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Abstract

The 3-UPU three degrees of freedom fully parallel manipulator, where U and P are for
universal and prismatic pair respectively, is a very well known manipulator that can provide the
platform with three degrees of freedom of pure translation, pure rotation or mixed translation
and rotation with respect to the base, according to the relative directions of the revolute pair
axes.

In particular, pure translational parallel 3-UPU manipulators (3-UPU TPMs) received great
attention. Many studies have been reported in the literature on singularities, workspace, and
joint clearance influence on the platform accuracy of this manipulator. However, much work has
still to be done to reveal all the features this topology can offer to the designer when different
architecture, i.e. different geometry are considered.

Therefore, this dissertation will focus on this type of the 3-UPU manipulators. The first part of
the dissertation presents new architectures of the 3-UPU TPMs which offer interesting features
to the designer. In the second part, a procedure is presented which is based on proposed indexes,
in order to allow the designer to select the best architecture of the 3-UPU TPMs for a given task.
Some indexes are proposed related to stiffness, clearance, singularity and size of the
manipulator in order to apply the procedure.
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Introduction

Introduction

Parallel manipulators (PMs) have focused a great attention in the last decades for their
complementary characteristics with respect to the serial manipulators. Indeed, just to cite
a few issues, they exhibit high rigidity, high payload to the manipulator weight ratio, high
dynamic performance whilst limited workspace and a low dexterous manipulability. Six
degrees of freedom (DOF) PMs have been widely studied. Recently, parallel manipulators
(PMs) with less than three degrees of freedom (DOF) have attracted the attention since
many tasks do not require 6-DOF and consequently less complex and cheaper machines
are worth to be studied.

In particular 3-DOF PMs have been studied in the last two decades mainly after the
Delta robot was proposed in 1988 [1]. Many different topologies have been presented
since then with various complexities. Three-DOF PMs of pure translation, rotation and a
mixed of rotation and translation of the end effector (platform) with respect to the base
have been deeply studied and almost all possible topologies have been presented [2-19].
The influence of the topology on the performances of the manipulator has also been
investigated. However, much is still to be said, still keeping the same topology, on the
influence of the manipulator geometry, i.e. of its architecture, which can change
significantly the behaviour of the manipulator.

An interesting 3-DOF PM is the 3-UPU one, presented by Tsai in [4]. Here U and P are
for universal and prismatic kinematic pairs respectively. Normally the prismatic pairs are
actuated while the remaining ones are passive. This topology that features three serial
chains (legs) of type UPU connecting the base with the platform, under certain geometric
conditions provides the movable platform with 3 DOF of pure translation with respect to
the base. This paper will focus on this family of 3-UPU translational parallel manipulators,
hereafter called 3-UPU TPMs.

Since its appearance in [4], the influence of geometry on the 3-UPU TPM performances
has been investigated [6,9,12,14,20,21,22], many different architectures presented, and
their performances discussed. Moreover, the 3-UPU TPM represented a kind of
benchmark mechanism for the study of different type of singularities [8,9,12,14,17,20,21]
in parallel manipulators. Nevertheless, further architectures still deserve attention.
Indeed, in a recent paper [23], the influence of the location of the legs has been
investigated leading to new 3-UPU TPM architectures with interesting features.

The aim of this dissertation is to present new architectures of the 3-UPU TPM in order
to show the potential of the 3-UPU topology on one hand, and to propose a procedure
that allows the designer to select the best architecture of the 3-UPU TPMs for a given task
on the other hand. In particular, the influence of the orientation of the revolute joint axes
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Introduction

on the base and on the platform respectively (each universal joint comprises two revolute
pairs with intersecting and perpendicular axes), is investigated with special attention to
its influence on the singularity loci, and consequently on the manipulator workspace free
from singularity. Six new 3-UPU TPM architectures, which can be classified as planar and
skew architectures (Planar architectures have the three revolute joint axes connecting the
base/platform with the leg coplanar while the skew architectures have these three axes
skewed), are presented. These architectures exhibit attractive kinematic and static
performances. In addition, two performance indexes are proposed as main tools of the
procedure to select the best architecture, also exploiting the size of the manipulator and
the definition of singularity can give useful information for the selection. The first
proposed index corresponds to the stiffness of the manipulator. The stiffness index is
based on the computation of the stiffness matrix that provides a relation between the
external wrench applied on the platform and the displacement of the platform itself; the
Denavit Hartenberg parameters together with an equivalent mechanism which represents
the stiffness model of the 3-UPU TPM are used. The second index is the clearance index
which corresponds to the maximum position errors of the platform due to a given
clearance in the revolute joints. First, the analytic expression of the pose error of the
platform due to the clearance in the revolute joints is presented which depends on the
value of the external wrench applied to the platform. Then, a numerical method based on
a MATLAB function is proposed to compute the maximum position errors of the platform.
This work is organized as follows. Chapter 1 presents the potential of the 3-UPU
topology by proposing six new architectures and showing the influence of both the
direction of the revolute joint axes on the base and on the platform respectively and the
leg position, on the shape of the singularity loci of the manipulator. In Chapter 2, a
procedure to select the best architecture of the 3-UPU TPM for a given task is presented.
This procedure is based on some performance indexes. Chapters 3 presents the stiffness
of the 3-UPU TPM and the position of the platform due to the clearance in the revolute
joints by means of two indexes which, conversely will be used to apply the procedure
presented in Chapter 2. A case study is presented which shows the efficiency of the
proposed selection procedure. Finally, some concluding remarks will be presented.
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Chapter 1 The potential of the 3-UPU TPM

Chapter 1: The potential of the 3-UPU TPM

The influence of both the directions of the base/platform revolute axes and the leg
position is further investigated and six new architectures of the mechanism which exhibit
interesting performances are presented in this Chapter.

Moreover, for the architectures where the three legs of the manipulator might intersect at
one point, some manufacturing solutions are proposed for the leg collision avoidance.

1.1. Background on the 3-UPU TPM

A schematic of the 3-UPU TPM is shown in Fig. 1.1. The prismatic joints are actuated.
Each universal joint comprises two revolute pairs with intersecting and perpendicular
axes, centred at point B;, i = 1,2,3 in the base and at point A;, i = 1,2,3, in the platform.

The platform pure translational motion is obtained (platform rotation is totally prevented)
when the following geometric conditions are satisfied for each leg [4,6,9]:

- the axes of the two intermediate revolute pairs (defined by the unit vectors q;, i = 1,2,3
and qs;, i = 1,2,3) are parallel to each other;

- the axes of the two ending revolute pairs (defined by the unit vectors q4;, i = 1,2,3 and
d4i, i =1,2,3) are parallel to each other.

What follows in this section refers to a special family of 3-UPU TPM architecture: the one
that has the three axes of the revolute pairs in the base/platform in a same plane
respectively.

The singularity of the manipulator, i.e., when the relationship between the external
wrench applied on the platform and the forces and moments applied on each leg, that are
related by the Jacobian matrix J is no longer a one-to-one relationship, occurs when the
determinant K of the Jacobian matrix, K = detJ, vanishes. This condition is given by [9]:

[5,.(5,x55) |- uy-(u, xu,) ]=0 (1.1)

where s;, u;, i = 1,2,3, (Fig. 1.1) are respectively the unit vector of the i-th leg AB; and the
unit vector orthogonal to the cross link of the universal joint connecting the i-th leg to the
base/platform.
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Chapter 1 The potential of the 3-UPU TPM

Figure 1.1. The 3-UPU Translational Parallel Manipulator

Equation (1.1) can be satisfied when:

i) all unit vectors s;, i = 1,2,3, become mutually parallel or coplanar [6,14];

ii) two out of three vectors u;, i = 1,2,3, are parallel. By geometric inspection, it can be
seen that this condition occurs when two axes of the revolute pairs of the platform (qa;,
dsj, i=1,2; j=2,3; i#j) projects on the two corresponding axes of the base (qui, q1;), providing
the projection direction is along the shortest distance of the two axes.

Condition ii) is a concise and geometric definition of singularity occurrence and it
represents a powerful geometric tool for detecting this type of singularity.

In [23,24], two architectures of the 3-UPU TPM have been defined. They are here
recalled for completeness of presentation.

The first one, defined as architecture 1.A and shown in Fig. 1.2, occurs when the axes qq;,
i=1,2,3 and qq4, i = 1,2,3 of the revolute pairs in the base/platform two-by-two intersect
at three points (points C, i = 1,2,3, at the base which define a plane 1t shown in Fig. 1.2).

In Fig. 1.2 only the revolute pairs on the base and on the platform are represented for
clarity, all other ones are omitted. The same simplification has been adopted for all the
next figures of this Chapter.

A system of reference S, fixed to the base with origin O, (the centre of the circle with
radius b defined by the centers of the universal joint connected to the base B, i =1,2,3) is
chosen. Axes x and y are on the plane i, with x axis through point B, z axis is pointing
from the base to the platform, while y axis is taken according to the right hand rule.

