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Abstract

The present work is devoted to the assessment of the energy fluxes physics in
the space of scales and physical space of wall-turbulent flows. The general-
ized Kolmogorov equation will be applied to DNS data of a turbulent channel
flow in order to describe the energy fluxes paths from production to dissipa-
tion in the augmented space of wall-turbulent flows. This multidimensional
description will be shown to be crucial to understand the formation and sus-
tainment of the turbulent fluctuations fed by the energy fluxes coming from
the near-wall production region. An unexpected behavior of the energy fluxes
comes out from this analysis consisting of spiral-like paths in the combined
physical/scale space where the controversial reverse energy cascade plays a
central role. The observed behavior conflicts with the classical notion of the
Richardson/Kolmogorov energy cascade and may have strong repercussions
on both theoretical and modeling approaches to wall-turbulence. To this
aim a new relation stating the leading physical processes governing the en-
ergy transfer in wall-turbulence is suggested and shown able to capture most
of the rich dynamics of the shear dominated region of the flow. Two dynam-
ical processes are identified as driving mechanisms for the fluxes, one in the
near wall region and a second one further away from the wall. The former,
stronger one is related to the dynamics involved in the near-wall turbulence
regeneration cycle. The second suggests an outer self-sustaining mechanism
which is asymptotically expected to take place in the log-layer and could
explain the debated mixed inner/outer scaling of the near-wall statistics.

The same approach is applied for the first time to a filtered velocity field.
A generalized Kolmogorov equation specialized for filtered velocity field is
derived and discussed. The results will show what effects the subgrid scales
have on the resolved motion in both physical and scale space, singling out
the prominent role of the filter length compared to the cross-over scale be-
tween production dominated scales and inertial range, lc, and the reverse
energy cascade region ΩB. The systematic characterization of the resolved
and subgrid physics as function of the filter scale and of the wall-distance
will be shown instrumental for a correct use of LES models in the simula-
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tion of wall turbulent flows. Taking inspiration from the new relation for
the energy transfer in wall turbulence, a new class of LES models will be
also proposed. Finally, the generalized Kolmogorov equation specialized for
filtered velocity fields will be shown to be an helpful statistical tool for the
assessment of LES models and for the development of new ones. As example,
some classical purely dissipative eddy viscosity models are analyzed via an a
priori procedure.
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Chapter 1

Introduction

Although the equations governing the turbulent motion are well known since
the nineteenth century, Navier-Stokes (1822-1845), we are still not able to
understand the overall rich physics of turbulence which remains one of the
grand challenges of physics and engineering. Indeed, turbulent flows are one
of the most ubiquitous phenomena in nature and applications. A particular
feature of most of these turbulent flows is that are bounded, at least in part,
by one or more solid surfaces. This aspect makes wall-turbulence one of
the most interesting phenomena in fluid dynamics and of great relevance
for the applications. Problems involving wall turbulent flows can be found
in aerospace engineering, ground transportation systems, flow machinery,
energy production (turbines), as well as in nature such as the atmospheric
boundary layer and the flow of rivers. One of the effects of turbulence in
wall bounded flows is the enhancement of the momentum exchange between
the solid surface and the external stream. Just to mention a few examples,
the viscous resistance encountered by fast objects moving through air (e.g.
airplanes, cars, trains) or water (e.g. ships, sailing boats) is largely enhanced
by turbulence, which is able to dissipate most of the power needed to maintain
the speed of the body. Analogous considerations concern pressure losses
along pipelines, where turbulence, by increasing the skin friction, leads to
a substantial increase in the power needed for pumping a given flow rate
through the piping system. Another important effect of turbulence is that
turbulent fluctuations greatly enhance also mixing. Therefore turbulence-
wall interactions are also crucial for the heat exchange capability of a given
system.

Despite the obvious differences between the different flow configurations,
the basic physics of wall-bounded turbulence is substantially identical mean-
ing that the identification and physical comprehension of the mechanisms re-
sponsible for the generation and sustainment of turbulence in a fluid stream
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near a solid wall would have a general validity. The lack in the physical
knowledge of these kind of flows reflects in poor predictive capability of sys-
tem, configurations and environmental phenomena involving wall-turbulence.
Even if the ever increasing performance of super-computers, the direct nu-
merical computation of the Navier-Stokes equations at the Reynolds num-
ber usually encountered in the applications is still not feasible. For this
reason, the computational fluid dynamics applies averaging (RANS) or fil-
tering (LES) operator to the Navier-Stokes equations in order to reach the
Reynolds number of the applications. The resulting approach and the suc-
cess of the simulation is entirely demanded to the turbulence models quality
which, however, is very poor. In this context, a better understanding of the
wall turbulent physics could be used immediately for a correct turbulence
modeling as the proper tool to achieve numerical simulation and predictions
of large Reynolds number flows.

Despite its crucial importance, the dynamics of wall turbulence is still a
matter of scientific debate and, as a consequence, turbulence models are not
able to account for the physical processes of the flow. Most of turbulence
models use in more or less explicit form, two basic theories of turbulence. The
first one is the phenomenology of the turbulent cascade of energy from the
large production scales towards the small dissipative scales. This concept is
based on ideas developed in the context of homogeneous isotropic turbulence.
The second phenomenology is the universal law of the wall, which dictates the
shape of the mean velocity profile in the near wall region. This law derives
from the classical division of wall-bounded turbulent flows in a near-wall,
inner region, and an outer region populated by large turbulent fluctuations.
These two distinct regions are present in all wall-bounded flows and are
coupled through the overlap region. The velocity profile in this region appears
to exhibit a large degree of universality between different flows and can be
described by a logarithmic function (to a certain degree of accuracy).

While there is no doubt that these two ideas raised interesting scientific
results, they still present unsolved physical problems and most efforts are ac-
tually devoted to the study of these concepts and also other physical aspects
here not mentioned. The unsolved physical problems of wall-turbulence has
been adressed from different points of view by the research community and
some of them have been listed in [78][56].

Apart from the turbulence modeling and the related predictive capability,
a better understanding of the wall turbulent physics could be also used in
the field of turbulence control and drag reduction with immediately strong
repercussions for the applications. Indeed, the control of wall-bounded tur-
bulent flows with the aim of reducing the wall-shear stress has enormous
beneficial effects for engineering flow systems, such as less consumed fuel
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in aeronautical applications or for propelling gas and oil along pipelines.
Control techniques, whether active or passive, have been studied for a long
time, [64][16], highlighting that the mechanisms responsible for drag reduc-
tion can be summarized as the suppression of the self-sustaining mechanisms
of wall-turbulence. Hence, in order to achieve optimal control techniques,
an assessment of the physics of the turbulent fluctuations involved in these
turbulent regeneration cycle is needed.

Given the variety of key issues concerning the wall-turbulent physics,
purpose of the present work is the investigation of the alterations taking
place in the theoretical results raised from the study of homogeneous isotropic
turbulent flows when applied to wall turbulence. As will be shown in the next
section, this is a very important topic for the understanding of some unsolved
physical problems of wall-turbulence, such as the the controversial reverse
energy cascade, and could have repercussions for turbulence modeling.

1.1 Wall-turbulent physics and its modeling

Real turbulent flows are difficult to classify as either spatially homogeneous or
isotropic. Nonetheless, these idealizations allow the identification of certain
universal features associated with the small-scales motion almost invariably
observed in a variety of different conditions. The single most significant as-
pect is an energy flux through the spectrum of scales commonly related to
the phenomenology of the Richardson energy cascade (1922). Referring to
this phenomenology, Kolmogorov (1941) developped one of the most famous
and important theory for the description of the turbulent physics. In par-
ticular, he obtained an exact quantitative relation for the energy cascade
under the specific statistical assumption of local small scale isotropy. This
relation, called 4/5ths law, states that turbulent energy, extracted from the
mean motion at large scale fluctuations, flow down to small inertial scales
with a constant rate proportional to the viscous energy dissipation rate. This
picture is claimed to be highly universal. No matter what the large scale pro-
cesses which feed turbulence are, the small scales of every turbulent flows at
sufficiently high Reynolds number are believed to behave according to this
picture.

Beside the deep impact in the context of theoretical understanding of the
physics of turbulent flows, the Kolmogorov theory and its universality and
scale-invariance assumptions has been widely used in the field of turbulence
modeling. The most evident example is given by the Large Eddy Simula-
tion (LES) approach for the numerical solution of the filtered Navier-Stokes
equations. The Large Eddy Simulation is a technique intermediate between
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the Direct Numerical Simulation (DNS) and the solution of the Reynolds
Averaged Navier-Stokes (RANS) equations. The LES approach took inspi-
ration from the Kolmogorov’s assumption of the local small scale statistical
isotropy. Indeed, the basic idea of LES simulation is to compute explicitly
the large, energy-carrying, turbulent structures which are directly affected
by the boundary conditions while the small scales which tend to be more
homogeneous and isotropic that the large ones are modeled. Therefore, it is
thought that relatively simple and universal models can be used to describe
them. For that reason LES represents the most promising technique for the
simulation of high Reynolds number flows.1

The most important feature of LES models should be their ability to
accurately reproduce the energy transfer between large resolved scales and
small subgrid scales, e.g. see [67]. In this context, most of the commonly used
LES models assume that the main role of the subgrid scales is to drain energy
from the large resolved scales accordingly to the idea of an inertial range in
the spectrum of scales where the Kolmogorov’s 4/5ths law holds. Indeed, the
phenomenology associated with this law is claimed to be highly universal and
many LES models take inspiration from it. The most prominent example
is the widely used concept of eddy viscosity. In this kind of turbulence
modeling, the Kolmogorov energy cascade was used to define a suitable eddy
viscosity able to reproduce the inertial range effects, [74] and [51].

This kind of turbulence physics and the related modeling have given
good results in homogeneous and in unbounded shear flows but less in wall-
turbulence. In fact, in proximity of a solid wall the anisotropic dynamics
related with turbulent production affect most of the turbulent eddies. The
shear is sufficiently strong to hinder the isotropic recovery even at very small
scales, see e.g. [1], [7] and [30]. But, the single most striking phenomenon
observed in wall bounded flows is the complete modification of the Richard-
son scenario up to a reverse energy flux from small to large scales in the
buffer layer. Even if it is well known that turbulent flows are characterized
by events of energy back-scatter also in globally isotropic and homogeneous
conditions, [46] [36] [49], in the production region of wall turbulent flows these
phenomena result in a net reverse energy flux from small to large scales. Ev-
idence of reverse energy fluxes in the buffer layer was provided in [54] based
on the balance equation for the second order structure function, which can

1Beside the expected higher accuracy of the numerical solution obtained by an LES
with respect a RANS approach, it is important to note that the direct solution of the
large turbulent fluctuations in LES simulations allows to improve the physical description
of different physical aspects of interest for the application. As an example, spectra and
two-point correlation can be used for broadband noise simulation of major importance to
study nuisance from turbo-engines.
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be understood as a scale-energy. The strong back-scatter events at the base
of this reverse energy cascade have been attributed to the dynamics of the
near-wall turbulent fluctuations involved in the self-sustaining mechanisms of
wall-turbulence, [62]. Whereas, the complex interactions between anisotropic
turbulence production processes and inhomogeneous spatial fluxes have been
conjectured in [32] as possible sources of a sort of spatially evolving reverse
cascade between different wall-distances.

These observations have a huge repercussions in a context of turbulence
modeling. In fact, in a context of filtered dynamics, this phenomena result in
an energy flux from small subgrid to large resolved scales in the buffer layer
for certain value of the filter lenght as highlighted in [24]. This behaviour
cannot be reproduced with LES models based on the classical Kolmogorov
inertial range concept.

1.2 Objectives and data sets

Starting from the idea that wall turbulent flows show different aspects where
the classical concepts of the Richardson cascade and the theories of Kol-
mogorov fail, the main goal of the present work is the investigation of these
phenomena and of their repercussions in the turbulence modeling and sim-
ulation. To this aim a generalization of the Kolmogorov approach to wall-
turbulence will be adopt in terms of the analysis of a balance equation for
the second order structure function in fully inhomogenous and anisotropic
conditions, see [26] for the derivation of the equation and [54] for the appli-
cation to a turbulent channel flow. The generalization of the Kolmogorov
approach will be instrumental for the identification of the basic mechanisms
responsible for the breakdown of the Kolmogorov’s theory. These results will
be shown relevant for the correct modeling of wall-turbulence. Furthermore,
the informations about the scales where these relevant processes occur at dif-
ferent geometrical location will be used for the comprhension of the filtered
wall turbulent dynamics. Indeed, in a context of LES simulations, the same
approach will be again generalized in order to account for the filtered dynam-
ics composed by a resolved velocity field affected by subgrid scale stresses.
The main goal of this part of the work is the assessment of the capability of
a filtered velocity field to correctly reproduce the wall-turbulent dynamics as
a function of the filter scale used. In particular, the balance equation for the
filtered second order structure function and the related informations achiev-
able as function of the scale and physical location will be instrumental for the
assessment of the filtered physics when the filter length change. Whereas,
the application of LES models for the subgrid stresses to this equation will
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Figure 1.1: Channel flow configuration and nomenclature. The mean flow
U(y) goes in the streamwise direction x while the spanwise and wall-normal
directions are z and y, respectively. The fluctuating velocity components are
u, v and w in the x, y and z directions, respectively.

allow a detailed description of the limit and merit of these models.
The analysis of the generalized Kolmogorov equation and of its extension

to filtered velocity fields will be performed using direct numerical simulation
(DNS) data of a turbulent channel flow 2. The computational domain, shown
in figure 1.1, is a channel flow with infinite extension in the streamwise and
spanwise direction. Periodic boundary conditions are applied in the homoge-
neous directions x and z and impermeability and no-slip are imposed on the
solid walls. The simulations have been carried out with an highly accurate
numerical formulation based on a pseudo-spectral code [53] where the spa-
tial discretization in the homogeneous directions is performed with a Fourier
expansion while in the wall-normal direction a Chebyshev expansion is used,
see [27] for an overview of the spectral methods. The time advancement is
performed using a mixed Crank-Nicholson/Runge-Kutta scheme.

In what follow two numerical data sets will be considered corresponding
to two turbulent channel flow simulations at a friction Reynolds number
Reτ = 298 and Reτ = 545, respectively. The friction Reynolds number
is defined as Reτ = uτh/ν, where ν is the kinematic viscosity, h is half the
channel height and uτ is the friction velocity evaluated as uτ =

√
τw/ρ where

τw is the average viscous stress at the wall and ρ the constant density of the

2Earlier, this energy budget was studied also experimentally using high resolution dual
plane Particle Image Velocimetry (PIV), [70], but the measurements were conducted only
in two locations of the logarithmic layer of a turbulent boundary layer over a flat plate
due to resolution requirements unfeasible in the near-wall regions.



CHAPTER 1. INTRODUCTION 7

fluid. All throughout this work, the so-called inner variable will be denoted by
a superscript + which imply a normalization of lengths with the friction scale
ν/uτ and velocities with uτ . The parameter of the two simulations considered
in this work are reported in table 1.1. The channel flow case at Reτ = 550

Reτ Lx Ly Lz Nx Ny Nz ∆x+ ∆z+

300 2π 2 π 512 193 256 3.7 3.7
550 8π 2 4π 1024 257 1024 13.3 6.6

Table 1.1: Parameters of the simulations. Reτ is the nominal friction
Reynolds number. Lx, Ly and Lz are the size of the flow domain in the
streamwise, wall-normal and spanwise directions, respectively. Nx, Ny and
Nz are the grid points used in each direction and ∆x+, ∆z+ are the resolu-
tions in wall units in the homogeneous directions.

will be used for the analysis of the generalized Kolmogorov equation while the
case at Reτ = 300 will be used for the analysis of the filtered dynamics. The
first simulation at Reτ = 550 has been performed in order to analyse a wall
turbulent flow with a Reynolds number large enough to begin to appreciate
some asymptotic behaviours with a flow domain sufficiently large to capture
the long and wide scale features of the wall-turbulent fluctuations. Whereas,
the very high resolution of the second simulation at Reτ = 300, quite unique
for a turbulent channel flow, has been chosen, at the expense of the Reynolds
number achievable, to capture the phenomena occurring in the dynamics of
the velocity field up to the dissipative scales and to better appreciate the
alterations taking place in the statistics when the small scales effects are
removed by an explicit filtering. A detailed analysis of these two simulations
can be found in [71][73].

The material is organized as follow. Chapter 2 is a description of the
Kolmogorov theory and of the Richardson energy cascade for isotropic and
homogeneous turbulence. The generalization of the Kolmogorov approach
to wall-turbulence is introduced and a description of the generalized Kol-
mogorov equation is given. The analysis of this equation with the channel
flow data at Reτ = 550 is performed in chapter 3. The extension of the
Kolmogorov equation to filtered wall turbulence is introduced in chapter 4.
In the same chapter the analysis of this equation performed with the channel
flow data at Reτ = 300 and filtered in the homogenous directions is reported.
The conclusions and the appendices will conclude the work.

Some results of the present work of thesis have been published and other
are in preparation for publication. In particular, some of the results reported
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in chapter 3 have been published in [11] while those in chapter 4 in [13] [12]
and [10].



Chapter 2

The Kolmogorov’s approach
generalized to wall-turbulence

One of the most important aspect of wall-turbulent flows is the anisotropy in-
duced by the mean gradient. This anisotropy is reflected by the presence of a
turbulent energy production process embedded in the system. Moreover, the
presence of the wall induces inhomogeneity which leads to a spatial redistri-
bution of turbulent kinetic energy. Thanks to the inhomogenity of the flow,
the problem of wall-turbulent flows has been classically studied by dividing
the flow domain into well characterized regions depending on wall-distance.
In this context, the classical view of wall bounded flows is based on a produc-
tion region close to the wall (buffer layer) and two energy sink regions one at
the wall and another one in the core flow which is eventually anticipated by
an equilibrium layer for large Reynolds number flows. However, the descrip-
tion in physical space alone is insufficient to capture the complete dynamics
of wall-turbulence since the turbulent processes take place into an hierarchy
of scales of motion. Indeed, it is well known that turbulent flows are charac-
terized by fluctuations which range in size from the characteristic width of
the flow, L, to much smaller scales, which become progressively smaller as
the Reynolds number increases. In this view, turbulent flows are character-
ized by different dynamics distributed among the various scales of motion.
The classical idea regarding the physical processes occurring on these scales
concerns the scale-space distribution of the turbulent kinetic energy. In par-
ticular, for homogeneous turbulence, Richardson (1922) introduced the idea
that kinetic energy enters the turbulence through a production mechanism
at the largest scales of motion. This energy is then transferred by inviscid
processes to smaller scales until, at the smallest one, the energy is dissipated
by viscous action.

Actual turbulent flows have a much richer physics which involves, in addi-

9
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tion to turbulent energy production, cascade and dissipation, the spatial flux
of energy induced by inhomogeneity. In wall-turbulent flow, such as channel
flow, two energy transfer take place, one in the wall-normal direction due to
inhomogeneity and one through eddies of different size. In this scenario, it is,
therefore, necessary to consider a general approach, able to analyze the scale-
dependent dynamics in inhomogeneous conditions. The proper quantities to
consider for a simultaneous description of the turbulent dynamics in physical
and scale space, are the two-point statistical observables such as second order
structure function, velocity correlation and energy spectrum. In particular,
the present work of thesis will focus on the second order structure function
δu2 = δuiδui where δui = ui(xs+rs)−ui(xs) denotes the fluctuating velocity
increments between points x′i and xi. This quantity can be thought as a
measure of the amount of fluctuating energy at scale r =

√
rsrs and depends

both on the separation vector ri and the spatial location of the mid-point
Xci = 1/2(x′i + xi). The balance equation for the second order structure
function for anisotropic inhomogeneous wall-flows is a generalization of the
balance equation used by Kolmogorov in its famous works in 1941. Look-
ing at wall-turbulence with the same point of view of Kolmogorov will be
foundamental to understand the breaking of the Kolmogorov’s universality
and the physical ingredients responsible of it, [77].

In the first part of this chapter the phenomenology of the fully developed
turbulence and, in particular, of the energy cascade proposed by Richardson
(1922) will be treated. The Kolmogorov’s works which took inspiration from
the concept of the Richardson energy cascade, will be described in the next
section. These two parts of the chapter will follow the discussion of these
topics given in [20] and [55]. Finally, the generalization of the Kolmogorov’s
approach to wall-turbulence will be treated in the last section.

2.1 The phenomenology of the Richardson en-

ergy cascade

In fully developed turbulence it is possible to establish scaling laws by starting
from unproven but plausible hypothesis and then proceeding in a systematic
fashion following a certain phenomenolgy. By phenomenology of fully de-
veloped turbulence one understands a kind of shorthands system whereby
the same results can be recovered in a much simpler way, although, at the
price of less systematic arguments. In some case, with phenomenology it
becomes possible to grasp intuitively some of the shortcomings which are
present in turbulence. As described in [20], with phenomenology it is pos-



CHAPTER 2. THE KOLMOGOROV EQUATION 11

sible for example to count the degrees of freedom of a turbulent flow, to
compare macroscopic and microscopic scales, to find the probabiblity dis-
tribution function of the velocity gradients and to find the law of decay of
turbulent energy.

A considerable part of existing works on turbulence are associated to
the phenomenological concepts and images of the Richardson energy cascade
which had a very important role in the history of turbulence and in particular
in applied areas such as turbulence modeling. Richardson observed that tur-
bulent flows are composed by eddies1 of different size, l and different charac-
teristic velocity, ul and time scales, τl. In the Richardson’s view of turbulence
these eddies are superimposed, i.e. large eddies contain smaller eddies. The
largest eddies are characterized by a lenght scale l0 which is comparable to
the lenght of the domain embedding the fluid. Their characteristic velocity
is comparable to the root mean square velocity fluctuations, u0 =

√
〈u2〉.

To note that in homogeneous and isotropic turbulence 〈u2〉 = 〈v2〉 = 〈w2〉.
The Reynolds number associate to these eddies, Re0 = u0l0/ν, is large and
the effects of viscosity are negligible. According to Richardson’s intuition
(1922), [65], these eddies are unstable and break down, transferring their
energy by nonlinear interactions towards smaller eddies. These smaller ed-
dies experience a similar break down process and transfer their energy to-
wards much smaller eddies. This process continues until the lenght scales
involved are associated with velocity gradients sufficiently large to give an
appreciable viscous dissipation of energy into heat. In other words, this
mechanism continues until the Reynolds number associated to the smallest
eddies, Rel = ulll/ν, reaches the unity. This phenomenological description
of turbulence is usually referred to as energy cascade.

As done in [20], it is usefull to recast this phenomenology with images.
The eddies of various size can be imaged as blobs stacked in decreasing sizes.
The larger eddies have scale l0, while the successive generations of eddies
have scales, ln = l0r

n, with n = (0, 1, 2, ...) and 0 < r < 1 whose common
choice is r = 1/2 but the exact value has no meaning. Assuming that the
small eddies are space-filling as the large ones, the number of eddies per unit
volume grows with n as r−3n. In this spectrum of eddies, the turbulent energy,
introduced at the top at a rate 〈ε〉, is cascading down this hierarchy of eddies
at the same rate 〈ε〉 and is removed at the bottom by dissipation still at the
rate 〈ε〉. As we shall see, the rate 〈ε〉 is exactly the viscous dissipation of
turbulent energy into heat. In this picture two basic assumptions are made.

1The eddy is a loose phenomenological concept and eludes a precise definition, but it
can be interpreted as a turbulent motion localized within a region of defined size wherein
shows at least a moderate coherence.
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The first one is scale-invariance. This would be violated if, for example,
small eddies were less and less space-filling. The second assumption is the
localness of the interactions at the base of the energy flux. This means that
the energy cascade at scales l involves predominantly scales of comparable
size, for example from rl to r−1l.

One of the most important insight of Richardson, is that turbulent fluc-
tuations at large scales receive their energy directly from the mean motion
and thus are inhomogeneous and anisotropic. Their characteristics are di-
rectly affected by the boundary conditions of the flow which determine the
mechanisms of generation of the turbulence. Hence, the large scales fea-
tures cannot be universal but are related to the particular kind of flow. But
Richardson argued that due the chaotic transfer of energy towards small
scales, the orienting effects of the mean motion and of the geometry should
became negligibly small for sufficiently small eddies. Hence, the statistical
characteristics of the small scales of sufficiently large Reynolds number flows
should be homogeneous, isotropic and steady. Even if in the Kolmogorov’s
1941 papers no explicit reference to Richardson is made, the basic assump-
tions of his works are physically based on “Richardson’s idea of the existence
in turbulent flows of vortices of all possible scales” as he wrote in [41] and
on the statistical small scale isotropic recovery assumption.

Apart the idea that the energy flux is initialized at the largest eddies2, the
most relevant assumption made in the Richardson cascade concept is that
the energy dissipation is placed at the end of the cascade process. A relevant
consequence is that the rate of dissipation 〈ε〉 is determined by the first
process in the sequence which is the transfer of energy from the largest eddies.
These eddies have energy of the order u2

0 and time scale τ0 = l0/u0, so the rate
of transfer can be supposed to scale as u2

0/τ0 = u3
0/l0. Consequently, consitent

with experimental observations, this picture of energy cascade indicates that
〈ε〉 scales as u3

0/l0 indipendently of ν.
As concluding note about the energy cascade some historical and poetical

note are reported. It is thought that Richardson (1922) took inspiration from
observations of clouds and from Jonathan Swift’s verse:

So, nat’ralists observe, a flea
Hath smaller fleas that on him prey;
And these have smaller yet to bite ’em,
And so proceed ad infinitum.
Thus every poet, in his kind,
Is bit by him that comes behind.

