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>" 2!" )*+,"
$? +''

n−0$/) (/ E3.
 S$ *$'50$/)

P = (e1, . . . , en)
+/%

Q = (ε1, . . . , εn)+7" (%"/2(�"% (? 2!"7" "C ()2) +/ $7("/2+2($/ *7")"7L(/0 ()$# "275
g
$?

E3 )&,!
�
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Mr


� �
���
�� �� ��� �������� ����

2!+2
g(ei) = εi, 1 ≤ i ≤ n.

"2
r = (r1, . . . , rn) ∈ Rn

+,
2!" # $%&'( )*+,"

Mr
() %"�/"% 2$ > " 2!" )*+," $?

n−0$/) S (2! �C"% )(%" '"/02!)
r1, . . . , rn7")* ",2(L"'5 #$%&'$ ()$# "27(") +) +> $L" �

.",+&)" Pn
() 2!" )*+," $? * $'50$/) $?

n
)(%") (/ 2!" J&,'(%"+/ )*+,"

S (2!$&2 �C (/0 2!" '"/02!) � S" ,+/ $>)"7L" 2!+2 2!" 07$&*
R+

+,2) $/ Pn>5 ),+'(/0 +/% 2!() (/%&,") +/ ()$# $7*!()#
Mr

∼= Mλr
?$7 "+,!

λ
(/

R+.M$7"$L"7 � +')$ 2!" 07$&*
Sn

$? * "7#&2+2($/) $/
n
"'"# "/2) +,2) $/ Pn

>5
* "7#&2(/0 2!" $7%"7 $? 2!" "%0") � +/% 2!() (/%&," +/ ()$# $7*!()# >"2S""/
Mr

+/%
Mσ(r)

?$7 "+,!
σ ∈ Sn."2

S2
t

> " 2!" )*!"7" (/
R3 $? 7+%(&)

t
+/% ,"/2"7 2!" $7(0(/ � "2

r =

(r1, . . . , rn) ∈ Rn
+,

2!" *7$%&,2 Sr =
∏n

j=1 S2
rj

$?
n
,$*(") $? )*!"7") () +

)#$$2! # +/(?$'% S!(,! ,+/ >" "/%$S"% $? + )5#*'",2(, )27&,2&7"
�
(?

pj :

Sr → S2
rj

() 2!" *7$� ",2($/ $/ 2!"
j=2! ?+,2$7 +/%

ωj
() 2!" L$'&#" ?$7#

$/ 2!" )*!"7"
S2

rj
,
2!"/ 2!"

2=?$7# ω =
∑n

j=1
1
rj

p∗jωj
$/ Sr

() ,'$)"% +/%
/$/=%"0"/"7+2" +/% (Sr, ω)

() + )5#*'",2(, # +/(?$'% �  !" 07$&*
SO(3)

+,2)
%(+0$/+''5 $/ Sr

$7 � "K&(L+'"/2'5� (%"/2(?5 (/0 2!" )*!"7"
S2

rj

S (2! +
SO(3)=,$+%� $(/2 $7>(2 � $/ "+,! )*!"7" 2!"

SO(3)=+,2($/ () 2!" ,$+%� $(/2 $/" � !"
,!$(," $? +/ (/L+7(+/2 (//"7 *7$%&,2 $/ 2!"  (" +'0">7+

so(3)
$?

SO(3)
(/%&,"

+/ (%"/2(�,+2($/
so(3)∗ ' R3 >"2S""/ 2!" %&+' $?

so(3)
+/%

R3.
F$ � $/ "+,!

)(/0'" )*!"7"
S2

rj
,
2!" # $#"/2 # +* +))$ ,(+2"% 2$ 2!" ,$+%� $(/2 +,2($/ () 2!"

(/,'&)($/ $?
S2

rj

(/
R3.

�2 ?$''$S ) 2!+2 2!" %(+0$/+' +,2($/ $?
SO(3)

$/ Sr
()

)2('' 
 +# ('2$/(+/ +/% � >5 '(/"+7(25� !+) # $#"/2 # +*

µ : Sr → R3

~e = (e1, . . . , en) 7→ e1 + · · · + en.

 !" '"L"' )"2
µ−1(0) := M̃r = {~e = (e1, . . . , en) ∈ Sr :

∑n
i=1 ei = 0} () +

)&># +/(?$'% $? Sr
>",+&)"

0
() + 7"0&'+7 L+'&" ?$7

µ.
�/2&(2(L"'5� (? S" 2!(/� +2 2!"

ej
N) +) "%0") $? + �>7$�"/ '(/"�

L
(/

R3 2!"/
2!" ,$/%(2($/ ∑n

i=1 ei = 0
() 2!" ,'$)(/0 ,$/%(2($/ ?$7

L
+/%

L
() +,2&+''5 +

* $'50$/ (/
R3,

)$
M̃r = Pn.

 !" "C ()2"/," $? +/ ()$# "275
g
)&,! 2!+2

g~e = ~ε() "K&(L+'"/2 2$ 2!" "C ()2"/," $?
A ∈ SO(3)

)&,! 2!+2
A~e = ~ε.

 !&) 2!"
2$*$'$0(,+' K&$2("/2

M̃r/SO(3)
() 2!" # $%&'( )*+,"

Mr
$?

n−0$/) $? �C"%



� �9 ��� ������� ���
� G

)(%" '"/02!) %"),7(> "% +>$L" +/%
Mr

() 7"+'(�"% +) 2!" )5#*'",2(, K&$2("/2
Sr//SO(3)

� �" +')$ *$(/2 $&2 2!+2 2!" "C ()2"/," $? %"0"/"7+2" * $'50$/) (/
Mr27+/)'+2") 2!" "C ()2"/," $? + *+72(2($/

I1 = {i1, . . . , is}
+/%

I2 = {is+1, . . . , in}$? {1, . . . , n} )&,! 2!+2
ri1 + . . . + ris − ris+1 − · · · rin = 0.

�$7 %"2+(') +/%
?$7# +' *7$$?) $? 2!")" +70&#"/2) )"" ��M � �
� 	
�
����
� � �� �� �

Mr ��  �� ���� � ��� ��� �� �� ���� �� �� � 	�
��� ��
���� ���

r
���� � �� �� �� ��� �� ���� � ���� ��� �

�?
r ∈ Rn

+

() )&,! 2!+2 (/
Mr

2!"7" "C ()2) *$'50$/) $/ + '(/" � 2!"/
Mr!+) )(/0&'+7(2(") � S!(,! !+L" > ""/ )2&%("% >5 � +*$L(,! +/% M ('')$/ (/ ��M � �

47",()"'5� 2!"5 *7$L"% 2!+2
Mr

() + ,$#*'"C +/+'52(, )*+," S (2! ()$'+2"%
)(/0&'+7(2(") ,$77")*$/%(/0 2$ 2!" %"0"/"7+2"

n=0$/) (/ Mr,
+/% 2!")" )(/0&=

'+7(2(") +7" �"K&(L+'"/2� 2$ !$#$0"/"$&) K&+%7+2(, ,$/") �
� �� �� � � �>)"7L" 2!+2 ?$7

~e ∈ M̃r
+/% +/%

u, v ∈ T~eM̃r
2!" ?$7#&'+)

〈u, v〉 =
∑n

j=1
1
rj
〈uj, vj〉S

ω(u, v) =
∑n

j=1〈
ej

r2
j

, uj ∧ vj〉S
J(u) = ( e1

r1
∧ u1, . . . ,

en

rn
∧ un)

�S!"7" 〈 , 〉S
() 2!" )2+/%+7% ),+'+7 *7$%&,2 (/

R3)
+7"

SO(3)=(/L+7(+/2 � +/%%"2"7# (/" 2$ +/ (//"7 *7$%&,2 〈 , 〉, � + )5#*'",2(, ?$7#
ω
� +/% + ,$#*'"C

)27&,2&7"
J
$/

Mr

�� ��� ������� ��	 ���

�/ 2!() )",2($/ S" %"),7(> " > "/%(/0 �$S ) (/27$%&,"% >5 � +*$L(,! +/%
M ('')$/ (/ ��M � �  !" 0"$#"27(,+' (%"+ &/%"7'5 (/0 2!" ,$/)27&,2($/ () 2!"
?$''$S (/0

�
'"2

P
> " +

n−0$/ +/%
µk

(2)
k=2! %(+0$/+' � ( �" �

µk = e1 + · · · +
ek+1.

E$/)(%"7 2!" )&7?+,"
S
>$&/%"% >5

P ; S
() 2!" &/($/ $? 2!" 27(+/0'")

∆1, . . . , ∆n
S!"7"

∆j
!+) "%0")

µj−1, ej+1, µj.
J+,! �/$/�"7$ � %(+0$/+' >7"+�)

S
(/ 2S$ *(",") �

S ′ +/% S ′′, S ′ >"(/0 2!" &/($/ $? ∆1, . . . , ∆k
+/%

S ′′ 2!" &/($/
$? 2!" 7"# +(/(/0 $/") �  !" > "/%(/0 +,2($/ +'$/0 2!"

k=2! %(+0$/+' () 2!" S1=
+,2($/ S!(,! > "/%)

S ′ +'$/0 µk
+/% '"2

S ′′ �C"% �
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Mr


� �
���
�� �� ��� �������� ����

M$7" ?$7# +''5� '"2
~e = (e1, . . . , en) ∈ M̃r

+/% +) > "?$7" '"2
µk

> " (2)
k=2!%(+0$/+' � 2!" ?&/,2($/

fk(~e) = 1
2
‖µk‖2 () SO(3)−(/L+7(+/2 � +/% 2!&) S ('' > "

(%"/2(�"% S (2! 2!" ?&/,2($/ (2 (/%&,") $/ 2!" K&$2("/2 )*+,"
Mr.

?7$# /$S
$/ 2!" ,$/)27&,2($/ S ('' %"* "/% $/'5 ?$7# +''5 $/ 2!" 7"*7")"/2+2(L" $? 2!"
,'+))") � +/%

SO(3)=(/L+7(+/," )!$&'% >" �"*2 (/ # (/% �  !" >"/%(/0 �$S
+7$&/% 2!"

k=2! %(+0$/+' () 2!" 
 +# ('2$/(+/ �$S $? 2!" 
 +# ('2$/(+/ L",2$7
�"'%

Hfk

Hfk
(e1, . . . , en) = (µk ∧ e1, . . . , µk ∧ ek+1, 0, . . . , 0)

+))$ ,(+2"% 2$ 2!" ?&/,2($/
fk.

� �� �� - � �$7 +''
k
+/%

l
2!" ?&/,2($/)

fk
+/%

fl
4$())$/=,$##&2" � ( �" �

{fk, fl} = 0.

 !" 
 +# ('2$/(+/ �$S
ϕt

k

+))$ ,(+2"% 2$
fk

() 2!" )$'&2($/ $? 2!" %(� "7"/2(+'
)5)2"#

{
dei

dt
= µk ∧ ei, 1 ≤ i ≤ k + 1

dei

dt
= 0, k + 2 ≤ i ≤ n.

�/ ��M � � +*$L (,! +/% M ('')$/ *7$L"% 2!+2 (?
P
() 2!" *$'50$/ (/

Mr
$? "%0")

e1, . . . , en
� 2!"/

ϕt
k(P )

() 2!" * $'50$/ $? "%0")
e1(t), . . . , en(t)

S!"7"
{

ei(t) = exp(t adµk
)ei 1 ≤ i ≤ k + 1

ei(t) = ei, k + 2 ≤ i ≤ n.

�7$# /$S $/ S" S ('' %"/$2" >5
βk

2!"
S1=+,2($/ �&)2 %"),7(> "% $? > "/%(/0

+'$/0 2!"
k=% (+0$/+' �

� �� �� 3 � 
 "7" S" +7" &)(/0 2!" (%"/2(�,+2($/ $? 2!"  (" +'0">7+
so(3)

S (2!
R3,

2!&) � ?$7 "+,!
u, v ∈ R3, aduv = u ∧ v

+/%
exp(adu) ∈ SO(3)

() 2!" )&#
$? *$S"7 )"7(") ∑∞

n=0
(adu)n

n!
;
(/ $2!"7 S$7%)

exp(adu)
() 2!" 7$2+2($/ (/ 2!"

*'+/" $72!$0$/+' 2$
u
$? +/ +/0'" $? ‖u‖ 7+%(+/) �

"2
`k : Mr → R

>" 2!" ?&/,2($/ 2!+2 +))$,(+2") 2$ "+,! *$'50$/
P = ~e2!" '"/02! $? (2)

k=2! %(+0$/+' � ( �" �
`k(P ) = ‖ei + . . . + ek+1‖,

2!"/ 2!"
,&7L"

ϕt
k(P )

() * "7($%(, $? * "7($%
2π/`k(P )

(?
`k(P ) 6= 0,

$2!"7S ()"
P

() +
�C"% *$(/2 ?$7

ϕt
k

+/% 2!" �$S
ϕt

k(P )
!+) (/�/(2" * "7($% � �2 () *$))(> '" 2$



� �G �
���
� ����� ��� � 	���<������� R

/$7# +'(�" 2!" �$S )$ 2!+2 2!" > "/%(/0 +,2($/ >"/%) *$'50$/) S (2! ,$/)2+/2
L"'$ ,(25 &* 2$ "C,'&%(/0 2!" * $'50$/)

P
)&,! 2!+2

`k(P ) = 0.
"2

M ′
r

>" 2!"
$*"/ )&>)"2 $?

Mr
,$/)()2(/0 $? 2!$)" *$'50$/) )&,! 2!+2 /$ %(+0$/+'

µi
!+)

�"7$ '"/02! � 2!" ,!$(," $? + )5)2"# $?
n− 3

/$/ (/2"7)",2(/0 %(+0$/+') (/
M ′

r+''$S ) $/" 2$ %"�/" +/ +,2($/
β
$? +

(n − 3)=% (# "/)($/+' T n−3 2$7&) $/ M ′
r>5 +**'5(/0 *7$07"))(L"'5 2!" > "/%(/0 +,2($/)

β1, . . . , βn−3; β
S ('' > " ,+''"%

�2$7(,� > "/%(/0 +,2($/ �
O")27(,2(/0 2$ 2!" %"/)" $* "/ )&>)"2

M0
r ⊂ M ′

r

$? *$'50$/) )&,! 2!+2
2!"

i=2! %(+0$/+' µi
() /$2 ,$''(/"+7 2$

ei+1,
� +*$L(,! +/% M ('')$/ )!$S"% (/

��M � 2!+2 2!() )5)2"# () ,$#*'"2"'5 (/2"07+>'" +/% (/27$%&,"% $/
M0

r

+,2($/=
+/0'" ,$$7%(/+2") � 47",()"'5� 2!" +,2($/ ,$$7%(/+2") +7" 2!" '"/02!)

`i
$? 2!"

%(+0$/+') +/% 2!" +/0'" ,$$7%(/+2") +7"
θi = π − θ̂i,

S!"7"
θ̂i
() 2!" %(!"%7+'

+/0'" > "2S""/
∆i

+/%
∆i+1.

��$2" 2!+2 &/%"7 2!" !5*$2!")() 2!+2 /$
µi

()
,$''(/"+7 2$

ei+1
/$/" $? 2!"

∆i
() %"0"/"7+2" � 2!&) +'' 2!"

θi
+7" S"'' %"�/"% � �

 !&) 2!" #$# "/2 # +* ?$7 2!" > "/%(/0 +,2($/
β
()

µ
Tn−3

: Mr → (tn−3)∗ ' Rn−3

~e 7→ (`1(~e), . . . , `n−3(~e)).

� �� �� A � �?
n = 4, 5, 6

2!"/
Mr

() 2$7(, ?$7 0"/"7(,
r
N) �( �" � ?$7

r
N) )&,! 2!+2

/$ %"0"/"7+2" * $'50$/) +7" * $))(> '"� � )"" ��M � �

�� ������� ������ ��� ��������� ����

�/ 2!() )",2($/ S" S ('' 0(L" +/ +'2"7/+2(L" %"),7(*2($/ $? 2!" #$%&'( )*+,"
Mr

$? *$'50$/) +) 2!" )5#*'",2(, 7"%&,2($/ $? 2!" 67+))# +//(+/ $? -=*'+/")
(/

Cn >5 2!" +,2($/ $? 2!" # +C(# +' 2$7&)
Un

1

$? %(+0$/+' # +27(,") (/
Un

�
 !() *$(/2 $? L ("S !+) > ""/ (/27$%&,"% >5 
+&)# +// +/% �/&2)$/ (/ �
� VD�
+/% !+) > ""/ &)"% >5 2!"# �+')$� 2$ 0(L" + /(," %"),7(*2($/ $? 2!" > "/%(/0
+,2($/ +) 2!" 7")(%&+' 2$7&) +,2($/ ,$# (/0 ?7$# 2!" 6"' N?+/%	E"2'(/ )5)2"#
$/

Gr2,n.
 !() +**7$+,! #+%" (2 *$))(>'" 2!" )2&%5 $? S+''=,7$))(/0 *7$>'"# )

�)"" ,!+*2"7 A �-� +/% 2!" %"),7(*2($/ $? 2!" ,$!$#$'$05 7(/0
H∗(Mr)

+**'5(/0
2!" B&()2"7# ++2	
 ",�#+/  !"$7"# �)"" ,!+*2"7 8� �
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Mr


� �
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�� �� ��� �������� ����

"2 2!" 07$&* $? &/(2+75 # +27(,")
U2

+,2 >5 7(0!2 #&'2(* '(,+2($/ $/ 2!"
# +/(?$'% M2×n(C)

$?
n × 2

,$#*'"C # +27(,") � 2!() +,2($/ () 
 +# ('2$/(+/
S (2! +))$,(+2"% #$#"/2 # +*

µU2 : M2×n(C) → u(2)∗

A 7→ iA∗A
S!"7"

A∗ () 2!" ,$/�&/0+2" 27+/)*$)" $? A.
 !" F2("?"' # +/(?$'% $? $72!$/$7=

# +' - ?7+# ") (/
Cn,

%"�/"% +) ?$''$S )

St2,n =

{







a1 b1��� ���
an bn







∈ Mn×2(C) :

n∑

i=1

|ai|2 = 1,

n∑

i=1

|bi|2 = 1,

n∑

i=1

aib̄i = 0

}

,+/ > " 7"+'(�"% +) 2!" *7"(# +0"
(µ

U2
)−1(iI)

$? 2!" # +27(C
iI =

(

i 0

0 i

)

.

"2
Gr2,n

> " 2!" 67+))# +//(+/ $? -=*'+/") (/ Cn.
 !" +**'(,+2($/

p : St2,n → Gr2,n

2!+2 # +*) +/ "'"# "/2
(a, b) ∈ St2,n

(/2$ 2!" *'+/" 0"/"7+2"% >5
a
+/%

b
()

+,2&+''5 2!" *7$� ",2($/ $?
St2,n

$/ 2!" $7>(2 )*+,"
St2,n/U2,

+/% 2!() 7"+'(�"
2!" 67+))# +//(+/

Gr2,n
+) 2!" )5#*'",2(, K&$2("/2 Mn×2(|C)//U2. !" &/(2+75 07$&*

Un
+,2) >5 '"?2=#&'2(* '(,+2($/ $/ 2!" # +/(?$'%Mn×2(C)�+/% >5 7")27(,2($/ $/

St2,n
� � 2!" *7$� ",2($/

p
%"�/"% +>$L" ()

Un
="K&(L+7(+/2

+/% )$ 2!"
Un
=+,2($/ %"),"/%) 2$ +/ +,2($/ $/ 2!" K&$2("/2

Gr2,n
�

�" 7",+'' !"7" )$# " 7")&'2) *7$L"% >5 
 +&)# +// +/% �/&2)$/ (/ �
� VD� �
)",2($/ A � 2$ S!(,! S" 7"?"7 ?$7 *7$$?) +/% ?&72!"7 %"2+(') �

 !" +,2($/ $? 2!" # +C(# +' 2$7&)
Un

1

$/
Gr2,n

() 
+# ('2$/(+/ S (2! +))$=
,(+2"% #$#"/2 # +*

µ
Un

1
: Gr2,n → Rn )&,! 2!+2 � (?

Π = 〈a, b〉 () 2!" *'+/"0"/"7+2"% >5
a, b ∈ Cn,

2!"/

µ
Un

1
(Π) = (|a1|2 + |b1|2, . . . , |an|2 + |bn|2).

 !"/ 2!" (# +0" $? 2!" #$#"/2 # +*
µUn

1
(Gr2,n)

() 2!" !5* "7)(# *'"C
Ξ

µ
Un

1
(Gr2,n) = Ξ =

{

(r1, . . . , rn) ∈ Rn|0 ≤ ri ≤ 1,
n∑

i=1

ri = 2
}
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���
� ����� ��� � 	���<�������
�

+/% 2!" )"2 $? ,7(2(,+' L+'&") $?
µUn

1

,$/)()2) $? 2!$)" *$(/2)
(r1, . . . , rn) ∈ Ξ)+2()?5 (/0 $/" $? 2!" ?$''$S (/0 ,$/%(2($/)

+� $/" $? 2!"
ri
N) L+/()!") �

> � $/" $? 2!"
ri
N) () "K&+' 2$ � �

,� 2!"7" "C ()2)
εi = ±1

)&,! 2!+2 ∑n
i=1 εiri = 0

S (2! +2 '"+)2 2S$
εi
N) ?$7

"+,! )(0/ �
� �� �� 8 � �$2" 2!+2 * $(/2) )+2()?5 (/0 +� +/% > � ,$/)2(2&2" 2!" >$&/%+75 $?
Ξ,

S!('" *$(/2) )+2()?5 (/0 ,$/%(2($/ ,� +7" 2!" (//"7 S+'') $?
Ξ.

� �� �� U � .5 2!() ,$/)27&,2($/ $?
Mr

?7$# 2!" )"2 $? $72!$/$7# +' -=?7+# ") �
2!" ,!$(," $? 2!" �C"% *"7(# "2"7

p =
∑n

i=1 ri = 2
+7()") /+2&7+''5� +/% +,2&=

+''5 +07"") S (2! 2!" ,$##$/ ,!$(," (/ '(2"7+2&7" � F2('' � S" +'7"+%5 *$(/2"%
$&2 2!+2

Mr ' Mλr ∀λ ∈ R+,
2!&) )$# "2(# ") �")* ",(+''5 (/ 2!" "C+#*'")� �

S" S ('' ,!$$)"
p 6= 2,

( �" � S" S ('' /$2 7"=/$7# +'(�" 2!" ri.
�/ 2!() ,+)" 2!"

(# +0"
Ξp,

�S!(,! )2('' S ('' > " ,+''"%
Ξ
S!"/ 2!() S ('' ,7"+2" /$ ,$/?&)($/ � � ()

Ξp = {(r1, . . . , rn) ∈ Rn|0 ≤ ri ≤ p/2,
∑n

i=1 ri = p}.
�7$# 2!" (%"/2(�,+2($/ $? 2!" > "/%(/0 �$S ) S (2! 2!" 7")(%&+' 2$7&) +,2($/
,$# (/0 ?7$# 2!" 6"' N?+/%	E"2'(/ )5)2"# � �
� VD� 2!"$7"# 8 �-� � 
+&)# +//
+/% �/&2)$/ *7$L" 2!+2 2!" +,2($/ ,$$7%(/+2")

`1, . . . , `n−3
)+2()?5 2!" )5)2"#







ri+2 ≤ `i + `i+1

`i ≤ ri+2 + `i+2

`i+1 ≤ ri+2 + `i

�����

S!"7" � ?$''$S (/0 $&7 /$2+2($/ �
`i
() 2!" '"/02! $? 2!"

i=2! %(+0$/+' � ( �" � `i(~e) =

|e1 + . . . + en−3|.
�/ 2!" ,+)"

n = 5
2!" ,!$(," $? 2!" 2S$ �*7$*"7� %(+0$/+') ?7$# 2!" �7)2

L"72"C � ( �" �
µ1 = e1 +e2

+/%
µ2 = e1 +e2 +e3 = −(e4 +e5),

+''$S ) &) 2$ %"�/"
+ 2$7(, > "/%(/0 +,2($/ � �" ,+/ /(,"'5 %"),7(> " 2!" (# +0" $? 2!" # $# "/2 # +*
µ

T2 : Mr → R2 +))$,(+2"% 2$ 2!() > "/%(/0 +,2($/ � "2 &) 7"/+#" 2!" +,2($/
,$$7%(/+2")

� `1 =: x
+/%

`2 =: y;
#$7"$L"7 /$2" 2!+2

`0 = r1, `3 = r5
+/% )$

2!" )5)2"# ��� # +�") )"/)" ?$7
i = 0, 1, 2.



� � � ��� �
���� ����
Mr


� �
���
�� �� ��� �������� ����

�$7
i = 0

(1.1) ⇐⇒







r2 ≤ r1 + x

r1 ≤ r2 + x

x ≤ r2 + r1

⇐⇒ |r1 − r2| ≤ x ≤ r1 + r2;
���-�

+/% )(# ('+7'5 ?$7
i = 2,

(1.1) ⇐⇒







r4 ≤ y + r5

y ≤ r4 + r5

r5 ≤ r4 + y

⇐⇒ |r4 − r5| ≤ x ≤ r4 + r5.
���3�

� (/+''5� ?$7
i = 1

S" 0"2 2!" )5)2"#






x + y ≥ r3

x ≤ r3 + y

y ≤ r3 + x.

���A �

F$ � (?
I
() 2!" 7",2+/0'"

I =
[

|r1 − r2|, r1 + r2

]

×
[

|r4 − r5|, r4 + r5

]

+/%
Υ
() 2!" 7"0($/

Υ = {(x, y) ∈ R2 : y ≥ −x + r3; y ≥ x − r3; y ≤ x + r3},
2!"/

µ
T2 (Mr) = I ∩ Υ.

���8�
�$7 )$# " "C+#*'") S" 7"?"7 2$ )",2($/ - �3 �
�$2" 2!+2 2!+2 2!" *$'52$* "

µT 2(Mr)
"/,$%") +'' 2!" (/?$7# +2($/) $/ 2!"

7"0($/
r ∈ ∆ ⊂ Ξ

$? 7"0&'+7 L+'&") ?$7 2!" # $# "/2 # +*
µ

Un
1
.
 $ )"" 2!()

'"2 &) (/27$%&," )$# " /$2+2($/
�
'"2

A
> " 2!" '(/" $? "K&+2($/

y = |r4 − r5|,
B : y = r4 + r5, C : x = |r1 − r2|

+/%
D : x = r1 + r2.

M$7"$L"7 '"2 � > "
2!" '(/"

y = x + r3,
- 2!" '(/"

y = −x + r3
+/% 3 2!" '(/"

y = x − r3.
.5

A1
S" S ('' %"/$2" 2!" (/2"7)",2($/ *$(/2 $? 2!" '(/")

A
+/% � � +/% )(# ('+7'5

?$7 2!" $2!"7 (/2"7)",2($/ *$(/2) �  !" *$)(2($/) $? 2!")" (/2"7)",2($/ *$(/2)



� �G �
���
� ����� ��� � 	���<������� �

� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �

� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �

A : y = |r4 − r5|

B : y = r4 + r5

C : x = |r1 − r2|
D : x = r1 + r2

y = x + r3

y = −x + r3

y = x − r3

� (0&7" ���
� µT 2(Mr)

%"2"7# (/") 2!" 7"0($/
∆
(/ S!(,!

r
'(") � )$ � (? S" +))&# "

r1 < r2
+/%

r4 < r5,(/ 2!" "C+#*'" +) (/ �0&7" ��� S" 0"2 2!" $7%"7 $? 2!" (/2"7)",2($/ * $(/2) $/
A
()

AC < A2 < AD < A3

S!(,! � 7"+% $/ 2!"
x=,$ $7%(/+2") � () 2!" ?$''$S (/0 )5)2"# $? (/"K&+'(2(")

�







−r1 + r2 < r3 + r4 − r5

r3 + r4 − r5 < r1 + r2

r1 + r2 < r3 − r4 + r5.

���U�

F(# ('+7 (/"K&+'(2(") ?$''$S ?7$# 2!" $7%"7 $? 2!" (/2"7)",2($/ *$(/2) $/ 2!"
'(/")

B, C
+/%

D.
O",+''(/0 2!" %"),7(*2($/ $? 2!" S+'') 0(L"/ +>$L" (2 () ,'"+7

2!+2 2!")" (/"K&+'(2(") %"2"7# (/" 2!" 7"0($/
∆.

 !() 7"# +7� S ('' > " &)"?&' (/
)",2($/ - �3 �
�	
�
����
� � �G �� � ��� ������ 	�� ��

r ∈ Ξ
�� �� � � �� ��� � �

µ
Un

1

Mr ' µ−1
Un

1

(r)/Un
1 = Gr2,n//Un

1 (r)

�� � ��
� �� � ���� ��� �� � � �� ���� ���� ���
r �� �� � ���� ��
��
 ����
���� �����	 ��� �� �

Un
1 �
���� �� �� � ����� ���� Gr2,n

� �� � ��	�� � ��
r.



�� � � ��� �
���� ����
Mr


� �
���
�� �� ��� �������� ����

� ���� � "2
p
>" 2!" )2+/%+7% *7$� ",2($/ $?

St2,n
$/ 2!" $7>(2 )*+,"

St2,n/U2.1/ "'"# "/2
(a, b) ∈ St2,n

)&,! 2!+2
p(a, b) ∈ µ−1

Un
1

(r)
)+2()�") |a`|2 + |b`|2 = ri?$7 "+,!

i
�  !&) 2!" ,$&*'" $? ,$#*'"C /&#>"7)

(ai, bi)
,+/ > " 2!$&0!2 +) +/

"'"# "/2 $? 2!" 3=%(# "/)($/+' )*!"7" S3√
r`

+/% )$

p−1(µ−1
Un

1

(r)) ↪→
n∏

`=1

S3√
r`
.