14



Chapter 1 The potential of the 3-UPU TPM

Figure 1.2. Singularity loci for the architecture 1.A of the 3-UPU TPM

According to the singularity condition defined above, the singularity for the architecture

1.A occurs when:

- the reference point of the platform O, (center of the circle with radius p defined by the
centers of the universal joint connected to the platform A;, i = 1,2,3, and origin of the
reference system S, fixed to the platform with x axis through point A; and z axis is
pointing upward from the base to the platform, while y axis obtained according to the
right hand rule) lies on the plane 1. This plane corresponds to z = 0;

- points Ajand A; (i=1,2,3,j=1,2,3,i # ) belong respectively to the two planes U and 9

orthogonal to the plane m and containing respectively qi; and qy; (which are the unit

vectors of the revolute pairs joining the base to the i-th and the j-th leg respectively). In
this position also g4 and qa;, which are always parallel to qi; and q;, belong to the planes

Ui and ;. q4; and qq; are the unit vectors of the revolute pairs joining the platform to the

i-th and the j-th leg respectively. This condition is represented in Fig. 1.2 when point O, of

the platform projects into point O, in the plane m. Similar conditions occur considering
vectors qa1 and gaz, and vectors g2 and qa3, which lead to define similar points O,” and

O,"” in the plane . Analytically, it can be proved that a singularity locus is a right cylinder

Y [6], with circular directrix y and axis coincident with the z axis of S,. Therefore,

conversely, once defined the points Oy, O,” and O,'”, the circle vy is defined and the

cylinder Y is defined too. The three points can be easily found by geometrical inspections
thus representing a simple and efficient method to easily find the cylinder Y. This cylinder

has radius r = 2(b-p).

15



Chapter 1 The potential of the 3-UPU TPM

- the base and the platform have the same size (all unit vectors s;, i = 1,2,3, become
mutually parallel for any position of the platform). The manipulator is in singular
position and the manipulator is structurally singular [6,9,14].

The second architecture (defined as architecture 1.B) is obtained by disconnecting the
platform of the architecture 1.A from the legs and rotating it 180 degrees about the z axis
of Sy which is defined as in the previous 3-UPU TPM architecture, then connecting again
the legs to the same corresponding platform revolute pairs. This makes the three legs
intersect at one point as shown in Fig. 1.3. This is a practical drawback. However,
manufacturing solutions can overcome it. Indeed, three efficient manufacturing solutions
will be present in the next section to avoid the collision of the legs [23].

The singularity loci of this architecture correspond respectively to:

- theplanen(z=0)

- the cylinder with axis z of Sy, and with radius r = 2(b+p);

- architecture singularity (when the base and the platform have the same size).

It is worth noting that, for the same size of the base and the platform for the two
architectures defined above, the 3-UPU TPM with architecture 1.B has a larger cylinder of
singularity than that with architecture 1.A, and it allows a larger workspace free from
singularity inside the cylinder.

1.2. New architectures of the 3-UPU TPM

This section presents new architectures of the 3-UPU TPM. 3-UPU TPMs that can be
classified in two main families: 3-UPU TPM with coplanar base/platform revolute joints
axes and with skew base/platform revolute joints axes: named as planar and skew
architectures for brevity.

Planar architectures have the three revolute joint axes connecting the base/platform with
the leg on a plane (for the base, plane m in Fig. 1.2), while the skew architectures have
these three axes not belonging to a same plane but they are skewed.

1.2.1. Planar architectures

In this section, two new architectures of the 3-UPU TPM are presented. The first
architecture (defined as architecture 2.A) is obtained by taking two axes of the
base/platform revolute pairs out of the three mutual parallel. Fig. 1.4 shows a case with
the unit vectors q;; and qi3 mutually parallel and orthogonal to the unit vector q;, of the
third axis. The centers of the universal joints in the base/platform are chosen so as to have
the angle between the vectors O,B; and OyBi.4, i = 1,2,3, respectively the vectors OyA; and
OpAi1, i = 1,2,3, equal to 21t/3. Sy is defined as in the previous architectures.

Singularity loci: similarly to the two previous architectures (architectures 1.A and 1.B) also
this new architecture 2.A when b = p is structurally singular.

16



Chapter 1 The potential of the 3-UPU TPM

< "

Figure 1.4. Singularity loci for the architecture 2.A of the 3-UPU TPM

For b # p, Egn. (1.1) is satisfied when: the unit vectors s;, i = 1,2,3, become coplanar and
belong to the plane m (z = 0), and two out of three unit vectors u;, i = 1,2,3, become
parallel. This latter condition occurs when A; and A;, i = 1,2,3, j = 1,2,3, i#j, belong
respectively to the two planes orthogonal to the plane m and containing respectively qu;

17



Chapter 1 The potential of the 3-UPU TPM

and qy; (defined as in the previous 3-UPU TPM architectures). This condition is shown in
Fig. 1.4 for the position of the platform when point O, projects into point Op". A similar
position occurs when point O, projects into O,”. The third point, analogous to O,""" of the
previous architectures goes to infinite since qi3 and qy; are parallel. Therefore, the circle
y’, directrix of the singularity cylinder Y”, becomes a line passing through points O," and
0,”. As a consequence, the singularity cylinder becomes the plane r,, orthogonal to the
plane 1t and passing through the two points Oy’ and O,”.

The equation of this plane (;) can be determined analytically as follows:

y:h(x_(b_p)cos(?jj+(b—p)sin(2?nj vzeR (1.2)

KlZ

where k1, and A1, are respectively the x and y components of the unit vector qq, in the
reference system Sy, and x, y and z are the coordinates of the reference point O, of the
platform in the system S,

Let a be the angle between the axes of the two revolute pairs connecting the first and
the third leg to the base, i.e. the angle between the unit vectors qi; and qq3,

o :(qll,qB) . In Fig. 1.5 that reports the intersection of the singularity loci with the plane

Tt (x,y plane of Sp) for different values of the angle a, shows the changing of the singularity
loci from a cylinder to a plane according to the value of the angle q, i.e, when the value

Singularity plane p=50 mm
gty i bip=2

3k Singularity cylinder

yip

D g -

—+==alpha= 40°
== ~alpha= 20°
— - alpha= -20°
— = -alpha= -40°
alpha=0°

x/p
Figure 1.5. Singularity cylinder and singularity plane of the 3-UPU TPM
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Chapter 1 The potential of the 3-UPU TPM

of the angle a is equal to zero or 180 degrees, the singularity loci correspond to a plane. If
this condition does not occurs, the singularity loci correspond to a cylinder.

It is worth noting that 3-UPU TPM with architecture 2.A have a workspace consisting of a
volume, plane m, apart, free from singularity.

Similarly to what done for the transition from architecture 1.A to the architecture 1.B
(changing the location of the legs), a further 3-UPU TPM architecture can be devised.
Indeed, by disconnecting the platform from the legs, rotating it 180 degrees about z axis
of Sy (defined as in the previous 3-UPU TPM architectures), then reassembling it to the
same corresponding platform revolute pairs, still keeping the same direction of the base
revolute pairs, a new architecture defined as architecture 2.B, can be found as shown in
Fig. 1.6. This architecture leads to the intersection of the three legs at one point.

By the same procedure as in the previous cases, the singularity loci of this architecture are
found and it corresponds to two planes, tand 1t’,.
The equation of ', can be determined analytically as follows:

y:h(x—(b+p)cos(2?nn+(b+p)sin(2?nj VzeR (1.3)

K12

where k1, and A1, are respectively the x and y components of the unit vector qq, in the
reference system Sp.

Similarly to the previous case (architecture 2.A), it is worth noting that 3-UPU TPM with
architecture 2.B have a workspace consisting of a volume, plane n’, apart, free from
singularity.

1.2.2. Skew architectures

By considering a skew relative position of the axes of the base/platform revolute joints,
new architectures were found and presented in [23]. Their schematics are reported in
Fig. 1.7-1.10. In this section, a complete study on the singularity loci is presented. For the
first architecture defined as architecture 3.A, the axes of two revolute pairs on the base
are on the plane mt (z = 0). The axis of the third revolute pair is orthogonal to the plane nt
as shown in Fig. 1.7-a. The singularity loci correspond to [23]:

- the plane m.

- the structural singularity, i.e., the base and the platform have the same size.

- three lines &;, i = 1,2; j = 2,3; i # j, which represent the locus of the reference point O, of
the platform when, according to the method reported at section 1.1, two axes of the
revolute pairs of the platform (qa;, q4;) projects on the two corresponding axes of the base
(91i, q1j) providing the projection direction is along the unit vector vy, i = 1,2; j = 2,3; i #j,
of the shortest distance among the two axes. A geometrical inspection shows that the
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Chapter 1 The potential of the 3-UPU TPM

Figure 1.6. Singularity loci for the architecture 2.B of the 3-UPU TPM

lines 8,3 and 813 are on the plane nt. While the line 61, is orthogonal to the plane m.

In [23] only some information on the singularities were reported based on geometric
influences, then a complete study is reported based also on analytical (development)
tools. By substituting the expression of the vectors s; and u;, i = 1,2,3, in Egn. (1.1) and
equating the numerator to zero, it is possible to find:

Z(AXZ + Bxy — Ay’ + Dx + Ey + F)= 0 (1.4)

where x, y and z are the coordinates of the reference point O, of the platform in the
system S, and the coefficients A, B, D, E and F depend on the x and y coordinates of the
point O, in the system Sy, on the direction of the revolute joint of the base and on the
radii b, p (full expression of the coefficients A, B, D, E and F are reported in Appendix A).
Equation (1.4) is satisfied when:

z=0
5 . (1.5)
Ax° + Bxy — Ay + Dx + Ey + F=0 VzelR

Thus, the singularity loci correspond to the plane it (z = 0) and from the second equation
of Egn. (1.5), to two surfaces I'; and ', which are ruled surfaces (represented in Fig. 1.7-a)
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Figure 1.7. (a) Singularity loci for the architecture 3.A of the 3-UPU TPM
(b) View from the top of the singularity loci for the architecture 3.A of the 3-UPU TPM

Figure 1.8. Singularity loci for the architecture 4.A of the 3-UPU TPM

that intersect the plane t on a rectangular hyperbola as shown in Fig. 1.7-b.