2As we shall see in chapter 3, this paradigm fails in wall turbulence with turbulent
energy generated amid the spectrum.
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While, Richardson, in his work (1922), succinctly summarized the energy
cascade concept as:

Big whorls have little whorls,
Which feed on their velocity;
And little whorls have lesser whorls,
And so on to viscosity
(in the molecular sense).

Although the great contribution given by the energy cascade concept to
the understanding of the turbulent physics, several questions remain unan-
swered some of these are adressed by the Kolmogorov theory reported in the
following section.

2.2 The Kolmogorov theory

Still most of the research in turbulence and most of the new developments in
this field take inspiration from the Kolmogorov’s work in 1941, [38, 39, 40].
His works contain one of the very few exact and nontrivial results in the field
of turbulence, as well as very modern ideas on scaling, and most of the current
turbulent theories and models try to reproduce, [42, 43, 44, 46]. In the present
section a revisitation of the Kolmogorov’s results will be presented. This
review will be instrumental for the generalization to wall-turbulent flows of
the Kolmogorov’s statistical tools and for the understanding of the departure
of such a flows from the expected Kolmogorov universal phenomenology.

2.2.1 Homogeneous and isotropic turbulence

The Kolmogorov’s groundbreaking intuition was reducing the complex prob-
lem of turbulence to its essential features, by assuming homogeneity and
isotropy. In these conditions, the main process governing turbulence is the
energy transfer among scales which is described by a single scalar parameter,
the averaged dissipation rate. The concept of homogeneous isotropic turbu-
lence was introduced by Taylor (1935) and since then it has played a major
role in the analysis of the structures of turbulent flows as in the Kolmogorov’s
works. Let us recall that statistical homogeneity means that all the multi-
dimensional probability densities of the velocity components are invariants
with respect to translations and statistical isotropy means that the statistical
characteristics of the field are invariant under rotations and reflections with
respect to the coordinate axis.
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It is important to note that the concept homogeneous isotropic turbu-
lence is a mathematical idealization since this hypothesis could be fulfilled
only if the fluid domain is infinite in space. However, it is possible to suppose
that these hypothesis could be partially satisfied in small regions away from
the boundaries of the flow. Alternatively, as proposed by Kolmogorov, it is
possible to suppose a local homogeneity and isotropy of the small scales of
any turbulent flows. The large eddies are directly affected by the boundary
conditions of the flow and, therefore, are highly anisotropic. On the con-
trary, Kolmogorov argued that this directional bias of the large scales is lost
in the chaotic scale-reduction process expected to occurs according to the
phenomenology of the energy cascade towards smaller and smaller scales.
Hence,

Kolmogorov’s hypothesis of local isotropy. At sufficiently high
Reynolds number, the small-scale turbulent motions (l � l0) are homoge-
neous, isotropic and steady.

As a consequence, the statistics of the small-scale motions are in a sense
universal (similar in every high Reynolds number flows) since they loose the
informations about the mean flow and the boundary conditions. According
again to the concept of the energy cascade, if the Reynolds number is suffi-
ciently large so that the energy containing range of scales and the dissipation
range do not overlap, the energy injeced into the large eddies should be equal
to the amount of energy transfer and finally to the energy dissipated to heat.
Consequently, as shown in the previous section, the rate of energy dissipation
can be estimated as 〈ε〉 ≈ u3

0/l0 which does not involves viscosity. In this
context Kolmogorov stated:

Kolmogorov’s first similarity assumption. In every turbulent flows
at sufficiently high Reynolds number, the small scale statistical properties
are uniquely and universally determined by the scale l, the mean energy
dissipation rate 〈ε〉 and the viscosity ν.

Given the two parameter 〈ε〉 and ν, there are unique lenght, velocity and
time scales that can be formed. These are the Kolmogorov scales:

η =

(
ν3

〈ε〉

)1/4

, (2.1)

uη = (〈ε〉ν)1/4 , (2.2)

τη =

(
ν

〈ε〉

)1/2

. (2.3)

The Reynolds number based on the Kolmogorov scales is unity, i.e. uηη/ν =
1, clearly indicating that the Kolmogorov scales characterize the very small,
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dissipative, scales. According to the first similarity assumption the small
scales of large Reynolds number are statistically similar meaning that these
statistics once scaled with the Kolmogorov scales are identical. The ratio of
the smallest scale to the largest scale is easily determined from the definition
of η and from the scaling 〈ε〉 ≈ u3

0/l0. The results are

l0
η

= Re3/4, (2.4)

u0

uη
= Re1/4, (2.5)

τ0

τη
= Re1/2. (2.6)

Evidently, at high Reynolds number, the velocity scales and timescales of the
smallest eddies are small compared with those of the largest eddies. As a
consequence, there is a range of scales, very small compared with l0 but very
large compared with η, which is not affected viscous effects. Therefore, we
can introduce:

Kolmogorov’s second similarity assumption. In every turbulent
flow, in the limit of infinite Reynolds number, all the small scales statistical
properties are uniquely and universally determined by 〈ε〉 and l indipendent
by ν.

Clearly, we have to assume that in the limit of vanishing viscosity, Re→
∞, the rate of energy dissipation is finite and equal to the energy flux,
limν→0〈ε(ν)〉 = 〈ε〉 which is confirmed by experimental evidence [76] and
by the energy dissipation law, 〈ε〉 ≈ u3

0/l0, since it does not involve viscos-
ity. For large, but finite Reynolds number all the statistics are determined
by 〈ε〉 in the inertial range, η � l � l0, where the main physical effect is
the inertial transfer of energy towards smaller scales without any apprecia-
ble dissipation. In conclusion, for small scales compared to the large energy
containing eddies, an universal equilibrium range exists where the first sim-
ilarity assumption holds. In this range the eddies can adapt quickly, since
their small time scales, to mantain an equilibrium with the energy transfer
rate imposed by the largest eddies. For finite Reynolds number, this equilib-
rium range can be divided into two subrange: the inertial range where the
second similarity assumption holds being the viscous effects negligible and
the dissipation range at the smallest scales where viscosity dominates and so
is responsible for essentially all the dissipation.
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2.2.2 The 4/5 law

Kolmogorov in his third 1941’s paper, [40], derived an exact relation for the
third order longitudinal structure function. This equation follows from the
Karman-Howarth equation, [35], by re-expressing the correlation function in
terms of velocity differences. Starting from the Navier-Stokes equations in
homogeneous isotropic condidtions, it is possible to derive the evolution equa-
tion for the correlation tensor. It is possible to consider a globally isotropic
field since the statistical state of the small scales is universal and the result-
ing relations should be valid for any locally isotropic field, whether or not
the turbulence is globally isotropic.

Since isotropic turbulence is not self-sustained, we are dealing with a
problem of freely decaying turbulence. The evolution equation for the second
order two-point correlation tensor, defined as

Rij(Xc, r, t) = 〈ui(x, t)uj(x + r, t)〉 (2.7)

where for homogeneityRij does not vary with the absolute position, Rij(Xc, r, t) =
Rij(r, t), can be derived if we write the Navier-Stokes equations for ui at point
xi and for u′i at point x′i then we multiply the first equation by u′j and the
second equation by uj. After adding the two equations and averaging we
obtain,

∂〈uiu′j〉
∂t

=
∂

∂rk
(〈uiuku′i〉 − 〈uiu′ju′k〉) +

1

ρ

[
∂〈pu′j〉
∂ri

+
∂〈p′ui〉
∂rj

]
+ 2ν

∂2〈uiu′j〉
∂r2

k

(2.8)
which is valid for an homogeneous field, not necessarily isotropic. It is useful
now to introduce the third order two-point correlation tensor,

Sij,k = 〈ui(x)uj(x)uk(x + r)〉

where the subscript after the comma denotes the variables evaluated at point
x′i. If we compute the trace of equation 2.8 we obtain

∂Rii

∂t
= 2

∂Sik,i
∂rk

+ 2ν
Rii

∂r2
k

(2.9)

where the term containing pressure disappears for homogeneity while for
isotropy Si,ik = −Sik,i.

Karman and Howarth in their work (1938), more details can be found in
[58], considering a globally isotropic field, re-expressed the tensors Rii and
Sik,i in terms of two scalar functions,

Rii = 〈u2〉
[
3 + r

d

dr

]
〈u||u′||〉 Sik,i = 〈u3〉rk

2

[
4

r
+

d

dr

]
〈u||u||u′||〉,
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where u|| = (uiri/r
2)r, 〈u2〉 and 〈u3〉 are the variance and the skewness of

the velocity field, respectively. Substituting these expressions in equation 2.9
one obtains, [

3 + r
d

dr

]
∂〈u||u′||〉
∂t

=

[
3 + r

d

dr

](
4

r
+

d

dr

)
〈u||u||u′||〉+ 2ν

[
3 + r

d

dr

](
d2

dr2
+

4

r

d

dr

)
〈u||u′||〉.

Since the application of (3 + rd/dr) to a generic function of r admits only
the zero solution which is not singular at the origin, we have

∂〈u||u′||〉
∂t

=

(
4

r
+

d

dr

)
〈u||u||u′||〉+ 2ν

(
d2

dr2
+

4

r

d

dr

)
〈u||u′||〉 (2.10)

which is the Karman-Howarth equation (1938).
Let us now derive the Kolmogorov’s 4/5ths law by re-expressing the terms

of the Karman-Howarth equation 2.10 in terms of longitudinal structure func-
tions, δu2

|| and δu3
||. These quantities are related to 〈u||u′||〉 and 〈u||u||u′||〉

through the relations,

〈u||u′||〉 = 〈u2〉 − 1

2
〈δu2

||〉 〈u||u||u′||〉 = −1

6
〈δu3

||〉,

so that the equation reads

∂

∂t

(
〈u2〉 − 1

2
〈δu2

||〉
)

=

−
(

4

r
+

d

dr

)
1

6
〈δu3

||〉+ 2ν

(
d2

dr2
+

4

r

d

dr

)(
〈u2〉 − 1

2
〈δu2

||〉
)

(2.11)

Since for r � l0 the small scale statistical properties should not depend on
time and for globally isotropic turbulence ∂〈u2〉/∂t = −2/3〈ε〉 3, we have

−2

3
〈ε〉 = −1

6

[
d〈δu3

||〉
dr

+
4

r
〈δu3

||〉

]
− ν

[
d2〈δu2

||〉
dr2

+
4

r

d〈δu2
||〉

dr

]
3The evolution equation of the turbulent kinetic energy q = 1/2〈uiui〉 in homogeneous

conditions takes the simple form

∂q

∂t
= −ν〈 ∂ui

∂xj

∂ui
∂xj
〉 = −〈ε〉.

For isotropic turbulence, u2 = v2 = w2, hence ∂〈u2〉/∂t = −2/3〈ε〉
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which integrated over r leads to

〈δu3
||〉 − 6ν

d〈δu2
||〉

dr
= −4

5
〈ε〉r. (2.12)

Equation 2.12 is of foundamental interest, since it is an equilibrium equation
between second and third order longitudinal structure function and repre-
sents a mean turbulent energy balance for each scale r. Equation 2.12 gives
the exact relation governing the third order longitudinal structure function
in terms of the separation r. Indeed, in the inertial range where the viscous
effects are negligible or equivalently in the limit ν → 0 which eliminates
any residual viscous diffusion at every finite scale, equation 2.12 leads to the
Kolomogorov 4/5ths law,

〈δu3
||〉 = −4

5
〈ε〉r. (2.13)

This is one of the most important results in turbulence since it is exact
and it is a sort of boundary condition for the theories of turbulence which
must satisfy this law or must violate the assumptions on which it is based.
This relation allows to identify 〈δu3

||〉/r as the energy flux among eddies of
different sizes quantitatively assessing the phenomenological concept of the
energy cascade. At the moment, the experimental evidence confirms the
4/5ths law. This relation is quite general and since involves only velocity
differences it is though to be exact for all tipe of flows, provided that local
homogeneity and local isotropy hold.

In the absence of intermittency, equation 2.13 suggests that the main
parameter involved in any inertial range scaling should be 〈ε〉 which is equal
to the energy flux through scales. In this context the scaling behaviour of
the p-order structure function is assumed to be, on dimensional ground,

〈δup||〉 ∝ 〈ε〉
p
3 r

p
3

which means that the flow is expected to be scale invariant in the inertial
range with a unique scaling exponent h = p/3, [20]. However, experimental
results have shown that the scaling laws present exponent ζ(p) substantially
different from the dimensional prediction for large p. This behaviour is es-
sentially related to the intermittent nature of the dissipation field ε, as raised
by [48] (1944) and remarked in [45] (1974). The Landau’s objection asserted
that the intermittent variation of ε is driven by the large eddies and, therefore,
is different for different flows. Consequentely, the result of the averaging of ε
cannot be universal for the scaling of the different p-order structure function
but only for p = 3. For this reason, intermittency corrections have been ap-
plied, following for instance the refined Kolmogorov’s hypothesis [41] where
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Figure 2.1: Istantaneous vortical structures in a turbulent channel flow visu-
alized by mean of isosurface of λ2, [31].

the scaling exponents are related to the statistics of the dissipation field.
Another phenomenological model, proposed by Parisi and Frisch in [20], as-
sumed that the velocity increments possess a continuous range of scaling
exponents related to the multi fractal structure of the turbulent field. While
a processing technique which greatly improve the accuracy of the exponents
has been proposed in [4], called extended self-similarity (ESS), and is based
on the observation that the functional forms of the structure function at the
beginning of the dissipative range are the same.

2.3 Anisotropic and inhomogeneous wall tur-

bulent flows

Actual turbulent flows have a much richer physics than those described for
globally isotropic homogeneous turbulence. Beyond energy transfer, anisotropic
turbulent production and inhomogenous spatial fluxes occur. The turbu-
lent self-sustaining mechanisms and energy redistribution embedded in the
flow domain modify the phenomenological picture of globally homogeneous
isotropic turbulence adding anisotropic effects which change appreciably in
the different flow region due to inhomogeneity (see the inhomogeneous dis-
tribution and the directionality of the istantaneous vortical structures in a
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turbulent channel flow shown in figure 2.1). A detailed understanding of
these interacting phenomena requires a description of the physical processes
occurring simultaneously in physical space and in the space of turbulent
scales. This multidimensional description is the only one approach which al-
lows to verify if the classical picture of turbulence as described by Richardson
holds, if the assumption of the small scales statistical properties universality
and the assumption of local homogeneity and isotropy are verified. To deal
with these more general conditions, the 4/5ths law has been extended [26]
in the form of a balance equation for the second order structure function
〈δu2〉 = 〈δuiδui〉, where the fluctuating velocity increments at position Xcs

and vector separation rs are δui = ui(Xcs + rs/2) − ui(Xcs − rs/2). This
equation, specialized for the symmetries of the channel flow, will be analyzed
in the present work and introduced in this section.

2.3.1 Inhomogeneity and spatial fluxes

Wall-bounded turbulent flows such as boundary layers, pipe flows and chan-
nel flows are characterized by a mean velocity gradient which is caused by
the shearing effect of the flow over a rigid wall. This mean gradient varies
with the distance from the wall producing a strong inhomogeneity in the
wall-normal direction. This inhomogeneity leads to a spatial redistribution
of energy and to a strong position-dependence of the turbulent dynamics. For
that reason, wall turbulence has been classically studied through the balance
equation for the turbulent kinetic energy, q = 〈uiui〉/2. Indeed, this equation
allows to characterize wall-turbulence in well defined layers where different
turbulent phenomena dominate. The clear description of the dynamics of
energy between these regions of the flow is crucial to the understanding of
wall-bounded turbulent flows.

The turbulent kinetic energy balance for a turbulent channel flow reads,

dφ(y)

dy
= s(y), (2.14)

where the spatial flux φ = (〈qv〉+ 〈pv〉/ρ−νd〈q〉/dy), due to the symmetries
of the flow domain, is a scalar flux in the wall-normal direction, y, due
to inertial fluctuations, pressure-velocity correlation and viscous diffusion,
respectively. The term in the right hand side, s(y) = −(〈uv〉dU/dy + 〈ε〉)
describes the turbulent energy source/sink given by the balance between
production and dissipation at given wall-normal location. The production
term, −〈uv〉dU/dy, occurs also in the balance equation for the mean kinetic
energy with opposite sign and describes the energy exchange between the
mean and fluctuating motion. This term is positive at all wall-distances
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and, consequentely, the wall-turbulent motion is self-sustained. The wall-
turbulent fluctuations does not need an external mechanisms to replenish
the turbulent energy dissipated by viscous forces. The dissipation term, −〈ε〉
represents the mean rate of viscous dissipation of turbulent kinetic energy
into heat. As a consequence, equation 2.14 states that the divergence of the
spatial fluxes balances the y-behaviour of the energy source/sink given by
the difference between production and dissipation.

The y-distribution of the terms in equation 2.14 has been used for the clas-
sification of the wall-turbulent region into well defined layers. The first one
close to the wall, dominated by dissipation, is normally referred to as viscous
sublayer. In turn, the intermediate region where production is predominant
is generally called buffer layer. Above this region there is a zone, tradition-
ally called logarithmic layer, where for very high Reynolds number flows an
overlap between an inner and an outer scaling appears and production and
dissipation balance, [63], see also [25] and [72] for the largest Reynolds num-
ber simulations carried out in wall turbulence. This asymptotic state is not
reached at the Reynolds number of the simulations preformed in this thesis,
however in the rest of the work we will conventionally refer to the logarithmic
layer as the region where production approximatively balances with dissipa-
tion, see figure 2.2 for the channel flow case at Reτ = 550, and the rate of
spatial energy flux is nearly zero. This results in a constant spatial flux of
energy which crosses this equilibrium layer feeding the fluctuations in the
bulk central region of the channel where production vanishes. In conclusion,
wall bounded flows are charaterized by an energy source region, the buffer
layer, and two energy sink regions, one in the proximity of the walls and
another one in the core flow which may be preceded by an equilibrium layer.

2.3.2 The generalized Kolmogorov equation

Clearly, a detailed assessment of the dynamics of energy between different
regions in physical space is crucial to the understanding of wall-turbulent
flows. However, a view based on spatial energy transfer alone is insufficient
to completely describe the wall-turbulent dynamics. A parallel view based
on the decomposition of the flow field into an hierarchy of scales is required
in order to appreciate the behaviour of production, dissipation and energy
transfer for different ranges of scales and wall-distances. The conceptual
picture is that of a double flux of energy both in physical and scale space.
Indeed, the simultaneous analysis of the energy processes through the space
of scales and wall-distances adds the phenomenon of the energy cascade to
the spatial flux accountable for with equation 2.14.

According to Kolmogorov’s four-fifths law [40], equation 2.13, the promi-
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Figure 2.2: Turbulent kinetic energy budget, equation 2.14, for the channel
flow simulation at Reτ = 550. Turbulent production (solid line), dissipation
(dashed line) and the rate of spatial flux (dotted line). The three vertical
lines identify the viscous sublayer, the buffer layer, the putative logarithmic
layer and the bulk flow.

nent feature of high Reynolds number turbulent flows is the energy transfer
from large to small scales believed to universally occur in the inertial range
of turbulence. In this view the velocity increment between two points is
a central object. Energy balance prescribes its third order moment to be
linear in the separation r and proportional to the average dissipation rate
〈ε〉. Since, it is thought that all the possible symmetries of the Navier-Stokes
equations, usually broken by the mechanisms producing turbulence, are re-
stored in a statistical sense at small scales (the local isotropy assumption), it
is important to verify these assertions in more realistic conditions of globally
anisotropic and inhomogeneous flows. To deal with these more general con-
ditions, the generalization of the Kolmogorov’s approach to turbulence in the
form of a balance equation for the second order structure function, 〈δu2〉, can
be used. Following the procedure described in [26], it is possible to derive
from the Navier-Stokes equations the generalized form of the Kolmogorov
equation for globally anisotropic and inhomogeneous conditions,

∂〈δu2〉
∂t

+
∂〈δu2δuj〉

∂rj
+
∂〈δu2δUj〉

∂rj
+ 2〈δuiδuj〉

∂δUi
∂rj

+
∂〈u∗jδu2〉
∂Xcj

+
∂〈δu2U∗j 〉
∂Xcj

+
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2〈u∗jδui〉
∂δUi
∂Xcj

= −4〈ε∗〉+ 2ν
∂〈δu2〉
∂ri∂ri

− 2

ρ

∂〈δpδui〉
∂Xci

+
ν

2

∂2〈δu2〉
∂X2

cj

. (2.15)

This evolution equation allows to identify all the processes which characterize
the dynamics of inhomogeneous anisotropic flows both in the space of scales
and in physical space. In particular, the terms with r-derivatives describe
physical processes which transfer energy through scales while those with Xcj -
derivatives arise due to inhomogeneity and describe physical processes which
transfer energy through different regions of the flow. When homogeneous
and isotropic conditions are reached, the generalized Kolmogorov equation
reduces to the classical Kolmogorov equation 2.12. Hence, the potential
breakdown of the small scales universality and of the related phenomenology
of the energy cascade can be directly adressed via a scale by scale analysis
of equation 2.15 in the different regions of the flow.

Homogeneous isotropic turbulence

Assuming that the local isotropy homogeneous assumption holds the Xcj -
derivatives and the contributions of the mean velocity vanish and equation
2.15 reduces to

∂〈δu2δui〉
∂ri

= −4〈ε〉+ 2ν
∂〈δu2〉
∂riri

, (2.16)

which is a balance equation analogous to the Kolmogorov equation 2.12. In
the limit of vanishing viscosity, ν → 0, or equivalently at inertial scales, this
equation expressed in terms of the longitudinal velocity increments reduces
to the 4/5ths law, equation 2.13. In the same conditions, equation 2.16 leads
to a relation analogous to the 4/5ths law derived by [60] without any assump-
tions about the isotropy of the flow structure. Considering the integration of
equation 2.16 over a sphere B of radius |r| centered at r = 0 for fixed small
scale, equation 2.16 leads to,∫

∂B

〈δu2δui〉 · nrdS = −4

3
〈ε〉r (2.17)

where nr is the outward normal to the ball and it is used the divergence
theorem on the resulting volume integrals and it is divided by 2πr2. Since
the flow considered here is isotropic the integration over the ball is redundant
and relation 2.17 reduces to,

〈δu2δui〉ri
r

= −4

3
〈ε〉r (2.18)
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which is the analogous of the 4/5ths law but involving both longitudinal and
transversal velocity increments. In the same limits, another relation analo-
gous to the 4/5ths law can be obtained from equation 2.16 simply neglecting
the viscous diffusion mechanisms,

∂〈δu2δui〉
∂ri

= −4〈ε〉 , (2.19)

which again holds without the assumptions of isotropy but only for ν → 0
or small r.

Equations 2.17, 2.18 and 2.19, as the 4/5ths law, establish that in the
spectrum of turbulent scales an inertial range exists where the turbulent en-
ergy is transfered through the scales of motion from large to small scales
indipendently on the scale under consideration and with a constant flux pro-
portional to the energy input/dissipation, 〈ε〉. There is not direct energy
injection and not direct energy extraction. These results are commonly asso-
ciated to the phenomenology of the Richardson energy cascade. This picture
is claimed to be highly universal, in the sense that, no matter what the de-
tails of the flows are at large scales, the small scales of large Reynolds number
flows are believed to behave according to the balance established by equation
2.19. In its universality, equation 2.19 neglects the details of the processes
which feed the turbulence to provide the constant energy flux through the
inertial range.

Homogenous shear flow

In turbulent flows such as the homogeneous shear flow with a mean velocity
U = Sy in the x direction where S = dU/dy is the shear in the y direction,
the generalized Kolmogorov equation reduces to

∂〈δu2δui〉
∂ri

+
∂ (〈δu2〉Sry)

∂rx
+ 2S〈δuδv〉 = −4〈ε〉+ 2ν

∂〈δu2〉
∂ri∂ri

. (2.20)

This is the simplest non-trivial flow which fully retains the basic anisotropic
mechanism of turbulent kinetic energy production typical of any shear flow
[6]. Besides energy transfer, viscous diffusion and dissipation the additional
anisotropic energy injection alters the balance modifying the energy cascade
process. In this flow, due to the presence of a mean velocity the inertial flux
of turbulent kinetic energy in the space of scales is due to both the mean
flow and the turbulent fluctuations, the firts two terms on the left hand side
of equation 2.20.

The homogeneity of the flow implies that the process of energy produc-
tion, 2S〈δuδv〉, inject energy at a given range of scales at rate −4〈ε〉. The
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range of scales affected by this anisotropic action could be rationalized intro-
ducing a new characteristic quantity, the cross-over scale lc. By comparing
the magnitude of the energy processes of equation 2.20, the cross-over scale
can be identifed as the scale where production and inertial energy trans-
fer balance. Therefore, the scale lc splits the range of scales affected by
the anisotropic energy production from those which follow the classical Kol-
mogorov equation 2.16. This scale is closely related to the shear scale, Ls,
whose magnitude can be evaluated with dimensional analysis4 as

Ls =

√
〈ε〉
S3

. (2.21)

One of the advantage related to the study of homogeneous shear flows is
that spatial homogeneity implies a well defined value of the shear scale Ls
and, therefore, also of the cross-over scale, lc. The production mechanisms
are active at scales larger than lc, while for smaller scales there is a classical
inertial range dominated by a Richardson energy cascade. In this range the
Kolmogorov equation 2.16 can be used to model the turbulent dynamics
using as boundary condition an incoming energy flux at scales of order lc.
Therefore, the cross-over scale is crucial for the small-scale isotropic recovery
as shown in [7][8]. In conclusion, for Reynolds number sufficiently large so
that lc and the viscous diffusion scales are well separated, an inertial range
where the Komogorov’s hypothesis and the associated Richardson energy
cascade can be found in shear flows.

