = AvllAZx]R = Av D A (u)x)®
j=1
N (2.19)
2 * )2 L2 2
< JJAx[* < M) A(wx)? = M Azx]i = MxlA
j=1
which proves the first part.
For the second statement, recalling that ||A~!|| = A\ and using the previous

inequalities, we obtain

b — Axpll _ AT =x)ll _ /A fIxT = xxlla \/—ka —x'|la
lroll AT =x0)[| = V Aw [[xF = xol|a o — xTla”

O
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At last, we mention a result of J.W. Daniel (cf. [8]) that provides a bound

for the relative error, which is, in some sense, as sharp as possible:

e = xlla _ oA —1)" 220
%o = xMla =\ \/ko(A)+1) ’

We conclude the section with a couple of examples that show clearly the

efficiency of this method.

Example 2.1.1. Suppose we know that the spectrum of the matriz A 1is

contained in the interval 1 :=]9,11[. Then, if we put x¢ := 0 and

(10 — A)F

ﬁk()‘> = 10k )

since py, lies in 1Y the minimization property (2.11) gives

—xf l 5 -5 —10-F
e = xTlla < [Ix'[] mec [pe(N)] = pi(9) = 207" (2:21)

Thus after k iteration steps, the relative error in the A-norm will be reduced
of a factor 1072 when 107% < 1073, d.e. when k > 3.
Observing that rko(A) < 4. the estimate (2.18) can be used to deduce that

| Ax. —b|| _ VT

107% 2.22
b = 22

so the norm of the residual will be reduced of 1072 when 107F < \/%10_3, i.e.

when k > 4. Moreover, since the function A — g;i 18 strictly increasing in

10, 400, ﬁ”:ziii: 15 bounded by \/\/%:;’ and Daniel’s inequality provides an

improved version of (2.21).

Even Daniel’s estimate can be very pessimistic if we have more precise
information about the spectrum of A. For instance, if all the eigenvalues
cluster in a small number of intervals, the condition number of A can be
very huge, but CG can perform very well, as the following second example

shows.
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Example 2.1.2. Suppose that the spectrum of A is contained in the intervals
I := (1,1.50) and Iy := (399,400) and put xq := 0.

The best we can say about the condition number of A is that ro(A) < 400,
which inserted in Daniel’s formula gives

I — x| 19\ ;
T <2(5) = 2(0.91)", (2.23)

predicting a slow convergence.

However, if we take

(1.25 — \)k(400 — \)%

Pa(V) = om0y
we easily see that
max [pae] < (222) = (0.2 (2.24)
A€spec(A) Pak — \ 1.25 I ' .

providing a much sharper estimate. More precisely, in order to reduce the
relative error in the A-norm of the factor 10~% Daniel predicts 83 iteration
steps, since 2(0.91)% < 1073 when k > —22w00) Q9 5 Instead, according

log;((0.91)
to the estimate based on psy, the relative error will be reduced of the factor 1073
after k = 3i iterations when (0.2)° < 1073, i.e. when i > —logm% ~ 4.3,

hence it predicts only 15 iterations!

In conclusion, in the finite dimensional case we have seen that the Con-
jugate Gradient method combines certain minimization properties in a very
efficient way and that a-priori information can be used to predict the strength
of its performance. Moreover, the polynomials q; and p; can be used to un-

derstand its behavior and can prove to be very useful in particular cases.

2.2 General definition in Hilbert spaces

In this section we define the conjugate gradient type methods in the usual
Hilbert space framework. As a general reference and for the skipped proofs,

we refer to [27].
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If not said otherwise, here the operator A acting between the Hilbert spaces
X and ) will be self-adjoint and positive semi-definite with its spectrum
contained in [0, 1].}

For n € Ny := NU {0} , fix an initial guess 2o € X of the solution Ay of
Ax = y and consider the bilinear form defined on the space of all polynomials
[T, by

[¢ @D] A) (?/ Al"o) A"w(A) (?/ - AIO))
(2.25)
/ SN Ex(y — Ao,

where {&)\} denotes the spectral family associated to A.

Then from the theory of orthogonal polynomials (see, e.g., [88] Chapter II)
we know that there is a well defined sequence of orthogonal polynomials
{p } such that p e 11, and

oy P, =0, k#4. (2.26)

Moreover, if we force these polynomials to belong to I19, the sequence is uni-
vocally determined and satisfies a well known three-term recurrence formula,
given by

=1, gl = 1ol
(2.27)

n n n n /8 n n
Pty = —a Ap) "‘ng}_o‘k]a[fz} (pk 1_P1[c]>=k21=
k—1

where the numbers agﬂ # 0 and ﬁlin], k > 0 can be computed explicitly (see
below).
The k-th iterate of a conjugate gradient type method is given by

xL”] =T + q,[:_]l(A) (y — Axo), (2.28)

where the iteration polynomials {qL"_]l} are related to the residual polyno-
mials {p"'} via
[n]

n ]- -
A (V) = )\p SHIPEE (2.29)

LOf course, if this is not the case, the equation Az = y can always be rescaled to

guarantee ||Al| < 1.
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The expression residual polynomial for pL"} is justified by the fact that

y—Aa =y — A (o +al” (A)(y - Ao))
=y — Awo — Aqy) (A)(y — Axo)

. (2.30)
= (1= Ad"1(4)) (v - Axo)
= 0 (A)(y — Auo).
Moreover, if y € R(A) and x € X is such that Az =y, then
-2 =1 — 0 —q\" (A)A(z — o) = p(A) (z — z0). (2.31)

In the following sections, in order to simplify the notations, we will omit
the superscript n and the dependance of py and q; from y unless strictly

necessary.

2.3 The algorithms

In this section we describe how the algorithms of the conjugate gradient type
methods can be derived from the general framework of the previous section.
We refer basically to [27], adding a few details.

Let n € Z, n > 0.

Proposition 2.3.1. Due to the recurrence formula (2.27), the iteration poly-

nomials satisfy

q-1 =0, qo= ap,

(2.32)
qr = qk—1 + (Pk + By (k-1 — %-2)) , k> 1.
Ap—1
Proof. By the definition of the iteration polynomials, we have
1—pi(A
das()=1-1=0. q =" _0 s

A
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and for & > 1 the recurrence formula for the p, gives

1—pea(A) 1+ apApr(A) = pr(N) + araty Br(pr-1(A) — pr(N))
A A
A — Nagqr—1(A) + A\qr—1(A) + OékOé;;_llﬁk()\Qk—ﬂ)\) — Adi—2(A))
A

klﬂk (Qre1(N) — Qu—a(N) -

qr(A) =

= axPe(A) + are-1(N) + aa

(2.34)
]

Proposition 2.3.2. The iterates x; of the conjugate gradient type methods

can be computed with the following recursion:

Axg =1y — Axy, T1 = T + oAy,
(2.35)
Az =y — Az + BrAxp_1, xpi1 = xp + apdxy, k> 1

Proof. Since qo = ap, the relation between z; and xq is obvious.
We proceed by induction on k. From the definitions of x; and ., there

follows
Tpe1 = Tk + (qe — qr—1)(A) (Azyp) (2.36)
and now using Proposition 2.3.1 and the induction we have:
(9k — gqr—1)(A)(Azo) = arpr(A)(Axp) + Ojilﬁk(%—l — qr—2)(A)(Axzo)
(9-1 — ar—2)(A4)(Axo)

= ai(y — Axi) + oS

Ok—1

= ay(y — Az + BrAzy_1).
(2.37)
O

Proposition 2.3.3. Define

so:=1, sg:=pr+ OrSk_1, k> 1. (238)

Then for every k > 0 the following relations hold:
Az, = sp(A)(y — Axo), (2.39)

Pk+1 = Pk — QASk. (2.40)
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Proof. For k = 0, the first relation is obviously satisfied. For k > 1, using

induction again we obtain:
Az, = y— Axy + ﬁkA[L’k_l = pk(A)(A[L’o) + ﬁksk_l(A) (AZL’Q) = Sk(A)(A[L’o),

which proves (2.39).

To see (2.40), it is enough to consider the relations

TRl 7O Ay = sp(A)(Ao),
o

Trr1 — o = (Ar(A) — qr-1(A)) (Axo),
A(9e(A) = dr=1(N)) = Pr(A) = Prs1(N)
and link them together. O

Proposition 2.3.4. The sequence {s;} = {sL"}}keN is orthogonal with respect

to the inner product [-,-],+1. More precisely, if ¢ denotes the number of the

nonzero points of increase of the function a(X\) = ||&Ex(Axg)||?, then ?
w_ Lop =R nly nl
Pk = - ) . with 7w, = (p; ) (0) — (pkH) (0)>0 (241)

for every 0 < k < /.

Proof. A well known fact from the theory of orthogonal polynomials is that
pL"] has k simple zeros )\%, j=1,.., k with
0 <AL <AL <o <AL <A <1

As a consequence, we obtain

k A b
(V) =] (1 - —) C 0 == (2.42)

EAY

Thus (pgﬂ)’ (0) < —k. Moreover, the zeros of two consecutive orthogonal

polynomials interlace, i.e.

[n] [n] [n] [n] [n] [n]
0 <A ka1 <ALE <Agkpr <Agp <o <Ak < Mttt

2of course, ¢ can be finite or infinity: in the ill-posed case, since the spectrum of A*A

clusters at 0, it is infinity.
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SO T, > 0 holds true.
Now observe that by the definition of 7, the right-hand side of (2.41) lies
in 1. Denote this polynomial by p. For any other polynomial q € II;_; we

have
]‘ n n 1 n n
Pl = —[p" = Pty e = —— ([} alu — [Py, @) = 0
Tkn Tkn
and since pgﬁ” is the only polynomial in II9 satisfying this equation for
0 [n+1

every q € I} |, p = p,. ! The orthogonality of the sequence {s;} follows

immediately from Proposition 2.3.3. U

Proposition 2.3.5. If the function () defined in Proposition 2.3.4 has
¢ = oo points of increase, the coefficients oy, and [y, appearing in the formulas

(2.35) of Proposition 2.3.2 can be computed as follows:

op = LPePEn (2.43)
[Sk, Sk]n+1
1 n ) n
g1 [Sk—1>5k—1]n+1 [Pk—l, pk—l]n

Otherwise, the formulas above remain valid, but the iteration must be stopped
in the course of the (¢ + 1)-th step since [sg,s¢]nr1 = 0 and oy, is undefined.

In this case, we distinguish between the following possibilities:
o if y belongs to R(A), for every n € Ny :EE"] = Aly;

e if y has a non-trivial component along R(A)* and n > 1, then (I —
o)we = Aly;

e if y has a non-trivial component along R(A)*t and n = 0, then the

conclusion (I — &)z, = Ay does not hold any more.

Proof. Note that in the ill-posed case (2.43) and (2.44) are well defined, since
all inner products are nonzero. By the orthogonality of {ps} and Proposition

2.3.3, for every k > 0 we have

0 = [Pr+1,Skln = [Pr>Skln — Qr[ASk, Sk]n = [Pks PR — Qk[Sk, Sk]nt1,
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which gives (2.43).
For every k > 1, the orthogonality of {s;} with respect to [, |,+1 yields

0= [Sk, Sk—l]n+1 = [le )\Sk—l]n + ﬁk[sk—bsk—l]nﬂ

1

= 1 [Pks Pe—1 — Prln + Br[Sk—1,Sk—1]nt1 (2.45)

= - [Pk Prln + BrlSk—1, Sk—1]n+1,
Qp—1

which leads to (2.44).
Now suppose that ¢ < oco. Then the bilinear form (2.25) turns out to be

otl= [ AN = NN (246)

if y € R(A) orif n > 1, whereas if neither of these two conditions is satisfied
Ao := 0 is the (¢ + 1)-th point of increase of a(\) and

¢
(6,01 =Y A0(\)P ().
=0
If y € R(A), since there exists a unique polynomial pL"] € I} perpendicular
to II;_1 such that pL"](Aj) = 0 for j = 1,....,k and consequently satisfying
[Pks PE)n = 0, then ||:E£"] —2T||2 = [|pe(A)(zo — 2)||> = 0. If y does not belong
to R(A) and n > 1, since (2.46) is still valid, due to the same considerations
we obtain (I — @@O)xgn] = z'. Finally, in the case n = 0 it is impossible to find

pL"] as before, thus the same conclusions cannot be deduced. O

From the orthogonal polynomial point of view, the minimization property
of the conjugate gradient type methods turns out to be an easy consequence

of the previous results.

Proposition 2.3.6. Suppose n > 1, let x; be the k-th iterate of the corre-
sponding conjugate gradient type method and let x be any other element in
the Krylov shifted subspace xo + Kp_1(A;y — Axy). Then

1A (y = Aay)|| < (|42 (y — Ax)| (2.47)
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and the equality holds if and only if x = xy,.
n—1

Ifn=0 andy € R(A2), then |A"2 (y — Axy)|| is well defined and the same

result obtained in the case n > 1 remains valid.

Proof. Consider the case n = 1. In terms of the residual polynomials py,
(2.47) reads as follows:

[Pe, Prln1 < [p,p], for every p € 9.

Since for every p € II9 there exists s € II;_; such that p — pr = As, by

orthogonality we have

P, Pln—1 = [Pk: Piln—1 =[P — Pk, P+ PiJn—1 =[5, As + 2pi),, = [s,5]ns1 > 0,

and the equality holds if and only if s =0, i.e. if and only if p = pg.
Ifn=0andy € R(A%), then [pg, pr]—1 is well defined by

[Prs Pi)t = / P2 (WA Ex(y — Axo)?
0+

and the proof is the same as above. O

Note that in the case n = 0 this is the same result obtained in the discrete
case in Proposition 2.1.1.
The computation of the coefficients ay, and S allows a very easy and cheap
computation of the iterates of the conjugate gradient type-methods.
We focus our attention on the cases n = 1 and n = 0, corresponding respec-
tively to the minimal residual method and the classical conjugate gradient
method.

2.3.1 The minimal residual method (MR) and the con-
jugate gradient method (CG)

e In the case n = 1, from Proposition 2.3.6 we see that the corresponding
method minimizes, in the shifted Krylov space xg + Kr_1(A4;y — Axg),
the residual norm. For this reason, this method is called minimal resi-
dual method (MR). Propositions 2.3.1-2.3.5 lead to Algorithm 1.
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e In the case n = 0, using again Propositions 2.3.1-2.3.5 we find (cf.
Algorithm 2) the classical Conjugate Gradient method originally pro-
posed by Hestenes and Stiefel in [45] in 1952. If y € R(A), then ac-
cording to Proposition 2.3.6, the k-th iterate z; of CG minimizes the
error x' — y in @+ Kp_1(A; y — Axg) with respect to the energy-norm
(a7 — a2y, Az’ — 2)).

Looking at the algorithms, it is important to note that for every iterative
step MR and CG must compute only once a product of the type Av with v
€ X.

Algorithm 1 MR

ro =y — Azo;
d = ro;
Ad = Arg;
k=0;

while (not stop) do
a = (ry, Ar) /|| Ad|)*;
Tpy1 = T} + ad;
The1 = Tk — @ Ad;
B = (rri1, Arpyr) /(rr, Arp);
d = rp41 + 0d;
Ad = Ary1 + BAd;
k=k+1,;

end while

2.3.2 CGNE and CGME

Suppose that the operator A fails to be self-adjoint and semi-definite, i.e. it
is of the type we discussed in Chapter 1. Then it is still possible to use the
conjugate gradient type methods, seeking for the (best-approximate) solution

of the equation
AAv =y (2.48)
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Algorithm 2 CG

ro =y — Axo;
d = ry;
k = 0;

while (not stop) do
a = [|Ire]|?/(d, Ad);
Tpp1 = T + ad;
The1 = T — @ Ad;

B = llreall?/ sl

d = 141 + Bd;
k=Fk+1;
end while

and putting z = A*v.

In this more general case, we shall denote as usual with {F\} the spectral
family of A*A and with {F)} the spectral family of AA*. All the definitions
of the self-adjoint case carry over here, keeping in mind that they will always

refer to AA* instead of A and the corresponding iterates are
Vi = Vg + qk_l(AA*)(y — ALL’()) (249)

The definition of the first iterate vy is not important, since we are not intere-
sted in calculating v, but we are looking for xyp. Thus we multiply both
sides of the equation (2.49) by A* and get

T = X + A*qk_l(AA*)(y — ASL’(]) = 2o + Qk_l(A*A)A*(y — ASL’(]) (250)

As in the self-adjoint case, the residual y — Az is expressed in terms of the

residual polynomials p; corresponding to the operator AA* via the formula
y — Az = pr(AA™) (y — Axy) (2.51)
and if y = Az for some x € X', then

x — 1 = pp(AA™)(x — x0). (2.52)
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As in the self-adjoint case, we consider the possibilities n = 1 and n = 0.

e [f n =1, according to Proposition 2.3.6, the iterates z; minimize the
residual norm in the Krylov shifted space x4 Kr_1(A*A; A*(y — Axy)),
cf. Algorithm 3.

A very important fact concerning this case is that this is equal to the

direct application of CG to the normal equation
A*Ax = Ay,

as one can easily verify by using Proposition 2.3.6 or by comparing the
algorithms. This method is by far the most famous in literature and is
usually called CGNE, i.e. CG applied to the Normal Equation.

e It is also possible to apply CG to the equation (2.48), obtaining Algo-
rithm 4: this corresponds to the choice n = 0 and by Proposition 2.3.6
if y € R(A) the iterates z; minimize the error norm |zf — z;|| in the

corresponding Krylov space.?

We conclude this section with a remark: forming and solving the equation
(2.48) can only lead to the minimal norm solution of Az = y, because the
iterates z, = A*vy lie in R(A*) C ker(A)*t, which is closed. Thus, if one is

looking for solutions different from x', then should not rely on these methods.

2.3.3 Cheap Implementations

In [27] M. Hanke suggests an implementation of both gradient type methods
with n = 1 and n = 0 in one scheme, which requires approximately the same
computational effort of implementing only one of them. For this purpose,
further results (gathered in Proposition 2.3.7 below) from the theory of or-

thogonal polynomials are needed.

3The reader should keep in mind the difference between CG and CGME: the former
minimizes zj — 2 in the energy norm, whereas the latter minimizes exactly the norm of

the error ||z7 — x]|.
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Algorithm 3 CGNE

ro =y — Axo;
d= A*T’Q;
k = 0;

while (not stop) do
a = [|Ary|]?/]|Ad]]*;
Tp1 = T + ad;
The1 = Tk — QAd;
B = Il A |12/l A7l
d = A*rpy1 + Bd;
k=Fk+1;

end while

Algorithm 4 CGME

ro =y — Axg;
d= A*ry;
k = 0;

while (not stop) do
a = [rgl?/lldl%;
Tpy1 = Tp + ad;
Th1 = T — @ Ad;
B = Nreall?/llrsll?s
d = A*rp + Bd;
k=Fk+1;

end while
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For simplicity, in the remainder we will restrict to the case in which A is a
semi-definite, self-adjoint operator and the initial guess is the origin: zy = 0.
For the proof of the following facts and for a more exhaustive coverage of
the argument, see [27]. The second statement has already been proved in

Proposition 2.3.4.
Proposition 2.3.7. Fiz k € Ny, k < (. Then:

1. Forn € N, the corresponding residual polynomial pL"} can be written in
the form

=

e LT M N St (2.53)
7=0

and

k —1
n—1 n n n—1 n—1
1A (y — Azl™)|2 = [pL%pLHn_1=<Z[p§ b} Wnll) :

=0

(2.54)
The same is true for n = 0 if and only if &y = 0, i.e. if and only if
the data y has no component along R(A)*.

2. Forn € Ny there holds:

[n] [n]
mty] L P — Pii1 9 55
Pk Thn A ( : )
3. Forn € N, m,, = (pL"})’(O) — (pﬁﬂl)’(o) is also equal to
N Y 1 e 0, G e PR
’ oyt i, [

Starting from Algorithm 1 and using Proposition 2.3.7, it is not difficult to
construct an algorithm which implements both MR and CG without further
computational effort. The same can be done starting from CGNE. The
results are summarized in Algorithm 5 (6), where z and z; are the iterates
corresponding respectively to CG (CGME) and MR (CGNE).

Once again, we address the reader to [27] for further details.
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Algorithm 5 MR+CG

Lo = 2o;

ro =y — Az;
d = rg;

p1 = Arg;

p2 = Ad;
k= 0;

while (not stop) do
a = (re,p1)/|Ip2ll;
i1 = 2 + ad;
™= |Irxll?/{rr, p1)
T+1 = T+ TTg;

Tk41 = Tk — QP23

t= Arpyq;
B = (res1, t)/{re: pr);
d = rip + Bd;
p1 =1
p2 =1+ Op2;
k=Fk+1;

end while

2.4 Regularization theory for the conjugate

gradient type methods

This section is entirely devoted to the study of the conjugate gradient me-
thods for ill-posed problems. Although such methods are not regularization
methods in the strict sense of Definition 1.9.1, as we will see they preserve the
most important regularization properties and for this reason they are usually
included in the class of regularization methods. Since the results we are going
to state can nowadays be considered classic and are treated in great detail
both in [27] and in [17], most of the proofs will be omitted. The non-omitted
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Algorithm 6 CGNE+CGME

Ty = 20,

ro =y — Az;
d = A*rg;

p1 = d;

p2 = Ad;
k=0;

while (not stop) do
a = [pil*/lp2
21 = 2+ ad;
m = |rel?/llpa |12

Tpy1 = XTp + 71,

12

Tk+1 = T — QP2;

t = A*rpqq;
B=1tl1?/p: 1%
d=1t+ pd,
=1
p2 = Ad;
k=Fk+1;

end while

proofs and calculations will serve us to define new stopping rules later on.
We begin with an apparently very unpleasant result concerning the stability

properties of the conjugate gradient type methods.

Theorem 2.4.1. Let the self-adjoint semi-definite operator A be compact and
non-degenerate. Then for any conjugate gradient type method with parameter
n € Ny and for every k € N, the operator R;, = RI[C"} that maps the data y
onto the k-th iterate x), = xgﬁn} is discontinuous in X .

Moreover, even in the non compact case, Ry is discontinuous aty if and only

if &oy belongs to an invariant subspace of A of dimension at most k — 1.

Every stopping rule for a conjugate gradient type method must take into
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account this phenomenon. In particular, no a-priory stopping rule k(4) can
render a conjugate gradient type method convergent (cf. [27] and [17]). At
first, this seems to be discouraging, but the lack of discontinuity of R} is
not really a big problem, since it is still possible to find reliable a-posteriori
stopping rules which preserve the main properties of convergence and order
optimality.

Before we proceed with the analysis, we have to underline that the methods
with parameter n > 1 are much easier to treat than those with n = 0. For

this reason, we shall consider the two cases separately.

2.4.1 Regularizing properties of MR and CGNE

As usual, we begin considering the unperturbed case first.

Proposition 2.4.1. Let y € R(A) and let ny and ny be integers with ny < no
and [1,1},, < +oco. Then [P;[:Z], P,Efm]]n1 is strictly decreasing as k goes from 0
to /.

This has two important consequences:

Corollary 2.4.1. If y € R(A) and x = xL"} are the iterates of a conjugate
gradient type method corresponding to a parameter n > 1 and right-hand side

y, then
o The residual norm ||y — Axy|| is strictly decreasing for 0 < k < (.
o The iteration error ||x7 — x| is strictly decreasing for 0 < k < ¢.

To obtain the most important convergence results, the following estimates
play a central role. We have to distinguish between the self-adjoint case and
the more general setting of Section 2.3.2. The proof of the part with the
operator AA*, which will turn out to be of great importance later, can be

found entirely in [17], Theorem 7.9.

Lemma 2.4.1. Let A\ < ... < A\ be the the zeros of py. Then:
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e In the self-adjoint case, fory € X,

ly = Azi]| < [|€5, oAyl

with the function () := pr(N) /\f‘:ﬁ/\ satisfying

0< @A) <1, Nep(\) <A4pL0)]7" 0< A< Ay

e [n the general case with AA*, fory € Y,

|y — Azg|| < [[F),, 0x(AA™)Y,

with the function () := pr(N) (Qi;) : satisfying

0< @A) <1, Agp(A) < [pr(0)]7h, 0 <A< gy

This leads to the following convergence theorem.

75

(2.57)

(2.58)

(2.59)

(2.60)

Theorem 2.4.2. e Suppose that A is self-adjoint and semi-definite. If
y € R(A), then the iterates {xy} of a conjugate gradient type method

with parameter n > 1 converge to Aly as k — +oo. Ify ¢ R(A) and
(= o0, then ||z — +o0 as k — +o00. Ify ¢ R(A) and { < oo then

the iteration terminates after { steps, Ax, = &y and x, = A'y

only if £ = 0.

if and

o Let A satisfy the assumptions of Section 2.3.2 and let {x;} be the itera-

tes of a conjugate gradient type method with parameter n > 1 applied
with AA*. If y € D(A"), then x), converges to Aly as k — +oo, but if

y & D(A"), then ||zx|| — +oo as k — +o0.

Theorem 2.4.2 implies that the iteration must be terminated appropria-

tely when dealing with perturbed data 3° ¢ D(AT), due to numerical insta-

bilities.

Another consequence of Lemma 2.4.1 is the following one:
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Lemma 2.4.2. Let 2% be the iterates of a conjugate gradient type method
with parameter n > 1 corresponding to the perturbed right-hand side y° and
the self-adjoint semi-definite operator A. If the exact right-hand side belongs
to R(A) and { = oo, then

likmsuplly‘s—AxiH <y =4I (2.61)

——+00

Moreover, if the exact data satisfy the source condition
Aly e Xe,, p>0, p>0, (2.62)
then there exists a constant C > 0 such that
Iy’ — Az | < lly = Il + ClpL(0) ™ p, 1<k <L (2.63)

The same estimate is obtained for the gradient type methods working with

pt1

AA* instead of A, but the exponent —p — 1 must be replaced by —55~.

Assuming the source condition (2.62), it is also possible to give an esti-

mate for the error:

Lemma 2.4.3. Let 2% be the iterates of a conjugate gradient type method
with parameter n > 1 corresponding to y° and the self-adjoint semi-definite
operator A. If (2.62) holds, then for 0 < k <,

Aty = afll < € (1B (y = 9) B O)] + pr i MET ), (2.64)
where C' is a positive constant depending only on p, and
M;, = max{|ly’ — Az}, |v° — y[}- (2.65)

In the cases with AA* instead of A, the same is true, but in (2.64) |p}(0)]
must be replaced by |p(0)]2.

We underline that in Hanke’s statement of Lemma 2.4.3 (cf. Lemma
3.8 in [27]) the term ||Fy,, (y — ¢°)|| in the inequality (2.64) is replaced by
|y —v°||. This sharper estimate follows directly from the proof of the Lemma
3.8 in [27].

Combining Lemma 2.4.2 and Lemma 2.4.3 we obtain:
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Theorem 2.4.3. Ify satisfies the source condition (2.62) and ||y’ —y|| <6,
then the iteration error of a conjugate gradient type method with parameter

n > 1 associated to a self-adjoint semi-definite operator A is bounded by
|ATy — 22 < C (P (0)] o + [pL(0)]6) , 1<k <L (2.66)

In the cases with AA* instead of A, the same estimate holds, but |p}.(0)| must
be replaced by |p(0)]2.

Theorem 2.4.3 can be seen as the theoretical justification of the well
known phenomenon of the semi-convergence, which is experimented in prac-
tical examples: from (2.66), we observe that for small values of k the right-
hand side is dominated by |p,.(0)| #p, but as k increases towards +oo, this
term converges to 0, while |p}.(0)|d diverges. Thus, as usual, there is a pre-
cise value of k that minimizes the error |[ATy — 22| and it is necessary to
define appropriate stopping rules to obtain satisfying results. In the case of
the conjugate gradient type methods with parameter n > 1, the Discrepancy

Principle proves to be an efficient one.

Definition 2.4.1 (Discrepancy Principle for MR and CGNE). Assume
|y —y|| < 6. Fiz a number 7 > 1 and terminate the iteration when, for the

first time, ||y° — AxzS|| < 78. Denote the corresponding stopping index with
kD = kD((;a yé)

A few remarks are necessary:

(i) The Discrepancy Principle is well defined. In fact, due to Lemma 2.4.2,
for every § and every y° such that ||y° — y|| < § there is always a finite
stopping index such that the corresponding residual norm is smaller

than 74.

(i) Since the residual must be computed anyway in the course of the itera-
tion, the Discrepancy Principle requires very little additional compu-

tational effort.
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The following result is fundamental for the regularization theory of conjugate
gradient type methods. For MR and CGNE it was proved for the first time by
Nemirovsky in [70], our statement is taken as usual from [27], where a detailed
proof using the orthogonal polynomial and spectral theory framework is also

given.

Theorem 2.4.4. Any conjugate gradient type method with parameter n > 1
with the Discrepancy Principle as a stopping rule is of optimal order, in
the sense that it satisfies the conditions of Definition 1.11.2, except for the

continuity of the operators Ry.

It is not difficult to see from the proof of Plato’s Theorem 1.11.1 that
the discontinuity of R; does not influence the result. Thus we obtain also a

convergence result for y € R(A):

Corollary 2.4.2. Let y € R(A) and ||y’ —y|| < 0. If the stopping index for
a conjugate gradient type method with parameter n > 1 is chosen according

to the Discrepancy Principle and denoted by kp = kp(d,1°), then

lim sup |z} — Aly|| = 0. (2.67)

0
TV yieBs(y)

2.4.2 Regularizing properties of CG and CGME

The case of conjugate gradient type methods with parameter n = 0 is much
harder to study. The first difficulties arise from the fact that the residual
norm is not necessarily decreasing during the iteration, as the following exam-

ple shows:

Example 2.4.1. Let A € My(R) be defined by

T 0
A:(O 1>7 (2.68)

2
T>0, and let xo =0 and y = ( ) ) Then according to Algorithm 2 we

2T
have: to =y, Arg = < : ), a = 2= and x; = 2=5y. Therefore, if T is
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sufficiently small, we have

92 _ 107

Iy — Ax|| = 4
1—

4741

Moreover, in the ill-posed case it is necessary to restrict to the case where
the data y belongs to R(A) (and not to D(A')):

> V5 = |yl = [ly — Axol.

Theorem 2.4.5. If y ¢ R(A) and {x} are the iterates of CG (CGME)
then either the iteration breaks down in the course of the (¢ + 1)-th step or

(= +o0 and ||zg|| = +o0 as k — +o0.

However, the main problem is that there are examples showing that the
Discrepancy Principle does not regularize these methods (see [27], Section
4.2). More precisely, CG and CGME with the Discrepancy Principle as a
stopping rule may give rise to a sequence of iterates diverging in norm as ¢
goes to 0. Thus, other stopping criteria have to be formulated: one of the

most important is the following.

Definition 2.4.2. Fiz 7 > 1 and assume ||y — y°|| < §. Terminate the CG
(CGME) iteration as soon as ||y° — AxS|| = 0, or when for the first time

k
D lly — Azd)| 72 > (76) 2. (2.69)
§=0

According to Proposition 2.3.7, the index corresponding to this stopping
rule is the smallest integer k such that [pE], pg}]é < 76, i.e. it is exactly the
same stopping index defined for MR (CGNE) by the Discrepancy Principle,
thus we denote it again by kp. The importance of this stopping criterion lies

in the following result.

Theorem 2.4.6. Let y satisfy (2.62) and let ||y —y°|| < d. If CG or CGME
is applied to y° and terminated after kp steps according to Definition 2.4.2,

then there exists some uniform constant C' > 0 such that

|Aly — | < Cpmrigwe, (2.70)
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Thus, due to Plato’s Theorem, except for the continuity of the operator
Ry, also CG and CGME are regularization methods of optimal order when
they are arrested according to Definition 2.4.2.

We continue with the definition of another very important tool for regulari-

zing ill-posed problems that will turn out to be very useful: the filter factors.

2.5 Filter factors

We have seen in Chapter 1 that the regularized solution of the equation (1.20)

can be computed via a formula of the type

Trey(0) = / 0o (N dEy A"y’ (2.71)

If the linear operator A = K is compact, then using the singular value

expansion of the compact operator the equation above reduces to
Treg(O Zga AN Y0 v, (2.72)

and the sum converges if g, satisfies the basic assumptions of Chapter 1. If we
consider the operator % : ) — ) that maps the elements e;, j = 1,... + o0,

of an orthonormal Hilbert base of ) into u;, we see that for y € Y
+oo
Uy =" (u,y)e;.
j=1
Then, if 7 : X — X is defined in a similar way and A(e;) := Aje;, (2.72) can
be written in the compact form

Treg(0) = VOMU™Y, (2.73)

with ©,(e;) := go(A2)\2e;.

The coefficients

(IDU()\?) = 90()‘?))‘?’ ji=1,..,+o0,
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are known in literature (cf. e.g. [36]) as the filter factors of the regularization
operator, since they attenuate the errors corresponding to the small singular
values ;.