For the second architecture, defined as architecture 4.A, two axes of the revolute pairs on
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Chapter 1 The potential of the 3-UPU TPM

the base are mutually parallel and belong to the plane 1, while the third one is orthogonal
to the plane mt as shown in Fig. 1.8. The singularity loci correspond to the plane mand to a
line 613 (823) (locus of the platform reference point Op) on this plane obtained by the
projection of the axes of the two revolute pairs q1; and g3 (g1 and q3) of the platform on
the two corresponding axes of the base in the direction orthogonal to these two axes. It
can be concluded that the singularity loci is the plane mt [23].

Like the previous architecture, by substituting the expression the unit vectors s; and u;,
i = 1,2,3, in Egn. (1.1) and equating the numerator to zero, an equation similar to
Egn. (1.4) is obtained, but in this case, the coefficients A and B are equal to zero, therefore
Egn. (1.4) becomes:

z(Dx + Ey + F)= 10 (1.6)

Thus, the singularity loci correspond to two planes: the plane nt (z = 0) and the plane 13
(orthogonal to 1 and containing the line 813 (8,3) as shown in Fig. 1.8) which has the
following equation:

(Dx+F)
y:—T VzeR (17)
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Figure 1.9. (a) Singularity loci for the architecture 3.B of the 3-UPU TPM
(b) View from the top of the singularity loci for the architecture 3.B of the 3-UPU TPM
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Figure 1.10. Singularity loci for the architecture 4.B of the 3-UPU TPM

Similarly to what done for the transition from architecture 1.A to the architecture 1.B
(changing the location of the legs), a further 3-UPU TPM architectures can be devised.
Indeed, by disconnecting the platform from the legs of the architectures 3.A and 4.A
respectively, rotating it 180 degrees about z axis of Sy, then reassembling it to the same
corresponding platform revolute pairs, still keeping the same direction of the base
revolute pairs, two new architectures defined as architecture 3.B and architecture 4.B, can
be found as shown in Fig. 1.9-a,b and Fig. 1.10. These architectures lead to the
intersection of the three legs at one point. Analogously to the architectures 3.A and 4.A,
the singularity loci of the architecture 3.B is the plane i and two ruled surfaces ;" and I'5),
and for the architecture 4.B, the two planes i and 3",

1.3. Manufacturing solutions for the leg collision avoidance of the
3-UPU TPM

In this section, three manufacturing solutions are presented in order to avoid the leg
collision in the architectures of type B (crossed legs) of the 3-UPU TPM. Architecture 1.B is
taken (for clarity) as an example of this type of 3-UPU TPM [23].

The first manufacturing solution, is to rebuilt the platform of the manipulator. This is
obtained by disconnecting the platform of this architecture from the legs and rotating it
by a suitable angle B about the z axis of Sy, then connecting again the legs to the platform
still keeping the same base revolute joint axes. This means to manufacture a platform with
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the revolute axis directions rotated of B (clockwise in the example shown in Fig. 1.11-a)
with respect to the architecture 1.B. This makes it possible to avoid the leg collision.

In Fig. 1.11-a, the universal joints on the base and on the platform are represented by
points for clarity, and the prismatic ones are omitted.

After manufacturing the new platform, the coordinates of the center of the universal
joint that connect the i-th leg to the platform A, i = 1,2,3, are given by:

O,A, =cosB OA +sin OA,

0,A; LOA, i=1,2,3 (1.8)
‘opAi H: oA
where A;, i = 1,2,3, are the centers of the universal joints in the platform of the

architecture 1.B.

The second manufacturing solution, schematically shown in Fig. 1.11-b, is to rebuilt
both the base and the platform of the architecture 1.B in order to have the coordinates of
the centers of universal joints at the base and at the platform, respectively B’; and A’
i=1,2,3, (see Fig. 1.11-b), given as follows:

0.B =0.B +eq.
L b i=1,2,3 (1.9)
O,A;=0,A +eq,

where B;and A;, i = 1,2,3, are respectively the center of the universal joints in the base and
in the platform of the original architecture 1.B; qy; and q4;, i = 1,2,3, are respectively the
unit vectors of the revolute joints on the base and on the platform, which maintain the
same directions of the original architecture 1.B; e is a given distance (offset) between the
corresponding center of universal joints in the platform of the architecture 1.B and the
platform rebuilt.

The third manufacturing solution, schematically shown in Fig. 1.11-c, is to rebuilt the
second and the third link of each leg of the architecture 1.B in order to change the

physical position of the prismatic pairs on each leg along the vector ﬁ:;, where the

coordinate of the points E;and F;, i = 1,2,3 are given by:

O.E =0B +dgq,
{_b oo T i=1,2,3 (1.10)
O,F =0,A, +dq;,
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where B; and A;, i = 1,2,3, are respectively the centers of the universal joints in the base
and in the platform of the architecture 1.B; g and q3;, i = 1,2,3, are respectively the unit
vectors of the intermediate revolute joints of the i-th leg; d is a given distance between
the directions of the prismatic pairs for the architecture 1.B and the manipulator
architecture after rebuilding.

(b) (c)
Figure 1.11. First (a), second (b), and third (c) manufacturing solution for the leg collision avoidance
of the architecture 1.B
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Chapter 2: Procedure to select the best architecture
of the 3-UPU TPM for a given task

In this chapter, a procedure to select the best 3-UPU TPMs architecture among the
eight ones (1.A, 1.B, 2.A, 2.B, 3.A, 3.B, 4.A and 4.B) reported in Chapter 1 for a given task,
is presented. A complementary task is, in particular, to have a given Cartesian workspace
of the platform free from singularities. It is worth noting that the proposed procedure can
be applied (in general) to any 3 DOF manipulators.

The core of the procedure is the definition of a number of geometrical indexes which
will be used to select the best architecture of the manipulator according to the given task.
This procedure is composed of five main steps.

Before proceeding to the first step, a security index related to the singularity
occurrence of the manipulator should be define. Since K, which represents the
determinant of the Jacobian matrix J (provides a relation between the external wrench
applied at the reference point O, of the platform and the forces and moments applied on
each leg), is a vector product of unit vectors:

K=[s,.(s,%55) ][ u,.(u, xu,) | (2.1)

the value of K ranges from -1 to 1, K being equal to zero at singularity. The given value of
K, Kq can be used as a security index which represents how far the manipulator is from a
singularity configuration. K depends on the rate b/p (b and p are respectively the radius of
the circles defined by the centers of the universal joints connected to the base, B,
i = 1,2,3, and the centers of the universal joints connected to the platform, A;, i = 1,2,3)
and on the position of the reference point O, of the platform in the workspace. With
reference to Eqn. (2.1), det) = Ky represents a closed surface in the Cartesian space
inside/outside of which K is smaller/greater than a given value of K, K4 [6,16].
The first step corresponds to the following:
- given the manipulator workspace Wy chose to locate it above the plane mt (z = 0)
defined in Chapter 1.
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Procedure to select the best architecture of the 3-UPU TPM for a given task

- define the same desired value Ky of the security index for the different
architectures of the 3-UPU TPM presented in Chapter 1 according to the task that
the manipulator has to perform (the value of K4 is between 0 and 1);

- chose a value for p (radius of the circle that belongs the centers of the universal
joints A, i = 1,2,3 connected to the platform) as smaller as possible according to the
manufacturing costs and the strength of materials used;

- find the smallest sphere S that contains the given workspace Wy, let ds be its
diameter;

- the sphere S must be inside and tangent to the closed surface K = Kq. Indeed, for
the chosen p, many solutions can be found, each of them is characterized by a
different value of the rate b/p. Different cases may arise: the sphere S can be
tangent to the surface K = K4 in different positions as shown in Fig. 2.1.

- the rate b/p which corresponds to the smallest surface K = K4 that contains the
sphere S (and is also tangent to the sphere S) is chosen, as shown in Fig. 2.1-a.

The second step is the definition of an objective function that the manipulator has to

satisfy. The objective function can be defined by a proper weighted selection of one or

more indexes (will propose in the next Chapter), each of them is related to a specific

property of the manipulator, such as size, singularity, stiffness and accuracy (corresponds

to the maximization of the platform position error due to the clearance in revolute joints
of the 3-UPU TPM) of the manipulator.
The third step is to compute the selected indexes for a section W of the given

workspace. The computation should have to be performed on the whole workspace.

However, this is a time consuming step that is not worth in most cases, thus, quite often,

it can be avoided by limiting the computation to a significant subset of the workspace, for

instance, a chosen section of it. The chosen section W contains the center Cs of the sphere

S and is parallel to the plane 1t (z = 0).

z/p A

// \ /K—Kd / \\\
— [ S
0 x7p 0 x/—p 0 X/—IO
(a) (b) (c)

z/p b

Figure 2.1. Three cases of tangency between the sphere S and the closed surface K=K,
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The fourth step is to normalize the selected indexes computed in the previous step, in
order to find a criterion of comparison, as follows:

[t.aw
T=W

i=1,..n (2.2)
_[dW

W

where t; and n are respectively the i-th index value and the number of indexes, W is the
selected subset of the workspace and T; is the normalized i-th index value.

