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Introduction

Primordial gravitational waves are a key-prediction of inflation [1, 2, 3,
4, 5]. The amplitude of gravitational waves dependents on the energy scale
at which inflation occurred and a detection of such a background would
then provide information on the inflationary energy scale. Similar consider-
ations hold for models alternative to inflation, where the accelerated stage
was not described by d/a ~ const [6, 7, 8]. Gravitational waves are not
responsible for the structure of the universe we see today since they are
not coupled to the energy density of matter. However, in the same way as
scalar perturbations do, they induce fluctuations in the cosmic microwave
background (CMB) [10, 9]. The CMB anisotroy pattern generated by scalar
perturbations and by gravitational waves are different: beside the different
temperature anisotropies and E polarization, gravitational waves generate
polarization B-modes, whereas scalar perturbations do not.

Since the first detection of CMB anisotropies carried out by the COBE
satellite in 1992 [11], several efforts have been done in planning CMB exper-
iments (some of them are Boomerang[12], WMAP [13], ACBAR [14], DASI
[15], CBI [16], Clover [17], BICEP [18], Planck [19], Quiet [20], B-pol [21],
CMBPol [22]) and designing the instrumental configurations to reach higher
sensitivities and angular resolution.

In this thesis we present a study of primordial gravitational waves, mainly
in relation to CMB anisotropies. After an introductory chapter and a theo-
retical one, we dedicate two chapters to specific works done for the Planck
satellite. The outline is the following.

In chapter 1 we review some basics of standard cosmology, the observ-
able evidences of the Hot Big Bang model and the formalism for studying
the cosmological perturbations. We provide then an introduction to CMB
anisotropies in intensity and polarization. A section is then dedicated to the
Planck mission, its instrumental characteristics and its scientific capabilities.

In chapter 2 we provide an analitical and numerical treatment of waves



Introduction

gravitational waves evolution in presence of free-streaming matter - as neu-
trinos - and in presence of a background of inhomogeneous magnetic fields.
Through the Boltzmann formalism, we derive analitically the interaction be-
tween gravitational waves and free-streaming massless and massive matter.
We then discuss how the presence of free-streaming matter affects the be-
haviour of gravitational waves when a fully inhomogeneous component - as
a stochastic background of primordial magnetic fields - is present. We also
discuss the form of the energy-momentum tensor of gravitational waves from
first principles.

In chapter 3 we tackle the issue of polarized foreground removal for the
Planck mission. By masking the most contaminated region of the sky cor-
responding to the galactic plane, we test the Internal Linear Combination
(ILC) procedure through a numerical implementation of the method on sim-
ulated CMB and foreground maps and by considering the nominal instru-
mental noise levels for Planck. The goodness of the cleaning process is then
studied in terms of impact on tensor-scalar ratio. An alternative more viable
method for cleaning B-modes which makes use of templates is suggested and
its capabilities for polarization B-modes quantified in terms of impact on the
tensor-scalar ratio.

In chapter 4 we move to CMB power spectrum estimation and likelihood
evaluation. We present an implementation of the Quadratic Maximum Like-
lihood approach - BolPol - for the estimation of temperature and polarization
power spectra. BolPol handles full instrumental noise covariance matrix and
performs a joint estimate of all the six angular spectra. A naturally de-
rived likelihood code is also presented. An application to Planck simulated
data, i.e. a work conducted within the Planck CTP working group activity
is reported. Furthermore, we present a reanalysis of WMA P low-resolution
five year data performed with our power spectrum estimation and likelihood
code.



Chapter 1

The expanding universe

In this first chapter we shall review some basic concepts of standard cos-
mology and CMB radiation. Many books and review articles in the literature
cover such topics [26, 27, 28, 29, 30], ranging from popular to more technical
ones. This is meant to be an introduction to the physics of CMB together
with a summary of the Planck satellite capabilities, in order to give the reader
a framework for the more technical issues tackled in the next chapters.

1.1 The evolution of the universe

It is an evidence that matter in the universe is clustered in stars, galaxies
and cluster of galaxies. However, observations at scales larger than these
structures show that the distribution of matter is homogeneous and isotropic
at high level. Although the observation of homogeneity and isotropy neces-
sarily concerns our observable universe, i.e. the universe observed from just
one point, we assume this is the case from any other position in the universe
as well. Such assumption leads to the Cosmological Principle, according to
which

space-time s sliced in spatial hypersufaces and such hypersufaces
are homogeneous spaces,

being their time evolution parametrized by the so-called cosmic time.
Relying on General Relativity (GR) for the dynamical evolution of space-
time continuum and matter, the Cosmological Principle represents the start-
ing point for characterizing the metric of the universe. GR is a geometric
and relativistic theory of gravitation: a description of gravitation interac-
tion as modification of space-time geometry which leads, in the absence of

3



1. The expanding universe

gravitation itself, to Minkowki space-time. Einstein field equations are!
1
G =Ry — §Rg,w =81GT), . (1.1)

The left-hand side of these equations (the Einstein tensor) describes the
geometry of space-time through the metric tensor (g,,) and its first and
second derivatives contained in the Ricci tensor (R,,) and the Ricci scalar
(R). On the right-hand side, instead, the energy-momentum tensor (7),,) is
responsible for energy and momentum carried by matter. G is the Newton
constant.