O",+'' 2!+2 2!" 3=)*!"7" ,+/ >" (%"/2(�"% S (2! 2!" 07$&* $? &/(2 K&+2"7/($/)
U1(H);

S!"7" S" %"/$2" >5
H := C ⊕ iC

> " 2!" �"'% $? K&+2"7/($/) +/% 2!"
)*+,"

IH
$? *&7" (# +0(/+75 K&+2"7/($/) () "K&(** "% S (2! 2!" )2+/%+7% >+)()

i, j, k. !" 
$*? # +*
H : H → IH

#+*)
q
(/2$

q̄iq;
�S" +7" &)(/0 2!" /$2+2($/

$? 
 +&)# +//	�/&2)$/ � �
� VD� � /$2 2!" $7(0(/+' $/" (/27$%&,"% >5 
$*? � �
H

#+*) 2!"
3=)*!"7" $? 7+%(&) √r`

(/
H

$/2$ 2!" -=)*!"7" $? 7+%(&) r`
(/

IH,
*7",()"'5� ?$7

q = a` + ib`, a`, b` ∈ C,
2!"/

H(a`, b`) = i [(|a`|2 − |b`|2) + 2ā`b`j].

�7$# /$S $/ S" S ('' +')$ (%"/2(?5
H(a`, b`)

S (2! 2!" "'"# "/2
(|a`|2 −

|b`|2, 2
O"

(ā`b`), 2
�#

(ā`b`)) ∈ R3.F$ 2!" +**'(,+2($/

Hn :
∏

` S3√
rl

→ ∏

` S2
r`

(a, b) 7→ (H(a1, b1), . . . , H(an, bn))

#+*) 2!" )&>#+/(?$'%
p−1(µ−1

Un
1

(r))
$/2$

M̃r = {(e1, . . . , en) ∈
∏

` S2
r`

:
∑

i ei =

0}.  !&) 2!" $7>(2 )*+," $? 2!" 7")(%&+'
U2/U1 ' SO(3)

+,2($/ () 2!" #$%&'(
)*+," $? *$'50$/) +) (/27$%&,"% (/ )",2($/ ����



������� �

��� ��������� � ���� � �
Mr

 !" +(# $? 2!() ,!+*2"7 () 2$ 0(L" + "C*'(,(2 %"),7(*2($/ $? 2!" $7("/2"%
,$> $7%()# ,'+)) $? 2!" # $%&'( )*+," $? *$'50$/)

Mr.
�/ 2!" � 7)2 )",2($/ S"

S ('' 7",+'' )$# " /$2($/) $/
G=,$>$7%()# +/% )2+2"

S1=,$>$7%()# 7")&'2) ?$7
)5#*'",2(, # +/(?$'%) %&" 2$ P � 6 (/�>&70 � P � 6&(''"# (/ +/% � � � +7)!$/ �)""
�66� VU� +/% �66� @-�� +/% 2$ F � M+72(/ ��M+�� � �/ )",2($/ - �- S" &)" 2!"
S1=+,2($/ $/

Mr
$? > "/%(/0 +'$/0 + ,!$)"/ %(+0$/+' 2$ *7$L" 2!" ?$''$S (/0

7")&'2 �
� ������
� 9 �� � �$7 "+,! (/%"C )"2

I ⊂ {1, . . . , n− 2} '"2 εi = 1
(?

i ∈ I
+/%

εi = −1
(?

i ∈ Ic = {1, . . . , n− 2} \ I
� 1/ (/%"C )"2

I
() )+(% 2$ > " �� �������(? +/% $/'5 (? ∑n−2

i=1 εiri > 0
+/% 2!" ?$''$S (/0 (/"K&+'(2(") !$'%

�






∑
εiri + rn−1 − rn > 0

∑
εiri − rn−1 + rn > 0

−∑ εiri + rn−1 + rn > 0.

�- ���

�" S ('' %"/$2" S (2! I 2!" )"2 $? +'' +%# ())(> '"
I.

���
	�< 9 �� �9 � ���
r ∈ Rn

+

�� 
� ���
Mr ��  �� ���� � ��� ���

Mr '
∐

I∈I
`=|I|

(−1)n−`CPn−3.

�� ����
��� Mr ' 0 �� n �� �	�� �

��



�9 9 � ��� :
;
	���< :���� 
�
Mr

� �
S1����������

"2
M

>" + )#$$2! $7("/2"% # +/(?$'% � +) &)&+' S" S ('' %"/$2" S (2! −M2!" )+# " # +/(?$'% S (2! $**$)(2" $7("/2+2($/ +/% S (2! q 2!" %()� $(/2 &/($/
�$7 2$*$'$0(,+' )&# � $? )# $$2! #+/(?$'%) �
� ������
� 9 �9 � "2

M
+/%

M ′ > " 2S$ )#$$2! $7("/2"% n=% (# "/)($/+' # +/=(?$'%) �
M

+/%
M ′ +7" )+(% 2$ > " �������� 
������� (? 2!"7" "C ()2) + )#$$2!

,$#*+,2 $7("/2"% # +/(?$'% S (2! > $&/%+75
X

)&,! 2!+2
δX

S (2! (2) (/%&,"%
$7("/2+2($/ () %(� "$#$7*!(, �&/%"7 + $7("/2+2($/ *7")"7L (/0 %(�$"#$7*!()# �
2$

M q −M ′.
"2

G
>" + ,$#*+,2  (" 07$&* +/%

a
+/%

a′ >" +,2($/) $?
G

$/
M

+/%
M ′ 7")* ",2(L"'5� >$2! *7")"7L(/0 2!" $7("/2+2($/) $/

M
+/%

M ′ � M
+/%

M ′ +7" )+(% 2$ > " ����	������ �������� 
������� (? 2!"7" "C ()2)
X

+) +>$L" +/% +/ �$7("/2+2($/ *7")"7L(/0� +,2($/
α
$?

G
$/

X
)&,! 2!+2

δX ' M q−M ′ +/% α|M = a
+/%

α|M′ = a′.

 !" ?$''$S (/0 2!"$7"# S+) )!$S/ >5 P � 6(/�>&70 � P � 6&(''"# (/ +/%
� � � +7)!$/ (/ �66� VU� �)"" +')$ �66� @-�� � F(# ('+7 7")&'2) S"7" +')$ *7$L"%
>5 F � M+72(/ (/ �M+� �
���
	�< 9 �� �� � �P � 6(/�>&70 � P � 6&(''"# (/ � � � � +7)!$/ �

���
M

��  �������� 2d���� ������� � ��� ��� �� ���
� �� � � ����
S1


�� �
���� �� � ��� �� �� 
���� �� ������ ��� �� �� � ������ � �� � � �� � ����� � �� ��
M �� 
�������  ���� ���� ����� ��

N

�� ��� �� ±CPd,

�� ���
N �� �� � ��� ���

�� � � �� � ����� �
� ���� �  !" ,(7,'"

S1 +,2) $/ M×C
>5 2!" *7$%&,2 $? 2!" +,2($/ $/ M +/% 2!"

)2+/%+7% +,2($/ $/
C.

 !" �C"% *$(/2) $? 2!() +,2($/ +7"
qk = (pk, 0), pk ∈

MS1
.
B"/$2" >5

Uk
+/

S1=(/L+7(+/2 $* "/ >+'' +7$&/%
qk

�S (2! 7")* ",2 2$
)$# " (/L+7(+/2 O ("# +// #"27(,� � "2

W
> " 2!" )&>)"2 $?

M ×C
$>2+(/"% >5

"C,()(/0 2!"
Uk
N) +/% 2!" )"2 |z| > 1.

F(/,"
S1 +,2) ?7""'5 $/ W,

2!" K&$2("/2
W/S1 () + ,$#*+,2 # +/(?$'% S (2! >$&/%+75 +/%

δ(W/S1) = M ∪
∐

k

(δUk)/S
1.

�- �-�



9 ��
S1�
;
	���< �G

 !" '(/"+7 ()$27$*5 +,2($/ $?
S1 $/ 2!" 2+/0"/2 )*+,"

Tqk
(M × C)

() ?7""
"C,"*2 +2 2!" $7(0(/ � !"/," 2!"7" () +/

R='(/"+7 (%"/2(�,+2($/

Tqk
(M × C) ' Cd+1 �- �3�

S!(,! ,$/L"72) 2!() +,2($/ #&'2(* '(,+2($/ >5
eiwjθj

$/ "+,! ,$*5 $?
C,

2!"
w
N) > "(/0 2!" S"(0!2) $? 2!" ()$27$*5 +,2($/ � P (+ - �3 $/" ,+/ (%"/2(?5

UkS (2! 2!" )"2 ‖z‖ < ε
+/% !"/," (%"/2(?5

δUk/S
1 S (2! Pd(C).

�$2" 2!+2 2!"
()$#$7*!()# - �3 # +5 /$2 7")* ",2 2!" $7("/2+2($/ � (? (2 %$") 2!"

Pd(C)
,$#")

S (2! )2+/%+7% $7("/2+2($/ (2 (/!"7(2) ?7$#
Cn+1 � (? (2 %$") /$2 Pd(C)

,$#")
S (2! 2!" $**$)(2" $/" � F$ ?7$# - �- S" 0"2 2!+2 M () ,$>$7%+/2 2$ 2!" %()� $(/2
&/($/ $?

N
,$*(") $? ±Pd(C);

2!() ,$>$7%()# () "K&(L+7(+/2 > ",+&)" 2!"
S1

+,2($/ $/ 2!" � 7)2 ,$#*$/"/2 $?
M × C

,$##&2") S (2! 2!" %(+0$/+' +,2($/
+/% 2!&) %"),"/%) 2$

W/S1.

.$2! 2!" +))&#*2($/) $/ 2!" +,2($/ +7" "C27"# "'5 )27$/0 � #&,! ,+/ > "
)+(% S (2! S"+�"7 +))&#*2($/) � �? S" %$ /$2 +)� 2!"

S1 +,2($/ 2$ > " K&+)(=
?7"" �>&2 )2('' 2$ !+L" �/(2"'5 # +/5 �C"% *$(/2)� 2!+/ 2!" )*+,"

W/S1 !+) (/
0"/"7+' )(/0&'+7(2(") � >&2 (2 () )2('' * $))(>'" 2$ *7$L" + 7")&'2 $/ "K&(L+7(+/2
$7>(?$'% ,$> $7%()# >"2S""/

M
+/% 2!" %()� $(/2 &/($/ $? 2S ()2"% *7$� ",2(L"

)*+,") ��66� VU� � �66� @-�� � �/ 2!" $2!"7 !+/% � (? S" +))&#" 2!" +,2($/
2$ > " K&+)(=?7"" >&2 S" +''$S 2!" �C"% *$(/2) )"2 /$2 2$ > " �/(2" � )2('' (2 ()
* $))(> '" 2$ %"),7(> " /(,"'5 2!" "K&(L+7(+/2 ,$>$7%()# ,'+)) $?

M.

���
	�< 9 �� �9 � �P � 6(/�>&70 � P � 6&(''"# (/ � � � � +7)!$/ �
���

M
��  �������� 2d���� ������� � ��� ��� ����� �� ��  ������ ��� S1


���� � ���
Xk, k = 1, . . . , N,

�� �� � 
��� �
��� 
����� ���� �� �� � � � �� � ������ ��
MS1

.
�� ��

M ∼
N∐

k=1

Bk,

�� ���
Bk ��  � ������ �	��

Xk

���� � ���
CPmk , mk = codimCXk.

�2 () +')$ *$))(>'" 2$ %"),7(> " 2!" "K&(L+7(+/2 $7>(?$'% ,$> $7%()# ,'+))
$?

M
S!"/ 2!"

S1 +,2($/ () /$2 K&+)(=?7"" +/% MS1 () /$2 �/(2" � �/ 2!()
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	���< :���� 
�
Mr

#$7" 0"/"7+' ,+)" + 7")&'2 )(# ('+7 2$ - ���- !$'%) � >&2 2!" �>7+2($/) $L"7 2!"
,$//",2"% ,$#*$/"/2) $?

MS1 !+L" /$S �> "7) S!(,! +7" 2S ()2"% *7$� ",2(L"
)*+,") �

� � ���� � � � ������� � � �

�/ '(0!2 $? 2!" 7")&'2) *7")"/2"% (/ 2!" *7"L($&) )",2($/ S" (/L")2(0+2" 2!"
)"2 $? �C"% *$(/2) ?$7 + > "/%(/0 +,2($/ � "2

β
>" 2!" +,2($/ $?

S1 $/ Mr
>5

> "/%(/0 +'$/0 2!"
n − 3

%(+0$/+'
µ(n−3) = e1 + e2 + · · · + en−2,

( �" �

β : S1 × Mr → Mr

(t, [(e1, . . . en)]) 7→ [(exp(tadµ
(n−3)

)e1, . . . , exp(tadµ
(n−3)

)en−2, en−1, en)].

 !" +,2($/
β
() K&+)(=?7"" � (/ ?+,2 2!" )2+>('(�"7) $? *$(/2) +7" ,$//",2"% �2!"5

+7"
S1 ?$7 �C"% *$(/2) � {0} $2!"7S ()"� �1 *$(/2

P ∈ Mr
() �C"% >5

β
(? (2 () $? $/" $? 2!" ?$''$S (/0 2S$ 25*")

�

���
[P ] = [~e], e1, . . . , en−2

+7" ,$''(/"+7 +) (/ �0&7" - ��

e1 e2

en−2

en−1

en

� (0&7" - ��
�
� (C "% * $(/2 $? 25* " �

�/ 2!() ,+)" 2!" +,2($/
β
�C") /$2 �&)2

[P ]
>&2 +')$ "+,! 7"*7")"/2+2(L" �

�� ��
[P ] = [~e], en−1, en

+7" ,$''(/"+7 +) (/ �0&7" - �- �
�/ 2!() ,+)" 2!" +,2($/

β
,!+/0") 2!" 2!" 7"*7")"/2+2(L"

~e
>&2 /$2 2!"

SO(3)
,'+)) �

 !" �C"% *$(/2) )"2
MS1

r

() 2!"/ 2!" �%()� $(/2� &/($/ $? 2!" )"2)
(MS1

r )isol
$?

�C"% *$(/2) $? 25* " � +/%
(MS1

r )subm
$? �C"% *$(/2) $? 25* " � � �
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e1

e2

en−1

en

� (0&7" - �-
�
� (C"% * $(/2 $? 25* " � �

� �� �� D � �2 () /$S *$))(> '" 2$ 0(L" + 0"$# "27(, (/2"7*7"2+2($/ $? 2!" /$2($/
$? +%# ())(> ('(25 ?$7 +/ (/%"C )"2

I
(/27$%&,"% (/ - ���

"2 &) ,$/)(%"7 + �C"% *$(/2 $? 25* " � � > ",+&)"
P

() * '+/+7 (2 () /$2
7")27(,2(L" 2$ +))&# " (2 '(") (/ 2!" *'+/"

(x, y).
M$7"$L"7 � '"2 &) +))&#" 2!+2

2!" ,$$7%(/+2" +C ()
x
() $7("/2"% +) 2!"

(n − 3)=% (+0$/+' µ(n−3) := µ,
2!"/

2!" 27(+/0'" (/ �0&7" - �� !+) )(%" '"/02!)
rn, rn−1,

+/% ∑
εiri

S!"7"
ε1 = 1

(?
ei = ri

‖µ‖µ, εi = − ri

‖µ‖µ.
 !"/ 2!" (/%"C )"2

I
,$&/2) 2!" /&#>"7 $? �?$7S+7%

27+,�)� � $7 � #$7" ?$7# +''5� (?
` = |I|, 2!"/

` = ]{ej/ej · µ > 0}
+/% 2!" (/"K&+'(2(") (/ )5)2"# - �� +7" �&)2 2!" �27(+/0'" (/"K&+'(2(")� � F$

I
()

+%# ())(> '" (? +/% $/'5 (? 2!" 27(+/0'" $? )(%" '"/02!)
rn, rn−1,

+/% ∑
εiri

�+)
(/ �0&7" - ��� ,'$)") �

�?
[P ]

() + �C"% *$(/2 $? 25* " �� 2!"/
[P ] ∈ Xk, Xk

)&>#+/(?$'% $? �C"%
*$(/2) � �/ *+72(,&'+7

Xk
() 2!" )*+," $? *$'50$/) $?

n − 1
)(%")

Mr̄,
S (2!

r̄ = (r1, . . . , rn−2,±rn−1 ± rn) ∈ Rn−1
+ .

� !" )(0/ ± +7" %"2"7# (/"% +,,$7%(/0
2$ 2!" $7("/2+2($/ $? 2!" "%0")

en−1
+/%

en
��  !"/

codimCXk = 1,
)$ � ?$7

- ���- �
Xk

,$/27(>&2") 2$ 2!" ,$>$7%()# $?
Mr

S (2! 2!" 2$2+' )*+,"
Bk

$?
+ �>7+2($/ $/

Xk
S (2! �>"7

CP1.
 !() (#*'5 2!+2

Bk ∼ 0
>",+&)" (2 ()

2!" > $&/%+75 $? +/ +))$,(+2"% �>7+2($/
B̃k

$/
Xk

S (2! �>"7 2!" %()�
D

(δD = S2 ' CP1.� (C "% *$(/2) $? 25* " � +7" (/)2"+% ()$'+2"% +/% )$ ?7$# 2!"$7"# - ����
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�
Mr

,$/27(>&2" 2$ 2!" ,$>$7%()# ,'+)) $?
Mr

S (2! + ,$*5 $?
CPn−3.

 !" $7("/2+2($/
$? 2!() *7$� ",2(L" )*+," ,$#") ?7$# 2!" 0"/"7+2$7 $? 2!" > "/%(/0 +,2($/ +/%
# +5 /$2 +07"" S (2! 2!" $7("/2+2($/ 2!+2

CPn−3 (/!"7(2) ?7$# 2!" )5#*'",2(,
)27&,2&7" $?

Mr.
�/ ?+,2 ?$7 "+,!

[P ] ∈ (MS1

r )isol
2!" )5#*'",2(, ?$7#

ω$/
Mr

%"�/") + ,$#*'"C )27&,2&7"
J
$/

T[P ]Mr
>5

ω[P ](u, v) = g(u, Jv),S!"7"
g
() + O ("# +//(+/ #"27(, $/

R3n.
 !" > "/%(/0 +,2($/ %"�/") 2$$ +

,$#*'"C )27&,2&7" $/
T[P ]Mr :

%(� "7"/2(+2(/0
β
(/

(θ, [P ])
+/% L+'&+2(/0 (2 (/

1 ∈ R ' Lie(S1)
S" $>2+(/ +/ "/%$#$7*!()# $?

T[p]Mr
+/% 2!() %"�/" +')$

+
S1=+,2($/ �2!" '(/"+7 ()$27$*5 +,2($/ � $/

T[p]Mr :

d[P ]β : S1 → End(T[p]Mr)

θ 7→ d(θ,[P ])β(1)

&/%"7 S!(,!
T[p]Mr

%",$#*$)" (/ 2!" %(7",2 )&#

T[p]Mr =
⊕

w∈Z

Vw

)$ 2!+2 $/ "+,!
Vw

2!"
S1=+,2($/ () �#&'2(* '(,+2($/ >5

eiwθ �� 2!" w
N) +7" 2!"

()$27$*5 S"(0!2) +/% � >",+&)" 2!" +,2($/ () )"# (=?7"" �?$7 S1=+,2($/) K&+)(=?7""
+/% )"# ( ?7"" +7" "K&(L+'"/2� � 2!"5 +7"

0
$7 ±1.

 !" %(� "7"/2(+' $?
d[P ]β

A =
d

dθ

(
d[P ]β

)

|=0
(1) : T[p]Mr → T[p]Mr

() 2!" 0"/"7+2$7 $? 2!" > "/%(/0 +,2($/ �/$2" 2!+2 $/ "+,!
Vw, A

() 2!" #&'2(=
* '(,+2($/ >5

iw
� �

 $ %"2"7# (/" 2!" ,$> $7%()# ,'+)) $?
Mr

S" S ('' ,+',&'+2" 2!" $7("/2+2($/
2!+2

A
(/%&," $/ 2!" *7$� ",2(L" )*+,")

CPn−3.
 !" *7$$? S ('' 0$ +) ?$''$S )

�� 7)2 S" S ('' ,+',&'+2"

Â =
d

dθ

(
d~eβ̂
)

|=0
(1) : T~eM̃r → T~eM̃r

S!"7"
β̂
() 2!" > "/%(/0 +,2($/ $/ 2!" '"L"' )"2

M̃r = {~e ∈ ∏n
j=1 S2(rj)/e1 +

. . . + en = 0}, ( �" �

β̂ : S1 × M̃r → M̃r

(t, (e1, . . . en)) 7→ (exp(tadµ
(n−3)

)e1, . . . , exp(tadµ
(n−3)

)en−2, en−1, en).
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 !"/ (%"/2(?5 (/0
T[P ]Mr

S (2! 2!" $72!$0$/+'
T⊥

P (SO(3) ·P )
2$ 2+/0"/2 )*+,"

2$ 2!"
SO(3)

$7>(2 2!7$&0!
P
(/

M̃r
S" S ('' *7$� ",2

Â
$/

T[P ]Mr
+/% S 7(2"

"C*'(,(2'5
A.

� (/+''5 S" S ('' L"7(?5 2!+2
A
() + ,$#*'"C )27&,2&7" +/% ,$#*+7"

(2 S (2!
J
>5 ,!",� (/0 S!"/ +

J =* $)(2(L" >+)() $? TP Mr
() +')$

A=* $)(2(L" �
� �� �� T � �>)"7L" 2!+2

Â
() S"'' %"�/"% > ",+&)" (?

P = [~e]
() + �C"% *$(/2

$? 25* " � 2!"/
~e
() + �C"% *$(/2 ?$7

β̂
�( �" �

β
�C") "+,! 7"*7")"/2+2(L" $? 2!"

,'+)) � /$2 �&)2 2!" ,'+))� �

� c� c� dgighn elg ibg okn� xg� fihvoivhg
A

� ���	< ���
Â : TP M̃r → TPM̃r

 !" +,2($/
β̂
%"),7(> "% +>$L" )2('' > "/%) 2!" � 7)2

(n−2)
)(%") $? + * $'50$/

+'$/0 (2)
(n−3)=% (+0$/+' � 1/ "'"# "/2 $? TP M̃r

() $? 2!" ?$7# d
dε

(P +εQ)|ε=0
�

P +εQ = (e1+εv1, . . . , en+εvn).
"2

µ
> " 2!"

(n−3)=% (+0$/+' $? 2!" * $'50$/
P
� ( �" �

µ = e1 + . . . + en−2
� +/%

ν
> " 2!"

(n − 3)=% (+0$/+' $? P + εQ
� ( �" �

ν =
∑n−2

i=1 ei + ε
∑n−2

i=1 vi := µ + εξ.
�$S $/ � S!"/

~v
() &/%"7)2$ $% � S" S (''

S 7(2"
ξ
?$7

ξ(~v) =
∑n−2

i=1 vi."2
Rε

> " 2!" 7$2+2($/ 2!+2 2+�"
ν
$/ 2!"

x=+C () +/% '"2 bθ
2!" 7$2+2($/ $?

+/0'"
θ
+7$&/% 2!"

x=+C () �  !" > "/%(/0 +,2($/ β̂
,+/ >" %"),7(> "% (/ 2"7# )

$?
Rε

+/%
bθ
� *7",()"'5

�

β̂(P + εQ) = (. . . , R−1
ε bθRε(ej + εvj), . . . , en−1 + εvn−1, en + εvn).

F$
Â : TP M̃r → TP M̃r

v 7→ Â(v)S (2!

Â(v) =
d

dθ |θ=0

d

dε |ε=0
(. . . , R−1

ε bθRε(ej + εvj), . . . , en−1 + εvn−1, en + εvn).

� �� �� V � �" S ('' &)" 2!" /$2+2($/
j ∧ k

?$7 2!" # +27(C






0 0 0

0 0 −1

0 1 0







$?

2!" 7$2+2($/ +7$&/% 2!"
x=+C () � �/ 0"/"7+' � ?$7

u1, u2
(/

R3, u1 ∧ u2
() 2!"
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�
Mr

7$2+2($/ S!(,! 2+�")
u1

$/
u2,

( �" �

(u1 ∧ u2)(v) = 〈u1, v〉u2 − 〈u2, v〉u1 ∀v ∈ R3.

�	
�
����
� 9 �9 �� �

d

dθ |θ=0

( d

dε |ε=0
R−1

ε bθRε(ej + εvj)
)

= −〈µ, ej〉
‖µ‖2

j ∧ k(ξ) + j ∧ k(vj).

� ���� � � )(/0 2!" /$2+2($/ +) (/ 7"# +7� V �2!" 7$2+2($/
Rε

()
exp(−Θ µ∧εξ

‖µ‖‖εξ‖ ),S!"7" 2!" +/0'" $? 7$2+2($/ ()
Θ = ‖εξ‖

‖µ‖ ,
+/%

bθ
()

exp(θj ∧ k).
 !" �7)2 $7%"7

 +5'$7 "C*+/)($/) $?
R−1

ε , Rε
+/%

bθ
+7"

R−1
ε = id + ε

µ ∧ ξ

‖µ‖2
+ o(ε), Rε = id − ε

µ ∧ ξ

‖µ‖2
+ o(ε), bθ = id + θj ∧ k + o(θ).

F$

d

dε |ε=0
R−1

ε bθRε(ej +εvj) =
[µ ∧ ξ

‖µ‖2
bθ(ej +εvj)−bθ

µ ∧ ξ

‖µ‖2
(ej +εvj)+bθvj

]

|ε=0
=

µ ∧ ξ

‖µ‖2
bθej − bθ

µ ∧ ξ

‖µ‖2
ej + bθvj.

�$S

d

dθ |θ=0

d

dε |ε=0
R−1

ε bθRε(ej + εvj) =
d

dθ |θ=0

(µ ∧ ξ

‖µ‖2
bθej − bθ

µ ∧ ξ

‖µ‖2
ej + bθvj

)

=

µ ∧ ξ

‖µ‖2
j ∧ k(ej) − j ∧ k

µ ∧ ξ

‖µ‖2
(ej) + j ∧ k(vj) =

µ ∧ ξ

‖µ‖2
(〈j, ej〉
︸ ︷︷ ︸

=0

k − 〈k, ej〉
︸ ︷︷ ︸

=0

j) −
j ∧ k

‖µ‖2
(〈µ, ej〉ξ − 〈ξ, ej〉

︸ ︷︷ ︸

=0

µ) + j ∧ k(vj) =

−〈µ, ej〉
‖µ‖2

j ∧ k(ξ) + j ∧ k(vj).
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F$
Â : TP M̃r → TP M̃r

v 7→ (Â1(v), . . . , Âk(v), 0, 0) = Â(v),S!"7"
Âj(v) = −〈µ, ej〉

‖µ‖2
j ∧ k(ξ) + j ∧ k(vj).

�- �A �
� !"/ 2!" L",2$7

v
S ('' > " ,'"+7 S" S ('' S 7(2"

Â
?$7

Â(v),
+/%

Âj
?$7

Âj(v).������� �
 ��� ��
�����
Mr = M̃r

/

SO(3) !" +,2($/ $?
SO(3)

$/
M̃r

+''$S ) &) 2$ %",$#*$)" 2!" 2+/0"/2 )*+," (/
P
+2

M̃r
+) ?$''$S )

�

TP M̃r = TP (SO(3) · P ) ⊕ T⊥
P (SO(3) · P ).

�2 () *$))(> '" 2$ (%"/2(?5
T⊥

P (SO(3)·P )
S (2!

T[P ]Mr;
2$ *7$� ",2

Â
$/

T[P ]Mr '
T⊥

P (SO(3) · P )
S" %"2"7# (/" +/ $72!$0$/+' >+)()

δ1, δ2, δ3 $? Tp(SO(3) · P )+/% 2!" *7$� ",2($/
A
() 0(L"/ >5

�

A(v) = Â(v) − 〈Â(v), δ1〉
‖δ1‖2

δ1 − 〈Â(v), δ2〉
‖δ2‖2

δ2 − 〈Â(v), δ3〉
‖δ3‖2

δ3.
�- �8�

 !" 0"/"7+2$7) $? 2!"
SO(3)

+,2($/ +7" 2!" 7$2+2($/) +7$&/% 2!" +C") � F$
δ̂1 = (e1∧i, . . . , en∧i), δ̂2 = (e1∧j, . . . , en∧j), δ̂3 = (e1∧k, . . . , en∧k)

%"�/" +
>+)() $?

Tp(SO(3) ·P ).
 !() >+)" (/ 0"/"7+' () /$2 $72!$0$/+' S (2! 7")* ",2 2$

2!" # "27(, +))$,(+2"% 2$ 2!" )5#*'",2(, )27&,2&7" +/% S" S ('' $72!$/$7# +'(�"
(2 &)(/0 2!" 67+#=F,!# (%2 ?$7#&'+ � F$ � (/ $7%"7 2$ S 7(2" "C*'(,(2'5 2!" >+)()
δ̂1, δ̂2 +/%

δ̂3 $? 2!"
SO(3)=$7>(2 27$&0! P

(/
M̃r

'"2 &) �C + 7"*7")"/2+2(L"
~e
(/

[P ].
1) > "?$7" � 7"# +7� D� '"2 &) +))&#" 2!+2

~e
'(") (/ 2!"