There is no closed-form solution for Eqn. (2.2), then the integral of the i-th index, is
calculated numerically, which can be approximated by a discrete sum:

1
TizN—Zti i=1,..n (2.3)

v VEW

where v is one of N, points which are uniformly distributed in the section W of the given
workspace.
The previous four steps have to be completed for all the available investigated
architectures.

The fifth step is to select the 3-UPU TPMs architecture which best satisfies the selected
objective function (see second step above).
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Chapter 3: Indexes proposed

In this chapter, two indexes are proposed in order to select the best 3-UPU TPMs
architecture among the eight architectures of the 3-UPU TPM presented in Chapter 1 by
applying the procedure detailed in Chapter 2. These indexes correspond respectively to
the stiffness of the manipulator and to the maximum value of the platform position error
due to the clearance in the revolute joints of the 3-UPU TPM. The indexes are called
stiffness and clearance indexes respectively. The best architecture corresponds to the
highest stiffness of the manipulator and the lowest position error of the platform due to
the clearance in the revolute joints (highest accuracy of the manipulator).

3.1. Stiffness of the 3-UPU TPM

3.1.1. Stiffness matrix of the 3-UPU TPM

The focus of this section, is to present a stiffness index. In some cases, indeed, the
deformation of the links under the applied loads must be taken into account. In this case,
with the assumption of small deformations, the spatial force—deflection relation of the
manipulator is linear, and is described by a 6x6 symmetric positive semi definite matrix
called stiffness matrix H. i.e., this matrix provides the relation between the external
wrench applied at the reference point of the platform and the displacement of the
platform itself. According to the static analysis [12,16,22], when the external wrench is
applied on the reference point of the platform of the 3-UPU TPM, the i-th leg is loaded by
a torque my;, i = 1,2,3, by an axial forces f;, i = 1,2,3, and a bending moment my;, i = 1,2,3.
An upper bound of the variation of the rate bending moment/torque, w;, i = 1,2,3, applied
on the i-th leg of the manipulator in the whole workspace is computed according to a
procedure which will be detailed in the next section. The value of this upper bound is
small than 0.5 when the axes of the revolute joints on the base and on the platform
respectively are coplanar (this case corresponds to the planar architectures 1.A, 1.B, 2.A
and 2.B of the manipulator). For this reason, the bending moment, my;, i = 1,2,3, will be
neglected in the stiffness model of the i-th leg for the planar architectures of the
manipulator. For the architectures when the base/platform revolute joints axes are skew
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(this case corresponds to the skew architectures 3.A, 3.B, 4.A and 4.B of the manipulator),
it can be obtained that the bending moment my,;, i = 1,2,3, applied on the i-th leg is still
keeping the same direction when the reference point O, of the platform moves in the
whole workspace. According to this result, the legs can be rebuilt in order to support this
bending moment my;, in the corresponding direction. Thus, the bending moment my;,
i=1,2,3, can be neglected in the stiffness model of the i-th leg for the skew architectures
of the manipulator.

For a given input of the actuators, the 3-UPU TPM becomes a structure. Each leg can
be considered as a serial chain of type UU, because the actuated prismatic pair variable is
given.

Due to the torque my, i = 1,2,3, and the axial force f;, i = 1,2,3, the i-th leg undergoes a
torsion and an axial deformation. Fig. 3.1 depicts the elastic model of the 3-UU structure,
where k;; and k,;, i = 1,2,3, represent respectively the rotational and the axial stiffnesses of
the i-th leg and the base and platform universal joints are not represented for simplicity
(the platform, the base and the universal joints are considered as rigid, while the legs as
deformable).

In order to consider the displacement of the platform produced by the deformation of
the leg links due to the torque and to the axial force, additional elastic pairs are
introduced for each of the i-th leg, namely: a revolute pair with the axis directed as the
torque axis and a prismatic pair directed as the unit vector s;, i = 1,2,3, of the i-th leg,
which can model respectively the torsional and the axial elastic deformation of the i-th
leg, given by the variables 05 and d, i = 1,2,3, respectively as shown in Fig. 3.2. An
equivalent manipulator is thus defined, as represented in Fig. 3.2, which allows a general

Figure 3.1. Stiffness model of the 3-UPU TPM
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displacement of the platform (in 3D Cartesian space) that can be expressed as a function
of the six variables 6i3 and di4, i =1,2,3. Therefore, the equivalent mechanism can model
the influence on the platform displacement of the 0’5 and d', variables.

The stiffness matrix H that provides the relation between the external wrench, [F MmJ’,
applied at the reference point O, of the platform and the displacement, [t r]", of the
platform itself, is given by the following equation:

o

where t and r are respectively the displacement (translation and rotation) of the platform.
t and r have to be intended as ‘small’ (infinitesimal) displacements.
The procedure to compute the stiffness matrix, H, is composed of five main steps.

The first one is to express the pose of the reference system S, fixed to the platform
with origin at point O, with respect to system S, fixed to the base (systems S, and S, are
defined as in Chapter 1). In other word, to determine the 4x4 matrix, Ni, i=1,2,3, that
transforms the homogenous coordinates of a point from S, to Sy
For the i-th leg, the 4x4 matrix N', i = 1,2,3, (function of the joint variables 8';, 8%, 85, ds,
8%, 6's as shown in Fig. 3.2) which transforms the homogenous coordinates of a point
from S, to Sy corresponds to the product of the 4x4 matrices C,-i, i=1,2,3;j=1,.,6, that
transform the homogenous coordinate of a point from the system Sij (attached to the link
j-1 of the i-th leg) to the system Sij+1 (attached to the link j of the i-th leg), j = 0,..,6, (So and
Sy correspond respectively to Sy and S, as shown in Fig. 3.2).

The systems Si,-, i=1,2,3;j=1,..,6, are defined as follows:

The z-axis of Sij, is taken on the direction of the j-th revolute joint as shown in Fig. 3.2.

The x-axis of S| is orthogonal to the two z axes of S and S',;.

The origin Oi,- of the system Si,-, corresponds to the intersection between x and z axis. y axis
is taken according to the right hand rule.

After the systems Si,-, i=1,23;j=0,..7, are defined, the Denavit Hartenberg parameters
(6, o, dj, a)) are determined and shown in Tab. 3.1 and Tab. 3.2 according to the
architecture of the manipulator.

The variable aij (Gij) is the distance (angle) between the z axes of Si,- and Sij+1 along (about)
x- axis of Sij+1 and dij (aij) is the distance (angle) between the x axes of Sij and Sij+1 along
(about) x- axis of Sij+]_. Thus, According to Fig. 3.2, Tab. 3.1 and Tab. 3.2, the matrices
Co,....Cls, i = 1,2,3, are determined by Denavit Hartenberg convention [25] and the matrix
N',i=1,23,is computed by using the following equation:

6

[Ic =123 (3.2)

j=0

N'(6;, 6, 0}, d;, 6, 6,)
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Figure 3.2. Denavit Hartenberg Parameters on the i-th leg
for the architectures of type A of the 3-UPU TPM

Table 3.1. Denavit Hartenberg parameters on the i-th leg for the architectures

of type A of the 3-UPU TPM

Link j' 0] o dj a)
Base (0) 0 -n/2 0 ao
1! ey | -m/2 0 0

2! e, | -m/2 0 0

3! o' 0 0 0

4 0 /2 d' 0

5 o' /2 0 0
Platform (6) o' /2 0 -ag
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Table 3.2. Denavit Hartenberg parameters on the i-th leg for the architectures
of type B of the 3-UPU TPM

Link j' 0] o dj a
Base (0) 0 /2 0 o
1 ', /2 -e 0

2! e, | -n/2 0 0

3! 05 0 0 0

4 0 /2 d 0

5 o' /2 0 0
Platform (6) o' /2 e -ag

According to Egn. (3.1), it can be concluded that the first column of the stiffness matrix H
corresponds to the value of the vector (6x1) of the external wrench applied at the
reference point O, of the platform, when a platform translation of one unit along the x
axis of the reference system Sy is performed.

Then, the second step is to find the variables 93i and d4i, i =1,2,3, which characterize
respectively the torsion and the axial deformation of the i-th leg (i = 1,2,3) when a
platform translation of one unit along the x axis of the reference system Sy is performed.
In general, the homogeneous matrix Z that transforms the homogenous coordinates of a
point from S, to S, can be obtained by a successive rotations about axes non-fixed
method and written as follows [26]:

Y, Cy, —CVY, 5y, SV, X+ Ax
5 SY,SY,CW, +CY, Sy,  —SY,SY,SY,+CyY,Cy, —sy,cy, Y+Ay (3.3)
“CY SY,CYs +SY, Sy, CY,SY,SY3+SY, CY, Yy, Cy, z+Az
0 0 0 1
where:
v, =7, +Ay, i=1,2,3 (3.4)

and c(.) and s(.) stand for the cosine and the sine of the argument; y;, vy, and ys3 are the
Euler angle about x, y, and z axes respectively; Ax, Ay and Az are respectively the small
translations of the platform along x, y and z axes of Sy; Ay;, Ay,, Ays are respectively the
small variation of the Euler angles.