Homogeneity and isotropy lead to specific form for the metric: spatial
hypersurfaces are costant-curvature space and the line element takes the

form
2

r
1 — kr?
where spherical polar coordinates have been adopted. This is the so-called
Friedmann-Robertson-Walker (FRW) line element, fully described by the

scale factor a(t). The quantity k parametrizes the spatial curvature, de-
termining then its geometry:

ds® = dt* — a*(t) + 7r?(d6® + sin® dp?) (1.2)

k<0 hyperbolic geometry
k=0 euclidean geometry (flat)
k>0 spherical geometry

The homogeneous expansion of the universe is thus described by the time
evolution of the scale factor, being its expansion rate the Hubble parameter,

H= g (1.3)

where dot denotes derivative with respect to time t.

The same symmetries assumed for the background space-time must hold
for energy-momentum tensor as well. It follows that in FRW metric, the
energy-momentum tensor of a fluid takes the diagonal form

T;w = PGuv + (P + p)u,uul/ (14)

where p and p are the energy density and isotropic pressure of the fluid
respectively. u# is the 4-velocity of the fluid, defined and normalized as
dz*

Uu = E, u“uu = —1. (15)
a

'We assume ¢ = 1



1.1 The evolution of the universe

The conservation of gravitational field sources is a direct consequence of
contracted Bianchi identities, G’ = 0, from which

T,," =0 (1.6)

By feeding Eq. (1.4) into Eq. (1.6) conservation equations reduce to
p+3H(p+p) =0 (1.7)
Also Einstein equations under the assumption of FRW metric assume

a much simpler form, reducing to just two equations for scale factor time
evolution,

G k
H>=""Tp—- =
3 P a2’
4G
i =~ (p+3p)a, (1.8)

called Friedmann equations.
It is worth defining a critical density

3H?
o = 5o 1.9
P 8rG (19)
and a density parameter
p
= — 1.10
. (1.10)

From the definitions above and the Friedmann equations it is evident that
1— is a measure of the curvature of the universe. Although time dependent,
it keeps the same sign throughout the evolution of the universe and therefore
the same does the curvature.

Another quantity which is particularly useful to introduce is a new time
coordinate, the conformal time, defined as

g
”:/a(t)' (1.11)

In conformal time FRW metric becomes conformal to Minkowski space-time,
ds® = a(n)*(—dn® + vidx'da?) (1.12)

where ~;; = ¢;; if the spatial hypersurfaces curvature vanishes (kK = 0).
Denoting with a prime the derivative with respect to conformal time and
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introducing the conformal Hubble parameter, H = a'/a, Friedmann and
conservation equations take the form

H? = ?W —k, (1.13)
ArG

H = —WT(p+ 3p)a?, (1.14)

p=—=3H(p+Dp). (1.15)

These equations are not independent and describe the evolution of FRW
space-time and the fluid contained at background level. What is still missing,
though, is an equation of state for the fluid, namely a relation between energy
density and pressure usually parametrized as p = wp. For a radiation fluid it
is well know that the state parameter is w = 1/3 leading to an evolution for
the scale factor proportional to conformal time (a(n) o 7). For dust, instead,
w = 0 and the scale factor evolves as a(n) o n*. From continuity equation
one can derive how energy density redshifts with the expension; for a general
time dependence of the state parameter one gets

p o< a”> exp {—B/w(a)dloga} : (1.16)

1.2 The Standard Big Bang model

The Hot Big Bang model is strongly supported by three observational
evidences: the expansion shown by Hubble diagram, the Big Bang nucle-
osynthesis and the cosmic microwave background radiation. All of these
three fundamental observations point towards an adiabatic expansion of the
universe driven by radiation at early epoch, by zero pressure matter later
on and by some unknow form of energy at recent time, called dark energy.
The reason why we expect that diffent forms of energy drive the scale factor
evolution is clear from Eq. (1.16): from a mixture of cosmological compo-
nents fixed as initial conditions at the end of inflation, the energy density of
each of them cools down according to its state parameter. By measuring the
energy density at present time, thus, we are able to go back in time and try
to constrain the physical conditions of the universe in the past.

The Hubble diagram shows the recession of galaxies due to expansion of
the universe. Such recession is observable as a stretching of the wavelenght
of light emitted by galaxies and measured in terms of redshift, defined as

>\0 Serve
p= 20 q o Dobseved (1.17)
a

)\emitted



1.2 The Standard Big Bang model

where ag = a(ty) is the scale factor at present time?. Given a comoving
distance x and the physical distance d = ax, the expansion induces a velocity,

v=d=ar=Har = Hd, (1.18)

proportional to the distance, being H the constant of proportionality. Since
from doppler effect for low redshifts we have that z ~ v/c, we expect to
measure redshifts proportional to the distance of the object. This is what
Hubble found [31] and what is shown from more recent measurements [32].