(x, y)=* '+/"+/% '"2 2!" � 7)2
e1, . . . , en−2

"%0") '(" $/ 2!"
x=+C () � �/

[P ]
2!"7" +7" 2S$

*$'50$/) S (2! 2!")" *7$* "72(") � $/" )&,! 2!+2
µ = ‖µ‖i +/% 2!" $2!"7 )&,!

2!+2
µ = −‖µ‖i. "2

~e = P
> " 2!" *$'50$/ )&,! 2!+2

µ = ‖µ‖i �2!() ()
"K&(L+'"/2 2$ 7"K&(7" ∑

εiri > 0
+) (/ %"�/(2($/ - �� � �  !")" +))&#*2($/)

+7" /$2 7")27(,2(L" � "2 &) +')$ +))&# " 2!+2 2!" � 7)2
`
"%0") +7" $7("/2"% +)

2!"
x=+C () � ( �" �

ei = (ri, 0, 0), ∀i = 1, . . . , `,
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�
Mr

+/% 2!+2 2!" ?$''$S (/0
(n − 2 − `)

"%0") +7" ,$/L"7)"'5 $7("/2"% � ( �" �

ei = (−ri, 0, 0) ∀i = ` + 1, . . . , n − 2.

 !() +))&#*2($/ () (/)2"+% 7")27(,2(L" � S" +7" (/ ?+,2 ,!$$)(/0 + *+72(,&'+7
,'+))

[P ];
2!() +))&#*2($/ () &)"?& ' (/ $7%"7 2$ �""* 2!" /$2+2($/ #$7" ,$#=

*+,2 � �" S ('' )+5 )$#" #$7" S$7%) +> $&2 S!+2 !+**"/ (? S" ,$/)(%"7 +/$2!"7
,'+)) (/ 7"# +7� �A �

e1 e2 e`

e`+1en−2

en−1

en

αθ

� (0&7" - �3
�
2$5 #$%"' ?$7

[P ]
�C"% *$(/2 $? 25* " �

�/%"7 2!")" +))&#*2($/) 2!" *$'50$/
P

() +) (/ �0&7" - �3 2!" "%0")
en+/%

en−1
+7"

en = (−rncosθ,−rnsinθ, 0), en−1 = (−rn−1cosα, rn−1sinα, 0).
�" ,+/ "C*7"))

cosα
+/%

sinα
(/ ?&/,2($/ $?

θ, rn−1
+/%

rn
+) ?$''$S )

�

sinα =
rn

rn−1

sinθ, cosα =
‖µ‖ − rncosθ

rn−1

.

�2 () /$S "+)5 2$ %"2"7# (/" 2!" L",2$7)
δ̂1, δ̂2 +/% δ̂3.

ei ∧ i = 0 ∀i = 1, . . . , n − 2.

en−1 ∧ i = (−rn−1cosα, rn−1sinα, o) ∧ (1, 0, 0) = −rn−1sinα k.

en ∧ i = (−rncosθ,−rnsinθ, 0) ∧ (1, 0, 0) = rnsinθ k.F$
δ̂1 = (0, . . . , 0,−rn−1sinα k, rnsinθ k).

ei ∧ j = ri k ∀i = 1, . . . , `

ei ∧ j = −ri k ∀i = 1, . . . , `

en−1 ∧ j = (−rn−1cosα, rn−1sinα, o) ∧ (0, 1, 0) = −rn−1cosα k.
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en ∧ j = (−rncosθ,−rnsinθ, 0) ∧ (0, 1, 0) = −rncosθ k.F$

δ̂2 = (r1 k, . . . , r` k,−r`+1 k, . . . ,−rn−2 k,−rn−1cosα k,−rncosθ k).

ei ∧ k = −ri j ∀i = 1, . . . , `

ei ∧ k = ri j ∀i = 1, . . . , `

en−1 ∧ k = (−rn−1cosα, +rn−1sinα, o) ∧ (0, 0, 1) = rn−1sinα i + rn−1cosα j.

en ∧ k = (−rncosθ,−rnsinθ, 0) ∧ (0, 0, 1) = −rnsinθ i + rncosθ j.F$

δ̂3 = (−r1k, . . . ,−r`k, r`+1k, . . . , rn−2k, rn−1sinαi+rn−1cosαj,−rnsinθi+rncosθj).

��� 
	��
�
��� ;���� 
�
Tp(SO(3) · P )

�" /$S +**'5 67+#=F,!# (%2
2$ >&('2 + $72!$0$/+' >+)() {δ1, δ2, δ3} ?7$# {δ̂1, δ̂2, δ̂3}.
� �� �� �@ �  !" ),+'+7 *7$%&,2 $/

TP M̃r
() 〈u, v〉 =

∑n
i=1

1
ri
〈ui, vi〉S

S!"7"
〈·, ·〉S

() 2!" )2+/%+7% ),+'+7 *7$%&,2 (/
R3.

� ? ,$&7)" ‖δi‖2 S ('' > " 2!" (//"7
*7$%&,2 〈δi, δi〉.

δ1 := δ̂1,
+/%

δ2 := δ̂2 − 〈δ̂2,δ1〉
〈δ1,δ1〉δ

1.
�$S �

〈δ̂1, δ̂2〉 = rn−1cosαsinα − rncosθsinθ =

rnsinθ
‖µ‖ − rncosθ

rn−1
− rncosθsinθ =

‖µ‖rnsinθ − r2
nsenθcosθ − rn−1rncosθsinθ

rn−1

=

rnsinθ(‖µ‖ − cosθ(rn−1 + rn))

rn−1
.

+/%
〈δ̂1, δ̂1〉 = rn−1sin

2α + rnsin2θ =
r2
n

rn−1
sin2θ + rnsin2θ =

rn

rn−1

sin2θ(rn−1 + rn).
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F$
〈δ̂1, δ̂2〉
〈δ̂1, δ̂1〉

=
‖µ‖ − cosθ(rn−1 + rn)

sinθ(rn−1 + rn)
.

 !&)
δ2 =

(

r1k, . . . , r`k,−r`+1k, . . . ,−rn−2k,

(−(‖µ‖rnsinθ) +
‖µ‖ − cosθ(rn−1 + rn)

sinθ(rn−1 + rn)
rnsinθ)k,

(−rncosθ − ‖µ‖ − cosθ(rn−1 + rn)

sinθ(rn−1 + rn)
rnsinθ)k

)

=

(

r1k, . . . , r`k,−r`+1k, . . . ,−rn−2k,− rn−1‖µ‖
rn−1 + rn

k,− rn‖µ‖
rn−1 + rn

k
)

.

δ3 := δ̂3 − 〈δ̂3,δ1〉
〈δ̂1,δ̂1〉

δ̂1 − 〈δ̂3,δ2〉
〈δ2,δ2〉δ

2.
�" ,+/ $>)"7L" 2!+2 〈δ̂3, δ1〉 = 0

+/% +')$ 〈δ̂3, δ2〉 = 0. $ )&##+7(�" � +/ $72!$0$/+' >+)() $?
Tp(SO(3) · P )

() 0(L"/ >5
�

δ1 = (0, . . . , 0,−rnsinθk, rnsinθk),

δ2 = (r1k, . . . , r`k,−r`+1k, . . . ,−rn−2k,− rn−1‖µ‖
rn−1 + rn

k,− rn‖µ‖
rn−1 + rn

k),

δ3 = (−r1k, . . . ,−r`k, r`+1k, . . . , rn−2k, rnsinθi + (‖µ‖ − rncosθ)j,

−rnsinθi + rncosθj).:�������
A(v)O",+'' 2!+2
A(v) = Â(v) − 〈Â(v),δ1〉

‖δ1‖2 δ1 − 〈Â(v),δ2〉
‖δ2‖2 δ2 − 〈Â(v),δ3〉

‖δ3‖2 δ3,
S!"7"

Â(v)j = −〈µ, ej〉
‖µ‖2

j ∧ k(ξ) + j ∧ k(vj) =

(

− 〈µ, ej〉
‖µ‖2

〈j, ξ〉 + 〈j, vj〉
)

k +
(〈µ, ej〉

‖µ‖2
〈k, ξ〉 − 〈k, vj〉

)

j ∀j = 1, . . . , n − 2,

+/%
Â(v)j = 0

(?
j = n − 1, n.

"2
εj

%"/$2" 2!" %(7",2($/ $?
ej ,

( �" �

εj =

{

1, j = 1, . . . , `

−1 j = ` + 1, . . . , n − 2;
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�2 () )27+(0!2?$7S+7% 2$ L"7(?5 2!+2 〈Â(v), δ1〉 = 0;

〈Â(v), δ2〉 =

k∑

j=1

εj

(

− 〈µ, ej〉
‖µ‖2

〈j, ξ〉 + 〈j, vj〉
)

=

l∑

j=1

(

− rj

‖µ‖〈j, ξ〉 + 〈j, vj〉
)

−
k∑

j=l+1

( rj

‖µ‖〈j, ξ〉 + 〈j, vj〉
)

;

)(# ('+7'5

〈Â(v), δ3〉 =
k∑

j=1

(−εj)
(

− 〈µ, ej〉
‖µ‖2

〈k, ξ〉 + 〈k, vj〉
)

=

−
l∑

j=1

(

− rj

‖µ‖〈k, ξ〉 + 〈k, vj〉
)

+
k∑

j=l+1

( rj

‖µ‖〈k, ξ〉 + 〈k, vj〉
)

F$ � ?$7 "+,!
v ∈ T[P ]Mr

2!" ,$#*$/"/2) $?
A(v)

+7"
�

A(v)j =
(

− rj

‖µ‖〈j, ξ〉 + 〈j, vj〉 −
〈Â(v), δ2〉
‖δ2‖2

rj

)

k+

( rj

‖µ‖〈k, ξ〉 − 〈k, vj〉 +
〈Â(v), δ3〉
‖δ3‖2

rj

)

j,

?$7
j = 1, · · · , `;

A(v)j = (
rj

‖µ‖〈j, ξ〉 + 〈j, vj〉 +
〈Â(v), δ2〉
‖δ2‖2

rj)k+

(

− rj

‖µ‖〈k, ξ〉 − 〈k, vj〉 −
〈Â(v), δ3〉
‖δ3‖2

rj

)

j,

?$7
j = ` + 1, · · · , n − 2;

A(v)
n−1 =

〈Â(v), δ2〉
‖δ2‖2

rn−1‖µ‖
rn−1 + rn

k − 〈Â(v), δ3〉
‖δ3‖2

(rnsinθi + (‖µ‖ − rncosθ))j;

A(v)
n

=
〈Â(v), δ2〉
‖δ2‖2

rn‖µ‖
rn−1 + rn

k − 〈Â(v), δ3〉
‖δ3‖2

(−rnsinθi + rncosθ)j;



9I 9 � ��� :
;
	���< :���� 
�
Mr

� c� c� ykn�jhg ibg okn� xg� fihvoivhgf
A

jlq
J

� ���	< ��� � ;���� 
�
T[P ]Mr

�" !+L" +'7"+%5 )""/ 2!+2
T[P ]Mr

,+/ >" (%"/2(�"% S (2!
T⊥

P (SO(3) · P ),27$&0! 2!() (%"/2(�,+2($/ (2 () *$))(>'" 2$ S 7(2" 2!" "K&+2($/) $?
T[P ]Mr

+) +
)&>)*+," $?

R3n,
S!(,! +7"

�

(� ∑n
i=1 vi = 0,

((�
ei · vi = 0 ∀i = 1, . . . , n,

(((� ∑n
i=1

1
ri

(ei ∧ vi) = 0.

"2
ui = (0, . . . , 0, j

︸︷︷︸

i

, −j
︸︷︷︸

i+1

, 0, . . . , 0), i = 1, . . . , ` − 1

ûi = (0, . . . , 0, j
︸︷︷︸

i

, −j
︸︷︷︸

i+1

, 0, . . . , 0), i = ` + 1, . . . , n − 3

vi = (0, . . . , 0, k
︸︷︷︸

i

, −k
︸︷︷︸

i+1

, 0, . . . , 0), i = 1, . . . , ` − 1

v̂i = (0, . . . , 0, k
︸︷︷︸

i

, −k
︸︷︷︸

i+1

, 0, . . . , 0), i = `, . . . , n − 3.

 !" L",2$7)
ui, ûi, vi, v̂i

L"7(�") 2!" ,$/%(2($/)
i), ii), iii),

)$ 2!"5 +7" (/
T[P ]Mr.
� �� �� �� � 1 L",2$7 $? 2!" ?$7#

(0, . . . , 0, j
︸︷︷︸

`

, −j
︸︷︷︸

`+1

, 0, . . . , 0)
S$&'% /$2

)+2()?5 ,$/%(2($/ (((� �
�/ 2!" ,+)"

` = n − 2
2!" L",2$7) +> $L" +7"

2(n − 3)
+/% +7" '(/"+7'5

(/%"* "/%"/2 � )$ 2!"5 ?$7# + >+)() $?
T[P ]Mr.

�? (/)2"+%
` 6= n − 2

2!"/ 2!" L",2$7) +> $L" +7"
2(n − 4)

+/% (2 () /","))+75
2$ ,$#*'"2" 2!"# 2$ + >+)() �  $ %$ 2!() S" '$$� ?$7 + L",2$7 $? 2!" ?$7#

w = (λk, . . . , λk, γk, . . . , γk, λn−1k, λnk),

S (2!
λ, γ, λn−1, λn ∈ R,

+/% S" (#*$)" 2!+2
w
)+2()?5 2!" ,$/%(2($/) (� � ((� �

(((� � E$/%(2($/
iii)

() )27+(0!2?$7S+7% L"7(�"% >5
w.

E$/%(2($/
i)
!$'%) (? +/%
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$/'5 (?
`λ + (n − ` − 2)γ + λn−1 + λn = 0.

�- �U�
O"#"#>"7(/0 2!+2

1

ri

ei ∧ wi = −λj ∀i = 1, . . . , `;

1

ri
ei ∧ wi = γj ∀i = ` + 1, . . . , n − 2;

1

rn−1

en−1 ∧ wn−1 =
(

− ‖µ‖ − rncosθ

rn−1

,
rn

rn−1

sinθ, 0
)

∧ (0, 0, λn−1)

=
(

λn−1
rn

rn−1

sinθ, λn−1
‖µ‖ − rncosθ

rn−1

, 0
)

;

1

rn

en ∧ wn = (−cosθ,−sinθ, 0) ∧ (0, 0, λn) = (−λnsinθ, λncosθ, 0);

S" $>2+(/ 2!+2 ,$/%(2($/
iii)

!$'%) (? +/% $/'5 (?

−`λ + (n − ` − 2)γ + λn−1
‖µ‖ − rncosθ

rn−1

+ λncosθ = 0
�- �D�

+/%
λn−1

rn

rn−1
senθ − λnsinθ = 0.

�- �T�
F$ 2$ %"2"7# (/"

w
S" S+/2 2$ )$'L" 2!" )5)2"# �- �U� � �- �D� � �- �T� �

(4.6) ⇐⇒ λn =
rn

rn−1
λn−1.

� )(/0 2!() (/ �- �D� � S" 0"2 −`λ + (n − ` − 2)γ + ‖µ‖
rn−1

λn−1 = 0,
S!(,! ()

λn−1 =
rn−1

‖µ‖ (`λ − (n − ` − 2)γ)
�- �V�

+/% &)(/0 �- �V� (/ �- �T�
�

λn =
rn

‖µ‖(`λ − (n − ` − 2)γ).
�- ��@�

F$ �- �V� +/% �- ��@� (/ �- �U� 0(L"

λ = −n − ` − 2

`
γ
‖µ‖ − rn−1 − rn

‖µ‖ + rn−1 + rn

.
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E!$$)(/0
γ = 1

2(n−`−2)
(‖µ‖ + rn−1 + rn)

+/%
λ = − 1

2`
(‖µ‖ − rn−1 − rn),

(2
?$''$S ) 2!+2

`λ − (n − ` − 2)γ = −‖µ‖. F$ λn−1 = −rn−1
+/%

λn = −rn. !" L",2$7
w = (λk, . . . , λk, γk, . . . , γk,−rn−1k,−rnk), λ, γ

+) +>$L" � ()
'(/"+7'5 (/%"* "/%"/2 S (2! 2!" L",2$7)

ui, ûi, vi, v̂i.
O"#"#>"7 2!+2

J
() 2!"

,$#*'"C )27&,2&7" +))$,(+2"% 2$ 2!" )5#*'",2(, ?$7# � )$ −J(w)
() '(/"+7'5

(/%"* "/%"/2 S (2!
ui, ûi, vi, v̂i, w

+/% ,$#*'"2" 2$ + >+)() $?
T[P ]Mr.O"# "#>"7(/0 2!+2

Jw = ( e1

r1
∧ w1, . . . ,

en

rn
∧ wn),

(2 ?$''$S ) 2!+2

ei

ri
∧ wi = (1, 0, 0) ∧ (0, 0, λ) = −λj ∀i = 1, . . . , `;

ei

ri
∧ wi = (−1, 0, 0) ∧ (0, 0, γ) = γj ∀i = ` + 1, . . . , n − 2;

en−1

rn−1
∧ wn−1 =

1

rn−1
(−‖µ‖ + rncosθ, rnsinθ, 0) ∧ (0, 0,−rn−1) =

−rnsinθi − (‖µ‖ − rncosθ)j;

en

rn
∧ wn =

1

rn
(−rncosθ,−rnsinθ, 0) ∧ (0, 0,−rn)

rnsinθi − rncosθj.

 !&)

−Jw = (λj, . . . , λj,−γj,−γj, rnsinθi+(‖µ‖−rncosθ)j,−rnsinθi+rncosθj).

F$ B1 = {u1, v1, . . . , u`−1, v`−1, û`+1,−v̂`+1, . . . , ûn−3,−v̂n−3, Jw, w} () + >+)()$?
T[P ]Mr

+/% (2 () * $)(2(L" �
� �� �� �- �  !() () 2!" )2+/%+7% ,$/L"/2($/ � (/ ?+,2

Jui = (. . . ,
ri

ri
i ∧ j,

ri

ri
i ∧ (−j), 0, . . . , 0) = (0, . . . , 0, k,−k, 0, . . . , 0) = vi;

Jûi = (. . . ,−ri

ri
i∧ j,−ri

ri
i∧ (−j), 0, . . . , 0) = (0, . . . , 0,−k, k, 0, . . . , 0) = −v̂i;

+/%
Jvi = −ui, J(−v̂i) = −ûi

+/%
J(−Jw) = w.
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�/ 2!() )",2($/ S" S ('' L"7(?5 2!+2
A
() + ,$#*'"C )27&,2&7" �  $ ,!",� 2!+2

A2 = −Id
S" S7(2" 2!" # +27(C $?

A
S (2! 7")* ",2 2$ 2!" >+)() B1

� S (2! +
'(22'" +>&)" $? /$2+2($/ � S" S ('' ,+'' 2! () # +27(C

A
� �

� (7)2 $? +'' S" ,+/ /$2" 2!+2
ξ(ui) = ξ(ûi) = ξ(vi) = ξ(v̂i) = 0

�7"# "#>"7
2!+2

ξ(v) =
∑n−2

i=1 vi
?$7 +''

v ∈ R3n� � F$

〈Â(ui), δ
2〉 = 〈j, j〉 + 〈j,−j〉 = 0

+/% )(# ('+7'5 〈Â(ûi), δ
2〉 = 〈Â(vi), δ

3〉 = 〈Â(v̂i), δ
3〉 = 0.

M$7"$L"7 (2 () 27(L (+'
2$ )"" 2!+2 〈Â(ui), δ

3〉 = 〈Â(ûi), δ
3〉 = 〈Â(vi), δ

2〉 = 〈Â(v̂i), δ
2〉 = 0.

�$S (2 ()
"+)5 2$ L"7(?5 2!+2

Aui = (0, . . . , 0, k,−k, 0, . . . , 0) = vi, ∀i = 1, . . . ` − 1;

Avi = (0, . . . , 0,−j, j, 0, . . . , 0) = −ui, ∀i = 1, . . . ` − 1;

Aûi = (0, . . . , 0, k,−k, 0, . . . , 0) = v̂i, ∀i = `, . . . n − 3;

Av̂i = (0, . . . , 0,−j, j, 0, . . . , 0) = −ûi, ∀i = `, . . . n − 3;

1')$

A(−Jw) = b1v1 + . . . + bk−2v̂k−2 + bw

+/%

A(w) = a1u1 + . . . + an−3ûn−3 + a(−Jw)

ai, bi, a, b ∈ R,
2!"/ 2!" # +27(C

A
()

�
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A =































0 1 0 a1

−1 0 b1 0� � � ��� ���
0 1 0 a`−1

−1 0 b`−1 0

0 −1 0 a`

1 0 b` 0� � � ��� ���
0 −1 0 an−3

1 0 bn−3 0

0 a

b 0































.

F$
A2 = −Id ⇐⇒ ab = −1.� ���	< ���

a
���

b
� � (7)2 $? +'' S" ,+/ /$2(," 2!+2 2!" '+)2 2S$ ,$#*$=

/"/2) $?
A(−Jw)

+/% $?
A(w)

+7" "/$&0! 2$ %"2"7# (/"
a
+/%

b
> ",+&)" 2!"

L",2$7)
ui, ûi, vi, v̂i

!+L" /$ (/�&"/," $/ 2!" �/+' ,$#*$/"/2) �
�>)"7L(/0 2!+2 〈Â(−Jw), δ3〉 = 0

� >",+&)" −Jw
!+) /$ /$2

0
,$#*$/"/2)

+'$/0
k
� � (2 ?$''$S ) 2!+2

�

A(−Jw) =
(

. . . ,
〈Â(−Jw), δ2〉

‖δ2‖2

rn−1‖µ‖
rn−1 + rn

k,
〈Â(−Jw), δ2〉

‖δ2‖2

rn‖µ‖
rn−1 + rn

k
)

.

�$S � 7",+''(/0 2!+2
w = (λk, . . . , λk, γk, . . . , γk,−rn−1k,−rnk)

S" 0"2

b = −〈Â(−Jw), δ2〉
‖δ2‖2

‖µ‖
rn−1 + rn

.
�- ����

F(# ('+7'5 (2 () * $))(> '" 2$ $>)"7L" 2!+2 〈Â(w), δ2〉 = 0,
2!&)

A(w) =
(

. . . ,−〈Â(w), δ3〉
‖δ3‖2

(
rnsinθi + (‖µ‖ − rncosθ)j

)
,

−〈Â(w), δ3〉
‖δ3‖2

(
− rnsinθi + rncosθj

))

.
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E$#*+7(/0
A(w)

S (2! 2!" '+)2 2S$ ,$#*$/"/2) $? −Jw
S" 0"2

�

a = −〈Â(w), δ3〉
‖δ3‖2

.
�- ��-�

O"#"#>"7 2!+2
ξ(−Jw) =

∑n−2
i=1 (−Jw)i = `λ − (n − ` − 2)γ = −‖µ‖j. !"/

〈Â(−Jw), δ2〉 =
∑̀

j=1

( rj

‖µ‖‖µ‖ + λ
)

−
n−2∑

j=`+1

(

− rj

‖µ‖‖µ‖ − γ
)

=

n−2∑

j=1

rj + `λ + (n − ` − 2)γ =

n−2∑

j=1

rj + rn−1 + rn = 2.

‖δ2‖2 =
n−2∑

j=1

rj +
‖µ‖2(rn−1 + rn)

(rn−1 + rn)2
=

(rn−1 + rn)
∑n−2

j=1 rj + ‖µ‖2

rn−1 + rn

.

F$
b = − 2‖µ‖

(rn−1 + rn)
∑n−2

j=1 rj + ‖µ‖2
.

F(# ('+7'5�
ξ(w) = `λ + (n − ` − 2)γ = −1

2
(‖µ‖ − rn−1 − rn) + 1

2
(‖µ‖ +

rn−1 + rn) = rn−1 + rn.

〈Â(w), δ3〉 =
∑̀

j=1

(

− rj

‖µ‖(rn−1 + rn) + λ
)

+
n−2∑

j=`+1

(

− rj

‖µ‖(rn−1 + rn)− γ
)

=

−rn−1 + rn

‖µ‖
n−2∑

j=1

rj + `λ − (n − ` − 2)γ = −
(rn−1 + rn)

∑n−2
j=1 rj + ‖µ‖2

‖µ‖ .

‖δ3‖2 =
∑n−2

j=1 rj + rn−1 + rn = 2.F$

a =
(rn−1 + rn)

∑n−2
j=1 rj + ‖µ‖2

2‖µ‖ .
�- ��3�

�2 () /$S )27+(0!2?$7S+7% 2$ L"7(?5 2!+2
ab = −1,

+/% )$
A2 = −Id.
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B2 = {. . . , ui, Aui, . . . , ûi, Aûi, . . . ,−Aw, w} () + A=* $)(2(L" >+)() $? T[P ]Mr. !"/ B2
() +')$

J =* $)(2(L" (? +/% $/'5 (? 2!" %"2"7# (/+/2 $? 2!" # +27(C $? 2!",!+/0" $? >+)"
MB2B1 = M

() * $)(2(L" � (/ 2!() ,+)" 2!" $7("/2+2($/ (/%&,"%
>5

A
() * $)(2(L" �$7 ,$/,$7% S (2! 2!" $/" (/%&,"% >5

J
� �

"2 −Aw = α1u1 + . . . + αnûn + α(−Jw),
?7$# 2!" %"),7(*2($/ $?

A
0(L"/ (/

2!" *7"L($&) )",2($/ 2!" # +27(C $? 2!" ,!+/0" $? ,$$7%(/+2") ()

M =































1 α1 0

1 0 0

1 α2 0� � � ��� ���
1 0 0

1 αl 0

−1 0 0� � � ��� ���
1 αn−4 0

−1 0 0

α 0

0 1































F$
detM = (−1)n−3−`α.�$S �

α = −a,
?7$# - ��3 (2 ?$''$S ) 2!+2

α = −
(rn−1 + rn)

∑n−2
j=1 rj + ‖µ‖2

2‖µ‖ < 0.

F$
sgn(det(M)) = (−1)n−` +/% [P ]

,$/27(>&2") 2$ 2!" ,$> $7%()# ,'+)) $?
MrS (2!

(−1)n−`Pn−3(C).

� �� �� �3 � �" +'7"+%5 $>)"7L"% 2!+2 (?
` = n−2

2!"/ 2!" L",2$7)
ui, vi, ûi, v̂i() + >+)() $?

T[P ]Mr.
�/ 2!() ,+)" (2 () )27+(0!2?$7S+7% 2$ )"" 2!+2 2!" $7("/2+2($/

(/%&,"% >5
A
+/%

J
+07"" � ( �" �

det(M) = 1.
F$ 2!" 7")&'2

sgn(det(M)) =

(−1)n−` !$'%) ?$7 "+,! ` = 1, . . . , n − 2.
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� �� �� �A � �" +))&# "% (/ - �- �� 2!+2 2!" � 7)2
`
"%0") +7" $7("/2"% +) 2!"

x=+C () +/% 2!" ?$''$S (/0 n−`−2
+7" ,$/L"7)"'5 $7("/2"% � �" +'7"+%5 *$(/2"%

$&2 2!+2 2!() +))&#*2($/ () "K&(L+'"/2 2$ ,!$$)(/0 + *+72(,&'+7 ,'+))
[P ].

"2
&) ,$/)(%"7 +/$2!"7 �C"% *$(/2

[Q] = [~e]
$? 25* " � � .",+&)" 2!" � 7)2

n − 2"%0") +7" $/ 2!"
x=+C () +/% µ = e1 + . . . + en−2 = ‖µ‖i, 2!"/ 2!"7" "C ()2 2S$)&>)"2)

I
+/%

Ic $? {1, . . . , n−2} )&,! 2!+2 I∩Ic = ∅, I∪Ic = {1, . . . , n−2},+/% )&,! 2!+2
ei = (ri, 0, 0) ∀i ∈ I

ei = (−ri, 0, 0) ∀i ∈ Ic.

"2
`
> " 2!" ,+7%(/+'(25 $?

I
� �?

I = {1, . . . `} 2!"/ 2!() () 2!" ,+)" 2!+2 S"
)2&%("% (/ %"2+(' � � 2!"7S ()" � 2!" *7$$? "C2"/%) S$7% >5 S$7% �&)2 ,!+/0(/0
{1, . . . , `} S (2!

I
+/% {` + 1, . . . , n − 2} S (2!

Ic.
F$ + 0"/"7(, *$(/2

[Q],$/27(>&2") 2$ 2!" ,$> $7%()# ,'+)) $?
Mr

S (2!
(−1)n−`Pn−3(C)

S!"7"
`
() 2!"

/&#>"7 $? ?$7S+7% 27+,�) � ( �" �
` = ]{ej | ej · µ > 0}.

� �� �� �8 � �?
n = 2m

2!"/ 2!" $%% %(# "/)($/+' *7$� ",2(L" )*+,"
CPn−3

() 2!" 2$2+' )*+," $? + )*!"7" >&/%'" $L"7 2!" K&+2"7/($/ *7$� ",2(L" )*+,"
HPm−2,

+/% !"/," () 2!" > $&/%+75 $? +/ +))$,(+2"% %()� >&/%'" � F$ � (?
n
()

"L"/
Mr ∼ 0.