Therefore A8 = (Ax, Ay, Az, Ayy, Ay, A’Yg)T represents a small variation of the displacement
of the platform.
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For a platform translation of one unit along the x axis of the reference system Sy, that is
for AS = (1,0,0,0,0,0)T, the variables 65' and d4’, i = 1,2,3, in the i-th leg can be found by
solving the following system:

N' =3 (AS) i=1,2,3 (3.5)

From system (3.5), six independent equations can be extracted (three from the last
column of the matrices and three from the rotational part of the matrices). The equations
have six dependent variables (Gil, ', 05, d,, ', Gis), for given x, y, and z (coordinate of
the point Oy in Sp). Then, by writing system (3.5) for all three legs, a system of 18
independent equations in 18 variables is obtained. The system obtained may admit many
of 18-tuples solutions. By given a proper initial estimation of the solution, the actual
18-tuple solution (the one which is of practical interest) is obtained by the
Newton-Raphson method. Thus, providing the values of the variables Gig and di4, i=1,2,3,
for each of the i-th leg.

The third step is to use the axial, ka, i =1,2,3, and the rotational, k;, i = 1,2,3, stiffnesses
of the i-th leg in order to compute the value of the axial force f;, i = 1,2,3, along s;, and the
moment m;, i = 1,2,3, around u;, respectively related to the displacement di4, i=1,2,3, and
the rotation 6'5, i = 1,2,3, of the i-th leg:

f=k,.d, i=1,2,3 (3.6)
mzkﬂﬁ i=1,2,3 (3.7)
cos o,

where ¢;, i = 1,2,3, is the angle between the unit vectors s; and u;. By choosing an annular
section of the leg, the axial and the rotational stiffnesses k, and k;; can be computed as

follows:
nE (R> —R?

kai _ i ( ex;,| |nt,|) | _ 1’ 2'3 (38)
Gl .

k =—0% i=1,2,3 (3.9)

where E; and G; are respectively the Young and the Coulomb modules of the i-th leg; Rext,i
and Rint; are the external and the internal radii of the annular section of the i-th leg; lg; is
the polar moment of inertia of the i-th leg and |; is the i-th leg actual length.
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The fourth step is to compute the external forces F, and the external moments M,
applied at the reference point O, of the platform as shown in Fig. 3.3, which correspond
to the first column of the stiffness matrix H, by using the following equation [22]:

S O - F

R U [fl f, { m m, m3] = M (3.10)
where:
S=[s, s, s, (3.11)
Rz[rplxs1 M XS, rp3><s3] (3.12)
U=[u, u, u] (3.13)
r,=0A =123 (3.14)

The fifth step is to repeat the three previous steps (from the second to the fourth) to
compute, analogously to what done for the first column, the second, the third, the fourth,
the fifth and the sixth column of the stiffness matrix H. This can be performed by
imposing respectively a translation of one unit and a rotation of one unit as well in all and
around all directions, that is by imposing Ay=(0,1,0,0,0,0)', Ay=(0,0,1,0,0,0)", ...,
Ay=(0,0,0,0,0,1)".

B

1

Figure 3.3. Different forces and moments applied on the reference point Op
of the platform of the 3-UPU TPM
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At this stage a stiffness index can be defined. The determinant of the stiffness matrix H
cannot be taken as a stiffness index because it has components which do not have the
same units [27]. One of the best alternatives is to make partition of the stiffness matrix H
computed above in four 3x3 matrices Hi (components of Hy, k = 1,2,3,4, have the same
units) as follows [28]:

Hl H2
H= (3.15)
H, H,

Then, the stiffness indexes sfy, k = 1,2,3,4, correspond to the absolute value of the
determinants of the four 3x3 matrices Hy, k = 1,2,3,4, and consider them independently.

The two indexes sf; and sf, represent respectively the stiffness of the manipulator to
the translation and the rotation of its platform due to the external force F. While the
indexes sf; and sf; represent respectively the stiffness of the manipulator to the
translation and the rotation of its platform due to the external moment M.

3.1.2. Procedure to compute an upper bound for the variation of the rate
(bending moment/torque) applied on each leg of the 3-UPU TPM in the whole
workspace

In this section, a procedure that computes an upper bound for the variation of the
absolute value of the rate between the bending moment and the torque applied on each
leg of the 3-UPU TPM in the whole workspace is presented.

The moment m;, i = 1,2,3, applied by the platform to the i-th leg about the vector u;,
orthogonal to the cross link of the universal joint (can be computed by the static analysis
of the manipulator) can be decomposed in two moments, the torque my, i = 1,2,3, about
the direction of the leg s; and the bending moment my,;, i = 1,2,3, about a direction b;
orthogonal to the plane defined by the vectors s; and u; as shown in Fig. 3.4:

mu, =m.s +m.b, =123 (3.16)

ti~i i

where the torque my, i = 1,2,3, and the bending moment my;, i = 1,2,3, can be expressed

as:
m,, =M, COS®, i=1,2,3 (3.17)
m,, =m;sing, i=1,2,3 (3.18)

where @; is the angle between the unit vectors s; and u;.
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The absolute value of the rate ;, i = 1,2,3, between the bending moment my,;, and the
torque my, applied on the i-th leg is given as follows:

|Mi|=

ﬂ‘ i=1,2,3 (3.19)
cos O,

The core of the procedure is to compute an upper bound for the variation of the rate
W, i = 1,2,3, for each of the i-th leg of the manipulator, in the whole workspace. This
procedure is composed of four main steps.

The first step is to envelope the given workspace by a sphere S which locate it above
the plane it (defined as in Chapter 1) and placed inside a closed surface K = Ky, where Ky is
a given value of the determinant of the Jacobian matrix J.

Then, the second step is to express the rate L, i = 1,2,3, function of the angle ®; which
corresponds to the angle formed by the unit vectors s; and the unit vector of the direction
of the revolute joint connected the i-th leg to the base, qi;, as shown in Fig. 3.4. First,
according to a routine done and given in Appendix B, the relationship between the two
angles ¢; and w; corresponds to:

cos@, =tsinw, i=1,2,3 (3.20)

Platform

1i
Figure 3.4. The i-th leg of the 3-UPU TPM
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According to Egs. (3.19, 3.20), the absolute value of the rate p;, i = 1,2,3, can be written
as:

cos®, i=123 (3.21)

|“i|:

sino,

The third step is to determine the expression of the absolute value of the rate i,
i = 1,2,3, function of the coordinate of the reference point O, of the platform and the radii
b and p (the radii of the two circles, which the center of the universal joints in the base
and the platform respectively belong to). The expression of cosine of w; i = 1,2,3,
corresponds to the scalar product of the two unit vectors qy; and s;. The expression of the
unit vector s; for the architecture of type A and type B are given as follows:

T
[N P z] . .
S, = 73 i=1,2,3, architectures of type A
2 2 2
(N +P +2°)
T (3.22)
R T z] . .
s = 72 i=1,2,3, architectures of type B
2 2 2
(R?+T72+2°)
where
N, =x—(b—p)cos§, i=1,2,3 (3.23)
P=y—(b—p)sing, i=1,2,3 (3.24)
R =x—(b+p)cos§, i=1,2,3 (3.25)
T, =y—(b+p)sing, i=1,2,3 (3.26)

X, y and z are the coordinates of reference point O, of the platform in the system S, fixed
to the base and &, i = 1,2,3, is the angle between the x-axis of S, and the vector OyB;.

The unit vectors qy;, (i = 1,2,3, for the architectures 1.A, 1.B, 2.A, 2.Band i = 1,2, for the
architectures 3.A, 3.B, 4.A, 4.B) of the direction of the revolute joint connected the i-th leg
to the base are coplanar and belongs the plane 1t (z = 0) can be written as:

i=1,2,3, architectures 1.A,1.B,2.A,2.B

;
=[x, A, O 3.27
%=[rs Py O] {izl,z, architectures 3.A,3.B,4.A,48 (3.27)
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=+(1-2)" (3.28)

K1i is the x component of the unit vector qy; in the system S,. The value of k;; depends to
the architecture chosen and ranges from -1 to 1.

For the architectures 3.A, 3.B, 4.A and 4.B, the unit vectors qi3, of the direction of the
revolute joint connected the leg 3 to the base is orthogonal to the plane it (z = 0):

a,=[0 0 1] (3.29)

According to the Eqgs. (3.22, 3.27, 3.29), the expression of cosines of the angles w,
i =1,2,3, for the different architectures is obtained as follows:

s — KN+ AP i=1,2,3, architectures 1.A,2.A
! (N +P? +22)”2 i=1,2, architectures 3.A,4.A
s — KR AT i=1,2,3, architectures 1.B,2.B
(R AT 42 )1/2 i=1,2, architectures 3.B,4.B .30
cosm, = : 77  architectures 3.A,4.A
(N§ +P; + 2)
cosm, = : 77  architectures 3.8,4.B
(R +T2 +2 )

Thus, by substituting the cosine of the angle w;, i = 1,2,3, given by Egn. (3.30) in
Eqgn. (3.21), the rate ;, i = 1,2,3, for the different architectures are computed and given
by the following equation:

" _L K2 N? + A2P* + 21 A, NP ]1/2 {i=1,2,3, for the architectures 1.A, 2.A

1i° Vi 1i° Vi
AN+ PZ—ZK MNP +2° i=1,2, for the architectures 3.A, 4.A

it 5 it

KiR? +7szI +21, MR T, 2 (i=1,2,3, for the architectures 1.8, 2.
= MR +12T -2k, AR T +7° i=1,2, for the architectures 3.B, 4.B
1itti 1i'i it i (331)
Hy = ;1/2 for the architectures 3.A, 4.A
(N +7)
TR =;1/2 for the architectures 3.B, 4.B
(R3+T7)
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The fourth step is the following:

- According to the first two equations of Eqn. (3.31), the rate w;, (i = 1,2,3, for the
architectures 1.A, 1.B, 2.A, 2.B and i = 1,2, for the architectures 3.A, 3.B, 3.A, 3.B) is
inversely proportional to the value of z coordinate of the reference point O, of the
platform, but also it depends to the value of x and y coordinates of the point O. Thus, the
upper bound for the variation of this rate in the whole workspace, corresponds to the
maximum value of ; in the biggest section W of the sphere S (its normal is the z axis of Sp)
and insert it for the lowest value of z as shown in Fig. 3.5-a.