Filter factors are very important when dealing with ill-posed and discrete ill-
posed problems, because they give an insight into the way a method regula-
rizes the data. Moreover, they can be defined not only for linear regulariza-
tion methods such as Tikhonov Regularization or Landweber type methods,
but also when the solution does not depend linearly on the data, as it hap-
pens in the case of Conjugate Gradient type methods, where equation (2.71)
does not hold any more. For example, from formula (2.50) we can see that
forn=20,1

ry) = ql (AT A = VL (NP VAU = Vol (W) NN 2y,

(2.74)
so the filter factors of CGME and CGNE are respectively
2 (A) = ai ()X (2.75)
and
ol(A2) = gl (A2)A? 2.76
k ( ]) qk—l( ]) 7 ( . )

Later on, we shall see how this tool can be used to understand the regularizing

properties of the conjugate gradient type methods.

2.6 CGNE, CGME and the Discrepancy Prin-
ciple

So far, we have given a general overview of the main properties of the conju-
gate gradient type methods and a stopping rule for every method has been
defined.

In the remainder of this chapter, we shall study the behavior of the conju-
gate gradient type method in discrete ill-posed problems. We will proceed

as follows.
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e Analyze the performances of CGNE and CGME arrested at the step
kp = kp(6,9?), i.e. respectively with the Discrepancy Principle (cf.
Definition 2.4.1) and with the a-posteriori stopping rule proposed by
Hanke (cf. Definition 2.4.2). This will be the subject of the current

section.

e Give an insight of the regularizing properties of CGME and CGNE by

means of the filter factors (cf. Section 2.7).

e Analyze the performances obtained by the method with parameter n =
2 (cf. Section 2.8).

Discrete ill-posed problems are constructed very easily using P.C. Hansen’s
Regularization Tools [35], cf. the Appendix.
As an illustrative example, we consider the test problem heat(N) in our pre-

liminary test, which will be called Test 0 below.

2.6.1 Test O

The Matlab command
[A,b,x] = heat(N)

generates the matrix A € GLy(R) (A is not symmetric in this case!), the e-
xact solution x' and the right-hand side vector b of the artificially constructed
ill-posed linear system Ax = b. More precisely, it provides the discretization
of a Volterra integral equation of the first kind related to an inverse heat
equation, obtained by simple collocation and midpoint rule with N points
(cf. [35] and the references therein). The inverse heat equation is a well
known ill-posed problem, see e.g. [17], [61] and [62].

After the construction of the exact underlying problem, we perturb the exact
data with additive white noise, by generating a multivariate gaussian vector
E ~ N(0,Iy), by defining a number ¢ € ]0, 1 representing the percentage
of noise on the data and by setting

b
b’ :=b+e with e= %E (2.77)
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Figure 2.1: Test 0: relative errors (on the left) and optimal solutions (on the
right)

Here and below, 0 is the constant column vector whose components are equal
to 0 and Iy is the identity matrix of dimension N x N.

Of course, from the equation above there follows immediately that 6 = o||b]|
and e ~ N (0,0Iy). In this case, since ||b|| = 1.4775 and ¢ is chosen equal
to 1%, 6 = 1.4775 x 1072,

Next, we solve the linear system with the noisy data b® performing kyax =
40 iteration steps of algorithm 6, by means of the routine cgne_cgme defined
in the Appendix. The parameter 7 > 1 of the Discrepancy Principle is fixed
equal to 1.001. Looking at Figure 2.1 we can compare the relative errors of
CGME (red stars) and CGNE (blue circles) in the first 30 iteration steps.
Denoting with x¢ the CGME iterates and with z the CGNE iterates we

observe:

1. The well known phenomenon of semi-convergence is present in both al-

gorithms, but appears with stronger evidence in CGME than in CGNE.

2. If k£ () and k%(5) are defined as the iteration indices at which, respec-
tively, CGME and CGNE attain their best approximation of x, the
numerical results show that k% (§) = 8 and k#(§) = 24. The correspon-
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Test 0: Comparison of the solutions at k=kD Comparison of CGNE solutions
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(a) Solutions at k = kp (b) Discrepancy and optimal solutions for
CGNE

Figure 2.2: Test 0: comparison between the solutions of CGNE and CGME
at k = kp (on the left) and between the discrepancy and the optimal solution
of CGNE (on the right).

ding relative errors are approximately equal to
ef =0.2097, & =0.0570,

so CGNE achieves a better approximation, although to obtain its best
result it has to perform 16 more iteration steps than CGME.

3. Calculating the iteration index defined by Morozov’s Discrepancy Prin-
ciple we get kp = kp(d,b%) = 15: the iterates corresponding to this
index are the solutions of the regularization methods in Definition 2.4.2
and Definition 2.4.1 (respectively the a-posteriori rule proposed by
Hanke and Morozov’s Discrepancy Principle) and the corresponding

relative errors are approximately equal to
E.p = 2.2347, e,p = 0.0794.

Therefore, even if the stopping rule proposed by Hanke makes CGME a
regularization method of optimal order, in this case it finds a very un-

satisfying solution (cf. its oscillations in the left picture of Figure 2.2).
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Moreover, from the right of Figure 2.2 we can see that CGNE arrested
with the Discrepancy Principle gives a slightly oversmoothed solution
compared to the optimal one, which provides a better reconstruction
of the maximum and of the first components of x' at the price of some

small oscillations in the last components.

Although we chose a very particular case, many of the facts we have described
above hold in other examples as well, as we can see from the next more

significant test.

2.6.2 Test 1

Test 1
1D Test Problems

N noise k:i kE kp eg; eﬁz ei D eﬁz D
Baart | 1000 | 0.1% | 3 | 7 | 4 | 0.1659 | 0.0893 | 1.8517 | 0.1148
Deriv2 | 1000 | 0.1% | 9 | 27 | 21 | 0.2132 | 0.1401 | 1.8986 | 0.1460

Foxgood | 1000 | 0.1% | 2 | 5 | 3 | 0.0310 | 0.0068 | 0.4716 | 0.0070

Gravity | 1000 | 0.1% | 6 | 13 | 11 | 0.0324 | 0.0083 | 1.0639 | 0.0104

Heat 1000 | 0.1% | 18 | 37 | 33 | 0.0678 | 0.0174 | 0.8004 | 0.0198

I-laplace | 1000 | 0.1% | 11 | 38 | 19 | 0.2192 | 0.1856 | 1.7867 | 0.1950

Phillips | 1000 | 0.1% | 4 | 12| 9 | 0.0243 | 0.0080 | 0.1385 | 0.0089
Shaw 1000 | 0.1% | 6 | 14 | 8 | 0.0853 | 0.0356 | 0.2386 | 0.0474

2D Test Problems

N | noise ki k;g kp Eg; Eﬁz Ei D Eﬁz D
Blur 2500 | 2.0% | 9 | 12| 7 | 0.1089 | 0.1016 | 0.1161 | 0.1180
Tomo | 2500 | 2.0% | 13 | 22 | 11 | 0.2399 | 0.2117 | 0.2436 | 0.2450

Table 2.1: Numerical results for Test 1.

We consider 10 different medium size test problems from [35]. The same
algorithm of Test 0 is used apart from the choices of the test problem and of

the parameters o, N and kjp;ax = 100. In all examples the white gaussian
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noise is generated using the Matlab function rand and the seed is chosen equal
to 0. The results are gathered in Table 2.1.

Looking at the data, one can easily notice that the relations
ko< kb el >et kp <k

hold true in all the examples considered. Thus it is natural to ask if they are
always verified or counterexamples can be found showing opposite results.
Another remark is that very often kp > k% and in this case the correspon-

ding error is very huge.

2.6.3 Test 2

The following experiment allows to answer the questions asked in Test 1 and
substantially confirms the general remarks we have made so far.

For each of the seven problems of Table 2.2 we choose 10 different values
for each of the parameters N € {100, 200, ..., 1000}, o € {0.1%,0.2%, ..., 1%}
and the Matlab seed € {1, ..., 10} for the random components of the noise on
the exact data. In each case we compare the values of k% and kf with kp and
the values of &%, with £f. The left side of the table shows how many times, for
each test problem, e? < & and vice versa. The right-hand side shows how
many times, for each problem and for each method, the stopping index kp
is smaller; equal or larger than the optimal one. In this case the value of 7
has been chosen equal to 1 + 107!, From the results, summarized in Table

2.2, we deduce the following facts.

e It is possible, but very unlikely, that ¥ < # (this event has occurred
only 22 times out of 7000 in Test 2 and only in the very particular test

problem foxgood, which is severely ill-posed).

e The trend that emerged in Test 0 and Test 1 concerning the relation
between kp and the optimal stopping indices k% and kf is confirmed in

Test 2. The stopping index kp provides usually (but not always!) a
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Test 2
Best err. perf. Stopping
CGNE | CGME kp <k* | kp =k* | kp > k*
Baart 1000 0 CGNE 564 372 64
CGME 0 545 455
Deriv2 1000 0 CGNE 882 112 6
CGME 0 0 1000
Foxgood 978 22 CGNE 483 426 91
CGME 0 532 468
Gravity 1000 0 CGNE 861 118 21
CGME 0 1 999
Heat 1000 0 CGNE 991 9 0
CGME 0 1 999
Phillips | 1000 0 CGNE 751 207 42
CGME 0 48 952
Shaw 1000 0 CGNE 806 185 9
CGME 0 4 996
Total 6978 22 CGNE 5338 1429 233
CGME 0 1031 5869

Table 2.2: Numerical results for Test 2.
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slightly oversmoothed solution for CGNE and often a noise dominated
solution for CGME.

In the problems with a symmetric and positive definite matrix A, it is also
possible to compare the results of CGNE and CGME with those obtained
by MR and CG. This was done for phillips, shaw, deriv2 and gravity and the

outcome was that CGNE attained the best performance 3939 times out of

4000, with 61 successes of MR in the remaining cases.

In conclusion, the numerical tests described above lead us to ask the following

questions:

1. The relations k% < kf and % > % hold very often in the cases consi-
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dered above. Is there a theoretical justification of this fact?

2. The conjugate gradient methods with parameter n = 1 seem to provide
better results than those with parameter n = 0. What can we say about

other conjugate gradient methods with parameter n > 17

3. To improve the performance of CGME one can choose a larger 7. This
is not in contrast with the regularization theory above. On the other
hand, arresting CGNE later means stopping the iteration when the
residual norm has become smaller than ¢, while the Discrepancy Prin-
ciple states that 7 must be chosen larger than 1. How can this be
justified and implemented in practice by means of a reasonable stop-

ping rule?

We will answer the questions above in detail.

2.7 CGNE vs. CGME

In the finite dimensional setting described in Section 2.6, both iterates of
CGME and CGNE will eventually converge to the vector & := Afb?® as de-
scribed in Section 2.1, which can be very distant from the exact solution
x' = A'b we are looking for, since A' is ill-conditioned. The problem is to
understand how the iterates converge to & and how they reach an approxi-
mation of x in their first steps.

First of all, we recall that x¢ minimizes the norm of the error ||x — x| in
Kr_1(A*A; A*b?), whereas z{ minimizes the residual norm ||Ax —b?|| in the
same Krylov space. Thus the iterates of CGME, converging to x as fast as
possible, will be the better approximations of the exact underlying solution
x! in the very first steps, when the noise on the data still plays a secondary
role. However, being the greediest approximations of the noisy solution X,
they will also be influenced by the noise at an earlier stage than the iterates
of CGNE. This explains the relation k% < kf  which is often verified in the

numerical experiments.
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Figure 2.3: Relative error history for CGNE and CGME with a perturbation
of the type € = Aw, for the problem phillips(1000). CGME achieves the
better approximation (gf, = 0.0980, &% = 0.1101).

Moreover, expanding the quantities minimized by the methods in terms of
the noise e, we get

I — x| =[x — x" — Ale|

for CGME and
|[Ax —b’|| = |[Ax —b — €]

for CGNE. In the case of CGME, the error is amplified by the multiplication
with the matrix Af. As a consequence, in general CGME will obtain a
poorer reconstruction of the exact solution x', because its iterates will be
more sensible to the amplification of the noise along the components relative
to the small singular values of A.

This justifies the relation & > &f verified in almost all the numerical
experiments above. We observe that these considerations are based on the
remark that the components of the random vector e are approximately of
the same size. Indeed, things can change significantly if a different kind of
perturbation is chosen (e.g. the SVD components of the noise e decay like
O();)). To show this, consider the test problem phillips(1000), take o = 5%,
define € = Aw, where w is the exact solution of the problem heat(1000) and

put b® = b + &: from the plot of the relative errors in Figure 2.3 it is clear
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Residual polynomials
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Figure 2.4: Residual polynomials for CGNE (blue line) and CGME (red line)

that in this case CGME obtains the best performance and it is not difficult
to construct similar examples leading to analogous results.

This example suggests that it is almost impossible to claim that a method
works better than the other one without assuming important restrictions on
A, 6 and b? and on the perturbation e. Nevertheless, a general remark can
be done from the analysis of the filter factors of the methods. In [36] P. C.
Hansen describes the regularizing properties of CGNE by means of the filter
factors, showing that in the first steps it tends to reconstruct the components
of the solution related to the low frequency part of the spectrum. The analysis
is based on the convergence of the Ritz values )\% (the zeros of the residual
polynomial pgj}) to the singular values of the operator A. From the plot of
the residual polynomials (cf. Figure 2.4) and from the interlacing properties
of their roots we can deduce that the iterates of CGME and CGNE should
behave in a similar way. The main difference is the position of the roots,

which allows us to compare the filter factors of the methods.

Theorem 2.7.1. Let A be a linear compact operator between the Hilbert
spaces X andY and let y° be the given perturbed data of the underlying exact
equation Az =y. Let {\;;uj,v;}jen be a singular system for A. Denote with
2% and 2} the iterates of CGME and CGNE corresponding to y° respectively,
with pLO] and pLH the corresponding residual polynomials and with @LO} (Aj) and
@Lﬂ()\j) the filter factors. Let also )\E%, i=1,....k and )\E,L, i=1,....k be the
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zeros of pLO] and le} respectively.

Then, for every j such that A3 < >\[1(?]k,
D) > o (). (2.78)
Proof. The filter factors of the conjugate gradient type methods are:
o) = a2, n=0,1.

We recall from the theory of orthogonal polynomials that the zeros of pgf}

and of le} interlace as follows:
A <A <D <Al <<l < A (2.79)

Thus, writing down the residual polynomials in the form

k
nl () — A _
j=1 jik
it is very easy to see that pgf} < pE] on |0, >\[10]k] (cf. Figure 2.4) and conse-
quently
0> afl o 1000

0

This result is a theoretical justification of the heuristic considerations of
the beginning of this section: the iterates of CGNE filter the high frequencies
of the spectrum slightly more than the iterates of CGME. Summing up:

e Thanks to its minimization properties, CGNE works better than CGME
along the high frequency components, keeping the error small for a few

more iteration and usually achieving the better results.

e Anyway this is not a general rule (see the counterexample of this section
and the results of Test 2), because the performances of the two methods

strongly depend on the matrix A and on the vectors x', b, e and x,.

e Finding a particular class of problems (or data) in which CGNE always
gets the better results is maybe possible, but rather difficult.
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2.8 Conjugate gradient type methods with

parameter n=2

We now turn to the question about the conjugate gradient type methods
with parameter n > 1, restricting to the case n = 2 for AA*.

From the implementation of the corresponding method outlined in Algorithm
7 and performed by the routine cgn2 defined in the Appendix, we can see that
the computation of a new iterate requires 4 matrix-vector multiplications at
each iteration step, against the only 2 needed by CGNE and CGME.

On the other hand, it is obvious that the same analysis of Section 2.7

Algorithm 7 CG type method with parameter n = 2 for AA*

ro =y — Azo;
d= A*ro;

p2 = Ad;

m1 = p2;

mg = A*my;
k=0;

while (not stop) do
a = [|p2|?/|lm2||;
Tpy1 = T + ad;
Tk4+1 =Tk — QmMmi;
p1 = A"rpi1;
t = Apy;
B = 1tll?/llp=11?;
d = p1 + Bd;
my = Ad;
mo = A*my;
p2 =1;
k=k+1;

end while

will suggest that this method filters the high frequency components of the
spectrum even better than CGNE, because of the relation )\Elll < )\f,l, valid for
alli =1, ..., k. As a matter of fact, the phenomenon of the semi-convergence
appears more attenuate here than in the case of CGNE, as we can see e.g.
from Figure 2.5, where a plot of the relative errors of both methods in the
same assumptions of Test 0 of Section 2.6 has been displayed. Thus, the

conjugate gradient type method with parameter n = 2 is more stable than
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Figure 2.5: Relative error history for CGNE and the conjugate gradient type

method with parameter n = 2 in the assumptions of Test 0 of Section 2.6.

CGNE with respect to the iteration index k (exactly for the same reasons
why we have seen that CGNE is more stable than CGME). This could be an
advantage especially when the data are largely contaminated by the noise.
For example, if we consider the test problem blur(500), with ¢ = 10%, we can
see from Figure 2.6 that the optimal reconstructed solutions of both methods
are similar, but the conjugate gradient type method with parameter n = 2
attenuates the oscillations caused by the noise in the background better than
CGNE.

2.8.1 Numerical results

We compare the conjugate gradient type methods for the matrix AA* with
parameters 1 and 2 in the same examples of Test 2 of Section 2.6, by adding
the test problem i_laplace. From the results of Table 2.3, we can see that the
methods obtain quite similar results. The conjugate gradient type method
with parameter n = 2 usually performs a little bit better, but this advantage
is minimal: the average improvement of the results obtained by the method

with n = 2, namely the difference of the total sums of the relative errors
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Figure 2.6: Comparison between the conjugate gradient type method with
parameter n = 2 and CGNE for the test problem blur(500), with ¢ = 10%.

divided by the total sum of the relative errors of CGNE, is equal to

1683.74 — 686.74]
686.74

= 0.4%.

Concerning the stopping index, we observe that in both cases the Discre-
pancy Principle stops the iteration earlier than the optimal stopping index
in the large majority of the considered cases. We shall return to this impor-
tant topic later.

Our numerical experiments confirm the trend also for a larger noise. Per-
forming the same test with ¢ € {1072,2 x 1072, ...,107'} instead of o €
{1073,2 x 1073, ..., 1072}, we obtain that the method with parameter n = 2
achieves the better relative error in 4763 cases (59.5% of the times) and the
overall sums of the relative errors are 1101.8 for n = 2 and 1115.5 for n = 1.
Thus the average improvement obtained by the method with n = 2 is 1% in
this case.

In conclusion, the conjugate gradient type method with parameter n = 2 has
nice regularizing properties: in particular, it filters the high frequency compo-

nents of the noise even better than CGNE. Consequently, it often achieves
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Comparison of CG type methods: n=1 and n=2
Best err. perf. | Average rel. err. n Discrepancy Stopping
kp <k | kp =kt | kp > Kk?
Baart 598 0.13404 n=1 564 372 64
402 0.13482 n=2 616 321 63
Deriv2 197 0.19916 n=1 882 112
803 0.19792 n=2 965 33
Foxgood 565 0.01862 n=1 483 426 91
435 0.01876 n=2 547 362 91
Gravity 386 0.02179 n=1 861 118 21
614 0.02151 n=2 838 147 15
Heat 294 0.05709 n=1 991 9
706 0.05657 n=2 996 4
I-laplace 447 0.18091 n=1 957 30 13
553 0.18036 n=2 971 18 11
Phillips 441 0.01774 n=1 751 207 42
559 0.01731 n=2 775 204 21
Shaw 548 0.05739 n=1 806 185 9
452 0.05649 n=2 837 156 7
Total 3476 0.08584 n=1 6285 1459 256
4524 0.08546 n=2 6545 1245 210

Table 2.3: Comparison between the CG type methods for AA* with para-
meters 1 and 2. We emphasize that kp is not the same stopping index here

forn=1and n = 2.

the better results and keeps the phenomenon of the semi-convergence less
pronounced, especially for large errors in the data. On the other hand, it is
more expensive than CGNE from a computational point of view, because it
usually performs more steps to reach the optimal solution and in each step
it requires 4 matrix-vector multiplications (against the only 2 required by
CGNE). Despite the possible advantages described above, in our numerical
tests the improvements were minimal, even in the case of a large ¢. For this
reason, we believe that it should be rarely worth it, to prefer the method
with parameter n = 2 to CGNE.
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Chapter 3
New stopping rules for CGNE

In the last sections of Chapter 2 we have seen that CGNE, being both efficient
and precise, is one of the most promising conjugate gradient type methods
when dealing with (discrete) ill-posed problems.

The general theory suggests the Discrepancy Principle as a very reliable stop-
ping rule, which makes CGNE a regularization method of optimal order!. Of
course, the stopping index of the Discrepancy Principle is not necessarily
the best possible for a given noise level § > 0 and a given perturbed data
y°. Indeed, as we have seen in the numerical tests of Chapter 2, it usually
provides a slightly oversmoothed solution. Moreover, in practice the noise
level is often unknown: in this case it is necessary to define heuristic stopping
rules. Due to Bakushinskii’s Theorem a method arrested with an heuristic
stopping rule cannot be convergent, but in some cases it can give more sa-
tisfactory results than other methods arrested with a sophisticated stopping
rule of optimal order based on the knowledge of the noise level.

When dealing with discrete ill-posed problems (e.g. arising from the discre-
tization of ill-posed problems defined in a Hilbert space setting), it is very
important to rely on many different stopping rules, in order to choose the best

one depending on the particular problem and data: among the most famous

Lexcept for the continuity of the operator that maps the data into the k-th iterate of
CGNE, cf. Chapter 2.

97
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stopping rules that can be found in literature, apart from the Discrepancy
Principle, we mention the Monotone Error Rule (cf. [24], [23], [25], [36])
and, as heuristic stopping rules, the L-curve ([35], [36]), the Generalized
Cross Validation ([17] and the references therein) and the Hanke-Raus Cri-
terion ([27], [24]).

In this chapter, three new stopping rules for CGNE will be proposed, ana-
lyzed and tested. All these rules rely on a general analysis of the residual
norm of the CGNE iterates.

The first one, called the Approximated Residual L-Curve Criterion, is an
heuristic stopping rule based on the global behavior of the residual norms
with respect to the iteration index.

The second one, called the Projected Data Norm Criterion, is another heuri-
stic stopping rule that relates the residual norms of the CGNE iterates to
the residual norms of the truncated singular value decomposition.

The third one, called the Projected Noise Norm C'riterion, is an a-posteriori
stopping rule based on a statistical approach, intended to overcome the over-
smoothing effect of the Discrepancy Principle and mainly bound to large

scale problems.

3.1 Residual norms and regularizing proper-

ties of CGNE

This section is dedicated to a general analysis of the regularizing properties
of CGNE, by linking the relative error with the residual norm in the case of
perturbed data.

In their paper [60] Kilmer and Stewart related the residual norm of the

minimal residual method to the norm of the relative error.
Theorem 3.1.1 (Kilmer, Stewart). Let the following assumptions hold:

o The matriz A € GLy(R) is symmetric and positive definite, and in

the coordinate system of its eigenvectors the exact linear system can be
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written in the form
Ax = b, (3.1)

where A = diag{\i, ..., An}, 1 =X > Xy > ... > Ay > 0.

o The ezact data are perturbed by an additive noise e € RN such that its
components e; are random variables with mean 0 and standard deviation

v > 0.

e For a given 0 > 0, let y be the purported solution with residual norm
0 minimizing the distance from the exact solution x, i.e. y solves the

problem?

minimize ||x —y||

(3.2)
subject to  ||b® — Ay||? = 6°.

If ¢ > —1 solves the equation

2

€ 2
; CESYE (33)

then the vector y(c), with components

c)\iei

—_— 4
14+ eX?’ (3-4)

yi(c) == x; +

is a solution of (3.2) and

ey =3 (1255)" (3.5)

i=1

Note that the solution of (3.2) is Tikhonov’s regularized solution with
parameter 62 > 0, where ¢ satisfies (3.3).
As ¢ varies from —1 to 400, the residual norm decreases monotonically from
+00 to 0 and the error norm ||x — y(c)|| decreases from oo to 0 at ¢ =

0 when § = |le||, but then increases rapidly (for further details, see the

2here the perturbed data b® = b + e does not necessarily satisfy ||b® — b|| = 4.
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considerations after Theorem 3.1 in [60]). As a consequence, choosing a
solution with residual norm smaller than ||e|| would result in large errors, so
the theorem provides a theoretical justification for the discrepancy principle
in the case of the Tikhonov method.

However, the solution y(c) can differ significantly from the iterates of the
conjugate gradient type methods.

The following simulation shows that the results of Kilmer and Stewart cannot
be applied directly to the CGNE method and introduces the basic ideas
behind the new stopping rules that are going to be proposed.

Fix N = 1000 and p = 900 and let

A = diag{ A1, s Ay Apit, s An} (3.6)

be the diagonal matrix such that

A > >N>> 0> > A >0 (3.7)
and
1072 i=1,..,p,
A~ ! b (3.8)
108 i=p+1,.. N.

Let A be the vector whose components are the )\; and indicate

)\1 )\p-i-l
A= s A= . (3.9)

Accordingly, set also

b5
e= % ). B=bre=( " |, (3.10)
eN—P bN—p

where b = Ax' and x' is the exact solution of the test problem gravity from
P.C. Hansen’s Regularization Tools.

The left picture of Figure 3.1 shows the graphic of the residual norm of
the CGNE iterates with respect to the iteration index for this test problem
with noise level o = 1%: we note that this graphic has the shape of an L.
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10"

10

——CGNE ——CGNE
4 Discrepancy < Discrepancy
* optimal error + optimal error

Residual norms
e
S
Relative errors
=
O‘

107 L L L L L L L L 1072 T T T T
1 2 3 4 5 6 7 8 9 10 0 5 10 15 20 25

Iteration number Iteration number

(a) Residual norm history (b) Relative error norm history

Figure 3.1: Residual and relative error norm history in a diagonal matrix

test problem with two cluster of singular values and ¢ = 1%.

In general, a similar L-shape is observed in the discrete ill-posed problems,
thanks to the rapid decay of the singular values, as described in [76] and [77].
In fact, in the general case of a non diagonal and non symmetric matrix A,
for b € R(A) and ||b —b°|| < d, § > 0, combining (2.59) and (2.60) we have

1AzZg — b < [|Fx cell + [p(0) 2l < 6 + [pr (021" (3.11)

Since |p}(0)] is the sum of the reciprocals of the Ritz values at the k-th step
and A j is always smaller than Az, a very rough estimate of the residual norm
is given by § + HXTH)\,IJ ? which has an L-shape if the eigenvalues of A decay
quickly enough. Thus the residual norm curve must lie below this L-shaped
curve and for this reason it is often L-shaped too.

We consider now the numerical results of the simulation. Comparing the
solution obtained by the Discrepancy Principle (denoted by the subscript D)

with the optimal solution (denoted with the superscript f) we have:
e k¥ =5 and kp = 3 for the stopping indices;

o [b? — Az, || ~ 1.32 x 107 and ||b° — Az} || ~ 3.71 x 107* for the

residual norms;
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o ¥~ 1.09 x 1072 and ep ~ 1.50 x 1072 for the relative error norms (a
plot of the relative error norm history is shown in the right picture of
Figure 3.1).

Note that |[en_p|| ~ 1.29 x 107 is very close to ||b® — Az, ||: this suggests to
stop the iteration as soon as the residual norm is lower or equal to 7||ey_,||
for a suitable constant 7 > 1 (instead of 74, as in the Discrepancy Principle).
This remark can be extended to the general case of a discrete ill-posed pro-
blem. In fact, the stopping index of the discrepancy principle is chosen large

|=1/2 is lower than (7 — 1)§ in the residual norm

1/2

enough so that ||xT|||p;(0)
estimate (3.11) and small enough so that the term 0|p}(0)|'/? is as low as
possible in the error norm estimate (2.64) in Chapter 2. However, in the
sharp versions of these estimates with ¢ replaced by || F), , (b® —b)]|, when k
is close to the optimal stopping index kf, F: A\ 1s the projection of the noise
onto the high frequency part of the spectrum and the quantity ||F, el is a
reasonable approximation of the residual norm threshold ex_,, considered in
our simulation with the diagonal matrix.

Summarizing:

e the behavior of the residual norm plays an important role in the choice
of the stopping index: usually its plot with respect to k has the shape
of an L (the so called Residual L-curve);

e the norm of the projection of the noise onto the high frequency part of
the spectrum may be chosen to replace the noise level § as a residual

norm threshold for stopping the iteration.

3.2 SR1: Approximated Residual L-Curve Cri-

terion

In Section 3.1 we have seen that the residual norms of the iterates of CGNE

tend to form an L-shaped curve. This curve, introduced for the first time
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by Reichel and Sadok in [76], differs from the famous Standard L-Curve
considered e.g. in [33], [34] and [36], which is defined by the points

(s ) = (121, IIb° — AZ]), & =1,2,3,... (3.12)

Usually a log-log scale is used for the Standard L-Curve, i.e. instead of
(Mk, pr) the points (log(m), log(py)) are considered. In the case of the Resid-
ual L-Curve, different choices are possible, cf. [76] and [77]: we shall plot the
Residual L-Curve in a semi-logarithmic scale, i.e. by connecting the points
(k,log(pr)), k=1,2,3,....

In contrast to the Discrepancy Principle and the Residual L-Curve, the Stan-
dard L-Curve explicitly takes into account the growth of the norm of the
computed approximate solutions (cf. e.g. [36] and [87]) as k increases. In
his illuminating description of the properties of the Standard L-Curve for
Tikhonov regularization and other methods in [36], P. C. Hansen suggests
to define the stopping index as the integer k corresponding to the corner of
the L-curve, characterized by the point of maximal curvature (the so called
L-Curve Criterion).

Castellanos et al. [9] proposed a scheme for determining the corner of a discre-
te L-curve by forming a sequence of triangles with vertices at the points of
the curve and then determining the desired vertex of the L from the shape
of these triangles. For obvious reasons, this algorithm is known in literature
as the Triangle method.

Hansen et al. [37] proposed an alternative approach for determining the
vertex of the L: they constructed a sequence of pruned L-curves, removing
an increasing number of points, and considered a list of candidate vertices
produced by two different selection algorithms. The vertex of the L is se-
lected from this list by taking the last point before reaching the part of the
L-curve, where the norm of the computed approximate solution starts to
increase rapidly and the norm of the associated residual vectors stagnates.
This is usually called the Pruning method or the L-Corner method.

The Standard L-Curve has been applied successfully to the solution of many

linear discrete ill-posed problems and is a very popular method for choos-
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Blur(100) noise 3%
Standard L-curve
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Figure 3.2: L-curves for blur(100), ¢ = 3%. The L-curve is simply not L-
shaped.

ing the regularization parameter, also thanks to its simplicity. However, it
has some well known drawbacks, as shown by Hanke [28] and Vogel [95]. A
practical difficulty, as pointed out by Reichel et al. in [76] and in the recent
paper [77], is that the discrete points of the Standard L-Curve may be irreg-
ularly spaced, the distance between pairs of adjacent points may be small for
some values of k and it can be difficult to define the vertex in a meaningful
way. Moreover, sometimes the L-curve may not be sufficiently pronounced
to define a reasonable vertex (cf., e.g., Figure 3.2).

In their paper [76], Reichel and Sadok defined the Residual L-Curve for
the TSVD in a Hilbert space setting seeking to circumvent the difficulties
caused by the cluster of points near the corner of the Standard L-Curve and
showing that it often achieved the better numerical results. Among all heuri-

stic methods considered in the numerical tests of [77], the Residual L-Curve
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proved to be one of the best heuristic stopping rules for the TSVD, but it
also obtained the worst results in the case of CGNE, providing oversmoothed
solutions.

Two reasons for this oversmoothing effect are the following:

e the Residual L-Curve in the case of CGNE sometimes presents some
kinks before getting flat, thus the corner may be found at an early

stage;

e the residual norm of the solution is often too to large at the corner
of the Residual L-Curve: it is preferable to stop the iteration as soon
as the term ||x'|||p; (0)|~'/2 is neglibible in the residual norm estimate

(3.11), i.e., when the curve begins to be flat.

In Figure 3.3 we show the results of the test problem phillips(1000), with noise
level o = 0.01%. In this example, both L-curve methods fail: as expected by
Hanke in [28], the Standard L-curve stops the iteration too late, giving an
undersmoothed solution; on the other hand, due to a very marked step at an
early stage, the Residual L-Curve provides a very oversmoothed solution.