� � ���� ��������

��� ���
n = 5

�" S ('' /$S ,+',&'+2" "C*'(,(2'5 2!" ,$>$7%()# ,'+)) $? 2!" #$%&'( )*+,"
Mr

S!"/
n = 5

?$7 )$# " ,!$(,") $?
r
)&,! 2!+2

M̃r
%$") /$2 ,$/2+(/ %"=

0"/"7+2" *$'50$/) � $7 "K&(L+'"/2'5 )&,! 2!+2
Mr

() + )# $$2! # +/(?$'% � �$7
"+,! '"/02! L",2$7

r
S" S ('' +/+'5)" S!(,! (/%"C )"2)

I
+7" +%# ())(> '" �)""

%"�/(2($/ - ��� � �" *$(/2 $&2 2!+2 (?
I
%$") /$2 )+2()?5 2!" ,'$)(/0 ,$/%(2($/)

�)5)2"# - ��� � +')$ (2) ,$#*'"# "/2
Ic := {1, . . . , 5} \ I

%$") /$2 � M$7"$L"7
(?

I
() +%# ())(> '" 2!"/

Ic ,+/ N2 > " +%# ())(> '" 2$$ � (/ ?+,2 �&)2 $/" > "2S""/
∑

i∈I εiri > 0
+/% ∑

i∈Ic εiri > 0 = −∑i∈I εiri > 0
() 27&" � �/ 2!() )",2($/
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S" S ('' %"/$2" +/ "'"# "/2 $?
(MS1

r )isol
�&)2 >5 0(L (/0 2!" )(0/) $? 2!" L",2$7)

e1, e2, e3,
)$ ?$7 "C+#*'"

+ + − )+5 &)

e1 = (r1, 0, 0), e2 = (r2, 0, 0), e3 = (−r3, 0, 0),

+/% 2!" 7"# +(/(/0 "%0")
e4, e5

+7" %"2"7# (/"% &* 2$ 7$2+2($/) � F$ 2!" ,'+))
�&/(K&"'5 � %"2"7# (/"% (/

Mr
>5

+ + − S ('' > " %"/$2"% >5
P++−.

�/ 2!" "C+#*'") 2!" L",2$7 $? '"/02!) () /$2 /$7# +'(�"% �( �" � ∑
i ri 6= 2

� �
2!() S ('' �""* 2!" /$2+2($/ ,'"+/"7 +/% () /$2 7")27(,2(L" > ",+&)"

Mr ' Mλr?$7 +''
λ ∈ R+.J+,! $? 2!" ?$''$S (/0 "C+#*'") () $>2+(/"% >5 (2) *7"L($&) $/" >5 ,7$))(/0

+ (//"7 S+'' (/
Ξ,

$7 "K&(L+'"/2'5 �> ",+&)"
Mr

() 2$7(, ?$7
n = 5

� >5 ,!$**(/0
$� + L"72"C (/ 2!" # $#"/2 *$'52$* "

µT 2Mr.
�" S ('' 0$ >+,� $/ 2!() 7"# +7�

+2 2!" "/% $? 2!() )",2($/ � >&2 2!() )!$&'% >" �"*2 (/ # (/% +) '$$� (/0 +2 2!"
# $# "/2 *$'52$* ") �

�� 	� �� �� �R �I �� �9�
Mr

() + # +/(?$'% � +/% 2!" $/'5 ,$/�0&7+2($/ 2!+2 () +%# ())(> '" ?$7 2!()
,!$(," $?

r
()

�

−− + ⇒ 2!" +))$,(+2"% (/%"C )"2
I
() {3}, )$

` = 1;
$/

TP−−+Mr

A = (−1)n−`J,
)$ 2!"

CP2 *7$%&,"% S (2! 2!" )&70"75 +7$&/%
P−−+

,$# ") S (2! )(0/
(−1)5−1 = 1,

( �" � (2 ,$# ") S (2! 2!" )2+/=
%+7% $7("/2+2($/ �

� 2!"7 ,$/�0&7+2($/) +7" /$2 +%# ())(> '" � (/ ?+,2
�

+ + + ⇒ ,'$)(/0 ,$/%(2($/) - �� /$2 )+2()�"% �

+ + − ⇒ +))$ ,(+2"% 2$
I = {1, 2} ?$7 S!(,! ∑i∈I εiri < 0

�
I
() 2!" ,$#=

*'"# "/2 $? {3}� �
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+ − + ⇒ ,'$)(/0 ,$/%(2($/) /$2 )+2()�"% �+/% )$ ?$7 − + −� �

− + + ⇒ ,'$)(/0 ,$/%(2($/) /$2 )+2()�"% �+/% )$ ?$7
+ −−� �

 !&)
Mr ' CP2.

�/ 2!() ,+)" 2!" (# +0"
µT 2(Mr)

�+) %"),7(> "% >5 "K&+2($/ ���8�� () +)
(/ �0&7" - �A �

y = x + 4

y = −x + 4

y = x − 4

0.5 2.5

1

3

x

y

� (0&7" - �A
� µT 2(Mr)

�
Mr ' CP2.

- � 	� �� �R �9 �I �� �9 �
Mr

() + # +/(?$'% � +/% 2!" ,$/�0&7+2($/) 2!+2 2!() '"/02! L",2$7 +%# (2)
+7"

�

− + + ⇒ l = 2 ⇒ $/
TP−++Mr, A = −J

+/%
CP2 ,$# ") S (2! 2!" $**$)(2"

$7("/2+2($/ 2$ 2!" )2+/%+7% $/" �

−− + ⇒ l = 3; ⇒ $/
TP+++Mr, A = J

+/%
CP2 ,$#") S (2! 2!" )2+/%+7%

$7("/2+2($/ �
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Mr

 !&)
Mr ' CP2 q−CP2 ' 0.

y = x + 4

y = −x + 4

y = x − 4

1.5 2.5

1

3

x

y

� (0&7" - �8
� µ(Mr)

�
Mr ' 0.

�$7 2!() ,!$(," $?
r
2!" (# +0"

µT 2(Mr)
() +) (/ �0&7" - �8

3 � 	� �9 �� �R �I �� �R �9 �R�
Mr

() + # +/(?$'% � +/% 2!" $/'5 +%# ())(>'" ,$/�0&7+2($/ ()
�

− + + ⇒ +))$ ,(+2"%
I = {2, 3}, )$ ` = 2 ⇒ $/

TP−++Mr, A = −J
+/%

CP2 ,$# ") S (2! 2!" $**$)(2" $7("/2+2($/ 2$ 2!" )2+/%+7% $/" �

 !" $2!"7 ,$/�0&7+2($/) +7" /$2 +%# ())(> '" � (/ ?+,2
�

+ + + ⇒ ,'$)(/0 ,$/%(2($/ /$2 )+2()�"% �

+ + − ⇒ ,'$)(/0 ,$/%(2($/ /$2 )+2()�"% �+/% )$ ?$7 −− +
� �

−− + ⇒ ,'$)(/0 ,$/%(2($/ /$2 )+2()�"% �+/% )$ ?$7
+ + −� �

+ − + ⇒ ,'$)(/0 ,$/%(2($/ /$2 )+2()�"% �+/% )$ ?$7 − + −� �

+ −− ⇒ +))$,(+2"%
I = {1}, ∑i∈I εiri < 0

�
I
() 2!" ,$#*'"# "/2 $?

{2, 3}� �
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 !&)
Mr ' −CP2.

y = x + 4

y = −x + 4

y = x − 4

1.5 2.5

2

3

x

y

� (0&7" - �U
� µT 2(Mr)

�
Mr ' −CP2.

 !" (# +0"
µT 2(Mr)

$?
Mr

() 2!"/ 2!" 8=)(%") *$'52$* " (/ �0&7" - �U �
A � 	� �9 �G �R �I �� �9 �

Mr
() + # +/(?$'% � +/% 2!" +%# ())(> '" ,$/�0&7+2($/) +7"

�

+ + − ⇒ ` = 2 ⇒ $/
TP++−Mr, A = −J

+/%
CP2 ,$# ") S (2! 2!"

$**$)(2" $7("/2+2($/ 2$ 2!" )2+/%+7% $/" �

+ − + ⇒ ` = 2 ⇒ $/
TP+−+Mr, A = −J

+/%
CP2 ,$# ") S (2! 2!"

$**$)(2" $7("/2+2($/ 2$ 2!" )2+/%+7% $/" �
�2 () * $))(> '" 2$ ,!",� 2!+2 /$ $2!"7 ,$/�0&7+2($/ +7" +%# ())(> '" � 2!&)

Mr ' −CP2(C) q−CP2(C) ' −2CP2(C).

1) > "?$7" � (2 () (##"%(+2" 2$ %7+S 2!" *$'52$* "
µT 2(Mr)

� )"" �0&7" - �D �
8 � 	� �9 �G �R �I �G �R �9 �R�

Mr
() + # +/(?$'% � +/% 2!" ,$/�0&7+2($/) 2!+2 2!() L",2$7 $? '"/02!)

+%# (2) +7"
�
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Mr

y = x + 4

y = −x + 4

y = x − 4

1.5 5.5

1

3

x

y

� (0&7" - �D
� µT 2(Mr)

�
Mr ' −2CP2.

+ + − ⇒ ` = 2 ⇒ $/
TP++−Mr, A = −J

+/%
CP2 ,$#") S (2! 2!"

$**$)(2" $7("/2+2($/ 2$ 2!" )2+/%+7% $/" �

+ − + ⇒ ` = 2 ⇒ $/
TP+−+Mr, A = −J

+/%
CP2 ,$#") S (2! 2!"

$**$)(2" $7("/2+2($/ 2$ 2!" )2+/%+7% $/" �

− + + ⇒ ` = 2 ⇒ $/
TP−++Mr, A = −J

+/%
CP2 ,$#") S (2! 2!"

$**$)(2" $7("/2+2($/ 2$ 2!" )2+/%+7% $/" �

 !&)
Mr ' −CP2 q−CP2 q−CP2 ' −3CP2.

�$7 2!() ,!$(," $? 2!" '"/02! L",2$7
r
2!" (# +0"

µT 2(Mr)
() +) (/ �0&7"

- �T �

U � 	� �R �� �I �R ���
Mr

() + # +/(?$'% � ?$7 2!() ,!$(," $?
r
2!" )"2

(MS1

r )isol
() "#*25� (/ ?+,2

/$/" $? 2!" ,$/�0&7+2($/
+++, ++−, +−+, −++

)+2()?5 2!" ,'$)(/0
,$/%(2($/ � 2!&)

Mr ' 0.

+/%
µT 2(Mr)

() +) (/ �0&7" - �V �
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y = −x + 4

y = x − 4

1.5 5.5

1

6

x

y

� (0&7" - �T
� µT 2(Mr)

�
Mr ' −3CP2.

� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �

� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �

4

4 6

6

y = x + 4

y = −x + 4

y = x − 4

x

y

� (0&7" - �V
� µT 2(Mr)

�
Mr ' 0.
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�
Mr

D � 	� �� �� �R �G �R �G �G �R�
Mr

() + # +/(?$'% � +/% 2!" ,$/�0&7+2($/) 2!+2 2!() L",2$7 $? '"/02!)
+%# (2) +7"

�

+ + + ⇒ ` = 3; ⇒ $/
TP+++Mr, A = J

+/%
CP2 ,$#") S (2! 2!" )2+/%+7%

$7("/2+2($/ �

+ − + ⇒ ` = 2 ⇒ $/
TP+−+Mr, A = −J

+/%
CP2 ,$#") S (2! 2!"

$**$)(2" $7("/2+2($/ 2$ 2!" )2+/%+7% $/" �

− + + ⇒ ` = 2 ⇒ $/
TP−++Mr, A = −J

+/%
CP2 ,$#") S (2! 2!"

$**$)(2" $7("/2+2($/ 2$ 2!" )2+/%+7% $/" �

−− + ⇒ ` = 1; ⇒ $/
TP+++Mr, A = J

+/%
CP2 ,$#") S (2! 2!" )2+/%+7%

$7("/2+2($/ �

� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �

� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �
� � � �

0.5

0.5

6.5

3.5

3.5

2.5

y = x + 3.5

y = −x + 3.5

y = x − 3.5

x

y

� (0&7" - ��@
� µT 2(Mr)

�
Mr ' 0.

 !&)
Mr ' CP2 q CP2 q−CP2 q−CP2 ' 0

+/% 2!" #$#"/2 (# +0"
µT 2(Mr)

() +) (/ �0&7" - ��@



9 �G �
<� ���<���� G�

�$2" 2!+2 2!" "C+#*'") +> $L" +7" >&('2 >5 �,!$**(/0 $� + L"72"C � +2 "+,!
)2"* �  !() !+) + ?$7# +' %"),7(*2($/

�
�,!$**(/0 + L"72"C � ,$77")*$/%) 2$ +

S+'' ,7$))(/0 (/
Ξ,

?$7 "C+#*'" 2!" *+))+0" ?7$#
r
N) )&,! 2!+2

µT 2(Mr)
() +)

(/ �0&7" - �A 2$
r
N) )&,! 2!+2 2!" #$# "/2 (# +0"

µT 2(Mr)
() +) (/ �0&7" - �8

,$77")*$/%) 2$ 2!" ,7$))(/0 $? 2!" S+''
r1 + r3 = r2 + r4 + r5,

�S!(,! () 2!"
,$(/,(%"/," ,$/%(2($/ $? 2!" (/2"7)",2($/ * $(/2)

BC
+/%

B2
� )"" )",2($/ ��3� �

 !() () +/ "C*",2"% *!"/$#"/$/ � (/ ?+,2 (/ 2!" A=%(# "/)($/+' ,+)" �
n =

5
� ,7$))(/0 + S+'' !+) 2!" "�",2 2$ >'$S &* + �C"% *$(/2 �$7 >'$S %$S/ �
%"* "/%(/0 $/ 2!" S+''=,7$))(/0 %(7",2($/ � � �/ ,!+*2"7 A S" S ('' 0(L" + %"2+('"%
%"),7(*2($/ $? 2!() � 2$0"2!"7 S (2! + ,$#*'"2" +/+'5)() $? S+'' *7$>'"# ) (/
!(0!"7 %(# "/)($/ �&)(/0 +70&# "/2) *7")"/2"% >5 6&(''"# (/ +/% F2"7/>"70 (/
�6FTV�� �

.5 2!" /$2($/ $? +%# ())(>('(25 ?$7 +/ (/%"C )&>)"2
I
� (2 ?$''$S ) 2!+2 ?$7

n = 5
2!")" +7" +'' 2!" * $))(> '" ,$>$7%()# 25*") $?

Mr.
M$7"$L"7 ?$7

r
N) (/

2!" )+# " 7"0($/ $? 7"0&'+7 L+'&")
∆ ⊂ Ξ,

2!" # $# "/2 * $'52$* "
µT 2(Mr)

!+)
2!" )+#" �)!+*"� � +/% (2) /&#>"7 $? "%0") () +/ (/L+7(+/2 $? ,$> $7%()# �
� �� �� �U �  !" #+/(?$'%)

Mr
+) (/ "C+#*'") - +/% U=D !+L" 2!" )+#" ,$>$7=

%()# 25* " �
Mr ' 0

� � >&2 %(� "7"/2 %(�"$25* " � +/% 2!&) %(� "7"/2 )5#*'",2$=
#$7*!()# 25*" �  !" #$#"/2 *$'52$* "

µT 2(Mr)
,$/2+(/) +'' 2!" (/?$7# +2($/)

/""%"% 2$ 7",$L"7 2!" �
T 2="K&(L+7(+/2� )5#*'",2$# $7*!()# 25*" �)"" B"'�+/2

�B" � � "7# +/= $'# +/ � �� � �$7
Mr

N) )&,! 2!+2 2!" #$#"/2 * $'52$* " () +)
(/ "C+#*'" U �+/% #$7" 0"/"7+''5 S!"/ 2!" $**$)(2" "%0") $? 2!" * $'52$* "
µT 2(Mr)

+7" *+7+''"' � (2 () S"''=�/$S/ 2!+2 2!" # +/(?$'% Mr
() % (� "$# $7*!(,

2$
CP1 × CP1,

)"" � ?$7 "C+#*'" � �1E� �
"2 &) /$S +/+'5�" 2!" ,+)") )&,! 2!+2 2!" #$#"/2 *$'52$* " !+) )!+* "

+) (/ �0&7") - �A +/% - ��@ � � +7)!$/ �� +� �/%) "C*'(,(2'5 2!" �
S1="K&(L+7(+/2�

)5#*'",2$#$7*!()# 25* ") ?$7 2!")" "C+#*'") � +/% � (/ *+72(,&'+7 � ")2+>'()!")
S!"/ 2!"5 +7" 2!" )+# " � 1 *$))(> '" S+5 2$ )"" (2 () 2!" ?$''$S (/0

�
>",+&)"

µT 2(Mr)
() 2!" (/2"7)",2($/ $? 2!" 7"0($/)

I
+/%

Υ,
(2) "%0") +7" "(2!"7 !$7(=

�$/2+' � L"72(,+' $7 !+L" )'$* " ±1,
#$7"$L"7 2!"7" () +'S+5) + *+(7 $? $**$)(2"

"%0") S!(,! +7" *+7+''"' � �? 2!" /$7# +') 2$ 2!" $2!"7 $**$)(2") "%0") �2!"
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/$/=*+7+''"' $/")� 0"/"7+2" 2!" '+22(," Z2 2!"/
Mr

() % (�"$# $7*!(, 2$
CP2

>'$S/ &* +2 + * $(/2 � $2!"7S ()" � (? 2!"5 0"/"7+2" + )&>'+22(," $?
Z2 $? (/%"C

2S$ � (2 () %(�"$#$7*!(, 2$
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*7$$? $? 2!" L$'&#" 2!"$7"# 3 �3 �� S!(,! () 2!" # +(/ 7")&'2 $? 2!() ,!+*2"7 �
1>$&2 "K&(L+7(+/2 ,$!$#$'$05 2!"7" () + 7(,! '(2"7+2&7" � (/ *+72(,&'+7 S"
)&00")2 2!" > "+&2(?& ' )&7L"5 *+*"7) �1. � +/% �B& � � +/% +')$ 2!" > $$� �� (� �
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() )&7� ",2(L" � .",+&)" 2!"
G=+,2($/ $/ 2!" '"L"' )"2

µ−1(ξ)
() ?7"" 2!"/

π∗
ξ :

H∗(M//G(ξ)) → H∗G(µ−1(ξ))
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� ������
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������� �� � ��
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T (X),

∫
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k0(a) −
∫

X//T (p1)

k1(a) =

∫

XH//T (q)

kq(λH(a|
XH
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�� ��� �� � � � �
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T (X) → H∗(X//T (pi))
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��
 �������� ��
µ−1
|
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XH//T (q)
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q
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q
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|
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µ−1
|
XH

(q) ∩XH >5
2!" 07$&*

T/H
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λ
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�$7%(/+75 +/% "K&(L+7(+/2� S"(0!2"% E!"7/ +/% F"07" ,'+))") � "2

V → Y>" + ,$#*'"C L",2$7 >&/%'" +/%
P(V ) → Y

>" (2) *7$� ",2(L (2+2($/ �)"" �. �� �
F&**$)" 2!+2 2!" >&/%'"

V
() "/%$S"% $? +

S1=+,2($/ '(/"+7 $/ 2!" �>"7) +/%
)&,! 2!+2 2!" )"2 $? �C"% *$(/2) "K&+') 2!" �"7$ )",2($/ � "2

S(V )
> " 2!"

&/(2 )*!"7" >&/%'" (/
V

�S (2! 7")* ",2 2$ )$# "
S1=(/L+7(+/2 # "27(,� � �?

S1

+,2) S (2! S"(0!2 � $/ 2!" �> "7) � ( �" � $/ "+,! �> "7 2!" +,2($/ () 2!" )2+/%+7%
#&'2(* '(,+2($/ >5

eiθ,
2!"/ 2!"7" () +/ (/%&,"% ()$# $7*!()#

S(V )/S1 ' P(V ).�$7 0"/"7(, S"(0!2) $? 2!"
S1=+,2($/ (2 () * $))(> '" 2$ %"�/" + ,$!$#$'$05 ,'+))

�2!" S"(0!2"% E!"7/ ,'+))
cw(V )

$? 2!" *+(7
(V, S1)

� 2!+2 7")27(,2) 2$ 2!" 2$2+'
E!"7/ ,'+))

c(V )
S!"/ 2!" S"(0!2) +7" +'' �� ��$7 %"�/(2($/ +/% *7$* "72(")

$?
c(V )

S" 7"?"7 2$ �. �� �
�$2" 2!+2 &/%"7 2!"

S1=+,2($/ V
)*'(2) (/2$ ()$25*(, )&>>&/%'")

V '
⊕i∈ZVi.

 !" S"(0!2"% E!"7/ ,'+))
cw(V )

$?
V
() %"�/"% 2$ >" 2!" *7$%&,2

cw(V ) =
∏

i

cw(Vi),

S!"7"
cw(Vi) = ir + ir−1c1(Vi)+ . . .+ cr(Vi), cj(Vi)

> "(/0 2!"
j=2! E!"7/ ,'+))$?

Vi
+/%

r
2!" 7+/� $?

Vi.
�>)"7L" 2!+2

cw(V )
() (/L"72(> '" > ",+&)" /$/" $?

2!"
Vi

() +,2"% $/ S (2! S"(0!2 �"7$ �2!() () "K&(L+'"/2 2$ +))&#" 2!+2 2!"
�"7$ )",2($/ "K&+') 2!" )"2 $? * $(/2) �C"% >5 2!" +,2($/ � �  !" S"(0!2"% F"07"
,'+))

sw(V )
() %"�/"% 2$ >" (2) (/L"7)" � ( �" �

sw(V )cw(V ) = 1.�$S � +**'5 (/0 2!" +70&#"/2) %"),7(> "% (/ 7"# +7� �D � S" ,+/ %"�/" "K&(L=
+7(+/2 S"(0!2"% E!"7/ +/% F"07" ,'+))")

�
'"2

G
> " +  (" 07$&* +,2(/0 $/

V,+/% )&**$)" 2!+2 2!" +,2($/) $?
S1 +/%

G
,$##&2" �  !"

G="K&(L+7(+/2S"(0!2"% E!"7/ ,'+))
(cw)G(V )

() %"�/"% 2$ >" 2!" $7%(/+75 S"(0!2"% E!"7/
,'+))

cw(VG)
$?

VG = EG × V.
F(# ('+7'5� 2!"

G="K&(L+7(+/2 S"(0!2"% F"07"
,'+))

(sw)G(V )
() >5 %"�/(2($/

sw(VG).
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�$S '"2 &) 0$ >+,� 2$ 2!" '$ ,+'(�+2($/ 2!"$7"# N )"22(/0 � +/% 7",+'' 2!+2
H ' S1 () 2!" )&>07$&* $?

T
+))$ ,(+2"% 2$ 2!" S+'' S" +7" "C+# (/(/0 � "2

T ′ ⊂ T
>" + ,$#*'"# "/2 2$

H,
( �" �

T = T ′ ×H,
2!() %"�/") +/ ()$# $7*!()#

H∗
T (XH) ∼= H∗

T ′(XH) ⊗ H∗
H(XH).

�$2" 2!+2
H∗

H(XH) ∼= H∗(BH)
� (2 ()

"/$&0! 2$ 7"# "#>"7 2!+2
H∗

H(XH)
() %"�/"% 2$ > " 2!" $7%(/+75 ,$!$#$'$05

7(/0
H∗(EH ×H XH)

+/% /$2"
H

+,2) 27(L (+''5 $/ (2) �C"% *$(/2) )"2
XH � �

)$
H∗

T (XH) ∼= H∗
T ′(XH) ⊗ H∗(BH).

�2 ?$''$S ) 2!+2 2!" 7")27(,2($/ 2$
XH $? +/5 ,'+))

a ∈ H∗
T (X)

%",$#*$)")
a|

XH
=
∑

i≥0 ai ⊗ ui S!"7" u
() 2!" * $)(2(L" 0"/"7+2$7 $?

H∗(BH)
+/% 2!"

ai+7" "'"# "/2) (/
H∗

T ′(XH).

�	
�
����
� G �9 �9 � ���� �� � � ������ ��	�

λH(a) = k(XH
i )
∑

i≥0

ai ^ sw
i−ρ+1

�� ���
k(XH

i ) �� �� � � ������ 
��� �� ��	�� �� �� �� � � ���� �� �� �� �
H �
������ �� � � ���� ��

νXH
i → XH

i , sw
j

������� �� �
j ��� T ′ �����	���� � �� �� 
���

��
(νXH , H)

��
ρ �� �� � � �� 
���� �
������ �� �� � 
��� �
��� 
����� ���� ��

XH
� �� 
� ���

2ρ = rank(νXH).

� "C2 7")&'2 �)"" �M+-�� 7"'+2") 2!" (/2"07+2($/ $L"7 2!" )5#*'",2(, K&$2("/2
X//G

$? +
G=# +/(?$'% X

S (2! 2!" (/2"07+2($/ $L"7 2!" +))$,(+2"% K&$2("/2
X//T

>5 + # +C (# +' )&>2$7&)
T ⊂ G."2

G
> " + ,$//",2"% ,$#*+,2  (" 07$&* S!(,! +,2) $/ 2!" )#$$2! #+/(=

?$'%
X

(/ + 
 +# ('2$/(+/ S+5 �S (2! +))$,(+2"% #$#"/2 # +*
µG

� +/% '"2
T
>"

+ # +C (# +' )&>2$7&) (/
G;

2!" 7")27(,2($/ $? 2!" +,2($/ $?
G
%"�/") + 
 +# ('2$=

/(+/ +,2($/ $?
T
$/

X
�S (2! +))$,(+2"% #$#"/2 # +*

µT
� �  !"7" () + /+2&7+'

7")27(,2($/ # +*
rG
T : H∗

G(X) → H∗
T (X)

> "2S""/ 2!" "K&(L+7(+/2 �7")* ",2 2$
G
+/%

T
� ,$!$#$'$05 7(/0) �  $ �C 2!" /$2+2($/ �

Cm
(w)

%"/$2") 2!" ,$#*'"C
)*+,"

Cm "/%$S"% $? 2!"
S1=+,2($/ S (2! S"(0!2

w
+/%

Cm
(w) := X × Cw

()
2!" 2$2+' )*+," $? +/ "K&(L+7(+/2 '(/" >&/%'" $L"7

X.



G �G ��� H
��<� ���
	�< I�

���
	�< G �9 �G � JK&(L+7(+/2 (/2"07+2($/ ?$7#&'+ �
��� � �

a ∈ H∗
G(X),

∫

X//G

kG(a) =
1

|W |

∫

X//T

kT

(

rG
T (a) ^

∏

α∈∆

cT
1 (Cα)

)

.

�� ��� |W | �� �� � ����� �� �� � ���� � ���� ��
G

��
∆ �� �� � � �� �� ����� ��

G.

� � ��� ������ �������

���
	�< G �G �� � ���
r ∈ Rn

+

�� 
� ���
Mr ��  �� ���� � ��� ����

vol(Mr) = − (2π)n−3

2(n − 3)!

n−1∑

k=0

(−1)k
∑

I∈I
|I|=k

(R+
I − R−

I )n−3,

�� ���
R−

I =
∑

i∈I

ri, R+
I =

∑

i/∈I

ri

��
I = {I ⊂ {1, . . . , n} : R+

I − R−
I > 0}.

� ���� �  !" � 7)2 )2"* (/ 2!" *7$$? () 2$ +**'5 2!"$7"# 3 �- �3 +/% S 7(2" 2!"
L$'&#" $?

Mr
+)

vol(Mr) =
1

2

∫

Sr//S1

kS1(r
SO(3)

S1 (a) ^ cS1

1 (C(1)) ^ cS1

1 (C(−1)))

S!"7"
a ∈ H∗

SO(3)(Sr)
() )&,! 2!+2

kSO(3)(a)
() 2!" L$'&# " ?$7# $/ Sr//SO(3) =

Mr
+/%

S1 () + �+7>(27+7('5 ,!$)"/ � #+C(# +' )&>2$7&) $?
SO(3).

��" !+L"
+'7"+%5 "/2"7"% (/ 2!" ?$7#&'+ 2!+2 2!" �"5' 07$&* $?

SO(3)
()

Z/2Z
+/%

2!+2 2!" )"2 $? 7$$2) $?
SO(3)

() {±1}.� !" )",$/% )2"* () 2$ +**'5 2!" '$ ,+'(�+2($/ 2!"$7"# 3 �- �� 2$ '$ ,+'(�" 2!"
,+',&'+2($/ $? 2!" (/2"07+' +>$L" 2$ %+2+ +))$,(+2"% 2$ 2!" �C"% *$(/2) )"2 $?
2!"

S1=+,2($/ �
O"#"#>"7 2!+2 2!" )5#*'",2(, )27&,2&7" $/ Sr

() %"�/"% >5 2!"
2=?$7#

ω =
∑n

j=1
1
rj

p∗jωj,
S!"7"

pj : Sr → S2
rj

() 2!" /+2&7+' *7$� ",2($/ $/ 2!"
j=2!



I� G � ��� H
��<� 
�
Mr

?+,2$7 +/%
ωj

() 2!" L$'&#" ?$7# $/ 2!" )*!"7"
S2

rj
.
�2 () + ,+',&'+2($/ 2$ ,!",�

2!+2 � (?
α
() 2!" L$'&#" ?$7# $/ 2!" &/(2 )*!"7" +/%

ωFS
() 2!" �&>(/(	F2&%5

?$7# $/
CP1 ' S2,

2!"/
ωj = rjα = 2rjωFS.