Wall-turbulence: channel flow

When dealing with wall-flows, the statistical inhomogeneous condition and
not only anisotropy has to be considered. Inhomogeneity increases the com-
plexity of the turbulent physics spatially modulating the scale energy balance,
[54, 14]. The additional spatial energy flux and turbulent production mod-
ify the energy cascade through the spectrum of scales in a different manner
depending on the spatial position. In turbulent wall-flows, such as channel
flow with a longitudinal mean velocity U(y), the generalized Kolmogorov
equation specializes,

∂〈δu2δui〉
∂ri

+
∂〈δu2δU〉

∂rx
+ 2〈δuδv〉

(
dU

dy

)∗
+
∂〈v∗δu2〉
∂Yc

=

4By comparing the estimate of the velocity fluctuations induced at a given scale r by the
mean shear, δuS(r) ∝ Sr, with the estimate given in the inertial range by the Kolmogorov
scaling δuK(r) ∝ ε1/3r1/3, it is possible to dimensionally identify the lenght scale which
splits production dominated scales from cascade dominated scales as Ls =

√
〈ε〉/S3
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−4〈ε∗〉+ 2ν
∂2〈δu2〉
∂ri∂ri

− 2

ρ

∂〈δpδv〉
∂Yc

+
ν

2

∂2〈δu2〉
∂Yc

2 (2.22)

where * denotes a mid-point average, i.e. u∗i = (ui(x
′
s) + ui(xs))/2, ε =

ν(∂ui/∂xj)(∂ui/∂xj) is the viscous pseudo-dissipation, 〈·〉 denotes now aver-
age in the homogeneous directions and the Yc dependence is associated with
inhomogeneity. For a detailed derivation see Hill [26] and also [83] and [76]
for an alternative approach. In this flow the second order structure function
is a function not only of the separation vector ri but also of the mid-point
Yc = 1/2(y′ + y). Compared to the turbulent kinetic energy balance equa-
tion which describes the turbulent phenomena varying through different wall-
distances, equation 2.22 is written in a four-dimensional space, (rx, ry, rz, Yc),
which will be hereafter referred to as augmented space. Namely, we can ac-
count for the different behaviour of the turbulent dynamics in the three-
dimensional space of scales for different wall-distances. In particular, equa-
tion 2.22 allows to analyze the two energy fluxes simultaneously occurring
in wall-flows, namely the spatial flux through different Yc and the energy
transfer through different ri. The terms with r-derivatives describe the rate
of energy flux in the space of scales. In this context, equation 2.22 dis-
tinguishes three different contributions due to fluctuating turbulence, mean
motion and viscous diffusion,

∂〈δu2δui〉
∂ri

,
∂〈δu2δU〉

∂rx
and 2ν

∂2〈δu2〉
∂ri∂ri

,

respectively. While, the terms with Yc-derivatives describe the additional
rate of spatial fluxes due to the inhomogeneity of wall-turbulence. These
energy fluxes are due to fluctuating turbulence, pressure-velocity correlation
and viscous diffusion,

∂〈v∗δu2〉
∂Yc

,
2

ρ

∂〈δpδv〉
∂Yc

and
ν

2

∂2〈δu2〉
∂Yc

2 ,

respectively. This double energy flux balance with the behaviour in the
augmented space of the energy source due to the anisotropic production by
mean shear,

2〈δuδv〉
(
dU

dy

)∗
and of the energy sink due to viscous dissipation,

4〈ε∗〉 .

For large separations, equation 2.22 approaches an asymptotic behavior
given by four-times the single point turbulent kinetic energy budget, equation
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2.14, which can be understood as the large scale boundary condition for the
energy processes of the balance of the second order structure function. For
example, the large scale limit of the divergence of the inertial energy flux
among scales is

lim
r→∞

∂〈δu2δui〉
∂ri

=
1

2

(
∂〈u2ui〉
∂xi

+
∂〈u′2u′i〉
∂x′i

)
=
∂〈u2ui〉∗

∂Xci

(2.23)

where the following rules for the transformation of the derivatives have been
used,

∂

∂ri
=

1

2

(
∂

∂x′i
− ∂

∂xi

)
and

∂

∂Xci

=
1

2

(
∂

∂x′i
+

∂

∂xi

)
.

The limit 2.23 suggests that the only one non vanishing term at large sepa-
rations is in the wall-normal direction,

lim
r→∞

∂〈δu2δui〉
∂ry

=
1

2

(
∂〈u2ui〉
∂y

+
∂〈u′2u′i〉
∂y′

)
=
∂〈u2ui〉∗

∂Yc
. (2.24)

Whereas, the large scale limit of the divergence of the inertial energy flux in
physical space is

lim
r→∞

∂〈δu2v∗〉
∂Yc

=
∂〈u2ui〉∗

∂Yc
. (2.25)

Relation 2.24 and 2.25 reveal that both the contributions, in the space of
scales and physical space, of the turbulent energy flux are present with the
same value in the turbulent kinetic energy balance. The single-point di-
vergence of the turbulent spatial flux represents the large scale boundary
condition for the corresponding terms in the augmented space.

In homogeneous flows, the turbulent energy fluxes take place only in the
space of scales and the large scale limit of the divergence, equation 2.23, is
zero. In this condition the turbulent flux

lim
r→∞
〈δu2δui〉 = δ〈u2ui〉 (2.26)

also vanishes suggesting that in homogeneous turbulence the energy cascade
is initialized at finite scales by the displacement towards small scales of the
energy provided at the largest scales by the production term or equivalently
by the forcing term in isotropic turbulence. This is a distinguish feature of
homogeneous flows with respect actual turbulent flows where inhomogeneity
is present. As we shall see in chapter 3 these boundary conditions have strong
repercussions on the observed behaviour of the energy fluxes.
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As for homogeneous shear flows, in addition to the two lenght-scales typ-
ical of homogenous isotropic turbulence, namely the dissipative and the in-
tegral scales, the anisotropic turbulent production introduces a further char-
acteristic quantity, the cross-over scale lc, which splits the range of scales
affected by the anisotropic production of energy from those which are not
influenced by the mean shear. The main difference compared to homogenous
shear flows is that the cross-over scale has not a well defined value but varies
for different wall distances, i.e. lc = lc(y), and the same applies to the dissi-
pative scales, i.e. η = η(y). Classically, the y-behaviour of these quantity has
been adressed through dimensional analysis. According to the classical equi-
librium theory for the logarithmic layer, turbulent production and dissipation
balance. With this assumption and since the mean shear S can be written as
S ≈ uτ/(κy), [63], it is possible to find that the local dissipation 〈ε〉 can be
estimated as 〈ε〉 = u3

τ/(κy), where κ is the Kármán constant and uτ is the
friction velocity. Assuming this scaling for dissipation, the Kolmogorov scale
η = (ν3/〈ε〉)1/4 is expected to scale with the wall-distance as η+ ∝ (κy+)1/4,

while the shear scale Ls = (〈ε〉/S3)
1/2

, is expected to scale with the wall-
distance as L+

s ∝ (κy+), [52], where the superscripts + denote viscous units.
Since the cross-over scale lc is dimensionally related to the shear scale, it is
expected that the same y-behaviour applies, i.e. lc(y) ∝ κy+. To note that,
due to the assumption of isotropy, the dimensional behaviour of the cross-
over scale does not take into account the different values this scale could
assume in the three dimensional scale-space due to anisotroy.

Differently from homogeneous shear flows, scales smaller than the cross-
over scale lc do not necessarily follow the classical Kolmogorov equation 2.16
due to the presence of inhomogeneous spatial fluxes which could modify the
picture of the energy cascade adding/subtracting energy at a given scale for
different wall distances. In order to verify the assumption of the universal
small scales isotropic recovery, an extended cross-over scale lce defined by
the condition (

∂〈δu2δui〉
∂ri

+
∂〈δu2δU〉

∂rx

)
(lce, Yc) =

−
(

2〈δuδv〉
(
dU

dy

)∗
+
∂〈v∗δu2〉
∂Yc

+
2

ρ

∂〈δpδv〉
∂Yc

)
(lce, Yc)

should be considered. To note that the scale lce is considered now as a
vector quantity since the turbulent processes of production and spatial flux
could exhibit different behaviours in the three directions of the r-space due
to anisotropy. The viscous diffusion cutoff scale should be also extended to



CHAPTER 2. THE KOLMOGOROV EQUATION 29

account for viscous diffusion both in scale and physical space, namely(
∂〈δu2δui〉

∂ri
+
∂〈δu2δU〉

∂rx

)
(lde, Yc) =

(
2ν
∂2〈δu2〉
∂ri∂ri

+
ν

2

∂2〈δu2〉
∂Yc

2

)
(lde, Yc)

where lde is the extended viscous scale. Therefore, considering increments ri
smaller than the extended cross-over scale, |r| < |lce| and sufficiently large so
that the viscous diffusion can be negletted, |r| > |lde|, a Kolmogorov inertial
range could be found also in wall flows where equation 2.16, i.e.

∂〈δu2δui〉
∂ri

= −4〈ε〉,

holds. Indeed, in such an ideal range there is not energy injection and extrac-
tion via anisotropic turbulent production and inhomogeneous spatial fluxes.
The turbulent energy freely flows down to small scales whitout interferences
and, hence, with a constant rate until the viscous diffusion scales are reached.
This picture holds only when a large separation between |lce| and |ld| occurs.
In spite of shear flows where the shear scale Ls and equivalently lc have a
well-defined value corresponding to large scales, in wall-flows expecially in
the near-wall region there is no reason to assert that the anisotropic and
inhomogeneous phenomena which locate lce are confined at larger scales.
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Chapter 3

The energy fluxes paths and
their origin

The present study is devoted to the description of the energy fluxes from
production to dissipation in the augmented space of wall-turbulent flows.
The multidimensional description will be shown crucial to understand the
formation and sustainment of the turbulent fluctuations fed by the energy
fluxes coming from the near-wall production region, see figure 3.1. An unex-
pected behavior of the energy fluxes comes out from this analysis consisting of
spiral-like paths in the combined physical/scale space where the controversial
reverse energy cascade plays a central role. The observed behavior conflicts
with the classical notion of the Richardson/Kolmogorov energy cascade and
may have strong repercussions on both theoretical and modeling approaches
to wall-turbulence. To this aim a new relation stating the leading physical
processes governing the energy transfer in wall-turbulence is suggested and
shown able to capture most of the rich dynamics of the shear dominated
region of the flow. Two dynamical processes are identified as driving mecha-
nisms for the fluxes, one in the near wall region and a second one further away
from the wall. The former, stronger one is related to the dynamics involved
in the near-wall turbulence regeneration cycle. The second suggests an outer
self-sustaining mechanism which is asymptotically expected to take place in
the log-layer and could explain the debated mixed inner/outer scaling of the
near-wall statistics.

3.1 The flow of energy in the augmented space

Wall-bounded turbulence is characterized by several processes which maybe
thought as belonging to two different classes: phenomena which occur in

31
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physical space and phenomena which take place in the space of scales. The
most significant aspect of the former is the spatial flux of turbulent kinetic en-
ergy and of the latter is the energy transfer among scales due to the coupling
between eddies of different size. As a consequence, a full understanding of
these phenomena requires a detailed description of the processes occurring si-
multaneously in physical and scale space. In this context, the present section
provides a description of the paths the energy takes from the production to
the dissipation regions of the augmented space, (rx, ry, rz, Yc). To this aim,
the generalized Kolmogorov equation is used. Formally, the scale-energy
budget, 2.22, can be recast in a conservative form as

∇ ·Φ(r, Yc) = ξ(r, Yc) (3.1)

where ∇· is the four-dimensional divergence and

ξ = 2〈δuδv〉 (dU/dy)∗ − 4〈ε∗〉

is the scale-energy source/sink. Equation 3.1 is written in a four dimensional
space (rx, ry, rz, Yc) and involves a four-dimensional vector field,

Φ = (Φrx ,Φry ,Φrz ,Φc) ,

hereafter called the scale-energy hyper-flux. The projection of the hyper-flux
in the three-dimensional space of scales will be called the three-dimensional
energy transfer vector,

Φr = (Φrx ,Φry ,Φrz) = 〈δu2δu〉 − 2ν∇r〈δu2〉 .

The projection in physical space, a pseudo-scalar for the symmetries of the
channel flow, is the spatial energy flux

Φc = 〈v∗δu2〉+ 2〈δpδv〉/ρ− ν/2∂〈δu2〉/∂Yc .

The conservative form, equation 3.1, allows to appreciate the two kinds of
scale-energy fluxes occuring in wall-flows, namely Φr through the scales of
motion and Φc in physical space. In classical homogeneous isotropic turbu-
lence, the flux occurs only in the space of scales, is radial and, at inertial
separations, quantified by Φr = −5〈δu3

‖〉/(4r). In homogeneous conditions,

the source is always negative, ξhom(r) ≤ 0, actually a sink, consistently with
the classical notion of Richardson cascade [65]. The energy cascade is ini-
tialized at the largest scales by the displacement towards small scales of the
energy provided at the largest scales by production at a rate equal to the en-
ergy dissipation, i.e. ξhom(r) = 0 for r →∞. Then, out of the limit of large
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Figure 3.1: Isocontour of the fluctuating streamwise velocity in an horizontal
plane parallel to the walls at Y +

c = 60.

scales, the source term becomes negative, ξhom(r) < 0, due to the monotonic
decrease of the scale-energy production moving to small scales, [6].

In more general cases, when the scale-energy source is positive, produc-
tion exceeds the energy dissipation rate. As a consequence of the form in
divergence of equation 3.1, the regions of the (r, Yc)-space where ξ(r, Yc) > 0
can be thought of as the origin of the scale-energy fluxes. This is a dis-
tinguishing feature of realistic inhomogeneous flows, where energy produc-
tion is embedded in the system rather than being provided by an external
agent. Indeed, it is well known that, in wall flows, turbulent production ex-
ceeds dissipation in the buffer layer leading to an excess of energy, 〈1/2u2〉,
and a spatial energy flux towards both the bulk of the flow and the viscous
sub-layer [79]. As we shall see, wall bounded flows are peculiar, since the
source is not located at the largest scales, as the paradigm of homogeneous
isotropic turbulence leads to believe. This is a very important phenomenon
which strongly modifies the scale-energy fluxes pattern of wall-turbulence
from those usually observed in homogeneous flows. Equation 3.1 describes
an energy fluxes vector field Φ(r, Yc) where are present both energy source
(ξ(r, Yc) > 0) and sink (ξ(r, Yc) < 0) regions and not only regions of energy
sink as in homogeneous flows.

Purpose of the present section is to describe the unexpected paths the
scale-energy takes from production to dissipation in the augmented space by
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Figure 3.2: (rx, rz, Yc)-projection (ry = 0) of the augmented phase-
space. Trajectories of the reduced hyper-flux (inertial component)
(〈δu2δu〉, 〈δu2δw〉, 〈δu2v∗〉+ 2〈δpδv〉) (colours according to strength). These
value are expressed in viscous units, the same convention is used in all the
plots of this work. The two iso-surfaces of the energy source ξ(rx, rz, Yc) are
selected to show the two local maxima, in the inner ( ξ+ = 0.42, green) and
outer (ξ+ = 0.006, red) regions, respectively.

addressing the trajectories of the hyper-flux. The data used for the analysis
are those of the direct numerical simulation (DNS) of a channel flow at
Reτ = uτh/ν = 550 reported in chapter 1.

3.1.1 The paths of energy

As established by equation 3.1, the scale-energy hyper-flux is driven by the
source ξ. This term reaches its maximum in a range of small scales well
within the buffer layer (green isosurface in figure 3.2). As we shall see, this
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Figure 3.3: Projection of the reduced inertial hyper-flux and isolines of the
energy source in the Y +

c = 20 (a) and Y +
c = 110 (b) planes.

region of the augmented space is one of the engines of wall-turbulence, and
will be hereafter called the driving scale-range (DSR).

This is an interesting result showing how the classical paradigm of tur-
bulence fails near the wall with the turbulent energy being generated amid
the spectrum. The turbulent energy is not introduced at the top of the spec-
trum and there is not an isotropric recovery since anisotropic production does
not decreases moving to small scales. The DSR is associated with a strong
anisotropic energy injection at small scales, which leaves a deep footprint on
the geometrical properties of the turbulence [7]. The trajectories of the is-
suing energy fluxes are markedly different from those of the classical theory,
see the colored lines in the three-dimensional plot of figure 3.2, where the
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colors encode the strength of the flux. As more clearly seen in figure 3.3(a),
corresponding to an (rx, rz)-plane close to the center of the DSR (Y +

c = 20),
the trajectories diverge from the DSR to feed other regions in the combined
physical/scale space, see figure 3.4(b) for an (rz, Yc)-cut at rx = 0 through
the DSR. The vector field exhibits a spiraling behavior which starts from the
buffer layer and diverge feeding longer and wider turbulent structures reach-
ing the outer regions of the flow. Note the combined nature of the paths taken
by the scale energy, which loops in the three-dimensional space moving from
the DSR towards larger rx and rz while ascending towards increasing Yc.
A further distinguishing feature of figure 3.2 is the eventual convergence of
the trajectories towards the zero-separation dissipative scales at rx = rz = 0.
The overall picture conforms to a system of ascending spiral-like curves which
end up in the small-scale range at different wall-normal positions to be un-
derstood as a Yc-distributed dissipative range (DDR), sink of scale-energy.
Overall, the energy transfer systematically takes place towards larger scales
(reverse energy cascade) and in the upward direction before eventually bend-
ing towards the dissipative range (direct energy cascade). The present view
is entirely consistent with the spectral description provided in [17], which
however misses the multidimensional nature and the directionality of the
process. We like to stress that a multidimensional description is crucial to
understand the formation and sustainment of larger fluctuating structures
fed by the energy excess in the near wall production region.

Unexpectedly, the phenomenon of the reverse energy cascade plays a cen-
tral role for the generation of the characteristic long and wide fluctuations of
wall-turbulence. As clearly shown by the projections in the space of scales,
(rx, rz), figure 3.3(a) and (b), the energy fluxes diverge from the region of
energy source at small scales and, through a reverse cascade, feed longer and
wider fluctuations. Then, following a loop, the fluxes converge in a classi-
cal forward energy cascade reaching the region of energy sink (DDR) at the
smallest scales where dissipation occurs. The coupling of the reverse energy
cascade with the spatial fluxes is the basic element for the formation of the
long turbulent fluctuations pattern usually observed in wall-flows from the
wall to the core flow, figure 3.1.

In wall-turbulence the energy flux field Φ(r, Yc) diverges from the en-
ergy source regions (ξ(r, Yc) > 0) and converges to the energy sink regions
(ξ(r, Yc) < 0). This is a prerogative of wall-flows due to inhomogenity while
in homogenous turbulence the source term satisfies the constrain ξhom(r) ≤ 0.
In analogy with the Gauss’s law for gravity and electromagnetism, the field
of fluxes change from a monopolo to a dipole pattern. An electric field
has sources at positive charges, sinks at negative charges, so electric field
lines start at positive charges and end at negative charges potentially form-
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Figure 3.4: Projection of the reduced inertial hyper-flux and energy source
isolines in the rz = 0 (a) and rx = 0 plane (b).

ing closed loops, or extend to or from infinity. A gravitational field has no
sources, it has sinks at masses, so gravitational field lines come from infinity
and end at masses. The main energy source of the whole (r, Yc)-space is the
DSR which is therefore responsible to feed from the small scales of the buffer
layer most of the turbulent fluctuations at different scales and position of the
flow.

3.1.2 The near-wall and outer peak of the energy source

The clear matching of scales, 20 < r+
z < 70 for r+

x < 200, green isosurface
in figure 3.2 and the isocontours of figure 3.3(a), actually suggests a strong
connection of the DSR with the coherent structures involved in the near-
wall cycle, see [66, 23, 33], and more specifically with the quasi-streamwise
vortices. In this view, the near-wall cycle corresponds to the energy fluxes
loop shown in figure 3.3(a). In particular, the energy source of the DSR
can be thought as the scale-energy extracted from the mean flow to generate
the quasi-streamwise vortices. A fraction of this energy is directly cascading
down to small scales and dissipated, see 3.3(a). This phenomenon can be
thought as the result of the bursting of these structures due to instability. The
remaining fraction of energy is transfered to feed, through a reverse cascade,
the streamwise velocity streaks, see 3.3(a). This phenomenon can be thought
as the result of the interaction of the streamwise vortices with the mean
shear. In the end, the energy associated to the streaks is cascading down
to the smallest scales through a classical forward cascade and dissipated, see
3.3(a). This phenomenon can be thought as the result of the bursting of the
streaks due to instability.

An amazing feature emerging from the present analysis is the existence
of a rescaled replica of the processes described so far, associated with a
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Figure 3.5: Locus of the energy source (ξ) maxima in the rx = 0 plane.

second peak in the energy source, see the red isosurface displayed in figure
3.2. Still the energy loops in the augmented space, see figure 3.3(b) for a
cut through the second peak, suggesting a dynamics pretty similar to that
described for the DSR. As shown in figure 3.4(a) and 3.4(e), the region of
excess production (ξ > 0) extends up to Y +

c ≈ 300, though its intensity
is substantially smaller than for the DSR. This second peak is presumably
related to the outer mechanism reported in [34, 28] which has been shown to
be self-sustaining [29]. For this particular simulation, this peak occurs at a
spanwise scale of 0.36h which corresponds to the spanwise extension of the
vortical structures reported in [28].

At given wall-distance the source maximum occurs for rx = 0. Its location
in the (rz, Yc)-plane, reported in figure 3.5, defines the typical spanwise scale
of the energy source ξ. We recall the physical interpretation of the scale-
energy source, which is especially clear for rx = 0. A part from the base
value provided by the Yc dependent energy dissipation rate, the source is the
correlation between streamwise and wall-normal velocity increments times
the local average shear rate. Restricted to rx = 0, this quantity is directly
related to the spanwise co-spectrum which provides the spectral decomposi-
tion of the Reynolds stresses −〈uv〉 responsible for turbulent production in
the sense of Townsend’s view [79]. We may regard the spanwise location of
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the maxima as the typical dimension of the fluctuating motions which con-
tribute more effectively to the build up of the Reynolds stresses. Near the
wall, Y +

c < 80, this length scale increases quadratically, r+
z ≈ 35 + 0.02Y +2

c ,
and keeps a finite value at the wall while the intensity of the maximum be-
comes vanishingly small. This is the region where the DSR occurs. Actually
comparing figure 3.5 and 3.4(b), it is clear that within the DSR, Y +

c < 30,
the length scale stays almost constant. This behavior would have been de-
scribed in Townsend’s terms as detached, i.e. independent of wall normal
position, as opposed to attached meaning increasing linearly with wall dis-
tance. The detached nature of the structures involved in the near-wall cycle
underlines that these structures feel the presence of the wall only indirectly
and, therefore, behave more or less as in free shear flow. Since the spanwise
extension is larger than twice the wall-distance, the cross-plane appereance
of these eddies should be a swirling motion compressed in the wall-normal
direction.

Moving away from the wall, a second behavior abruptly takes over for
100 < Y +

c < 0.4Reτ . In this region the single-point turbulent production
roughly equals the energy dissipation, i.e. this is a putative equilibrium
layer that would eventually develop into the log-layer expected to exist at
extremely large Reynolds number. Here the spanwise scale of the energy
source is to a very good degree linear with Yc, r

+
z ≈ 80 + Y +

c . This observa-
tion suggests that the turbulent production in this region would be related to
the phenomenology proposed by Townsend [79] of active motion of attached
eddies, where the attached eddies are considered as the maximal detached
ones which are carrying Reynolds stresses. A further observation supports
this statement. At given wall normal location, a definite correlation emerges
in the (rx, rz)-planes between spanwise and streamwise scales, fitted to rea-
sonable accuracy by a square-root law, rz ∝ (rx)

1/2, solid line figure 3.3(b).
This trend is actually similar to that reported in [34] for the spectral distri-
bution of the Reynolds stress again in a context of active motion of attached
eddies. Here, from the scalings we are observing, we clearly perceive that the
outer peak of ξ is the result of a regeneration mechanism involving systems of
attached eddies whose action should increase as the extent of the logarithmic
layer with the Reynolds number. Establishing whether it scales in external
units exceeds the computational power we have available. If confirmed, its
presence could lead to clarify the influence of the external region on the in-
ner layer and help setting the controversy concerning the mixed (inner/outer)
scaling of certain observables, like energy spectrum and streamwise fluctua-
tion intensity. Indeed, even if with the present data, the outer peak is very
small compared to the near-wall peak, and, therefore the scale-energy fluxes
are exclusively driven by the DSR, it is expected that for larger Reynolds
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number the outer peak should increase its value modifying the scale-energy
fluxes pattern up to the wall. For that reason this outer cycle should be able
to actively modulate the generation of near-wall scales more and more in-
creasing the Reynolds number. Whereas, the near-wall cycle related with the
DSR should scale in inner variable and, therefore, should lead to the same
energy source peak and energy fluxes pattern for different Reynolds number.