We propose to approximate the Residual L-Curve by a smoother curve.
More precisely, let n,; be the total number of iterations performed by CGNE.
For obvious reasons, to obtain a reasonable plot of the L-curves, we must
perform enough iterations, i.e. n, > k% We approximate the data points
{(k,log(pr)) k=1,...n,, With cubic B-splines using the routine data_approx
defined in the Appendix, obtaining a new (smoother) set of data points
[k, 108(51)) bt
We call the curve obtained by connecting the points (k, log(py)) with straight
lines the Approzimated Residual L-Curve and we denote by ky,, k., and kg, p,
the indices determined by the triangle method for the Standard L-Curve, the
Residual L-Curve and the Approximated Residual L-Curve respectively.

In Figure 3.4 we can see 2 approximate residual L-curves. Typically, the

approximation has the following properties:
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The residual L-curve fails: Standard L-curve fails:

10 phillips(1000) noise 0.01% np=65 phillips(1000) noise 0.01% np=65 zoom
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(a) Residual L-curve (b) Standard L-curve

Figure 3.3: Residual L-Curve and Standard L-Curve for the test problem
phillips(1000), 0 = 0.01%.

(i) it tends to remove or at least smooth the steps of the Residual L-Curve

when they are present (cf. the picture on the left in Figure 3.4);

(ii) when the Residual L-Curve has a very marked L-shape it tends to have
a minimum in correspondence to the plateau of the Residual L-Curve

(cf. the picture on the right in Figure 3.4);

(iii) when the Residual L-Curve is smooth the shape of both curves is si-

milar.

As a consequence, very often we have k., < ky.p and k.., corresponds to
the plateau of the Residual L-Curve. This should indeed improve the perfor-
mances, because it allows to push the iteration a little bit further, overcoming
the oversmoothing effects described above.

We are ready to define the first of the three stopping rules (SR) for CGNE.

Definition 3.2.1 (Approximated Residual L-Curve Criterion). Con-
sider the sequence of points (k,log(px)) obtained by performing n, steps
of CGNE and let (k,log(pr)) be the sequence obtained by approrimating

(k,log(pk)) by means of the routine data_approx. Compute the corners k,p,
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Residual L-curve and Approximated Residual L-curve Residual L-curve and Approximated Residual L-curve
" phillips(1000) noise 0.01% np=65 o baart(1000) noise 0.01% np=10
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Figure 3.4: Residual L-Curve and Approximated Residual L-Curve for 2
different test problems. Fixed values: N = 1000, o0 = 0.01%, seed = 1.

and kq.; using the triangle method and let ko be the first index such that
Pro = min{p, | k =1,...,n,}. Then, as a stopping index for the iterations
of CGNE, choose

ksp = max{k.r, kY,  k=min{ke,ko}. (3.13)

This somewhat articulated definition of the stopping index avoids possible
errors caused by an undesired approximation of the Residual L-Curve or by
an undesired result in the computation of the corner of the Approximated

Residual L-Curve. Below, we will analyze and compare the stopping rules
defined by kr, k.1, and kgg;.

3.3 SRI1: numerical experiments

This section is dedicated to show the performances of the stopping rule SR1.
In all examples below, in order to avoid some problems caused by rounding
errors, the function Isqr_b from [35] has been used with parameter reorth = 1.
For more details on this function and rounding errors in the CGNE algorithm,

see Appendix D.
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3.3.1 Test 1

In order to test the stopping rule of Definition 3.2.1, we consider 10 different
test problems from P.C. Hansen’s Regularization Tools [35]. For each test
problem, we fix the number n,, in such a way that both the standard and the
residual L-curves can be visualized appropriately and take 2 different values
for the dimension and the noise level. In each of the possible cases, we run
the algorithm with 25 different Matlab seeds, for a total of 1000 different
examples.
In Table 3.1, for each test problem and for each couple (N, 0;), i,5 € {1,2},
we show the average relative errors obtained respectively by the stopping
indices k;, (Standard L-Curve), k., (Residual L-Curve) and kgg; for all pos-
sible seeds. In round brackets we collect the number of failures, i.e. how
many times the relative error obtained by the stopping rule is at least 5
times larger than the relative error obtained by the optimal stopping index
k*. We can see that stopping rule associated to the index kgg; improves the
results of the Residual L-Curve in almost all the cases.

This stopping rule proves to be reliable also when the noise level is smaller

and the Standard L-Curve fails, as we will see below.

3.3.2 Test 2

In this example we test the robustness of the method when the noise level is
small and with respect to the number of points n,. As we have seen, this
is a typical case in which the Standard L-Curve method may fail to obtain
acceptable results.
We consider the test problems gravity, heat and phillips, with N = 1000, ¢ €
{1 x107°,5x107°,1 x 107%,5 x 107}, seed € {1,2,...,25}. For each case,
we also take 3 different values of n, (the smallest one is only a little bit
larger than the optimal index &%), in order to analyze the dependence of the
methods on this particular parameter.

The results of Table 3.2 clearly show that the Approximated Residual L-
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Test 1: results

Average Rel. Err. (no. of failures) for kr, k-, ksr1

Problem|[n,] N 01 02
Baart|[8] N7 | 0.1216(0),0.1660 (0),0.1216(0) 0.1688(0),0.2024(0),0.1676(0)
Ny | 0.1156(0),0.1656(0),0.1156(0) 0.1680(0),0.1872(0),0.1660(0)
Deriv2[30] N7 | 0.2024(0),0.1920(0),0.1872(0) 0.3024(0),0.2732(0),0.2632(0)
Ny | 0.1488(0),0.1924(0),0.1924(0) 0.2184(0),0.2772(0),0.2268(0)
Foxgood|6] Ny | 0.0104 (0),0.0308(2),0.0104 (0) 0.0704(0),0.0324(0),0.1192(2)
Ny | 0.0076 (0),0.0308 (3),0.0076(0) 0.0300(0),0.0308(0),0.0400(0)
Gravity|[20] N7y | 0.0732(11),0.0232(0),0.0104(0) 0.1080(4),0.0596(0),0.0388(0)
Ny | 0.0176 (0),0.0220(0),0.0156(0) 0.0368(0),0.0580(0),0.0320(0)
Heat[50] N7y | 0.2160 (0),0.0440(0),0.0436(0) 0.3296(0),0.1232(0),0.1300(0)
Ny | 0.0680 (0),0.0404(0),0.0404(0) 0.0748(0),0.1124(0),0.1040(0)
I-Laplace[20] N1 | 0.1156 (0),0.1224(0),0.1028(0) 0.1964(0),0.1600(0),0.1584(0)
Ny | 0.1904 (0),0.2164(0),0.2020(0) 0.2128(0),0.2488(0),0.2488(0)
Phillips[30] N7 | 0.1036 (23),0.0240(0),0.0236(0) 0.0908(2),0.0276(0),0.0272(0)
Ny | 0.0204 (1),0.0240(0),0.0240(0) 0.0328(0),0.0248(0),0.0244(0)
Shaw[15] N7 | 0.1008(1),0.0596(0),0.0492(0) 0.1400(0),0.1680(0),0.1284(0)
Ny | 0.0536(0),0.0592(0),0.0476(0) 0.0636(0),0.1676(0),0.0672(0)
Blur(50,3,1)[200] | Ny | 0.3280(0),0.2324(0),0.2308(0) 0.3540(0),0.3536(0),0.3536(0)
Ny | 0.2556 (0),0.1980(0), 0.1976(0) 0.3040(0),0.1776(0),0.1768(0)
Tomo[200] Ny | 0.6292 (0),0.3732(0),0.2768(0) 0.8228(0),0.3780(0),0.3808(0)
Ny | 0.6892 (0),0.3732(0),0.3748(0) 0.6424(0),0.1776(0),0.1768(0)

Table 3.1: General test for the L-curves: numerical results. In the 1D test
problems Ny = 100, Ny = 1000, 0; = 0.1%, 02 = 1%; in the 2D test problems
Ny =900, Ny = 2500, 01 = 1%, 02 = 5%.

Curve method is by far the best in this case, not only because it gains the

better results in terms of the relative error (cf. the sums of the relative er-

rors for all possible seed = 1, ..., 25), but also because it is more stable with

respect to the parameter n,.

Concerning the number of failures of this example, the Standard L-Curve
fails in the 66% of the cases, the Residual L-Curve in the 24.7% and the Ap-
proximated Residual L-Curve only in the 1% of the cases. We also note that

for the Residual L-Curve and the Approximated Residual L-Curve methods

the results tend to improve for large values of 7.
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Test 2: results
npe: », Rel. Err. (no. of failures) for kr, k,r, ksri

Gravity Heat Phillips
20: 0.44(19),0.13(0),0.09(0) | 80: 3.39(25),0.31(0),0.30(0) | 45: 1.91(25),0.49(22),0.04(0)
01 | 30: 0.49(22),0.13(0),0.06(0) | 120: 1.50(25),0.31(0),0.30(0) | 60: 0.87(25),0.40(18),0.04(0)
40: 0.85(25),0.13(0),0.06(0) | 160: 1.73(25),0.31(0),0.30(0) | 45: 0.76(25),0.40(18),0.04(0)
18: 0.36(10),0.20(0),0.13(0) | 60: 3.47(25),0.39(0),0.36(0) | 35: 1.25(25),0.60(25),0.05(0)
02 | 24: 0.33(7),0.20(0),0.10(0) | 90: 1.47(19),0.39(0),0.36(0) | 45: 0.59(25),0.60(25),0.05(0)
(25), )
(25), )
(25), )
(25), )

Nl NN

30: 0.54(17),0.19(0),0.13(0) | 160: 1.61(22),0.36(0),0.36(0) | 55: 0.63(25),0.60(25),0.05(0
15: 0.46(6),0.27(0),0.19(0) | 50: 2.33(25),0.42(0),0.39(0) | 25: 1.23(25),0.60(25),0.07(0
03 | 20: 0.18(0),0.27(0),0.19(0) | 70: 1.94(23),0.40(0),0.39(0) | 32: 0.95(25),0.60(25),0.07(0
( ( (0) 0.07(0

15: 0.32(0),0.55(0),0.28(0) | 40: 3.72(25),0.88(0),0.75(0) | 20: 1.30(25),0.61(5),0.60(5)

04 | 20: 0.35(0),0.55(0),0.28(0) | 60: 1.55(0),0.88(0),0.46(0) 27: 0.49(2),0.61(5),0.53(2)
25: 0.60(4),0.55(0),0.28(0) | 80: 1.61(0),0.88(0),0.45(0) 35: 0.56(8),0.61(5),0.53(2)

)
)
)
)
)
)

5
5

25: 0.43(4),0.27(0),0.19(0 90: 1.46(4),0.39(0),0.39(0) | 55: 0.51(23),0.60(2

- =

Table 3.2: Second test for the approximated Residual L-Curve Criterion:

numerical results with small values of §.

3.4 SR2: Projected Data Norm Criterion

The diagonal matrix example and the observation of Section 3.1 suggest to
replace the classic threshold of the Discrepancy Principle ||e|| with the norm
of the projection of the noise onto the high frequency part of the spectrum.
However, in practice a direct computation of this quantity is impossible, be-
cause the noise is unknown (only information about its norm and its stocha-
stic distribution is usually available) and because the Ritz values are too
expensive to be calculated during the iteration.

To overcome these difficulties, we propose the following strategy, based on
the singular value decomposition of the matrix A.

Let A € M,, y(R), m > N, rank(A) = N, let A = UAV* be a SVD of
A and suppose that the singular values of A may be divided into a set of
large singular values A\, < ... < A\; and a set of N — p small singular values
Av < o < A, with Ay < A, If the exact data b satisfy the Discrete

Picard condition, then the SVD coefficients |ufb| are very small for i > p.
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Therefore, if

TSVD — wb’ TR0
- j _ *
"= = v, = VAJU'D, (3.14)
j=1 "7
with AL being the pseudo inverse matrix of
A1
)\p
A, = 0 € M, n(R), (3.15)
0
0 0

then

é TSVD | __ *1.0 * ,TSVD | __ *1.0 *1.0
[b° — AXISYP)| = [U°BY — AVXISP| = [U — Uz

) (3.16)
= U5, 0°ll ~ U7, _ell,

where U,, U,,_, € M,,(R), depending on the column vectors u; of the ma-
trix U, are defined by (uy,..,u,,0,..,0) and (0, .., 0, u,1, .., U, ) respectively.
The right-hand side is exactly the projection of the noise onto the high fre-
quency part of the spectrum, so we can interpret (3.16) as a relation between
the residual norm of the truncated singular value decomposition and this
quantity.

The equation (3.16) and the considerations of Section 3.1 suggest to calcu-

late the regularized solution x!SVP

» of the perturbed problem Ax = b’ u-

sing the truncated singular value decomposition, by stopping the iteration of
CGNE as soon as the residual norm becomes smaller than ||b? — Ax15VP|| =
U2, b

The following numerical simulation on 8 problems of P.C. Hansen’s Regula-
rization Tools confirms the statement above. We fix the dimension N = 1000,
0 = 0.1% and the constant of the Discrepancy Principle 7 = 1.001, run Isqr_b
with reorthogonalization for each problem with 25 different Matlab seeds and
compare the Discrepancy Principle solutions with those obtained by arresting
the iteration of CGNE at the first index such that the residual norm is lower
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Residual thresholds for stopping CGNE
Problem Avg. rel. err. CGNE
T|\U;7Pub5|| ) Opt. err. | 7[|U;,_, €]
Baart 0.1158 0.1158 0.1041 0.1158
Deriv2 0.1456 0.1517 0.1442 0.1459
Foxgood 0.0079 0.0079 0.0076 0.0079
Gravity 0.0129 0.0144 0.0111 0.0124
Heat 0.0228 0.0281 0.0225 0.0228
I_Laplace 0.1916 0.1952 0.1870 0.1898
Phillips 0.0078 0.0087 0.0075 0.0086
Shaw 0.0476 0.0476 0.0440 0.0480

Table 3.3: Comparison between different residual norm thresholds for stop-
ping CGNE, with p as in 3.17.

or equal to 7|[Uy,_, b°||, with p; minimizing the error of the truncated sin-

gular value decomposition:

[5ISVD — T[] = min xTSV2 — x]. (3.17)
J

The results, summarized in Table 3.3, show that this gives an extremely
precise solution in a very large number of cases. Moreover, the corresponding
stopping index is equal to k* (the optimal stopping index of CGNE) in the
53% of the considered examples.

In the table, we also consider the results obtained by arresting the iteration
when the residual norm is lower or equal to 7||U} _ e[| As a matter of
fact, the residual norm corresponding to the optimal stopping index is very
well approximated by this quantity in the large majority of the considered
examples.

Performing the same simulation with the same parameters except for o = 1%
leads to similar results: the method based on the optimal solution of the
TSVD obtains the better performance in 86 cases on 200 and the worse
performance only 24 times and in a very large number of examples (45%) its
stopping index is equal to k.

These considerations justify the following heuristic stopping rule for CGNE.
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Definition 3.4.1 (Projected Data Norm Criterion). Let z} be the ite-
rates of CGNE for the perturbed problem

Ax =Db’. (3.18)

Let A = UAV™* be a SVD of A. Let p be a reqularization index for the
TSVD relative to the data b® and to the matriz A and fix T > 1. Then stop
CGNE at the index

ksre :=min{k € N | b’ — Az)| < 7|U;,_b°|}. (3.19)

3.4.1 Computation of the index p of the SR2

Obviously, in practice the optimal index of the truncated singular value de-
composition is not available, since the exact solution is unknown. However,
for discrete ill-posed problems it is well known that a good index can be
chosen by analyzing the plot of the SVD coefficients |u;*b?| of the perturbed
problem Ax = b’. The behavior of the SVD coefficients in the case of white
Gaussian noise given by e ~ N(0,2%L,), v > 0, is analyzed by Hansen in
[36]: as long as the unperturbed data b satisfy the discrete Picard condition,
the coefficients |ufb| decay on the average to 0 at least as fast as the singular
values \;. On the other hand, the coefficients [u;b’| decay, on the average,
only for the first small values of i, because for large i the noisy components
u/e dominate, thus after a certain critical index 7,5 they begin level off at
the level

E(ule) = v. (3.20)

To compute a good index p for the truncated singular value decomposition,
one must also consider machine errors if the last singular values are very
small: as pointed out in [36], pg. 70 — 71, the number of terms that can be

safely included in the solution is such that:
p < min{ia, iy}, (3.21)

where ip s the index at which \; begin to level off and iys is the index at

which [wB?| begin to level off. The value i is proportional to the error
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Figure 3.5: Plot of the singular values \; (blue cross), of the SVD coefficients
luib°| (red diamond) and of the ratios |ufb?|/\; (green circle) of 2 different
test problems with perturbed data: o = 0.1%, seed = 0.

present in the matriz A (i.e. model error) while the value iys is proportional
to the errors present in the data b’ (i.e. noise error). Although very often
a visual inspection of the plot of the coefficients in a semi-logarithmic scale
is enough to choose the index p, defining an algorithm to compute the index
p automatically is not easy, because the decay of the SVD coefficients may
not be monotonic and indeed is often affected by outliers (cf. Figure 3.5).
A rule based on the moving geometric mean has been proposed in [32] and
implemented in the file picard.m of [35]. Here we suggest to use the Modified
Min_Max Rule, defined in Section C.4 of the Appendix.

3.5 SR2: numerical experiments

We test the stopping rule of Definition 3.4.1 in 4000 different examples. For
each of 8 test problems we choose 2 values of N, 10 values of p and 25 values
of seed. We compare the results obtained by the stopping index kggro with
those obtained by the Discrepancy Principle. In Table 3.4 we summarize the

main results of the test.
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Numerical test for SR2

Problem | Dim Avg. rel. err. CGNE Failures ksr2 vs. kp (ksro = k)
ksr2 kp K esra >5(10)e?
Baart | 100 | 0.1742 | 0.1750 | 0.1469 0(0) 20,201,29 (135)
Baart | 1000 | 0.1612 | 0.1586 | 0.1357 0(0) 8,234,8 (89)
Deriv2 100 | 0.3533 | 0.2352 | 0.2242 7(1) 100,11,139 (60)
Deriv2 | 1000 | 0.2596 | 0.1992 | 0.1874 9(0) 146,32,72 (57)
Foxgood | 100 | 0.0390 | 0.0312 | 0.0232 7(1) 41,146,63 (130)
Foxgood | 1000 | 0.0267 | 0.0270 | 0.0166 4(0) 14,226,10 (96)
Gravity 100 | 0.0332 | 0.0349 | 0.0276 0(0) 146,24,80 (115)
Gravity | 1000 | 0.0236 | 0.0256 | 0.0192 0(0) 81,163,6 (67)
Heat 100 | 0.1065 | 0.0921 | 0.0803 0(0) 148,4,98 (62)
Heat 1000 | 0.0530 | 0.0598 | 0.0476 0(0) 215,14,21 (79)
I-laplace | 100 | 0.1360 | 0.1370 | 0.1242 0(0) 91,116,43 (114)
Ilaplace | 1000 | 0.2140 | 0.2134 | 0.2004 0(0) 84,122,44 (13)
Phillips | 100 | 0.0311 | 0.0244 | 0.0215 0(0) 97,15,138 (74)
Phillips | 1000 | 0.0183 | 0.0200 | 0.0156 0(0) 138,102,10 (74)
Shaw 100 | 0.0890 | 0.0973 | 0.0760 0(0) 96,112,42 (82)
Shaw 1000 | 0.0724 | 0.0635 | 0.0520 0(0) 22,168,60 (53)

Table 3.4: Comparison between the numerical results obtained by ksgrs, kp

and the optimal index k.

The constant 7, chosen equal to 1.001 when N = 100 and equal to 1.005
when N = 1000, is always the same for ksro and kp. The columns 3, 4 and 5
of the table collect the average relative errors for all values of p = 1073,2 x
1073,...,1072 and seed = 1, ...,25 obtained by ksgra, kp and k* respectively.
The column 6 contains the number of times the relative error corresponding
to ksro, denoted by egro, is larger than 5(10) times the optimal error €. The
numbers in the last column count how many times esgs > €p, how many
times esge = €p and how many times esrs < €p respectively. Finally, the
fourth number in round brackets counts how many times eggo = &

The results clearly show that the stopping rule is very reliable for discrete ill-
posed problems of medium size. It is remarkable that in the 4000 examples

considered it failed (that is, esge > 10e*) only twice (cf., e.g., the results
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obtained by the heuristic stopping rules in [77], Table 2). Moreover, in many
cases it even improves the results of the Discrepancy Principle, which is based

on the knowledge of the noise level.

3.6 Image deblurring

One of the most famous applications of the theory of ill-posed problems is
to recover a sharp image from its blurry observation, i.e. image deblurring.
It frequently arises in imaging sciences and technologies, including optical,
medical, and astronomical applications and is crucial for allowing to detect
important features and patterns such as those of a distant planet or some
microscopic tissue.

Due to its importance, this subject has been widely studied in literature:
without any claim to be exhaustive, we point out at some books [10], [38],
48], [100], or chapters of books [4], [96] dedicated to this problem.

In most applications, blurs are introduced by three different types of physical
factors: optical, mechanical, or medium-induced, which could lead to familiar
out-of-focus blurs, motion blurs, or atmospheric blurs respectively. We refer
the reader to [10] for a more detailed account on the associated physical
processes.

Mathematically, a continuous (analog) image is described by a nonnegative
function f = f(x) on R? supported on a (rectangular) 2D domain € and the
blurring process is either a linear or nonlinear operator K acting on the some
functional space. Since we shall focus only on linear deblurring problems, K
is assumed to be linear.

Among all linear blurs, the most frequently encountered type is the shift
invariant blur, i.e. a linear blur K = K|[f] such that for any shift vector y €
R2,
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It is well known in signal processing as well as system theory [72] that a

shift-invariant linear operator must be in the form of convolution:

9(x) = K[f)(x) = s f(x) = / wx—y)fy)dy,  (323)

Q

for some suitable kernel function s(x), or the point spread function (PSF).
The function g(x) is the blurred analog image that is converted into a digital
image through a digitalization process (or sampling).

A digital image is typically recorded by means of a CCD (charge-coupled
device), which is an array of tiny detectors (potential wells), arranged in a
rectangular grid, able to record the amount, or intensity, of the light that
hits each detector.

Thus, a digital grayscale image
G=(gj1), j=L..J, I=1.,L (3.24)

is a rectangular array, whose entries represent the (nonnegative) light inten-
sities captured by each detector.

The PSF is described by a matrix H = (h;,;) of the same size of the image,
whose entries are all zero except for a very small set of pixels (7, ) distributed
around a certain pixel (j.,[.) which is the center of the blur. Since we are
assuming spatial invariant PSFs, the center of the PSF corresponds to the
center of the 2D array.

In some cases the PSF can be described analytically and H can be con-
structed from a function, rather than through experimentation (e.g. the
horizontal and vertical motion blurs are constructed in this way).

In other cases, the knowledge of the physical process that causes the blur
provides an explicit formulation of the PSF. In this case, the elements of
the PSF array are given by a precise mathematical expression: e.g. the

out-of-focus blur is given by the formula

L if ~_~02+l_lcz< 27
hj,l:{wz =g =l <r (3.25)

0 otherwise,
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where r > 0 is the radius of the blur.

For other examples, such as the blur caused by atmospheric turbulence or
the PSF associated to an astronomical telescope, we refer to [38] and the
references therein.

As a consequence of the digitalization process, the continuous model de-
scribed by (3.23) has to be adapted to the discrete setting as well. To do

this, we consider first the 1D case
g(t) = /%(t — 38)f(s)ds. (3.26)

To fix the ideas, we assume that .J is even and that the function f(s) is

defined in the interval [—Z51, =] Let

Si=——— =1, j=1,..J (3.27)

be the J points in which the interval is subdivided and discretize s and f

1

in such a way that s(s) = s(s;) = h; if [s — s;] < 2 or s = s; 4+ 1 and

analogously for s. Approximating (3.26) with the trapezoidal rule

9(t) 2= 3 lt — ;) (sy) (3.28)

j'=1

and recomputing in the points s;, we obtain the components of the discretized

version g of the function g:

J

6= sl — s f(sy), 5 =1 (3.29)
J'=1

As a consequence of the assumptions we have made, (3.29) can be rewritten

into

J
9i = Z hi gty J=1,..7, (3.30)
=1

which is the componentwise expression of the discrete convolution between
the column vectors h = (h;) and £ = (f;). We observe that some terms in
the sum in the right-hand side of (3.30) may be not defined: this happens
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because the support of the convolution between s and f is larger than the
supports of s and f. The problem is solved by extending the vector h to the

larger vector

h—éﬂ
ho
~ 4 J J
h = h s hj:hj+J, ]:—§+1,,§ (331)
hyia
hJ+§]

and substituting h with h in (3.30), which is equivalent to extend s periodi-
cally on the real line. The convolution (3.30) may also be expressed in the

form
g = Af, A = (CLZ'J'), Q45 = h’i—j—i—%’ ’L,j = 1, cery J. (332)

In the 2D case, proceeding in an analogous way, we get
J L
950 =D_ > hi yygivisfir (3.33)
j'=11=1

The equation above (3.33) is usually written in the form
G =HxF, (3.34)

where G, H and F are here matrices in M; (R). If g and f are the column
vectors obtained by concatenating the columns of G and F respectively, then

(3.34) can be rewritten in the form
g = Af. (3.35)

In the case of an image f with 1024 x 1024 pixels, the system (3.35) has
then more than one million unknowns. For generic problems of this size,

the computation of the singular value decomposition is not usually possible.
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However, if we set N := JL, then A € My(R) is a circulant matrix with
circulant blocks (BCCB). It is well known (cf. e.g. [4] or [38]) that BCCB
matrices are normal (that is, A*A = AA*) and that may be diagonalized by

A =3AD, (3.36)

where @® is the two-dimensional unitary matrix unitary Discrete Fourier
Transform (DFT) matrix.
We recall that the DFT of a vector z € CV is the vector z whose components

are defined by

N
R 1 —omi(j'—1)(j—

G.— 7 e 2m’ =1)(G-1)/N 3.37
- m 837)
and the inverse DFT of a vector w € C¥ is the vector W, whose components

are calculated via the formula
;N
ST L e2m(i’ =1)(j—1)/N (3 38)
W E W.ie ) .
TOVN4

The two-dimensional DFT of a 2D array can be obtained by computing the
DFT of its columns, followed by a DFT of its rows. A similar approach is
used for the inverse two-dimensional DF'T. The DFT and inverse DFT com-
putations can be written as matrix-vector multiplication operations, which
may be computed by means of the FFT algorithm, see e.g. [12], [94] and
Matlab’s documentation on the routines fft, ifft, fft2 and ifft2. In general, the
speed of the algorithms depends on the size of the vector x: they are most
efficient if the dimensions have only small prime factors. In particular, if N
is a power of 2, the cost is N log,(N).

Thus, matrix-vector multiplications with ® and ®* may be performed quickly
without constructing the matrices explicitly and since the first column of &
is the vector of all ones scaled by the square root of the dimension, denoting

with a; and ¢, the first column of A and ® respectively, it follows that

1
@al = A¢)1 = \/—NA, (339)
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where A\ is the column vector of the eigenvalues of A.

As a consequence, even in the 2D case, the spectral decomposition of the
matrix A can be calculated with a reasonable computational effort, so it is
possible to apply the techniques we have seen in Chapter 3 for this particular
problem. In particular, we shall be able to compute the SVD coefficients
(Fourier coefficients) [@;g| and the ratios |@ig|/);, and arrest the CGNE
method according to the stopping rule of Definition 3.4.1.

Moreover, when the spectral decomposition of A is known, matrix-vector
multiplications can be performed very efficiently in Matlab using the DFT.

For example, as shown in [38], given the PSF matrix H and an image F:
e to compute the eigenvalues of A, use

S = fft2(fftshift(H)); (3.40)

e to compute the blurred image G = H x F, use?

G = real(ifft2(H ® fft2(F))). (3.41)

3.7 SR3: Projected Noise Norm Criterion

In this section we define an a-posteriori stopping rule, based on a statistical
approach, suited mainly for large scale problems. The aim is again to ap-
proximate the norm of the projection of the noise onto the high frequency
components

107 —pell, (3.42)

where p > 0 is the number of the low frequency components of the problem.
We assume that p can be determined by means of an algorithm: for example,
in the case of image deblurring, the algorithm of Section 3.4 can be applied.
We simply consider a modified version of the Discrepancy Principle with §

replaced by the expected value of | Uy, _ el|:

3the operation ® is the componentwise multiplication of two matrices.
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Definition 3.7.1 (Projected Noise Norm Criterion). Suppose the ma-
tric A € M, y(R) has m — p noise-dominated SVD coefficients. Fiz T > 1

and stop the iteration of CGNE as soon as the norm of the residual is lower

or equal to 76 with § := 6+/(m — p)/m:

ksrs := min{k € N | |Az] — b°|| < 76}. (3.43)

Note that the definition does not require a SVD of the matrix A, but
only a knowledge about p.
The following result provides a theoretical justification for the definition

above: if m is big, with high probability ¢ is not smaller than |[U;,_ e].

Theorem 3.7.1. Let ¢; > 0 and e5 > 0 be small positive numbers and let o
€ (0,1/2). Then there exists a positive integer m = m(ey, €3, ) such that for

every m > m the estimate
P(|U;,_ell’ —e1 > 6%) < e (3.44)
holds whenever the following conditions are satisfied:
(1) p < am;
(i1) e ~ N(0,0°1,,), v > 0;
(iii) 6% = |le||*.
Before proving the theorem, a few remarks:

e The theorem is based on the simple idea that if e ~ A(0,2°1,,), then
U*e has the same distribution: this argument fails if the perturbation

has a different distribution!

e In principle it is possible, but maybe hard, to calculate m in terms of
€1, €o and «a. For this reason we do not recommend this stopping rule

for the small and medium size problems of Section 3.4.
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e The assumption on p restricts the validity of the statement: luckily
enough, in most cases p is small with respect to m. When this does
not happen (p >> m/2), the choice p = m/2 should improve the

performances anyway.

Proof. Fix ¢ > 0, ¢ > 0 and o € (0,1/2). Let A = UAV* be an SVD of
A and let p € {1,...,m — 1}. We observe that if e ~ A(0,2%1,,), v > 0,
then U*e ~ N(0,2°L,,), so U, _e ~ (0,...,0,ep41, ..., €y). Thus, if p, e and
0 satisfy (i), (i7) and (7ii) respectively, there holds:

5% (m — " 52(m —
P<||an—pe||2_¥>el):P<Ze?_¥>€l>-

i=p+1
(3.45)
For 0 < ¢t < min{1/(2pr?)}, Markov’s inequality and our assumptions (i)
and (zi7) yield

= (p Z e; —(m—p)'ZeZ2 >m61>
— (eXp[ (p Z e? —(m—p Ze )] > exp tmeﬂ) (3.46)

< exp[—tme, JE <eXp [ < _;18 - Ze )D

= exp[—tme|(1 — 2t su? )_T(l + 2t(m — p)yz)_57

where in the last equality we have used the assumption (ii) and the fact that
if X is a random variable with gaussian distribution X ~ A(0, »?), then, for
every a < 1/(2v?),

[un

E(exp[aX?]) = (1 — 2av*)" 2. (3.47)
Putting w := 2tv? the right-hand side of (3.46) can be rewritten as

—mejw
212

m—

(14 (m—pw)~2. (3.48)

o [ 2222 - o
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If p < y/m, the expression above can be made < e, choosing w close enough

to 1/p for all m sufficiently large. On the other hand, if \/m < p < am and
1

w = o(+-), a Taylor expansion of the second and the third factor gives

2w2

2
—g <(m —p)w + M +0((m — p)3w3))} (3.49)

~ exp [_melw _ p(m —p)(m —2p)w? 1+ 0(1))} ’

mew ~ m-—p

3,,,3

(sw +

exp [—

202 4

thus it is possible to choose w (e.g., w ~ 1/(mp'/*)) in such a way that the
last expression can be made arbitrarily small for all m sufficiently large.
Summing up, we have proved that there exists m € N such that for all m > m

and for all p < am there holds
inf{t > 0 | exp|—tme](1 — 2tsv?)" "7 (1 + 2t(m — p)*) 2} < ey (3.50)

and according to (3.45) and (3.46) this completes the proof. O

3.8 Image deblurring: numerical experiments

This section is dedicated to show the performances of the stopping rules SR2
and SR3 (with p as in the SR2) for the case of image deblurring.

In all examples below, we are given an exact image F and a PSF H. Assu-
ming periodic boundary conditions on the matrix A corresponding to H and
perturbing G := H« F with white gaussian noise, we get a blurred and noisy
image G° = G + E, where E € M,(R) is the noise matrix. The problem
fits the framework of Section 3.6: as a consequence, the singular values and
the Fourier coefficients are computed by means of the 2D Discrete Fourier
Transform fft2 using the routine fou_coeff from the Appendix. The stopping
rules SR2 and SR3 can be applied with § = |le|| = ||g°® — Af||, where the
vectors e, g° and f are the columnwise stacked versions of the matrices E,

G? and F respectively.
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Exact image blurred image

20 40 60 80 100 120 140 160 180 200 20 40 60 80 100 120 140 160 180 200
(a) Exact image. (b) Perturbed image: stdev = 2.0, o = 1.0%.