- According to the last two equations of Eqn. (3.31), the rate ps, for the architectures 3.A,
3.B, 4.A and 4.B is proportional to the value of z coordinate of the reference point O, of
the platform, but also it depends to the value of x and y coordinates of the point O,. Thus,
the upper bound for the variation of this rate in the whole workspace corresponds to the
maximum value of p3 in the biggest section W of the sphere S (its normal is the z axis of
Sp) and insert it for the biggest value of z as shown in Fig. 3.5-b.

3.2. Maximum platform position error caused by the clearance in
the revolute joints of the 3-UPU TPM

In this section, the analytic expression of the manipulator pose error caused by the
axial and radial clearance in the revolute joints, for a given external wrench applied on
the reference point O, of the platform is recalled. In addition, a numerical procedure to
find the maximum of the platform position error is presented by the optimization of an

X X

(a) (b)
Figure 3.5. Location of the section W of the workspace for computing the upper bound of the rate
bending moment/torque applied on each leg
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objective function defined as the negative of the absolute value of the platform position
error. The obtained maximum platform position error, is considered as the clearance
index and can be used in order to apply the procedure defined in Chapter 2.

3.2.1. Expression of the pose error of the platform caused by the clearance in
the revolute joints

The virtual work method is used in order to find the relation between the platform
pose error and the axial and radial clearance considered in the revolute joints (the
clearance is not considered on the actuated prismatic joints). The superposition method is
used in order to quantify the pose error induced by all the joints clearances. Moreover,
the joint displacement will be presented as a function of the contact forces [29-36].
According to Eqn. (3.10), the wrenches supported by the three legs are given by:

T s 0| F
[f. £, f, m m, m] :{—U*RS_I U‘J{M} (3.32)

where the 3x3 matrices S, R and U (the matrices U and S are fully ranked) are defined
respectively by Egs. (3.11, 3.12, 3.13).

Then, the wrench, 1, i = 1,2,3, applied by the platform to the i-th leg, which formed by an
axial force f; and a moment m; around the unit vector u;, is expressed by the following

equation:
T, =GT,, i=1,2,3 (3.33)
where:
F
T = {M} (3.34)

s, o1 |
G = i=1,2,3 (3.35)
SN

li and li;3 are respectively the i-th and (i+3)th line vectors (1x6) from the (6x6) matrix
defined by Eqgn. (3.32).
Figure 3.6 shows the axial, €,, and radial, g4, clearance in the j-th revolute joint connected
to the i-th leg of the manipulator.

Two local reference systems are considered respectively fixed to the two links of the
revolute pair (at the actual manipulator configuration) with their origins in the middle of
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the pair pin (with axial length 2L) at point A, i = 1,2,3, of the revolute pair axis (Fig. 3.6),
and with x, y axes and z axis respectively orthogonal to and along the revolute axis.

The wrench T, i = 1,2,3, transmitted by the revolute joint can be transformed into an
equivalent system to three contact forces [29,30,31]. Namely, o1 and o, (i = 1,2,3;
j =1,2,3,4) perpendicular to the axis of the revolute joint and belonging to the trust plane
of the joint (a plane through the revolute axis), and o3 i.q; along the revolute joint axis.
The three forces in the local systems are given by [29,30,31]:

c W,
o, =W, .1, i=1,2,3; j=1,2,3,4 (3.36)
o

where Wy and W, are 3x6 matrices and W3 is a vector of six components, which
depend to the architecture and the configuration of the manipulator (the analytic
expression of the matrices Wy, W,; and W3, i = 1,2,3; j = 1,2,3,4, are given in
Appendix B).

The Principal of Virtual Work gives:

3
tlxtm-ji + ch—,jiArk,ji =0 i=1,23; j=1,23,4 (3.37)
k=1

where Aryj, (i = 1,2,3; j = 1,2,3,4; k = 1,2,3) are the infinitesimal displacements of the
application points of the forces 61, 0, and o3.q; and Arj, is the corresponding platform
pose error caused by the clearance in the j-th revolute joint of the i-th leg.

The displacements Aryj, (i =1,2,3; j=1,2,3,4; k =1,2,3) can be assumed as vectors with
the same direction as oy and opposite versus. Their magnitude is the clearance value (gq
for 045 and 0,5, €, for 03.q;):

o, .
Ar, ; =—¢4 =
ol,jl
oZ,ji . .
Ar, ; =—¢, i=1,2,3; j=1,2,3,4 (3.38)
oZ,ji
Ar, ; =-¢, sl
os,jiqjiH
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Figure 3.6. Clearances in the j-th revolute joint connected to the i-th leg

By substituting the expression of Aryj, (i =1,2,3; j=1,2,3,4; k = 1,2,3) given by Eqn. (3.38),
the expression of the forces 04, 6, and o03.q; given by Eqn. (3.36), and the expression
of j, i=1,2,3, given by Eqn. (3.33), in Egn. (3.37):

W, Gt W, Gt W, .Gt
tlxt Arji _GIT 8dWlTji 1,ji i text +8dW2Tji 2,ji i Text +Saw3:|'ji 3,ji i Text =0 (339)
' le,jiGitext , HWZ,jIGitext ' ‘ w3,jiGitext

Equation (3.39) holds regardless of the external load acting on the mechanism, and can
be arranged as:

W, Gt W, Gt W, Gt
Arji :GIT del'l'ji 1,ji i Text _'_dez‘l'ji 2,ji i Text _'_SaW?:I'ji 3,ji i Text (340)
' le,jiGitext ' HWZ,jiGitext ' HW?’,jiGitext

Thus, the overall displacement Ar, of the platform due to the clearance in the revolute
joints can be determined by adding all the effects (provided clearance is very small and a
linear approximation is acceptable):

3 4 W, .Gt W, Gt W, Gt
AI' — GT WT.. 1,ji i Text T" 2,ji i Text T" 3,ji i Text 341
; I ; Sd . le,ji i~ext Sd > HWZ,jiGitext Y ‘W3,jiGitext ( )
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By the condition of the pure translation of the platform, which corresponds to the axes of
the two intermediate revolute pairs in the i-th leg are parallel to each other (g = qsj,
i = 1,2,3) and the axes of the two ending revolute pairs in the i-th leg are parallel to each
other (q1i= 94, i = 1,2,3), it can be obtained that:

W.=W ..
{ = Wes 3 ko123 (3.42)

Wk,li = Wk,4i

By taking into account the result obtained by Eqn. (3.42), the platform pose error due to
the axial and radial clearance in the revolute joints given by Eqgn. (3.41) can be rewritten
as:

3 2 W, Gt W, Gt W, Gt
Ar=2>"G' Y | g,W,, 2" g W) — = g W — = (3.43)
i=1 =1 le,jiGitext sz,jiGitext ‘ W3,jiGitext

3.2.2. Numerical procedure to compute the maximum position error of the
platform due to the clearance in the revolute joints

In this section, a numerical procedure to find the maximum of the position error of the
platform due the clearance in the revolute joints by using a function from the MATLAB
Optimisation Toolbox is presented.

The position error of the platform, E,, caused by the clearance in the revolute joints,
which depends to the external wrench applied on the platform te, is computed by the
following equation:

E, = (B2 +E, +E2,)” (3.44)
where E,, Epy and Ep, are respectively the first, the second and the third component of the
(6x1) vector AT obtained by Eqn. (3.43).
The procedure to compute the maximum position error of the platform due to the
clearance in the revolute joints is composed of three main steps.

The first one is the definition of an objective function as the negative of the absolute
value of the platform position error:

func=-E, (3.45)
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The maximum of the platform position error E,, numerically corresponds to the
optimization of the objective function ‘func’. Thus, the second step is to define the
optimization problem as follows:

{min func(x) (3.46)

l, <x < u,

where the objective function ‘func’ is defined by Eqgn. (3.45); x is the vector (6x1) of
variables which represents the external wrench applied on the reference point O, of the
platform tey; lp and uy are (6x1) vectors which correspond respectively the lower and the
upper bounds of the value of the components of the external wrench Tey.

The function used from MATLAB Optimization Toolbox to solve the problem defined by
Egn. (3.46) is ‘fmincon’ [37]. The goal of this function is to find a minimum of a
constrained nonlinear multivariable function. Thus, ‘fmincon’ solves the following

problem:
c(x)<0
Ceq(x)=0
min f(x) such that { A.x<b (3.47)
A, x=b_
l, < x < u,

where x, b, be, lp, and u, are respectively vector of variables, vector for non linear
equality constraints, vector for linear equality constraints, vectors of lower bounds and
vectors of upper bounds of the variables; A.q and A are respectively matrices for linear
and non linear equality constraints; f is the objective function to be minimized; c(x) and
ceq(x) are two functions which can be nonlinear.

The function ‘fmincon’ is based on the SQP (Sequential Quadratic Programming)
algorithm. In this method, a Quadratic Programming subproblem is solved at each
iteration. An estimate of the Hessian of the Lagrangian is updated at each iteration and a
line search is performed using a merit function. The Quadratic Programming subproblem
is solved using an active set strategy. The limitation of ‘fmincon’ is the following:

- the objective function that is to be minimized and the constraints must be continuous
functions.