3.1.3 A reduced model of energy transfer

The scale-energy fluxes pattern shown in this section moves far away from
those expected by the classical theory on turbulence such as the Kolmogorov
cascade. Even if the Kolmogorov phenomenology is claimed to be universal
for any flow at sufficiently high Reynolds number, does not extend to wall-
turbulence for two reason. First, the expected isotropy recovery at small
scales is not verified. The anisotropic energy production continuously inject
energy at all scales even exhibiting a peak at small scales such as in the DSR.
Therefore, the energy transfer is initialized at that small scales and not as
commonly expected in the top of the spectrum. Second, this energy injec-
tion could exceed the rate of dissipation leading to regions of energy source,
ξ > 0. Therefore, the energy transfer which is initialized at small scales,
diverges, since ξ > 0, feeding both larger and smaller scales. The resulting
unexpected paths taken by the scale energy flux in the combined physical-
scale space may have huge repercussions on our theoretical understanding of
wall-turbulence, with practical consequences for turbulence modeling. Let
us try to grasp the essential aspects. At inertial scales the significant ef-
fects come from the transfer through the scales and from the spatial flux,
∂〈δu2δui〉/∂ri + ∂〈v∗δu2〉/∂Yc ' ξ(r, Yc). Our numerical results show that
the term ∂〈v∗δu2〉/∂Yc at inertial separations is weakly dependent of the
scales, see the scale-by-scale budgets shown in section 3.2, hence the inertial
budget takes the simplified form

∂〈δu2δui〉
∂ri

= −
[
2〈δuδv〉

(
dU

dy

)∗
+ 4C(Yc)〈ε∗〉

]
, (3.2)

where the multiplicative constant C(Yc) models the local scale-energy accu-
mulation/release from/to the spatial fluxes. Given its weak scale-dependence,
this process simply adds/subtracts energy for a fraction of the local energy
dissipation rate. As shown in figure 3.6, C(Yc) increases the effective local
energy dissipation in the whole flow except in the buffer layer. Indeed, the
spatial flux redistributes the energy generated in the production region to the
other region of the flow. For Y +

c < 300, the scatter of the points reported
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Figure 3.6: Yc-behaviour of the model coefficient C(Yc) evaluated as C(Yc) =
1 + (∂〈v∗δu2〉/∂Yc)/4〈ε∗〉 for different streamwise and spanwise scales at in-
ertial separation, i.e. for (r+

x > 60, 0, 0) (circle) and (0, 0, r+
z > 60) (square).

in figure 3.6 sustains the assumption made of a weak scale-dependence of
the process of spatial flux. To note that for a wide range of wall-distance,
50 < Y +

c < 300, C(y) is constant and close to the unity. In this putative
equilibrium region, the spatial flux is dynamically ineffective indipendently
on the scale considered. The energy coming from the wall traverses this re-
gion to feed the core flow without interfere with the local dynamics. The
spatial flux not adds/subtracts energy from this region. On the other hand,
in the core flow, C(Yc) increases and shows a wide scatter highlighting a non
negligble scale-dependence. For this reason, the reduced description 3.2 is
inappropriate for the core region where production vanishes and the energy
entirely comes from the spatial fluxes which are focalized on the large scales
by the spiral-like behavior of the hyper-flux. This leads to recover in the
bulk the classical picture of a small-scale equilibrium range as described by
the Kolmogorov law, ∂〈δu2δui〉/∂ri = −4〈ε∗〉.

As shown in figure 3.7, the new relation 3.2 captures the physics of the
shear dominated region of wall-turbulence away from the viscous sub-layer,
where it reproduces the switch between source-like and sink-like scales which
induces oppositely signed divergence of the scale-energy flux. Therefore,
equation 3.2 reproduces both the forward and reverse cascade occurring si-
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Figure 3.7: Scale-divergence of the inertial energy scale-transfer,
∂〈δu2δui〉/∂ri, (colors) and its model, equation 3.2, (lines) at Y +

c = 20 and
Y +
c = 150 (ry = 0), top and bottom panels, respectively.

multaneously in the space of scales of wall-turbulent flows. Let us notice that
the range of scales of validity of equation 3.2 has not an upper bound but
requires only scales large enough so that, 2ν∂〈δu2〉/∂riri+ν∂2〈δu2〉/2∂Yc2 �
−4〈ε〉.

Starting from geophysics, the universal equilibrium range of high Reynolds
number turbulence triggered the interest toward Large Eddy Simulation
(LES), where the larger scales are directly computed, leaving to sub-grid
stresses the duty to account in almost universal fashion for the dissipative
energy sink. After decades of research efforts the wall region was recognized
as extremely elusive. The reason is, as unequivocally shown here in quanti-
tative terms, the focusing of energy generated at intermediate small scales
near the wall to feed larger motions farther away from the wall. This leads to
overwhelming difficulties for LES, since energy should emerge from nowhere
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in the space of scale and position, to drive the quasi-coherent dynamics of the
resolved scales. Equation 2.22 is a sound starting point to understand the
issue, as its reduced model, equation 3.2, suggests. The augmented space
actually matters for the filtering approach to the Navier-Stokes equations
and, by addressing velocity increments, the formalism connects strictly to
numerics, where derivatives are ratios δu/r taken at numerical resolution
scale.

In a context of Large Eddy Simulation, the term ∂〈δu2δui〉/∂ri repre-
sents the energy transfer from resolved scales (at scales larger than |r|) to
subgrid scales (at scales smaller than |r|), namely the so-called subgrid dis-
sipation. Equation 3.2 indicates that this transfer should not be modeled
proportional to the rate of dissipation as in a context of Kolmogorov cascade,
∂〈δu2δui〉/∂ri = −4〈ε∗〉, but the subgrid production should be also extimated
in order to correctly capture the subgrid dissipation and the backward energy
transfer of wall-turbulence. As an alternative, a classical LES model based on
the Kolmogorov theory could be also considered but only when the subgrid
scales lie in the region of the (rx, rz)-space where a classical forward energy
cascade is recovered. To this aim, it is found that the smallest spanwise
scales where the standard forward energy cascade occurs, increase moving to
larger streamwise scales following a linear trend, rz ∝ rx, in conjunction with
a square-root dependence on the wall-distance, i.e. r+

z = 0.12r+
x + 9(Y +

c )1/2,
dashed line figure 3.3(a) and (b). In this region a standard sub-grid model
is expected to capture the physics. Filtering at larger scales, in the reverse
energy cascade range, challenges for new models, which could take advantage
of the new picture we are delineating with equation 3.2.

3.2 Scale-by-scale budget

As shown in figures 3.8(a) and (b), the istantaneous flow field of a wall-
turbulent flow is characterized by turbulent fluctuations which are organized
in thin and elongated structures. This strong diretionality leaves a deep
anisotropic footprint in the geometrical properties of the turbulent generation
mechanisms as shown in figures 3.8(c) and (d). In a statistical sense this
anisotropy emerges in the form of energy fluxes loops in the space of scales
as shown in the previous section.

In order to quantitatively assess this scenario, in this section a classical
scale-by-scale budget is performed. As shown in [54], this procedure gives a
rigorous description of the mechanisms through which the turbulent fluctu-
ations are generated and sustained at different scales and wall-distances. In
this paper, it was considered a scale-space averaged form which allowed to
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Figure 3.8: Isocontour of the streamwise velocity fluctuations in a xz-plane at
y+ = 20 (a) and of the streamwise vorticity, ωx = (∂w/∂y − ∂v/∂z) in a yz-
plane (b). Isocontour of the istantaneous turbulent production, uv(dU/dy)
in a xz-plane at y+ = 20 (c) and in a yz-plane (d).

analyse the different terms of the Kolmogorov equation 2.22 as function of
a single scale parameter r. Despite the resulting easier interpretation of the
results, the averaging operation in the space of scales hides the directional-
ity of the energy processes which is instead crucial to the understanding of
the wall-turbulent physics. For this reason, in this section the scale-by-scale
budget will be performed in the (rx, 0, 0, Yc) and (0, 0, rz, Yc)-space separately
without any averaging procedure in order to highlight the anisotropic feature
of the energy fluxes physics.

According to the analysis in section 3.1, the presence in the spectrum of
scales of an excess of scale-energy ξ(r, Yc) > 0 strongly modifies the scale-
energy fluxes pattern of wall-flows from those usually observed and predicted
in isotropic and homogeneous shear turbulence. In figures 3.9 the energy
source ξ it is shown as function of the wall-distance at different streamwise
(a) and spanwise (b) scales. Both plots highlight the buffer layer as the
turbulent energy source region of wall-turbulence at the present moderate
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Figure 3.9: Y-behaviour of the source term ξ for different streamwise (a) and
spanwise (b) scales.

Reynolds number. Indeed, ξ reaches a positive value only in the buffer layer,
while it is negative in the other regions of the flow which therefore are energy
sink regions. However, the relevance of the energy source change depending
on the specific streamwise and spanwise scales considered. As shown in
figure 3.9(a), the scale-energy excess in the streamwise scales, ξ(rx, Yc) > 0,
occurs only at the larger scales of the buffer layer. The anisotropic energy
injection shows a monotonical decrease from large to small scales at all wall-
distances. Whereas, in the spanwise scales, figure 3.9(b), the scale-energy
excess occurring in the buffer layer is stronger and does not decrease at small
scales. Indeed, the anisotropic energy injection increases from the largest
to small scales reaching a maximum at scales r+

z ≈ 35 (the center of the
DSR) and then decreases up to approach a negative value at smaller and
smaller scales. In order to higlight the completely different behaviour in the
streamwise and spanwise scales note that the excess of scale-energy for small
spanwise scales, as for r+

z = 25, is greater than the maximum occurring in
the streamwise scales for r+

x = 550. Furthermore, in the streamwise scales a
scale-energy lack, ξ(rx, Yc) < 0, can be observed already for scales r+

x = 110,
while in the spanwise scales the scale-energy lack, ξ(rz, Yc) < 0, occurs only
for very small scales as for r+

z = 10. The overall picture is the presence of
a turbulent production region, the buffer layer, which is the main source of
turbulent fluctuations in wall-turbulence at moderate Reynolds number. The
unexpected result is the location of this energy source region in the space of
scales. The anisotropic processes responsible for the generation of turbulent
fluctuations are not located at large scales as in the classical concept of
turbulence but amid the spectrum of scales.
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Figure 3.10: Y-behaviour of the spatial flux Φc for different streamwise (a)
and spanwise (b) scales.

Let us now consider the inhomogeneity of the flow. In figures 3.10 the
spatial flux Φc is shown as function of the wall-distance at different stream-
wise (a) and spanwise (b) scales. In both plots it is possible to identify two
regions, in which the flux is either positive, i.e. transfers energy towards the
bulk of the flow, or negative, i.e. it is directed towards the wall. The energy
source in the buffer layer is transferred via spatial flux to sustain the turbu-
lence in the other regions of the flow. The absolute value of the spatial flux,
|Φc|, reaches a maximum between the buffer layer and both the log-layer and
the viscous sublayer and then decreases both towards the wall and the chan-
nel center. This decrease implies that the scale-energy carried by the flux is
progressively released to the turbulent fluctuations. This decrease is limited
in the log-layer where the flux manifests a trend to form a plateau at large
streamwise and spanwise scales. Asimptotically, as the Reynolds number is
increased, Φc is known to approach a constant value in the log-layer [37].
As a consequence, the log-layer should be asymptotically traversed by an al-
most constant flux of energy, meaning that it does not need a replenishment
of energy by the action of spatial flux, which does not interfere with the local
dynamics.

Let us now consider the scale-space distribution of the inhomogeneous
spatial flux. The importance of this process change for different streamwise
and spanwise scales depending on the pattern the energy source ξ takes, see
figures 3.9. In the spanwise scales, the inhomogeneous energy redistribution,
Φc(rz, Yc), is larger at small scales than at large ones, see figure 3.10(b).
Indeed, a larger amount of energy is available to be transferred at the small
spanwise scales of the buffer layer than at the larger ones, see the behaviour
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of ξ in the spanwise scales of the buffer layer in figure 3.9(b). Whereas, in the
streamwise scales the spatial flux Φc(rx, Yc) classically decreases from large
to small scales, see figure 3.10(a). Indeed, the same behaviour is observed for
the energy source ξ in the streamwise scales of the buffer layer, figure 3.9(a).

In conclusion, in the classical notion of turbulence, the anisotropic en-
ergy injection and inhomogeneous fluxes are placed at large scales and an
isotropy recovery occurs at small scales. The point here is that this picture
fails in wall turbulence. The anisotropic and inhomogeneous processes does
not show a decrease moving to small scales but concentrate deep inside the
spanwise spectrum of scales. There is not a classical isotropy recovery. This
scenario can be highlighted only with a multidimensional analysis and for
that reason in the following sections a scale-by-scale analysis is performed in
the (rx, 0, 0, |Yc) and (0, 0, rz, |Yc)-space separately at two relevant distances
from the wall, in the buffer and logarithmic layer, greatly extending the
physical understanding obtained with a similar approach in [54].

3.2.1 The logarithmic layer

The scale-by-scale budget in the log-layer is shown in figures 3.11(a) and
(b). At this location, the streamwise energy processes are characterized by a
production of turbulent fluctuations at large scales, see figure 3.11(a). This
production range is followed by a range dominated by the inertial energy cas-
cade which is closed by diffusion at viscous scales. The energy cascade term,
−∂〈δu2δui〉/∂ri, is always positive as the classical concept of the energy cas-
cade, relation 2.19, leads to believe. Generally speaking, the classical picture
of turbulence holds in the streamwise scales of the log-layer. The scale-energy
is introduced at the largest scales by turbulent production and then is trans-
ferred to small scales by energy cascade and in the end is diffused by viscous
forces. The dynamics of the log-layer in the streamwise spectrum reproduce
the conditions of a locally homogeneous shear turbulence [6]. The only dif-
ference is the almost constant spatial flux of scale-energy which traverse the
spectrum of scales to reach the bulk region of the flow. However, the diver-
gence of this turbulent flux is sufficiently small in comparison with the other
terms of the scale-by-scale budget to be dynamically ineffective, see 3.11(a).

At the same wall-distance, the scale-by-scale budget in the spanwise scales
is characterized by a large-scale production range followed by an inertial
energy cascade range and finally by a viscous diffusion range, see 3.11(b).
Even if a classical picture of turbulence as those in the streamwise scales
seems to occurs, the action of the scale-energy production is stronger and
significantly acts at smaller scales. The energy injection leads to an excess
of scale-energy, ξ(rz, Yc) > 0 (grey region of figure 3.11(b)), for scales 100 <



48

r+
z < 600. Unexpectedly, even if the log-layer is a putative equilibrium layer

where production and dissipation balance, there are regions in the space
of scales where production still exceeds dissipation such as in the spanwise
spectrum, leading to an energy source. As also suggested by the reduced
model 3.2, this energy source, ξ > 0, is responsible for a positive divergence
of the energy cascade, −∂〈δu2δui〉/∂ri < 0, which means that both larger and
smaller scales are fed by the inertial energy transfer. This range is the local
origin of a scale-energy fluxes loop reported in figure 3.3(b), and, therefore,
for the reverse energy cascade at these wall-distances.

Finally, it is important to note that the assumption of the reduced model
3.2 of a weakly dependence of the rate of spatial flux on the scales con-
sidered is verified at this wall-distance for scales sufficiently large so that
2ν∂〈δu2〉/∂riri + ν∂2〈δu2〉/2∂Yc2 � −4〈ε〉, see figures 3.11(a) and (b). In
particular, in this region the divergence of the turbulent spatial flux is very
small and, therefore, C ≈ 1. Accordingly to the reduced model 3.2, this
means that ∂〈δu2δui〉/∂ri ≈ ξ. Indeed, the correspondence between ξ > 0
and −∂〈δu2δui〉/∂ri < 0 is remarkable.

3.2.2 The buffer layer

Moving towards the wall, in the buffer layer, shown in figures 3.11(c) and
(d), an excess of scale-energy, ξ > 0, appears also in the streamwise scales
for scales r+

x > 250, the grey region in figure 3.11(c). Apart the phenomenon
of the energy source, the turbulent dynamics in the streamwise spectrum
of the buffer layer follow the classical picture of turbulence. The energy is
provided at large scales and then is transferred to small scales and diffused
by viscous forces. The energy source, ξ, manifests a monotonical decrease
moving towards small scales. For this reason, a direct forward energy cascade
takes place since displaces the energy, mostly provided at the large scales,
towards the small ones. In the streamwise scales, the energy excess, ξ > 0,
results only in the positive divergence of the spatial fluxes, −∂〈v∗δu2〉/∂Yc <
0, which diverge in the buffer layer to feed both the near-wall and outer
regions of the flow.

The most striking phenomenon of the buffer layer appears in the spanwise
spectrum. In these scales the phenomenon of energy injection via turbulent
production and the resulting scale-energy excess is more pronounced and
acts at smaller and smaller scales. A very pronounced peak of scale-energy
production occurs at small spanwise scales, r+

z ≈ 50, see 3.11(d). Instead of
what is commonly expected, the larger energy injection occurs at small scales
than in the large ones. The anisotropic production does not show a monotonic
decrease moving to small scales as in the streamwise spectrum, figure 3.11(c).
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Figure 3.11: Scale-by-scale budget 2.22: turbulent production
−2〈δuδv〉 (dU/dy)∗ (solid line), inertial rate of energy trans-
fer −∂〈δu2δui〉/∂ri (dashed-dotted line), inertial rate of spa-
tial flux −∂〈v∗δu2〉/∂Yc (dotted line), viscous diffusion rate
2ν∂2〈δu2〉/∂ri∂ri(rx, 0, 0, |Yc) (dashed line) and dissipation 4〈ε∗〉 (thin
horizontal solid line). (rx, 0, 0, Y

+
c = 160) (a); (0, 0, rz, Y

+
c = 160) (b);

(rx, 0, 0, Y
+
c = 20) (c); (0, 0, rz, Y

+
c = 20) (d). The grey regions highlight the

energy source regions, ξ > 0.

As suggested by the reduced model 3.2, this peak leads to a large peak of
positive divergence of the inertial energy transfer, ∂〈δu2δui〉/∂ri = max, at
small spanwise scales, which can be also graphically appreaciate in figure
3.3(a).

This range of spanwise scales, 30 < r+
z < 70, previously called driv-

ing scale-range (DSR), is the leading source of scale-energy fluxes in wall-
turbulence. In this scenario, the controversial reverse energy cascade is due
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Figure 3.12: Sketch of the energy fluxes diverging from the peak of energy
source ξ.

to the location of this energy source region (DSR) at small scales. The fail-
ure of the classical picture of turbulence in wall-flows, as described by the
Kolmogorov theory, is the assumption that the energy is provided at the
largest scales of motion. Indeed, this is the only one assumption that allows
to expect a recovery of an inertial equilibrium range at small scales where
the energy production/diffusion is negligible and the scale-energy is trans-
fered from large to small scales at a constant rate proportional to the local
energy dissipation, i.e. ∂〈δu2δui〉/∂ri = −4〈ε〉. In wall-turbulence the en-
ergy is provided deep inside the spectrum of scales. Furthermore, this energy
injection exceeds dissipation, ξ > 0, leading to a positive divergence of the
energy fluxes and, therefore, also to an opposite energy transfer mechanism,
the reverse energy cascade, as sketched in figure 3.12.

Finally, it is important to note that the assumption used in the reduced
model 3.2 of a weakly dependence of the rate of spatial flux on the scales
considered is verified also at this wall-distance for scales sufficiently large so
that 2ν∂〈δu2〉/∂riri + ν∂2〈δu2〉/2∂Yc2 � −4〈ε〉, see figures 3.11(c) and (d).
In this region the divergence of the turbulent spatial flux cannot be neglected
as in the log-layer. Indeed, the buffer layer is the region of the flow which
mostly release energy to feed the turbulence in the other regions of the flow.

3.2.3 The characteristic scales of wall-turbulence

This scenario has a strong repercussion on the modelistic approach of wall-
turbulence expecially in a context of Large Eddy Simulation where the con-
cept of equilibrium range in the space of scales is widely used as basic inspi-
ration for the development of LES models. In a LES context, the filter length
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and the turbulence model physics are two aspects which are strongly cou-
pled for the correct simulation of a turbulent field. Indeed, depending on the
physical processes removed by the filtering operation, a certain LES model
may gives or not good results. Therefore, it is very important to characterize
the various regions of the combined scale/physical space where the relevant
physical processes of wall-turbulence take place. This characterization will
be shown instrumental for the analysis of the filtered dynamics examined in
the next chapter 4.

In order to highlight the anisotropic nature of wall-turbulence, we iden-
tify the various regions of the (r+

x , 0, 0, Y
+
c ) and (0, 0, r+

z , Y
+
c )-plane separately

where the relevant processes take place. Firstly the curve lci(Yc) splits the
space of scales into an inertial range at small ri from a production dom-
inated range at large ri. This scale, identified as ∂〈δu2δui〉/∂ri(lci , Yc) =
−2〈δuδv〉 (dU/dy)∗ (lci , Yc), is dimensionally related to the shear scale Ls =√
ε/|S3| which is found crucial for the small scale isotropy recovery [7] and for

the subgrid stresses modelization [21]. According to the classical equilibrium
theory for the log-layer, these scales, Ls and lci , should behave linearly with
the wall-distance, i.e. L+

s (Y +
c ) ≈ l+ci(Y

+
c ) ≈ kY +

c . Due to the assumption of
isotropy made in this dimensional analysis, both the cross-over scales in the
streamwise and spanwise spectrum should assume the same value and de-
crease linearly moving towards the wall. The cross-over scales lci as function
of the wall-distance are reported in figure 4.14. As expected, both lcx and lcz
show a decrease moving towards the wall but they assume a very different
values highlighting a strong anisotropic character of wall-turbulence. The
smaller value of lcz with respect to lcx suggest that turbulent production in
the spanwise scales is more effective even at very small scales. The value of
these scales compared with the filter lenght will be shown foundamental for
the understanding of the filtered dynamics shown in chapter 4.

Another important region which characterize the various regions of the
combined scale/physical space where the relevant physical processes of wall-
turbulence take place is the plane ΩEi

of the (ri, Yc)-space where the energy
cascade term changes sign, −∂〈δu2δui〉/∂ri < 0. As previously shown, the
presence of this region differentiates wall-turbulence from homogeneous tur-
bulence where −∂〈δu2δui〉/∂ri is always positive since there are no energy
source regions, ξhom < 0. This region, once integrated in the space of scales,
is responsible for the reverse energy cascade and therefore will be hereafter
referred to this phenomenon. The edge of this region is the scale lEi

(Yc)
which splits the space of scales into a forward cascade at smaller ri from a
reverse cascade at larger ri. As shown in the previous sections, the positive
divergence of the energy fluxes in the space of scales is concentrated in the
spanwise scales. Indeed, as shown in figure 4.14, −∂〈δu2δui〉/∂ri < 0 occurs
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Figure 3.13: The characteristic lenght scales of wall-turbulence. The cross-
over scales lcx (circle), lcz (square) and the reverse cascade regions ΩEx (dark
grey region), ΩEz (grey region).

in a wider region up to the smallest scales in the spanwise scales while in the
streamwise scales take place only in the buffer layer and for large scales. To
note that ΩEz take place up to Y +

c ≈ 350, meaning that this phenomenon is
not confinated at the buffer layer but extend up to the outer flow and then
disappears since the energy source for Y +

c > 350 is always negative, ξ < 0.

3.3 Turbulence regeneration cycles and re-

verse energy cascade

One of the most important features which characterize actual turbulent flows
such as wall-bounded flows from the idealized flows such as isotropic turbu-
lence is that the turbulent motion is self-sustained. The generation mecha-
nisms of turbulent fluctations are embedded in the system rather than being
provided by an external agent. In contrast with isotropic turbulence which
requires a replenishment of the energy dissipated by the viscous forces, in
wall-turbulence the turbulent fluctuations autonomously extract energy from
the mean flow.

At moderate Reynolds number the main turbulent regeneration mecha-
nisms reside close to the wall in the buffer layer. This is a region of net tur-
bulence production, and there are convincing evidence that it contains well
defined structures which interact between them forming self-sustaining cycles
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of turbulent energy. Kinematic studies catalogue these structures [66, 81] and
the dominant ones are classically referred to streamwise velocity streaks and
quasi-streamwise vortices. The former consist of long arrays of alternating
streamwise velocity fluctuations and the latter are relatively thin vortices
elongated in the streamwise direction. The ciclic mechanism involving these
structures starts from the energy extracted from the mean flow by the inter-
action of the streamwise vortices with the mean shear. In this process the
streamwise create alternating streaks of longitudinal velocity fluctuations.
These streaks in turn give rise to the vortices with a phenomenon of in-
flection instability. Due to the inflection occurring increasing downstream
distance, the streaks exhibit rapid oscillations followed by a breakdown into
finer-scale motions, known as bursting. The wall-turbulence is maintained
by this cycle which is local to the near-wall region and can survive without
any input from the core flow and for that reason has been called near-wall
autonomous cycle [33].

At large Reynolds number flows, recent studies [29] conjecture the pres-
ence of a rescaled self-sustaining mechanism similar to the autonomous cycle
observed in the buffer layer. This regeneration cycle should take place in the
logarithmic region of wall turbulent flows and should verify some aspects of
the Townsend’s theory of wall-turbulence [79]. These outer dynamics involve
large coherent structures corresponding to rescaled replica of the buffer layer
structures, i.e. large scale streaks flanked by staggered streamwise swirling
motion. In the previous sections, the associated turbulent production has
been identified beyond any doubt by the use of the generalized Kolmogorov
equation as a result of a mechanism composed by attached eddies. In this
case the attached eddies have to be understood as composed by an active
core region of swirling motion of dimensions in the cross stream plane O(Yc)
which is responsible for turbulent production.