Figure 3.6: The exact data F and a perturbed data G° for the gimp test

problem.

We fix 7 = 1.001, run cgls_deb, a modified version of the function cgls from
the Regularization Tools and compare the results obtained by the Discrep-

ancy Principle, SR2 and SR3 with the optimal solution.

3.8.1 Test 1 (gimp test problem)

The dimension of the square matrix F € M;(R) corresponding to the image
gimp.png, shown on the left in Figure 3.6, is given by J = 200. The algorithm
blurring, described in the Appendix, generates a Gaussian PSF H and a
blurred and noisy image.

We consider different values for the standard deviation of the Gaussian PSF
and for the noise level, and compare the results obtained by stopping CGNE
with the discrepancy principle, SR2 and SR3.

We underline that in almost all the considered problems the computation of
the index p of the stopping rule SR2 is made using only the first N/2 = J2/2
Fourier coefficients, to spare time in the minimization process of the function
mod_min_max. When stdv = 1.0 and p = 0.1, 0.5, all the Fourier coefficients

are used, since in these cases they are necessary for calculating a good value
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CGNE results for the gimp test problem

stdev 0 Relative error (stopping index)
Discr. Princ. SR2 SR3 Opt. Sol.
3.0 | 0.1% | 0.2104(154) | 0.2082(196) | 0.2053(313) | 0.2048(348)
3.0 | 0.5% | 0.2257(49) 0.2259(48) | 0.2194(86) | 0.2182(112)
3.0 | 1.0% | 0.2331(34) | 0.2286(45) | 0.2264(61) | 0.2261(68)
3.0 | 5.0% | 0.2733(13) | 0.3079(7) | 0.2613(17) | 0.2583(22)
2.0 | 0.1% | 0.1265(144) | 0.1703(61) | 0.1196(213) | 0.1167(310)
2.0 | 05% | 0.1846(36) | 0.1762(54) | 0.1612(96) | 0.1599(109)
2.0 | 1.0% | 0.1962(20) 0.1962(20) | 0.1878(36) | 0.1849(53)
2.0 | 5.0% 0.2199(7) 0.2228(6) 0.2160(9) 0.2149(11)
1.0 | 01% | 0.0442(45) | 0.0419(50) | 0.0350(68) | 0.0344(92)
(28)
(16)

1.0 | 05% | 0.0725(15) | 0.0652(22) | 0.0636(28) | 0.0636(28
1.0 | 1.0% | 0.0865(9) | 0.0797(13) | 0.0781(15) | 0.0780(16
1.0 | 5.0% | 0.1244(4) 0.1435(3) | 0.1194(5) | 0.1194(5)

Table 3.5: Comparison between different stopping rules of CGNE for the
gimp problem.

of p.

The numerical results of Table 3.5 show that the a-posteriori stopping rule
SR3 always finds a relative error lower than that obtained by the Discrepancy
Principle. The heuristic stopping rule SR2 gives very good results apart
from some cases where it provides an over-regularized solution. Since the
performance of SR3 is excellent here and changing the Matlab seed does
not make things significantly different (i.e. the statistical approximation of
|U;,_ el seems to be very solid in such a large-size problem), we deduce
that the approximation of the residual norm of the TSVD solution with the

norm of the projection of the noise onto the high frequency components

s TSVD *
Ig” — AL, ~ U, pell

is not very appropriate in these cases.
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exact image blurred image

p 4 pF
50 100 150 200 250 300 350 400 4

50 100 150 200 250 300 350 400 450 500

(a) Exact image. (b) Perturbed image: stdev = 2.0, o = 1.0%.

Figure 3.7: The exact data F and a perturbed data G? for the pirate test

problem.

3.8.2 Test 2 (pirate test problem)

The image pirate.tif, shown on the left in Figure 3.7, has a higher resolution
than gimp.png: J = 512.

We proceed as in the gimp test problem, but with a few variations:

e instead of the values 1.0, 2.0, 3.0 for the stdev we consider the values
3.0, 4.0, 5.0;

e To compute the index p of the stopping rules SR2 and SR3, instead of
considering the first N/2 ratios ; = |@;g°|/\i, we take only the first
N/4. Moreover, in the computation of the curve that approximates
the ¢;, we use the function data_approx with only | N/200] inner knots
(instead of | N/50]).

The results, summarized in Table 3.6, show that both SR2 and SR3 give
excellent results, finding a relative error lower than the Discrepancy Principle
in almost all cases. The phenomenon observed in the gimp test problem

concerning SR2 appears to be much more attenuate here.
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CGNE results for the pirate test problem

stdev 0 Relative error (stopping index)

Discr. Princ. SR2 SR3 Opt. Sol.

5.0 | 0.1% | 0.1420(171) | 0.1420(170) | 0.1384(330) | 0.1375(484)
50 | 0.5% | 0.1524(49) | 0.1519(52) | 0.1481(90) | 0.1472(122)
50 | 1.0% | 0.1579(20) | 0.1551(40) | 0.1529(57) | 0.1524(69)
50 | 5.0% | 0.1746(9) | 0.1746(9) | 0.1697(14) | 0.1686(18)
3.0 | 0.1% | 0.1076(104) | 0.1051(153) | 0.1032(233) | 0.1029(280)
3.0 | 0.5% | 0.1187(31) | 0.1161(42) | 0.1141(61) | 0.1140(69)
3.0 | 1.0% | 0.1251(18) | 0.1251(18) | 0.1204(31) | 0.1198(39)
3.0 | 5.0% 0.1425(6) 0.1405(7) 0.1385(9) 0.1382(10)
40 | 01% | 0.1268(142) | 0.1260(158) | 0.1226(290) | 0.1219(397)
4.0 | 0.5% | 0.1379(40) 0.1408(29) | 0.1343(65) | 0.1329(98)
40 | 1.0% | 0.1432(24) | 0.1418(28) | 0.1389(43) | 0.1385(53)
40 | 5.0% | 0.1591(8) | 0.1566(10) | 0.1549(13) | 0.1547(14)

Table 3.6: Comparison between different stopping rules of CGNE for the

pirate test problem.

3.8.3 Test 3 (satellite test problem)

CGNE results for the satellite problem

Discr. Princ. | SR2 SR3 | Opt. Sol.
Stopping index 23 34 28 34
Relative Error 0.3723 0.3545 | 0.3592 | 0.3545

Table 3.7: Comparison between different stopping rules of CGNE for the

satellite problem.

The data for this example were developed at the US Air Force Phillips
Laboratory and have been used to test the performances of several available
algorithms for computing regularized nonnegative solutions, cf. e.g. [29] and
[5]. The data consist of an (unknown) exact gray-scale image F, a space
invariant point spread function H and a perturbed version G of the blurred
image G = H x F, see Figure 3.8. All images F, H and G?° are 256 x 256
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Exact image for the satellite problem Perturbed data for the satellite problem

(a) Exact image (b) Perturbed image

Figure 3.8: The exact data F and the perturbed data G° for the satellite

problem.

matrices with nonnegative entries.
The results, gathered in Table 3.7 show that both SR2 and SR3 improve the
results of the Discrepancy Principle in this example and the stopping index

of SR2 coincides with the optimal stopping index kf.

3.8.4 The new stopping rules in the Projected Restarted
CGNE

These stopping rules may work very well also when CGNE is combined with
other regularization methods. To show this, we consider CGNE as the inner
iteration of the Projected Restarted Algorithm from [5]. Using the notations
of Chapter 2, it is a straightforward exercise to prove that Algorithm 1 of [5]

is equivalent to the following scheme:
o Fix f©® = f® = 0 and i = 0.

e Foreveryi=0,1,2, ..., if f® does not satisfy the Discrepancy Principle
(respectively, SR2, SR3), compute f0+1) as the regularized solution of
CGNE applied to the system Af = g® with initial guess f@ arrested
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Projected restarted CGNE with discrepancy principle Projected restarted CGNE solution with SR2
outer step:20 outer step: 20

’, 2\

(a) Discrepancy principle: rel. err. 0.3592. (b) SR2: rel. err. 0.3302.

Figure 3.9: The solutions of the satellite problem reconstructed by the Pro-

jected Restarted CGNE algorithm at the 20-th outer step.

with the Discrepancy Principle (respectively, SR2, SR3) and define

£+ ag the projection of £ onto the set W of nonnegative vectors

W:={feR" |f>0}. (3.51)

e Stop the iteration as soon as f¥) satisfies the Discrepancy Principle
(respectively, SR2, SR3) or a prefixed number of iteration has been

carried out.

An implementation of this scheme for the satellite test problem with 7 =
1.001 leads to the results of Table 3.8. The relative errors obtained by ar-
resting CGNE according to SR2 and SR3 are smaller than those obtained
by means of the Discrepancy Principle. We underline that the relative er-
rors of the stopping rule SR2 are even lower than those obtained in [5] with
RRGMRES instead of CGNE. The regularized solutions obtained by this
projected restarted CGNE with the Discrepancy Principle and SR2 as stop-

ping rules at the 20-th outer iteration step are shown in Figure 3.9.
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Projected Restarted CGNE results for the satellite problem

Discr. Princ. | SR2 SR3

2 outer steps | total CGNE steps 27 45 33
Relative Error 0.3644 0.3400 | 0.3499

5 outer steps | total CGNE steps 37 74 47
Relative Error 0.3614 0.3347 | 0.3465

10 outer steps | total CGNE steps 46 108 64
Relative Error 0.3601 0.3321 | 0.3446

20 outer steps | total CGNE steps 57 162 86
Relative Error 0.3592 0.3302 | 0.3432

50 outer steps | total CGNE steps 60 274 120
Relative Error 0.3590 0.3290 | 0.3422

200 outer steps | total CGNE steps 60 532 129
Relative Error 0.3590 0.3286 | 0.3420
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Table 3.8: Comparison between different stopping rules of CGNE as inner

iteration of the Projected restarted algorithm for the satellite problem.
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Chapter 4
Tomography

The term tomography is derived from the Greek word Topos, slice. It stands
for a variety of different techniques for imaging two-dimensional cross sections
of three-dimensional objects. The impact of these techniques in diagnostic
medicine has been revolutionary, since it has enabled doctors to view internal
organs with unprecedented precision and safety to the patient. We have
already seen in the first Chapter that these problems can be mathematically
described by means of the Radon Transform. The aim of this chapter is to
analyze the main properties of the Radon Transform and to give an overview
of the most important algorithms.

General references for this chapter are [19], [68], [69] and [43].

4.1 The classical Radon Transform

In this section we provide an outline of the main properties of the Radon
Transform over hyperplanes of RP”. An hyperplane H of R” can be repre-

sented by an element of the unit cylinder
e?:={(0,5) | €SP s e R}, (4.1)

via the formula
H(9,5) = {x € R | (x,0) = s}, (4.2)

133
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where (-,-) denotes the usual euclidean inner product of RP” and where we
identify H(—0, —s) with H(6, s). We denote the set of all hyperplanes of RY
with

Ep = €P/7,, (4.3)

and define the Radon Transform of a rapidly decreasing function f € S(R?)
as its integral on H(@, s):

#1110, 5) = / F (<) dpus(x), (4.4)

H(8,s)

where pup(x) is the Lebesgue measure on H(8, s).
Much of the theory of the Radon Transform is based on its behavior under
the Fourier Transform and convolution. We recall that the Fourier Transform

of a function f € LY(RP) is given by

fy)=Z(Hy) = (2m)~ " - fx)e ™ ¥dx, y e R”. (4.5)

Observing that the exponential e~*¥) is constant on hyperplanes orthogonal
to y, an important relation between the Fourier and the Radon Transform
is obtained integrating (4.5) along such hyperplanes. Explicitly, we write
y = &0 for £ € R and 8 € SP~! to get the famous Projection-Slice Theorem:

f(60) = (2m)Pr2 / /H o O )

~en " [ ( / . f<x>duH<x>) eids (46)
= )77 [ 21716, 5 s

This immediately implies that the operator Z is injective on S(R”) (but also
on larger spaces, e.g. on L(RP)).

Moreover, let us introduce the space of Schwartz-class functions on =p. We
say that a function f € C*°(€”) belongs to S(€”) if for every ky,ky € Ny we

have
ko

9 t0,s)

sup(1 + Js))* | =

(6.5)

< +00.
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The space S(Zp) is the space of the even functions in S(€P), i.e. f(0,s) =
f(=0,—s). The Partial Fourier Transform of a function f € S(Zp) is its

Fourier Transform in the s variable:
10.5) = (6.6) = 7 (s [0.9) () = [ FO.5) s (47)

On Zp, we understand the convolution as acting on the second variable as

well:

(gxh)(0,s) = / g(0,s —t)h(t)dt. (4.8)

R
The Partial Fourier Transform maps S(€) into itself and S(Zp) into itself
and the Projection-Slice Theorem states that the Fourier Transform of f
€ S(RP) is the Partial Fourier Transform of its Radon Transform. For f €
S(RP), if we change to polar coordinates (0, s) — s0 in RP | a straightforward
application of the chain rule shows that its Fourier Transform lies in S(€?).

By the Projection-Slice Theorem then
% : SRP) — S(Ep). (4.9)

Another consequence of the Projection-Slice Theorem is that the Radon

Transform preserves convolutions, in the sense that for every f and g €
S(RP) the following formula holds:

A(f )05 = [ AI1(6.5— 07g](6.0)d1 (4.10)
R
We now introduce the backprojection operator %* by
@00 = [ al0.(x.0))d6. g€ () (1.11)

For g = Zf, %*[g](x) is the average of all hyperplane integrals of f through
x. Mathematically speaking, #* is simply the adjoint of Z: for ¢ € S(R)
and f € S(RP), there holds

/R o) RO, 8)ds = [ $((x,8))f(x)dx (4.12)

RD
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and consequently for g € S(Zp) and f € S(RP)

/S . /R 9(% f)d0ds = /R (@g)fax. (4.13)

A more general approach for studying the Radon Transform leading to the
same result can be found in the first chapters of [19].
The following result is the starting point for the Filtered Backprojection

algorithm, which will be discussed later.

Theorem 4.1.1. Let f € S(RP) and v € S(Ep). Then!
R (v RBf) = (Z*V) * f. (4.14)

Proof. For any x € R”, we have

R (v % Bf)(x) :/Sm (/RU(H, (0,%) — 5)2|f](6, s)ds) d0

[ ([0 ([ ) i) o
= [, ([, wo0x-y)swiay) ao
= [ ([, wo0.x-vnio) svray

= [ Zv(x—y)f(y)dy

= ((Z"v) = f)(x).
(4.15)

4.1.1 The inversion formula

We are now ready to derive the inversion formula for the Radon Transform.
The proof is basically taken from [19], but here, apart from the different

notations and definitions, some small errors in the resulting constants have

'Note the different meaning of the symbol * in the formula!
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been corrected. We state the general theorem exactly as in [69].

We start from the inversion formula of the classical Fourier Transform in R”
)21 = | fy)etdy (1.16)
R
and switch to polar coordinates y = £6, obtaining
+oo
(27T)D/2f(X) — / / f(£9)62§<x’0>£D_1d£d0
sb-1 Jg
1 too
—5 | deoesertaca
2 SDfl 0
1 oo
w5 [ [ feepest e taca
2 SD—l 0
1 too
—5 | deoesoertaca
2 §D71 0
1 ° 1£(x,0) D-1
+ 5 f(£0)e~ 7 (=€) d§do
2 SD—I — 00

+oo
5 [ deoesaig-agano.

(4.17)

If D is odd, |£|P~! = ¢P~1, thus the Projection-Slice Theorem and the pro-

perties of the Fourier Transform in one variable imply

—en [ 7 (60 7 (s S 010.9) ©) (.00
— ot (st ) ()

(4.18)

where
27 1 D—1

= = —(2m)"P(-1) "7 . 4.19
Suppose now D is even. To obtain a complete inversion formula, we recall a
few facts from the theory of distributions (cf. [19] and, as a general reference

for the theory of distributions, [80]).
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1. The linear mapping p.v.[1/t] from S(R) to C defined by

p.v.[1/t}h = lim @dt (4.20)

e—0t [t|>e
is well defined (although 1/t is not locally integrable) and belongs to
the dual space of S(R); that is to say, it is a tempered distribution on

R.

2. The signum function on R defined by

1 i £>0,

~1 if £<0 (4.21)

sgn(§) = {

is a tempered distribution on R as well, whose (distributional) Fourier

Transform is related to p.v.[1/t] via the formula

Fpa[L/)(E) = —@sgn@ (4.22)

The Hilbert Transform of a function ¢ € S(R) is the convolution J#¢ =
o * %p.v.[l/t], ie

A p) = tim [ 22D

e—0t [t|>e Tt

dt, peR. (4.23)

As a consequence, the Fourier Transform of 77 ¢ is the function

FAH)(€) = —19(€)sgn(€). (4.24)

Now we return to the right-hand side of (4.17), which, for D even, is equal

to
L / ' F(£0)e ™9 P 5gn (£)ded.
sD—-1

We proceed s1m11arly to the odd case and using (4.24) we have

“+00
/ / 60 ¢D=Lgom (€) (/% —wﬁds) dédo
sD—-1

2
- o /ﬁ (677 (s> Smstl1D(6.9)) (©)) (65,00
— eoit (o (meatl)) ) o)

(4.25)
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where

2 1 1D 1252
cp = W = 5(27?) (=1)7=. (4.26)

Altogether, we have proved the following theorem.

Theorem 4.1.2. Let f € S(RP) and let g = Zf. Then

B gP~Y n even,
/ D{ F*gP—Y n odd, (4.27)
with
1 (=1)"=° n even
cp = =(2m)P L ’ 4.28
v 2( ) { (=)= n odd, (4.28)

where the derivatives in =p are intended in the second variable.

We conclude the section with a remark on the inversion formula from [69].
For D odd, the equation (4.18) says that f(x) is simply an average of g(P~%
over all hyperplanes through x. Thus, in order to reconstruct f at some
point x, one needs only the integrals of f through x. This is not true for
D even. In fact, inserting the definition of the Hilbert Transform into (4.25)
and changing the order of integration, we obtain?

fx-Mu@/ / g P=1(8, (x,0) — t)ddt, (4.29)
|t\>5 Sb- 1

e—0F

from which we can see that the computation of f at some point x requires

integrals of f also over hyperplanes far away from x.

4.1.2 Filtered backprojection

Rather than using the inversion formula described above, the most common
method for reconstructing X-ray images is the method of the Filtered Back-
projection. Its main advantage is the ability to cancel out high frequency

noise.

2the equality with the right-hand side of formula (4.25) is guaranteed because g is a

rapidly decreasing function.
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Let v € S(Ep). There is a constant C' such that |v(£)| < C for all £ € Zp and
so the definition of #Z* implies that also |Z*v(x)| < C for all x. Thus Z*v
is a tempered distribution. Moreover, in [19] it is shown that the following
relation between Z*v and © holds for all y # 0 in RP:
F@o)y) =202y o (vl ). (30
Yy
The starting point of the Filtered Backprojection algorithm is Theorem 4.1.1:
we put in formula (4.14) g = Zf and V = %*v obtaining

Vxf=%"(vxg). (4.31)

The idea is to choose V' as an approximation of the Dirac -function and to
determine v from V = Z*v. Then V % f is an approximation of the sought
function f that is calculated in the right-hand side by backprojecting the
convolution of v with the data g¢.

Usually only radially symmetric functions V' are chosen, i.e. V(y) = V(|ly]|)-
Then v = v(0, s) can be assumed to be only an even function of s and formula
(4.30) reads now

F (% v)(y) = 22m) 2y Po(lly ). (4.32)

Now we choose V' as a band limited function by allowing a filter factor QAS(y)

which is close to 1 for ||y| < 1 and which vanishes for ||y|| > 1 putting

Ve(y) = (2m)"22¢(|lyll/T), T >0. (4.33)
Then the corresponding function vy such that Z*vy = Vi satisfies
1 .
01(6) = 52V PEP /), €50 (131

(note that Oy is an even function being the Fourier Transform of an even
function).
Many choices of qg can be found in literature. We mention the choice proposed

by Shepp and Logan in [84], where

@%:{am@mm, 0<E<T,

N (o1 (4.35)
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where sinc(t) is equal to sin(¢)/t if ¢ # 0, and 1 otherwise.

Once v has been chosen, the right-hand side of equation (4.14) has to be
calculated to obtain the approximation V x f of f. This has to be done in
a discrete setting, and the discretization of (4.14) depends on the way the
function g is sampled: different samplings lead to different algorithms. Since
we are going to concentrate on iterative methods, we will not proceed in the
description of these algorithms and for a detailed treatment of this argument

we refer to [69)].

4.2 The Radon Transform over straight lines

In the previous section we studied the Radon Transform, which integrates
functions on R” over hyperplanes. One can also consider an integration
over d-planes, with d = 1,...,D — 1. In this case, Zp is replaced by the
set of unoriented affine d-planes in R?, the affine Grassmannian G(d, D).
For simplicity, here we will consider only the case d = 1: the corresponding
transform is the so called X-Ray Transform or just the Ray Transform.

We identify a straight line L. of G(1, D) with a direction 8 € SP~! and a
point s € @+ as {s + 10, t € R} and define the X-Ray Transform £ by

PUf1(0,5) = /R F(s + 10)dt. (4.36)

Similarly to the case d = D—1 we have a Projection Slice Theorem as follows.
For f € LY(RP) and y € RP let L = IL(0,s) € G(1,D) be a straight line
such that y lies in *. Then

A~

fy)=(2m)" P - f(x)e™ ¥ dx

= (2m) P/ /0 ) ( /R f(s+t0)e"<s+w’y>dt) dpige (s) (4.37)

— (2m)~P/? PF(0,8)e "5V dpg. (s).

OJ_
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Thus Zf is a function on TP := {(0,s) 8 € SP~!, s € 8} and f € S(RP)
implies Zf € S(TP), where

ko

S(TP) = {g € C™ : sup(l + |s|)™ (0,s)

(6.s)

On TP, the convolution and the Partial Fourier Transform are defined by

(g*h)(0,s) = /9l 9(0,s —t)h(0,t)dug. (t), sc€ O, (4.39)
(0.6 = (2n) 0% [ 050, 5)ges). Ec0n (140

Theorem 4.2.1. For f,g € S(RP), we have
PfxPg=P(fx*g). (4.41)

As in the case d = D — 1, the convolution on R” and on T are denoted
by the same symbol in the theorem.

The backprojection operator &* is now
P g)(x) = / (0, Egx)do, (4.42)
sp—

where Fjy is the orthogonal projector onto 8, i.e. Fpx = x — (x,6)6. Again
it is the adjoint of &2:

/ / 9P fdOdpgy. (s) = / fP*gdx. (4.43)
sb-1.J@+ RD
There is also an analogous version of Theorem 4.1.1:
Theorem 4.2.2. Let f € S(R”) and g € S(TP). Then
P (gx Pf)=(P"g)* [. (4.44)

From (4.37) and (4.40) follows immediately that for f € S(R”), 8 € SP~*
and & L @ there holds

(21)(0,€) = 212 (£). (4.45)

This is already enough to state the following uniqueness result in R3.
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Theorem 4.2.3. Let S? be a subset of S* that meets every equatorial circle
of S* (Orlov’s condition, 1976). Then the knowledge of Pf for 0 € St

determines f uniquely.

Proof. For every € € R?, since S satisfies Orlov’s condition, there exists an
clement 0 € S2 such that @ L €. Hence f(€) is determined by (4.45). O

An explicit inversion formula on S3 was found by the same Orlov in 1976
(see Natterer [69] for a proof).

In spherical coordinates,

cos x cos ¥

X = sinycosd? |, 0<x<2m [V <2, (4.46)

o

sin

S? is given by 9_(x) <9 <94 (x), 0 < x < 27, where 9 are functions such
that =3 < J_(x) <0 <9.(x) <3, 0< x <27

Now, let I(x,y) be the length of the intersection of S with the plane spanned
by x and y € R3. According to the assumption made on 9, I(x,y) > 0 if x

and y are linearly independent.

Theorem 4.2.4 (Orlov’s inversion formula). Let f € S(R?) and g(0,s) =
2(f1(0,s) for 0 € S ands L 6. Then

fx) =A | O, Esx)do, (4.47)

where
1 g(0,s —t)

R A IO

and /\ is the Laplace operator on R3.

h(0,s) = djige (t) (4.48)

4.2.1 The Cone Beam Transform

We define the Cone Beam Transform of a density function f € S(R?) by

21fl(x,0) = 0+Oof(x+t9)dt, x € R* 0 ¢ §% (4.49)
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When x is the location of an X-ray source traveling along a curve I'; the
operator ¥ is usually called the Cone Beam Transform of f along the source
curve I'. We want to invert Z in this particular case, which is of interest in
the applications.

We start by considering the case where I' is the unit circle in the x;-x5
plane. A point x on T is expressed as x = (cos¢,sing,0)*, with x+ =
(—sin ¢, cos ¢,0)*. An element 6 € S?\ {x} corresponds to a couple (ya,y3)*
€ R? by taking the intersection of the beam through 6 and x with the plane
spanned by x* and ez := (0,0, 1)* passing through —x 3. Thus, if f vanishes
outside the unit ball of R3, we have

—+00

IU@yarys) = | FA=t)x+ t(y2x" +yses))dt. (4.50)

We also define the Mellin Transform of a function h € R by
+o0o
B)(s) = / -1 (t)dt. (4.51)
0

Then in [69] it is shown that performing a Mellin Transform of g and f with
respect to y3 and x3 respectively and then expanding the results in Fourier

series with respect to ¢ one obtains the equations

+o0
qi(y2, s) =/ fi (\/(1 — )2 +t2y§,s) e7lety)qr ez, (4.52)
0

where «a(t,ys) is the argument of the point (1 — ¢,ty,) in the x;-xo plane.
Unfortunately an explicit solution to this equation does not exist and the
entire procedure seems rather expensive from a computational point of view.
This is a reason why usually nowadays different paths are used.

An explicit inversion formula was found by Tuy in 1983 (cf. [93]). It applies

to paths satisfying the following condition:

Definition 4.2.1 (Tuy’s condition). Let T' = T'(¢), t € [0,1] be a para-

metric curve on R3. T is said to satisfy Tuy’s condition if it intersects each

3in other words, y» and y3 are just the coordinates of the stereographic projection of

0 from the projection point x.
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plane hitting supp(f) transversally, i.e. if for each x € supp(f) and each 6
€ S? there exists t = t(x,0) € [0, 1] such that

(D(t),0) = (x,0), (I'(t),0) #0. (4.53)

Theorem 4.2.5. Suppose that the source curve satisfies Tuy’s condition.
Then

d/\

f(x) = (27T)‘3/2Z‘1/ (T'(1), 6)) "= (Z)(T'(1), 6)db, (4.54)

SQ
where t = t(x,0) and where the Fourier Transform is performed only with

respect to the first variable.

Of course, Tuy’s condition doesn’t hold for the circular path described
above since it lies entirely on a plane. In the pursuit of the data sufficiency
condition, various scanning trajectories have been proposed, such as circle
and line, circle plus arc, double orthogonal circles, dual ellipses and helix
(see [50] and the references therein). Of particular interest is the helical
trajectory, for which in a series of papers from 2002 to 2004 ([56], [57] and
[58]) the Russian mathematician A. Katsevich found an inversion formula
strictly related to the Filtered Backprojection algorithm. Although we won’t
investigate the implementation of these algorithms, we dedicate the follo-
wing section to the basic concepts developed in those papers since they are

considered a breakthrough by many experts in the field.

4.2.2 Katsevich’s inversion formula

In the description of Katsevich’s inversion formula we follow [97] and [98].

First of all, the source lies on an helical trajectory defined by

() = <Rcos(t),Rsin(t),P%)*, tel, (4.55)

where R > 0 is the radius of the helix, P > 0 is the helical pitch and I := [a, b],
b > a. In medical applications, the helical path is obtained by translating the

platform where the patient lies through the rotating source-detector gantry.
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Thus the pitch of the helix is the displacement of the patient table per source
turn. We assume that the support © of the function f € C*(R3) to be

reconstructed lies strictly inside the helix, i.e. there exists a cylinder
U={xeR|x+xi<r}, 0<r<R, (4.56)

such that QQ C U.

To understand the statement of Katsevich’s formula we introduce the notions
of m-line and Tam-Danielsson window.

A 7-line is any line segment that connects two points on the helix which are

separated by less than one helical turn (see Figure 4.1). It can be shown

y(st)

¥(Sp)

Figure 4.1: The 7-line of an helix: in the figure, y(s;) and y(s;) correspond
to I'(ty) and I'(¢;) respectively.

(cf. [11]) that for every point x inside the helix, there is a unique 7-line
through x. Let I.(x) = [to(x), t1(x)] be the parametric interval corresponding
to the unique 7-line passing through x. In particular, I'(¢y) and I'(¢;) are
the endpoints of the 7-line which lie on the helix. By definition, we have
t1 —to < 2m.

The region on the detector plane bounded above and below by the projections
of an helix segment onto the detector plane when viewed from I'(¢) is called
the Tam-Danielsson window in the literature (cf. Figure 4.2). Now, consider
the ray passing through I'(¢#) and x. Let the intersection of this ray with the

detector plane be denoted by x. Tam et al. in [89] and Danielsson et al. in
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Figure 4.2: The Tam-Danielsson window: a(\) in the figure corresponds to

I'(¢) in our notation.

[11] showed that if x lies inside the Tam-Danielsson window for every ¢t € I,
then f(x) may be reconstructed exactly. We define a s-plane to be any plane
that has three intersections with the helix such that one intersection is half-
way between the two others. Denote the x-plane which intersects the helix
at the three points I'(t), T'(t + ) and T'(t + 2¢) by k(t, ), ¥ € (—n/2,7/2).
The k(t,v)-plane is spanned by the vectors vy (t,v¢) = T'(t + 1) — I'(t) and
vo(t, ) = ' (t 4 2¢) — I'(¢) and the unit normal vector to the (¢, v)-plane
is

vi(t ¥) X va(t,9)
lv1(t, ) X wa(t, )|

where the symbol x stands for the external product in R3. Katsevich [58]

n(t, ¢) = sgn(y)

Ve (—m/2,7/2), (4.57)

proved that for a given x, the r-plane through x with ¢ € (—n/2,7/2) is
uniquely determined if the projection X onto the detector plane lies in the
Tam-Danielson window. A k-line is the line of intersection of the detector
plane and a k-plane, so if X lies in the Tam-Danielson window, there is a

unique k-line. We denote the unit vector from I'(t) toward x by

x — I'(t)

B(t.%) = T (4.58)

For a generic a € S§?, let m(¢, &) be the unit normal vector for the plane

k(t, 1) with the smallest |¢)| value that contains the line of direction a which
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passes through I'(¢), and put e(t,x) := B(t,x) x m(¢,3). Then B(t,x) and
e(t,x) span the k-plane that we will want to use for the reconstruction of f

in x. Any direction in the plane may be expressed as
0(t,x,7) = cos(7)B(t,x) + sin(v)e(t,x), v € [0,2m). (4.59)
We can now state Katsevich’s result as follows.

Theorem 4.2.6 (Katsevich). For f € C°(U),

1 1 ) dydt

fX :_—/ 7])1)/ —.@fI‘q,Bt,x,7 =t )

X =750 g Tt Sy a7 O e
(4.60)
where p.v. stands for the principal value integral and where all the objects

appearing in the formula are defined as above.
Proof. See [56], [57], [58]. O

For a fixed x, consider the k-plane with unit normal m(¢, 3(¢,x)). We
consider a generic line in this plane with direction (¢, x) = cos(v)B3(t, x) +

sin(~o)e(t, x),v0 € [0, 27) and define
0

g'(t,00(t,x)) == 8—q9f(F(Q), O(t,%,7)|g=t (4.61)
and
27 1
9" (.8u(t, %)) = pv. | g/ (b costrp=)B(t x)-sin(r0— els. X))
o Tsiny
(4.62)
Thus Katsevich’s formula can be rewritten as
1 1
F00 =5 [ e Bt (4.63)
27 i X =T @)l

Therefore, we see that Katsevich’s formula may be implemented as a deriva-
tive, followed by a 1D convolution, and then a back-projection: for this reason
it is usually described as a Filtered Backprojection-type formula. Further de-
tails for the implementation of Katsevich’s formula can be found, e.g., in [97]
and [98].
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4.3 Spectral properties of the integral ope-

rator

In this section we study the spectral properties of the operator % defined by
(4.4).

We consider the polynomials of degree k orthogonal with respect to the weight
function ¢ in [0, 1] and denote them by Pj; = Py ;(¢). Similarly to what we
have already seen in Chapter 2, the polynomials Py ; are well defined for every

k and [ € Ny and the orthogonality property means that

1
/ (P (OPrt(t) = Sou e (4.64)
0

where 0y, x, = 1if ky=ks and 0 otherwise. In fact, up to a normalization, they
are the Jacobi polynomials G (14 (D —2)/2,1+(D—2)/2,t) (cf. Abramowitz
and Stegun [1], formula 22.2.2).