- the obtained result is a minimum local.

- the objective function and the constraints functions must return real values.

The third step is to define the vectors of lower bound I,, and upper bounds uy, of the
external wrench Tt applied on the reference point O, of the platform. Since the position
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error of the platform E,, depends on the direction of the external wrench te., and does
not depends on its module, the vectors I, and uy, are defined as follows:

u=-L=[1 1111 1] (3.48)

By using the value of the vectors u, and |, given by Eqn. (3.48), and taking an arbitrary
initial point (initial guess) xo of the vector of variable x, the problem defined by Eqn. (3.46)
can be solved. But the result obtained represents a minimum local of the objective
function ‘func’ and its absolute value corresponds to a maximum local of the position
error of the platform E,. One of the best alternatives to solve the problem, is to consider
a combination of external wrench applied to the platform t. as initial guess (initial
population). The value of each components of 1t can be -1, 0, and 1, thus, the number
of combination of the vector Tt is equal to 3% = 729). Thus, the minimum chosen
corresponds to the minimum of all the minimum local of ‘func’ as shown in Fig. 3.7. The
absolute value of the minimum chosen corresponds to the maximum position error of the
platform due to the clearance in revolute joints which will be taken as clearance index in
order to apply the procedure detailed in Chapter 2.
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Figure 3.7. Minimum local of the objective function ‘func’
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Chapter 4: Results and discussion

This chapter reports the application of the procedure presented in the Chapter 2 for
the selection of the best architecture of the 3-UPU TPMs among the eight ones (1.A, 1.B,
2.A, 2.B, 3.A, 3.B, 4.A and 4.B) as reported in Chapter 1 for a given task. The best
architecture is selected based on each index in the first section and based on an objective
function (a proper weighted selection of one or more indexes) in the second section of
this chapter.

The given data are:

- the radius of the circle defined by the centers of the universal joint B;, i = 1,2,3,
connected to the platform: p = 45 mm.

- the security index K4 = 0.6.

- the diameter ds of the sphere S that envelope the given workspace: ds = 200 mm.

- the value of the angles &;, i = 1,2,3, (angle between the x-axis of the reference system
Sp and the vector OpB;): &; = 0; & = 2n/3; &3 = 4m/3.

For each leg:

- the offset used in order to avoid the collision of the legs for the architecture of type B:
e =30 mm.

- the external radius of the annular section of the leg: Rex; = 8 mm.

- theinternal radius of the annular section of the leg: Rint = 5.5 mm.

- Young module (Aluminium): E = 69000 N/mm?.

- Coulomb module (Aluminium): G = 26000 N/mm?.

For each revolute joint:

- axial length: 2L =60 mm

- axial clearance: €, =0.1 mm
- radial clearance: g4 =0.1 mm
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The directions of the base/platform revolute pairs axes of each architecture of the
3-UPU TPM, measured in S, are taken as:
* Architectures 1.A and 1.B: qy;, i = 1,2,3, are along the line tangent to the circle defined
by the points B;, i =1,2,3:

0 —sin(2m/3) —sin(4m/3)
a,=|1|; q,, =| cos(2m/3) |; q,; =| cos(4m/3) (4.1)
0 0 0

* Architectures 2.A and 2.B:

cos(m/3) sin(m/3)
qy, =—0,; =| —sin(1/3) |; q,, =| cos(m/3) (4.2)
0 0

* Architectures 3.A and 3.B:

cos(m/3) sin(m/3) 0
q,, =| —sin(1/3) |; q,, =| cos(m/3) |; q,=|0 (4.3)
0 0 1

* Architectures 4.A and 4.B:

cos(m/3) 0
qy, =—0q,; =| —sin(1/3) |; q,=|0 (4.4)
0 1

In order to avoid the collision of the legs for the architectures of type B (1.B, 2.B, 3.B
and 4.B), the second of the three manufacturing solutions presented in section 1.3 of the
Chapter 1 has been chosen. The value of the offset e, will be used only for these
architectures in order to avoid the legs collision.
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4.1. Selection of the best architecture of the 3-UPU TPM according to
the indexes

This section presents the selection of the best architecture of the 3-UPU TPM
presented in Chapter 1 according to each index proposed in Chapter 3. The size and the
singularity loci of the manipulator are considered as two additional indexes.

4.1.1. Size of the 3-UPU TPM

By applying the first step of the procedure presented in Chapter 2, the coordinates of
the center Cs of the sphere S expressed in the system S, in [mm] for the architectures
(1.A, 1.B), (2.A, 2.B), (3.A, 3.B) and (4.A, 4.B), are respectively (0, 0, 177.39),
(50, -90, 218.125), (-27.5, 15, 348.6) and (0, 0, 172) in order to have the same security
condition, K=Ky (represents how far the manipulator is from a singularity configuration).
Then, the computed rate b/p, is taken as manipulator size index, and given in Tab. 4.1 for
each architecture of the manipulator. The best architecture corresponds to the minimum
value of the rate b/p (small size of the manipulator). Thus, according to Tab. 4.1, the
architecture 4.B is the best.

4.1.2. Singularity of the 3-UPU TPM

One of the frequently index used for the singularity of the manipulator, is the area A,
inside the closed curve { obtained by intersection of the plane (parallel to the plane
defined in Chapter 1, and contain the center of the sphere Cs) with the closed surface
K = Kg. Figures 4.1-a,b show a view of the shapes of the closed curves  and a (represents
the curves of the section W chosen of the workspace) in the planes (x,z) and (x,y)
respectively. The shape of the closed curve { changes according to the architecture of the
manipulator. Indeed, architectures 1.A and 1.B (respectively (2.A and 2.B), (3.A and 3.B),
(4.A and 4.B)) have the same shape of the closed curve ( as shown in Fig. 4.1-c, since the
closed surface K = K4 depends on the directions of the unit vectors s; and u;, i = 1,2,3, that
are the same for these two architectures for the same platform position. To compute the
area A, a square uniform mesh is considered for the section surrounded by the closed
curves (. Then, the value of A; is computed by an approximation:

A, =n,A, (4.5)

where A, the area of the mesh element (chosen too small in order to have a height
precision of the value A¢) and n is the number of the nodes inside the closed curve .
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101

Architectures 3.Aand 3.B
Architectures 2.Aand 2.B
z/p
K — Kd 4r Architectures4.Aand 4.B
y / p a - Architectures 1.A and 1.B
x/p
L
0 x/p ¢ 5 ] E
x/p
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Figure 4.1. (a) View of the shape of the closed curves a and ( in the plane (x,z)
(b) View of the shape of the closed curves a and ( in the plane (x,y)
(c) View of the shape of the closed curve ( for the different architectures in the plane (x,y)

Thus, the value of A, is computed for each architecture and given in Tab. 4.2. The best
architecture corresponds to the maximum value of A, i.e., A; measures the space where
the reference point O, of the platform moves on it and still keeping the same value of z (z
is the coordinate of the point O, in the system Sy, when the platform moves in the chosen
section W of the workspace), and the same security condition K > Kq4. Thus, according to
the value of A;, given in Tab. 4.2, the architectures 3.A and 3.B are the best.

4.1.3. Stiffness of the 3-UPU TPM

The distributions of the stiffness indexes sf;, i = 1,2,3,4, (correspond to the absolute
values of the determinants of the four 3x3 matrices H;, i = 1,2,3,4, defined in Chapter 3) of
each architecture of the 3-UPU TPMs in the section W of the workspace are shown in
Fig. 4.2-4.5. According to Eqn. (2.3), the values of the normalized stiffness indexes, T,
i = 1,2,3,4, are computed for each architecture and reported in Tab. 4.3. The best
architecture of the 3-UPU TPM corresponds to the maximum value of the normalized
stiffness indexes, T, i = 1,2,3,4 (highest stiffness). From Tab. 4.3, it can be seen that the
architecture of type B of the 3-UPU TPM have the highest stiffness to the rotation of the
platform and the lowest stiffness to the translation of the platform itself due to the
external force F applied on the platform than the corresponding architecture of type A.
Thus, according to the values of normalized stiffness indexes T and Ty, the architecture
4.A and 4.B of the 3-UPU TPM have respectively the highest stiffness to the translation
and the highest stiffness to the rotation of the platform due to the external force F
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applied on the platform itself. In addition, the architecture of type B of the 3-UPU TPM
have the highest stiffness to the translation and the rotation of the platform due to the
external moment M applied on the platform than the corresponding architecture of type
A. Thus, according to the values of the normalized stiffness indexes Ty and T4, the
architecture 1.B have the highest stiffness to the translation and the rotation of the
platform due to the external moment M applied on the platform itself.

4.1.4. Maximum position error of the platform due to the clearance in the
revolute joints of the 3-UPU TPM

The distribution of the maximum platform position error due to the clearance in
revolute joints (clearance index) E,, of each architecture of the 3-UPU TPMs in the section
W of the workspace (section W at z = 177.39 mm, z = 218.125 mm, z = 348.6 mm and
z = 172 mm respectively for the architectures (1.A, 1.B), the architectures (2.A, 2.B), the
architectures (3.A, 3.B), and the architectures (4.A, 4.B)) is shown in Fig. 4.6. Then, the
value of the normalized clearance index, Tg, is computed for each architecture in
Tab. 4.4. The best architecture corresponds to the minimum value of Tg, (highest
accuracy). Thus, the architecture 1.A is the best.