The overall picture conforms to regeneration cycles where the energy as-
sociated to the turbulent fluctuations is extracted from the mean flow by
the action of vortices, is transferred toward long fluctuating streaks which in
turn displace energy towards small scales with a bursting phenomena which
creates the conditions to generate new vortices. The present view is entirely
consistent with the behaviour of the energy fluxes reported in the previous
sections. The streamwise vortices manifest a well defined spanwise scale
where statistically a large part of the turbulent energy is extracted from the
mean flow. From this characteristic spanwise length the turbulent energy is
transferred to the large streamwise scales statistically referring to the long
streaks and then flows down to the small scales classical referring to the sta-
tistically occurence of a Richardson cascade where the instability of large
eddies generates smaller and smaller eddies.
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Figure 3.14: “Adresovat a obrácený kaskáda” (“direct and inverse cascade”):
charcoal drawing of Crôzevic Töerbor (1696).

In this view the dynamical processes related to the turbulent regeneration
cycles correspond to the loop of energy fluxes in the space of scales of figures
3.3. Forward and reverse energy fluxes coexist in the space of scales high-
lighting in a statistical point of view the cyclic nature of the turbulent motion
in wall-flows, see the picture reported in figure 3.14 which gives an artistic
idea of the process. Hence, the reverse energy cascade is an expression of the
cyclic self-sustaining mechanisms of wall-turbulence.

It is important to point out the distinguishing features of the back-scatter
phenomena commonly adressed in the literature and the reverse cascade
we are observing. It is well known that turbulent flows manifest events
of energy back-scatter also in globally isotropic and homogenous conditions,
[46, 36, 49]. These phenomena are local energy transfer mechanisms where
fluctuations at small scales feed larger ones. Within the chaotic processes of
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nonlinear interactions of turbulent fluctuations of different size, the energy
back-scatter has been shown to occurs very frequently and in an intermittent
manner. Despite their importance for the turbulence modeling, the back-
scatter events are immersed in a forward energy transfer background and
the resulting energy flux is from large to small scales as predicted by the
Richardson energy cascade. When dealing with wall-flows, these phenomena
become stronger and manifest coherence. As shown in [62], the coherency of
the back-scatter events in the near-wall turbulence can be attributed to the
dynamics of the turbulent structures involved in the self-sustaining mecha-
nisms of this kind of flows. These back-scatter phenomena result in a net
reverse energy flux in wall flows. Evidence of the reverse energy flux was pro-
vided in [54] with the analysis of the Kolmogorov equation and in a context
of filtered dynamics in [24] with the analysis of the subgrid energy transfer.
Both these works highlighted a net energy flux from small scales to larger
ones in the buffer layer of wall bounded flows. Here, the multidimensional
description of wall-turbulence revealed that this phenomenon is extended to
almost all the flow. The reverse cascade systematically takes place at differ-
ent wall distances forming a part of the energy fluxes loop which result from
the cyclic regeneration mechanisms of wall-turbulence.

3.3.1 Practical implications

The present approach to wall turbulence based on the study of the generalized
Kolmogorov equation and the resulting findings could be used for a wide
range of applications. Here, some examples are suggested in the field of

• turbulence modeling;

• LES simulations of high Reynolds number flows without wall-resolution;

• turbulence control;

which will be handle in future works.
Regarding turbulence modeling, the study of the generalized Kolmogorov

equation allows to evaluate the leading physical processes governing the tur-
bulent motion in wall flows. In particular, the assessment of these processes
in the augmented space of wall-turbulence actually matters for the filter-
ing approach in the LES simulations as will be shown in the next chapter.
Concerning the present findings, the new relation for the energy transfer,
equation 3.2, is a clear starting point for the development of new turbulence
models.

On the other hand, the unequivocally identification of an outer turbu-
lent regeneration cycle allows to theorize the simulation of infinite Reynolds
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number wall-turbulence through LES thecniques without near-wall resolu-
tion. Indeed, this outer cycle should increase its action moving to large
Reynolds number up to overcomes the effects of the generation mechanisms
of the buffer layer. If confirmed, one can expect that the turbulent properties
of interest for the applications such as drag and large scale dynamics of the
outer flow, should depend only on this outer cycle. The detailed description
of these phenomenon given by the generalized Kolmogorov equation should
be used to verify the outer scaling of the turbulent production related to this
object and, in case, to assess in the augmented space the interactions with
the near-wall region adressing the energy fluxes at the interface of these two
layers. The clear understanding of these interacting phenomena would help
in the LES simulation without near-wall resolution which require appropriate
boundary conditions and well-established wall-modeling [61].

Finally, the systematic characterization of the most active range of scales
at different wall-distances given by the analysis of the generalized Kolmogorov
equation should help setting the control techniques with the aim of drag re-
duction. Indeed, many attempts to control drag have centred on weakening
the turbulent structures involved in the turbulence regeneration mechanisms.
Hence, the identification at different wall-distances of the three-dimensional
scales statistically emerging as relevant for the turbulent production will be
an useful indication for the development of control techniques for drag re-
duction. Furthermore, the identification of the turbulent energy paths will
be also used for the control of the mixing properties of wall-turbulent flows.



Chapter 4

Filtered dynamics

The physical understanding of wall-turbulence gained in the previous chapter
will be used in this part of the thesis to understand the filtered wall-turbulent
dynamics. The analysis of the filtered velocity field is foundamental in the
context of Large Eddy Simulation (LES) where a filtering operation is used
and a model is added to the Navier-Stokes equation to account for the effects
of the unresolved scales of motion. The analysis of the energy transfer mech-
anisms in a filtered wall-turbulent flow has been traditionally accomplished
via the turbulent kinetic energy balance, as in [24], or via analysis of the
energy spectra, as in [17]. Here, in order to adapt the physical insight ob-
tained in the previous chapter, the Kolmogorov equation is applied, for the
first time, to a filtered wall-turbulent velocity field. Contrarly to the classical
kinetic energy balance and spectral approach, the Kolmogorov equation gen-
eralized to filtered wall-turbulence allows to account in a single framework
for both spatial fluxes and energy transfer across the scales. The results will
show what effects the subgrid scales have on the resolved motion in both
physical and scale space, singling out the prominent role of the filter scale
compared to the cross-over scale between production dominated scales and
inertial range, lc, and the reverse energy cascade region ΩB. The systematic
characterization of the subgrid stresses physics as function of the filter scale,
lF , and of the wall-distance, Yc, will be instrumental for a correct use of the
LES models in the simulation of wall-turbulence. Finally, we will briefly dis-
cuss how the filtered Kolmogorov equation can be used as a new tool for the
assessment of LES models and for the development of new ones. As example,
some classical purely dissipative eddy viscosity models will be analyzed via
an a priori procedure.

57
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4.1 Introduction

It is well established that in turbulent flows the energy carrying structures
are directly affected by the boundary conditions, hence they are highly non
universal and generally anisotropic, while the small scales tend to be more
homogeneous and isotropic than the large ones. Therefore, it is thought
that relatively simple and universal models can be used to describe the last
part of the energy spectrum, when, for example, a Large Eddy Simulation
(LES) approach is required for the computation of moderately large Reynolds
number flows.

In LES, a low-pass filtering operation is used to decompose the velocity
field, u?i , into the sum of a filtered (or resolved) component, ū?i , and a residual
unresolved component (or subgrid scale motion, SGS), u?sgsi , see figure 4.1,
so that the resulting filtered velocity field can be adequately resolved on a
relatively coarse grid and the total velocity field has the decomposition,

u?i (x, t) = ū?i (x, t) + u?sgsi (x, t)

Once defined the filtering operation, the evolution equation of the filtered
velocity field, ū?i , can be obtained by applying this operation to the Navier-
Stokes equations yelding to

∂ū?i
∂xi

= 0

∂ū?i
∂t

+
∂ū?i ū

?
j

∂xj
= −1

ρ

∂p̄?

∂xi
+ ν

∂2ū?i
∂x2

j

−
∂τ ?ij
∂xj

(4.1)

where the effects of the small unresolved scales appears in the subgrid stress
tensor τ ?ij = u?iu

?
j − ū?i ū?j which must be modeled. In order to develop sub-

grid scale models, it is useful to understand the physical phenomena that the
models should represent. Arguably, the most important effect of the sub-
grid scales on the large ones, and the one that the models must represent
accurately, is the energy exchange that results from the interaction between
resolved and subgrid motion, e.g. see [67]. In this context, most of the com-
monly used LES models assume that the main role of the subgrid scales is
to remove energy from the large resolved motion and dissipate it through
the action of a diffusion mechanism analogous to the viscous forces, see [69]
and [46]. These assumptions are based on the idea of an inertial range in
the spectrum of scales. Indeed, as asserted by the 4/5 law, [40], in the in-
ertial range the energy flux is independent of the scale under consideration,
is from large to small scales and it is proportional to the viscous energy dis-
sipation. This picture is claimed to be highly universal. No matter what
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Figure 4.1: Istantaneous isocontours of the fluctuating streamwise velocity
field in a wall-parallel plane at y+ = 60 of a turbulent channel flow. Top:
unfiltered velocity field. Down: filtered velocity field.

the large scale processes which feed turbulence are, the small scales of large
Reynolds number flows are believed to behave according to this scenario and
many LES models take inspiration from it. Indeed, in the early attempts,
the Kolmogorov energy cascade concept was instrumental in proposing to
reproduce the inertial range effects by defining a suitable eddy viscosity, [74]
and [51]. On the other hand, the scale-invariance assumption of the inertial
range was used both to postulate that the features of the subgrid velocity
field are similar to that at large resolved scales, [3], and more recently to de-
velop a dynamic procedure for the evaluation of an improved eddy viscosity
coefficient, [22].

This kind of approach has given good results in homogeneous and in un-
bounded shear flows but less in wall turbulence. In fact, in such flows, as
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shown in the previous chapter, the anisotropic turbulent production affects
most of the turbulent eddies and the shear is sufficiently strong to hinder
isotropy recovery even at small inertial scales, see also [1], [7] and [30]. Be-
side these observations, the single most striking phenomenon is the complete
modification of the Richardson scenario up to a reverse energy cascade in the
form of energy fluxes loops shown in chapter 3.

Such a rich scenario has been classically addressed for the assessment of
energy exchange between resolved and unresolved scales. As far as these ideas
are concerned, we should mention the work of Domaradzky et al. [17] where
a spectral analysis of the energy transfer among wavenumbers belonging to
the wall-parallel directions was performed for two datasets of confined turbu-
lent flows, i.e. Rayleigh-Benard convection and a channel flow, at moderate
Reynolds number. This work considers the instantaneous interscale energy
transfer between modes at a given distance from the wall. In order to as-
sess the nonlinear triadic interactions, at the basis of the energy cascade, the
spectrum is divided into well defined regions and the transfer between these
bands is studied. One of the main findings is that energy transfer processes
are mostly between contiguous bands but due to nonlocal interactions and
this information should be valuably used when modeling subgrid stresses is
addressed. In a complementary way, some issues related to the inhomogene-
ity of the channel flow are discussed by Härtel et al. [24]. In this contribution
the authors analyzed the behavior of the subgrid stresses and their effects on
the single-point turbulent kinetic energy balance, highlighting in particular
the presence of a backward energy transfer in the buffer layer when a cer-
tain value of the cutoff filter is chosen. Similar aspects are also discussed in
Piomelli et al. [62], again for a channel flow, where an analysis of the trans-
port equation for the subgrid stresses is performed. Forward and backward
subgrid energy transfer is related to the dynamics of the quasi-streamwise
vortices which live in the wall region, extrapolated via conditional averages
of the velocity field. More in the context of computational issues for LES
simulations, Bagget et al. [2] pointed out the importance in identifing the
anisotropic dynamics in shear flows. Indeed, in wall bounded flows, the lower
bound limit for the size of anisotropic eddies decreases with wall-distance,
leading to a large number of degrees of freedom which should be computed
explicitly when for example isotropic models are used.

In the present work we intend to extend these ideas by addressing the
dynamics of the coupling between the subgrid and resolved scales simultane-
ously in the physical and scale space. The observed spiral-like behaviour of
the energy fluxes and the phenomenon of energy source, shown in chapter 3,
will be considered in a context of filtered dynamics and subgrid scale physics.
To this aim, an appropriate extension of the Kolmogorov equation to a fil-
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tered case, proposed here for the first time, is used adding those related to
the subgrid scales to the processes accountable for in the turbulent channel
flow. The resulting approach allows for the evaluation of the contributions
due to the subgrid terms, at different values of the filter length, for different
scales and wall-distances. The analysis enables us to appreciate when sub-
grid stresses become relevant in the dynamics of the resolved motion and, if
this is the case, the physical nature of their action that should be considered
when modeling is proposed. In the context of LES modeling, the possibility
of using the filtered Kolmogorov equation as a new tool for the assessment of
proposed models and for the development of new ones will be outlined. In-
deed, as pointed out in [57] for isotropic turbulence, the filtered Kolmogorov
equation provides the correct framework to evaluate if the energy transfer
rate is correctly reproduced.

The data used for the analysis are those of the direct numerical simulation
(DNS) of a channel flow at Reτ = uτh/ν = 300 reported in chapter 1. The
simulation has been carried out with a resolution in wall units of ∆x+ =
∆z+ = 3.64. This very high resolution, quite unique for a turbulent channel
flow, has been chosen, at the expense of the Reynolds number achievable,
to capture the phenomena occurring in the dynamics of the velocity field up
to the dissipative scale and to better appreciate the alterations taking place
in the statistics when the small scales effects are removed by an explicit
filtering. The turbulent fields are filtered with respect to the wall-parallel
directions only, using a sharp cutoff filter in wavenumber space. Let us notice
that such a procedure is quite established for the analysis of the physical
behavior of the subgrid scales. In the present work we choose to analyze
firstly results for filter lengths from l+F = 15 to l+F = 120 equal in the two
directions parallel to the wall. This choice is aimed to study the effects of the
subgrid scales as a function of a single filter parameter, varying with respect
to the relevant scales of wall-turbulence. In the end, different filter lenghts
in the streamwise and spanwise scales, lFx and lFz, will be also analysed to
highlight the anisotropic physics of filtered wall-turbulence. However, the
analysis presented in the following sections has been performed disregarding
the filtering operation in the wall-normal direction. Indeed, in the near-
wall resolved LES simulations the required wall-normal resolution cannot be
reduced such as in the homogeneous directions and, therefore, we expect a
prominent role of the horizontal filter scales.
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4.2 The Kolmogorov equation for filtered ve-

locity field

In analogy with equation 2.22, an evolution equation for the filtered second
order structure function, 〈δū2〉 = 〈δūiδūi〉, is derived and discussed for the
first time. Following the classical Reynolds decomposition, it is possible to
derive an evolution equation for the filtered fluctuating velocity field, ūi(x, t).
Subtracting this equation written in two different points, x and x′, it is
possible to obtain the evolution equation for the filtered velocity increments,
δūi(x, t). This equation, once multiplied by δūi and averaged, leads to the
generalized Kolmogorov equation specialized for filtered velocity field which
under some simplifications due to the symmetries of the channel reads as,

∂〈δū2δūi〉
∂ri

+
∂〈δū2δU〉

∂rx
+ 2〈δūδv̄〉

(
dU

dy

)∗
+
∂〈v̄∗δū2〉
∂Yc

= −4〈ε̄∗〉

+2ν
∂〈δū2〉
∂ri∂ri

− 2

ρ

∂〈δp̄δv̄〉
∂Yc

+
ν

2

∂2〈δū2〉
∂Yc

2 −4〈ε∗sgs〉−4
∂〈τ ∗ijδūi〉
∂rj

− ∂〈δτi2δūi〉
∂Yc

, (4.2)

where τij = uiuj − ūiūj are the subgrid stresses, ε̄ = ν(∂ūi/∂xj)(∂ūi/∂xj) is
the resolved viscous pseudo-dissipation, εsgs = −τijS̄ij is the energy exchange
between resolved and subgrid scales usually called subgrid dissipation with
S̄ij = 1/2(∂ūi/∂xj + ∂ūj/∂xi) the resolved strain-rate tensor and 〈·〉 stands
for average in the homogeneous directions. Let us point out that for this
particular choice of the filter Ū = U , i.e. there is no alteration of the mean
profile.

Equation 4.2 allows for the analysis of how the resolved processes change
as function of the filter scale lF in different regions and scale range and to
appreciate the effects of subgrid stresses both in physical and scale space. The
three new terms represent the effects of the subgrid stresses on the resolved
motion. In particular,

−4〈ε∗sgs〉

represents the net energy flux between grid and subgrid motion, while

−4
∂〈τ ∗ijδūi〉
∂rj

and − ∂〈δτi2δūi〉
∂Yc

,

are the resolved energy displacement in the space of scales and physical space,
respectively, due to grid/subgrid nonlinear interactions. At large separations,
equation 4.2 approaches an asymptotic behaviour given by the single-point
resolved turbulent kinetic energy budget 4.6. For example, the large scale
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limit of the resolved energy fluxes among scales and wall-distances due to sub-
grid stresses, i.e. −4∂〈τ ∗ijδūi〉/∂rj and −∂〈δτi2δūi〉/∂Yc, approach both with
the same value the single-point term of subgrid spatial flux, −∂〈τi2ūi〉/∂y,
which appears in equation 4.6. Hence, equation 4.6 represents the large scale
boundary condition for the corresponding terms in equation 4.2.

In order to highlight the energy processes across scales, it is useful to
consider an r-averaged form of equation 4.2. In the case of unbounded flows,
the r-average can be performed integrating equation 4.2 over a ball of radius r
in the space of scales.1 Indeed, this procedure allows to identify the transport
terms in the space of scales as representative of the energy fluxes,

1

Vr

∫
Br

∇r ·
(
Φ̄r + Φsgs

r

)
dVr =

1

Vr

∫
∂Br

(
Φ̄r + Φsgs

r

)
· nrdSr

with

Φ̄r = 〈δū2δūi〉+ 〈δū2δU〉 − 2ν∇r〈δū2〉

Φsgs
r = 4〈τ ∗ijδūi〉

where nr is the outward normal to the ball Br of radius r and volume Vr.
However, the geometry of the channel makes impossible to average over
spheres with radius larger than the distance of their center from the wall.
Furthermore, this operation would also imply an average over Yc loosing the
information about the local contribution of inhomogeneous fluxes to the bal-
ance 4.2. For these reasons, instead of considering a 3D average of equation
4.2 in the space of scales, we set ry = 0 and average only along homo-
geneous directions, considering a square domain, Σ, of side r belonging to
wall-parallel planes, see [54] for the details. This procedure allows to analyze
the terms of equation 4.2 as a function of a single scale parameter r and of
the wall-distance Yc. Considering that the second term of the left-hand side
of equation 4.2 vanishes since δU = 0 for ry = 0, the r-averaged form of
equation 4.2 follows as,

T̄r + T sgsr + Π̄ + T̄c + T sgsc = Ē + D̄r + P̄ + D̄c + Esgs (4.3)

where

T̄r =
1

r2

∫
Σ

∂〈δū2δūi〉
∂ri

drxdrz, D̄r =
1

r2

∫
Σ

2ν
∂2〈δū2〉
∂ri∂ri

drxdrz,

1To note that the classical form of the Kolmogorov equation 2.12, expressed in terms
of longitudinal velocity increments, is exactly an r-average over a ball of radius r.
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are the contributions to the scale-space energy transfer due to the inertial
fluctuations and viscous diffusion.

T̄c=
1

r2

∫
Σ
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2

r2

∫
Σ

−∂〈δp̄δv̄〉
ρ∂Yc

drxdrz,

are the inhomogeneous contributions to the spatial flux related to the inertial
fluctuations, viscous diffusion and pressure-velocity correlation.
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are the energy production by mean shear and the rate of energy dissipa-
tion. The subgrid stresses affect the resolved motion with a redistribution of
resolved energy in the space of scales and physical space,

T sgsr =
1
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∫
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drxdrz, T sgsc =
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drxdrz

and with a draining or sourcing of resolved energy,

Esgs =
1

r2

∫
Σ

−4〈ε∗sgs〉drxdrz.

It is useful to recast equation 4.3 in a simpler form. In the absence of subgrid
stresses, the amount of energy which is effectively available at a given wall-
distance Yc is provided by the local resolved production Π̄ plus all the terms
corresponding to the spatial flux of energy towards or from the location
considered. By considering the overall turbulent transport in the wall-normal
direction we can define an effective resolved production,

Π̄e = Π̄ + T̄c − P̄ .

Clearly, the single contributions are not positive definite, but their sum must
be positive since it represents the only production mechanism of the flow.
Analogously, the contributions of diffusive nature can be added to form an
effective resolved dissipation rate,

Ēe = Ē + D̄r + D̄c

With these definition, the r-averaged balance is expressed in a compact form
as (

Π̄e + T sgsc

)
+
(
T̄r + T sgsr

)
=
(
Ēe + Esgs

)
. (4.4)
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Figure 4.2: Characteristic length scales of the r-averaged energy processes
in equation 4.5; the cross-over scale l+c (circle), the reverse energy cascade
region ΩB (grey region) whose edge is the scale l+B. In the inset plot it is
shown the Kolmogorov scale η+.

In the absence of subgrid stresses, τij = 0 for lFi → 0, the balance 4.4 reduces
to the r-averaged form of the unfiltered Kolmogorov equation, 2.22,

Πe + Tr = Ee (4.5)

which has to be read as: transfer across scales plus effective production equals
effective dissipation. In this context, the filtered dynamics follow the same
picture but with the presence of subgrid stresses which alter these phenomena
through three different mechanisms. A true source or sink of resolved energy,
Esgs, which increases/decreases the effective production or equivalently the
effective dissipation. A modification of the resolved energy transfer phe-
nomena due to nonlinear interactions involving subgrid fluctuations which
increase/decrease the inhomogeneous spatial flux of resolved energy, with
T sgsc , and the energy transfer across resolved scales, with T sgsr .

4.3 The filtered wall-turbulent dynamics

In this section, a detailed analysis of the filtered wall-turbulent dynamics is
performed via the scale-energy balance 4.3. Energy transfer in the resolved
motion will be discussed and emphasis will be spent on the action of the
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subgrid stresses on the resolved motion in both physical and scale space,
underlining the role of the filter scale compared to the relevant scales of
wall-turbulence. As shown in section 3.2.3 for the turbulent channel flow
case at Reτ = 550, these scales are: the cross-over scale, lci, which divide
the turbulent fluctuations governed by anisotropic production from those
dominated by inertial energy transfer and the scale, lEi, which separetes
positive and negative inertial fluxes divergence among scales. In a context
of r-averaged dynamics, equation 4.5, these scales become scalar quantities,
namely lc and lB, which define the cross-over scales between the correspective
r-averaged processes. To note that the rates of energy transfer in the space of
scales become pseudo-fluxes due to the r-average operation, namely Tr and
Dr.

In figure 4.2 it is shown the cross-over scale l+c (Y +
c ) identified as Π(l+c , Y

+
c ) =

Tr(l
+
c , Y

+
c ) which splits the space of scales into an inertial range at small r+

from a production dominated range at large r+ and the reverse cascade re-
gion ΩB(r+, Y +

c ) where the energy cascade term Tr changes sign. The edge of
this region is the scale l+B(Y +

c ) which splits the space of scales into a forward
cascade at smaller r+ from a reverse cascade at larger r+.

The scale lc shows a decrease moving from the bulk of the flow to the
walls without marked differences with the behaviour of the non averaged
scales lci. Whereas, contrarily to the non averaged energy processes, the r-
averaged pseudo-flux Tr show a reverse cascade only in the buffer layer. The
net pseudo-flux, Tr, coming out from the square domain Σ, becomes positive
only close to the wall, hiding the energy fluxes loops emerging from the
multidimensional analysis of chapter 3. Hereafter, we will refer to as reverse
and forward cascade (or equivalently Richardson cascade) in a r-averaged
point of view which indicate respectively the outgoing and incoming pseudo-
flow of energy from the square domain Σ. However, it is important to keep
in mind that the energy fluxes loop in the space of scales and systematically
show a reverse energy flux not only in the near-wall region as shown in chapter
3.

In the next section we will analyze results for filter lengths from l+F = 15
to l+F = 120 equal in the two directions parallel to the wall. This choice
will allow to study the effects of the subgrid scales as a function of a single
filter parameter, varying with respect to the scalar relevant scales of wall-
turbulence, namely lc and lB.

4.3.1 The resolved turbulent kinetic energy

Before discussing the scale by scale balances for the filtered Kolmogorov
equation, we briefly discuss some results obtained with the resolved single-
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point turbulent kinetic energy q̄ = ūiūi/2. The evolution equation for 〈q̄〉 in
a turbulent channel flow is

dφ̄

dy
+

d

dy
〈ūiτi,2〉 = −〈ūv̄〉dU

dy
− 〈ε̄〉 − 〈εsgs〉, (4.6)

where φ̄ = (〈q̄v̄〉 + 〈p̄v̄〉/ρ − νd〈q̄〉/dy). In the absence of subgrid stresses,
τij = 0, equation 4.6 reduces to the classical balance of turbulent kinetic
energy, q = uiui/2 ,

dφ

dy
= −〈uv〉dU

dy
− 〈ε〉, (4.7)

where φ = (〈qv〉 + 〈pv〉/ρ − νd〈q〉/dy). Equation 4.7 has to be read as: the
rate of spatial flux equals the balance between production and dissipation.
In this context the filtered dynamics follow the same picture but with the
presence of subgrid stresses which alter the balance with two mechanisms. A
true source or sink of resolved energy, 〈εsgs〉, which increases/decreases the
resolved energy available at a given location and an additional inhomogeneous
flux due to nonlinear phenomena involving inertial fluctuations at subgrid
scales. Basically, the analysis of equation 4.6 allows to evaluate the subgrid
stresses effects and the resolved energy processes in the physical space for
various filter lengths, see also [24] for a discussion of the turbulent channel
flow.