We shall also need the Gegenbauer polynomials C¥ . which are defined as
the orthogonal polynomials on [—1,1] with weight function (1 — ¢2)#~1/2
i > —1/2. Moreover, we recall that a spherical harmonic of degree [ is the
restriction to SP~! of an harmonic polynomial homogeneous of degree [ on
RP (cf. e.g. [66], [83] and [85]). There exist exactly
(2l+ D —=2)(D+1-3)!

(D —2)!

linearly independent spherical harmonics of degree [ and spherical harmonics

n(D,l) =

(4.65)

of different degree are orthogonal in £2(SP~1).
Now let Y, i, &k = 1,...,n(D,l) be an orthonormal basis for the spherical
harmonics of degree [. We define, for i > 0,0 <1 <14, 1 <k <n(D,I),

Fiu(%) = V2P i1y o (022 (X7 1Yo ¢/ [1]) (4.66)
and
gk (6, 5) = c(i)w(s)P~'CI(5)Y14(0). (4.67)
Here w(s) := (1 — s?)"/? and

(i) = 721=P2[ (i 4 D)
=G+ D) T(D/2)2

(4.68)
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where [ stands for Euler’s Gamma function.

Theorem 4.3.1 (Davison(1983) and Louis (1984)). The functions fi
and gux, 1> 0,0 <1<, 1<k <n(D,l), are complete orthonormal families
in the spaces L2({||x|| < 1}) and L*(ZP,w'~P), respectively. The singular

value decomposition of Z as an operator between these spaces is given by

0o n(D,l)
RE= N D, D fandexcqisi<ap i (4.69)

i=0 0<i<i, k=1

l+1i even
where »
2D7TD_1

i = - - 4.70
((z+1)---(Z+D—1)> ( )

are the singular values of %, each being of multiplicity n(D, 1) L%J

Proof. See [13] and [64]. For a proof in a simplified case with D = 2, cf.
[4]. O

We observe that in the case D = 2 the singular values decay to zero
rather slowly, namely \; = O(i~*/2?). This is in accordance with the remark
we have made in the introductory example of Chapter 1, where we have seen
that to compute an inversion of % the data are differentiated and smoothed
again. A more precise statement to explain this can be made by means of

the following theorem (see [69] for the details not specified below).

Theorem 4.3.2. Let Q be a bounded and sufficiently reqular domain in RP
and let o« € R. Then there are positive constants c(a, Q) and C(a, Q) such
that for all f € HS ()

cla, D fllng@) < 12 flnero-nr2,) < Cloy D flluge- (4.71)

Here, H(S2) is the closure of C3°(Q2) with respect to the norm of the Sobolev
space H*(RP) and HP(Zp) is the space of even functions g on the cylinder
¢P such that

lolhoenyi= [ [ @& Fao.cracan, ser @
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Thus, roughly speaking, in the general case we can say that Z f is smoother
than f by an order of (D —1)/2.

Similar results can be found for the operator &2.

Theorem 4.3.3 (Maass (1987)). With the functions fur defined above
and a certain complete orthonormal system gy on L2(TP,w), where w(€) =

(1 —||€]1%)"/2, there are positive numbers Ay such that

[e%¢) n(D,l)
Pf(0,s) = Z Z Ail Z (f, far) Gitk- (4.73)
k=1

=0 0<I<i,
l+i even

The singular values Ny, each of multiplicity n(D, 1), satisfy

it = O(i71?) (4.74)
as © — +o0o, uniformly in .
Proof. See [65]. O

Theorem 4.3.4. Let Q be a bounded and sufficiently reqular domain in RP
and let « € R. Then there are positive constants c(a, ) and C(a, Q) such
that for all f € H(S2)

cla, D fllng < N2 fllgorrrzerpy < Cla, Q)| fllag 9, (4.75)
where

lgllsesre) = /S /@ [+ g]%)72g(0,6)%dgdo,  BeR. (4.76)

4.4 Parallel, fan beam and helical scanning

In this section we give a very brief survey of the different scanning geometries
in computerized tomography. We distinguish between the 2D and the 3D

cases.
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__*\ Rotate

Translate

(a) First generation: parallel, dual mo- (b) Second generation: narrow fan beam

tion scanner. (~10°), dual motion scanner.

Figure 4.3: First and second generation scanners.

4.4.1 2D scanning geometry

In 2D geometry, only one slice of the object is scanned at a time, the recon-
struction is made slice by slice by means of the classical 2D Radon Transform.
In parallel scanning, the X-rays are emitted along a two-parameter family
of straight lines Ly, 7 = 0,...,5 — 1, | = —[,...,[, where LL;; is the straight
line making an angle ¢; = jA¢ with the x,-axis and having signed distance
s; = lAs from the origin, i.e., (x,0;) = s, 8; = (cos ¢;,sin ¢;)*. The mea-
PAR

sured values g

g M =2f10;,5), j=0,..5-1, l=—l,..1L (4.77)

are simply

In the first CT scanners (first generation scanners) the source moves along a
straight line. The X-ray is fired at each position s; and the intensity is mea-
sured by a detector behind the object which translates simultaneously with
the source. Then the same process is repeated with a new angular direction.
A first improvement on this invasive and rather slow technique came with

the second generation scanners, where more than one detector is used, but
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the number of detectors is still small (cf. Figure 4.3).
Fan beam scanning geometry is characterized by the use of many detectors.

In a third generation scanner, the X-ray source and the detectors are mounted

_\ Rotate \ Rotate

(a) Third generation: fan beam, rotating (b) Fourth generation: fan beam, sta-

detectors. tionary detectors.

Figure 4.4: Fan beam geometry: third and fourth generation scanners.

on a common rotating frame (cf. Figure 4.4). During the rotation the detec-
tors are read out in small time intervals which is equivalent to assume that
the X-rays are fired from a number of discrete source positions. Let 76(f;),
0(p) := (cosf,sin 5)* be the j-th source position and let a; be the angle
the [-th ray in the fan emanating from the source at 70(/5;) makes with the
central ray. Then the measured valued g¢;; correspond to the 2D Cone Beam

Transform:
g™ = 20f1(r0(B;),0(c0 + B+ 7)), j=0,...j—11=—..,1 (478)

In a fourth generation scanner, the detectors are at r@(/3;), the source is
rotating continuously on a circle around the origin (cf. Figure 4.4) and the

detectors are read out at discrete time intervals.
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4.4.2 3D scanning geometry

In 3D cone beam scanning, the source runs around the object on a curve,
together with a 2D detector array. As we have already seen in the section
dedicated Katsevich’s formula, in the simplest case the curve is a circle and
the situation can be modeled by the 3D Cone Beam Transform in the same
way as for 2D third generation scanners. When the object is translated con-
tinuously in the direction of the axis of symmetry of the fan beam scanner,
we obtain the case of 3D helical scanning.

The number of rays actually measured varies between 100 in industrial to-
mography to 105-10% in radiological applications [69]. Thus the number of
data to be processed is extremely large: for this reason we shall concen-
trate on iterative regularization methods which are usually faster than other

reconstruction techniques.

4.5 Relations between Fourier and singular

functions

We have seen that in the case of image deblurring the SVD of the matrix
of the underlying linear system is given by means of the DFT, according
to (3.36). This allows to study the spectral properties of the problem, even
when the size of the system is large.

In the tomography related problems the exact SVD of the matrix of the sy-
stem is not available. Anyway, it is possible to exploit some a-priori known
qualitative information to obtain good numerical results. There are two im-
portant pieces of information that are going to be used in the numerical
experiments below: the first one is the decay of the singular values of the
Radon operator described in Section 4.3; the second one is a general property
of ill-posed problems, which is the subject of the current section.

In the paper [39] Hansen, Kilmer and Kjeldsen developed an important in-

sight into the relationship between the SVD and discrete Fourier bases for
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discrete ill-posed problems arising from the discretization of Fredholm inte-
gral equations of the first kind. We reconsider their analysis and relate it to
the considerations we have made in Chapter 3 and in particular in Section
3.1 and Section 3.4.

4.5.1 The case of the compact operator

Although we intend to study large scale discrete ill-posed problems, we return
first to the continuous setting of Section 1.8, because the basic ideas draw
upon certain properties of the underlying continuous problem involving a
compact integral operator. As stated already in [39], this material is not
intended as a rigorous analysis but rather as a tool to gain some insight into
non-asymptotic relations between the Fourier and singular functions of the
integral operator.
Consider the Hilbert space X = L£?([—m, 7|) with the usual inner product
(-,-) and denote with || - || the norm induced by the scalar product. Define
K[f](s) := /%(s,t)f(t)dt, I=[-mmn]. (4.79)

I
Assume that the kernel s is real, (piecewise) C'(I x T) and non-degenerate.
Moreover, assume for simplicity also that ||»(m,-) — s(—m,-)|| = 0. Then,
as we have seen in Section 1.8, K is a compact operator from X to itself
and there exist a singular system {\;;v;,u;} for K such that (1.38), (1.39),
(1.40) and (1.41) hold.

Define the infinite matrix B whose rows indexed by k = —o0, ..., +00 and

columns indexed by j = 1, ..., 400, with entries
By = [{uy, €™ /v2m)].

Then the following phenomenon, observed in the discrete setting, can be
shown:

The largest entries in the matriz B form a V -shape, with the V' lying on the
side and the tip of the V located at k=0, j = 1.

This means that the function u; is well represented only by a small number
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of the e /v/27 for some |k| in a band of contiguous integers depending on j.
Therefore, the singular functions are similar to the Fourier series functions
in the sense that large singular values (small j) and their corresponding
singular functions correspond to low frequencies, and small singular values
(larger j) correspond to high frequencies. The important consequence is
that it is possible to obtain at least some qualitative information about the
spectral properties of an ill-posed problem without calculating the SVD of

the operator but only performing a Fourier Transform.

4.5.2 Discrete ill-posed problems

As a matter of fact, the properties of the integral operator described in
Section 4.5.1 are observed in practice. As already shown in the paper [39],
the Fourier and the SVD coefficients of a discrete ill-posed problem Ax = b
with perturbed data b? have a similar behavior if they are ordered in the
correct way.

As a consequence of the phenomenon described in Section 4.5.1 and of the
properties of the Discrete Fourier Transform, we can reorder the Fourier

coefficients as follows:

b0, if i is odd,
o ::{ (@) Hilso (4.80)

(Q*bé)(gm_ﬂ_m/g if 7 is even.

In Figure 4.5 we compare the SVD and the Fourier coefficients of the test
problem phillips(200) with ¢ = 0.1% and Matlab seed = 1. It is evident from
the graphic that the Fourier coefficients, reordered according to the formula
(4.80), decay very similarly to the SVD coefficients in this example.

In [39], only the case of the 1D ill-posed problems was considered in detail.

Here we consider the case of a 2D tomographic test problem, where:

e the matrix A of the system is the discretization of a 2D integral ope-
rator acting on a function of two space variables. For example, in the

case of parallel X-rays modeled by the Radon Transform, Z[f](0, s) is
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Figure 4.5: SVD(blue full circles) and Fourier (red circles) coefficients of
phillips(200), noise 0.1%

simply the integral of the density function f multiplied by the Dirac

o-function supported on the straight line corresponding to (8, s).

e The exact data, denoted by the vector g, is the columnwise stacked
version of the matrix G with entries given by a formula of the type
(4.77) or (4.78) (the sinogram).

e The exact solution f is the columnwise stacked version of the image
F obtained by computing the density function f on the discretization

points of the domain.

To calculate the Fourier coefficients of the perturbed problem Af = g°,
g’ — g|| < d, we suggest the following strategy:

(i) compute the two-dimensional Discrete Fourier Transform of the (per-

turbed) sinogram G° corresponding to g°.

(ii) Consider the matrix of the Fourier coefficients obtained at the step
(7) and reorder its columnwise stacked version as in the 1D case (cf.
formula (4.80)).
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Fourier plot
fanbeamtomo(100) noise 3%

° Fou. Coeff.
App. Fou. Coeff.

10° & © Sub. App. Fou. Coeff. |]
- p 3

Figure 4.6: The computation of the index p for fanbeamtomo(100), with
0 = 3% and Matlab seed = 0.

4.6 Numerical experiments

In this section we present some numerical experiments performed on three
different test problems of P.C. Hansen’s Air Tools (cf. Appendix C.6). In all

the considered examples we denote with:

e A F, G and G? the matrix of the system, the exact solution, the exact

data and the perturbed data respectively;

o f g and g’ the columnwise stacked versions of the matrices F, G and
GcS .
e m and N the number of rows and columns of A respectively (in all the

test problems considered m > N > 10000);

e [y and jy the number of rows and columns of the sinogram G° (see also
Appendix C.6);

e J the number of rows (and columns) of the exact solution F;

e o the vector of the Fourier coefficients of the perturbed system Af =

g’ reordered as described in Section 4.5.2;

e (p the approximation of the vector ¢ computed by the routine data_approx
with |m/5000] inner knots.
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CGNE results for the fanbeamtomo problem

J 0 Average relative error
Discr. Prine. | SR1(np) SR3 | Opt. Sol.
100 | 1% 0.0750 0.0817(100) | 0.0568 | 0.0427
100 | 3% 0.1437 0.1347(75) | 0.1232 | 0.1132
100 | 5% 0.1943 0.1847(50) | 0.1715 0.1696
100 | 7% 0.2273 0.2273(25) | 0.2139 0.2127
200 | 1% 0.1085 0.1049(80) | 0.0947 0.0886
200 | 3% 0.1747 0.1669(60) | 0.1693 0.1668
200 | 5% 0.2226 0.2143(40) | 0.2127 0.2123
200 | % 0.2550 0.2550(20) | 0.2495 | 0.2477

Table 4.1: Comparison between different stopping rules of CGNE for the

fanbeamtomo test problem.

Using the algorithm cgls, we compute the regularized solutions of CGNE
stopped according to the Discrepancy Principle and to SR1 and SR3.
The index p of SR3 is calculated as follows (see Figure 4.6):

(i) determine a subsequence of the approximated Fourier coefficients by

choosing the elements p1, 0117, O1197, .-

(ii) Discard all the elements after the first relative minimum of this subse-

quence.

(iii) The index p is defined by p := 1+ (i + 1).J where i is the corner of the
discrete curve obtained at the step (ii) determined by the algorithm

triangle.

4.6.1 Fanbeamtomo

We consider the function fanbeamtomo, that generates a tomographic test
problem with fan beam X-rays. We choose two different values for the di-
mension J, four different percentages p of noise on the data, and 16 different
Matlab seeds, for a total of 128 simulations.

For fixed values of .J and p, the average relative errors over all Matlab seeds
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CGNE results for the seismictomo problem

dim | p Average relative error
Discr. Prine. | SR1(np) SR3 | Opt. Sol.
100 | 1% 0.0985 0.1022(50) | 0.0954 0.0929
100 | 3% 0.1344 0.1367(35) | 0.1291 0.1291
100 | 5% 0.1544 0.1603(25) | 0.1549 0.1533
100 | 7% 0.1713 0.1820(20) | 0.1813 0.1713
200 | 1% 0.1222 0.1260(50) | 0.1207 0.1177

(

(

(

200 | 3% 0.1503 0.1637(35) | 0.1484 0.1481
200 | 5% 0.1699 0.1934(25) | 0.1661 0.1660

)
)
)
)
)
)
)
200 | 7% | 01830 | 0.1960(20) | 0.1814 | 0.1800

Table 4.2: Comparison between different stopping rules of CGNE for the

seismictomo test problem.

are summarized in Table 4.1. The results show that SR3 provides an improve-
ment on the Discrepancy Principle, which is more significant when the noise
level is small. Moreover, SR1 confirms to be a reliable heuristic stopping

rule.

4.6.2 Seismictomo

The function seismictomo creates a two-dimensional seismic tomographic test
problem (see Appendix C.6 and [40]).

As for the case of fanbeamtomo, we choose two different values for the

dimension .J, four different percentages o of noise on the data, and 16 different
Matlab seeds. For fixed values of J and p, the average relative errors over all
Matlab seeds are summarized in Table 4.2.
The numerical results show again that SR3 improves the results of the Discre-
pancy Principle. It is interesting to note that in this case the solutions of
SR1 are slightly oversmoothed. In fact, the Approximated Residual L-Curve
is very similar to the Residual L-Curve, so in this example the approximation
helps very little in overcoming the oversmoothing effect of the Residual L-
Curve method described in Chapter 3.
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Figure 4.7: The computation of the index p, for paralleltomo(100), with
0 = 3% and Matlab seed = 0.

4.6.3 Paralleltomo

The function paralleltomo generates a 2D tomographic test problem with par-
allel X-rays.

For this test problem we consider also the following variant of SR3 for com-
puting the index p (cf. Figure 4.7). Using the Matlab function svds, we
calculate the largest singular value A\; of the matrix A. Assuming that the
singular values of A decay like O(i~'/2) we define a vector of approzimated
singular values Nioi= A V2 for i > 1 (the approximation is justified by
Theorem 4.3.1). Typically, the graphic of the ratios @;/ )\; is similar to that
shown in Figure 4.7. Similarly to the 1D examples described in Chapter
3, this graphic has a relative minimum when the Fourier coefficients begin
to level off. We denote with p, the index corresponding to this minimum
and with p. the index determined as in the test problems fanbeamtomo and
seismictomo.

As in the previous cases, we choose two different values for the dimension
J, four different percentages p of noise on the data, and 16 different Matlab
seeds. For fixed values of J and p, the average relative errors over all Matlab

seeds are summarized in Table 4.3.
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CGNE results for the paralleltomo problem
dim | p Average relative error
Discr. Princ. SR1(np) SR3. | SR3, | Opt. Sol.

100 | 1% 0.1247 0.1186(100) | 0.1041 | 0.0868 | 0.0759
100 | 3% 0.1992 0.1861(75) | 0.1861 | 0.1759 | 0.1703
100 | 5% 0.2378 0.2378(50) | 0.2299 | 0.2272 | 0.2269
100 | 7% 0.2724 0.2674(25) | 0.2674 | 0.2670 | 0.2670
200 | 1% 0.1568 0.1501(80) | 0.1516 | 0.1507 | 0.1465
200 | 3% 0.2140 0.2055(60) | 0.2055 | 0.2051 0.2051
200 | 5% 0.2593 0.2517(40) | 0.2523 | 0.2517 | 0.2517
200 | ™% 0.2962 0.2950(20) | 0.2931 | 0.2931 0.2889

Table 4.3: Comparison between different stopping rules of CGNE for the

paralleltomo test problem.

The numerical results show that the qualitative a-priori notion about the

spectrum improves the results. As a matter of fact, SR3 with p = p, provides

excellent results, in particular when the noise level is low. The performances

of the heuristic stopping rule SR1 are very good here as well.



Chapter 5

Regularization in Banach

spaces

So far, we have considered only linear ill-posed problems in a Hilbert space
setting. We have seen that this theory is well established since the nineties,
so we focused mainly on the applications in the discrete setting.

In the past decade of research, in the area of inverse and ill-posed problems, a
great deal of attention has been devoted to the regularization in the Banach
space setting. The research on regularization methods in Banach spaces was
driven by different mathematical viewpoints. On the one hand, there are
various practical applications where models that use Hilbert spaces are not
realistic or appropriate. Usually, in such applications sparse solutions!' of
linear and nonlinear operator equations are to be determined, and models
working in £P spaces, non-Hilbertian Sobolev spaces or continuous function
spaces are preferable. On the other hand, mathematical tools and techniques
typical of Banach spaces can help to overcome the limitations of Hilbert
models. In the monograph [82], a series of different applications ranging from
non-destructive testing, such as X-ray diffractometry, via phase retrieval, to

an inverse problem in finance are presented. All these applications can be

ISparsity means that the searched-for solution has only a few nonzero coefficients with

respect to a specific, given, basis.

163
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modeled by operator equations
F(z) =y, (5.1)

where the so-called forward operator F : D(F) C X — ) denotes a conti-
nuous linear or nonlinear mapping between Banach spaces X and ).

In the opening section of this chapter we shall describe another important
example, the problem of identifying coefficients or source terms in partial
differential equations (PDEs) from data obtained from the PDE solutions.
Then we will introduce the fundamental notions and tools that are peculiar
of the Banach space setting and discuss the problem of regularization in this
new framework.

At the end of the chapter we shall focus on the properties of some of the most
important regularization methods in Banach spaces for solving nonlinear ill-
posed problems, such as the Landweber-type methods and the Iteratively
Regularized Gauss-Newton method.

We point out that the aim of this chapter is the introduction of the Newton-
Landweber type iteration that will be discussed in the final chapter of this
thesis. Thus, methods using only Tikhonov-type penalization terms shall not

be considered here.

5.1 A parameter identification problem for

an elliptic PDE

The problem of identifying coefficients or source terms in partial differential
equations from data obtained from the PDE solution arises in a variety of
applications ranging from medical imaging, via nondestructive testing, to
material characterization, as well as model calibration.

The following example has been studied repeatedly in the literature (see,
e.g. [7], [16], [31], [52], [78] and [82]) to illustrate theoretical conditions and
numerically test the convergence of regularization methods.

Consider the identification of the space-dependent coefficient ¢ in the elliptic
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boundary value problem

—Au+cu=f in (5.2)
u=2~0 on 02

from measurements of u in Q. Here, Q C R”, D € N is a smooth, bounded
domain and A is the Laplace operator on ().
The forward operator F' : D(F') C X — ), where X’ and ) are to be specified

below, and its derivative can be formally written as
F(c)= o/ (c)7'f, F'()h=—o(c)" (hF(c)), (5.3)
where <7 (c) : H2(Q) N HH(Q) — L2(Q) is defined by & (c)u = —Au + cu.

In order to preserve ellipticity, a straightforward choice of the domain D(F')
is

D(F):={ce X |c>0ae,|dr <7} (5.4)
for some sufficiently small v > 0. For the situation in which the theory

requires a nonempty interior of D(F') in X', the choice
D(F):={ceX |FVe L= ),)>0ae : |c—D|r <7}, (5.5)

for some sufficiently small v > 0, has been devised in [30].

The preimage and image spaces X and ) are usually both set to £2(£2),
in order to fit into the Hilbert space theory. However, as observed in [82],
the choice Y = L£(12) is the natural topology for the measured data and
in the situation of impulsive noise the choice Y = L(Q) provides a more
robust option than the choice Y = £2(Q) (cf. also [6] and [49]). Concerning
the preimage space, one often aims at actually reconstructing a uniformly
bounded coefficient, or a coefficient that is sparse in some sense, suggesting
the use of the £>(2) or the £}(Q)-norm.

This motivates to study the use of
X:‘CP(Q)> y:‘CT(Q)>

with general exponents p,r € [1,+oc| within the context of this example.
Restricting to the choice (5.4) of the domain, it is possible to show the
following results (cf. [82]).
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Proposition 5.1.1. Let p,r,s € [1,4+00]| and denote by (W** N H) () the

closure of the space C§°(§2) with respect to the norm

[ollwesrpgg = 1D0] 2o + [Vl 22,

wnvoking Friedrichs’ inequality.
Let also X = LP(QQ), Y = L7(Q).

(7)

(i)

(iid)

If
s> D/2 and {s =1 or s > max{1l,D/2} orr < 4oo}
or H
s
<D/2 andr <
s /2 an T_D—Qs’

then WS NH)(Q) C L7(Q) and there exists a constant Cly > 0 such
that
Yo e W NH)(Q) : oller < Cyylvllwesnmg.

Assume ¢ € D(F) with a sufficiently small v > 0 and let

D
1=s>— ors>max{l, 5} (5.6)

2
Then the operator o (c)™' : L3(Q) — (W?* N H)(Q) is well defined

and bounded by some constant C’(Sd).

For any f € L™®LD/2Y(Q) | the operator F: D(F) C X — Y, F(c) =
o (¢)7Lf is well defined and bounded on D(F) as in (5.4) with v > 0

sufficiently small.

For any
p.r € [1,+00], feLN(Q), De {12}

or
pe(D/2,0¢], p>1, r€[l,+oc], feL?H(Q), e>0

and ¢ € D(F), the operator F'(c) : X — Y, F'(c) = —a/(c)" (hF(c)),
s well defined and bounded.
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5.2 Basic tools in the Banach space setting

The aim of this section is to introduce the basic tools and fix the classical
notations used in the Banach space setting for regularizing ill-posed problems.

For details and proofs, cf. [82] and the references therein.

5.2.1 Basic mathematical tools

Definition 5.2.1 (Conjugate exponents, dual spaces and dual pai-

rings). Forp > 1 we denote by p* > 1 the conjugate exponent of p, satisfying

the equation L
-+ —=1L (5.7)
p P

We denote by X* the dual space of a Banach space X, which is the Banach

space of all bounded (continuous) linear functionals x* : X — R, equipped

with the norm

x = sup |z¥(x)]. (5.8)

flzfl=1

]

Forx* € X* and x € X we denote by (x*, x) xrxx and (x,x*) yxx+ the duality

pairing (duality product) defined as
(2", ) xexn = (T, 2 ) pwear = (). (5.9)

In norms and dual pairings, when clear from the context, we will omit the

indices indicating the spaces.

Definition 5.2.2. Let {z,},en be a sequence in X and let v € X. The
sequence x, 1s said to converge weakly to x if, for every z* € X*, (x*, z,)
converges to (x*,x).

As in the Hilbert space case, we shall denote by the symbol — the weak

convergence in X and by — the strong convergence in X.

Definition 5.2.3 (Adjoint operator). Let A be a bounded (continuous)
linear operator between two Banach spaces X and Y. Then the bounded

linear operator A* . Y* — X*, defined as

<A*y*ax>2{*x2’( = <y*>A$>y*xy, Vo € X>y* € y*>
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is called the adjoint operator of A.

As in the Hilbert space setting, we denote by ker(A) the null-space of A
and by R(A) the range of A.

We recall three important inequalities that are going to be used later.

Theorem 5.2.1 (Cauchy’s inequality). For x € X and z* € X* we have:

(2", 2) oo x| < ||2" | | 2] -

Theorem 5.2.2 (Holder’s inequality). For functions f € LP(QQ), g €
LP(Q), Q C R as in Section 5.1:

g([ﬂﬂxWﬂ{f”([ﬂmmwwgfﬂi

Theorem 5.2.3 (Young’s inequality). Let a and b denote real numbers

Lﬂmamw

and p,p* > 1 conjugate exponents. Then

1 1 -
ab S —‘CL|p—|— —*|bp .
p p

5.2.2 Geometry of Banach space norms

Definition 5.2.4 (Subdifferential of a convex functional). A functional

f: X — R U oo is called conver if
In this case, an element x* € X* is a subgradient of f in x if

fy) = f@) + (" y —x), VyeX.

The set Of (x) of all subgradients of f in x is called the subdifferential of f
m .
Theorem 5.2.4 (Optimality conditions). Let f : X — R U oo be a convex

functional and let z be such that f(z) < co. Then

f(2) =min f(x) <= 0 € 9f(2).

zeX
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This result generalizes the classical optimality condition f’(z) = 0, where
f" is the Fréchet derivative of f. The subdifferential also is a generaliza-
tion of the differential in the sense that if f is Gateaux-differentiable, then
Of (x) ={Vf(z)}.
In general the subdifferential of a function may also be the empty set. How-
ever, if the function is Lipschitz-continuous, its sudifferential is not empty.
Among the various properties of the subdifferential of a convex functional,

we recall the following one.

Theorem 5.2.5 (Monotonicity of the subgradient). Assume that the
conver functional f : X — R U oo is proper, i.e. the set of all x € X

such that f(x) < oo is non-empty. Then the following monotonicity property
holds:

(" —y* e —y) >0, Vz*edf(x), vy €df(y), x,y € X.

To understand the geometry of the Banach spaces, it is important to
study the properties of the proper convex functional x > %||x||p . We start

introducing the so-called duality mapping J;V .

Definition 5.2.5 (Duality mapping). The set valued mapping J;“ X —
2X° with p > 1 defined by

Ty (@) = {a" € X | (@",2) = [|l=(ll2"[l, [l2"]| = [l=]"~"}, (5.10)

p

is called the duality mapping of X with gauge function t — tP~1.

By ji* we denote a single-valued selection of J;*, ie. j¥: X — X*isa
mapping with j;( € JPX for all x € X.
The duality mapping is the subgradient of the functional above:

Theorem 5.2.6 (Asplund). Let X' be a normed space and p > 1. Then

1
J;‘=a<z—,||-||’;()-
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Example 5.2.1. For every p € (1,400), J, : LP(Q) — L (Q) is given by

JX(F) = 1fItsen(f), £ € L2(Q). (5.11)

From the monotonicity property of the subgradient and the Asplund
Theorem, we know that for all x, z € X we have

1 1

|zl = = ||z||P — (J¥ (x), 2 — >0,
p|||| pll |7 = (J, () )

and setting y = —(z — x) yields

1

1
“lz —y||P — =||z||” + (JF(x),y) > 0.
pll I p|||| (Jp (x),y)

We are interested in the upper and lower bounds of the left-hand side of the

above inequality in terms of the norm of .

Definition 5.2.6 (p-convexity and p-smoothness). e A Banach space
X is said to be convex of power type p or p-convez if there exists a con-

stant ¢, > 0 such that
1 1 c
—|lz —ylI” > =|=|” = Gy (), y) + Zlyl?
p p P p

for all x,y € X and all jf € JI;Y.

e A Banach space X s said to be smooth of power type p or p-smooth if

there exists a constant G, > 0 such that
1 1 x Gy
“fl = yl" < ~llzll” = Gy (@), ) + —llylI”
Sl =yll” < el = G @), v+ =yl
forall x,y € X and all jf € J;“.

The p-convexity and p-smoothness properties can be regarded as an ex-
tension of the polarization identity
1 2 _ 1, o Lo
M — S — — 5.12
e = yl2 = Slal = (29 + 5wl (512
which ensures that Hilbert spaces are 2-convex and 2-smooth.
The p-convexity and p-smoothness are related to other famous properties of

convexity and smoothness.
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Definition 5.2.7. e A Banach space X is said to be strictly convex if
|3(z+y)|| <1 for all z,y of the unit ball of X satisfying the condition

e A Banach space X is said to be uniformly convex if, for the modulus of
convexity ox : [0,2] — [0, 1], defined by

) 1
(@ =int {1 (e + 9l : lel = Il =1 o =yl 2 ¢}

we have
dx(e) >0, 0<e<2,

e A Banach space X is said to be smooth if, for every x € X with x # 0,

there is a unique x* € X* such that ||z*|| = 1 and (z*, x) = ||z||.

e A Banach space X is said to be uniformly smooth if, for the modulus
of smoothness px : [0,+00) — [0, +00), defined by
1
pa(r) = gsup{llz +yll + llz —yll = 2 [ [lz]l = L, [ly]] = 7},
there holds:

lim px(7)

7—0 T

=0.

If a Banach space is p-smooth for some p > 1, then x — ||z||” is Fréchet-
differentiable, hence Gateaux-differentiable and therefore Jf is single-valued.
In the famous paper [99], Xu and Roach proved a series of important inequa-
lities, some of which will be very useful in the proofs of the following chapter.
Here we recall only the results about uniformly smooth and s-smooth Banach
spaces and refer to [82] and to [99] for the analogous results about uniformly

convex and s-convex Banach spaces.

Theorem 5.2.7 (Xu-Roach inequalities I). Let X' be uniformly smooth,
1<p<oo, cmdjf € J;“. Then, for all x,y € X, we have

lz =yl = ll2[” + p{5 (), )

1 o p (513)
O (L Ay T R
0

t |z =ty v [|]
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where a V b = max{a, b}, a, b € R, and where G, > 0 is a constant that can

be written explicitly (cf. its expression in [82]).

Theorem 5.2.8 (Xu-Roach inequalities II). The following statements

are equivalent:
(1) X is s-smooth.

(i) For some 1 < p < oo the duality mapping J5¥ is single-valued and for
all v,y € X we have

1757 @) = Ty )l < Cllll v Iyl = le — ylI*~

(11i) The statement (ii) holds for all p € (1,00).

(iv) For some 1 < p < o0, some jf € JI;Y and for all x,y, the inequality
(5.13) holds. Moreover, the right-hand side of (5.13) can be estimated
by

1
¢ [ 67 e =l v el
(v) The statement (iv) holds for all p € (1,00) and all j¥ € Ji¥.
The generic constant C' can be chosen independently of x and y.

An important consequence of the Xu-Roach inequalities is the following

result.

Corollary 5.2.1. If X be p-smooth, then for all 1 < q < p the space X 1is
also q-smooth. If on the other hand X is p-convex, then for all q such that
p < q < oo the space X s also q-convex.

If X is s-smooth and p > 1, then the duality mapping J;‘ s single-valued.