�/ "+,! )*!"7" ,$/)(%"7 2!" '(/" >&/%'" O(2rj) → S2
j ,
2!" 2"/)$7 *7$%&,2

$? 2!" *&''>+,�)
p∗jO(2rj)

$? 2!" '(/" >&/%'") O(2rj)
%"�/") $/ Sr

2!" '(/"
>&/%'" L := O(2r1) � . . . � O(2rn)

��/$S/ (/ '(2"7+2&7" +) 2!" *7"K&+/2&#
'(/" >&/%'" �$? Sr

�� � �>)"7L" 2!+2
ωFS

� ()� 2!" � 7)2 E!"7/ ,'+)) $? O(1),*7",()"'5
[ωF S

2π
] = c1(O(1)),

(2 ?$''$S ) >5 2!" %"�/(2($/ $? 2!" )5#*'",2(, ?$7#
ω
$/ Sr

2!+2
[ ω

2π

]

= c1(O(2r1) � . . . � O(2rn)) = c1(L).

 !" ,$/)27&,2($/ +>$L" () S"'' %"�/"% �&)2 ?$7 (/2"07+'
r1, . . . , rn,

)$ '"2
&) 7")27(,2 2$ 2!" ,+)"

r ∈ Zn
+

+/% *7$L" 2!" )2+2"% 7")&'2 ?$7 2!" L$'&#"
$?

Mr.
 !"/ � ?$7 "+,!

λ ∈ R+,
S" 0"2 2!" L$'&# " $?

Mλr
>5 7"),+'(/0 � ( �" �

vol(Mλr) = (λ)n−3(volMr),
2!&) 2!" ?$7#&'+ !$'%) +')$ ?$7 7+2($/+'

ri.
� (/+''5�

>5 %"/)(25� 2!" 7")&'2 "C2"/%) 2$
r ∈ Rn

+."2
a
>" 2!"

(n−3)=2! *$S"7 $? 2!" �7)2 "K&(L+7(+/2 E!"7/ ,'+)) c
SO(3)
1 (L)$? 2!" *7"K&+/2&# '(/" >&/%'" L �/$7# +'(�"% >5 + ?+,2$7 (2π)n−3

(n−3)!

� � 2!"/ (2)
(# +0"

k(a)
27$&0! 2!" � (7S+/ # +*

k : H∗
SO(3)(Sr) → H∗(Sr//SO(3))

() 2!"
L$'&#" ?$7# $/

Mr :

vol(Mr) =
(2π)n−3

(n − 3)!

∫

Mr

k(c
SO(3)
1 (L)n−3).

�" /$S +**'5 2!" (/2"07+2($/ ?$7#&'+ 3 �- �3
�
2!" 7")27(,2($/

r
SO(3)
S1

#+*)
c
SO(3)
1 (L)n−3 (/ cS1

1 (L)n−3,
2!&)

vol(Mr) =
1

2

(2π)n−3

(n − 3)!

∫

Sr//S1

kS1(cS1

1 (L)n−3 ^ cS1

1 (C(1)) ^ cS1

1 (C(−1)))

+/% 2!" � 7)2 )2"* () %$/" �
�/ $7%"7 2$ +**'5 2!" '$ ,+'(�+2($/ 2!"$7"# 3 �- �� S" #+�" +/ "C*'(,(2 ,!$(,"

$? + # +C (# +' )&>2$7&)
S1 ⊂ SO(3) :

'"2
S1 > " 2!" )&>07$&* 2!+2 +,2) $/ "+,!

)*!"7" >5 7$2+2($/ +'$/0 2!"
z=+C () � ( �" �
S1 × S2

rj
→ S2

rj

(θ, ej) 7→ Aθej



G �G ��� H
��<� ���
	�< I�

S!"7"
Aθ =







1 0 0

0 cos θ sin θ

0 −sin θ cos θ







+/%
ej =







e1,j

e2,j

e3,j







.

 !() +,2($/ () 
 +# ('2$/(+/ S (2! #$# "/2 # +* 2!" !"(0!2 ?&/,2($/

µ : S2
rj

→ s1 ' R

ej 7→ ht(ej) := e3,j .

�$2" 2!+2 2!" �C"% *$(/2) $? 2!() +,2($/ +7" 2!" /$72! * $'"
Nj

+/% 2!" )$&2!
*$'"

Sj
+/% 2!" (# +0"

µ(S2
rj

)
() 2!" )"0# "/2

[µ(Sj), µ(Nj)] = [−rj , rj]
�(/

+07""# "/2 S (2! 2!" ,$/L"C (25 2!"$7"# ��
 !")" $>)"7L+2($/) "C2"/%) "+)('5 2$ 2!" *7$%&,2 # +/(?$'% Sr :

+ *$(/2 (/
Sr

() 0(L"/ >5 2!"
n=2&*'" (e1, . . . , en),

+/% 2!" +,2($/ $? 2!" # +C(# +' 2$7&)
S1 ()

S1 × Sr → Sr

(θ, (e1, . . . en)) 7→ (Aθe1, . . . , Aθen).
 !() +,2($/ () ,'"+7'5 )2('' 
 +# ('2$/(+/ +/% � >5 '(/"+7(25� !+) #$# "/2 # +*
2!" )&# $? 2!" !"(0!2) � ( �" � (?

ej = (xj , yj, zj)
2!"/

µ(e1, . . . , en) =
∑

j zj .1 *$(/2
(e1, . . . , en)

() �C"% >5 2!() +,2($/ (? +/% $/'5 (?
ej ∈ {Nj , Sj}?$7 "+,!

j ∈ {1, . . . , n}, +/% 2!")" *$(/2) +7" ()$'+2"% � �$7 2!")" * $(/2) S"
(/27$%&," + #$7" !+/%5 /$2+2($/

�
'"2

I
> " +/5 )&>)"2 $? {1, . . . , n}, S" %"�/"

fI
2$ > " 2!" *$(/2

(e1, . . . , en) ∈ Sr
)&,! 2!+2

ej
() + )$&2! *$'" (?

j ∈ I,
+

/$72! *$'" $2!"7S ()" �  !&) +'' 2!" �C"% *$(/2) +7" +
fI

?$7 )$# " (/%"C )"2
I+/%

µ(fI) =
∑

i/∈I

ri −
∑

i∈I

ri := R+
I − R−

I .

� �� �� �V � �$2" 2!+2
R+

I −R−
I 6= 0

?$7 +''
I;
(/ ?+,2

R+
I −R−

I = 0
S$&'% #"+/

2!+2 * $'50$/) $/ + '(/" +7" *$))(>'" � S!(,! () +0+(/)2 2!" +))&#*2($/ 2!+2
Mr

() + # +/(?$'% �  !() (# *'(") 2!+2
0
() + 7"0&'+7 L+'&" $? 2!" # $# "/2 # +*

µ,
(/ ?+,2

dxµ
() (%"/2(,+''5

0
(? +/% $/'5 (?

x = fI :
?$7 "+,! 2+/0"/2 L",2$7

v = (v1, . . . , vn) ∈ TxS, dxµ(v) =
∑

j ζj
S!"7"

ζj
() 2!" 2!(7% ,$#*$/"/2 $?

vj .
F$

dxµ ≡ 0 ⇐⇒ ζj = 0 ∀j ⇐⇒ x = fI .



R� G � ��� H
��<� 
�
Mr

�$7 2!" 12(5+! +/% 6&(''"# (/=F2"7/> "70 ,$/L"C (25 2!"$7"# � 2!" (# +0"
µ(Sr)

() 2!" ,$/L"C !&'' $? 2!" *$(/2)
µ(fI),

( �" �

µ(Sr) =
[

−
n∑

i=1

ri,

n∑

i=1

ri

]

.

 !" (%"+ () /$S 2$ +**'5 2!"$7"# 3 �- �� 2$ ,+',&'+2" 2!" L$'&# " $? Sr//S
1.E!$$)"

p0 = 0
+/%

p1 >
∑n

i=1 ri,
)$ 2!+2

µ−1(p1)
() "#*25� 2!() (#*'5 2!+2

2!" (/2"07+' $L"7 Sr//S
1(p1)

() �"7$ +/%
∫

Sr//S1

k(ã) =
∑

∫

XH//T (q)

kq(λH(ã|
XH

))

S!"7" 2!" )&# () # +%" $L"7 2!" S+'')
µ(XHi)

2!+2 2!" *+2!
Z = [0, p1] ⊂ R,7$))") +2

qi.M$7"$L"7 /$2" 2!+2 2!" S+'') (/
µ(Sr)

+7" �&)2 2!" *$(/2)
µ(fI),

+/% 2!"
*+2!

Z
,7$))") 2!" S+'')

µ(fI)
$/'5 ?$7 2!$)"

I
)&,! 2!+2

R+
I − R−

I > 0.
�"

,+'' 2!")"
I
+%# ())(> '" +/% %"�/" I 2$ > " 2!" )"2 $? +'' 2!" +%# ())(> '"

I.
�"

,+/ +')$ *$(/2 $&2 2!+2 2!" K&$2("/2 )*+,")
XH//T (q)

+7" �&)2 *$(/2) � 2!&)
∫

Sr//S1

k(ã) =
∑

I∈I
kI(λI(ã|fI

)).

�$S S" S ('' )2&%5 2!" /$7# +' >&/%'"
νfI

(/ $7%"7 2$ S$7� $&2 2!" %"2+(')
/","))+75 2$ &)" 2!" "K&(L+7(+/2 %"),7(*2($/ 3 �- �- $?

λfI
. !"

f ′
I

) +7" * $(/2) 2!&) ?$7 "+,!
I
2!" /$7# +' >&/%'"

νfI
() 2!" %(7",2

)&# $? ,$*(") $?
TNj

S2
rj

+/%
TSj

S2
rj

.
F$ � (?

k
() 2!" /&#>"7 $? )$&2! *$'") (/

fI ,
( �" �

k = |I|, 2!"/
νfI ' Cn−k

(1) ⊕ Ck
(−1).

 !" "K&(L+7(+/2 F"07" ,'+))") 2!+2 +** "+7 (/ 3 �- �- ?$7# +''5 '(" (/
H∗

T/H(fI),S!"7"
H ' S1 () 2!" )&>07$&* $? T

+))$,(+2"% 2$ 2!" S+''
µ(fI);

(/ $&7 ,+)"
T
()

S1 (2)"'? � 2!"/ sw(νfI)
'(") (/ 2!" %" O!+# ,$!$#$'$05 7(/0

H∗(fI).
 !"

>&/%'"
νfI

!+) 7+/� $/" � +/% 2!"
j=2! E!"7/ ,'+))")

cj(C(±1))
+7" �"7$ ?$7

"+,!
i
+/%

j
�> ",+&)" � ?$7 "+,!

I, νfI
() + '(/" >&/%'" $L"7 + * $(/2� � 2!"/

cw(νfI) =
∏

i

i = (−1)n−k



G �I ���<���� R�

S!"7"
k
() 2!" /&#>"7 $? )$&2! *$'") �  !"/

sw
j (νfI)

{

(−1)n−k j = 0, k = |I|
0

$2!"7S ()"
M$7"$L"7 �

k(fI) = 1
?$7 "+,!

I
> ",+&)" 2!" 2!" S"(0!2) +7" +'' ±1.

�" !+L" /$S +'' 2!" (/07"%("/2) 2$ +**'5 2!" "K&(L+7(+/2 ?$7#&'+ 3 �- �-
+/% ,+',&'+2"

λI(ã|fI
),
S (2!

ã = cS1

1 (L)n−3 ^ cS1

1 (C(1)) ^ cS1

1 (C(−1)).�7$# 2!" ,$/)27&,2($/ $? 2!" '(/" >&/%'" L S" #+%" +>$L" � (2 ?$''$S ) 2!+2
L|fI

= C(R+
I
−R−

I
)

S!"7" +0+(/
I
() 2!" (/%"C )"2 2!+2 %"2",2) 2!" )$&2! *$'") �

 !&)
cS1

1 (L)|fI
= (R+

I − R−
I )u,

S!"7"
u
() 2!" *$)(2(L" 0"/"7+2$7 $? 2!" "K&(L+7(+/2 ,$!$#$'$05 $? + *$(/2

H∗
S1(fI).

F(# ('+7'5�

cS1

1

(

C(1)

)

|fI

= u, cS1

1

(

C(−1)

)

|fI

= −u.

F$
ã|fI

= −(R+
I − R−

I )n−3un−1

+/%
λI(ã|fI

) = −(−1)k(R+
I − R−

I )n−3un−1.

 $ �/()! 2!" *7$$? S" )!$&'% /$S +**'5 2!" � (7S+/ #+*
kq : H∗

T/H(XH) →
H∗(XH//T (q))

+) (/ 3 �- ��� �$2" 2!+2 (/ $&7 ,+)"
T
()

S1 (2)"'? +/% 2!" �C"%
*$(/2) )"2)

XH +7" 2!"
fI
N) � )$

kq : H∗(fI) → H∗(fI)
() 2!" (%"/2(25 # +* �

 !&) � )&## (/0 $/ +'' 2!" +%# ())(> '"
I,
2!" 7")&'2 ?$''$S ) �

� � ��������

"2
r = (2, 1, 8, 2, 4)

� �" *7$L"% (/ - �3 2!+2
Mr

() ,$>$7%+/2
CP2.

I = ∅ ⇒ R+
I − R−

I = 17 ⇒ ∅ () +%# ())(> '" �
I = {1} ⇒ R+

I − R−
I = 13 ⇒ {1} () +%# ())(> '" �



R9 G � ��� H
��<� 
�
Mr

I = {2} ⇒ R+
I − R−

I = 15 ⇒ {2} () +%# ())(> '" �
I = {3} ⇒ R+

I − R−
I = 1 ⇒ {3} () +%# ())(> '" �

I = {4} ⇒ R+
I − R−

I = 13 ⇒ {4} () +%# ())(> '" �
I = {5} ⇒ R+

I − R−
I = 9 ⇒ {5} () +%# ())(> '" �

I = {1, 2} ⇒ R+
I − R−

I = 11 ⇒ {1, 2} () +%# ())(> '" �
I = {1, 3} ⇒ R+

I − R−
I = −3 ⇒ {2, 4, 5} () +%# ())(> '" �

I = {1, 4} ⇒ R+
I − R−

I = 9 ⇒ {1, 4} () +%# ())(> '" �
I = {1, 5} ⇒ R+

I − R−
I = 5 ⇒ {1, 5} () +%# ())(> '" �

I = {2, 3} ⇒ R+
I − R−

I = −1 ⇒ {1, 4, 5} () +%# ())(> '" �
I = {2, 4} ⇒ R+

I − R−
I = 11 ⇒ {2, 4} () +%# ())(> '" �

I = {2, 5} ⇒ R+
I − R−

I = 7 ⇒ {2, 5} () +%# ())(> '" �
I = {3, 4} ⇒ R+

I − R−
I = −3 ⇒ {1, 2, 5} () +%# ())(> '" �

I = {3, 5} ⇒ R+
I − R−

I = −7 ⇒ {1, 2, 4} () +%# ())(> '" �
I = {4, 5} ⇒ R+

I − R−
I = 5 ⇒ {4, 5} () +%# ())(> '" �

 !&) � )&## (/0 $/ +'' 2!" +%# ())(> '"
I ′) S" 0"2 �

	��
(Mr) = −π2

(

172
︸︷︷︸

|I|=0

− (132 + 152 + 1 + 132 + 92)
︸ ︷︷ ︸

|I|=1

+ (112 + 92 + 52 + 112 + 72 + 52)
︸ ︷︷ ︸

|I|=2

−

− (32 + 1 + 32 + 72)
︸ ︷︷ ︸

|I|=3

)

= −π2(−2) = 2π2.

M$7" 0"/"7+''5� '"2
∆0

> " 2!" 7"0($/ (/
Ξ ∈ R5 $? 7"0&'+7 L+'&") ?$7 2!"

# $# "/2 # +*
µ

U6
1

%"'(# (2"% >5 2!" ?$''$S (/0 S+'')
�

ri <
∑

j 6=i

ri; ∀i,

∑

i∈{3,j}
ri >

∑

i∈{3,j}c

ri; ∀j = 1, 2, 4, 5; {3, j}c := {1, . . . , 5} \ {3, j}

∑

i∈{j,k,`}
ri >

∑

i∈{j,k,`}c

ri; ∀j, k, ` = 1, 2, 3, 4; {j, k, `}c := {1, . . . , 5} \ {j, k, `}.



G �I ���<���� RG

F$ ?$7
r
N) (/

∆0
2!" )"2 $? +%# ())(> '"

I
N) ()

I =
{
{t}, {3, j}, {j, k, `}/t = 1, . . . , 5; j, k, ` = 1, 2, 4, 5

}
.

 !"/ � +**'5(/0 2!"$7"# 3 �3 �� � (2 () + ,+',&'+2($/ 2$ ,!",� 2!+2 2!" L$'&#"
?$7 2!" +))$ ,(+2"% )5#*'",2(, K&$2("/2

Mr
()

L$'
Mr = 2π2(r1 + r2 − r3 + r4 + r5)

2

+/% � >",+&)" 2!" * "7(# "2"7 ∑n
i=1 ri = p

() �C"% � (/ *+72(,&'+7
p = 2

$/
Ξ,2!"/ S" 0"2

L$'
Mr = 2π2(2 − 2r3)

2.
� �� �� -@ � �$2" 2!+2

r = (2, 1, 8, 2, 4) /∈ Ξ,
(/ ?+,2 ∑n

i=1 ri = 17.
�$7=

# +'(� (/0 (2
r̄ = 2

17
(2, 1, 8, 2, 4),

+/% 2!" L$'&#" $? 2!" +))$ ,(+2"% )5#*'",2(,
K&$2("/2

Mr̄
,+/ > " %"%&,"% >5 2!" L$'&# " $?

Mr
>5 7"),+'(/0 � ( �" �

L$'
Mr̄ =

( 2

17

)2L$'
Mr =

( 2

17

)2

2π2

(/ +,,$7%+/," S (2! 2!" ?$7#&'+ +>$L" �
"2 &) /$S ,+',&'+2" 2!" L$'&#" $?

Mr
?$7

r = (1, 4, 8, 2, 4),
�S!(,! ()

2!" )",$/% "C+#*'" S" "C+# (/"% (/ )",2($/ - �3� � +/% (/ 0"/"7+' ?$7
r
N) (/

2!" 7"0($/ $? 7"0&'+7 L+'&")
∆1

)&,! 2!+2
r = (1, 4, 8, 2, 4) ∈ ∆1.

� ? ,$&7)"
(2 S+) * $))(> '" 2$ ,+',&'+2" 2!" )"2 I $? +%# ())(> '"

I
?$7

r ∈ ∆1
+) %$/" (/

2!" *7"L($&) "C+#*'" � 1/5S+5 7",+'' 2!+2
∆1

,+/ > " 7"+,!"% ?7$#
∆0

>5
,7$))(/0 2!" S+''

r1 + r3 = r2 + r4 + r5.
�2 () (##"%(+2" 2$ ,!",� 2!+2 ?$7

r0 ∈ ∆0
2!"/

r0
1 + r0

3 > r0
2 + r0

4 + r0
5

�+/% (/ ?+,2
I = {2, 4, 5} () +%# ())(> '"�

+/%
r1
1 + r1

3 < r1
2 + r1

4 + r1
5

?$7
r1 ∈ ∆1.

F$ ?$7
r1 ∈ ∆1, {2, 4, 5}

() /$ '$/0"7
+%# ())(> '" � S!('" (2) ,$#*'"# "/2 () �

F$
∆1

() 2!" 7"0($/ %"'(# (2"% >5

ri <
∑

j 6=i

ri; ∀i,

∑

i∈{3,j}
ri >

∑

i∈{3,j}c

ri; ∀j = 2, 4, 5; {3, j}c := {1, . . . , 5} \ {3, j}

r1 + r3 < r2 + r4 + r5; r1 + r2 + r5 > r3 + r4; r1 + r2 + r4 < r3 + r5.
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��<� 
�
Mr

F$ ?$7
r ∈ ∆1

2!" +%# ())(> '"
I
+7"

I = {{t}; {3, j}; {1, 2, 5}; {1, 2, 4}; {2, 4, 5}/t = 1, . . . , 5; j = 2, 4, 5}.
10+(/ � +**'5(/0 2!"$7"# 3 �3 �� � (2 () + �'$/0 � >&2 /$2 L"75 (/)27&,2(L"� ,+',&=
'+2($/ 2$ L"7(?5 2!+2

L$'
(Mr)

4π2
= 2r1(p − r1 − 2r3)

S!"7" +) &)&+'
p
() 2!" �C"% * "7(# "2"7 �

� �� �� -� � �$2" 2!+2 2!" K&+/2(25
R+

I − R−
I

+))$ ,(+2"% 2$ +/ +%# ())(> '"
I() +,2&+''5 2!" J&,'(%"+/ %()2+/," $?

r
?7$# 2!" S+'' ∑

i∈Ic ri >
∑

i∈I ri.
F$

+)
r → rc, rc > "(/0 2!" S+'' ,7$))(/0 *$(/2 � R+

I −R−
I

%",7"+)") �+/% (2 () �"7$
$/ 2!" S+''=,7$))(/0 * $(/2� �
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�/ 2!() ,!+*2"7 S" S ('' # +(/'5 ?$ ,&) $&7 +22"/2($/ $/ 2!" %"),7(*2($/ $?
Mr

+) 2!" )5#*'",2(, K&$2("/2 $? 2!" 67+))# +//(+/)
Gr2,n

$? -=*'+/") (/ Cn

>5 2!" +,2($/ $? 2!" # +C(# +' 2$7&)
Un

1

�+) (/ )",2($/ ��3� +/% S" "C*'(,(2'5
%"),7(> " !$S 2!" %(�"$25* " $? 2!" # +/(?$'%

Mr
,!+/0") +)

r
,7$))") + S+''

(/
Ξ = µ

Un
1
(Gr2,n)

�
 !" (# +0"

Ξ = µ
Un

1
(Gr2,n)

L(+ 2!" #$# "/2 # +* +))$,(+2"% 2$ 2!"
Un

1
=

+,2($/ () � >5 2!" ,$/L"C (25 2!"$7"# ��12 � ��6FT-�� � + ,$/L"C *$'52$* " � 2!"
7"0($/) $? 7"0&'+7 L+'&") (/

ξ,
S!(,! S ('' > " %"/$2"% >5

∆i,
+7" )"*+7+2"%

>5 S+'') � ( �" � >5 2!" (# +0")
µ

Un
1
(GrH

2,n)
$? 2!" )"2) $? *$(/2) �C"% >5 2!"

)&>07$&*)
H ' S1 $? Un

1 .
�/ )",2($/ A �� S" S ('' %"),7(> " !$S 2!" S+''=,7$))(/0

%(7",2($/ %"2"7# (/") 2!" $7("/2+2($/ $? 2!" )&>07$&*
H
+))$,(+2"% 2$ 2!" S+'' �

(/ )",2($/ A �- S" )!$S 2!+2 ,7$))(/0 + S+'' ,+/ >" (/2"7*7"2"% (/ 2"7# ) $? >'$S
&* +/% %$S/ $? )&>#+/(?$'%) � +/% ,!+7+,2"7(�" 2!")" )&># +/(?$'%) (/ 2"7# )
$? #$%&'( )*+," $? '$S"7 %(# "/)($/ �

� � � ��� ���	� 	�� �� ���	�	 ��� 	� 	�� �������������
�����	 ���

�7$# /$S $/ � S!"/ 2!() S ('' �""* 2!" /$2+2($/ #$7" !+/%5� S" S ('' %"/$2"
>5

X
2!" 2!" ,$#*'"C 67+))# +//(+/

Gr2,n
+/% >5

T
2!" # +C(# +' 2$7&)

Un
1

88
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$? %(+0$/+' # +27(,") (/ 2!" &/(2+75 )&>07$&*
Un."2

r0 +/%
r1 >" 7"0&'+7 L+'&") $? 2!" # $#"/2 # +* µT : X → Ξ ⊂ Rn

'5 (/0 (/ %(�"7"/2 7"0($/) �
∆0

+/%
∆1

7")* ",2(L"'5� $? 7"0&'+7 L+'&") � �7$#
7"# +7� 8 S" �/$S 2!+2 2!" S+''

W
>"2S""/

∆0
+/%

∆1
!+) "K&+2($/

p
∑

j=1

rij =

q
∑

k=1

rik , p + q = n
�A ���

?$7 )$# "
Ip = {i1, . . . ip}

+/%
Iq = {i1, . . . , iq}

*+72(2($/ $? {1, . . . , n}. �2 ()
/$2 7")27(,2(L" 2$ +))&#" 2!+2

r0 ∈ ∆0
)+2()�")

∑

i∈Ip

r0
i >

∑

i∈Iq

r0
i

�A �-�

+/%
r1 ∈ ∆1

)+2()�")
∑

i∈Ip

r1
i <

∑

i∈Iq

r1
i .

�A �3�

� ������
� I �� � 1 S+'' $? "K&+2($/ �A ��� 2$0"2!"7 S (2! 2!" %+2+ $? + S+''
,7$))(/0 %(7",2($/ ?7$#

∆0
2$

∆1
+) (/ �A �-� +/% �A �3� () )+(% + �� � �� ��� �

(p, q).

�$2" 2!+2 2!" ,!+/0" $? 2!" S+'' ,7$))(/0 %(7",2($/ ,!+/0") 2!" 25* " $?
2!" S+'' � ( �" � + S+'' $? "K&+2($/ �A ��� ,7$))"% ?7$#

∆1
2$

∆0
() + S+'' $? 25* "

(q, p).�$7 )(# *'(,(25� '"2 &) � 7)2 +/+'5�" (/ %"2+(' 2!" ,+)"
Ip = {1, . . . , p} +/%

Iq = {p + 1, . . . , n} S!"/ 2!" S+'' W
!+) "K&+2($/

r1 + . . . + rp = rp+1 + . . . + rn.

 !" %(7",2($/) /$7# +' 2$ 2!() S+'' +7" ±v0 = ±( 1, . . . , 1
︸ ︷︷ ︸

p

,−1, . . . ,−1
︸ ︷︷ ︸

q

)
+/%

2!" )&>07$&*
H

$?
T
+))$,(+2"% 2$ 2!" S+'' �( �" � )&,! 2!+2

W
() + ,$//",2"%

,$#*$/"/2 $?
µT (XH)

� ()
H = 〈±v0〉,

(/ $2!"7 S$7%)

H = {%(+0( e±iθ, . . . , e±iθ

︸ ︷︷ ︸

p

, e∓iθ, . . . , e∓iθ

︸ ︷︷ ︸

q

)/θ ∈ S1}.
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�

�2 () ,'"+7 2!+2 2!" ,!$(," $? 2!" )(0/ ± %"2"7# (/") 2!" $7("/2+2($/ $? 2!"
)&>07$&*

H ;
S" S+/2 2$ $7("/2 (2 +,,$7%(/0'5 S (2! 2!" S+'' ,7$))(/0 %(7",2($/ �

��" >$77$S 2!" ?$''$S (/0 /$2+2($/ ?7$# M+72(/ �M+ �� � 1 ))&#" S" S+/2 2$
,7$)) 2!" S+''

W
?7$#

∆0
2$

∆1
+/% '"2

Z
> " + 27+/)L"7)" *+2! ?7$#

r0

2$
r1 �/$2" 2!+2 2!() %"�/") +/ $7("/2+2($/ $/

Z
� S!(,! ,7$))") 2!" S+''

W+2
q = Z ∩ µT (XH).

 !"/ + *$)(2(L" 2+/0"/2 L",2$7 (/
TqZ,

2!$&0!2 +) +/
"'"# "/2 $?

t∗,
%"�/") + '(/"+7 ?&/,2($/+' $/

t
S!(,! 7")27(,2) 2$ + /$/=�"7$

?&/,2($/+' $/ 2!"  (" +'0">7+
h
$?

H.
�" $7("/2

H
2$ > " * $)(2(L" 7")* ",2 2$

2!() ?&/,2($/+' �
�/ $&7 ,+)" � '"2

Z
> " 2!" )"0# "/2

Z(t) = (1 − t)r0 + t r1, t ∈ [0, 1],

+/% +))&#" S" ,7$)) 2!" S+'' +2 2!" 2(# "
tq,

( �" �
q = Z(tq).

 !" 2+/0"/2 L",2$7
d
dt

Z(t)|t=tq
= −r0 + r1 (/ TqZ

%"�/") $/
h
2!" ?&/,2($/+' 2!+2 +))$,(+2") 2$

v ∈ h
2!" (//"7 *7$%&,2 〈−r0 + r1, v〉.

�/" >"2S""/
v0

+/% −v0
)+2()?5 2!" ,$/%(2($/ 2!+2 2!" +>$L" (//"7 *7$=

%&,2 () *$)(2(L" � +/% 2!+2 %"2"7# (/" $/
H

2!" $7("/2+2($/ * $)(2(L" S (2! 7"=
)* ",2 2$ 2!" S+''=,7$))(/0 %(7",2($/ � 47",()"'5

H = 〈−vo〉 = 〈(−1, . . . ,−1
︸ ︷︷ ︸

p

, 1, . . . , 1
︸ ︷︷ ︸

q

)〉.

�/ ?+,2 � ?7$# �A �-� +/% �A �3� ?$''$S )

〈−r0 + r1,−v0〉 =

p
∑

i=1

r0
i −

p
∑

i=1

r1
i −

n∑

i=p+1

r0
i +

n∑

i=p+1

r1
i > 0.