In figure 4.3(a) the resolved energy production by mean shear, −〈ūv̄〉dU/dy,
and the resolved viscous dissipation, −〈ε̄〉, are shown for three values of the
filter length l+F . In the core flow, the former remains unaltered and a de-
pletion of the latter at increasing filter scale is observed. On the contrary,
approaching the wall, both these quantities decrease with l+F . Indeed, while
dissipation is always present at the small subgrid scales even in the center
of the channel, the production mechanism involves more and more the sub-
grid scales moving towards the wall as the shear scale, Ls ≈ ky+, diminishes.
The figure 4.3(b) shows −〈εsgs〉 at the same values of l+F . From the inspection
of the plot the role of the subgrid dissipation is deduced. Resolved turbu-
lent kinetic energy is drained in the core flow and in the viscous sublayer
while in the buffer layer, for the larger filter scales, it becomes opposite in
sign in an increasing region, implying that the subgrid scales feed the large
scale of motion, i.e. a backward energy transfer occurs, see [24] for a similar
discussion.

The backward energy transfer can be related to the excess of turbulent
energy in the subgrid scales due to the large subgrid turbulent production.
To quantify this observation let us consider, [(π − π̄)− (〈ε〉 − 〈ε̄〉)], where
π̄ = −〈ūv̄〉dU/dy and π = −〈uv〉dU/dy. This quantity represents somehow
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Figure 4.3: (a) y-behavior of production and dissipation. (b) Subgrid dissipa-
tion, −〈εsgs〉, and in the inset, [(π − π̄)− (〈ε〉 − 〈ε̄〉)]. DNS (circle), l+F = 20
(solid line), l+F = 30 (dashed line) and l+F = 60 (dashed-dotted line).

the net balance of energy production and dissipation acting in the subgrid
scales. Indeed, the spectral cutoff filter used allows to divide the unfiltered
turbulent kinetic energy production and dissipation into the sum of two dis-
tinct contributions from resolved and subgrid scale. The same applies for
the turbulent kinetic energy where 〈u2〉 = 〈ū2〉 + 〈u2

sgs〉 with 2〈ūusgs〉 = 0,
see [69]. From the inset of figure 4.3(b), it is observed that dissipation is
dominant in the subgrid scales in the core flow and the viscous sublayer
where a draining of resolved energy occurs, −〈εsgs〉 < 0. Whereas, in the
subgrid scales of the buffer layer, production overcomes the viscous effects
leading to a subgrid energy excess which feeds the resolved motion. Indeed,
the corrispondance between the region where [(π − π̄)− (〈ε〉 − 〈ε̄〉)] > 0 and
the region where −〈εsgs〉 > 0 is remarkable. The present view is entirely
consistent with the scenario highlighted in chapter 3 where it is shown that
the turbulent energy is mostly generated amid the spectrum of the near-wall
region in the so-called driving scale range DSR.

It is worth anticipating that the different behaviors in the bulk, logarith-
mic and buffer regions can be easily related to the two scenarios that will be
discussed in the next sections respectively.
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4.3.2 Scale by scale budget in the logarithmic and bulk
region

To ease the comprehension of the results in this region of the flow, let us recall
that the logarithmic layer is characterized, see figure 4.2, by one relevant
length, i.e. the cross-over scale l+c . Such parameter represent somehow the
border of the production dominated range. In figure 4.4(a) and (b), the
scale energy balance 4.3 in one representative plane for l+F = 30 is shown.
At this location the filter scale is always smaller than the cross-over scale,
l+F < l+c and the subgrid scale dynamic reduces to the Richardson energy
cascade. Such condition leads to a preservation of the value for the statistical
observables of the resolved fields, i.e. Ee ≈ Ēe + Esgs, Πe ≈ Π̄e, Tr ≈ T̄r.
Indeed, for l+F < l+c the energy production in the subgrid scales is negligible
and the value obtained for the filtered field equals the unfiltered one, Π ≈
Π̄. Therefore, the rate of energy exchange between resolved and subgrid
motion, Esgs, is exclusively determined by the viscous dissipation in the
subgrid scales, implying that E ≈ Ē + Esgs, i.e. the sum of the subgrid and
resolved viscous dissipation equals the unfiltered rate of energy dissipation.

In these regions of the flow, the subgrid stresses effects of resolved scale-
energy redistribution in physical and scale space, namely T sgsc and T sgsr , are
both negligible as shown in figure 4.4(a). This is very important in a context
of subgrid stresses modeling. Indeed, the main goal of most LES models is
the correct estimation of the energy exchange between grid/subgrid motion,
Esgs, assuming that the resolved energy redistribution due to subgrid stresses
is negligible.

The common interpretation of Esgs is a measure of the rate of energy
transfer between scales larger and smaller than l+F . However, in a wall flow
this rate of energy flux is predominantly determined by the balance between
processes of energy production and dissipation in the subgrid scales. Indeed,
from figure 4.5 showing Esgs for different filter lengths and wall distances
in the logarithmic and bulk regions, it is noticeable that as l+F approaches
the Kolmogorov scale η+, Esgs decreases since a larger fraction of energy
dissipation occurs due to the resolved flow. When l+F /η

+ is larger, Esgs
increases monotonically accounting more and more for the energy dissipation,
up to approach the cross-over scale, l+F /l

+
c ≈ 1, where a maximum is observed.

For filter scales larger than the cross-over scale, l+F /l
+
c > 1, Esgs decreases

since production starts to be significant in the subgrid range and hence Esgs
does not account exclusively for the energy dissipation but for the balance
between energy source and sink processes occurring simultaneously in the
subgrid scales. As a consequence Ē + Esgs � E and Π̄� Π.

To ease the interpretation of the plot in figure 4.5, let us consider that in
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Figure 4.4: Scale-energy balance in the logarithmic layer at Y +
c = 160 for

the unfiltered (lines) and filtered field at l+F = 30 (symbols). (a) The terms
of equation 4.4. Filtered field: Ēe triangles down, −Π̄e triangles up, −T̄r
circles, −T̄ sgsr diamonds, −T̄ sgsc stars and Ēsgs squares. Unfiltered field: Ee
dashed line, −Πe solid line and −Tr dashed dotted line. (b) Contributions to
the effective production. Filtered field: −Π̄ triangles up, −P̄ triangles down,
−T̄c circles and −T sgsc stars. Unfiltered field: −Π solid line, −P dashed
dotted line and −Tc dashed line. Inset of (b): contribution to the effective
dissipation. Filtered field: Ē triangles down, Esgs squares, D̄r circles and D̄c

triangles up. Unfiltered field: E dashed line, Dr solid line and Dc dashed
dotted line. The vertical solid and dashed line are l+c and l+F respectively.

higher Reynolds number flows, when a large separation between l+c and vis-
cous scales occurs in the logarithmic and bulk regions, a plateau is expected
for η+ � l+F � l+c . In this range the subgrid dissipation should equal the total
amount of viscous dissipation, Esgs(l

+
F ) ≈ E, with a negligible contribution

from the resolved scales, Ē(l+F ) ≈ 0. The extension of this plateau represents
a measure of the amplitude of the inertial equilibrium range increasing with
the distance from the wall. Since in such a range a Kolmogorov scaling sets
in, 〈δu2δui〉ri/r ∝ −〈ε∗〉, the behavior of Esgs(l

+
F ) which is expected to be

the same as those of the third order structure function evaluated at the filter
scale (〈δu2δui〉ri/r)|l+F , see [9], should therefore equals E independently on
the filter scale under consideration.

These results show the logarithmic layer as a region where the dominant
energy processes can be reproduced with the resolved scales with the excep-
tion of a fraction of viscous dissipation which can be recovered with Esgs if
l+F < l+c . The subgrid scales are dominated by a classical Richardson en-
ergy cascade closed by viscous diffusion at small scales. Therefore, the main
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Figure 4.5: Scaling of the subgrid dissipation −Esgs(l+F ) as a function of the
filter scale l+F for different wall distances. The filled symbols correspond to
l+F /l

+
c = 1.

role of the subgrid scales is to drain resolved energy, Esgs < 0, without re-
distribution effects, T sgsc ≈ T sgsr ≈ 0. This kind of phenomenology can be
reproduced with good results with the common used purely dissipative eddy
viscosity models as shown in section 4.4. The present scenario should be sub-
stantially Reynolds number independent with an unaltered role of the filter
position with respect to the cross-over scale. The only expected difference is
quantitative, since the value of the cross-over scale could change due to the
appeareance of longer and wider structures in this region for larger Reynolds
number. Indeed, as reported in [71], an increase of l+c is observed when the
same present approach is applied to datasets with larger values of the friction
Reynolds number.

In the bulk flow, the physics governing the subgrid motion is still the same
of that reported for the log-layer. Indeed, in this region the cross-over scale
l+c is very large up to infinity in the core of the channel where production
vanishes. Therefore, the filter scale l+F is always reasonably smaller than l+c .
In these conditions, the subgrid motion is characterized by a Richardson en-
ergy cascade and, therefore, drain resolved energy, Esgs < 0, without resolved
energy redistribution effects, T sgsc ≈ T sgsr ≈ 0, as shown in figure 4.6(b) for
two different filter scales. We would like to stress that even if in the bulk
the subgrid stresses dynamics are the same of those of the log-layer, there
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Figure 4.6: Effect of the filter scale at Y +
c = 220 for l+F = 30 (filled symbols)

and l+F = 60 (open symbols). (a) −Π̄e triangles up, Ēe triangles down and
−T̄r circles. (b)−T sgsr diamonds, −T sgsc circles and Esgs squares. The vertical
solid and dashed line are l+F = 30 and l+F = 60 respectively.

is a change in the dynamics of the resolved ones that should be considered
with some care. In fact, as shown in figure 4.6(a), a depletion of the physics
captured with the resolved motion is observed despite l+F < l+c . The resolved
effective production Π̄e is considerably smaller with respect to the unfiltered
one (not reported) and a depletion is observed increasing the filter scale even
if both the filters shown, l+F = 30 and l+F = 60, are smaller than the cross-over
scale. The observed depletion in the effective production is due to a poorly
resolved spatial transfer rather than to an error in the evaluation of the local
production, hence this could be regarded as a non local effect potentially
worsened by a not fully resolved physics in the buffer layer as will be shown
in the next section.

4.3.3 Scale by scale budget in the buffer layer

The physical scenario of the buffer layer is enriched by the presence of a
range of scales where a reverse energy transfer occurs, namely the area ΩB in
figure 4.2. In this region the cross-over scale is very small, the filter scale is
always larger than l+c and the physics captured by the resolved field is largely
affected by the position of the filter scale l+F with respect to the edge of the
region ΩB, namely the scale l+B.

The scale-energy budget in the buffer layer for l+F = 30 is reported in
figure 4.7(a) and (b) for Y +

c = 12, corresponding to the peak of the turbulent
production. At this location l+F > l+B and it is shown that, since a non-
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Figure 4.7: Scale-energy balance in the buffer layer for Y +
c = 12. See caption

of figure 4.4.

negligible part of the production acts in the subgrid scales, Π̄ � Π, see
figure 6(b). Approaching the buffer layer the cross-over scale l+c reaches
the Kolmogorov scale η+, as shown in figure 4.2, and the anisotropic action
of turbulent production is relevant at all scales. In this region, the most
significant scales of motion are not those greater than l+c but those belonging
to the reverse cascade region ΩB. To corroborate the role of ΩB, a comparison
between the unfiltered and filtered mixed structure functions, −S̄12(r+) =
−〈δūδv̄〉, evaluated at Y +

c = 25 and averaged on a square of dimension
r+, is reported in figure 4.8 for different values of the filter length l+F . The
r+-dependence of −S̄12(r+), that is the scale-dependent component of the
resolved turbulent production, recovers the unfiltered behavior only for l+F <
l+B. Otherwise, the scale-energy production reproduced with the resolved
scales is very poor, meaning that a large energy injection due to production
occurs in the subgrid scales. The edge of the reverse cascade region, the scale
lB, is the r-averaged footprint of the near-wall peak of energy source, DSR,
and, consequently of the peak of energy fluxes divergence reported in chapter
3. For that reason, the scale lB is the relevant scale to be considered when
a filtering operation is used since it marks a range of scales characterized by
a large turbulent production from which the energy fluxes depart to both
smaller and larger scales and other regions of the flow.

In this region of the flow, the rate of energy exchange between grid/subgrid
motion, Esgs, is not determined by the viscous dissipation, but by the balance
between production, which is never negligible (l+c → η+), and dissipation in
the subgrid scales, therefore Ē + Esgs � E see the figure 4.7(a) and (b).
The resolved field cannot reproduce the unfiltered physics because most of
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Figure 4.8: Scaling of the averaged filtered mixed structure function, −S̄12 =
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the energy processes act in the subgrid scales and the role of Esgs is strongly
modified up to a backward energy transfer, Esgs > 0 when l+F > l+B, leading
to an energy flux from subgrid to resolved scales, as for the location Y +

c = 12.
As shown in figure 4.3(b), the intensity of the backward energy transfer and
the region of the flow involved increase with the filter scale l+F . Indeed, as
shown in figure 3.3, representing the non averaged multidimensional energy
fluxes, for large square domain of side r+ corresponding to the filter lengths
considered, the amount of reverse energy fluxes covered increases.

Furthermore, for l+F > l+B, the nonlinear interactions in the resolved scales
do not reproduce the energy flux across scales, Tr, and the spatial flux Tc,
as shown in the figure 4.7(a) and (b). While, on the other hand, the sub-
grid stresses significantly act in the energy redistribution with T sgsr and T sgsc

meaning that most of the resolved processes depends on the scales below l+F .
In order to better exploit the role of the filter length, in figure 4.9(a) and (b)
the comparison between two balances at different value of l+F , smaller and
larger than l+B, is reported. It is interesting to observe that the contribution
of T sgsr and T sgsc in the case l+F = 60, the one larger than l+B, is fundamental
in reproducing the energy redistribution mechanisms, while for l+F = 30 is
negligible.

The effects of nonlinear interactions, T sgsr , as function of the wall-distance
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Figure 4.9: Effects of the filter scale in the buffer layer at Y +
c = 25. See

caption of figure 4.6.

and evaluated at a scale r+ = l+F = 30, are shown in the figure 4.10(a) where
also Tr and T̄r appear. In the bulk of the channel the transfer is only due to
the nonlinear interactions in the resolved scales, T̄r, while T sgsr is negligible.
Approaching the wall, the subgrid interaction term, T sgsr , becomes more and
more significant highlighting a strong coupling between subgrid and resolved
motion occurring in the buffer layer. This statistical occurrence can be pre-
sumably attributed to the fact that when l+F > l+B both subgrid and resolved
scales belong to the same coherent motion. Indeed, the multidimensional
analysis, reported in chapter 3, show the DSR, and consequently the scale lB
in the r-averaged framework, as the result of the coherent dynamics involved
in the near-wall cycle. The same phenomenology is observed also for other
scales and filters considered, here not shown, and for the spatial fluxes Tc, T̄c
and T sgsc shown in the figure 4.10(b) in the same conditions. In general, it is
very important to estimate the subgrid nonlinear energy distribution effects
in the buffer layer for l+F > l+B in order to correctly reproduce the near-wall
regeneration mechanisms.

As suggested in chapter 3, in the buffer layer an intermediate range of
scales exists, the DSR, which loses energy to feed both larger (reverse energy
cascade) and smaller (forward energy cascade) scales in the same physical
location and other range of scales of the adjacent regions of the flow via
spatial flux. In the present framework, the scale l+B(Y +

c ) can be thought as the
center of this range of scales. This range, responsible for the backward energy
transfer, is related to the dynamics of the coherent structures producing
turbulent fluctuations, see [62]. When l+F > l+B, a large fraction of this range
belongs to the subgrid scales and therefore both T sgsr and T sgsc account for a
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Figure 4.10: (a) Yc-behavior of −Tr (solid line), −T̄r (dotted line) and −T sgsr

(dashed line) for r+ = 30 and l+F = 30. (b) Yc-behavior of −Tc (solid line),
−T̄c (dotted line) and −T sgsc (dashed line) for r+ = 30 and l+F = 30.

significant part of the energy cascade and spatial fluxes in the resolved scales
and the resolved physics is very poor. Furthermore, in these conditions a
large energy-excess due to turbulent production occurs in the subgrid scales
as highlighted in figure 4.8, feeding the backward energy transfer, Esgs > 0.

In a context of Large Eddy Simulation of wall flows it is very important
to capture the physics of the buffer layer because this region is responsible
for the sustainment of turbulence. However, according to the present results,
the filtered velocity field is able to capture the turbulent dynamics only when
the filter scale allows for the resolution of the reverse energy cascade region
ΩB. Otherwise, the resolved physics is very poor, see figure 4.9(a), where Π̄e,
T̄r and Ēe recover the unfiltered physics (not shown) only for l+F = 30, which
is outside ΩB, and are underestimated otherwise. Furthermore, if l+F > l+B,
LES models should be able to reproduce a backward energy transfer and the
complex but significant nonlinear phenomena of energy redistribution due to
subgrid stresses.

The incorrect resolution of the leading physical processes of the buffer
layer affects the flow, especially in the core region, via spatial energy fluxes.
In figure 4.11(a) and (b) the Y +

c -behavior of the r-averaged resolved spatial
flux Φ̄c = 〈v̄∗δū2〉+2〈δp̄δv̄〉/ρ−νd〈δū2〉/2dYc is shown in comparison with the
unfiltered one Φc for large and small scales and different filter length. It is also
shown Φ̄c+sgs = Φ̄c + 〈δτi2δūi〉 which accounts for the energy redistribution
in physical space due to subgrid stresses.
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Figure 4.11: Yc-behavior of the r-averaged spatial flux for large scales
r+ = 310 and small scales r+ = 30 (inset plots). The unfiltered spatial
flux Φc (circle), the resolved spatial flux Φ̄c (dashed line) and the resolved
and subgrid spatial flux Φ̄c+sgs (solid line). (a) l+F = 15 and (b) l+F = 30.

When the filter length allows to capture the whole region ΩB, as for
l+F = 15 shown in figure 4.11(a), the amount of resolved energy which leaves
the buffer layer to feed the viscous sublayer and the core flow recovers the
unfiltered process, Φ̄c ≈ Φc, for both large and small scales. The subgrid
stresses effects are negligible, Φ̄c ≈ Φ̄c+sgs. Otherwise, a depletion of the
resolved spatial flux is observed as for l+F = 30 shown in figure 4.11(b). In
this case the filter scale not allows to resolve the region ΩB and the subgrid
stresses accounts for a significant part of the resolved energy redistribution
in physical space.

The reduction in the resolved spatial energy fluxes strongly affects the dy-
namics of the turbulent fluctuations in the core flow. Indeed, the turbulence
in this region is sustained by the energy incoming from the wall since pro-
duction goes to zero. The resolved physics in this region is strongly altered
even if the local main processes are captured, i.e. if l+F < l+c . As shown in
figure 4.6(a) for Y +

c = 220, a depletion of the resolved statistical observable
occurs moving from l+F = 30 to l+F = 60 even if both the filter length are
smaller than l+c . Indeed, for l+F = 60 a larger fraction of the region ΩB is not
resolved leading to a stronger decrease of the spatial fluxes which feed this
region.

It should be pointed out that in the same conditions the dynamics of the
logarithmic region remains unaffected. Indeed in the log-layer these effects
are negligible even if a large decrease of the resolved spatial flux occurs as
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shown in figure 4.11(a) and (b). In fact being the spatial flux almost constant,
the amount of energy carried out by it is not released in this region. There-
fore, despite the large value of the spatial flux in the log-layer, its divergence
is sufficiently small in comparison with the other terms of the scale-by-scale
budget 2.22 and 4.2 to be dynamically ineffective. The inhomogeneity plays
here only a minor role which is also expected to vanish for larger Reynolds
number. Therefore, the condition l+F < l+c presented in the previous section
is still sufficient to ensure that the main physical processes of the log-layer
are well reproduced with the resolved scales.

4.4 Behaviour of the classical LES models

In this section, a methodology for using the filtered Kolmogorov equation 4.2
as a new tool for the assessment of LES models will be briefly outlined. An
a priori analysis of the most common and widely used eddy viscosity models
will be shown as an example, but the same procedure could be performed
also for the a posteriori analysis and for other LES models. The systematic
characterization of the subgrid stresses physics as function of the filter scale
and of the wall-distance, performed in the previous sections, will be shown
instrumental for the correct use of given LES models in the simulation of
wall-turbulence.

According to the idea of isotropic recovery at small scales of all types of
flow for sufficiently large Reynolds number, the eddy viscosity models assume
that the energy exchange between resolved and subgrid scales is similar to the
viscous dissipation, leading to subgrid stresses in the form, τij − 1/3τkkδij =
−2νT S̄ij. In fact, when isotropic conditions are recovered, equation 2.22 leads
to an energy exchange across the filter scale,

∂〈δu2δui〉
∂ri

∣∣∣∣
lF

= −4ν〈SijSij〉 , (4.8)

which is similar to Esgs evaluated with eddy viscosity, i.e. Esgs = −8νT 〈S̄ijS̄ij〉.
Let us note that in expression (4.8) the pseudo-dissipation 〈ε〉 is replaced with
the proper dissipation ν〈SijSij〉 since in homogeneous conditions these terms
are coincident. Accordingly to the results in the previous sections, this kind
of subgrid stresses physics implemented by the eddy-viscosity models should
give good results only when the filter used is lF < lc far from the wall, leading
to subgrid dynamics governed by a Richardson cascade, and lF < lB in the
wall-region, in order to have at least a drain of resolved energy, Esgs < 0.
Nevertheless, the analysis of the eddy-viscosity models will be shown for
lF > lB.
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Figure 4.12: (a) −T sgsr and −T sgsc evaluated with the Smagorinsky (circles),
Smagorinsky shear-improved (dashed lines), dynamic Smagorinsky (dotted
lines) and with the filtered DNS (solid lines) for l+F = 30 in the buffer layer
Y +
c = 12. (b) Y-behavior of Esgs estimated with exact subgrid stresses

(solid line) and with Smagorinsky (dashed line), Smagorinsky shear-improved
(dashed-dotted line) and dynamic Smagorinsky (dotted line) for l+F = 30.

The simplest and most commonly used eddy viscosity model is the one
developed by Smagorinsky [74], where it is assumed that νT = (CslF )2|S̄|.
This model is known to give good results in homogeneous and isotropic tur-
bulence but it is too dissipative in the near-wall turbulence. To alleviate this
deficiency, for wall-bounded flows the Smagorinsky constant Cs is often mul-
tiplied by a damping factor depending on the wall-normal distance, see [80].
Instead, in other models like Smagorinsky shear-improved, [47], the eddy vis-
cosity takes into account mean-shear effects, and, therefore the non-isotropic
nature of near-wall turbulence, and naturally decreases to zero at the wall,
i.e. νT = (CslF )2(|S̄| − |〈S̄〉|).

More in general, the Smagorisky approach can be improved to a large
degree via a dynamic procedure, [22], where the model coefficient is evaluated
from the resolved motion and it is applied to the subgrid scales assuming the
scale-invariance suggested by the relation (4.8). Formally, this methodology
is based on the Germano identity, Lij = Tij − τ̃ij, which relates the resolved
turbulent stresses Lij = ˜̄uiūj − ˜̄ui ˜̄uj, the subgrid stresses τij, and the subtest
stresses Tij = ũiuj − ũiũj where (̃·) denotes a test filter applied at a scale
α lF , with α = 2 the commonly used value. Assuming scale-invariance, the
same Smagorinsky model approximation is used for both the subgrid and
subtest stresses allowing to calculate the Smagorinsky coefficient with a least-
squares error minimization procedure, [50], C2

s = −〈LijMij〉/〈MijMij〉, where
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Figure 4.13: The cross-over l+c and reverse cascade scale l+B evaluated with
the filtered velocity field for l+F = 30 (lines) and compared with the unfiltered
values.

Mij = l2F (α2| ˜̄S| ˜̄Sij − |̃S̄|S̄ij). These three models will be here addressed in
the framework of the filtered Kolmogorov equation.

The predicted subgrid stresses for l+F = 30 lead to negligible energy redis-
tribution effects in physical and scale space, T sgsr and T sgsc , also in the buffer
layer where the filter scale l+F lies within the region of the reverse energy
transfer ΩB, see figure 4.12(a). No relevant differences between the three
models are observed in the predicted very small T sgsr and T sgsc . As shown in
the previous sections this is a satisfactory behavior in the logarithmic and
bulk flow but not in the wall region where the energy redistribution due to
subgrid stresses should be very significant when lF > lB. This incorrect be-
havior is due to the linear relation between subgrid stresses τij and resolved
strain-rate S̄ij which is at the base of the eddy viscosity formulation. On the
contrary, the energy redistribution terms, i.e. T sgsr and T sgsc , are an expres-
sion of the nonlinearity in the Navier-Stokes equations which shows a strong
coupling of the subgrid and resolved scales in the buffer layer.

As expected, the predicted energy exchange between resolved and subgrid
scales, Esgs, figure 4.12(b), shows a good behavior in the logarithmic and
bulk flow where for l+F < l+c an r-averaged forward energy cascade occurs in
the subgrid scales. Conversely, in the buffer layer with l+F > l+B, production,
occurring even at small scales, leads to the impossibility for the eddy viscosity
models to reproduce a Esgs which should exhibit a backward energy transfer.
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Given this limitation, the two refined models are only able to deter-
mine more accurately the location of the maximum of the energy transfer
at Y +

c = 30, see dotted and dash-dotted lines in figure 4.12(b), while the ex-
pected backscatter appears as a reduced value of the subgrid dissipation. No
approach based on the eddy viscosity concept can reproduce the backward
energy transfer and hence for this kind of models the optimal filter scale is
l+F < l+B in the near-wall region and l+F < l+c in the logarithmic region. The
cross-over l+c and reverse cascade scale l+B estimated with the filtered velocity
field are reported in figure 4.13. A good agreement with the unfiltered value
of these scales is observed, meaning that information from the resolved field
can be in principle extracted to predict an optimal filter scale at different
wall-distances and Reynolds number without any a priori knowledge.