The spaces that are convex or smooth of power type share many intere-

sting properties, summarized in the following theorems.

Theorem 5.2.9. If X is p-convex, then:
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°*p=2

o X is uniformly conver and the modulus of converity satisfies dx(€) >
Cer;

o X s strictly convex;

o X is reflexive (i.e. X** = X).
If X is p-smooth, then:

o p<2;

o X is uniformly smooth and the modulus of smoothness satisfies px (1) <
CrP;

e X is smooth;
o X is reflexive.
Theorem 5.2.10. There hold:
e X is p-smooth if and only if X* is p* convex.
o X is p-convex if and only if X* is p* smooth.

e X is uniformly convex (respectively uniformly smooth) if and only if X*

is uniformly smooth (respectively uniformly convex).
o X is uniformly convex if and only if X is uniformly smooth.
Theorem 5.2.11. The duality mappings satisfy the following assertions:
o For every x € X the set JX(x) is empty and conver.
e X is smooth if and only if the duality mapping JPX 18 single-valued.

o [f X s uniformly smooth, then J;“ 15 single-valued and uniformly con-

tinuous on bounded sets.
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o If X is convex of power type and smooth, then JI;Y s single-valued,

bijective, and the duality mapping Jp)i* 18 single-valued with
XX _
o (Jy (x)) = .

An important consequence of the last statement is that for spaces being
smooth of power type and convex of power type the duality mappings on the
primal and dual spaces can be used to transport all elements from the primal
to the dual space and vice versa. This is crucial to extend the regularization
methods defined in the Hilbert space setting to the Banach space setting, as
we shall see later.

The smoothness and convexity of power type properties have been studied for
some important function spaces. We summarize the results in the theorem

below.

Theorem 5.2.12. Let Q C R be a domain. Then for 1 < r < oo the spaces
0" of infinite real sequences, the Lebesgue spaces L7 (€)) and the Sobolev spaces

W (), equipped with the usual norms, are
max{2,r}-conver and min{2,r}-smooth.

Moreover, it is possible to show that ¢* cannot be p-convex or p-smooth for

any p.

5.2.3 The Bregman distance

Due to the geometrical properties of the Banach spaces, it is often more

appropriate to exploit the Bregman distance instead of functionals like ||z —

yll or 1 () = 3 ()]

.. to prove convergence of the algorithms.

Definition 5.2.8. Let j;“ be a single-valued selection of the duality mapping
J:¥. Then, the functional

1 1 ‘
Dylay) = Cllall” = Zllyll” = Gy (). 2 = y)aesr, wy € X (5.14)

is called the Bregman distance (with respect to the functional %H -[|P).



5.2 Basic tools in the Banach space setting 175

The Bregman distance is not a distance in the classical sense, but has

many useful properties.

Theorem 5.2.13. Let X be a Banach space and jf be a single-valued selec-

tion of the duality mapping J;*. Then.:
e Dy(z,y) >0V x,y € X.
o Dy(x,y) =0 if and only if j:* (y) € J* (x).

o If X is smooth and uniformly convez, then a sequence {x,} C X re-
mains bounded in X if D,(y,x,) is bounded in R. In particular, this is

true if X is convex of power type.

e D,(z,y) is continuous in the first argument. If X is smooth and uni-
formly convex, then J;Y is continuous on bounded subsets and D,(x,y)
is continuous in its second arqument. In particular, this is true if X is

convex of power type.

o [f X is smooth and uniformly convex, then the following statements are

equivalent:
» lim, o ||z, — || =0;
> limy o (|20 = |2 and lim, oo (S (2,), 2) = (JF (), x);

» lim, o Dy(z,2,) = 0.
In particular, this is true if X is convex of power type.

o The sequence {x,} is a Cauchy sequence in X if it is bounded and for all
€ > 0 there is an N(e) € N such that D,(xy, ;) < € for all k,1 > N(e).

o X is p-convex if and only if D,(x,y) > c,|lx — yl|P.
o X is p-smooth if and only if D,(z,y) < G|z — y||P.

The following property of the Bregman distance replaces the classical

triangle inequality.
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Proposition 5.2.1 (Three-point identity). Let j;“ be a single-valued se-
lection of the duality mapping J;“. Then:

Dy(x,y) = Dy(w,2) + Dy(z,y) + (4 (2) — 5y (y), 2 — 2). (5.15)

There is a close relationship between the primal Bregman distances and

the related Bregman distances in the dual space.

Proposition 5.2.2. Let j;“ be a single-valued selection of the duality map-
ping Ji¥. If there exists a single-valued selection ji" of JiX" such that for
fired y € X we have jX" (j:¥ (y)) =y, then

Dy(y, =) = Dy (3, ()7 () (5.16)

forallx € X.

5.3 Regularization in Banach spaces

In this section we extend the fundamental concepts of the regularization
theory for linear ill-posed operator equations in Hilbert spaces discussed in

Chapter 1 to the more general framework of the present chapter.

5.3.1 Minimum norm solutions

In Section 1.6 we have seen Hadamard’s definition of ill-posed problems. We
recall that an abstract operator equation F'(x) = y is well posed (in the sense
of Hadamard) if for all right-hand sides y a solution of the equation exists,
is unique and the solution depends continuously on the data.

For linear problems in the Hilbert space setting, we have defined the Moore-
Penrose generalized inverse, that allows to overcome the problems of existence
and uniqueness of the solution by defining the minimum norm (or best-
approximate) solution. For general ill-posed problems in Banach spaces,
it is also possible to define a minimum norm solution.

In the linear case, the definition is similar to the Hilbert space setting.
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Definition 5.3.1 (Minimum norm solution). Let A be a linear operator
between Banach spaces X and Y An element ' € X is called a minimum

norm solution of the operator equation Ax =y if
Azt =y and ||l =inf{||Z]| | Z € X, A% =y}

The following result gives a characterization of the minimum norm solu-
tion (see [82] for the proof).

Proposition 5.3.1. Let X be smooth and uniformly convex and let Y be an

arbitrary Banach space. Then, if y € R(A), the minimum norm solution of

Ax =y is unique. Furthermore, it satisfies the condition J¥ (z7) € R(A*)
forl < p < oo. If additionally there is some x € X such that Jf(x) € R(A¥)
and x — 21 € ker(A), then x = .

In the nonlinear case, one has to face nonlinear operator equations of the
type
F(r)=y, ze€D(F)CX, yeFDWF)) ), (5.17)
where F' : D(F) C X — ) is a nonlinear mapping with domain D(F") and
range F(D(F)).
According to the local character of the solutions in nonlinear equations we
have to focus on some neighborhood of a reference element xy € X which can
be interpreted as an initial guess for the solution to be determined. Then,
one typically shifts the coordinate system from the zero to zy and searches

for xp-minimum norm solutions.

Definition 5.3.2 (xo-minimum norm solution). An element ' € D(F)
C X is called a xo-minimum norm solution of the operator equation F(x) =y
if

Fa)y=y and |a'— ol =inf{||z — x| | € D(F), F(Z) =y}

To ensure that xp-minimum norm solutions to the nonlinear operator
equation (5.17) exist, some assumptions have to be made on the Banach

spaces X and ), on the domain D(F) and on the operator F.
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Proposition 5.3.2. Assume the following conditions hold:
(1) X and Y are infinite dimensional reflexive Banach spaces.
(1) D(F) C X is a convex and closed subset of X .

(1it) F: D(F) C X — Y is weak-to-weak sequentially continuous, i.e. x,
— Z in X with v, € D(F), n € N, and & € D(F) implies F(x,) —

F(z)in Y.
Then the nonlinear operator equation (5.17) admits an xo-minimum norm
solution.
Proof. See [82], Proposition 3.14. O

5.3.2 Regularization methods

As usual, we shall assume that the data y of an ill-posed (linear or nonlinear)
operator equation are not given exactly, but only elements y° € ) satisfying
the inequality ||y — »°|| < §, with noise level § > 0 are available.

Consequently, regularization approaches are required for detecting good ap-
proximate solutions. Here we give a definition of regularization methods

which is analogous to that given in Chapter 1, but a little more general.

Definition 5.3.3. Let oy € (0,+00|. For every o € (0,0¢), let R, : Y — X
be a continuous operator.

The family { Ry} is called a regularization operator for AT if, for every y €
D(A"), there exists a function

a: (0,400) x Y — (0,00),

called parameter choice rule for y, that allows to associate to each cou-
ple (6,9°) a specific operator Rysy0) and a regularized solution xi(éyé) =
Ra(57y5)y‘s, and such that

lim sup «(d,4°) = 0. (5.18)

6—0 Y
7Yy eBs(y)
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If, in addition, for every sequence {y°}nen C Y with ||y2 — y|| < 9, and 6,
— 0 as n — oo the reqularized solutions xi;éymn) converge in a well-defined
sense to a well-defined solution xt of (5.17), then « is said to be convergent.
Convergent regularization methods are defined accordingly, analogously to
Definition 1.9.1. If the solution of equation (5.17) is not unique, convergence
to solutions possessing desired properties, e.q. xo-minimum norm solutions,
s required.

In the linear case, similar definitions hold.

The distinction between a-priori, a-posteriori and heuristic parameter
choice rules is still valid in this context.
We have seen that in the case of linear operator equations in a Hilbert space
setting the construction of regularization methods is based in general on
the approximation of the Moore-Penrose approximated inverse of the linear
operator A by a o-dependent family of bounded operators with regularized
solutions

1) = g, (A*A)A*y°, o> 0.

However, in the Banach space setting neither AT nor A*A is available, since
the adjoint operator A* : Y* — X* maps between the dual spaces. In the case
of nonlinear operator equations, a comparable phenomenon occurs, because
the adjoint operator

Fl(ah) Y — &

of a bounded linear derivative operator
Flah):x =Y

of F' at the solution point 2T € D(F) also maps between the dual spaces.
Nevertheless, two large and powerful classes of regularization methods with
prominent applications, for example in imaging, were recently promoted: the
class of Tikhonov-type reqularization methods in Banach spaces and the class
of iterative regularization methods in Banach spaces.

Once again, we shall focus our attention on iterative regularization methods:
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since Tikhonov-type regularization methods require the computation of a
global minimizer, often the amount of work required for carrying out iterative
regularization methods is much smaller than the comparable amount for a
Tikhonov-type regularization.

For a detailed coverage of the most recent results about Tikhonov-type regu-

larization methods, see [82].

5.3.3 Source conditions and variational inequalities

We have seen in Chapter 1 that the convergence of the regularized solutions
of a regularization method to the minimum norm solution of the ill-posed
operator equation Ax = y can be arbitrarily slow. To obtain convergence

rates
e(2%,2") = O(p(8)) asd —0 (5.19)

for an error measure € and an index function ¢, some smoothness of the
solution element z with respect to A : X — ) is required. In Chapter 1,
we have seen a classical tool for expressing the smoothness of zf, the source
conditions. In the Hilbert space setting, this allows to define the concept of
(order) optimality of a regularization method.

In the Banach space setting, things are more complicated. The issue of
the order optimality of a regularization method is, at least to the author’s
knowledge, still an open question in the field. The rates depend on the
interplay of intrinsic smoothness of 2! and the smoothing properties of the
operator A with non-closed range, but very often proving rates is a difficult
task and it is not easy to find the correct smoothness assumptions on z to
obtain convergence rates that, at least in the special case of Hilbert spaces,
can be considered optimal.

In this presentation, the extension of the concept of source conditions to the
Banach space setting is omitted. We only say that a wide variety of choices
has been proposed and analyzed, where either z' itself or an element &' from
the subdifferential of functionals of the form 1—1)|| -||% in ' belongs to the range

of a linear operator that interacts with A in an appropriate manner. The
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source conditions defined in Chapter 1 are only one of these choices.

We will focus our attention on a different strategy for proving convergence
rates, the use of variational inequalities. As many authors pointed out (cf.
e.g. [46], [82] and the references therein), estimating from above a term of
the form

(T (), 2T — &) e x|

is a very powerful tool for proving convergence rates in regularization. The
main advantage of this approach is that this term is contained in the Bregman
distance with respect to the functional %H |

In the literature, many similar variational inequalities have been proposed.
Essentially, the right-hand side of these inequalities contain a term with the
Bregman distance between = and 2 and a term that depends on the operator

A or, in the nonlinear case, on the forward operator I, for example:
(T (1), 2" — &) o] < BiDy(, ") + Bof [F () — F ()], (5.20)

for constants 0 < 1 < 1 and fy > 0. The inequalities must hold for all x €
M, with some set M which contains all regularized solutions of interest.

We shall not discuss these assumptions here, but we limit ourselves to state a
particular variational inequality in each examined case. For a more detailed
treatment of the argument, we refer to [82], where some important results
that link the variational inequalities with the source conditions can also be

found.

5.4 Iterative regularization methods

In this section we consider iterative regularization methods for nonlinear ill-
posed operator equations (5.17). We will assume that the noise level § is
known to provide convergence and convergence rates results.

In the following, z is some initial guess. We will assume that a solution
to (5.17) exists: according to Proposition 5.3.2, this implies the existence

of an zo-minimum norm solution ', provided that the assumptions of that
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proposition are satisfied.
The iterative methods discussed in this section will be either of gradient
(Landweber and Iteratively Regularized Landweber) or of Newton-type (Ite-

ratively Regularized Gauss-Newton method).

5.4.1 The Landweber iteration: linear case

Before turning to the nonlinear case, we consider the Landweber iteration
for linear ill-posed problems in Banach spaces with noisy data.
In Chapter 1, we have seen that the Landweber iteration for solving linear

ill-posed problems in Hilbert spaces can be expressed in the form
Tp1 = 1 — wA (Arg — y),

where w > 0 is the step size of the method. Here, we shall consider a variable
step size wy > 0 (k € N) in the course of the iteration, since an appropriate
choice of the step size helps to prove convergence.

The generalization of the Landweber iteration to the Banach space setting
requires the help of the duality mappings. As a consequence, the space X is
assumed to be smooth and uniformly convex, whereas ) can be an arbitrary
Banach space. Note that this implies that jf = J;{ is single-valued, X is

reflexive and X'* is strictly convex and uniformly smooth.

The Landweber algorithm

Assume that instead of the exact data y € R(A) and the exact linear and
bounded operator A : X — )Y, only some approximations {y,},; in ) and
{A;}; in the space Z(X,)) of linear and bounded operators between X and

Y, are available. Assume also that estimates for the deviations

ly; —yll <65, 05 > 41 >0, jli_gljj =0, (5.21)

and

1A = All <, > >0, limg =0, (5.22)
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are known. Moreover, to properly include the second case (5.22), we need an

a-priori estimate for the norm of z', i.e. there is a constant R > 0 such that

l="]| < R.

Further, set

$ 1= sup | 4.
leN

(5.23)

(5.24)

(i) Fix p,7 € (1,00). Choose constants C,C € (0,1) and an initial vector

2o such that

S 1
j;v(:vo) € R(A*) and Dp(atT,xo) < Z—9||93T||p.

Set j_1:=0and [y :=0. For k=0,1,2, ... repeat

If for all j > jr_q1 and all [ > [;_q,

1
| Az — 5l < 5(@' +niR),

stop iterating.

Else, find 7 > jx_1 and Il > [,_1 with
8;, +m, R < CRy,

where

Re = || Az — vl

Choose wy, according to:

(a) In case xy = 0 set

5 1p*p—l B
W = C(l — C)p_ WRIOJ 7”.

(b) For all k> 0 (respectively k > 1 if x5 = 0), set

- C(1— O)Ry
) := min {pX*(l)’ (W

(5.25)

(5.26)
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where G~ is the constant from the Xu-Roach inequalities (cf. The-

orem 5.2.7), and choose 7, € (0, 1], with

pre(7) _
Tk
and set e a1
= 5’%_1 (5.27)
Iterate
T = Jpe (T () — widf Y (A — y3,)) - (5.28)

Theorem 5.4.1. The Landweber algorithm either stops after a finite number
of iterations with the minimum norm solution of Ax =y or the sequence of

iterates {x} converges strongly to x.
Proof. See [82], Theorem 6.6. O

Let us consider now the case of noisy data y° and a perturbed operator

A,, with noise level
ly =9l and [|A— A, <. (5.29)

We apply the Landweber algorithm with ¢; = ¢ and n, = n for all j,l € N
and use the Discrepancy Principle. To that end, condition (5.26) provides us

with a stopping rule: we terminate the iteration at kp = kp(d), where
1
kp(d) := min{k € N | Ry < 5(5 +nR)}. (5.30)

The proof of Theorem 5.4.1 shows that, as long as R, > é(é + nR), zpq
is a better approximation of ' than z;. A consequence of this fact and of
Theorem 5.4.1 is the stability of this method with respect to the noise.

Corollary 5.4.1. Together with the Discrepancy Principle (5.30) as a stop-

ping rule, the Landweber algorithm is a reqularization method for Az = y.

We observe that since the selection j¥ needs not to be continuous, the
method is another example of regularization with non-continuous mapping,

exactly like the the conjugate gradient type methods.
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5.4.2 The Landweber iteration: nonlinear case

Analogous to the Landweber method in Hilbert spaces (cf. [30]), we study a
generalization of the Landweber iteration described in Section 5.4.1 to solve

nonlinear problems of the form (5.17):
Ty (@) = I (@) — we iy (F(a3) — y°),

s v s (5.31)
L1 = ']p* (Jp (xk—l—l))? k= 07 17

where we abbreviate Ay = F'(z9).
Of course, some assumptions are required on the spaces and on the forward
operator F' (see the results below). A typical assumption on the forward

operator is the so-called n-condition (or tangential cone condition):
_ _ _ _ =D
1F(z) = F(z) = F'(2)(z — 2)|| < [|[F(z) = F@@)]|, V2,7 €B,(a") (5.32)

for some 0 < 1 < 1, where BpD(xT) ={z € X | Dy(z",x) <p? p>0}
A key point for proving convergence of the Landweber iteration is showing

the monotonicity of the Bregman distances.

Proposition 5.4.1. Assume that X is smooth and p-convez, that the ini-
tial quess o is sufficiently close to x¥, i.e. zy € Bf(ﬂ), that I satisfies
the tangential cone condition with a sufficiently small n, that F and F' are

continuous, and that
D

B, (z') C D(F). (5.33)
Let T be chosen sufficiently large, so that
1

c(n,7)=n+ # < 1. (5.34)

Then, with the choice

p(L— ey, )P P (ad =yl — v
Wy 1= >0, 5.35
’“ Gy A < 3

with Gy being the constant from the Xu-Roach inequalities (cf. Theorem
5.2.7), monotonicity of the Bregman distances

(L=, )P |[F () — )P
p(Gpep*)P! | Ax|lP

Dy(at, 2),,) — Dy(af,29) < (5.36)
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as well as ), € D(F) holds for all k < kp(d) — 1, with kp(0) satisfying the

Discrepancy Principle:
kp(6) == min{k e N | ||F(2) —3°|| < 70}. (5.37)

This allows to show the following convergence results for the Landweber
iteration. For a proof of this theorem, as well as of Proposition 5.4.1, we

refer as usual to [82].

Theorem 5.4.2. Let the assumptions of Proposition 5.4.1 hold, with ad-
ditionally Y being uniformly smooth and let kp(d) be chosen according to
the Discrepancy Principle (5.37), with (5.34). Then, according to (5.31),
the Landweber iterates xiD(é) converge to a solution of (5.17) as § — 0. If

R(F'(x)) € R(F'(«t)) for all x € B,(xo) and J (xg) € R(F'(x1)), then

xiD((;) converge to x' as 6 — 0.

5.4.3 The Iteratively Regularized Landweber method

In the Hilbert space setting, the proof of convergence rates for the Landweber

iteration under source conditions

[SIN

th—xg € R((F'(z")F'(2h))2) (5.38)

relies on the fact that the iteration errors 28 — x' remain in

and their preimages under ((F”(z")*F’(z))2) form a bounded sequence (cf.
Proposition 2.11 in [53]). In [82] is stated that this approach can hardly be
carried over to the Banach space setting, unless more restrictive assumptions
are made on the structure of the spaces than in the proof of convergence
only, even in the case v = 1.

Therefore, an alternative version of the Landweber iteration is considered,

namely the Iteratively Regularized Landweber method.
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The iterates are now defined by

Ty (@) g — o) = (L= an) Iy (2 — wo) — wi Ay (F () — y°),

’ s *( TX (.0 (5.39)
Ty = To + Jpe X () (234 — 0)), k=0,1,...

An appropriate choice of the sequence {ay}ren € [0,1], has been shown to

be convergent in a Hilbert space setting (with rates under a source condition

of the form ¢ = (F'(27))*v, v € Y*) in [81].

In place of the Hilbert space condition (5.38) we consider the variational

inequality
EIB>0:V$€B£($T) (5.40)

(T (2t = 20), 2 = 2t aescn] < BDZ(at, 2) =" |/ (aF) (2 — 2T)||” |

where

D2 (2l x) := Dy(x" — 2o, 2 — x0). (5.41)

According to (5.40), due to the presence of additional regularity, the tangen-
tial cone condition can be relaxed to a more general condition on the degree

of nonlinearity of the operator F"

|(F' (2t +v) = F'(aD)o|| < K ||[F'(z")o||” D2 (af, v + 27,

ve X, ' +veBl (), (5.42)
with

cg=1 or ¢g+rea>1 or (¢g4+rez>1 and K >0 sufficiently small)
(5.43)

and

> 1. 44
v+1— (5:44)

For further details on the degree of nonlinearity conditions, see [82] and the

c1 + ¢y

references therein.
The step size wy > 0 is chosen such that

1— 3C(Cl)K
31— C(e)K)

o |F(}) — I — 272Gl | AL (F(af) — )P > 0,

(5.45)
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where C(c;) = ¢f'(1 — ¢1)' ™, ¢; and K as in (5.42). This is possible, e.g.
by a choice
|7 () — =

[ A

O<Wk§Cw ::wka

p*

. o 227p**17 1—30(0 )K
with C,, := 3 (1—0(01)11()Gp*.

If > p, F and F' are bounded on Bﬁ)(ﬁ), it is possible to bound wy from

above and below, i.e. there exist w,w > 0, independent of k£ and 4, such that
0<w<w,<uw, (5.46)

cf. [82].
To prove convergence rates, the following a-priori stopping rule has been

proposed: )
v+
ko (6) ;== min{k € N | o,V < 76}, (5.47)

where v < 1 is the exponent of the variational inequality (5.40).

Theorem 5.4.3. Assume that X is smooth and p-convex, that xy € Ef(ﬂ),
that the variational inequality (5.40) holds with v € (0,1] and B sufficiently
small, that F satisfies (5.42), with (5.43) and (5.44), that F' and F' are
continuous and uniformly bounded in EPD(:ET), that Ef(aﬂ) C D(F) and that

2v
> 4 1. 5.48
p_p(V—l—l)—2y+ (5.48)
Let k.(0) be chosen according to (5.47), with T sufficiently large. Moreover,
assume that r > p and that the sequence {wy }ren is chosen such that (5.46)

holds. Finally, assume that the sequence {ay }ren C [0, 1] is chosen such that

2v
p(v+1)—2v 1
(ak+1) + - — 1 2 CO (549)
e 3

for some ¢ € (0, %) independent of k and one, = Maxgen ap 1S sufficiently

small.
Then, the iterates x{_, remain in EPD(:N) for all k < k.(0) — 1, with k.(9)
according to (5.47). Moreover, we obtain optimal rates

2

Dye(al,@y,) = O(87+

), 6 =0 (5.50)
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as well as in the noise free case o =0
2v
Doz, ay,) = O()"™7™), k — o0, (5.51)

A possible choice of the parameters {ay }ren, satisfying (5.49), and small-
ness of g, is given by
Qo

. = m (552)

with ¢ € (0, 1] such that 3t0 < aq sufficiently small, cf. [82].

We emphasize that in the Banach space setting an analogous of Plato’s The-
orem 1.11.1 is not available. Consequently, convergence rate results under
source conditions or variational inequalities like (5.40) cannot be used to

prove (strong) convergence results.

5.4.4 The Iteratively Regularized Gauss-Newton method

Among the iterative methods, the Iteratively Regularized Gauss-Newton
(IRGN) method is one of the most important for solving nonlinear ill-posed
problems.

In the Banach space setting, the (n + 1)-th iterate of the IRGN method, de-

noted by z0 ,; = 20, (cv,), is a minimizer %_, () of the Tikhonov functional
A (z =)+ F (23) =y’ | +allz—wo |7, 2 € D(F), n=0,1,2,..., (5.53)

where p,r € (1,00), {a,} is a sequence of regularization parameters, and
A, = F'(20).
The regularizing properties of the IRGN method are now well understood.

If one of the assumptions
F'(z): X =Y is weakly closed Vo € D(F), and Y is reflexive, (5.54)

D(F) is weakly closed (5.55)

holds, then the method is well defined (cf. Lemma 7.9 in [82]). Moreover,
assuming variational inequalities similar to (5.40) and the a-priori choice

(5.47) for a,, it is possible to obtain optimal convergence rates, see [82] and
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the references therein.

Here we concentrate on the a-posteriori choice given by the Discrepancy
Principle. More precisely, we have the following two theorems (see, as usual,
[82] for the proofs).

Theorem 5.4.4. Assume that X is smooth and uniformly convex and that F
satisfies the tangential cone condition (5.32) with Bf(:ﬁ) replaced by D(F') N

B,(xo) and with n sufficiently small. Assume also that
(xp =2 ANF(z,) > f) = (x €D(F)NF(x)=f) (5.56)
or

(J¥ (xn—20) = 2°AF(2,) = f) = (x:= J5 (2") 420 € D(F)ANF(x) = f)

p p
(5.57)
for all {z, }nen € X, holds, as well as (5.54) or (5.55). Let
n<o<o<l, (5.58)
and let 7 be chosen sufficiently large, so that
1 1—-07
n+¥§gand n < 20 (5.59)

Choose the reqularization parameters o, such that
a||F(x5) =’ < [|An(an i1 (an) —23) + F(ay) =y’ || <3l F(23) —y°ll, (5.60)

if

14w (o — 25) + F(x3) — 4’| > 3| F(25) — | (5.61)
holds. Moreover, assume that
F .0
5 < M (5.62)

and stop the iteration at the iterate np = np(d) according to the Discrepancy
Principle (5.37). Then, for alln < np(d) — 1, the iterates

In—l—l =

5 2l =20 (an), with a,, asin (5.60), if (5.61) holds
Zo, else
(5.63)
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are well defined.

Furthermore, there exists a weakly convergent subsequence of

{ 2 ) if (5.56) holds (5.64)
JE(
p

) o) — o), if (5.56) holds

and along every weakly convergent subsequence x5 converges strongly to
a solution of F(x) = y as 0 — 0. If the solution is unique, then x,, s

converges strongly to this solution as o — 0.

The theorem above provides us with a convergence result. The following

theorem gives convergence rates.

Theorem 5.4.5. Let the assumptions of Theorem 5.4.4 be satisfied. Then

under the variational inequality

E|B>0:Vx€BpD(xT)

(T (2t = 20), 2 = 2t aescn| < BDE (2, 21) =7 | ' (aF) (2 — 2T) ||

(5.65)

with 0 < v < 1, we obtain optimal convergence rates

2v

D (2, 2") = O(677), as § — 0. (5.66)
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Chapter 6

A new Iteratively Regularized

Newton-Landweber iteration

The final chapter of this thesis is entirely dedicated to a new inner-outer
Newton-Iteratively Regularized Landweber iteration for solving nonlinear
equations of the type (5.17) in Banach spaces.

The reasons for choosing a Banach space framework have already been ex-
plained in the previous chapter. We will see the advantages of working in
Banach spaces also in the numerical experiments presented later.
Concerning the method, a combination of inner and outer iterations in a
Newton type framework has already been shown to be highly efficient and
flexible in the Hilbert space context, see, e.g., [78] and [79].

In the recent paper [49], a Newton-Landweber iteration in Banach spaces
has been considered and a weak convergence result for noisy data has been
proved. However, neither convergence rates nor strong convergence results
have been found. The reason for this is that the convergence rates proof
in Hilbert spaces relies on the fact that the iteration errors remain in the
range of the adjoint of the linearized forward operator and their preimages
under this operator form a bounded sequence. Carrying over this proof to
the Banach space setting would require quite restrictive assumptions on the

structure of the spaces, though, which we would like to avoid, to work with

193
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as general Banach spaces as possible.

Therefore, we study here a combination of the outer Newton loop with an
Iteratively Regularized Landweber iteration, which indeed allows to prove
convergence rates and strong convergence.

From Section 6.1 to Section 6.5 we will study the inner-outer Newton-Iteratively
Regularized Landweber method following [54]. We will see that a strategy
for the stopping indices similar to that proposed in [49] leads to a weak con-
vergence result. Moreover, always following [54], we will show a convergence
rate result based on an a-priori choice of the outer stopping index.

Section 6.6 is dedicated to some numerical experiments for the elliptic PDE
problem presented in Section 5.1.

In Section 6.7 we will consider a different choice of the parameters of the

method that allows to show both strong convergence and convergence rates.

6.1 Introduction

In order to formulate and later on analyze the method, we recall some basic
notations and concepts. For more details about the concepts appearing be-
low, we refer to Chapter 5.

Consider, for some p € (1,00), the duality mapping .J;* (z) := 0{%”:)3”7’}
from X to its dual X*. To analyze convergence rates we employ the Breg-
man distance

- 1. X -
Dy, x) = —|2)” = —[le]|” = {Jp (@), & = 2)aencx

(where j¥(x) denotes a single-valued selection of J:*(x)) or its shifted version

D°(Z, ) := Dp(T — w0, 7 — 20) -

Throughout this paper we will assume that X" is smooth (which implies that
the duality mapping is single-valued, cf. Chapter 5) and moreover, that X

is s-convex for some s € [p, 00), which implies

Dy, y) = cpslle =yl Uzl + Nyl (6.1)
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for some constant ¢, ; > 0, cf. Chapter 5. As a consequence, X is reflexive

and we also have

Dy (2, 57) < Coella” = [ (0D (T (), 00)175 4 [Ja — 7" ~)

(6.2)
for some Cp- -, where s* denotes the dual index s* = —*5. The latter can be

concluded from estimate (2.2) in [49], which is the first line in

Dy (2%, y") < Cpe o ' Pl — )

s*(

S Cp*7s* l»* _ y* S*( |x* p*_s* + ||$>i< o y*”p*_s*)
= Op*,s* xr¥ — y* s*( |J;E* (ZE*)| (p*—s*)(p—1) + ||l'* o y* p*—s*)
* *||s* * * *_g* p—1 N N g
= Gyl = 57 I¥" (pDpe (JE (%), 0) & =5 4 [l — | ),

where Cj- ,« is equal to C’s*,p*(l +2P" ="~y if p* —5* > 1 and is simply Qé’s*m*
otherwise.

Note that the duality mapping is bijective and (i)' = JX, the latter de-
noting the (by s-convexity also single-valued) duality mapping on the dual
X" of X.

We will also make use of the Three-point identity (5.15) and the relation
(5.16), which connects elements of the primal space with the corresponding
elements of the dual space.

We here consider a combination of the Iteratively Regularized Gauss-Newton
method with an Iteratively Regularized Landweber method for approximating

the Newton step, using some initial guess 7 and starting from some x§ (that
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need not necessarily coincide with xg)

Forn=0,1,2... do
Upo =0
Zno = 10
For k=0,1,2...,k,—1do
Up,k+1 = Unk — an,kjg((zn,k - Io)
—wn kA 5 (An 20k — 5) = bn)
J;((Zn7k+1 —x9) = Jf(l’i — Zo) + Un kt1

4 _
xn-ﬁ-l - Znykn )

where we abbreviate

An:F/(xi), bn:yé—F(x‘s).

n

For obtaining convergence rates we impose a variational inequality

36>0: Vz EBPD(xT)
(T (@' = 0), 2 — 2t aescn| < BDE(at, 2)2 V|| F(x) — F(a)[”, (6.4)

with v € (0, %], corresponding to a source condition in the special case of

Hilbert spaces, cf., e.g., [42].

Here
D

n T x T 2
Bp(l’>—{l’€X|Dpo(.§C,$)§p}

with p > 0 such that zq € EPD(:N).

By distinction between the cases ||z — z¢|| < 2[|z" — xo| and ||z — x¢|| >

2||aT — 24| and the second triangle inequality we obtain from (6.1) that

B, (+') C Bylwe) = By (o) = {x € X ||z —zol <7} (6.5)

p

o 1/p
with p = max{2||z" — x|, (M) 1.