�/ 2!" 0"/"7+' ,+)" $? + S+''
W

$? "K&+2($/) ∑
i∈Ip

ri =
∑

i∈Iq
ri

�+) (/
�A ���� )(# ('+7 +70&#"/2) !$'% � 47",()"'5� '"2

εi = 1
(?

i ∈ Ip
+/%

εi = −1
(?

i ∈ Iq,
2!"/ 2!" /$7# +') 2$ 2!" S+'' +7" ±v0 = (ε1, . . . , εn). !" $7("/2+2($/ $?

H
*$)(2(L" S (2! 7")* ",2 2$ 2!" S+'' ,7$))(/0 ?7$#

∆02$
∆1

�+) %"�/"% (/ �A �-� +/% (/ �A �3�� () 2!" $/" %"2"7# (/"% >5 −v0.
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� � �������� � ���� � � 	���
(p, q)

�/ �6FTV� 6&(''"# (/ +/% F2"7/>"70 0(L" + 2!$7$&0! +/+'5)() $? S+'' ,7$))=
(/0 *7$>'"# ) 7"'+2(L" 2$ �K&+)(=?7""� S1=+,2($/) �  !"5 +')$ *$(/2 $&2 2!+2
2!"(7 ,$/)27&,2($/ ,+/ > " #+%"

H ′="K&(L+7(+/2 � S!"/ H ′ () + ,$#*+,2 07$&*
,$##&2(/0 S (2! 2!"

S1=+,2($/ � �/ *+72(,&'+7 � 2!() () 2!" )(2&+2($/ S!"/
)2&%5(/0 !$S 2!(/0) ,!+/0" +) S" ,7$)) + (//"7 S+'' (/ 2!" # $# "/2 (# +0" >5
2!" +,2($/ $? + 2$7&) = +) (2 () $&7 ,+)" � S!"7" Un

1

%",$#*$)") (/ 2!" *7$%&,2
$? 2!" )&>07$&*

H ' S1 +))$,(+2"% 2$ 2!" S+'' +/% �$/" $? � (2) ,$#*'"# "/2) �
�/ 2!" # $7" 0"/"7+' )"22(/0 $? 2!" +,2($/ $? + 2$7&) � 6&(''"# (/ +/% F2"7/=

> "70 )!$S 2!+2 � +) $/" *+))") 2!7$&0! + (//"7 S+'' $? 2!" # $#"/2&# *$'5=
2$* " � 2!" %(� "$25* " $? 2!" +))$,(+2"% 7"%&,"% )*+," ,!+/0") + >5 >'$S (/0 &*
?$''$S"% >5 + >'$S (/0 %$S/ �

�" S+/2 2$ *$(/2 $&2 )$# " $? 2!" +70&# "/2) ?7$# 6&(''"# (/ +/% F2"7/=
> "70 �)"" �6FTV� ���� 2!+2 S ('' > " &)"?& ' (/ $&7 *7$$?

�
7",+'' 2!+2 "+,! '(/"+7

S1=+,2($/ $/
Cn �S!(,! () 2!" '$ ,+' #$%"'� () % (+0$/+'(�+>'" S (2! "(0"/L+=

'&")
eikθ;

&/%"7 2!" +))&#*2($/ 2!+2 2!" +,2($/ () K&+)(=?7"" 2!" S"(0!2) +7"
k = ±1

�2!" ,+)"
k = 0

S ('' /$2 +** "+7 (/ 2!" ,+)" $? 2!" # $%&'( )*+," $?
* $'50$/) � +/% � "L"/ (/ 2!" 0"/"7+' ,+)" � 2!" ,$$7%(/+2") +,2"% $/ S (2! S"(0!2
@ ,$77")* $/%) 2$ 27(L (+' +,2($/) S!(,! ,+/ > " ?+,2$7"% $&2� � M$7"$L"7 � @ ()
2!" $/'5 �C"% *$(/2 +/% 2!" 
 "))(+/ (/ @ $? 2!" +))$,(+2"% #$#"/2 # +* !+)
)(0/+2&7"

(2χ−, 2χ+)
� S!"7"

χ+ () 2!" /&#>"7 $? *$)(2(L" S"(0!2) +/%
χ− ()

2!" /&#>"7 $? /"0+2(L" $/") � 6&(''"# (/ +/% F2"7/> "70 )!$S ) 2!+2 ,7$))(/0
+ S+'' +))$,(+2"% 2$ 2!()

S1=+,2($/ ,!+/0" 2!" %(�"$25* " $? 2!" +))$ ,(+2"%
7"%&,"% # +/(?$'% >5 >'$S (/0 &* + )&>#+/(?$'% $? ,$#*'"C %(# "/)($/

χ+ − 1?$''$S"% >5 2!" >'$S (/0 %$S/ $? + )&># +/(?$'% $? ,$#*'"C %(# "/)($/
χ−−1.

� �� �� -- � �$2" 2!+2 2!" S+''=,7$))(/0 %(7",2($/ () ,'"+7 > ",+&)"
S1 () (/=

2"/%"% S (2! (2) )2+/%+7% $7("/2+2($/ � �? S" S ()! 2$ ,7$)) 2!" S+'' 2!" $2!"7
S+5 7$&/% � ( �" � (? S" ,!$$)" $/

S1 2!" �,'$ ,�S ()"� $7("/2+2($/ � 2!() ,!+/0")
2!" 7$'") $?

χ+ +/%
χ− +/% =+) S" S$&'% "C* ",2= 2!() S+'' ,7$))(/0 !+) 2!"

"�",2 2$ >'$S &* + )&>#+/(?$'%) $? %(# "/)($/
χ− − 1

+/% 2!"/ >'$S %$S/ +
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(p, q)

R�

)&>#+/(?$'% $? %(# "/)($/
χ+ − 1.

� �� �� -3 � �/ 2!" /+2&7" $? 2!")" 2S$ )&>#+/(?$'%) � +/% !$S 2!"5 +7"
7"'+2"% $/" 2$ 2!" $2!"7 � S" S ('' > " # $7" "C*'(,(2 '+2"7 $/ � 0(L (/0 +'' 2!"
%"2+(') ?$7 2!" )* ",(�, ,+)" $? #$%&'( )*+," $? *$'50$/) � �" ,+/ 2!$&0!
+/2(,(*+2" 2!+2 2!")" 2S$ )&># +/(?$'% +7" +,2&+''5 2S$ *$))(>'" 7")$'&2($/
$? 2!" �,$/(,� )(/0&'+7(2(") 2!+2 ,$77")* $/% 2$ '(/"% *$'50$/) (/ 2!" )(/0&'+7
K&$2("/2

Mrc .

�/ 2!() )",2($/ S" S ('' S$7� $&2 +'' 2!" %"2+(') (/ 2!" ,+)" $? 2!" # $%&'(
)*+,"

Mr
+/% S" S ('' &)" (2) /(," )27&,2&7" 2$ 0(L" + ,!+7+,2"7(�+2($/ $? 2!"

>'$S"% &* +/% %$S/ # +/(?$'%) (/ 2"7# ) $? �'(22'"7� #$%&'( )*+,") �
O"#"#>"7 2!+2 (/ )",2($/ ��3 S" %"),7(> "% 2!" 67+))# +//(+/ +) 2!" )5# =

*'",2(, K&$2("/2 $? 2!" # +/(?$'%
Mn×2(C)

$? # +27(,")
n × 2

>5 2!" +,2($/ $?
2!" &/(2+75 07$&*

U2,
S!"/ 2!" '"L"' )"2 () 2!" F2("?"' # +/(?$'% $? $72!$/$7# +'

-=?7+# ") (/ Cn.
 !" 2$7&)

Un
1

$? %(+0$/+' # +27(,") (/ 2!" &/(2+75 07$&*
Un+,2) �>5 #&'2(* '(,+2($/ $/ 2!" '"?2� $/

Mn×2(C);
2!() +,2($/ ,$##&2") S (2!

2!"
U2
=+,2($/ +/% 2!&) %"),"/%) 2$ + �
 +# ('2$/(+/ � +,2($/ $/ 2!" 67+))# +/=

/(+/
Gr2,n.

 !" )5#*'",2(, K&$2("/2 7"'+2(L" 2$ 2!() +,2($/ +2 2!" '"L"' )"2
r() 2!" #$%&'( )*+,"

Mr
$? * $'50$/) S (2! �C"% )(%" '"/02!

r.
 !() () )&##+=

7(�"% >5 2!" ?$''$S (/0 %(+07+# � �S!"7" 2!" L"72(,+' +77$S ) +7" 2!" )5#*'",2(,
K&$2("/2)�

�

St2,n
�

�

//

��
=

=
=

=
=

=
=

=
Mn×2(C)

U2

��

µ−1
Un

1

(r) �

�

//

��
=

=
=

=
=

=
=

=

Gr2,n

Un
1

��

µ
Un

1
// Ξ ⊂ Rn

+

Mr

"2
H

>" 2!" $7("/2"% )&>07$&* +))$,(+2"% 2$ 2!" S+''
W

+/%
H ′ >" +
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,$#*'"# "/2 $?
H,

( �" �
Un

1 = H × H ′;
2!"/ >$2!

H
+/%

H ′ +,2) $/ Gr2,n
�>5

7")27(,2($/ $? 2!"
Un

1

+,2($/ � � +/% 2!")" +,2($/) +7" )2('' 
+# ('2$/(+/ S (2!
#$# "/2 # +*)

µH := pH ◦ µ
Un

1

+/%
µH′ := pH′ ◦ µ

Un
1
,
S!"7"

pH
+/%

pH′
+7"

2!" /+2&7+'  (" +'0">7+ N) *7$� ",2($/) $?
t∗
$/2$

h∗ +/% (h′)∗
7")* ",2(L"'5� F$

S" S+/2 2$ %"2"7# (/" 2!" )(0/+2&7"
(2χ+, 2χ−)

$? 2!" 
 "))(+/ $?
µH

+2 �C"%
*$(/2) �#$%&'$

H ′� �2!() ,+/ >" ?$7# +''5 %"),7(> "% (/ 2"7# ) $? 7"%&,2($/ (/
)2+0") � � 7)2 K&$2("/2(/0 >5

H ′ � 2!"/ +**'5(/0 2!" +/+'5)() %&" 2$ 6&(''"# (/
+/% F2"7/>"70 2$ 2!" 7")(%&+'

H =+,2($/ � �
�$S $/ � S!"/ 2!() S ('' ,7"+2" /$ ,$/?&)($/ � 2!" #$# "/2 # +*

µ
Un

1

7"'+2(L"
2$ 2!" +,2($/ $? 2!" 2$7&)

Un
1

S ('' > " %"/$2"% �&)2 >5
µ.

"2
XH > " 2!" )"2

$? �C"% *$(/2) >5 2!"
H =+,2($/ $/ 2!" 67+))# +//(+/ +/% rc >" 2!" * $(/2 $?

S+'' ,7$))(/0 � M$7"$L"7 '"2
ν := νXH

|
XH∩µ−1(rc)

>" 2!" 7")27(,2($/ 2$
µ−1(rc)$? 2!" /$7# +' >&/%'" 2$ 2!" �C"% *$(/2) )"2

XH ;
2!"/ 2!" /$7# +' >&/%'"

ν → XH ∩ µ−1(rc)

)*'(2) &/%"7 2!"
H =+,2($/ (/2$ 2!" %(7",2 )&#

ν+ ⊕ ν− $? 2S$ )&>>&/%'")
)&,! 2!+2

H
+,2) $/

ν+ S (2! *$)(2(L" S"(0!2) �2!" +,2($/ () K&+)(=?7"" � )$ 2!"
* $)(2(L" S"(0!2) +7" +'' � �� � +/% $/

ν− S (2! /"0+2(L" S"(0!2) � F$
χ+ +/%

χ−

+7" �&)2 2!" S"(0!2) $? 2!"
H

+,2($/ $/
νXH

|
XH∩µ−1(rc)

.1) (/ )",2($/ A �� S" S ('' � 7)2 +/+'5)" 2!" S+'' ,7$))(/0 $? + S+''
W

$?
"K&+2($/)

p
∑

i=1

ri =

q
∑

i=p+1

ri, p + q = n.

M$7"$L"7 )&**$)" +0+(/ 2!+2 S" +7" ,7$))(/0 2!" S+''
W

?7$#
∆0

2$
∆1,

+)
%"�/"% (/ A �- +/% A �3 � )$ 2!+2

W
() + S+'' $? 25* "

(p, q)
+/% 2!" )&>07$&*

H ' S1 +))$,(+2"% 2$ W
()

H = 〈(−1, . . . ,−1
︸ ︷︷ ︸

p

, 1, . . . , 1
︸ ︷︷ ︸

q

)〉,

( �" �
H = {%(+0( e−iθ, . . . , e−iθ

︸ ︷︷ ︸

p

, eiθ, . . . , eiθ

︸ ︷︷ ︸

q

)}. H
+,2) $/ 2!" )*+," $? # +27(=

,")
Mn×2

>5 #&'2(* '(,+2($/
� ∀(a, b) ∈ Mn×2
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� ����
(p, q)

��

%(+0
(e−iθ, . . . , eiθ) · (a, b) =







e−iθa1 e−iθb1��� ���
eiθan eiθbn







+/% � ?$7 "+,! �C"% *$(/2
P,

2!" S"(0!2) $? 2!"
H =+,2($/ $/ TP Mn×2

+7"















−1 −1��� ���
−1 −1

1 1��� ���
1 1















,

( �" � &/%"7 2!"
H =+,2($/ 2!" 2+/0"/2 )*+," TpMn×2

0"2 %",$#*$)"% (/ 2!" %(=
7",2 )&# $? ?$&7 )*+,") � S!(,! S" S ('' ,+''

A+, A−, B+, B−; A+
,$77")*$/%)

2$ 2!" %(7",2($/) $? 2!"
ai

,$$7%(/+2") +,2"% $/ S (2! S"(0!2
+1

�
A−

,$77"=
)* $/%) 2$ 2!"

ai
N) +,2"% $/ S (2! S"(0!2 −1

+/%
B+

+/%
B−

+7" )(# ('+7'5
%"�/"% S (2! 7")* ",2 2$ 2!"

bi
N) � �$2" 2!+2

%(#
CA+ = q,

%(#
CB+ = q,

%(#
CA− = p,

%(#
CB− = p.

 !" )"2
XH $? *$(/2) �C"% >5 2!"

H =+,2($/ ()

XH :=
{

[(a, b)] ∈ St2,n/U2 :

{

ai = 0 ∀i ≥ p + 1

bi = 0 ∀i ≤ p

}

µ−1(rc)
(/2"7)",2)

XH (/ + )&>#+/(?$'% $? 7"+' % (# "/)($/
n − 1,

(/ ?+,2 �
7",+''(/0 2!+2

µ(a, b) = (|a1|2 + |b1|2, . . . , |an|2 + |bn|2)
�)"" ���3 +/% �
� VD�� �

2!" "K&+2($/) |aj |2 = rc
j

+/% |bj |2 = rc
j

%$ /$2 %"2"7# (/" 2!" *!+)") $?
aj+/%

bj .
 !() )&># +/(?$'% () +

Un
1
=$7>(2 (/ µ−1(rc)∩XH ,

?$7 "C+#*'" (2 () 2!"
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����� ��� Q����

Un
1
=$7>(2 $? P ∈ µ−1(rc) ∩ XH %"�/"% +) ?$''$S

�

P :=















√
rc
1 0��� ���

√
rc
p 0

0
√

rc
p+1��� ���

0
√

rc
n















.

 !() � &)(/0 2!" K&+2"7/($/(, 
$*? # +* (/27$%&,"% (/ )",2($/ ��3 � (%"/2(�")
"C*'(,(2'5 2!" K&$2("/2

(µ−1(rc) ∩ XH)/Un
1

S (2! 2!" %"0"/"7+2" �( �" � '(/"% �
*$'50$/

[P ] ∈ Mr, [P ] = (r1 i, . . . , rp i,−rp+1 i, . . . ,−rn i),
S!"7"

i = (1, 0, 0)..5 %"�/(2($/
νXH = TX|

XH
�TXH

+/%
νXH

|(µ−1(rc)∩XH) = TX|(µ−1(rc)∩XH)�TXH
|(µ−1(rc)∩XH).

.5
Un

1
="K&(L+7(+/," � 2!" S"(0!2) $? 2!" H =+,2($/ $/ νXH

|Q
+7" ,$/)2+/2

?$7 "+,!
Q ∈ µ−1(rc)∩XH ,

+/% *7",()"'5 2!"5 +7" 2!" S"(0!2) $? 2!"
H =+,2($/

$/
νXH

|(µ−1(rc)∩XH). !&) S" S ('' ,+',&'+2" 2!" S"(0!2) $? 2!"
H =+,2($/ $/

νXH
|P .

�/ 2!()
)(2&+2($/ S" ,+/ (%"/2(?5 2!" $72!$0$/+' 2$

TP XH S (2! 2!" 7")27(,2($/ $? 2!"
/$7# +' >&/%'" 2$

XH ,
( �" �

νXH
|P ' T⊥

P XH .

M$7"$L"7 � ?7$# 2!" %"),7(*2($/ $?
Gr2,n

+) 2!" $7>(2 )*+," ?$7 2!"
U2
=

+,2($/ $/
St2,n

(2 ?$''$S )

TP Gr2,n ' T⊥
P (U2 · P ).

�� (2! + '(22'" +>&)" $? /$2+2($/ S" &)" 2!" )+# " )5#>$'
P
?$7 2!" "'"# "/2

(/
St2,n

+/% (2) ,'+)) (/
Gr2,n

� �
F$ 2$ ,+',&'+2" 2!" S"(0!2) $? 2!"

H =+,2($/ (/
νXH

|P

S" S ('' &)" 2!"
?$''$S (/0 (%"/2(�,+2($/)

�
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� ����
(p, q)

�G

TPSt2,n = TP (U2 · P ) ⊕ T⊥
P (U2 · P )

|o
TP Gr2,n = TP XH ⊕ T⊥

P XH

|o
νXH

|P
.

�$S � '"2

X̃H =
{







a1 b1��� ���
an bn







∈ St2,n :

{

ai = 0 ∀i ≥ p + 1

bi = 0 ∀i ≤ p

}

⊆ St2,n,

2!"/ > ",+&)" 2!"
U2
=+,2($/ +/% 2!" Un

1
=+,2($/ �+/% 2!&) +')$

H =+,2($/ � ,$#=
#&2") � 2!" ?$''$S (/0 (%"/2(�,+2($/ !$'%)

νXH
|P

' T⊥
P (X̃H ∩ (U2 · P )) ⊆ TP St2,n.

�" /$S %"2"7# (/" 2!" "K&+2($/) ?$7
T⊥

P (X̃H), T⊥
P (U2 · P )

+/%
TP St2,n;'"2

(a, b) ∈ Mn×2

(a, b) ∈ TP X̃H ⇐⇒
{

ap+1 = . . . = an = 0

b1 = . . . bp = 0
2!&)

(a, b) ∈ T⊥
P X̃H ⇐⇒

{

a1 = . . . = ap = 0

bp+1 = . . . = bn = 0

�A �A �

M$7"$L"7

(a, b) ∈ St2,n ⇐⇒







|a| =
∑n

i=1〈ai, ai〉 = 1

|b| =
∑n

i=1〈bi, bi〉 = 1

〈a, b〉 =
∑n

i=1〈ai, bi〉 = 0;

)$ � 7",+''(/0 2!+2 〈u, v〉 () 2!" )2+/%+7% 
 "7# (2(+/ *7$%&,2 � ( �" � 〈u, v〉 =
1
2
uv̄ + ūv,

+/% %(�"7"/2(+2(/0 2!" 7"'+2($/) +>$L" +2
P
S" 0"2

�
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����� ��� Q����

(a, b) ∈ TP St2,n ⇐⇒







∑n
i=1 aiᾱi + āiαi = 0

∑n
i=1 biβ̄i + b̄iβi = 0

∑n
i=1 aiβ̄i + ᾱibi = 0

�A �8�

�$2" 2!+2
(4.5)1

+/%
(4.5)2

+7" +,2&+''5 7"+' "K&+2($/) S!('"
(4.5)3

() +
,$#*'"C "K&+2($/ �

E!$$)"% + >+)() ?$7
TP (U2 · P ),

(2 () * $))(> '" 2$ ,$#*&2" 2!" "K&+2($/)
?$7

T⊥
P (U2 · P ),

S!(,! +7"
�

��<<� I �9 �� �

(a, b) ∈ T⊥
P (U2 · P ) ⇐⇒







∑n
i=1 aiᾱi − āiαi = 0

∑n
i=1 biβ̄i − b̄iβi = 0

∑n
i=1 aiβ̄i − ᾱibi = 0

�A �U�

� ���� � "2
(

ueiθ v

−v̄ ūeiθ

)

> " + 0"/"7(, "'"# "/2 (/
U2,

�
u, v ∈ C, θ ∈ S1� �

 !"/ � %"7(L+2(/0 � + 0"/"7(, "'"# "/2 $/ 2!"  (" +'0">7+
u2

()
(

ν + iθ η

−η̄ ν̄ + iθ

)

S (2!
ν
*&7" ,$#*'"C � ( �" �

ν = iφ, φ ∈ R,
+/%

η ∈ C.
 !&) 2!" (/�/(2")(# +'

+,2($/ $/
P = (α, β)

()

(

i(θ + φ) η

−η̄ i(θ − φ)

)

(α, β) =















i(θ + φ)α1 −η̄α1��� ���
i(θ + φ)αp −η̄αp

ηβp+1 i(θ − φ)βp+1��� ���
ηβn i(θ − φ)βn















.
�A �D�

 !" ?$''$S (/0 ,!$(,")
{

φ = θ

β = 0
;

{

φ = −θ

β = 0
;

{

φ = 0

θ = 0

%"2"7# (/" + >+)() $? 2!"  (" +'0">7+
u2.

 !&) + >+)() $?
TP (U2 · P )

() %"2"7=
# (/"% >5 "/2"7(/0 2!" ,!$(,") +> $L" (/ A �D � 1/ "'"# "/2

(a, b) ∈ TP St2,n
() (/
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(p, q)

�R

T⊥
P (U2 · P )

(? (2 () $72!$0$/+' 2$ "+,! "'"# "/2 $? + >+)() $?
TP (U2 · P ).

 !() �
?$7 2!" >+)() S" ,!$)" � 0(L") 2!" ?$''$S (/0 )5)2"#

�






∑p
j=1〈iαj , aj〉 = 0

∑n
j=p+1〈jβj, bj〉 = 0

∑p
j=1〈−η̄αj , bj〉 +

∑n
j=p+1〈ηβj, aj〉 = 0

?7$# S!(,! � 7",+''(/0 2!+2 〈u, v〉 = 1
2
uv̄ + ūv

() 2!" )2+/%+7% !"7# (2(+/ *7$%=
&,2 � 2!" 7")&'2 ?$''$S �

10+(/
(4.6)1

+/%
(4.6)2

+7" *&7" (# +0(/+75 "K&+2($/) � +/% )&# ) &* S (2!
(4.5)1

+/%
(4.5)2

2$ 0(L" 2S$ ,$#*'"C "K&+2($/) � $/" (/ 2!"
ai
N) +/% $/" (/

2!"
bi
N) � �

 !&)

(a, b) ∈ T⊥
P (X̃H ∩ (U2 · P )) ⊆ TP St2,n ⇐⇒







∑
aiᾱi = 0

∑
biβ̄i = 0

∑
aiβ̄i = 0

∑
biᾱi = 0

a1 = . . . = ap = 0

bp+1 = . . . = bn = 0

�A �T�

(4.8)1
+/%

(4.8)2
> ",$#") 27(L (+' S!"/ +))&# (/0

(a, b) ∈ T⊥
P X̃H �( �" � S!"/

7"K&(7(/0
(4.8)5

+/%
(4.8)6

� �
(4.8)3

)$'L") (/
A+,

+/%
(4.8)4

)$'L") (/
B−. !"

p
,$/%(2($/)

(4.8)5
)$'L" (/

A−
�+/% +,2&+''5 2!"5 � ('' (2 +''� � +/% 2!"

q
,$/%(2($/)

(4.8)6
)$'L" (/

B+.6"$#"27(,+''5� 2!() # "+/)
�

%(#
C(A+ ∩ νXH

|P ) = q − 1,%(#
C(A− ∩ νXH

|P ) = 0,%(#
C(B− ∩ νXH

|P ) = p − 1,%(#
C(B+ ∩ νXH

|P ) = 0.
���
 ���� ���� � �� ��� � �� ���� ��
� �� � �	
 ��� ��� 	

� 
�������� 
�
��� ���� 
 �


����� 

� ������
��� ��
 � �� �����
�� �� ��
 ��� 	

� ��������
GL2C

� � ��
 
� 
 ���	
U2.
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+/% 2!&) 2!" S"(0!2) $? 2!"
H =+,2($/ $/ νXH

|P
+7"

q − 1

{












−1

1 −1��� ���
1 −1

−1


















p − 1

F$
χ− = p − 1, χ+ = q − 1..5 �6FTV� � 2!() # "+/ 2!+2 S!"/

r
,7$))") 2!" S+'' ∑p

i=1 ri =
∑n

i=p+1 ri?7$#
r0 ∈ ∆0

2$
r1∆1

2!" +))$ ,(+2"% )5#*'",2(, K&$2("/2
Mr

,!+/0") >5
>'$S (/0 &* + )&># +/(?$'% $?

Mr0

%(� "$#$7*!(, 2$
CPp−2 2$ + CPq−2=>&/%'"

?$''$S"% >5 >'$S (/0 %$S/ 2!() %(L ()$7 � L("S"% +) +
CPp−2=>&/%'" $L"7 +

)&># +/(?$'% $?
Mr1

%(�"$#$7*!(, 2$
CPq−2 �

 !")" )&># +/(?$'%) S ('' > " ,!+7+,2"7(�"% (/ 2"7# ) $? # $%&'( )*+,") $?
'$S"7 %(# "/)($/ (/ )",2($/ A �- ���

��� ����	�� ��� � '"2
W

>" 2!" S+'' $? "K&+2($/ ∑
i∈Ip

ri =
∑

i∈Iq
ri?$7 0"/"7(, %()� $(/2 (/%"C )&>)"2)

Ip, Iq ⊂ {1, . . . , n} $? ,+7%(/+'(25
p
+/%

q7")* ",2(L"'5�
p + q = n.

.5 A �� � 2!" +))$ ,(+2"% )&>07$&*
H

2$ 2!() S+'' ()

H = 〈(ε1, . . . , εn)〉
S!"7"

εi =

{

−1
(?

i ∈ Ip

1
(?

i ∈ Iq+/% )$ 2!" S"(0!2) $? 2!"
H =+,2($/ $/ TP Mn×2, P

�C"% *$(/2 � +7"






ε1 ε1��� ���
εn εn







.

1) >"?$7" � 2!() # "+/) 2!+2 &/%"7 2!"
H =+,2($/ 2!" 2+/0"/2 )*+,"

TPMn×20"2 %",$#*$)"% (/2$ 2!" %(7",2 )&# $? )&>)*+,")
A+, A−, B+, B−

)&,! 2!+2
H

+,2) $/
A+

+/%
B+

S (2! S"(0!2 � � +/% %(#
CA+ =

%(#
CB+ = q; H

+,2)
$/

A−
+/%

B−
S (2! S"(0!2 −1

� +/% %(#
CA− =

%(#
CB− = p.
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� ����
(p, q)

�
�

 !" )"2 $? �C"% *$(/2)
XH ()

XH :=
{

[(a, b)] ∈ St2,n/U2 :

{

ai = 0 ∀i ∈ Iq

bi = 0 ∀i ∈ Ip

}

.

10+(/ �
XH ∩ µ−1(rc)

() + )&># +/(?$'% $? 7"+' % (# "/)($/
n − 1

+/% (2 () 2!"
Un

1
=$7>(2 $? P,

P1 := (δpα, δqβ)

S!"7"
δpα

() 2!" ,$'&#/ L",2$7
(δp

1α1, . . . , δ
p
nαn)

+/%
δqβ

() 2!" ,$'&#/ L",2$7
(δq

1β1, . . . , δ
q
nβn),

S (2!

δp
i =

{

1
(?

i ∈ Ip

0
(?

i ∈ Iq.
δq
i =

{

0
(?

i ∈ Ip

1
(?

i ∈ Iq.

�$S � +70&#"/2) )(# ('+7 2$ 2!" $/") &)"% >"?$7" !$'% � +/% S" ,+/ '(?2
>$2!

XH 2$
X̃H

(/)(%" 2!" F2("?"' # +/(?$'%
St2,n.

 !() '"2 &) ,+',&'+2" 2!"
"K&+2($/) ?$7

T⊥
P X̃H ⊂ TP St2,n

+/% (/ 2!" )+# " S+5 � )$ S" 0"2 2!" ?$''$S (/0
,$/%(2($/)

�

(a, b) ∈ T⊥
P X̃H ⇐⇒

{

ai = 0 ∀i ∈ Ip

bi = 0 ∀i ∈ Iq;

(a, b) ∈ TP St2,n ⇐⇒







∑n
i=1 aiδ

p
i ᾱi + āiδ

p
i αi = 0

∑n
i=1 biδ

q
i β̄i + b̄iδ

q
i βi = 0

∑n
i=1 aiδ

q
i β̄i + biδ

p
i ᾱi = 0;

(a, b) ∈ T⊥
P (U2 · P ) ⇐⇒







∑n
i=1 aiδ

p
i ᾱi − āiδ

p
i αi = 0

∑n
i=1 biδ

q
i β̄i − b̄iδ

q
i βi = 0

∑n
i=1 aiδ

q
i β̄i − biδ

p
i ᾱi = 0.