4.5 Correct resolution of the wall-turbulent

physics

Summarizing, the results of the previous sections single out, in a quantitative
way, the prominent role of the filter scale compared to the relevant scales of
the channel in the different regions of the flow. In the logarithmic region,
the dominant energy processes can be reproduced with the resolved scales
when l+F < l+c . In this case the missing fraction of viscous dissipation can
be recovered with Esgs since the subgrid scales are dominated by a classical
Richardson energy cascade closed by viscous diffusion at small scales. The
role of the subgrid scales is to drain resolved energy, Esgs < 0, without
redistribution effects, T sgsc ≈ T sgsr ≈ 0. This kind of phenomenology can
be reproduced to a good degree with the commonly used dissipative eddy
viscosity models. In the buffer layer, the scale l+B marks an intermediate
range of scales, the DSR for the r-averaged processes, which loses energy
to feed both larger (reverse energy cascade) and smaller (forward energy
cascade) scales in the same physical location and other range of scales of the
adjacent regions of the flow via spatial flux. When l+F > l+B, a large fraction
of this range belongs to the subgrid scales and therefore both T sgsr and T sgsc

account for a significant part of the energy cascade and spatial fluxes in the
resolved scales. Hence when this is the case the poorly resolved physics of the
buffer layer affects the dynamics of the turbulent fluctuations of the whole
domain via spatial fluxes especially in the core flow. Furthermore, in these
conditions a large energy-excess due to turbulent production occurs in the
subgrid scales, feeding the backward energy transfer, Esgs > 0. Indeed, when
l+F > l+B a large decrease in the resolved production is observed. This energy
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Figure 4.14: The cross-over scale lcz (circle), lcx (square) and the reverse
cascade plane ΩEz (grey region), ΩEx (dark grey region).

excess feeds the backward energy transfer observed in the buffer layer.
While we are confident that this analysis, where a single filtering param-

eter has been introduced, is sufficient to describe the role of the filter length
in capturing the physics of wall turbulence, richer physics is expected to be
revealed when investigating the streamwise and spanwise energy processes
separately. This procedure should highlight the anisotropic physics of wall-
turbulence allowing for an enlarged analysis of the role of optimal values
of the filter scales in the streamwise and spanwise direction separately. In-
deed, as shown in chapter 3, a multidimensional analysis is crucial for the
description of the wall-turbulent physics.

For these reasons, in this section we extend the analysis of the filtered
wall-turbulent dynamics accounting for the anisotropic behaviour exhibited
by the non averaged relevant scales lci and lEi

previously introduced in section
3.2.3. The scale-by-scale budget will be performed using a spectral cutoff
filter with different lenghts in the streamwise and spanwise directions in order
to separately verify the conditions lFx < lcx , lFz < lcz and lFx < lEx , lFz < lEz .

In figure 4.14, the scales lci and lEi
are shown as a function of the wall-

distance for the channel flow case at Reτ = 300. From this figure emerges
that the bounding condition for the filter length in the streamwise direction
is the value of lcx in the logarithmic region. While in the spanwise direction
is the value of lEz in the buffer layer. For that reason we consider a filter with
l+Fx

= 60 and l+Fz
= 15 which satisfies these constraints. This filter will be

denoted as lFmix. The resulting statistics will be compared to that obtained
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Figure 4.15: (a) Subgrid dissipation, Esgs, and excess of scale-energy in the
subgrid scales, [(π − π̄)− (〈ε〉 − 〈ε̄〉)] (inset). lF solid line and lFmix dashed
line. (b) Tr (solid line), T̄r (dotted line) and T̄ sgsr (dashed line) for lFmix and
lF (inset).

with a filtered field with l+F = 30 equals in the homogeneous directions which
will be denoted as lF . This filtered field has the same amount of small scales
removed by the filtering operation as lFmix.

As shown in figure 4.16(a) and (b), the scale-by-scale budget in the log-
layer obtained with the filter lFmix is essentially the same for lF . Indeed, in
this region the conditions lFx < lcx and lFz < lcz are verified for both the
filters considered. Hence, in both cases the resolved field is able to reproduce
the physics of this region with a missing fraction of energy dissipation which
is recovered with Esgs. The role of the subgrid stresses is to drain resolved
energy, Esgs < 0, without resolved energy redistribution effects in physical
and scale-space, T sgsr ≈ T sgsc ≈ 0.

In the buffer layer, the use of lFmix leads to an energy exchange between
resolved and subgrid scales, Esgs, which drains resolved energy, see figure
4.15(a). The backward energy transfer observed for lF is absent. When lFx <
lEx and lFz < lEz the process of viscous dissipation dominates the subgrid
scales also in the buffer layer where otherwise an energy-excess is observed,
see the inset of plot 4.15(a). Therefore, in the subgrid scales prevail the
viscous effects of dissipation and then of absorption of resolved scale-energy.
Indeed, as shown in section 3.2, considering that the scales lEi

represent
the edge of the energy fluxes at positive divergence and, therefore, of the
scales of energy source, it is clear that when lFx < lEx and lFz < lEz the
larger energy production and larger scale-energy fluxes divergence occur in
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Figure 4.16: Scale-by-scale budget in the log-layer, Y +
c = 160, (a)(b) and

buffer layer, Y +
c = 12, (c)(d) with lF (a)(c) and lFmix (b)(d). Filtered field:

Ēe dashed line, −Π̄e solid line, −T̄r dashed dotted line, −T̄ sgsr dotted line,
−T̄ sgsc dashed-dashed-dotted line and Ēsgs dashed-dotted-dotted line. Unfil-
tered field: Ee triangle down, −Πe triangle up and −Tr circle.

the resolved motion and therefore Esgs < 0 and the subgrid stresses effects of
redistribution of resolved energy in physical and scale-space, T sgsr and T sgsc

are negligibles. As shown in figure 4.15(b), the energy transfer across scales
is determined by nonlinear interaction in the resolved scales also in the buffer
layer for the filter lFmix, i.e. T̄r is the dominant nonlinear processes while T sgsr

is negligible. Otherwise, the opposite occurs as for lF . The same conclusions
apply also for the spatial flux T̄c and T sgsc (not reported).

When lFi
< lEi

the main physical processes belong to the resolved motion
allowing to recover the unfiltered dynamics also in the near-wall region. As
shown in figure 4.16(c) and (d), for filter lFmix, Π̄e ≈ Πe, T̄r ≈ Tr and Ēe +
Esgs ≈ Ee. The subgrid stresses drain resolved energy, Esgs < 0, recovering
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Figure 4.17: Yc-behavior of the r-averaged spatial flux for large scales
r+ = 310 and small scales r+ = 30 (inset plots). The unfiltered spatial
flux Φc (circle), the resolved spatial flux Φ̄c (dashed line) and the resolved
and subgrid spatial flux Φ̄c+sgs (solid line). (a) lF and (b) lFmix.

the missing fraction of dissipation and T sgsr ≈ T sgsc ≈ 0. Otherwise, for lF ,
the resolved physics is very poor Π̄e < Πe, T̄r < Tr, Ēe + Esgs < Ee and the
subgrid scales strongly affect the resolved motion with a backward energy
transfer, Esgs > 0, and with large T sgsr and T sgsc .

The correct resolution of the leading physical processes of the turbulent
production region leads to a correct extimation of the spatial fluxes which
sustain the turbulent motion in the core region of the flow. As shown in
figure 4.17, for the filter case lFmix the r-averaged amount of resolved energy
which leaves the buffer layer to feed the viscous sublayer and the core flow
recovers the unfiltered process, Φ̄c ≈ Φc for both large and small scales with
subgrid stresses effects negligible, Φ̄c ≈ Φ̄c+sgs. Otherwise, for filter lenghts
which not allow to resolve the reverse cascade region, as for the filter lF ,
a depletion of the r-averaged resolved spatial flux is observed with subgrid
stresses accounting for a significant part of the resolved energy distribution
in physical space. Even if the very large scales of motion of the core region
are reasonably well resolved in LES simulation, the correct resolution of the
buffer layer guarantees the proper sustainment of these turbulent dynamics.

In conclusion, the results of this paragraph single out the need to adopte a
filter which satisfyies the constrain lFx < lcx and lFz < lEz leading to l+Fx

< 100
and l+Fz

< 20, in order to correctly capture the main physical processes of
wall-turbulence. With these limits, the near-wall resolved LES of very high
Reynolds number wall-bounded flows may not be possible. As shown in
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section 4.4, a runtime extimation of the relevant scales, lci and lEi
, should be

used to predict from the resolved field an optimal filter scale for different wall-
distances and also Reynolds number in order to save computational resources.
Indeed, while the spanwise filtering constrain, lEz , should scale in viscous
units, the streamwise one should have a Reynolds number dependence since
lcx is expected to increase its value for larger Reynolds number, as reported
in [71].

4.6 Towards a backward energy transfer LES

model

It is well known that the most important feature of LES models for the un-
resolved subgrid scales should be their ability to accurately reproduce the
energy transfer between the resolved and subgrid scales. This physical pro-
cess, represented in the present work by the term Esgs, has been shown to
have very different roles depending on the amount of scales removed by the
filtering operation, lFi

, and on the wall-distance considered. In particular,
in the production region for the filter scale values commonly used for the
LES simulation of near-wall resolved wall-turbulence, a net energy flux takes
origin in the subgrid scales to feed the resolved motion. This aspect is of
fundamental importance for the correct simulation of wall bounded flows as
highlighted in chapter 3. The reverse energy cascade is the basic element for
the formation of the characteristic long turbulent fluctuations of this kind of
flows and also for the correct extimation of the filtered dynamics as shown
in the previous paragraphs.

According to these points, it is very important to develop new LES models
able to capture the physics of the reverse energy cascade, since the most used
ones are based on the Kolmogorov theory on the energy cascade where

∂〈δu2δui〉
∂ri

= −4〈ε∗〉, (4.9)

and, therefore, are purely dissipative. In this context, the reduced model for
the energy cascade, equation 3.2, here reported for the sake of clarity,

∂〈δu2δui〉
∂ri

= −
[
2〈δuδv〉

(
dU

dy

)∗
+ 4C(Yc)〈ε∗〉

]
can be seen as a starting point for the development of new LES models
replacing the classical Kolmogorov relation 4.9. This relation suggests to
model the energy flux between resolved and subgrid scales with the energy
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Figure 4.18: Scaling mixed structure function, −S12, for different wall-
distances from Y +

c = 12 to Y +
c = 250 as a function of the streamwise (left)

and spanwise (right) scales. The fitted lines correspond to a power law with
exponents 2.04 and 1.88 for the streamwise and spanwise scales respectively.

source/sink occurring in the subgrid motion. In a context of LES simu-
lations, the extimation of the subgrid energy source/sink can be obtained
using only information from the large resolved motion. In this view, the
rate of dissipation in the subgrid scales can be extimated using the clas-
sical concept of eddy viscosity whose basically idea is exactly to properly
account for dissipation in the subgrid motion through a mechanism analo-
gous to the viscous forces. Whereas, the subgrid turbulent production can be
roughly extimated using the amount of production at the smallest resolved
scales opportunely projected in the whole subgrid space. In figure 4.18, it
is shown the (r+

x , 0, 0, |Y +
c )- and (0, 0, r+

z , |Y +
c )-behaviour of the mixed struc-

ture function −S+
12 = −〈δuδv〉+ which is the scale-dependent part of the

turbulent production. A well defined behaviour at small scales is observed at
different wall-distances corresponding to −〈δuδv〉(r+

x , 0, 0, |Y +
c ) ∝ r+2.04

x and
−〈δuδv〉(0, 0, r+

z , |Y +
c ) ∝ r+1.88

z . These power laws suggest similarity at the
smallest scales which can be used to roughly extimate the averaged turbulent
production in the subgrid scales. It is important to mention that an universal
exponent for the mixed structure function already exists in literature based
on dimensional prediction by Lumley [52]. This exponent corresponds to
4/3 and should be found in the equilibrium layer of wall-flows [30] for scales
below the shear scale where an isotropic recovering behaviour occurs.

According to these arguments the energy flux between resolved and sub-
grid scales in wall-turbulence could be written in the streamwise and spanwise
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Figure 4.19: Comparison between the exact subgrid energy flux, Esgs, for
filter length scale lF = 30+ (line) and the subgrid dissipation predicted by
the Smagorinsky model (dashed line) and by the proposed new one, equation
4.10, (circle) as a function of wall distance.

scales respectively as,

−
[

2

3
〈δūδv̄〉|(lFx ,0,0)

(
dU

dy

)∗
+ 8νT 〈S̄ijS̄ij〉

]
and

−
[

2

3
〈δūδv̄〉|(0,0,lFz )

(
dU

dy

)∗
+ 8νT 〈S̄ijS̄ij〉

]
which highlight that the new term takes into account not only production
but also the anisotropy of the flow. The factor 1/3 of the production terms
derives from the application of the similarity concept previously introduced.
Indeed, considering a subgrid production which follows a power law such
as, −〈δuδv〉(r+

i , |Y +
c ) = Ar+2

i , with the coefficient A determined by turbu-
lent production at the smallest resolved scales as boundary condition, the
resulting mean value obtained by an integral in the subgrid space of scales
is −〈δuδv〉(l+Fi

, |Y +
c )/3. Considering now the r-averaged processes, the new

formulation leads to

Esgs ≈ −
[

1

3
Π̄
∣∣
lF

+ 8νT 〈S̄ijS̄ij〉
]

(4.10)
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whose prediction, with νT evaluated with the classical Smagorinsky model,
is reported in figure 4.19 as a function of the wall-distance for the filter
case l+F = 30 and it is compared with the exact Esgs and the one predicted
with the Smagorinsky model. The new formulation predicts with a good
approximation the energy exchange between resolved and subgrid scales in
the logarithmic and bulk flow where lF < lc and the subgrid scales drain
resolved energy. As expected, no relevant differences with the classical eddy
viscosity formulation emerge in these regions of the flow. Conversely, in
the buffer layer where lF > lB, the new formulation is able to determine
accurately the location of the maximum energy transfer at Y +

c = 30 and
Y +
c = 12 corresponding to the peaks of draining and sourcing of resolved

energy respectively. Apart the absolute value, the correspondence of the
behaviour of the new formulation with those of the exact Esgs, suggests that
this line of reasoning could be very promising.

In this view, the subgrid stress tensor, τ ?ij, should be composed by a linear
part in analogy with the viscous forces responsible for dissipation and by a
nonlinear part which expresses the inertial interactions between fluctuations
of different sizes at the base of turbulent production and of the inertial energy
fluxes such as T sgsr and T sgsc which have been shown foundamental in the
previous paragraphs. While the classical eddy viscosity concept can be used
for the linear part of the subgrid stress tensor, in the present framework, the
velocity increments appear as the natural candidate for the nonlinear part.
As a confirmation, in the work [5], the velocity increments tensor δūiδūj
has been used for the modelization of the subgrid stresses and has been
shown, both in a priori and a posteriori tests, to give a good extimation of
both forward end backward energy transfer. Summarizing, the model for the
subgrid stresses emerging from the present analysis should take the form,

τ ?ij = Aδūiδūj − 2νT S̄ij (4.11)

where, as suggested by [5], the resolved velocity increments should be evalu-
ated for separation vector ri(x) = 2∆xi(x), where ∆xi(x) is the grid interval
at position x. This operation highlights that the anisotropy of the mesh and,
consequentely, of the flow, is implicitly accounted for in the present model by
the definition of the three-dimensional velocity increment. The constant A
should account for the projection of the increments at grid scales to the sub-
grid motion using similarity. This constant could be set a priori as previously
shown for Esgs or could be solved dynamically as proposed by [19]. However,
both, the extimation procedure for the constant A and the analysis of the
separation vector to be considered for the resolved velocity increments should
be well assessed in the framework of the present model. Unfortunately, at
the moment of the compilation of the present PhD thesis this is what has
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been done but in the next future works these questions will be adressed and
eventually a posteriori analysis will be done.



Chapter 5

Conclusions

The current understanding of the physics of wall turbulent flows is essentially
based on two classical theories, one concerning the dynamics of the small
scales and the other concerning the description of the near-wall layer of wall-
bounded flows. The first one is based on the phenomenology of the turbulent
energy cascade from the large production scales to the small dissipative ones
and has been developed in the context of homogeneous isotropic turbulence.
The second one follows from the classical division of wall bounded turbulent
flows in a near-wall, inner region, and an outer region populated by large
turbulent fluctuations. These two distinct regions are coupled through an
overlap region which exhibits a large degree of universality in the form of
the so-called law of the wall. These two theories belong to the singular
perturbations analysis where the viscous effects are confined to a vanishingly
narrow range and are foundamental in the identification of the large Reynolds
number asymptotics of the Navier-Stokes equations. Even if the viscous
effects are negligible at any finite scale or wall-distance for infinity Reynolds
number, there should be finite limits for the viscous dissipation and for the
wall shear stress.

The dual nature of these theories arises from the fact that the description
is given in the space of scales in one case while in the other is given in phys-
ical space. In this context, the generalized Kolmogorov equation, originally
derived in [26], represents the link between these two classical approaches
to wall turbulence. This equation provides a realistic description of small
scale turbulence when inhomogeneity and anisotropy are present. This kind
of approach has been used in the present work in order to analyze the energy
processes in the augmented space of wall turbulence, (rx, ry, rz, Yc), i.e. in
the three dimensional space of scales and wall-normal direction.

The main results of the present work can be divided into two parts which,
however, are closely related each other. One concerning the behaviour of the
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energy fluxes and the other concerning the filtered dynamics both in the
augmented space of wall turbulent flows.

Energy fluxes in wall turbulent flows

The generalized Kolmogorov equation has been applied to DNS data of a
turbulent channel flow at Reτ = 550 in order to describe the energy fluxes
simultaneously occurring in the space of scales and in the physical space
of wall-turbulent flows. This analysis revealed an unexpected behavior of
the energy fluxes which consists of spiral-like paths in the combined physi-
cal/scale space where the controversial reverse energy cascade plays a cen-
tral role. The energy fluxes diverge from the small scales of the buffer layer
to feed longer and wider turbulent fluctuations reaching the outer regions
of the flow. The overall picture conforms to a loop in the space of scales
where scale-energy is transferred towards larger rx and rz while ascending
towards increasing Yc and eventually converging towards the zero-separation,
rx = rz = 0, dissipative scales. In this view, a net energy flux from small to
large scales systematically take place at different wall-distances and not only
in the near-wall region.

Two dynamical processes are identified as driving mechanisms for the
fluxes, one in the near wall region and a second one further away from the
wall. The former, stronger one, is related to the dynamics involved in the
near-wall turbulence regeneration cycle. The associated strong anisotropic
energy injection at small scales, here called driving scale-range (DSR), leaves
a deep footprint on the geometrical properties of turbulence with turbulent
energy generated amid the spectrum. The second dynamical process suggests
an outer self-sustaining mechanism which is asymptotically expected to take
place in the eventual logarithmic layer. The associated turbulent energy
production occurs at wall-normal positions and scales that make it suspect
of a result of turbulent mechanisms composed by attached eddies, in the
sense of Townsend’s theory, whose activity should increase as the extent of
the log-layer with the Reynolds number. If confirmed, its presence could
lead to clarify the influence of the external region on the inner layer and help
setting the controversy concerning the mixed inner/outer scaling of certain
observable like energy spectrum and streamwise fluctuation intensity.

The observed behavior of the energy fluxes and of the turbulent produc-
tion mechanisms conflicts with the classical notion of Richardson cascade,
and may have strong repercussions on both theoretical and modeling ap-
proaches to wall-turbulence. For this reason, a simple model for the energy
transfer among scales has been proposed and shown to be able to capture
most of the rich dynamics of the shear dominated region of the flow. In
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particular, this new relation reproduces the switch between source-like and
sink-like scales which induce oppositely signed divergence of the scale-energy
fluxes at the base of the observed forward and reverse energy cascade simul-
taneously occurring in the space of scales.

Filtered dynamics

A generalized Kolmogorov equation specialized for filtered velocity field has
been applied to filtered DNS data of a turbulent channel flow at Reτ =
300. The analysis of this equation allows the assessment of the filtered wall-
turbulent physics and the subgrid stresses dynamics both in physical and
scale space as a function of the filter length. The capability of the filtered
velocity field to capture the wall-turbulent physics has been investigated.
The results, obtained with an r-averaged form of the filtered Kolmogorov
equation, single out, in a quantitative way, the prominent role of the filter
scale compared to the relevant scales of the channel in the different regions
of the flow.

In the logarithmic region, the dominant energy processes can be repro-
duced with the resolved scales when lF < lc. In this case the missing fraction
of viscous dissipation can be recovered with Esgs since the subgrid scales
are dominated by a classical Richardson energy cascade, in the r-averaged
sense, closed by viscous diffusion at small scales. The role of the subgrid
scales is to drain resolved energy, Esgs < 0, without redistribution effects,
T sgsc ≈ T sgsr ≈ 0. This kind of phenomenology can be reproduced to a good
degree with the commonly used dissipative eddy viscosity models.

In the buffer layer, the scale lB marks an intermediate range of scales, the
r-averaged form of the DSR, which loses energy to feed both larger (reverse
energy cascade) and smaller (forward energy cascade) scales in the same
physical location and other range of scales of the adjacent regions of the flow
via spatial flux. When lF > lB, a large fraction of this range belongs to the
subgrid scales and therefore both T sgsr and T sgsc account for a significant part
of the energy cascade and spatial fluxes in the resolved scales. Hence, in this
case the poorly resolved physics of the buffer layer affects the dynamics of the
turbulent fluctuations of the whole domain via spatial fluxes especially in the
core flow. Furthermore, in these conditions, lF > lB, a large energy-excess
due to turbulent production occurs in the subgrid scales. This energy excess
feeds the backward energy transfer observed in the buffer layer, Esgs > 0.
According to this phenomenology the analysis of the LES models has shown
the incapability of the eddy viscosity models to reproduce the filtered near-
wall physics when lF > lB.

These results, obtained with the r-averaged form of the filtered Kol-
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mogorov equation, have been also extended through the analysis of the
non averaged filtered Kolmogorov equation. This procedure highlights the
anisotropic physics of wall-turbulence allowing for an enlarged analysis of the
optimal values of the filter scales in the streamwise and spanwise directions
separately. In this view the scalar r-averaged scales lc and lB become the
vectors lci and lEi

which exhibit a very different behaviour in the streamwise
and spanwise directions. The results single out the need to adopte a filter
which satsfies the constrain lFx < lcx and lFz < lEz leading to l+Fx

< 100
and l+Fz

< 20, in order to correctly capture the main physical processes of
wall-turbulence. With these limits, the near-wall resolved LES of very high
Reynolds number wall-bounded flows may not be possible. A runtime exti-
mation of the relevant scales, lci and lEi

, has been shown to be in principle
used to predict from the resolved field an optimal filter scale for different
wall-distances and also Reynolds numbers in order to save computational
resources.

A new picture for the development of LES models has been also outlined.
Starting from the simplified relation for the energy transfer, a new class of
LES models which takes into account both nonlinear and linear interactions
at the base of turbulence production and dissipation, respectively, has been
proposed. This kind of approach aims to model the phenomenon of backward
energy transfer which have to be considered for the filter lengths commonly
used in practice.

Finally, the generalized Kolmogorov equation specialized for filtered ve-
locity fields has been shown to be an helpful statistical tool for the assessment
of LES models and for the development of new ones. As example, some clas-
sical purely dissipative eddy viscosity models have been analyzed via an a
priori procedure.



Appendix A

Relation between scale energy,
velocity correlations and energy
spectrum

One of the most used statistical observable of the present work of thesis is the
second order structure function or the scale energy as it is called. But in the
study of turbulent flows are often used other quantities such as the energy
spectrum and the two-points velocity correlations. These objects are closely
related between them. For example the energy spectrum contains essentially
the same information of the structure function but expressed differently, pro-
viding a quantification of the energy at given scale of motion. In order to
better understand the real meaning of these quantities, in the present section
the relation between scale energy, velocity correlation and energy spectrum
will be shown.

Considering velocity increments in the homogeneous directions, the vari-
ance of velocities at different points is the same and the second order structure
function can be written,

〈δu2
i 〉(rx, 0, 0, Yc) = 2[〈u2〉(1− Cxuu) + 〈v2〉(1− Cxvv) + 〈w2〉(1− Cxww)]

〈δu2
i 〉(0, 0, rz, Yc) = 2[〈u2〉(1− Czuu) + 〈v2〉(1− Czvv) + 〈w2〉(1− Czww)]

where

Cs,uiui =
〈ui(xs)ui(xs + rs)〉

〈u2
i 〉

.