Cp,s
The assumptions on the forward operator besides a condition on the domain

B, (") C D(F) (6.6)

p
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include a structural condition on its degree of nonlinearity. For simplicity of

exposition we restrict ourselves to the tangential cone condition
- N N _ —=D
|F (%) = F(2) = F'(2)(Z — @) <n |F(@) = F(a)|| , 3,2 €B,(z"), (6.7)

and mention in passing that most of the results shown here remain valid under
a more general condition on the degree of nonlinearity already encountered
in Chapter 5 (cf. [42])

|(F' (2" +v) = F'(aN)|| < K ||F'(2")o||” D (2f, 0 + 2T)*
veX, ot +veB, (ah), (6.8)

with conditions on ¢y, ¢ depending on the smoothness index v in (6.4). Here
F'’ is not necessarily the Fréchet derivative of F', but just a linearization of
F' satisfying the Taylor remainder estimate (6.7). Additionally, we assume
that F” and F' are uniformly bounded on Eﬁ)(aﬂ).

The method contains a number of parameters that have to be chosen appro-
priately. At this point we only state that at first the inner iteration will be

stopped in the spirit of an inexact Newton method according to
VO <k <kn—1: pllF(x)) =l < An(zng — 2)) + F(a) — 4’| (6.9)

for some p € (n,1).

Since z, 0 = 2% and u < 1, at least one Landweber step can be carried out in
each Newton iteration. By doing several Landweber steps, if allowed by (6.9),
we can improve the numerical performance as compared to the Iteratively
Regularized Landweber iteration from [55].

Concerning the remaining parameters wy,;, @, and the overall stopping
index n,, we refer to the sections below for details.

Under the condition (6.9), we shall distinguish between the two cases:
(a) (6.4) holds with some v > 0;

(b) a condition like (6.4) cannot be made use of, since the exponent v is

unknown or (6.4) just fails to hold.
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The results we will obtain with the choice (6.9) by distinction between a
priori and a posteriori parameter choice are weaker than what one might
expect at a first glance. While the Discrepancy Principle for other methods
can usually be shown to yield (optimal) convergence rates if (6.4) happens
to hold (even if ¥ > 0 is not available for tuning the method but only for
the convergence analysis) we here only obtain weak convergence. On the
other hand, the a priori choice will only give convergence with rates if (6.4)
holds with v > 0, otherwise no convergence can be shown. Still there is an
improvement over, e.g, the results in [55] and [81] in the sense that there no
convergence at all can be shown unless (6.4) holds with v > 0. Of course from
the analysis in [49] it follows that there always exists a choice of a, ) such
that weak convergence without rates holds, namely a,, ; = 0 corresponding
to the Newton-Landweber iteration analyzed in [49]. What we are going to
show here is that a choice of positive a,, ; is admissible, which we expect to
provide improved speed of convergence for the inner iteration, as compared
to pure Landweber iteration.

Later on, we will analyze a different choice of the stopping indices that leads

to strong convergence.
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6.2 Error estimates

For any n € IN we have

D;CO (xTa Zn,k-l—l) - D;SO (IT, Zn,k)

= DZO(Zn,ka Zn,k+1) + <J;Y(Zn7k+1 — 1’0) — J;((ka — 1’0), ka — xT>X*><X

Vv
=Un,k4+1"Un,k

- D;O(Zn,kazn,k—i-l)
0
— Wk (5 (An(zng — ) + F(27) = %), Aulzng = 2"))yexy
(U)

- an7k<<];¥(lj - x0)> Znk — xT>X*><X

~~

(111)
— ozmk(J;Y(zn’k — ) — J;Y(xT — X0)s Znk — )y - (6.10)

(1v)

Assuming that z,; € Ef(aﬂ), we now estimate each of the terms on the
right-hand side separately, depending on whether in (6.4) v > 0 is known
(case a) or is not made use of (case b).

By (6.2) and (5.16) we have for the term (I)

DZO (Zn,ka Zn,k-l—l) < Cp*,s*

g1 — T0) — I3 (zng — To) ||°
J/
:un,k:_un,k

((pp2>l_;_* + ’|Jp)((zn’k+1 — ,’,Uo) — J;((ZTL,/C — xo)Hp*—s*)

s (Dp?) TP ¥ (2k — o)
Fnn An g (An(zn g — 27, )+F( o) =)
 (Znk —$o)+wnkAn]r (An(zng — ap) + F(20) — )7
< 251G e (pp?) T 2 — 0| P

12 (An(ng = 28) + F(a) = )|”)

+2P" 710 S*aitkﬂzmk — x| P~ P
p*)

+27 1O ety [ ALY (A2 — ) + F () = 3/°)
< Cpeor ()77 P00 2 0]+ 227 71l ) + (i ki) (6:11)

s*

+Cp*78*

2T G ()
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where we have used the triangle inequality in A* and X', the Young’s ine-
quality
(a+b)* <22 a* +0Y) fora,b>0, A>1, (6.12)

and (6.5), as well as the abbreviations

Ao = D2(al, z,0)",
tog = [An(zar —2p) + Fa) = |,
bk = 455 (An(zngk — 23) + F(2,) — ),
< ||An||tn;€. (6.13)
Here
P(N) = 2771 (pp?) TN 4 2T N (6.14)

which by p* > s* > 1 defines a strictly monotonically increasing and convex
function on R,
For the term (II) in (6.10) we get, using (6.7) and (1.44),

Wk (G (An(zap — 23) + F(25) = 4°), An(znp — 21))yesy
= Wn,ktn,k
k(3 (An(znp — 25) + Fzp) = y°),
Ap (g = at) = F(2) + %) yexy
> Wokth = wastn g (0 F () = 4[| + (1 +n0)d). (6.15)

Together with (6.9) this yields

Wk (3 (An (2 — 20) + F(22) = 4°), An(zn g — 21))yexy

> (1-— an’ktz’k — (14 n)wnitl, 6 (6.16)
> (1- Z Ot — O a;ffywmka" (617

where we have used the elementary estimate
a0 < C(\)(a+b) fora,b>0, e (0,1) (6.18)

with C(A) = M (1 — A1,
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To make use of the variational inequality (6.4) for estimating (III) in case

a) with v > 0, we first of all use (6.7) to conclude

IF(znp) = F(h)]
= [(An(znp — 23) + F(2)) = y°)
H(F(2np) = Fa) = An((zap = 25) + (4° = )l
<tk + 0l F(2ng) — F(23)| +6
< tug F0([F(zap) = F@)| + [1F(5) = °) + (1 + )8,

hence by (6.9)

LY ety < My
Pl = PO < 20 (0 Dt 0 6d) . (619

This together with (6.4) implies

|Oén,k<J;((.§CT — LU()), ka — IT>X*><X‘

22U
— an,kd};}” ((1 + %W + (14 n)é)

8
= (1—mn)

2v B w Q '
< o)L fons (04 D (409

_2*1-/ 1-2v ﬁ
‘|‘<wn7]g anvkdnJi‘ ) }
< o)—L2 Loy [0+ Dy (1)
— r (1 _ n)Qu nvk M n,k 77
r(142v)

_ 4v
O o + Q)L o)

where we have used (6.18) twice. In the case b) we simply estimate

.I.

B =

| {5 (27 = 20), znge — 27 ) o] < N2t — mo||P i (pds ) (6.21)

Finally, for the term (IV) we have that

[ Zn,k>X*><X

= Oén,k(D;O(ZL’T,ka)—G—D;O(Zn,k,lj)) > an,kdik. (6.22)

O‘n,k(J;Y(LL’T —Zg) — J;Y(zmk —p), X
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Altogether in case a) we arrive at the estimate

2 2 s* p* —0 _1+6
dn,k—i—l < <1 - (1 - CQ)Oémk) dn,k + 10 i + Czan,k + C3wn,kan,k

—(1— c4)wn,kt;7k + Cswn k60" + gp(wmkfmk) , (6.23)
where

0 = — ooy (6.24)
0 — (1 — 77)2,, r 2(r—2v) ’

1 = Chge(pp?)' "5 pr 0271 (6.25)

co = Cpegpf2r ! (6.26)

Cc3 = (O (627)

Ui r—1 5 2u\or—1 Ui r
gy = —+0C(=)e+ —>C(£)2 14— 6.28
4 . (%) T (2£)27( M) (6.28)
— r—1 (1 + n)r 6 2v\or—1 r
Cs = C(=) = + (1_77)21/C(T)2 (1+mn) (6.29)
4u
b= r(l+42v) —4v’ (6:30)

(small ¢ denoting constants that can be made small by assuming z, to be
sufficiently close to 7 and therewith 3, 1, ||x¢ — 27| small).
In case b) we use (6.16), (6.21) instead of (6.17), (6.20), which yields

2 * *
di,k-i—l < (1 - an,k> di,k + Coanid), 4+ 1y, + caal
— (1 — Z) Wit 4 (14 0)wnith 10 + o(wn ko), (6.31)
where
& = ||z — @o||PLp>. (6.32)
6.3 Parameter selection for the method

To obtain convergence and convergence rates we will have to appropriately

choose

e the step sizes wy, ,
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e the regularization parameters a,, j,
e the stopping indices k, of the inner iteration,
e the outer stopping index n.

We will now discuss these choices in detail.

In view of estimates (6.23), (6.31) it makes sense to balance the terms
Wn,kty, ), and (W ktnx). Thus for establishing convergence in case b), we will
assume that in each inner Landweber iteration the step size w, ; > 0 in (6.3)
is chosen such that
2 (wn,kfn,k)

Wr, kb, &

<

=W —

<z, (6.33)

with sufficiently small constants 0 < ¢, < ¢,. In case a) of (6.4) holding true
it will turn out that we do not need the lower bound in (6.33) but have to

make sure that w,  stays bounded away from zero and infinity

2 (WnJcEn,k)

L <z, (6.34)
wn,ktn,k

w < wyp < W and

for some W > w > 0.

To see that we can indeed satisfy (6.33), we rewrite it as

e 1 ~ tnk
C, L plwnitng) ——— = V(wnitnik) —— < Gy,
T (p( 7k 7k)w”7kt;7k 77D( 7k 7k)t;7k
. . _ A .
with sufficiently small constants 0 < ¢, < ¢, and ¥(\) = %, which by

(6.14) and p* > 1, s* > 1 defines a continuous strictly monotonically increas-
ing function on R™ with ¢ (0) = 0, limy_, o ¥(\) = +00, so that, after fixing
tpx and t, 5, W is well-defined by (6.33). An easy to implement choice of
W such that (6.33) holds is given by

W = Ymin{t, 65 tﬁ [ (6.35)

with 9 sufficiently small, which is similar to the choice proposed in [49] but
avoids estimating the norm of A,. Indeed, by (6.14), with this choice, the
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quantity to be estimated from below and above in (6.33) becomes

min{ 2771 Cpe o (pp?)' IO 4 2P e o TN,
2 e o (pp?) O TITETY 4 2 0P T

where
1

I N
T = {t;(};*l 5*”@3’} .

This immediately implies the lower bound with

Lk

= min{2° ' Che - (pp?) O, 21O, P (6.36)

Cy
The upper bound with
Co = 27 O e (pp?) T T 4 2O (6.37)

follows by distinction between the cases T'> 1 and T' < 1.
For (6.34) in case a) we will need the step sizes w;, j, to be bounded away

from zero and infinity. For this purpose, we will assume that
F’" and F are uniformly bounded on Ef(ﬂ) (6.38)
and that
r>=szp, (6.39)

ie., r* <s* <p*. Tosatisfy (6.34), the choice (6.35) from case b) is modified
to

wnye = min{dt, 65, 62 W) (6.40)
which, due to the fact that 1 is strictly monotonically increasing, obviously
still satisfies the upper bound in (6.33) with (6.37). Using (6.13) we get

Foir—¢ ) e —e)
6 Bk 2 (3p,cpp ) 1P/ @)t
—£ —rf(%*—%*)
> | sup [[F(2)]] (2+3n) sup ||F(z) — F(ah)| +0
z€BL (at) 2By, (af)

—:5(6)
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by (6.7), provided 2, x, 2 € Bf(x*) (a fact which we will prove by induction
below). Hence, we also have that w, ; according to (6.40) satisfies w, r > w
with w > dmin{S(s), S(p)}, thus altogether (6.34).

The regularization parameters {a,, x }nenw Will also be chosen differently
depending on whether the smoothness information v in (6.4) is known or not.

In the former case we choose {a, s }nenw @ priori such that

d2
=L <7, (6.41)
&0
P2
af <=, (6.42)
Y
max «,; — 0 asn — oo, (6.43)
0<k<kn

0
A _
{( ik ) _1+(1_00)an,k—1}7
Qp k—1

“_g - 0
> 10, .0+ e )+ (caw ™+

Csw

Tr

)an,k—l (644)
for some 7 > 0 independent of n,k, where cy, Ci,cs,c3,Cs,0,w,Ww are as
in (6.24)-(6.30), (6.34), and v € (0,3] is the exponent in the variational
inequality (6.4). Moreover, when using (6.4) with v > 0, we are going to
impose the following condition on the exponents p,r, s

r(1+ 2v)
r(1+2v) —4v

1+60= <st<p". (6.45)

Well definedness in case k = 0 is guaranteed by setting o, 1 = @y—14, ,,
Wn,—1 = Wn—1k, ,, Which corresponds to the last line in (6.3). To satisfy

(6.41)—(6.44) for instance, we just set

dgo 0,0
V=, = 6.46
T TET (040

with af, < % and o € (0, 1] sufficiently small. Indeed, with this choice we

0 nod .
1_<Oén7k) _ 1_W ifk=0
Qnp k—1 0 else.

have
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In the first case by the Mean Value Theorem we have for some ¢ € [0, 1]
0 o o0 of—1
L ( Qo k ) < (n+1) n? ob(n+t)

Q1 (n+1)7° (n+1)7°
1
< 0_9 — (M) < U—eamk_l.
n Qo0 Qo0

Hence, provided (6.45) holds, a sufficient condition for (6.44) is
O‘H 1 * *_ ) — C w
1>—+c+< (Cla(s),o_e_l + e w4 %) ;
Qp,0 v T

o

o sufficiently small and 7

which can be achieved by making cy, c3, 2,
sufficiently large.
If v is unknown or just zero, then in order to obtain weak convergence

only, we choose «,, ; a posteriori such that
e < min{ 1, cwn ity (6.47)

for some sufficiently small constant ¢ > 0.

Also the number k,, of interior Landweber iterations in the n-th Newton
step acts as a regularization parameter. We will choose it such that (6.9)
holds. In case b), i.e., when we cannot make use of a v > 0 in (6.4), we also

require that on the other hand
Pl E (@) =l 2 11 An(zak, — 20) + Fa3) = 1 =tk (6.48)

While by 2,0 = 2° and p < 1, obviously any &, > 1 that is sufficiently small
will satisfy (6.9), existence of a finite k,, such that (6.48) holds will have to

be proven below.

The stopping index n, of the outer iteration in case a) v > 0 is known

will be chosen according to

1+6

n.(0) =min{n € N : 3k €{0,... .k} : .} <7d}. (6.49)

with some fixed 7 > 0 independent of §, and we define our regularized solution

as Zn, ks with the index

1+6
ki =min{k € {0, kn.} : apy, <70} (6.50)

T
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Otherwise, in case b) we use a Discrepancy Principle
n,(0) =min{n € N : ||F(2°) —¢°|| < 76} (6.51)

and consider 20 = z, .

n

. kn,_, as our regularized solution.

6.4 Weak convergence

We now consider the case in which the parameter v in (6.4) is unknown or
v=20.

Using the notations of the previous sections, we recall that wy, x, o, i, k, and
n.(0) are chosen as follows. For fixed Newton step n, and Landweber step k

we choose the step size w,, ; > 0 in (6.3) is such that

' (WnJcEnJc)
S - 7

"/ <q, (6.52)
wn,ktmk

i.e., (6.33) holds. We refer to Section 6.3 for well-definedness of such a step
size.

Next, we select o, such that

Ak < min {1a fyown,kt;dz,k} ) (653)
where 7y > 0 satisfies
- g,
Yo < K (654)

- :
CoDp° (zT,20)7 + €1 + 2

The stopping index of the inner Landweber iteration is chosen such that

i.e., (6.9) holds for some p € (n,1) and on the other hand k,, is maximal with
this property, i.e.
(1l > k- (6.56)
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The stopping index of the Newton iteration is chosen according to the

discrepancy principle (6.51)
n.(0) =min{n € IN : ||b,|| < 70}. (6.57)

In order to show weak convergence, besides the tangential cone condition

(6.7) we also assume that there is a constant ; > 0 such that
[1F"(z)]] <m (6.58)

for all z € Bf(:ﬁ).

We will now prove monotone decay of the Bergman distances between
the iterates and the exact solution, cf. [30, 49]. Since n. is chosen according

to the Discrepancy Principle (6.51), and by (6.9), estimate (6.31) yields

2
2 2 ~ P s* p*
dn,k+1 S (1 - an,k) dn,k + C()Oén,kd:;k + clan,k + Cgamk

1+n
+ — -
- (1 - 7 7 = ) wn,ktZJg + Sp(wn,ktn,k)a (659)

from (6.59) and the definitions of wy,; and «, according to (6.52), (6.53),

we infer

1
A — A2 < (GDE(ah, mo)? + ¢1 + ) (6.60)
ol

—(1-—

— Co)Wn kb, - (6.61)
Thus, since oy, is chosen smaller than yowp kty, ., we obtain
A — Ao < oW it g (6.62)

with 7, := 1= T2 — 2, — (& Dz (xf,20)7 + e + e2)70 > 0 by(6.54).

Summing over k =0, ..., k, — 1 we obtain

kn—1 kn—1

Dy° (¥, 2,) — Dye (2h, 2pi1) = Z (A2 p—d2 i) =2 Z Wnkty, - (6.63)

k=0 k=0
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Now, we use the definition of w, ; to observe that
tZk) (ullbnll)
Wnitp g 2@l =] > , 6.64
iz o (2 14l (061

for k < k,, — 1, where the strictly positive and strictly monotonically increa-
sing function ® : RT™ — R is defined by ®(\) = A\y~(c_A), which yields

Dye(at,2,) — Dy (al, 2p0) 2 72kn® (’ﬁ'lf"””) : (6.65)

Consequently, for every Newton step n with b, # 0, the stopping index k,
is finite. Moreover, summing now over n = 0,...,n.(0) — 1 and using the
assumed bound on F” (6.58) as well as (6.51) and k,, > 1, we deduce

K70

D;O(,]}T’,’,Uo) Z D;O([Z‘T’,’,Uo) - D;O([[‘T’xn*((s)) Z ’ygn*((S)(I) < "

) . (6.66)

Thus, for § > 0, n.(d) is also finite, the method is well defined and we can
directly follow the lines of the proof of Theorem 3.2 in [49] to show the weak
convergence in the noisy case as stated in Theorem 6.4.1.

Besides the error estimates from Section 6.2, the key step of the proof of
strong convergence as n — oo in the noiseless case 6 = 0 of Theorem 6.4.1
is a Cauchy sequence argument going back to the seminal paper [30]. Since
some additional terms appear in this proof due to the regularization term
in the Landweber iteration, we provide this part of the proof explicitly here.
By the identity

D¥(xy, ) = Di(af,2,,)— D2

P po(xT’xl)

(X (@1 — w0) — I (Tm — m0), 2 — &) s (6.67)

and the fact that the monotone decrease (6.63) and boundedness from below
of the sequence D;° (27, x,,) implies its convergence, it suffices to prove that
the last term in (6.67) tends to zero as m < | — oo. This term can be
rewritten as

-1 kn—1

<Jf($l—$0)—Jf($m—$o),Iz—SCT>X*xX = Z Z<un,k+1_un,kaxl_$T>X*xA’

n=m k=0
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where

| (Un k1 — Un ks T — $T>X*XX|
= (S5 (2ag — o), 1 — ') e xa
Fn k() (An(zap = 23) = bn), Ap(zr — 1)) x|
< wnty i (20770t + [[An(z — 2)]])

by our choice (6.53) of a, . Using (6.7), (6.48), it can be shown that

HAn
[F (2n41) —yll < EHF(%) —yll (6.68)
with a factor ‘1%777 < 1 by our assumption p < 1 —2n, (which by continuity of
F implies that a limit of z,, — if it exists — has to solve (5.17)). Hence, using

again (6.7), as well as (6.68), we get

1An (2 — 2N < 201+ 0)[|F () = yll + (1 + )| F(2) -yl < @tn,k,

so that altogether we arrive at an estimate of the form

||<J;;Y(xl - 1’0) - Jf(l'm - l’o),l’l — $T>X*XX|
-1 kp—1

C
< CY D wanth g < — (D (2l 2y) — DE(at, 2))
’ V2
n=m k=0
by (6.63) with [ > n, where the right-hand side goes to zero as [, m — oo by
the already mentioned convergence of the monotone and bounded sequence
Dzo(xt, xp,).

Altogether we have proven the following result.

Theorem 6.4.1. Assume that X is smooth and s-convex with s > p, that x
is sufficiently close to ', i.e., g € Bf(ﬂ), and that F satisfies (6.7) with
(6.6), that F' and F'" are continuous and uniformly bounded in Bf(:ﬂ). Let
Wi ky O ks kiny i be chosen according to (6.9), (6.33), (6.47), (6.48), (6.51)
with n < %, n < pu<1l—2n, 7 sufficiently large.

Then, the iterates z, ) remain in Ef(aﬂ) for allm <n, —1, k < k,, hence
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any subsequence of :cfl* = Zn,—1,kn,_1 has a weakly convergent subsequence as
0 — 0. Moreover, the weak limit of any weakly convergent subsequence solves
(5.17). If the solution ' to (5.17) is unique, then %  converges weakly to x'
as 0 — 0.
In the noise free case 6 = 0, x, converges strongly to a solution of (5.17) in
B, (")

o (27).

6.5 Convergence rates with an a-priori stop-

ping rule

We now consider the situation that v > 0 in (6.4) is known and recall that
the parameters appearing in the methods are then chosen as follows, using
the notation of Section 6.2.

First of all, for fixed Newton step n and Landweber step k we again choose
the step size wy,; > 0 in (6.3) such that (6.34) holds with a sufficiently small
constant ¢, > 0 (see (6.69) below) which is possible as explained in Section
6.3. In order to make sure that w,, , stays bounded away from zero we assume
that (6.38), (6.39) hold.

Next, we assume (6.45) and select «,,, such that (6.41)-(6.44) holds.
Concerning the number k,, of interior Landweber iterations, we only have to
make sure that (6.9) holds for some fixed p € (0,1) independent of n and k.
The overall stopping index n, of the Newton iteration is chosen such that
(6.49) holds.

With this n,, our regularized solution is z,, yx with the index according to
(6.50).

The constants o € (0,1), 7 > 0 appearing in these parameter choices are a
priori fixed, 7 will have to be sufficiently large.

Moreover we assume that ¢,, § and n are small enough (the latter can be

achieved by smallness of the radius p of the ball around 2! in which we will
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show the iterates to remain), so that we can choose € > 0 such that
cg+73, <1 (6.69)
with ¢4 as in (6.28).
By the choice (6.34) of w,, x, estimate (6.23) implies
di,k-i—l < (1 —(1- co)amk) di,k + claf’:k + CQOé;ZTk + c;;w;‘zai:%@
—(1 = ¢4 — Co)wn ity g, + Cswn k" . (6.70)

Multiplying (6.70) with o9

ki1 using (6.49), and abbreviating

2 —0
Tnk = dn,kan,k ’

we get

0
O
i < (225) ({1 (- cansd o

A k41

Csw

+(claf:k_6 + CQOzf::k_g + (caw™ + ?)amk) )
Using (6.44), this enables to inductively show

Vn,k+1 < f_>/7

hence by (6.42) also

A 1 <A, <P (6.71)
foralln <n,—1and k <k, —1 as well as for n = n, and k < k) —1
according to (6.50). Inserting the upper estimate defining &}, we therewith
get

< 5(78)1%,

which is the desired rate. Indeed, by (6.43), there exists a finite k) < k,,,
such that

2 =0
dn*,k,’;* < fyan*,k;*

and

VO<k<ky, —1: pllF(z,) =9Il < [Au(znp —25,) + Fap,) =yl

Summarizing, we arrive at
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Theorem 6.5.1. Assume that X is smooth and s-convex with s > p, that
xg s sufficiently close to xt, i.e., xy € Ef))(ﬂ), that a variational inequality
(6.4) with v € (0,1] and B sufficiently small is satisfied, that F' satisfies (6.7)
with (6.6), that F' and F' are continuous and uniformly bounded in Bf(ﬁ),
and that (6.45), (6.39) hold. Let wy i, i, kn, 1, ki, be chosen according to
(6.9), (6.34), (6.41)—(6.44), (6.49), (6.50) with T sufficiently large.

Then, the iterates z, ) remain in EpD(zT) forallmn < n, —1, k <k, and

n=n, k <k . Moreover, we obtain optimal convergence rates
D (et 2 pe ) = O(0F51), as 6 — 0 (6.72)
as well as in the noise free case d =0
4v
D) = 0 (o) (6.73

for all n € IN.

6.6 Numerical experiments

In this section we present some numerical experiments to test the method
defined in Section 6.4. We consider the estimation of the coefficient ¢ in the

1D boundary value problem

{ —u" +cu=f in (0,1) (674
u(0) = go u(l) = g1

from the measurement of u, where gy, ¢ and f € H7'[0,1] are given.
Here and below, H7!([0,1]) is the dual space of the closure of C5°(]0,1])
in H'([0,1]), denoted by H([0,1]), cf. e.g. [92]. We briefly recall some
important facts about this problem (cf. Section 5.1):

1. For 1 < p < 400 there exists a positive number 7, such that for every

¢ in the domain
D= {ce £r0,1]: |lc— D)o < 7p, D > 0 ae.}

(6.74) has a unique solution u = u(c) € H([0, 1]).
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2. The nonlinear operator F' : D C LP([0,1]) — L£7(]0,1]) defined as
F(c) := u(c) is Frechét differentiable and

F'(c)h = = (c)" L (hu(c)), F'(c)*w = —u(c)e(c)  w, (6.75)

where 7 (c) : H%([0, 1)) N HS ([0, 1]) — L£2([0, 1]) is defined by & (c)u =

—u" + cu.

3. For every p € (1,+00) the duality map J, : £P([0,1]) — £P(]0,1]) is
given by
Jp(c) = |c[P~tsgn(c), € LP([0,1]). (6.76)

For the numerical simulations we take X = £P(]0, 1]) with 1 < p < 400 and
Y = L([0,1]), with 1 <7 < +oc0 and identify ¢ from noisy measurements u’
of u. We solve all differential equations approximately by a finite difference
method by dividing the interval [0, 1] into N + 1 subintervals with equal
length 1/(N +1); in all examples below N = 400. The £? and £" norms are
calculated approximately too by means of a quadrature method.

We have chosen the same test problems as in [49]. Moreover, we added a
variant of the example for sparsity reconstruction.

The parameters w,, ; and «,,  are chosen according to (6.35) and (6.53) and
the outer iteration is stopped according to the Discrepancy Principle (6.51).
Concerning the stopping index of the inner iteration, in addition to the con-
ditions (6.9) and (6.48), we require also that if || F(z,) — ¥°|| < 76 then the

iteration has to be stopped. More precisely,

kp =min{k € Z,k >0, | |F(znx) —9°|| <70 V tor < pllball}  (6.77)

. . . 6 o
and the regularized solution is z,, = 2, . | k., ;-

Example 6.6.1. In the first simulation we assume that the solution is sparse:

0.5, 0.3<t<04,
c(t)=1¢ 1.0, 06<t<0.7, (6.78)

0.0, elsewhere.
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Figure 6.1: Reconstructed Solutions and relative errors for Example 6.6.1.

The test problem is constructed by taking u(t) = u(c")(t) = 1+ 5t, f(t) =
u(t)cl(t), go = 1 and g, = 6. We perturb the evact data u with gaussian
white noise: the corresponding perturbed data u® satisfies ||u® — ul|zr = 9,
with § = 0.1 x 1073, When applying the method of Section 6.4, we take
1w=0.99 and 7 = 1.02. The upper bound ¢, satisfies

Co = 21O e e (pp?) PO L 2P O P (6.79)

and ¥ is chosen as 2‘ju, where j* is the first index such that o = 0.99(1 —
i 1%" —¢,) > 0. In the tests, we always choose Y = L*([0,1]) and change
the values of p. In Figure 6.1 we show the results obtained by our method
with p = 2 and p = 1.1 respectively. From the plot of the solution we can
see that the reconstruction of the sparsity in the case p = 1.1 is much better
than in the case with p = 2 and the quality of the solutions is in line with
what one should expect (cf. the solutions obtained in [49)). From the plot of
the relative errors we note that a strict monotonicity of the error cannot be
observed in the case with p = 1.1. The monotonicity holds instead in the case
p = 2. We also underline that in this example the total number of the inner

iterations
n*—1

Ny=> ky
n=0
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Figure 6.2: Reconstructed Solutions for Example 6.6.2, case A.

is much larger in the case p = 2 (Ny = 20141) than in the case p = 1.1
(Ny.1 = 4053), thus the reconstruction with p = 1.1 is also faster.

Example 6.6.2. Choosing a different exact solution doesn’t change the re-

sults too much. In this example we only modify c' into

0.25, 0.1 <t <0.15,
0.5, 03<t<04,

c(t) = - (6.80)
1.0, 0.6<t<0.7,

0.0 elsewhere.

and choose again § = 0.1 x 1073,

The reconstructed solutions obtained show that choosing a p smaller than
2 improves the results because the oscillations in the zero parts are damped
significantly. Once again, the iteration error and the residual norms do not
decrease monotonically in the case p = 1.1, but only in the average.

We also tested the performance obtained by the method with the choice cu, ), =
0 instead of (6.53) and summarized the results in Table 6.1. Similarly to
Ezxample 1, a small p allows not only to get the better reconstruction, but also
to spare time in the computation. Moreover, we notice that in this example

the method with o, > 0 chosen according to (6.53) proved to be faster than
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Results for Example 2

p=2 anr >0

pzzaan,kzo

p=1.1, Qn Lk > 0

p=11a,r=0

Np
Rel. Err.

21610
9.8979 x 102

26303
9.8938 x 1072

4529
4.9645 x 1072

5701
4.9655 x 1072

Table 6.1: Numerical results for Example 2.

the method with ., = 0, performing fewer iterations, with a gain of 17.8%
in the case with p =2 and 20.5% with p = 1.1.

Example 6.6.3. At last, we consider an example with noisy data where a
few data points called outliers are remarkably different from other data points.
This situation may arise from procedural measurement errors.

We suppose ¢ to be a smooth solution

cl(t) =2 — t + 4sin(27t) (6.81)

and take u(ch)(t) = 1 —2t, f(t) = (1 —2t)(2 — t + 4sin(27t)), go = 1 and
g1 = —1 as exact data of the problem. We start the iteration from the initial
quess co(t) = 2 —t, fix the parameters = 0.999 and 7 = 1.0015 and choose

T, and Yo as in Example 1.

Case A. At first, we assume the data are perturbed with white gaussian
noise (§ = 0.1 x 1072), fixr X = £2([0,1]) and take Y = L"([0,1]), with r = 2
orr=1.1. As we can see from Figure 6.3, being the data reasonably smooth,
we obtain comparable reconstructions (in the case r = 2 the relative error is

equal to 2.1331 x 1071, whereas in the case r = 1.1 we get 2.0883 x 1071).

Case B. The situation is much different if the perturbed data contain
also a few outliers. We added 19 outliers to the gaussian noise perturbed
data of case A obtaining the new noise level & = 0.0414. In this case taking
Y = LM([0,1]) considerably improves the results keeping the relative error

reasonably small (2.9388 x 107! against 1.1992, cf. Figure 6.3).
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(a) Gauss data (b) Gauss r = 2 (c) Gauss r = 1.1

Data with oulers:
plot

(d) Outliers data (e) Outliers r = 2 (f) Outliers r = 1.1

Figure 6.3: Numerical results for Example 6.6.3: (a) and (d) are data with
noise; (b) and (d) are reconstructions with X =Y = £2[0, 1]; (c) and (f) are
reconstructions with X = £2[0,1] and Y = £1[0, 1].
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Concerning the total number of iterations N, in this example it is not sub-

jected to remarkable variations.

To summarize, in all examples above the method obtained reasonable
results, proving to be reliable, both in the sparsity reconstruction examples
and when the data are affected with outliers. Concerning the total number
of iterations, the introduction of the parameters a,j; has accelerated the
method in Example 2, but the issue of the speed of the algorithms requires

further investigation.

6.7 A new proposal for the choice of the pa-

rameters

With the parameter choices proposed in Section 6.3, it is rather difficult to
prove strong convergence and convergence rates for the Discrepancy Princi-
ple. Moreover, the numerical experiments show that the method still requires
many iterations to obtain good regularized solutions.

Indeed, the choices that have been made for w, ; and «,, ; seem to make the
method not flexible enough. For this reason, we propose here a different way
to select these parameters. To do this, we return to the estimates of Section
6.2. Using the same notations, we estimate the term d? , ., as in (6.10) and
proceed exactly as in Section 6.2 for estimating the terms (I), (II) and (IV).