 !")" )&# ) &* 2$ 2!" ?$''$S (/0 )5)2"#

(a, b) ∈ T⊥
P (X̃H ∩ (U2 · P )) ⊆ TP St2,n ⇐⇒







∑
aiδ

p
i ᾱi = 0

∑
biδ

q
i β̄i = 0

∑
aiδ

q
i β̄i = 0

∑
biδ

p
i ᾱi = 0

ai = 0 ∀ i ∈ Ip

bi = 0 ∀ i ∈ Iq.

�A �V�



�� I � :	
����� ��� Q����

 !" )5)2"# )
(4.9)5

+/%
(4.9)6

)$'L" (/
A−

+/%
B+

7")* ",2(L"'5� � !"/
(4.9)5

+/%
(4.9)6

!$'% � 2!" "K&+2($/)
(4.9)1

+/%
(4.9)2

+7" 27(L (+''5 L"7(�"% �
(4.9)3

)$'L") (/
A+

+/%
(4.9)4

)$'L") (/
B−,

2!&) 2!" S"(0!2) $? 2!"
H =+,2($/

$/
νXH

1 |P1

+7"
(p − 1, q − 1) :

q − 1

{












−1

1 −1��� ���
1 −1

−1


















p − 1

 !() ,+',&'+2($/ *7$L") 2!" ?$''$S (/0
�

�	
�
����
� I �9 �9 � ���
W

��  �� � �� ��� �
(p, q)

�� ���
H

�� �� � 
��
������ ���� � �� ����� �� �� � � ��� � ����
���� �� �� � �� �
�
� �����	 � � ��� ���� �
�

�� �� � �� � 
������� ����
���� � �� �� ����
XH ∩ µ−1(rc)�

�� � � ���� �� �� �� �
H �
���� �� −1,

���� ��� ������ ��
��� 2(p−1),
��

+1,
���� ��� ������ ��
���

2(q − 1)
�

 !"7"?$7" � +,,$7%(/0 2$ 6&(''"# (/ +/% F2"7/> "70 �6FTV� � 2!() # "+/) 2!+2
Mr0

+/%
Mr1

+7" 7"'+2"% >5 + >(7+2($/+' # +* S!(,! () 2!" ,$#*$)(2" $? +
>'$S=&* +/% + >'$S=%$S/ �

JC*'(,(2'5� � 7)2 S" >'$S=&* + ,$*5 C0
$?

CPp−2 (/ Mr0

�  !() >'$S=&* () +
/"S #+/(?$'%

M̃
(/ S!(,!

C0
() 7"*'+,"% >5 (2) *7$� ",2(L (�"% /$7# +' >&/%'" �

S!(,! () +
CPq−2=>&/%'" $L"7 C0

∼= CPp−2 ,+''"% 2!" "C,"*2($/+' %(L ()$7 E (/
M̃

�/$2" 2!+2 E !+) ,$#*'"C %(# "/)($/
n−4

� !"/," !+) ,$#*'"C ,$%(# "/)($/
$/" (/

M̃
� �  !"7" () + # +*

p0 : M̃ → Mr0

S!(,! () + >(� ",2($/ "L"75S!"7"
"C,"*2 $L"7

C0
�

F",$/% � E () +')$ +
CPp−2=>&/%'" $L"7 CPq−2 +/% S" ,+/ >'$S=%$S/ M̃>5 7"*'+,(/0 2!() >&/%'" S (2! (2) >+)" � �" 2!&) $>2+(/ + # +*

p1 : M̃ → Mr1S!(,! () 2!" >'$S=&* $? + )&># +/(?$'% C1
∼= CP q−2 �

 !() () S!+2 2!" 2$* !+'? $? 2!" �0&7" A �- %"),7(> ") �
� �� �� -A � �$2" 2!+2 2!" S+''=,7$))(/0 +/+'5)() %$/" )$ ?+7 +**'(") 2$ 2!"
$&2"7 S+'')

ri = 1
�S!(,! +7" �&)2 2!" S+'') S (2! ∑

j 6=i rj − ri = 0
� � ��$2"
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(p, q)

��

2!+2
r
() +'S+5) + 7"0&'+7 L+'&" (?

µ−1(r)
() "#*25 �� �/ 2!() ,+)" � 2!" S+''

,7$))(/0 !+) 25* "
(n− 1, 1)

$7
(1, n− 1)

� +/% )$ 2!" S"(0!2) +7"
(n− 2, 0)

$7
(0, n − 2)

� 
 "/," S+'' ,7$))(/0 7"*'+,") 2!" "#*25 )"2 >5 + ,$*5 $?
CPn−3 (?

r
,7$))") 2!" S+'' ?7$# $&2)(%"

Ξ
2$ (/)(%" � $7 L(," L"7)+ (2 7"*'+,") + ,$*5 $?

CPn−3 S (2! 2!" "#*25 )"2 (? r
,7$))") 2!" S+''

W
?7$# (/)(%"

Ξ
2$ $&2)(%" �

� c� c� yhkffelw ibg �jxxf el ighn f kt nkqvxe f�jogf kt
� kx�wklf

�/ 2!() )",2($/ S" S ('' 0(L" + ,!+7+,2"7(�+2($/ $? 2!" >'$S/ &* +/% >'$S/
%$S/ )&>#+/(?$'%)

CPq−2 +/% CPp−2 (/ 2"7# ) $? #$%&'( )*+,") $? *$'50$/) �
 !() ,!+7+,2"7(�+2($/ +7()") L"75 /+2&7+''5 >5 2!" 0"$# "275 $?

Mr,
+/% ,+/

>" ,$/)27&,2"% >5 '$$� (/0 ,+7"?& ''5 +2 2!" >(7+2($/+' # +* >"2S""/
Mr0

+/%
Mr1

%"),7(> "% >5 �6FTV� �
�" +'7"+%5 *$(/2"% $&2 2!+2 2!" # $%&'( )*+,"

Mr
() + )5#*'",2(, # +/(=

?$'%) '$/0 +) 2!" '"/02!) +7" ,!$)"/ )$ 2!+2 2!"7" +7" /$ *$'50$/) $/ + '(/" �
JK&(L+'"/2'5� 2!() # "+/) 2!+2 ?$7 "L"75 *+72(2($/

I, Ic ⊆ {1, . . . , n}

εI(r) =
∑

i∈I

ri −
∑

i∈Ic

ri

#&)2 > " /$/�"7$ � M$7"$L"7 � '"2
rc () + ,7(2(,+' L+'&" $? 2!" #$#"/2&# #+*

µUn
1

'5 (/0 $/ + S+'' $? 25* "
(p, q).

 !"/ � >5 2!" %"),7(*2($/ $? 2!" S+'')
%&" 2$ � +*$L(,!	M('')$/ �)"" )",2($/ ��3� � 2!"7" "C ()2) +/ (/%"C )&>)"2

Ip ⊂
{1, . . . , n}, $? ,+7%(/+'(25 |I| = p,

)&,! 2!+2

εIp
(rc) = 0.

1) >"?$7" � '"2
r0 +/%

r1 > " 7"0&'+7 L+'&") '5 (/0 (/ %(�"7"/2 7"0($/)
∆0

+/%
∆1,

*7",()"'5
�

∑

i∈Ip

r0
i >

∑

i∈Iq

r0
i ;

∑

i∈Ip

r1
i <

∑

i∈Iq

r1
i .

� !"/
r
#$L") +'$/0 + *+2! ?7$#

r0 2$
r1 2!"/

ε
Ip

(r)
r→rc

// 0 , ε
Ip

(r0) > 0+/%
ε

Ip
(r1) < 0.
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"2
MIq

(r) = M
(

ri1 , . . . , rip,
∑

j∈Iq

rj,
)

> " 2!" #$%&'( )*+," $?
p+1=0$/) $? �C"% )(%" '"/02!

(

ri1, . . . , rip,
∑

j∈Iq
rj ,
)

,+/% )(# ('+7'5 '"2
MIp

(r) = M
(∑

i∈Ip

ri, rj1, . . . , rjq

)

> " 2!" #$%&'( )*+," $?
q +1=0$/) $? �C"% )(%" '"/02!

(
∑

i∈Ip
ri, rj1, . . . , rjq

)

.
� !"/

εIp
(r) > 0

�
MIq

(r)
!+) ,$#*'"C %(# "/)($/

p − 2
+/%

MIp
(r)

()
"#*25� � !"/

εIp
(r) < 0

�
MIp

(r)
!+) ,$#*'"C %(# "/)($/

q − 2
+/%

MIq
(r)

()
"#*25� � !"/

εIp
(r) = 0

�
MIp

(r) = MIq
(r)

+/% () + )(/0&'+7 *$(/2 �+ *$'50$/
$/ + '(/"� �

MIp
(r)

+/%
MIq

(r)
,+/ >" (%"/2(�"% S (2! �"L"/2&+''5 "#*25 � )&>#+/(?$'%)

$?
Mr

+) ?$''$S � �?
Ip = {1, . . . , p} +/%

Iq = {p + 1, . . . , p + q}, 2!"/ MIp
(r),+/ > " (%"/2(�"% S (2! 2!" )&>#+/(?$'% $?

Mr
)&,! 2!+2 2!" �7)2

p
"%0") +7"

+'' $7("/2"% (/ 2!" )+#" %(7",2($/ �+/% !"/," ,$''(/"+7� � ( �" �
MIp

(r)
() 2!"

)&># +/(?$'% $? *$'50$/) +) (/ �0&7" A ���

� (0&7" A ��
�

�� 
���� ��
MIp

(r)
�

F(# ('+7'5�
MIq

(r)
() 2!" )&>#+/(?$'% (/

Mr
$? *$'50$/) )&,! 2!+2 2!" '+)2

q
"%0") +7" ,$''(/"+7 � �?

r = rc ∈ W
2!"/

MIp
(r) = MIq

(r) = P
S!"7"

P
()

2!" )(/0&'+7 *$(/2 ,$77")* $/%(/0 2$ 2!" '(/"% *$'50$/ (/ 2!" )(/0&'+7 K&$2("/2
Mrc

�
��<<� I �9 �G � �� �� ��� ��� ��

� MIp
(r) ' CPq−2

��
MIq

(r) ' CPp−2.

� ���� � "2 &) � 7)2 +/+'5�"
MIp

(r).
�? ∑

i∈Ip
ri −

∑

j∈Iq
rj > 0

2!"/
MIp

(r)
()

"#*25 +/% S" !+L" /$2!(/0 2$ *7$L" �
1 ))&#" ∑

i∈Ip
ri −

∑

j∈Iq
rj < 0,

+/% '"2
ρ :=

(
∑

i∈Ip
ri, rj1, . . . , rjq

)

∈
R

q+1
+ ,

)$ 2!+2
MIp

(r) = Mρ. ρ
'(") (/ +/ "C2"7/+' 7"0($/ $?

Ξ ⊂ R
q+1
+ ,

%"'(# (2"%
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(p, q) �

�

>5 2!" $&2"7 S+''
W1

$? 25* "
(1, q)

$? "K&+2($/

ρ1 = ρ2 + . . . + ρq+1.

∆0
() 2!" 7"0($/ $? �7"0&'+7 L+'&")�

ρ0 )&,! 2!+2
ρ1 >

∑q+1
i=2 ρ0

i .
 !() (#*'5

2!+2
µ

U
q+1
n

(ρ0)
() "#*25 ?$7 "+,!

ρ0 ∈ ∆0..5 *7$*$)(2($/ A �- �- � $7 � #$7" *7",()"'5� >5 7"# +7� -A � +)
ρ
,7$))") 2!"

S+''
W1

?7$#
∆0

2$
∆1

2!" %(�"$25* " $?
Mρ

,!+/0") >5 7"*'+,(/0 2!" "#*25
)"2 S (2! + ,$*5 $?

CPq−2.
)$

Mρ = MIp
(r) ' CPq−2 +) S" S+/2"% 2$ *7$L" �

F(# ('+7 +70&# "/2) !$'%) ?$7
MIq

(r).

�$7 0"/"7(,
Ip

+/%
Iq
2!() +70&#"/2 )!$S ) 2!+2 2!" # $%&'( )*+,"

MIq
(r),+/ >" (%"/2(�"% S (2! + )&>#+/(?$'% $?

M(ri1 , . . . , rin) = Mσ(r)
?$7 )$# "

σ ∈
Sn

* "7#&2+2($/ $/
n
"'"# "/2) � M$7"$L"7

M(ri1 , . . . , rin) ' Mr
+) $>)"7L"%

(/ )",2($/ � � +/% S" ,+/ 2!(/�
MIq

(r)
+) + )&>#+/(?$'% $?

Mr
()$# $7*!(, 2$

CPp−2 (? r ∈ ∆0,
"#*25 (?

r ∈ ∆1.�$7 2!" )+# " +70&#"/2 �
MIp

(r)
,+/ >" 2!$&0!2 +) + )&># +/(?$'% $?

Mr()$#$7*!(, 2$
CPq−2 (? r ∈ ∆1,

"#*25 (?
r ∈ ∆0.�$2" 2!+2 +)

r → rc, r ∈ ∆0,
2!" S (%2!

εIp
(r)

$? *$'52$* ") (/
MIq

(r) ⊂ Mr0$") '(/"+7'5 2$ �"7$ � +/% (2 () �"7$ ?$7
r = rc.

F$ 2!"
(p − 2)=%(# "/)($/+')&>#+/(?$'%

MIq
(r)

,$''+*)") 2$ + *$(/2 +)
r
,7$))") 2!" S+''

W.
F(# ('+7'5� +)

r'"+L") ?7$# 2!" S+''
W

2$ 2!" (/2"7($7 $?
∆1,

2!" S (%2!
εIq

(r)
$? 2!" * $'52$* ")

(/
MIp

(r)
(/,7"+)") � +/%

MIp
(r)

() 2!"
(q − 2)=% (# "/)($/+' )&>#+/(?$'% 2!+2() > $7/ +) ,7$))(/0 2!" S+''

W
�

�/ �0&7" A �- � 2!" # +*
π0

,$''+*)")
MIq

(r)
2$ 2!" * $(/2

P
+/% 2!" # +*

π−1
1

7")$'L") 2!" )(/0&'+7(25 (/
P
>5 �>'$S (/0 (2 &*� 2$ 0(L"

MIp
(r).12 2!" '(0!2 $? 2!() +/+'5)() � *7$*$)(2($/ A �- �- (#*'(")

�

���
	�< I �9 �I � �� �� � ���� �� 	�
���
r


���� ��  �� � �� ��� �
(p, q) �� Ξ,

�� �
��� ����� � �� �� � � ����� ��
� �� � ���� ���

Mr


��� � �� ���� ��� �� �� �
(q−2)���� ������� ���� ��� ��� MIp

' CPq−2
�� ���� ��� ���� �� � �� ��� �
��	�� ������ � ���� ��� ��

MIq
' CPp−2.
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MIp
(r)

��
MIq

(r)
�� ��� �������� �� �� � ���������� 
������ ������ �� �� �

��� �� � ���� ��
P �� Mrc ,

�� ���� �� ��� ����� �� �� � ���� �� ��
Mrc

� �� �
������� � �����

CPp−2

CPq−2

p0

p1

P

π0 π1

����

�������	

� (0&7" A �-
�
E7$))(/0 + S+'' $? 25* "

(p, q)



������� �

��� ����� � ��
	 � ��
 � �
Mr

�/ 2!() )",2($/ S" S ('' )2&%5 !$S 2!" ,$!$#$'$05 7(/0 $?
Mr

,!+/0") +)
r
,7$)) + S+'' (/ 2!" # $# "/2 *$'52$* "

Ξ = µ
Un

1
(Gr2,n),

+/% S" S ('' +**'5
2!" B&()2"7# ++2	
 ",�#+/ 2!"$7"# 2$0"2!"7 S (2! 2!" L$'&#" ?$7#&'+ 3 �3 ��
2$ %"),7(> " "C*'(,(2'5 2!" ,$!$#$'$05 7(/0

H∗(Mr).

 !" )2&%5 $? 2!" ,$!$#$'$05 7(/0 )27&,2&7" $? + 7"%&,"% )*+,"
M//G�"L"/ (/ 2!" 0$$% ,+)" $? + ,$#*+,2 ,$//",2  (" 07$&*

G
+,2(/0 $/ + ,$#*+,2

# +/(?$'%
M

� !+) > ""/ )(/," 2!" �VT@ N) $/" $? 2!" '"+%(/0 +/% #$)2 (/2"7")2(/0
2$*(,) (/ )5#*'",2(, 2$* $'$05� M +/5 >"+&2(?& ' 7")&'2) !+) > ""/ +,!("L"% � +/%
>"2S""/ 2!"# S" '(�" 2$ ,(2" 2!" S$7�) $?  � �"� 7"5 +/% � � � (7S+/ �(/
*+72(,&'+7 ����� +/% $? � �� +'�#+/ �� +� �  !" *7$>'"# () /$2 ,'$)"% 2!$&0! �
(/ ?+,2 (/ *7+,2(," 2$ 0(L" +/ "C*'(,(2 %"),7(*2($/ $? 2!" ,$!$#$'$05 7(/0
H∗(M//G, Q)

?7$# 2!" ?$7#&'+) # "/2($/"% +>$L" )2('' )$# " �/$/ 27(L (+'� S$7�
/""% 2$ > " %$/" �  !() S+) +'7"+%5 *$(/2"% $&2 >5 6&(''"# (/ +/% F2"7/>"70
(/ �6FV8� � S!$ $>)"7L"% 2!+2 (/ �/(,"� )(2&+2($/) � "))"/2(+''5 S!"/ 2!" E!"7/
,'+)) $? 2!" �>7+2($/

µ−1(ξ) → M//G
0"/"7+2") 2!" ,$!$#$'$05 7(/0 � � 2!"/

+ 0$$% %"+' $? (/?$7# +2($/ $/ (2) ,$!$#$'$05 7(/0 ,+/ > " %"%&,"% ?7$# 2!"
B&()2"7# ++2	
 ",�#+/ 2!"$7"# � (? 2!" *$'5/$# (+' 2!+2 %"),7(> " 2!" L$'&#"
$? + )5#*'",2(, 7"%&,2($/ () �/$S/ �  !() () 2!" * $(/2 $? L ("S S" S ('' 2+�" (/
$&7 +/+'5)() �

D3
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�
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Mr

� � ��� ���������� � ��� � � ������� ������

�/ 2!() )",2($/ S" )&##+7(�" 2!" # +(/ (%"+) +/% 2!"$7"# ) (/ �6FV8� &)(/0
2!" /$2+2($/ $? #$%&'( )*+,") �  !")" +70&# "/2) +7" L+'(% (/ #$7" 0"/"7+'
)"22(/0) � +/% +,2&+''5 2!"5 !+L" >""/ +**'("% (/ �6FV8� 2$ �+0 #+/(?$'%) +/%
2$7(, # +/(?$'%) +))$,(+2"% S (2! + )(# *'(,(+' ?+/ � �$7 *7$$?) +/% #$7" %"2+(')
S" 7"?"7 2$ 6&(''"# (/ +/% F2"7/>"70 � �6FV8� � 1 ) > "?$7" � '"2

T = Un
1

>" 2!"
# +C (# +' )&>2$7&) $? %(+0$/+' # +27(,") (/ 2!" &/(2+75 07$&*

Un
+,2(/0 $/ 2!"

,$#*+,2 # +/(?$'%
X = Gr2,n(C)

S (2! +))$,(+2"% #$# "/2 # +*
µ.

M$7"$L"7 �
'"2

r
+/%

r0 > " 7"0&'+7 L+'&") $? µ
'5 (/0 (/ 2!" )+# " 7"0($/ $? 7"0&'+7 L+'&") �

+/% %"/$2" >5
(Mr, ωr)

+/%
(Mr0 , ωr0)

2!" +))$ ,(+2"% )5#*'",2(, K&$2("/2) �
� )(/0 2!() /$2+2($/ S" /$S )2+2" 2!" B&()2"7# ++2=
 ",�#+/ 2!"$7"# ��B
�� �
S!(,! 7"'+2") 2!" ,$!$#$'$05 ,'+))")

[ωr]
+/%

[ωr0]
$? 2!" )5#*'",2(, 7"%&,"%

?$7# )
ωr

+/%
ωr0.

���
	�< R �� �� � �� �� � B&()2"7# ++2 � 6 �� � 
 ",�#+/ � �� ��� ��������� � ���� ����
Mr = Mr0 ,

��

[ωr] = [ωr0 ] +

n∑

i=1

(ri − r0
i )ci

�� ���
c = (c1, . . . , cn) �� �� � �� ��� 
��� �� �� � � ������ µ−1(r) → Mr

.5 %"�/(2($/ $? )5#*'",2(, L$'&#" � S" !+L"
�

vol(Mr) =

∫

Mr

exp([ωr]) =

∫

M
r0

exp([ωr0 ] +

n∑

i=1

(ri − r0
i )ci).

V ol(Mr)
() + *$'5/$# (+' �$/ "+,! 7"0($/ $? 7"0&'+7 L+'&")� $? %"07""

n−3+/%

∂α

∂rα
vol(Mr)|

r0
=

1

k!

∫

M
r0

[ωr0]k · · · cα1
1 · · · cαn

n

?$7
α
#&'2(/%"C � |α| = α1 + . . . αn = n − 3 − k,

S (2!
0 ≤ k ≤ n − 3.

�/ *+72(,&'+7 � (? |α| = n − 3
2!"/

∂α

∂rα
vol(Mr)|

r0
=

∫

M
r0

cα1
1 · · · cαn

n .
�8 ���
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 !&) 2!" '"+%(/0 ,$"� ,("/2) $? 2!" * $'5/$# (+'
vol(Mr)

%"2"7# (/" 2!" ,$!$=
#$'$05 *+(7(/0 8 ��

1 ) 6&(''"# (/ +/% F2"7/>"70 *$(/2 $&2 � (? 2!"
ci
0"/"7+2") 2!" ,$!$#$'$05

7(/0
H∗(Mr, Q)

2!"/ (2 () *$))(>'" 2$ 7"+% ?7$# 8 �� 2!" #&'2(* '(,+2(L" 7"'+2($/)
∑

|β|+|γ|=n−3

aβcβ+γ �8 �-�

>"2S""/ 2!" 0"/"7+2$7)
ci
+/% � >5 4$(/,+7� %&+'(25 � �

∑

aβcβ, 0 ≤ |β| ≤ n − 3.
�8 �3�

�7(2(/0 2!" (%"/2(2(") +>$L" +)

Q
( ∂

∂r

)( ∂γ

∂rγ
vol(Mr)

)

= 0

S!"7"
Q
() 2!" * $'5/$# (+'

Q(x) = aβxβ,
2!"/

���
	�< R �� �9 � �� �� �
c1, . . . , cn

� �� ���� �� � 
�� �� ����� ���� H∗(Mr, Q),�� ��
H∗(Mr, Q) �� �� �� ��� � �
 �� �� � ����
� ����

Q[x1, . . . , xn]/ann(vol)

�� ���
Q(x1, . . . , xn) ∈ ann(vol) �� �� ���� �� Q

(
∂

∂r1
, . . . , ∂

∂rn

)

vol(Mr) = 0.

�2 () /$S ,'"+7 2!+2 (2 () + ,"/27+' *7$>'"# 2$ %"2"7# (/" S!"/ 2!"
ci
0"/"7=

+2") 2!" ,$!$#$'$05 7(/0
H∗(Mr).

� !"/
Mr

() 2$7(, (2 () S"'' �/$S/ 2!+2 2!()
() 2!" ,+)" �)"" ?$7 "C+#*'" ��& �� � �" +'7"+%5 $>)"7L"% 2!+2 ?$7

n = 4, 5, 6
2!"

2$7(, +,2($/ $? > "/%(/0 +'$/0 + )5)2"# $?
(n − 3)

/$/ (/2"7)",2(/0 %(+0$/+')
7"+'(�"

Mr
+) + 2$7(, # +/(?$'% �?$7

r
N) )&,! 2!+2

Mr
() )#$$2! � �  !() () /$2 2!"

,+)" ?$7 !(0!"7 %(# "/)($/) � (/ 0"/"7+' '"2
∆
>" 2!" )"2 $? 7"0&'+7 L+'&") $?

µT(/ 2!" ,$/L"C *$'52$* "
Ξ = µT (X).

 !" ,$//",2"% ,$#*$/"/2)
∆1, . . . , ∆`$?

∆
+7" 2!"# )"'L") ,$#*'"C *$'52$* ") � +/% >5 B&()2"7# ++2=
 ",�#+/ 2!"=

$7"# 2!" %(�"$25* " $? 2!" 7"%&,"% )*+,"
Mr

�2!&) +')$ (2) ,$!$#$'$05 7(/0 �
%"* "/%) $/'5 $/ 2!" 7"0($/

∆i
S!(,! ,$/2+(/)

r.
����
 ����

Mr

�� ��� 	��� � �� ��� ����� � 
��� ���
H∗(Mr, Q)

�� ����
 ��� 
������ 
 ���
������� ������� ��� 
���
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Mr

���
	�< R �� �G � ���� �� � ��� �� � 
������ ��
∆i


������  	����� ��
Ξ,

�� ��
��� �� �
���� ����
�� ��
� ��  ����
 � ��� ����

 !() 7")&'2 "/'(0!2"/ 2!" (#*$72+/," $? 2!" S+'' ,7$))(/0 +/+'5)() S" %(%
(/ ,!+*2"7 A � �/ ?+,2 � S" �/$S 2!+2 ?$7

r0 (/ + �"C2"7/+'� 7"0($/
∆0

�( �" � )&,!
2!+2

∆0
,$/2+(/) + L"72"C $?

Ξ
� � 2!" ,$!$#$'$05 7(/0

H∗(Mr0)
() 0"/"7+2"%

>5 2!"
ci.

 $ *7$L" 2!+2 2!() () 27&" ?$7 "+,! 7"0&'+7 L+'&"
r
S" S ('' )!$S

2!+2 ,7$))(/0 + S+'' !+) 2!" "�",2 2$ � ('' )$# " 7"'+2($/) � +/% )$ �L"75 7$&0!'5
)* "+� (/0 � )$# " $? 2!" 0"/"7+2$7) 2!+2 S"7" �!(%%"/� +**"+7 �

�/ 8 �- S" S ('' )2&%5 !$S 2!" ,$!$#$'$05 7(/0
H∗(Mr)

,!+/0") +)
r
,7$))")

+ (//"7 S+'' � >"?$7" 2!+2 '"2 &) ,+',&'+2" 2!" ,$!$#$'$05 7(/0 ?$7 )$# " "C+#=
*'") (/ 2!" ,+)"

n = 5,
S!"7" S" +'7"+%5 �/$S 2!+2

H∗(Mr)
() 0"/"7+2"% >5

2!"
ci.

� c� c� {kng g�jn� xgf
�/ 3 �A S" ,+',&'+2"% 2!+2 ?$7

r ∈ ∆0, ∆0
> "(/0 2!" 7"0($/ $? 7"0&'+7 L+'&")

)&,! 2!+2
r0 = (1, 1

2
, 4, 1, 2) ∈ ∆0,

vol(Mr) = 2π2(p − 2r3)
2

p
>"(/0 2!" ��C"% � *"7(# "2"7 $? 2!" * $'50$/) (/

Mr,
( �" �

p =
∑n

i=1 ri.
�7$#

2!" ,$> $7%()# 7")&'2 (2 +')$ ?$''$S ) 2!+2 � ?$7
r ∈ ∆0, Mr

() ,$>$7%+/2
CP2..",+&)"

Mr
() 2$7(, � 2!" 0"/"7+2$7) $? 2!" ,$!$#$'$05 7(/0

H∗(Mr)
+7"

c1, . . . , c5,
+/% &)(/0 2!" %"),7(*2($/ 8 �� $? 2!" #&'2(* '(,+2(L" 7"'+2($/) > "2S""/

2!"# S" 0"2
�

∂2

∂ri∂rj

vol(Mr)
4π2 = 0

(?
i, j 6= 3 ⇒ cicj = 0 ∀i, j 6= 3

∂2

∂2r3

vol(Mr)
4π2 = ∂

∂r3
(−2(p − 2r3)) = 4 ⇒ c2

3 = 4

F$ +'' 2!"
ci
?$7

i = 1, 2, 4, 5
+7" �!(%%"/� >5 2!" 7"'+2($/) +>$L" � +/% S" ,+/

,$/,'&%"
H∗(Mr) =

Q[c3]

{c3
3 = 0} .
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"2 &) /$S +/+'5�" 2!" )",$/% "C+#*'" S" )+S +>$&2 >$2! 2!" ,$> $7%()#
+/% L$'&#" ?$7#&'+)

�
'"2

r1 = (1
2
, 2, 4, 1, 2),

+/% '"2
p
> " 2!" �C"% *"7(# "2"7

+/%
∆1

> " 2!" 7"0($/ $? 7"0&'+7 L+'&") %"2"7# (/"% >5
r1.�7$# 2!" L$'&#" ?$7#&'+ (2 ?$''$S ) 2!+2 ?$7

r ∈ ∆1

volMr

4π2
= 2r1(p − r1 − 2r3).

 !" $/'5 )",$/% *+72(+' %"7(L+2(L") S!(,! +7" /$2 �"7$ +7" ∂2

∂r3∂r1

+/% ∂2

∂2r1
,
)$

cicj = 0
(?

i, j /∈ {1, 3} +/%

∂2

∂r3∂r1

vol(Mr)
4π2 = 4

∂2

∂2r1

vol(Mr)
4π2 = −4

}

⇒ c2
1 + c1c3 = c1(c1 + c3) = 0

S!(,! 0(L") &) 2!" #&'2(*'(,+2(L" 7"'+2($/ >"2S""/ 2!" 0"/"7+2$7)
c1, c1 + c3;)$ � &* 2$ 7"),+'(/0 �

H∗(Mr) =
Q[c1, c1 + c3]

{c2
1 = −1, (c1 + c3)2 = 1, c1(c1 + c3) = 0} .