For r � l where l is the relevant correlation lenght, quantities evaluated
at different point are uncorrelated and the structure function 〈δu2

i 〉 reduces,
within a factor 4, to the turbulent kinetic energy (1/2)〈u2

i 〉. For r ≤ l, the
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structure function behaviour is closely related to the velocity correlation and,
therefore, also to the energy spectrum. The direct correspondence between
structure function and energy spectrum is expressed as,

〈δu2
i 〉(rx, 0, 0, Yc) = 4

∫ ∞
0

(
Êuu(kx) + Êvv(kx) + Êww(kx)

)
(1− cos(kxrx)) dkx

〈δu2
i 〉(0, 0, rz, Yc) = 4

∫ ∞
0

(
Êuu(kz) + Êvv(kz) + Êww(kz)

)
(1− cos(kzrz)) dkz

or equivalently,

1

4
〈δu2

i 〉(rx, 0, 0, Yc) =
1

2
〈u2

i 〉−
∫ ∞

0

(
Êuu(kx) + Êvv(kx) + Êww(kx)

)
cos(kxrx)dkx

1

4
〈δu2

i 〉(0, 0, rz, Yc) =
1

2
〈u2

i 〉−
∫ ∞

0

(
Êuu(kz) + Êvv(kz) + Êww(kz)

)
cos(kzrz)dkz

where it is used,

Rii(rs) =

∫ ∞
0

Êii(ks)cos(ksrs)dks

that is the inversion formula of

Êii(ks) =
2

π

∫ ∞
0

Rii(rs)cos(ksrs)drs

which is the diagonal of

Êij(rs) =
1

π

∫ +∞

−∞
Rij(rs)e

−iksrsdrs

considering that, for i = j, Rii(rs) is real and an even function of rs. There-
fore, the energy associated at a given scale r is the difference between the
total kinetic energy and the integral in the wavenumber space of the spec-
tral energy multiplied by a cosine which frequency depends on r. The same
occurs when the energy spectrum is expressed in terms of structure func-
tions. For small values of r, the energy spectrum is correlated with a low
frequency cosine in wavenumber space. Whereas, for high values of r, the
energy spectrum is correlated with an high frequency cosine in wavenumber
space. Apart the different definition of turbulent scale-energy given by the
energy spectrum and the structure function, there is not a definite correspon-
dence between wavelenght 2π/k and scale r. The link between the turbulent
scales defined in spectral space with the energy spectrum and in physical
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space with the structure function or the velocity correlation is given by the
frequency of a cosine function.

Other aspects relating structure functions and energy spactra can be ob-
tained via the analysis of the second order longitudinal structure functions in
isotropic turbulence. As done in [15], the longitudinal second order structure
function can be written as

〈δu2
||〉 = 2u2(1− f) (A.1)

where

R||(r) = u2f(r) and R⊥⊥(r) = u2g(r)

In isotropic conditions we have that

Ê(k) =
2

π

∫ ∞
0

R(r)krsen(kr)dr (A.2)

obtained after integrating in the space (r, θ, φ) over θ and φ and using
isotropic hypotheses. Then,

R(r) =
u2

2r2

(
r3f
)′

=

∫ ∞
0

Ê(k)
sen(kr)

kr
dk (A.3)

and integrating in r this relation to obtain f and substituting it in relation
A.1, yelds

〈δu2
||〉 =

4

3

∫ ∞
0

Ê(k)H(kr)dk (A.4)

where

H(x) = 1 +
3cos(x)

x2
− 3sen(x)

x3
(A.5)

The function H(x), for small x it grows as H(x) ≈ x2/10 and for large x
approaches an asymptote H = 1 in an oscillatory manner. A rough approx-
imation to H(x) is given by,

Ĥ(x) =

{
(x/π)2 , x < π
1 , x > π

Regarding H(kr) as a weighting function, filtering E(k), then we should get
a reasonable estimate of 〈δu2

||〉 substituting H by Ĥ and obtaining,

〈δu2
||〉 ≈

4

3

∫ ∞
π/r

Ê(k)dk +
4

3

r2

π2

∫ π/r

0

k2Ê(k)dk (A.6)
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This relation allows the interpretation of the longitudinal structure function
as a measure of the spectral energy contained at wavelenghts smaller than r
and of the spectral dissipation at wavelenghts larger than r.

Apart the different interpretation of the turbulent scales and of the scale
energy given by the energy spectrum and the structure function, it is finally
interesting to note that the balance equations of these two objects have very
similar aspects. For example, the inertial energy transfer rate, ∂〈δu2δuj〉/∂rj,
which appears in the evolution equation of the structure function, is equal
to the energy transfer rate term appearing in the evolution equation of the
velocity correlation, ∂(〈u′iuiuj〉〉−〈u′iuiuj〉)/2∂rj, where u′i = ui(x

′) and x′ =
xs + rs. This term, once transformed in the Fourier space, gives the classical
energy cascade term jk · T̂r(k) of the spectral energy equation. Indeed,

〈δu2δuj〉 = 〈(ui − u′i)(ui − u′i)(uj − u′j)〉 =

〈u′iu′iuj〉 − 〈uiuiu′j〉+ 2〈u′iuiuj〉〉 − 2〈u′iuiuj〉

where the additional terms 〈uiuiuj〉 − 〈u′iu′iu′j〉 are canceled by homogeneity.
Applying the divergence operator in the space of scales ∂/∂rj, by incom-
pressibility, the first two terms vanish and, within a factor 4, the energy
transfer rate term of the velocity correlation, ∂(〈u′iuiuj〉〉 − 〈u′iuiuj〉)/2∂rj,
is obtained. Therefore, the energy transfer rate in the space of scale of the
structure function, ∂〈δu2δuj〉/∂rj, expresses the same physics of the energy

transfer in the spectral space of the spectral energy jk · T̂r(k).



Appendix B

Spectral equation in
wall-turbulence

In the present work of thesis, the generalized Kolmogrov equation has been
used as basic tool for the multidimensional analysis of the turbulent energy
processes occurring both in physical and scale space. Indeed, the second
order structure function, at the base of this description, can be thought as
the amount of energy at scale |r| and it is a function of the location Xc.
Analogously to this quantity, the energy spectrum, Ê(k,Xc), can be used to
describe simultaneously the scale- and spatially-dependent turbulent dynam-
ics. Indeed, the energy spectrum contains essentially the same informations
of the second order structure function but expressed differently.

In the present section, the balance equation for the energy spectrum,
analogous to that of the second order structure function, is derived and dis-
cussed. Some results will be presented in order to identify the counterpart
in the spectral space of the main findings of the present thesis reported in
chapter 3.

Summing the Navier-Stokes equations for the istantaneous velocity fluc-
tuations applied to two different point, xi and x′i, and cross-multiplied by
the velocity fluctuations ui = ui(xi) and u′i = ui(x

′
i), it is possible to obtain,

once averaged, the balance equation for the two-point velocity correlation for
fully inhomogeneous and anisotropic turbulence,

∂〈uiu′i〉
∂t

+
∂

∂Xcj

〈(uiu′i)u∗j〉+
∂

∂rj
〈(uiu′i)δuj〉+〈u′iuj〉

(
∂Ui
∂xj

)∗
+2

∂

∂Xcj

〈(uiu′i)U∗j 〉

+
∂

∂rj
〈(uiu′i)δUj〉 = −1

ρ

∂

∂Xci

〈(pu′i + uip
′)〉 − 1

ρ

∂

∂ri
〈(pu′i − uip′)〉
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+
ν

2

∂2〈uiu′i〉
∂X2

cj

+ 2ν
∂2〈uiu′i〉
∂r2

j

(B.1)

where δ, ∗ and Xcj have the same meaning of those in equation 2.22. This
equation specialized for the symmetries of the channel reads,

∂〈uiu′i〉
∂t

+
∂

∂Yc
〈(uiu′i)v∗〉+

∂

∂rj
〈(uiu′i)δuj〉+ 2〈u′v〉

(
dU

dy

)∗
=

−1

ρ

∂

∂Yc
〈(pv′ + vp′)〉+

ν

2

∂2〈uiu′i〉
∂Y 2

c

+ 2ν
∂2〈uiu′i〉
∂r2

j

, (B.2)

where it is considered that the separation vector lies in the homogeneous
directions. This expression represents the dynamics governing the two-point
correlations through the space of scales and physical space. It is straightfor-
ward to show that, for r = 0, equation B.2 reduces to the turbulent kinetic
energy balance.

Equation B.2 can be used to derive the balance equation for the spectral
energy density which in the channel reads, Ê(k, Yc). Indeed,

Ê(k, Yc) =
1

(2π)3

∫
R3

〈uiu′i〉(r, Yc)ejk·rd3k,

and the equation for the spectral energy density can be obtained consider-
ing the Fourier transform of the terms of equation B.2 in the homogeneous
directions, i.e. k = (kx, kz),

∂Ê(k, Yc)

∂t
+
∂T̂c(k, Yc)

∂Yc
− jk · T̂r(k, Yc) + Π̂(k, Yc) =

−1

ρ

∂P̂ (k, Yc)

∂Yc
+
ν

2

∂2Ê(k, Yc)

∂Y 2
c

− 2νk2Ê(k, Yc). (B.3)

where T̂c(k, Yc) is the inertial spatial flux of spectral energy, T̂r(k, Yc) is
the inertial energy transfer among wavenumbers, Π̂(k, Yc) is production of
spectral energy by mean-shear, P̂ (k, Yc) is the spatial flux due to pressure-
velocity correlation and 2νk2Ê(k, Yc) is the rate of energy dissipation.

B.0.1 Results

Purpose of this section is the analysis of the energy processes in spectral
space as described by equation B.3. We will briefly outline the main features
of the spectral energy fluxes in comparison to those observed in physical
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Figure B.1: 1D-spectral turbulent production, −Π̂1D, among different
streamwise (a) and spanwise (b) wavenumbers and wall distances.

space with the balance equation of the structure function, equation 2.22.
As shown in appendix A, there is not a definite relation between scales in
the spectral space and physical space, hence, in the present analysis we will
not refer to the exact values of relevant scales emerging from the spectral
analysis but only to the geometrical properties the energy processes take in
the spectral space. For simplicity we will analyze the various processes in
the (kx, Yc)- and (kz, Yc)-space separately using the balance equations for the
one-dimensional energy spectra Ê1D(kx, Yc) and Ê1D(kz, Yc) obtained with
integration of equation B.3 over the kz- and kx-direction, respectively. The
data used are those of the turbulent channel flow case at Reτ = 550.

First of all it si important to note that the rate of energy dissipation in
equation B.3 is a function of the wavenumber vector ki considered and not
only of the wall-distance Yc. In the Kolmogorov equation the rate of energy
dissipation, 〈ε〉, is a function only of the spatial location due to inhomo-
geneity. The role of 〈ε〉 is to impose the velocity rate of energy conversion
into heat at given wall-distance and the various terms of the budget bal-
ance with this rate in the respective scale range. In spectral space this term
is absent and replaced by −2νk2Ê. This term weight, among the different
spectral wavenumbers, the relative rate of energy dissipation. It is a spectral
decomposition of the rate of energy conversion into heat.

In chapter 3, the anisotropic mechanisms of energy injection of wall-
turbulent flows has been shown responsible to leave a marked footprint on
the geometrical properties of the turbulent energy fluxes. In figure B.1, the
one-dimensional spectral turbulent production term, −Π̂1D, is shown in the
(kx, Yc)- and (kx, Yc)-space. −Π̂1D shows a marked different behaviour in the
streamwise and spanwise spectrum. In particular, the spanwise spectrum
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Figure B.2: 1D-spectral energy budget in the logarithmic layer at Y +
c = 165

(a) and (b) and in the buffer layer at Y +
c = 20 (c) and (d). Turbulent

production, −Π̂1D (square), inertial energy transfer among wavenumbers,
T̂ 1D
ri

(solid line) and viscous dissipation, 2νk2Ê1D (circle). These processes
are shown as function of the streamwise wavenumber, kx, in (a) and (c) and
of the spanwise wavenumber, kz, in (b) and (d).

is systematically characterized by an anisotropic energy injection at higher
wavenumbers with resepct the streamwise one and moving toward the wall
a maximum is observed. The action of turbulent production does not de-
crease moving to small scales but a well defined spectral band of spanwise
scales is responsible for a large production mechanism amid the spectrum
of scales. This maximum is not marked as those of the production term for
the Kolmogorov equation but still exists. The turbulent dynamics in the
spanwise scales raise a well defined statistical scale both in the spectral and
Kolmogorov analysis, contrarly, to the streamwise spectrum where it is not
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possible to define characteristic scales of large turbulent activity.1

In figures B.2, the spectral scale-by-scale budgets in one rapresentative
plane of the logarithmic and buffer layer, are shown. The one-dimensional
spectral turbulent production, −Π̂1D, dissipation, 2νk2Ê1D, and inertial en-
ergy flux among wavenumbers, T̂ 1D

ri
, are shown in the (kx, Yc)- and (kx, Yc)-

space. In the logarithmic layer, shown in figures B.2(a) and (b), no marked
differences between the streamwise and spanwise energy processes are ob-
served. A classical picture of turbulence occurs. The turbulent energy is pro-
duced at the largest scales, then is transferred to the small ones where viscous
dissipation dominates. Qualitatively, the only difference is that the spanwise
processes act at smaller scales, i.e. higher wavenumbers. To note that the
wavenumber range considered in figures B.2 is different for the streamwise
and spanwise processes, respectively (kx goes from 0 to 100 while kz goes
from 0 to 200).

In the buffer layer, shown in figures B.2(c) and (d), the turbulent produc-
tion mechanisms are stronger and significantly act at higher wavenumbers. In
particular, in the spanwise spectrum, the energy injection manifests a peak
amid the spectrum and both, forward and reverse cascade, are observed.
While, in the streamwise spectrum the energy production still shows a max-
imum at the largest scales, and a forward energy flux displaces this energy
excess toward smallest scales dominated by viscous dissipation. In conclu-
sion, the emerging picture is consistent with the physical descripiton given
in chapter 3 with the generalized Komogorov equation.

The data presented here are preliminary results of a more extended work
of comparison between the spectral and the Kolmogorov approach. In this
sense, further analysis including the behaviour of the spectral energy fluxes in
the (kx, kz, Yc)-space are needed in order to describe the spectral counterpart
of the spiral-like paths of energy shown in chapter 3. As an anticipation, in
figure B.3, the projection in the (kz, Yc)-plane of the inertial energy fluxes of
equation B.3 written in the (kx, kz, Yc)-space is shown. The energy provided
at the small scales of the buffer layer, see the isocontour of figure B.3, is
transferred to both large and small scales. The coupling of the reverse cascade
with the spatial flux towards the bulk of the flow appears as the basic element
for the formation of the wider fluctuations of the outer flow.

1In the spectral analysis of this section, premultiplied spectra will not used. Even
if this observables allow to define well defined scales of large turbulent activity also in
the streamwise spectrum, the resulting physical meaning is not clear, at least, for the
knowledge of the author.
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Figure B.3: Isocontours of the spectral turbulent production in a (kz, Yc)-
plane. The vectors are the spectral energy transfer in wavenumber/physical
space, (T̂rz ,−T̂c).



Appendix C

On solenoidal Lamb vector
fluctuations and turbulent
energy fluxes

In the previous sections, the turbulent energy fluxes have been shown driven
by regions of energy source which seem to be a result of the action of the
coherent swirling motion of the near-wall turbulence. In more general cases,
the every turbulent dynamic is thought to be a result of swirling interaction
mechanisms as for example the phenomenological picture of vortex break-
down and reconnection [77] leads to believe. For this reason, a different
mathematical approach which highlights the vortical behaviour of turbulent
flows could be useful to understand the physics of turbulence.

In this section an alternative approach for the study of the nonlinear
processes, described by the Navier-Stokes equations and responsible for the
inertial energy fluxes will be suggested. The nonlinear dynamics of turbulent
flows will be adressed with a single quantity which follows from the Hel-
motz decomposition of the Lamb vector as proposed in [75]. In this view the
turbulent generation mechanisms and the turbulence displacement among
scales and physical locations will be described with a single quantity, the
solenoidal component of the Lamb vector. This quantity is closely related
to the stretching and convection of vortex lines. Hence, the resulting ap-
proach allows to incorporate in a single framework both dynamical processes
of swirling motion and the resulting statistical properties.
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C.0.2 Solenoidal Lamb vector and nonlinear velocity
effects

Let us consider the incompressible turbulent flow of a viscous fluid governed
by the Navier-Stokes equations and the continuity equation

∂u

∂t
+ u · ∇u = −1

ρ
∇p+ ν∇2u (C.1)

∇ · u = 0 (C.2)

The acceleration on the left-hand side of equation C.1 can be written in an
alternative form,

∂u

∂t
+ u · ∇u =

∂u

∂t
+ ω × u +

1

2
∇|u|2 (C.3)

where

ω = ∇× u (C.4)

is the vorticity vector and l = ω×u is usually referred to as the Lamb vector.
This give rise to an alternative form of the Navier-Stokes equation which was
first derived by Lamb (1878),

∂u

∂t
+ ω × u = −∇

(
p

ρ
+

1

2
|u|2
)

+ ν∇2u (C.5)

Since, the inertial energy transfer is a nonlinear velocity effect, it is clear that
it must emanate from the Lamb vector ω×u. Furthermore, since the vector
identity

(u · ω)2 + |u× ω|2 = |u|2|ω|2 (C.6)

holds, it has been argued that regions of high helicity density

h = u · ω

are associated with small Lamb vector, motivating the conjecture that re-
gions of high helicity have an associated low dissipation due to a reduction
in the energy cascade. Such conjectures have led to the hypothesis that he-
lical structures are coherent and endure for relatively long times. But these
speculations are not supported by the Navier-Stokes equations. Indeed, as
done in Speziale [75], the Lamb vector can be decomposed into irrotational
and solenoidal parts as follows

ω × u = ∇α +∇× β (C.7)
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where α is a scalar field and β is a vector field which can be made solenoidal
(∇ · β = 0) with no loss of generality. After using this Helmotz decomposi-
tion, equation C.5 can be written in the form

∂u

∂t
+∇× β = −∇

(
p

ρ
+

1

2
|u|2 + α

)
+ ν∇2u (C.8)

The scalar potential α is absorbed by the pressure and has no effect on the
evolution of the velocity field u which determines the energy cascade. It is
thus clear that the energy cascade arises only from the solenoidal part of the
Lamb vector ∇ × β. For this reason, consistent with equation C.6, small
magnitude of the solenoidal part of ω × u need not be associated with large
values of u · ω.

For flow in an infinite domain,

β =
1

4π

∫
∇′ × (ω′ × u′)

|x′ − x|
d3x′ (C.9)

which follows from a direct application of the vector identity ∇× (∇× β) =
∇ (∇ · β) − ∇2β = −∇2β, where it is used the fact that β is solenoidal.
Since,

∇× (ω × u) = u · ∇ω − ω · ∇u (C.10)

it follows that

∇× β =
1

4π
∇×

∫
1

|x′ − x|
(u′ · ∇′ω′ − ω′ · ∇′u′) d3x′ (C.11)

Phisically, the vector field u · ∇ω − ω · ∇u accounts for the convection and
stretching of vortex lines in the fluid. Hence, it is obvious that the energy
cascade results from the nonlocal convection and stretching of vortex lines.
It should be noted that the vorticity stretching term, ω · ∇u, gives rise to
the usual energy cascade from large to small scales, whereas, the convective
vorticity term u · ∇ω can give rise to a reverse energy cascade from small to
large scales (this has been rigorously proven for two dimensional turbulence).

As done in [68], an alternative expression for the irrotational and solenoidal
part of the Lamb vector can be obtained. Starting from the Navier-Stokes
equations C.5, a set of hydrodynamic Maxwell equations can be achieved
which takes the form,

∇ · ω = 0 or ω = ∇× u
∂ω

∂t
= −∇× l− ν∇×∇× ω
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l = −∂u

∂t
−∇

(
p

ρ
+

1

2
|u|2
)
− ν∇× ω

∇ · l = −∇2

(
p

ρ
+

1

2
|u|2
)

(C.12)

where qh = ∇ · l is the so-called hydrodynamic charge density. Decomposing
the Lamb vector into two part according to the Helmotz decomposition,
l = ∇α +∇× β, one can infers that the hydrodynamic charge is a function
only of the irrotational part of l and the scalar α is completely determined
by the incompressibility constraint,

∇ · l = ∇2α = −∇2

(
p

ρ
+

1

2
|u|2
)

(C.13)

where

α = −
(
p

ρ
+

1

2
|u|2
)

(C.14)

and decomposing now the Navier-Stokes equations, can be obtained that,

∇α = −∇
(
p

ρ
+

1

2
|u|2
)

and ∇× β = −∂u

∂t
− ν∇× ω (C.15)

C.0.3 Solenoidal Lamb vector fluctuations and turbu-
lent energy transfer

Since the solenoidal part of the Lamb vector is responsible of the nonlinear
velocity effects and, therefore, of the energy cascade in turbulent flows, it is
interesting to analyse the role of such term in the turbulent kinetic energy
budget, see [82]. To obtain the equation for the turbulent kinetic energy with
the explicitly dependence with the Lamb vector, we have to start from the
Navier-stokes equations in rotation form for the velocity fluctuations,

∂u

∂t
+ (ω × u + ω ×U + Ω× u− 〈ω × u〉) =

−∇
[
p

ρ
+

1

2

(
|u|2 − 〈|u|2〉+ 2|uU|

)]
− ν∇× ω (C.16)

Note that the capitol letters stand for mean variables and the lowercase
letters stand for fluctuating variables. Considering an extended fluctuating
Lamb vector (that is usually applied to the term ω × u),

l′ = (ω × u + ω ×U + Ω× u) = ∇α +∇× β (C.17)
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and an extended fluctuating enthalpy (that is usually applied to the term(
p
ρ

+ 1
2
|u|2
)

,

h′ =
p

ρ
+

1

2

(
|u|2 − 〈|u|2〉+ 2|uU|

)
(C.18)

equation C.16 can be rewritten as,

∂u

∂t
+ l′ − 〈ω × u〉 = −∇ (h′)− ν∇× ω (C.19)

Under the incompressibility constraint and taking the divergence operator of
equation C.19, one finds that

∇ · l′ = ∇2α = −∇2h′ and ∇α = −∇h′ (C.20)

and, therefore, equation C.19 reduces to

∂u

∂t
+∇× β − 〈ω × u〉 = −ν∇× ω (C.21)

showing the main role of the fluctuating solenoidal Lamb vector on the evo-
lution of turbulence. Such term can be expressed as

β =
1

4π

∫
1

|x′ − x|
[(u′ · ∇′ω′ + U′ · ∇′ω′ + u′ · ∇′Ω′)

− (ω′ · ∇′u′ + ω′ · ∇′U′ + Ω′ · ∇′u′)] d3x′ (C.22)

where appears the fundamental physical role of the convective transport of
mean and fluctuating velocity field of the fluctuating vorticity and of the
fluctuating vortex stretching due to mean and fluctuating velocity gradients.
Now, from equation C.21, we are able to obtain the turbulent kinetic energy
in a novel form. Taking the scalar product of equation C.21 with the velocity
fluctuation,

∂〈|u|2〉
∂t

= −〈u · (∇× β)〉 − ν〈u · (∇× ω)〉 (C.23)

where

ν〈u · (∇× ω)〉 = ν〈∇ · l′〉 =

(
1

2
∇2〈|u|2〉 − 〈2SijSij〉+ 〈|ω|2〉

)
(C.24)

and

SijSij +
1

2
|ω|2 = ε (C.25)
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we can obtain

∂〈|u|2〉
∂t

= −〈u · (∇× β)〉+
1

2
∇2〈|u|2〉 − 2〈ε〉 (C.26)

Thus it is clear that the nonlinear energy processes such as spatial energy
transfer and production are all involved in the same process of transport and
stretching of vorticity tubes.

For a better comprehension of the role of the fluctuating solenoidal Lamb
vector, i.e. of the vortex stretching and convection of vorticity, it is interesting
to show the role of such term into the equation for the velocity correlation.
This equation allows to analyse simutaneously energy processes which occur
in physical space and which take place in the space of scale. Therefore,
we can account also for the energy cascade. To achieve this task, we start
from the equation C.21 for the istantaneous fluctuations in rotation form
and referencing it to the point x and x′ and multiplying it for the velocity
fluctuations referred to the other point as

u′ · ∂u

∂t
+ u′ · (∇× β)− u′ · 〈ω × u〉 = −νu′ · (∇× ω) (C.27)

u · ∂u′

∂t
+ u · (∇× β′)− u · 〈ω′ × u′〉 = −νu · (∇× ω′) (C.28)

then, adding equations C.27 and C.28 and averaging we obtain,

∂〈uu′〉
∂t

+〈u′ ·(∇× β)〉+〈u ·(∇× β′)〉 = −ν [〈u′ · (∇× ω)〉+ 〈u · (∇× ω′)〉]
(C.29)

Finally, considering the index form and applying some differential operator
we obtain

∂〈uiu′i〉
∂t

+ εijk

[
1

2

∂

∂Xj

(〈u′kβi + 〈ukβ′i) +
∂

∂rj
(〈u′kβi − 〈ukβ′i)

]
=

ν

2

∂2

∂X2
j

〈uiu′i〉+ 2ν
∂2

∂r2
j

〈uiu′i〉 (C.30)

Thus, it is clear that the solenoidal part of the Lamb vector and its dynam-
ical counterpart concerning the physics of the stretching and convection of
vortex lines, can be used as basic element to describe the nonlinear energy
transfer phenomena of turbulence in both physical and scale space. As a con-
firmation, Kerr et al. [36] found a direct connection between the properties
of the turbulent energy transfer and some components of the Lamb vector
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decomposed through a filtering operation. In particular, they found large for-
ward and reverse cascade phenomena in correlation with strong Lamb vector
evaluated with velocity at large scales and vorticity at small ones. These
observations have been used in [18] to develop an LES model based on the
Lamb vector which has been found able to predict both forward and reverse
subgrid energy transfer.
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