For the term (III), if v = 0 instead of using (6.9), we reconsider the estimate
17 (2n) — F ()]
= (Au(zng — 27) + F(z7) = y°)
+(F(znp) = Flap) = Au((zan — 23) + (° = )
e + 1 F (znge) — F()]| + 6
< tog H0(1F (zage) = F)| + [1F(23) =l + (1 +m)8,

IN

to conclude

1P (o) = P < 7 (st = (L+0)8) . (682
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This together with (6.4) implies

\amk(Jf(xT — Z0), Znk — 1) e x|

B 1-2 2v
< v 1
< gy kg (e £+ (1+)0)
< C(l +v)— s _ank{dz —|—(tnk+7]rn—|—(14—7])5)1131/}(6_83)
~ 2 (1 _ 7]>2V ) n,k ,

where we have used (6.18) with C'(\) = M (1 — X))
In the case v = 0, we simply use (6.21) as in Section 6.2.

Altogether, we obtain

di,k-i—l < (1 —(1- co)an,k> di,k + Cooun i + claf:k + czaifk
4v
+esn g (bnk + s + (1 +1)0) +27
—wn,kt;k + wmkt;}l (T]In -+ (1 + ’/])5) + @(wn,kfn,k) y (684)

where
0 itrv=20
o = .o ' (6.85)
D Cz+v) ifr>0
) |zt — ol (pp?)7 it v =0
C =
’ 0 if v > 0
¢1 = Gy (pp?)' i plr 0727 6.86)
cg = Cpegepl2r ™! (6.87)
— co 1 in case (a) v,0 >0 (6.89)
2" — zo]|P~L(pp?)?  in case (b) v,0 =0
4v
0 — 6.89
r(1+2v) —4v (6.89)

Multiplying (6.84) with a;i .1 and abbreviating

A2 —0
Tnk = dn,kan,k ’
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we get

6 6
Qo k Qo k+1
oo (Y {10 o (222 )
an,k+1 an,k

* *_ _ _4dv
Gk ! + 0l 0+ caad 0+ caal ) (tog + e + (14 1)0) T2

—Oé;z (wmkt;,k — wn,kt;}l (T]In + (1 + 7])5) - go(wmkfn,k))} .

To obtain monotone decay of the sequence 7, with increasing k we

choose

® wy; > 0 such that

@(wn,kfn,k>
w<wyp <wand ———= <G, (6.90)

for some 0 < w < w, ¢, > 0. We will do so by setting

T

Wk = ﬁmin{t;fljf,;;, t,gj‘,;l%;ﬁﬂ, w} (6.91)

with 9 sufficiently small, and assuming that

r>s>p, (6.92)
® o, > 0 such that
Qg > G o= 7 (top 4 10 + (14 1)8) 150 (6.93)
and
co+%+%ai,€_9_l+%aik_9_l+7:9%30’0 +%1+91%’0 <g<1 (6.94)

(note that in case # = 0 we have ¢y = 0 and vice versa, in case ¢ > 0

we have ¢y = 0). The latter can be achieved by

A, < 1 and (6.95)
S >041, pr>0+1, (6.96)

co, Co, €1, C2, c3, 71 sufficiently small.
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In case (a) we additionally require

R 1/6
Qpjt1 = Qp g1 2= Qi (1 - (1 - Q)an,k) (6-97)

with an upper bound 7, for 79,0. Note that this just means o, g1 > 0
in case (b) corresponding to v = 0, i.e., § = 0, thus an empty condition

in case (b).

To meet conditions (6.93), (6.97) with a minimal «,, x; we set

Q1 = Mmax{ Gy k+1, Qnpr1) for k>0 (6.98)
Op—1 -1 if n > 1

Qno = .
ap o ifn=0

It remains to choose
e the inner stopping index k"
e the outer stopping index n,,

see below.
Indeed with these choices of wy, , and v, ;41 we can inductively conclude from
(6.90) that

fle
=~ |3
W
iR
N———
>
—
N

Yn,k+1 — Ink S (

0
On _
1 — (1= q) — (—’k”) )00}
Qo k

a;i+1(1 - Ew)wn,ktn ko
< = b (1= C)wn gty <0 (6.99)

This monotonicity result holds for all n € IN and for all k£ € IN.
By (6.99) and o, < 1 (cf. (6.95)) it can be shown inductively that all

iterates remain in Bg(aﬂ) provided
Too < P (6.100)

Moreover, (6.99) implies that

o0

DD ahwnatng < 1%’3 < 00, (6.101)

—C
n=0 k=0 w
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hence by api1 < 1w > w

tnr — 0ask — oo for alln € IN (6.102)
and
sup tpr — 0 asn — oo. (6.103)
kelNg

Especially, since t,, o = 1y,
r, > 0asn—o0. (6.104)

To quantify the behavior of the sequence a,, ;. according to (6.93), (6.97),

(6.98) for fixed n we distinguish between two cases.

(i) There exists a k such that for all £ > k we have ay, = . Con-
sidering an arbitrary accumulation point &, of o, ) (which exists since

1
0 < anir < 1) we therefore have a,, = a, (1 - (1 - q)&n>0, hence

oy, = 0.

(ii) Consider the situation that (i) does not hold, i.e., there exists a sub-
sequence kj; such that for all j € IN we have ay,1; = &y k- Then by
(6.93), (6.97), and (6.102) we have a,j, — 7 (i1, + (1 +17)8) ™.

Altogether we have shown that

limsup ay,j, < 7 (0, + (1 4+7)8) ™ for all n € IN. (6.105)

k—00

Since 7 and § can be assumed to be sufficiently small, this especially implies
the bound a,,; <1 in (6.95).

We consider z,, xn- as our regularized solution, where n,, k* (and also
k™ for all n < n, — 1; note that kI is to be distinguished from £™* - actually
the latter is not defined, since we only define k™ for n < n, — 1!) are still to

be chosen appropriately, according to the requirements from the proofs of

e convergence rates in case v, 60 > 0,
e convergence for exact data 6 = 0,

e convergence for noisy data as § — 0.
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6.7.1 Convergence rates in case v > ()
From (6.99) we get
7, < Fo o0l for all n,k € IN, (6.106)
hence in order to get the desired rate
di*,kf* - O<5%)

in view of (6.105) (which is a sharp bound in case (ii) above) we need to have
a bound
T < 70 (6.107)

for some constant 7 > 0, and we should choose k}* large enough so that

i, e < Co(ty, + 5) 750 (6.108)

which is possible with a finite k™ by (6.105) for C,, > (7(1 +7))™7. Note

that this holds without any requirements on k™.

6.7.2 Convergence as n — oo for exact data 6 =0

To show that (x,),en is a Cauchy sequence (following the seminal paper
[30]), for arbitrary m < j, we choose the index [ € {m, ..., j} such that r; is

minimal and use the identity

DY (1, Tm) = D;O(xf,:vm)—D;fO(xT,xl)

+(J (2 — w0) — T (m — o), 21 — 1) e x (6.109)

p

and the fact that the monotone decrease and boundedness from below of the
sequence D° (27, x,,) implies its convergence, hence it suffices to prove that
the last term in (6.109) tends to zero as m < | — oo (analogously it can
be shown that D7°(x;, ;) tends to zero as [ < j — o0). This term can be
rewritten as
(Jf(xl —x9) — JpX(SCm — Z0), T — xT>X*><X
-1 kn—1

= E <un,k+1 — Un,k, T] — xT>X*><X7
n=m k=0
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where

| (Un k41— Un gy Tt — 37T>X*><X|

= |0‘n,k<J;§((zn,k — Tg), 1y — $T>X*xx
+wn,k<j7}«/(An(zn,k - xi) - bn)v An(xl - xT)>X*><X|
20 o, i + wmktmj 1A, (2 — 21|
2077 (b + 10n)" + Wby, (14 1) (20, 4 17)
2077 (b + 1n)" + 3(1 4 n)wn ity T

IN A

IN

by our choice of a, = d,x (note that &, = 0 in case § = 0), condition
(6.7) and the minimality of r;.

Thus we have by w,; < @ and Young’s inequality that there exists C' > 0
such that

-1 fe—1
<J;((xl —x9) — J;((atm —20), 2 — 2 yerx < C Z { (Z t;k) + k‘nrg)
n=m k=0

for which we can conclude convergence as m,! — oo from (6.101) provided
that

[e.9]
Zk‘"r;—>0asm—>oo,

n=m
which we guarantee by choosing, for an a priori fixed summable sequence

(an)neﬂ\h
k" = a,r,". (6.110)

n

6.7.3 Convergence with noisy data as ¢ — 0

In case (a) v, 0 > 0 convergence follows from the convergence rates results in
Subsection 6.7.1. Therefore it only remains to show convergence as § — 0 in
case 6 = 0.

In this section we explicitly emphasize dependence of the computed quan-

tities on the noisy data and on the noise level by a superscript o.
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Let |ly% — y|| < 6; with &; a zero sequence and n,; the corresponding

stopping index. As usual [30] we distinguish between the two cases that (i)

n.; has a finite accumulation point and (ii) n.; tends to infinity.

(1)

There exists an N € IN and a subsequence nj, such that for all 7 € IN

we have n;, = N. Provided

n,(0) = N for all § = The mapping § — 2% is continuous at § = 0,

(6.111)
we can conclude that x%” — 2% as i — oo, and by taking the limit as
i — oo also in (6.107), 2% is a solution to (5.17). Thus we may set
2t = 2% in (6.99) (with = 0) to obtain

5, 5, 5, :
Dro(afy, sz’_ ny) = Dio(x, z]\’;kn*ji) < DP(afy, ) ) — 0 as i — oo
*4i R P

where we have again used the continuous dependence (6.111) in the

last step.

Let n,; — oo as j — oo, and let zf be a solution to (5.17). For
arbitrary € > 0, by convergence for § = 0 (see the previous subsection)
we can find n such that D2 (zf,29) < § and, by Theorem 2.60 (d) in
[82] there exists jo such that for all j > j, we have n,; > n + 1 and
| Do (xf, ay) — Do(xf,29)] < 5, provided

n < n,(d)—1 for all 6 = The mapping 6 — :Ei is continuous at 6 = 0.

(6.112)
Hence, by monotonicity of the errors we have
Dot 2 o) < Dpolal )
e (6.113)

< Dy°(af,ap) + | Dy (af, ) — Dy (af,an)] < e

Indeed, (6.111), (6.112) can be concluded from continuity of F, F”, the defi-
nition of the method (6.3), as well as stable dependence of all parameters
Wnky Ok, k™ according to (6.91), (6.93), (6.97), (6.98), (6.110) on the data

Y.

Altogether we have derived the following algorithm.
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6.7.4 Newton-Iteratively Regularized Landweber algo-

rithm

Choose T, 7, C,, sufficiently large, z, sufficiently close to T,

g <1, w >0, (an)nen, such that > ja, < cc.

If (6.4) with v € (0, 1] holds, set 6 = r(l—l—;l%’ otherwise 6 = 0.
Forn=20,1,2... until r, <76 do

Up,0 = 0

Zn,O = .CL’(;L

Qpo = Qp_q n—1 ifn>0

For £k =0,1,2... until

k=k"—1=a,r," ifr, > 70 d
r (0]
W, e < Corn, +0)™0 if 1, <76

r

T
o . s*¥—1,—8 pF—17—p —
Wn,k = ﬁmln{tn,k tn,k » Unk tn,k ) OJ}

Un o1 = Un g — Oy (Zne — To)
—wn o B (@) 53 (F (29 (20 — 23,) + F(23,) = °)
T (Znpar — 20) = JH (2 — 20) + Un k1
Qg1 = Max{p t1, Qngr1} With Ay i1, G as in (6.93), (6.97)
xfl-i-l = Znkn -
Note that we here deal with an a priori parameter choice: # and therefore
v has to be known, otherwise # must be set to zero.

The analysis above yields the following convergence result.

Theorem 6.7.1. Assume that X is smooth and s-convexr with s > p, that
xo is sufficiently close to x', i.e., xy € Ef(ﬁ), that F satisfies (6.7) with
(6.6), that F' and F' are continuous and uniformly bounded in Eﬁ)(:ﬂ), and
that (6.92), (6.96) hold.

Then, the iterates zy, defined by Algorithm 6.7.4 remain in B{;)(xT) and con-
verge to a solution x' of (5.17) subsequentially as § — 0 (i.e., there exists
a convergent subsequence and the limit of every convergent subsequence is a
solution).

In case of exact data 6 = 0, we have subsequential convergence of x,, to a so-

lution of (5.17) as n — oo. If additionally a variational inequality (6.4) with



228 6. A new Iteratively Regularized Newton-Landweber iteration

v € (0,1] and B sufficiently small is satisfied, we obtain optimal convergence

rates
D;,”O(:BT, Py k) = 0(5%), as 6 — 0. (6.114)



Conclusions

In this short conclusive chapter, we point out the main contributions of the
thesis in the area of the regularization of ill-posed problems and present some
possible further developments of this work.

The three stopping rules for the Conjugate Gradient method applied to
the Normal Equation presented in Chapter 3 produced very promising nu-
merical results in the numerical experiments. In particular, SR2 provided an
important insight into the regularizing properties of this method, connecting
the well-known theoretical estimates of Chapter 2 with the properties of the
Truncated Singular Value Decomposition method.

In the numerical experiments presented in Chapter 4, the new stopping
rules defined in Chapter 3 also produced very good numerical results. Of
course, these results can be considered only the starting point of a possible

future work. Some further developments can be the following:

e applications of the new stopping rules in combination with more so-
phisticated regularization methods that make use of CGNE (e.g., the
Restarted Projected CGNE described in Chapter 3);

e extension of the underlying ideas of the new stopping rules to other

regularization methods (e.g., SART, Kaczmarz,...);

e analysis of the speed of the algorithms presented for computing the

indices of the new stopping rules, to get improvements.

The theoretical results of Chapter 6, and in particular of Section 6.7, en-

hanced the regularization theory of Banach spaces. However, they have to

229
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be tested in more serious practical examples. We believe that the new ways
to arrest the iteration can indeed improve the performances significantly.
Besides the repetition of the numerical tests of Section 6.6, also two di-
mensional examples should be considered, as well as a comparison of the
inner-outer Newton-Landweber iteration proposed here with the classical Ite-
ratively regularized Gauss-Newton method.

Possible extensions to the case of non-reflexive Banach spaces and further
simulations in different ill-posed problems should also be a subject of future

research.



Appendix A

Spectral theory in Hilbert

spaces

We recall briefly some fundamental results of functional calculus for self-
adjoint operators in Hilbert spaces. Details and proofs can be found, e.g. in
(2], [17] and [44].

Throughout this section, X will always denote a Hilbert space. The scalar
product in X’ will be denoted by (-, -)» and the norm induced by this scalar
product will be denoted by || - || x-

Definition A.0.1 (Spectral family). A family {&\}rer of orthogonal pro-
jectors in X is called a spectral family or resolution of the identity if it satisfies

the following conditions:
(7’> g)\@@u = gmin{)\“u}; )\, JUS R,’

(17) o =0, Eroo = I, where Erox = limy 1o E\z, V & € X, and where

I 1s the identity map on X.

(1ii) Er_o = &\, where E_ox = lim o+ Er_cx, V2 € X.

Proposition A.0.1. Let f : R — R be a continuous function. Then the

limat of the Riemann sum
Z f(gl) (6))\1 - g)\iﬂ) T
i=1

231
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exists in X for |\; — N\i_1] = 0, where —o0o < a =Xy < ... <\, = b < +o0,
& € (N1, \j], and is denoted by

/a V.

Definition A.0.2. For any given x € X and any continuous function f :
R — R, the integral f_Jr;o fN)d&\x is defined as the limit, if it exists, of
fabf()\)dé&x when a — —oo and b — +00.

Since condition (7) in the definition of the spectral family is equivalent to
(e, x) < (S, ), forall e Xandh < p,

the function A — (&, x) = ||&\x]|? is monotonically increasing and due to
the condition (i) in the definition of the spectral family also continuous from
the left. Hence it defines a measure on R, denoted by d||&x||?>. Then the

following connection holds:

Proposition A.0.2. For any given x € X and any continuous function f :
R — R:

+00 too
fNd&ET evists = A& ||? < +oo.

— 00

Proposition A.0.3. Let A be a self-adjoint operator in X. Then there
exist a unique spectral family {&\} er, called spectral decomposition of A or

spectral family of A, such that

“+00
D(A) = [z e X | / Nd||&a|? < +oo}

and .
Az = / Adéx, x€D(A).
We write:
—+oco
A :/ AdE).



233

Definition A.0.3. Let A be a self-adjoint operator in X with spectral family
{&}rer and let f be a measurable function on R with respect to the measure
d||&x||? for all w € X. Then f(A) is the operator defined by the formula

s = [ g0, e DA
where .
DAY =treX | [ POVl < +och

Proposition A.0.4. Let M, be the set of all measurable functions on R
with respect to the measure d||&x||* for all x € X (in particular, piecewise
continuous functions lie in My). Let A be a self-adjoint operator in X with

spectral family {E\}aer and let f, g € M.

(1) If v € D(f(A)) and z € D(g(A)), then

+oo

(f(A)z, g(A)z) = FNgNd{ér, 2).

—00

(i1) If v € D(f(A)), then f(A)x € D(g(A)) if and only if x € D((gf)(A)).

Furthermore,

g(A) f(A)z = (gf)(A)z.
(1ii) If D(f(A)) is dense in X, then f(A) is self-adjoint.
() f(A) commutes with &, for all X € R.

Proposition A.0.5. Let A be a self-adjoint operator in X with spectral fam-
ily {ExFaek-

(1) Ao lies in the spectrum of A if and only if &\, # Erg+e for all € > 0.

(17) Ao is an eigenvalue of A if and only if &\, # Ergro = im0 Ergre- The

corresponding eigenspace is given by (Eng+o — Exy ) (X).
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At last, we observe that if A is a linear bounded operator, then the
operator A*A is a linear, bounded, self-adjoint and semi-positive definite
operator. Let {E,} be the spectral family of A*A and let M be the set of
all measurable functions on R with respect to the measure d||E\x||? for all x
€ X. Then, for all f € M,

+o0 [|A[[2+e

[l A2
FONdBsz = / FONdBsz = lim FONdExz.
00 0

e—0F 0

Hence, the function f can be restricted to the interval [0, ||A||* + €] for some

e > 0.



Appendix B

Approximation of a finite set of

data with cubic B-splines

B.1 B-splines
Let [a, b] be a compact interval of R, let
A={a=ty <ty <..<tp <ty =0b} (B.1)

be a partition of [a,b] and let m be an integer, m > 1. Then the space
S, (A) of polynomial splines with simple knots of order m on A is the space
of all function s = s(t) for which there exist k+ 1 polynomials s, s1, ..., S of

degree < m — 1 such that
() s(t) = s,(t) fort; <t <ty j=0 .k

(i) s, (1) = Tsj(t;), fori=0,...,m—2, j=1,..k

The points ¢; are called the knots of the spline and ti,...,?; are the inner
knots.

It is well known (cf. e.g. [86]) that &,,(A) is a vector space of dimension
m+ k. A base of &,,(A) with good computational properties is given by the
normalized B-splines.

An extended partition of [a,b] associated to S,,(A) is a sequence of points
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A* ={t_py1 < ... < tpym} such that £; = t; for every i = 0, ...,k + 1. There
are different possible choices of the extended partition A*. Here, we shall

consider the choice

E—m—l—l = ...= EO = a, £k+1 = £k+2 = .. = £k+m. (B2)
The normalized B-splines on A* are the functions {N; ., }j=—m+1,. x defined
recursively in the following way:
1, for t; <t<t;.,
Nja(t) = )5Sy (B.3)
0, elsewhere;

— i Njjoa(t) + 25— Ny o (t), for #; # tjin,

tivh—tj+1
0, elsewhere
(B.4)

for h =2,...,m. The cases 0/0 must be interpreted as 0.

The functions N;; have the following well known properties:
(1) Local support: Nj,,(t) =0,V t & [t;, tj1m) if t; < tjom;
(2) Non negativity: N;,,(t) >0,V t € (£, ti1m), t; < tjrm;

(3) Partition of unity: Z?:—m—i-l Nin(t)=1,V1t € [a,b]

B.2 Data approximation

Let now (A1, f1), .o, (An, ftn), n € Ny n > m + k, A; and p; € R such that
a=MN<..<A, =D (B.5)

be a given set of data. We want to find a spline s(t) € &,,(A),

k

s()= Y ¢Njm(t),

j=—m+1

that minimizes the least-squares functional

> Is() — il (B.6)
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on G,,(A). Simple calculations show that the solutions of this minimization

problem are the solutions of the overdetermined linear system

Z C]ZN,m )\1 ]m )\l Z,UIsz )\l 1=—-m-+1,.. k. (B?)

j=—m+1 =1

Denoting with H the matrix of the normalized B-splines on the approxima-

tion points:
H={h,;} ={N;m(N)}, =1,..n j=-m+1, ..k, (B.8)
we can rewrite (B.7) in the form
H*Hc = H"p, (B.9)

where ¢ and p are the column vectors of the ¢; and of the j; respectively.
It can be shown that the system has a unique solution if A* satisfies the so

called Schonberg-Whitney conditions:

Theorem B.2.1. The matriz H has maximal rank if there exists a sequence

of indices 1 < j1 < ... < Jmar < n such that
Ez’ < >\ji < ll:i_|_m, 1=—-m+1,..k, (BlO)

where the t; are the knots of the extended partition A*.

. (b—a)
k+1

(B.2), it is easy to see that the Schénberg-Whitney conditions are satisfied

With equidistant inner knots t; = a + 1 and the particular choice

for every kK < n —m: for example, if k =n —m, j; =i for every i = 1,....n.
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Appendix C

The algorithms

In this section of the appendix we present the main algorithms used in the
thesis. All numerical experiments have been executed on a Pentium IV PC
using Matlab 7.11.0 R2010b.

C.1 Test problems from P. C. Hansen’s Reg-

ularization Tools

blur and tomo exact solution

10 20 30 40 50 60 70 80 90 100

Figure C.1: Exact solution of the test problems tomo and blur from P.C.

Hansen’s Regularization Tools.

Many test problems used in this thesis are taken from P. C. Hansen’s
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Regularization Tools. This is a software package that consists of a collection
of documented Matlab functions for analysis and solution of discrete ill-posed
problems. The package and the underlying theory is published in [35] and the
most recent version of the package, which is updated regularly, is described

in [41]. The package can be downloaded directly from the page
http : //www2.imm.dtu.dk/ pch/Regutools/, (C.1)

where a complete manual is also available.

All the algorithms of the thesis referring to [35] or [41] are taken from the
version 4.1 (for Matlab version 7.3). Below, we describe briefly the files that
have been used in the thesis.

More details on these functions such as the synopsis, the input and output
arguments, the underlying integral equation and the references can be found
in the manual of the Regularization Tools [35] in a pdf format at the web
page (C.1).

We consider 10 different very famous test problems:

e baart, deriv2, foxgood, gravity, heat, i_laplace, phillips, shaw generate the
square matrix A, the exact solution x and the exact right-hand side b
of a discrete ill-posed problem, typically arising from a discretization of
an integral equation of the first kind. The dimension N of the problem
is the main input argument of these functions. In some cases it is
possible to choose between 2 or 3 different exact solutions. Of course,
A is always very ill-conditioned, but in some problems the eigenvalues

decrease more quickly than in others.

e blur and tomo generate the square matrix A, the exact solution f and
the exact right-hand side g a 2D image reconstruction problem. In
both cases, the vector f is a columnwise stacked version of a simple
test image (cf. Figure C.1) with J x J pixels and J is the fundamental
input argument of the function. In the blur problem, the matrix A is
a symmetric J? x J? doubly Toeplitz matrix, stored in sparse format

associated to an atmospheric turbulence blur and g := Af is the blurred
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image. By modifying the third input argument of the function which
is set by default equal to 0.7, it is possible to control the shape of the
Gaussian point spread function associated to A. In the tomo problem,
the matrix A arises from the discretization of a simple 2D tomography
model. If no additional input arguments are used, A is a square matrix

of dimension J? x J? as in the case of blur.

C.2 Conjugate gradient type methods algo-

rithms

Two different functions for the implementation of CGNE can be found in
the Regularization tools: cgls and Isqr_b. cgls is a direct implementation of
algorithm 3, Isqr_b is an equivalent implementation of the same algorithm
based on Lanczos bidiagonalization (cf. [73] and [36]).

Both routines require the matrix of the system A, a data vector b and an
integer kj;ax corresponding to the number of CGNE steps to be performed
and return all kj;4x solutions, stored as columns of the matrix X. The
corresponding solution norms and residual norms are returned in n and p,
respectively. If the additional parameter reorth is set equal to 1, then the
routines perform a reorthogonalization of the normal equation residual vec-
tors.

To compare CGNE and CGME, a new routine cgne_cgme has been gene-
rated based on Algorithm 6. This function is similar to cgls and Isqr_b, but
returns also the solutions, the residual norms and the solution norms of the
CGME iterates.

A modified version of cgls, cgls_deb has been used for the image deblur-
ring problems to avoid forming the matrix A. In the cgls_deb algorithm,
the matrix A is replaced by the PSF, the data vector g is replaced by its
corresponding image and all matrix-vectors multiplications are replaced by

the corresponding 2D convolutions as in Section 3.6, formula (3.41). As a
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consequence, the synopsis of this function is different from the others:
[f, rho, eta] = cgls_deb(h, g, k); (C.2)

here the input arguments are the matrices of the PSF h and of the blurred
image g and the number of iterations kjp;ax. The output is a 3D matrix f

such that for every k =1, ..., kpax the Matlab command
f(:, 5, k)

gives the k-th iterate of the algorithm in the form of an image.

At last, a new routine cgn2 similar to cgls and Isqr_b has been created to
implement the conjugate gradient type method with parameter n = 2 (cf.
Algorithm 7 from Chapter 2).

We emphasize that in the tests where a visualization of the reconstructed
solutions was not necessary, all these functions were used without generating
the matrix of the reconstructed solutions, but instead overwriting at each
step the new iterate of CGNE on the old one, in order to spare memory and

time.

C.3 The routine data_approx

In the notations of Appendix B, the routine data_approx generates an approx-
imation { (A, fi1), ..., (An, fin) } of the data set {(A1, p1), ..., (An, ftn) } according
to the following scheme (valid for n > 5):

Step 1: Fix m = 4 and the number of inner knots k according to the dimension
of the problem: if n < 5000 then k& = |[n/4], if n > 5000 then k =
|n/50]. Construct the partition A = {tg < t; < ... <t < tr41} such

that to = A\, te1 = Ay and t; = A\ + iAeri\l, then choose the extended

partition A* according to (B.2).

Step 2: Construct the matrix H of the normalized B-splines of order m on the
approximation points Aq,..., A, relative to the extended partition A*
according to (B.3), (B.4) and (B.8).
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Step 3: Find the unique solution c of the linear system (B.9).

Step 4: Evaluate the spline s(t) = Zf:_mH ¢;N;m(t) on the approximation

points A; denoting with fi; = s();) the corresponding results.

C.4 The routine mod_min_max

This section describes the Matlab function implemented for the computation
of the index p that divides the vector of the SVD (Fourier) coefficients [u;b|,
i = 1,...,m, associated to the (perturbed) linear system Ax = b’, into a
vector of low frequency components, constituted by its first p entries and a
vector of high frequency components, constituted by its last m — p entries.
The routine, denoted with the name mod_min_max, is a variation of the
Min_Maz Rule proposed in [101] and requires the singular values Ay, ..., Ay
of A.

Suppose for simplicity m = N and let o; denote the ratios |uib°|/\; for
i=1,...,N. Separate the set ¥ = {1, ..., oy} into 2 sets

Up=A{oi |l pi >N} Vai={pi | pi <N} (C.3)

and let Ny and N, be the number of elements in ¥; and W, respectively.
Then:

(i) If Ny =0 or Ay < 10713, calculate an approximation T of U by means
of cubic B-splines with the routine data_approx of the Section C.3 of
the Appendix and choose p as the index corresponding to the minimal

value in V.

(ii) Otherwise, consider the first of the last 5 elements in Wy such that ¢;, 41

¢ W,y and choose p as the corresponding index.

When the smallest singular value is close to the machine epsilon or the set
U, is empty, then ¥ can be used to determine the regularization index. In

this case the data noise is assumed to be predominant with respect to the
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model errors, so the minimum of the sequence ; should correspond to the
index 7,s. Moreover, the data approximation is used to avoid the presence
of possible outliers. A typical case is shown in Figure 3.5 with the shaw test
problem.

In the second case of the modified Min_Max Rule the model errors are pre-
dominant and the greatest indices in ¥y are included in the TSVD provided
that they are contiguous (i.e. the successive element does not belong to Wy).
This situation is shown in the picture on the right of Figure 3.5 obtained

with the phillips test problem.

C.5 Data and files for image deblurring

The experiments on image deblurring performed in Section 3.6 make use of

the following files.

e The file psfgauss is taken the HNO Functions, a small Matlab package
that implements the image deblurring algorithms presented in [38]. The

package is available at the web page
http : //www2.imm.dtu.dk/ pch/HNO/.

For a given integer J and a fixed number stdev, representing the devi-
ations of the Gaussian along the vertical and horizontal directions, the

Matlab command
[h, center] = psfGauss(J, stdev); (C.4)

generates the PSEF matrix h of dimension J x .J and the center of the
PSF.

e The file im_blurring generates a test problem for image deblurring. A
gray-scale image is read with the Matlab function im_read. Then a
Gaussian PSF is generated by means of the function psfgauss and the

image is blurred according to the forumla (3.41) from Section 3.6. At
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last, Gaussian white noise is added to the blurred image to obtain the

perturbed data of the problem.

e The function fou_coeff plots the Fourier coefficients of an image de-
blurring test problem. Given the (perturbed) image g and the PSF h,
it returns the Fourier coefficients, the singular values of the BCCB ma-
trix A corresponding to h and the index p computed by the function

mod_min_max of Section C.4 of the Appendix.

C.6 Data and files for the tomographic prob-

lems

The numerical experiments on the tomographic problems described in Sec-
tion 4.6 make use of the files paralleltomo, fanbeamtomo and seismictomo from
P.C. Hansen’s Air Tools. This is a Matlab software package for tomographic
reconstruction (and other imaging problems) consisting of a number of alge-
braic iterative reconstruction methods. The package, described in the paper

[40], can be downloaded at the web page
http : //www2.imm.dtu.dk/ pcha/AlRtools/.
For a fixed integer J > 0, the Matlab command
[A, g, f] = paralleltomo(J) (C.5)

generates the exact solution f, the matrix A and the exact data g = Af of a
two dimensional tomographic test problem with parallel X-rays. The input
argument J is the size of the exact solution f of the system. Therefore, the
matrix A has N := J? columns. The number of rows of A is given by the
number of total rays for each angle [y multiplied by the number of angles j,.
Consequently, the sinogram G corresponding to the exact data g is a matrix
with [y rows and j, columns.

The functions fanbeamtomo and seismictomo generate the test problem in
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a similar way. We emphasize that for each problem the dimensions of the
sinogram are different. If these values are not specified, they are set by

default. In particular:
e paralleltomo: Iy = round(v/2.J), jo = 180;
e fanbeamtomo: Iy = round(v/2.J), jo = 360;

e seismictomo: [y = 2J, jo = J.



Appendix D

CGNE and rounding errors

In literature, there are a number of mathematically equivalent implementa-
tions of CGNE and of the other methods discussed above. Many authors
suggest LSQR (cf. [73] and [36]), which is an equivalent implementation of
CGNE based on Lanczos bidiagonalization.

The principal problem with any of these methods is the loss of orthogonality
in the residuals due to finite precision arithmetic. The orthogonality can
be maintained by reorthogonalization techniques that are significantly more
expensive and require a larger number of intermediate vectors (cf. e.g., [18]).
In the literature the influence of round-off errors on conjugate gradient type
methods has been studied mainly for well-posed problems.

In [27] Hanke comments on the ill-posed case that the reorthogonalization
techniques did not improve the optimal accuracy in the case he considered.
Our numerical experiments confirm that the sequence of the relative errors
|x" — z|| does not change significantly for k smaller than the optimal stop-
ping index.

However, even small differences in the computation of the residual norms
and of the norm of the solutions ||zl|| may affect seriously the results pre-
sented in the following sections of Chapter 3, especially in the 1D examples.
Therefore, in these sections the routine Isqr_b from [35], with the parameter

reorth = 1 was preferred to the other routines in the implementation of the

247
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CGNE algorithm.

In the other cases we proceeded as follows:

e In the tests of Chapter 2, to compare the results obtained by CGNE
and CGME we implemented Algorithm 6, generating a new routine

cgne_cgme specific for this case;

e In the numerical experiments of Chapter 3 on image deblurring we used

the routine cgls_deb;

e In the numerical experiments of Chapter 4 we simply used cgls without

reorthogonalization.
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