� � ���� �������� ��� ����������

.5 2!"$7"# A �- �A � S!"/
r
,7$))") + S+'' $? 25* "

(p, q)
2!" %(�"$25* " $?

2!" 7"%&,"% # +/(?$'%
Mr

,!+/0") >5 7"*'+,(/0 + ,$*5 $?
CPp−2 (/ Mr

>5 +
CPq−2 >5 #"+/) $? + >'$S=&* ?$''$S"% >5 + >'$S=%$S/ �

�/ 2!() )",2($/ S" S ('' )2&%5 !$S 2!" ,$!$#$'$05 7(/0
H∗(Mr)

,!+/0") +)
r
,7$))") + S+'' � 2!" # +(/ 2$$') 2$ *7$L" $&7 7")&'2 S ('' > " 2!" M+5"7	P ("2$7()

)"K&"/," +/% 2!" 65)(/ )"K&"/," � ?$7 S!(,! S" 7"?"7 2$ �. � � 2$0"2!"7 S (2!
2!" %",$#*$)(2($/ 2!"$7"# +) *7")"/2"% (/ �..B � +/% �EM@8� �

F&**$)"
r
,7$))") + S+'' $? 25* "

(p, q),
'"2

M
>" 2!" #$%&'( )*+," $?

*$'50$/) > "?$7" 2!" S+'' ,7$))(/0 +/%
M ′ > " 2!" #$%&'( )*+," $? *$'50$/)

+?2"7 2!" S+'' ,7$))(/0 �
� �� �� -8 � �$2" 2!+2 � >",+&)" 2!" %(�"$25* " $? 2!" #$%&'( )*+,"

Mr
%"=

* "/%) $/'5 $/ 2!" 7"0($/ $? 7"0&'+7 L+'&")
∆i

S!(,! ,$/2+(/)
r,
(/ 2!" )2&%5

$? 2!" ,$!$#$'$05 7(/0 )27&,2&7" 2!"7" () /$ '$)2 $? (/?$7# +2($/) (/ ?$70"2=
2(/0 2!" '"/02! L",2$7

r
+/% �""*(/0 27+,� �&)2 $? 2!" 7"0&'+7 L+'&") N 7"0($/ �
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Mr

M$7"$L"7 � 2!" 25* " $? 2!" S+'' +'7"+%5 %"2"7# (/" 2!" S+'' ,7$))(/0 %(7",2($/
?7$#

∆0
�)"" �A �-�� 2$

∆1
�)"" �A �3�� � 2!&)

M ' Mr0

?$7 +''
r0 ∈ ∆0

+/%
M ′ ' Mr1

?$7 +''
r1 ∈ ∆1.

"2 &) �C )$# " /$2+2($/
�

V = NεCPp−2 =
2&>&'+7 /"(0!2>$7!$$% $?

CPq−2 ⊂ M

V ′ = NεCPq−2 =
2&>&'+7 /"(0!2>$7!$$% $?

CPp−2 ⊂ M ′

U = M \ CPp−2

U ′ = M ′ \ CPq−2.

.5 2!" S+''=,7$))(/0 2!"$7"# A �- �A �
U = U ′ +/% U ∩ V = U ′ ∩ V ′ := Sε.

 !"
M+5"7	P("2$7() )"K&"/,") ?$7 2!" # +/(?$'%)

M
+/%

M ′ +7" �
. . . → Hk−1(Sε) → Hk(M) → Hk(U) ⊕ Hk(V ) → Hk(Sε) → . . .

. . . → Hk−1(Sε) → Hk(M ′) → Hk(U ′) ⊕ Hk(V ′) → Hk(Sε) → . . .

.",+&)"
Hk(U) = Hk(U ′)

2!" ,!+/0" (/ 2!" ,$!$#$'$05 7(/0 )27&,2&7"
() "/,'$)" (/ !$S

Hk(V ′)
+/%

Hk(V )
#+* (/2$

Hk(Sε).
 !")" # +* S ('' > "

>7$&0!2 (/2$ 2!" '(0!2 (/ 2!" *7$$? 2!" /"C2 *7$* $)(2($/ �
� 	
�
����
� R �9 �� �

H∗(Sε) = H∗(CP�
��

(p,q)−2) ⊗ H∗(S2�
��(p,q)−3)

� ���� � .5 ,$/)27&,2($/ �
NεCPp−2 () 2!" 2$2+' )*+," $? + �>7+2($/ (/ %()�)

$L"7
CPp−2,

+/%
Sε

() 2!" 2$2+' )*+," $? 2!" +))$,(+2"% �>7+2($/ (/ )*!"7")
�

NεCPp−2

D2q−2

��

Sε

S2q−3

��

⇒

CPp−2 CPp−2

 !" �>7+2($/ (/ )*!"7")
π : Sε

S2q−3
//CPp−2 (/%&," 2!" ?$''$S (/0 65)(/

)"K&"/,"

// Hk(CPp−2)
π∗

// Hk(Sε)
π∗

// Hk−(2q−3)(CPp−2)
∧e

// Hk+1(CPp−2) //
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S!"7"
π∗ () 2!" # +* (/%&,"% (/ ,$!$#$'$05 >5 2!" *7$� ",2($/ # +*

π, π∗
()

2!" (/2"07+2($/ +'$/0 2!" �> "7) +/% ∧e
() 2!" S"%0" *7$%&,2 S (2! 2!" J&'"7

,'+)) �
O",+'' 2!+2

Hk(CPp−2) =

{

Q
(?

k = 0, 2, . . . , 2(p − 2)

0
$2!"7S ()"

,

+/% )&**$)" 2!+2
q ≥ p,

2!"/ 2!" � 7)2 >(2 $? 2!" 65)(/ # +* ()

Q
π∗

// H0(Sε)
π∗

// 0
∧e

// Q
π∗

// H2(Sε)
π∗

// 0
∧e

//

∧e
// 0

π∗
// H3(Sε)

π∗
// 0 // . . .

2(''
k = 2p − 2

�(/ ?+,2 ?$7 +''
0 ≤ k ≤ 2q − 3, Hk−(2q−3)(CP2) ' 0

?$7
%(# "/)($/+' 7"+)$/) � ( �" �

k − 2q − 3 ≤ 0
� � F$

Hk(Sε) ' Hk(CPp−2) ∀0 ≤ k ≤ 2(p − 2).

12
k = 2q − 3

2!" 65)(/ )"K&"/," 0$ ") +) ?$''$S
�

0
π∗

// H2q−3(Sε)
π∗

// Q
∧e

// 0
π∗

// H2q−3(Sε)
π∗

// 0
∧e

//

∧e
// 0

π∗
// H2q−1(Sε)

π∗
// Q

∧e
// 0 // . . .

�2$ ,!",� 2!() )",$/% >(2 $? 2!" 65)(/ )"K&"/," 2!" $/'5 2!(/0 2$ �""* (/ # (/%
() 2!+2

Hk(CPp−2) ' 0 ∀k ≥ 2q−3,
(/ ?+,2

k ≥ 2q−3 ≥ 2p−3 > 2(p−2)
� �

�>)"7L(/0 2!+2
k − 2q + 3 = 2(p − 2) ⇐⇒ k = 2(p + q) − 7,

Hk(Sε) ' Hk−(2q−3)(CPp−2) ∀2q − 3 ≤ k ≤ 2n − 7.

Hk(Sε) ' 0 ∀ k : 2(p − 2) < k < 2q − 3, k ≥ 2n − 6.

F$ � &/%"7 2!" +))&#*2($/
q ≥ p

S" *7$L"%

H∗(Sε) = H∗(CPp−2) ⊗ H∗(S2q−3);

(2 () "+)5 2$ ,!",� 2!+2 (? S" +))&# "
p ≥ q

2!"/
p
+/%

q
"C,!+/0" 7$'" � +/%

2!" 7")&'2 ?$''$S �
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.",+&)"
V

7"27+,2) $/
CPp−2, H∗(V ) = H∗(CPp−2);

)(# ('+7'5
H∗(V ′) =

H∗(CPq−2),
+/% S" !+L" +'' 2!" (/07"%("/2) 2$ S 7(2" 2!" M+5"7	P ("2$7() )"=

K&"/,") ?$7
M

+/%
M ′ :

H0(M) → H0(U) ⊕ Q → Q → H1(M) → H1(U) ⊕ 0 → 0 →

→ H2(M) → H2(U) ⊕ Q → Q →
+/%

H0(M ′) → H0(U ′) ⊕ Q → Q → H1(M ′) → H1(U ′) ⊕ 0 → 0 →

→ H2(M ′) → H2(U ′) ⊕ Q → Q →
)$ � 2('' 2!" %"07""

2(p − 2),
2!" 2S$ )"K&"/,") +>$L" +7" 2!" )+# " � 2!&)

Hk(M) = Hk(M ′) 0 ≤ k ≤ 2(p − 2).

12
2(p− 2) + 1

2!" M+5"7	P("2$7() )"K&"/,") $? 2!" # +/(?$'%) $?
M

+/%
M ′

+7"
�

→ H2p−3(M) → H2p−3(U) ⊕ 0 → 0 → H2p−2(M) → H2p−2(U) ⊕ 0 → 0 →

→ H2p−3(M ′) → H2p−3(U ′)⊕0 → 0 → H2p−2(M ′) → H2p−2(U ′)⊕Q → 0 →
+/% � 2('' 2!" %"07""

2q−3
2!" 2S$ )"K&"/,") %(�"7 >5 2!" ?+,2 2!+2

Hk(V ′) = Q?$7
k
"L"/ �

2p − 3 ≤ k ≤ 2q − 3,
+/%

Hk(V ) ' 0.
 !&)

%(#
(Hk(M ′)) =

%(#
(Hk(M)) + 1

(?
k
"L"/

, 2p − 3 ≤ k ≤ 2q − 3

Hk(M ′) = Hk(M) = 0
?$7

k
$%%

.

12
2q − 3

2!" M+5"7	P ("2$7() )"K&"/,") ?$7
M

+/%
M ′ +7"

→ H2q−3(M) → H2q−3(U) ⊕ 0 → 0 → H2q−2(M) → H2q−2(U) ⊕ 0 → 0 →

→ H2q−3(M ′) → H2q−3(U ′) ⊕ 0 → 0 → H2q−2(M ′) → H2q−2(U ′) ⊕ 0 → 0 →
+/% )$ +0+(/ ��&)2 +) ?$7

0 ≤ k ≤ 2(p − 2)
� +7"

Hk(M ′) ' Hk(M) k ≥ 2q − 3.
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�?
p ≥ q

2!" )+# " +70&#"/2) !$'%) � �&)2 "C,!+/0(/0 2!" 7$'") $?
p
+/%

q,)$
�

Hk(M ′) = Hk(M) = 0
(?

k
() $%%

;

Hk(M ′) = Hk(M)

{

0 ≤ k ≤ 2(
#(/

(p, q) − 2),

k ≥ 2
#+C

(p, q) − 3;

%(#
(Hk(M ′)) =

%(#
(Hk(M)) + 1

{

k
"L"/

,

2
#(/

(p, q) − 3 ≤ k ≤ 2
#+C

(p, q) − 3.
 !() ,+',&'+2($/ � %$/" &)(/0 2!" M+5"7	P ("2$7() )"K&"/,") $? 2!" # +=

/(?$'%)
M

+/%
M ′,

2"'') &) (/ S!(,! %"07"" 2!" ,$!$#$'$05 07$&*) $? 2!"
)5#*'",2(, K&$2("/2

Mr
,!+/0" +)

r
,7$))") + S+'' $? 25* "

(p, q).JL"/ 2!$&0! (2 () K&(2" /+2&7+'= >5 2!" ,$/)27&,2($/= 2$ "C*",2 2!+2 2!"
/"S >$7/ ,$!$#$'$0(,+' ,'+))") +7" *$'5/$# (+' (/ 2!" ,'+)) $? 2!" >'$S/
&* # +/(?$'%

CPq−2,
2!() ,+',&'+2($/ %$") /$2 0(L" &) )&,! *7",()" (/?$7# +=

2($/) � �" &)" 2!" %",$#*$)(2($/ 2!"$7"# %&" 2$ ."('(/)$/	."7/)2"(/	B"'(0/"
�..B � 2$ (%"/2(?5 *7",()"'5 2!" /"S >$7/ ,'+))") 2!+2 (/,7"+)" 2!" %(# "/)($/
$? 2!" ,$!$#$'$05 07$&*) $? �# (%%'"� %"07"") �

"2
f : X → Y

>" + #+* $? +'0">7+(, # +/(?$'%) �( �" � # +/(?$'%) S!(,! +7"
2!" )"2 $? ,$##$/ �"7$) $? + �/(2" /&#>"7 $? *$'5/$# (+')� � �$7 "+,!

k > 0,'"2
Yk = {y ∈ Y :

%(#
(f−1(y)) ≥ k}. �8 �A �

� ������
� R �� �

f
() �� � � ⇐⇒ %(#

Yk + 2k <
%(#

X;
�8 �8�

f
() � �� ���� � � ⇐⇒ %(#

Yk + 2k ≤ %(#
X.

�8 �U�
"2

rc ∈ W
> " + *$(/2 $? S+''=,7$))(/0 > "2S""/ ∆0

+/%
∆1,

+/% '"2
Mrc2!" )(/0&'+7 )5#*'",2(, K&$2("/2 +))$,(+2"% 2$

rc.
"2

f
>" 2!" (/L"7)" $? 2!"

7")$'&2($/ (/
M

$? 2!" )(/0&'+7(25 (/
Mrc ,

+/% '"2
f ′ >" 2!" (/L"7)" $? (2)

7")$'&2($/ (/
M ′,

( �" �
M

f

!!DD
DD

DD
DD

M ′

f ′

||yy
yy

yy
yy

Mrc
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+/% ∃ ys ∈ Mrc

)&,! 2!+2
(f−1(ys)) = CPp−2 +/% ((f ′)−1(ys)) = CPq−2.

�	
�
����
� R �9 �9 � � � ���� �� � ���� ���
f

��
f ′ �� �� � ��

� ���� � 1))&#"
q > p,

2!"/

• f
() )# +'' � (/ ?+,2

Yk = {ys} ∀1 ≤ k ≤ 2(p− 2)
+/% 2!" �>(00")2� $? 2!"

(/"K&+'(2(") 8 �8 �( �" � ,$77")*$/%(/0 2$
k = 2(p − 2)

� () L"7(�"% � (/ ?+,2
(2 ()

4(p − 2) < 2(n − 3) ⇐⇒ 4p − 8 < 2p + 2q − 6 ⇐⇒ p − 1 < q.

• f ′ () /$2 )"# (=)# +'' �2!&) "L"/ /$2 )# +''� � (/ ?+,2 +0+(/ Yk = {y ∈ Y :%(#
((f−1)−1(y)) ≥ k} = {ys}

+/% 2!" �>(00")2� $? 2!" (/"K&+'(2(") 8 �U
()

4(q − 2) ≤ 2(n − 3) ⇐⇒ q − 1 ≤ p,

S!(,! () ?+')" �
�?

p > q,
2!"/

f ′ () )# +'' +/% f
() /$2 )"# (=)# +'' � �$2" 2!+2 (? p = q

2!"/
>$2!

f
+/%

f ′ +7" )# +'' �
F&**$)" 2!+2

f : M → Mrc

() )# +'' � 2!"/

H∗(M) = IH∗(Mrc),

S!"7"
IH∗(Mrc)

() 2!" (/2"7)",2($/ ,$!$#$'$05 $? 2!" )(/0&'+7 # +/(?$'%
Mrc ,)"" 2!" )&7L"5 *+* "7 >5 M � %" E+2+'%$ +/%  � M (0'($7(/ ( �EM � �

�" )2+2" 2!" %",$#*$)(2($/ 2!"$7"# �&)2 ?$7 2!" )* ",(+' )(2&+2($/ $?
f+/%

f ′ 7")$'&2($/ $? 2!" )(/0&'+7(25 ,$77")* $/%(/0 2$ 2!" '(/"% *$'50$/ (/
Mrc .

�$7 2!" )2+2"# "/2 (/ ?&'' 0"/"7+'(25� *7$$?) +/% #$7" %"2+(') S" 7"?"7 2$
2!" $7(0(/+' *+*"7 >5 ."('(/)$/	."7/)2"(/	B"'(0/" �..B � � +/% 2$ �EM@8� >5
%" E+2+'%$	M(0'($7(/ ( � S!"7" +/ +'2"7/+2(L" *7$$? () 0(L"/ �

�/ $&7 )"22(/0 � 2!" %",$#*$)(2($/ 2!"$7"# )+5) 2!+2
H∗(M ′)

() ()$#$7*!(,
2$ 2!" (/2"7)",2($/ ,$!$#$'$05

IH∗(Mrc)
$?

Mrc

*'&) *$'5/$# (+') (/ 2!"
,$!$#$'$0(,+' ,'+))") $? )&>#+/(?$'%) Ci

$?
M.

�/ 2!" # $%&'( )*+," )(2&+2($/ �
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2!")" )&>#+/(?$'%) +7" �&)2 2!" *7"(# +0") $? 2!" *$(/2)
yi ∈ Yk

+) %"�/"% (/
�8 �A� �

�? S" +))&# "
q ≥ p

� S!(,! () "K&(L+'"/2 2$ +))&# "
f
)# +''� � 2!"/

Yk =

{yS}
?$7

0 ≤ k ≤ 2(q − 2).
 !&) C := f−1(yS)

() 2!" $/'5 )&># +/(?$'% (/
M ′

)&,! 2!+2 (2) ,'+)) S+) > $7/ (/ 2!" S+''=,7$))(/0 � .5 2!"$7"# A �- �A �

C = M
(∑

i∈Ip

ri, rj1, . . . , rjq

)

' CPq−2.

F(# ('+7 +70&#"/2) !$'% (?
p ≥ q.F$ � +**'5(/0 2!" %",$#*$)(2($/ 2!"$7"# +/% 2!" ?+,2 2!+2 $/" > "2S""/

f+/%
f ′ () )# +'' � 2!" ?$''$S (/0 !$'%) �

���
	�< R �9 �G � • �� q ≥ p,

H∗(M ′) = H∗(M) ⊕
q−p
⊕

α=0

Q
(

[CPq−2] ∧ cα
1 (N ′)

)

�� ���N ′ �� �� � � ��� � ���� �� ��
CPq−2 ⊆ M ′ ��

[CPq−2] ∈ H2p−2(M ′)

�� �� � 
��� ��
M
(
∑

i∈Ip
ri, rj1, . . . , rjq

)

⊂ M ′.

• �� p ≥ q

H∗(M) = H∗(M ′) ⊕
p−q
⊕

α=0

Q
(

[CPp−2] ∧ cα
1 (N )

)

�� ��� N �� �� � � ��� � ���� �� ��
CPp−2 ⊆ M

��
[CPp−2] ∈ H2q−2(M)

�� �� � 
��� ��
M
(

ri1 , . . . , rip,
∑

j∈Iq
rj

)

⊂ M.

12 2!" '(0!2 $? 2!() 7")&'2 � 2$ *7$L" 2!+2
H∗(Mr)

() 0"/"7+2"% >5 2!"
E!"7/ ,'+))")

ci
S" /""% 2$ "C*7")) 2!" ,'+))")

[CPq−2], [CPp−2]
+/% 2!"(7

S"%0" *7$%&,2)
[CPq−2]∧cα

1 (N ′)
+/%

[CPp−2]∧cα
1 (N )

+) ,$#>(/+2($/) $? 2!"
ci. 1) >"?$7" � '"2 &) +))&# "

q ≥ p.
 !"/ � >5 4$(/,+7� %&+'(25�

[CPq−2] ∈
H2p−2(M ′)

+/% 2!&) S" S+/2 2$ )!$S 2!+2 � ?$7 )$# " ,$/)2+/2)
Aα,

[CPq−2] =
∑

P

αi=2p−2

Aαcα1
1 · · · cαn

n .
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 $ 2!() +(# � '"2 &) S 7(2" "C*'(,(2'5 S!$ +7" 2!" E!"7/ ,'+))")
ci

2!+2
+**"+7 (/ 2!"$7"# 8 �����

"2
r
> " + 7"0&'+7 L+'&" (/

∆1
)&,! 2!+2 2!" 7"%&,"% #+/(?$'%

Mr
!+)

2!" )+#" %(�"$25* " +)
M ′ � �?

p : St2,n → Gr2,n
() 2!" *7$� ",2($/ $?

St2,n
$/

2!" $7>(2 )*+,"
St2,n/U2,

%"/$2" >5
p−1(µ−1(r))

2!" *7"(# +0" $/
St2,n

$? 2!"
r='"L"' )"2 (/ Gr2,n.

 !"/
p−1(µ−1(r))

() 2!" )"2 $?
(a, b) ∈ St2,n

)&,! 2!+2
"+,! 7$S !+) /$7#

ri,
( �" �

p−1(µ−1(r)) = {(a, b) ∈ St2,n : |ai|2 + |bi|2 = ri ∀i = 1, . . . n}.

.",+&)"
a, b ∈ C,

2!() /+2&7+''5 %"�/") +/ (/,'&)($/ # +*

p−1(µ−1(r)) ↪→
∏

j

S3√
rj

.

O",+'' /$S 2!+2 2!" K&+2"7/($/(, 
$*? # +*

H(ai, bi) = i[(|ai|2 − |bi|2) − 2aibij]

+) %"�/"% (/ )",2($/ ��3 0(L") &) + S+5 2$ +))$ ,(+2" 2$ 2!"
i=2! 7$S $?

(a, b)+ L",2$7 $? '"/02!
ri
(/

R3. !&) 2!" # +*

Hn :
∏

j S3√
rj

→ ∏

j S2
rj

(a, b) 7→ (H(a1, b1), . . . , H(an, bn))

#+*)
p−1(µ−1(r))

(/2$ 2!" �"7$ '"L"' )"2
M̃r

$? 2!" #$#"/2 # +* 7"'+2(L" 2$
2!"

SO(3)=+,2($/ $/ 2!" *7$%&,2 $? )*!"7") +) )""/ (/ )",2($/ � �

Hn(p−1(µ−1(r))) = {(e1, . . . , en) ∈
∏

j

S2
rj

:
∑

i

xi = 0} = M̃r.

�/ ?+,2 � 2!(/� (/0 +2 2!" %"),7(*2($/ $?
Mr

+) 2!" K&$2("/2 >5 2!" 7(0!2
+,2($/ $?

U2
+/% >5 2!" '"?2 +,2($/ $?

Un
1

$/
Mn×2,

(2 ?$''$S ) 2!+2 2$ 7"+,!
Mr?7$#

Hn(p−1(µ−1(r)))
S" )2('' !+L" 2$ K&$2("/2 >5 2!" 7")(%&+'

U2/U1
=+,2($/ �
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 !&) 2!" ?$''$S (/0 %(+07+# "/,'$)" �)$# "!$S � 2!" > "+&2(/")) $? 2!" 7(,!
0"$#"27(, )27&,2&7" $?

Mr :

St2,n ⊇ p−1(µ−1(r))

p

��

�

�

//
∏

j S3√
rj

Hn

��

Gr2,n ⊇ µ−1(r)

Un
1

��

Hn(p−1(µ−1(r))) ⊆∏j S2
rj

rrffffffffffffffffffffffffffffff

Mr

�2 () /$S ,'"+7 2!+2 2!" ,'+))")
ci
7"'+2(L" 2$ 2!" �>7+2($/

µ−1(r) → Mr+7" +,2&+''5 2!" ,'+))")
ci
7"'+2(L" 2$ 2!" �>7+2($/ ∏

j S3√
rj
→∏

j S2
rj

�(/ ?+,2
2!" �>7+2($/ ∏

j S2
rj

→ Mr
() 27(L (+'� � +/% 2!")" +7" S"'' �/$S/ 2$ >" 2!"

*&''>+,�) $? 2!" L$'&# " ?$7# ) $/ "+,! )*!"7" � ( �" �

cj = p∗jωj
�8 �D�

S!"7"
pj :

∏

j S2
rj
→ S2

rj

() 2!" ,+/$/(,+' *7$� ",2($/ $/ 2!"
j=2! ?+,2$7 +/% ωj() 2!" L$'&#" ?$7#&'+

S2
rj

.
�/ 2!"$7"# A �- �A S" ,!+7+,2"7(�"% 2!" >'$S/ &* +/% %$S/ # +/(?$'%)

CPq−2 +/%
CPp−2 (/ 2"7# ) $? # $%&'( )*+,") � 47",()"'5� +) ,7$))(/0 + S+''

$? 25* "
(p, q)

2!" >'$S/ &* # +/(?$'% ()
M(
∑

i∈Ip
ri, rj1 . . . , rjq

) ' CPq−2."2
ρ = (

∑

i∈Ip
ri, rj1 . . . , rjq

),
2!"/ 2!" #$%&'( )*+,"

Mρ
L"7(�") (2)"'? 2!"

,$/)27&,2($/ +>$L" � *7",()"'5 2!"7" "C ()2) + �>7+2($/
∏

j

S3√
ρj

→ S2
ρj

S!(,! � (%"/2(?5 (/0 "+,!
S2

ρj

S (2!
CP1,

'$ $�) +) ?$''$S

(O(ri1) ⊕ . . . ⊕O(rip)) � O(rj1) � . . . � O(rjq
) →

∏

q+1

CP1
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S!"7" � (?
pj0

() 2!" *7$� ",2($/ ?7$# ∏q
j=0 S2

ρj

$/2$
S2

P

i∈Ip
ri

+/% (?
pji

() 2!"
*7$� ",2($/) $/ 2!" )*!"7"

S2
rji

?$7 "+,!
i = 1, . . . , q,

2!"/

(O(ri1) ⊕ . . . ⊕O(rip)) � O(rj1) � . . . � O(rjq
) =

= p∗j0(O(ri1) ⊕ . . . ⊕O(rip)) ⊕ p∗j1O(rj1) ⊕ . . . ⊕O(rjq
).

�" )+S (/ )",2($/ A �- 2!+2 /$2 �&)2
Mρ ' CPq−2,

>&2 #$7"$L"7
ρ
'(") (/ +/

�"C2"7/+'� 7"0($/ $? 7"0&'+7 L+'&") ?$7 2!" #$#"/2 # +*
µ

U
q+1
1

,
+/% 2!&)

Mρ() 2$7(, � F$ 2!" ,$!$#$'$05 7(/0 $?
Mρ

() 0"/"7+2"% >5 2!" ,$#*$/"/2) $?
2!" � 7)2 E!"7/ ,'+)) $? 2!" �>7+2($/

µ
U

q+1
1

(ρ) → Mρ.

 !")" E!"7/ ,'+))") +7"

ci = c1(O(ri)) ∀i ∈ Iq

+/%
c1 = c1(O(ri1) ⊕ . . . ⊕O(rip)) =

∏

i∈Ip

c1(O(ri)) =
∏

i∈Ip

ci
�8 �T�

S!"7" 2!" � 7)2 E!"7/ ,'+))") $/ 2!" 7(0!2 !+/% )(%" $? 8 �T +7" 2!" E!"7/
,'+))") (/ 8 �D �

F$ � (?
r ∈ Rn

+

() )&,! 2!+2
M(
∑

i∈Ip
ri, rj1, . . . , rjq

)
() +/ "#*25 )&># +/(?$'%

$?
Mr,

�+) (2 () 2!" ,+)" > "?$7" 2!" S+''=,7$))(/0 � 2!"/ 2!" ,+',&'+2($/ 2"'') &)
2!+2

ci1 · · · cip = 0.

� !"/
r
,7$))") 2!" S+'' ∑

i∈Ip
ri =

∑

j∈Iq
rj ,

2!"/
M(
∑

i∈Ip
rj1, . . . , rjq

)
() +

/$/ "#*25 )&>#+/(?$'% $?
Mr

�+/% (/ ?+,2 (2 () + )&># +/(?$'% $? %(# "/)($/
(q−2)

()$#$7*!(, 2$
CPq−2� � F$ � ,7$))(/0 2!" S+'' � 2!" #&'2(* '(,+2(L" 7"'+2($/

ci1 · · · cip

)2$*) 2$ > " �"7$ +/% (/ ?+,2

[CPq−2] =
[

M
(∑

i∈Ip

rj1 , rj1 . . . , rjq

)]

= ci1 · · · cip ∈ H2p−2(M ′)

+) S" S+/2"% 2$ *7$L" �
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*7"))"% +) + *7$%&,2 $?

ci
N) � +/% 2!&) � >5 2!"$7"# 8 ���- � S" *7$L"% 2!"

?$''$S (/0
�

���
	�< R �9 �I � �� � 
�� �� ����� ���� H∗(Mr, Q)
�� �� � � ����� ��
� ��

� ���� ���
Mr,

�� ��
Mr ��  �� ���� � ��� ���� �� � �� ����� �� �� � � ��� �� ���


��� ��
c1, . . . , cn

�� �� �
n


��� ��� ��� � ���� ��� �� �
���� �� �� � � ������
µ−1(r1, . . . , rn) → Mr.

� �

H∗(Mr, Q) ' Q[x1, . . . , xn]/ann(volMr)

�� ���  � ���� �� �� Q(x1, . . . , xn) ∈ ann(volMr) �� �� ���� ��
Q
(

∂
∂r1

, . . . , ∂
∂rn

)

vol(Mr) = 0.
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