4.2. Selection of the best architecture of the 3-UPU TPM according to
an objective function

In this section, an objective function defined by a proper weighted selection of the
indexes defined above is presented. According to this objective function, a new selection
of the best architecture of the 3-UPU TPM is done. The objective function f, is given by
the following equation:

f=nyCy +n, Cp +n . C +n, Co +n, C, +nEpCEp +Ny0Co/p (4.6)
where:
T,
ng,=—->="—  i=1,2,3,4 (4.7)
max(T,)
A
Ny =——F— (4.8)
max(AC)
min(TEp)
e, == (4.9)

Bp
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n,, —min(b/p) (4.10)
b/p

and max(Tss), i = 1,2,3,4, and max(A;), are respectively the maximum of the normalized
values of the stiffness indexes, T, | = 1,2,3,4, and the maximum of the singularity index
A;, computed for the different architectures of the 3-UPU TPM; min(Tg,) and min(b/p),
are respectively the minimum of the normalized values of the clearance index Tg,, and the
maximum of the rate b/p (manipulator size index) computed for the different
architectures of the 3-UPU TPM; Cg;, i = 1,2,3,4, Cgp, Cpyp and Cpe are respectively the
weight of the stiffness, clearance, the size of the manipulator and the singularity loci
indexes, which depend to the task of the manipulator.

The best architecture of the 3-UPU TPM corresponds to the maximum value of the
function f. According to a given task, the value of the weight of the different indexes is
given as follows:

C, = i=1,2,3,4

C, =2

Ep (4.11)
Cpc =

C,jp =1

By substituting the values of Cg, i = 1,2,3, Cgp, Cag and Cyyp given by Eqn. (4.11) and the
values of ng;, i = 1,2,3, ng, nag and npyp given in Tab. 4.5 into Eqn. (4.6), the objective
function f is computed and given in Tab. 4.5. Thus, the architecture 1.B (f = 10.05) is the
best for the 3-UPU TPM for doing the given task. In addition, it can be seen that the
architectures of type B of the 3-UPU TPM are better than the corresponding architecture
of type A.
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Table 4.1. The value of the rate b/p for each architecture

Architectures 1.A 1.B 2.A 2.B 3.A 3.B 4.A 4.B
Size of
the manipulator
b/p 5.81 3.81 7.25 5.25 10.1 8.1 5.15 3.15
Table 4.2. The value of the area inside the closed curve C for each architecture
Architectures 1.A 1.B 2.A 2.B 3.A 3.8 4.A 4.B
Singularity index
A;, cm?* [10%] 10.52 10.52 14.05 14.05 19.59 19.59 | 7.26 7.26
Table 4.3. The value of the normalized stiffness indexes T, i = 1,2,3,4, for each architecture
Architectures 1.A 1.B 2.A 2.B 3.A 3.B 4.A 4.B
Stiffness indexe
T, N/mm? [10"%] 15 10.06 6.73 5.32 2.29 2.03 17.79 9.2
T, N*/rad? [10™] 6.74 1.24 10* 2.52 5.3210° | 097 | 1.9410° | 9.22 | 1.4410"
Ters, N? [109] 1.97 | 7.2310" | 0.92 3.0210" | 0.22 | 0.1110% | 3.13 | 1.2310"
Tea, N>’mm?/rad® [10%°] | 6.58 8.54 10° 3.07 3.0910° | 0.72 10.25 10.44 | 1.95 10?
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Table 4.4. The value of the normalized clearance index T, for each architecture

Architectures 1.A 1.B 2.A 2.B 3.A 3.B 4.A 4.B
Clearance index
Tep [mm] 1.41 1.56 1.53 1.82 1.58 1.71 1.62 1.98

Table 4.5. The value of the objective function ‘f’ for each architecture

Architectures 1.A 1.B 2.A 2.B 3.A 3.B 4.A 4.B
Coefficient
Nb/p 0.54 0.83 0.44 0.6 0.31 0.39 0.61 1
N 0.54 0.54 0.72 0.72 1 1 0.37 0.37
Nsf1 0.84 0.57 0.38 0.3 0.13 0.11 1 0.52
Ns2 46810" | 0.86 |1.7510"| 0.47 0.67 10" 0.14 6.4 10" 1
Nsfa 0.27 10™ 1 0.1310" | 0.42 0.03 10™ 0.02 0.4310™ | 0.17
Nsta 0.77 10 1 0.3610%| 0.36 0.0810° | 1.210% | 1.2210% | 0.23
Nep 1 0.91 0.92 0.78 0.9 0.83 0.87 0.72
f 4.76 10.05 3.76 5.98 3.37 3.58 4.72 6.65
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Conclusion

This dissertation recalls the most relevant features of the 3-UPU TPMs, a very well
know 3-DOF translational parallel manipulator presented in the literature in the late
nineties by Tsai [4].

Investigation of the influence of both the directions of the base/platform revolute
joints axes and the leg position is further investigated and six new architectures of the
manipulator which exhibit interesting performances are presented. Moreover, three
manufacturing solutions are proposed for the leg collision avoidance of the architecture
that feature a crossed leg pattern of the 3-UPU TPM.

A procedure to select the best architecture of the 3-UPU TPMs among a number of
them for a given task has been presented. The procedure is based on a number of indexes
which correspond to the singularity loci, the size of the manipulator, the stiffness of the
manipulator (taken as the determinants of the 3x3 matrices obtained by partitioning of
the stiffness matrix, that relates the external wrench applied to the platform to the
displacement of the platform itself) and the maximum value of the platform position
error due to the axial and radial clearance in the revolute joints.

Finally, a case study is reported for the application of the procedure. The selection of
the optimal architecture of the manipulator is done in two ways. The first one is based on
each individual index. For this selection, the best architecture changes according to the
index. The second selection is based on an objective function which corresponds to a
proper weighted selection of the different indexes. According to this selection, one of the
3-UPU architecture that features a crossed leg pattern has found to be the best, i.e. the
one that corresponds to the maximum value of the defined objective function.
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Appendix A

The full expression of the coefficients A, B, D, E and F are the following:
A=Ky K, (}\‘il + 7"12 ) —Aphy, (Kil + Kiz ) (A.1)
B =2(A x5, — K5, ) (A.2)

Ky (kil + Xiz )(\/51(11 RELSP! )

D=—(b-p) >

+ Ay (5, + 3, ) (A3)

2 2
\/§K11K12 (7‘11 + 7‘12) N 30 N ALK

E=—(b-p) 2 2

il (A.4)

(}\‘il + }\‘iZ )(2K11K12 + 3J§Ki2 + \/gKil )
4

F=—(b—p)’ +%11X12(Kf1 +Kfz) (A.5)

where K11, A11, K12 and Aq, are respectively the x and y components of the unit vectors g1
and qi; in the system Sy,.
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The routine used in order to obtain the relation given by Eqn. (3.20) is the following:
the expression of the unit vector qy;, i = 1,2,3, of the direction of the intermediate revolute
joint of the i-th leg is given by:

Qi XS _ % XS

a, = =% i=1,2,3 (B.1)
la, xs;| [sine]

where s;, is the unit vector of the i-th leg; qq;, is the unit vector of the direction of the
revolute joint that connect the i-th leg to the base and w; is the angle formed by the two
unit vectors s; and qy;.

The unit vector u;, i = 1,2,3, of the direction orthogonal to the cross link of the universal
joint is expressed as:

q; ><(q1i X si) _ (qli'si)'qli _(qli'qli)'si _C0s®qy S
|sine,| |sine,| |sine,|

U =q; xq, = i=1,2,3 (B.2)

By using the expression of the unit vectors u;, i = 1,2,3, given by the previous equation, the
scalar product of the two unit vectors s; and u;, i = 1,2,3, which corresponds to the cosine
of the angle ¢; (formed by these unit vectors), is given as follows:

u.s = Cos o, (qli'si)_(si-si) . COs,2 , -1

= =+sino, i=1,2,3 (B.3)
|sine| |sina|

Thus, the relation between the two angles w; and ¢;, is given by:
cos@, =tsinm, =123 (B.4)

Thus, the absolute value of the rate W, i = 1,2,3, between the bending moment my;, and
the torque my;, acting on the i-th leg is expressed as:

COS O,

i=1,2,3 (B.5)

|“i|:

sino,

66



Appendix B

The expression of the matrices Wy, W and W, i = 1,2,3; j = 1,2,3,4, are given as

follows:
.2 2
N;i +}\’ji ) Kjikji KM 0
2 2 2
2.2
W = _Kji}\‘ji KM _xjinji Ny
u 2 2 2 2L
2.2
_KiM;i _}\’jinji )\’ji+Kji _h
i 2 2 2 2L
.2 2
N; +7\’ji i Kji}‘ji _KiM;i 0
2 2 2
2,2
W = _Kjixji Kt _xjinji My
2 2 2 2 2L
2. 2
K }\‘jinji }\'ji+Kji h
i 2 2 2 2L

W3,ij:[Kji 7\’ji M; 00 O}

where:

n
2L

A
2L
G (B.6)
2L '
0
Ay
2L
S (B.7)
2L '
0
(B.8)

Kji, Aj and n;, i =1,2,3; j = 1,2,3,4, are respectively the x, y and z components of the unit

vector q;; of the j-th revolute joint connected to the i-th leg; L is the half of the axial length
of the revolute joints.
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