Big Bang nucleosynthesis leads to precise predictions on the abundances
of light elements, depending on the baryon density. Protons and neutrons are
kept in thermal equilibrium at temperature above 1 Mev by weak interaction
through

pte on+u.,
n+et —p+tur.,
D < pte ve.

Around T ~ 1 Mev, though, the interactions above are no longer efficient
enough and the relative abundance of neutrons and protons is freezed. From
that time, neutrons and neutrinos fall out of thermal equilibrium. A small
amount of deuterium can be formed at those temperatures through the in-
teraction

n+pe D+ry (1.19)

but not much, being its binding energy of order 86 KeV. Afterwards, for
T < 86 KeV, although more deuterium nuclei could form from free neutrons
and protons, they combine to give He?, depending the rate on the baryon
abundance. A very small amount of He® and lithium is produced as well.
The abundance of He?, thus, depends mostly on the number of neutrons at
T ~ 86 KeV (which depends on the expansion rate), while the abundance
of deuterium is an indicator of the how little is the amount of baryons.
Constraints on abundance of light elements are given in Ref. (77).

The third observational pillar is the microwave background radiation.
CMB radiation opens up a window to the physical conditions of the universe
when it was just 300,000 years old, corresponding to z ~ 1090. Earlier than
that time, the temperature of the plasma was high enough to keep photons
and electrons strongly interacting mainly by Compton scattering, imprint-
ing then a blackbody spectrum on radiation. Because of the Coulomb force
between the electrons and the more massive protons, one can consider a

2We adopt ag = 1



1. The expanding universe

photon-baryon fluid. As universe expands and temperature falls off, effi-
ciency of Compton interation goes down as well and the universe becomes
transparent to radiation which is free to propagate until the present time
carrying the physical properties of the last scattering with matter. Since the
energy density of a thermal bath of photons is proportional to the the forth
power of its temperature, from Eq. (1.16) we see that

T(t) = % (1.20)

The relation above can also be derived from the simple argument that the
wavelenght of a photon in thermal equilibrium, A = hic/kgT, stretches pro-
portionally to a as the universe expands. We expect then to measure a
blackbody isotropic radiation cooled down by expansion.

1.3 Theory of cosmological perturbations

The theory of cosmological perturbation [35, 36, 37, 38, 39] provides the
framework for studying the growth of structures in the universe. The struc-
tures we observe today are thought to be generated by the gravitational
instability mechanism starting from tiny perturbations present at very early
times, produced from quantum fluctuations during inflation.

The starting point is a small perturbation of the metric tensor around its
homogeneous part

G = Gj) + O (1.21)
where ng) is the FRW metric,

-10
= () 122

At first order, the metric tensor can be written as

dgoo = —2a21/1
dgoi = 0goi = @2Bi
5gij = 20/20”‘ . (123)

Note that any 3-vector can be decomposed into a curl-free (constructed from
a scalar) and a divergence free part. In the same way, a 3-tensor can be
decomposed into its trace (scalar), the derivative of a 3-vector (with its curl-
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and divergence-free contribution) plus a trace- and divergence-free tensor
wich can be neither constructed from scalars nor vectors. It follows that a
decomposition of dg,, into scalar, vector and tensor perturbations can be
performed [40] by writing

Bi=B,;—S,
1
Cij = =i + Eij + Fug + 5}%’]’ . (1.24)

With the notation above, ¢, B, ¢ and F are scalars, S; and F; are (divergence-
free) vectors and h;; is the (trace- and divergence-free) tensor perturbation.
The line element takes then the form

ds* = a®(n)[—(1 + 2¢)dn® + 2(B; — S;)dnda’
+((1 = 2¢)yij + 2E; + 2F;; + hy;) da'da’] . (1.25)
Since the perturbations introduced above depend on the choice of the

coordinate system, it is worth looking at how they change following a coor-
dinate trasformation. We consider a tranformation

Tt = ot 4 &H (1.26)
where, as stated before, the spatial part of £ can be decomposed into a

longitudinal and a transverse component &' = &7 + £ with &, = 0. From the

invariance of the line element under coordinate transformations (ds? = déQ),
we get a relation between the two sets of perturbation variables:

V= HE —¢”
6= o+ He"
B=B+¢-¢
E=F—-¢ (1.27)
for scalars,
Fi=F~¢
S = 5+ & (1.28)
for vectors and 3

for tensors. Tensor perturbations are then gauge invariant. Scalars and
vectors instead are not gauge invariant quantities. Nonetheless some combi-
nation of them do, and precisely

®=¢—HB-FE)
U =y+HB-F)+(B-EY (1.30)
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for the scalar sector and
V, =5, +F (1.31)
for vectors.

What reviewed so far concerns metric perturbations. Let us write down
now the energy-momentum tensor of a fluid in the most general form,

T, = pd*, + (p + p)u"u, + 7", (1.32)

where the anisotropis stress, 7, has been added to Eq. (1.4) to account for
free-streaming matter which is not properly described as perfect fluid. As
seen, for the background we have

T =—-po, T =0, T=0dpo (1.33)
while at first order in perturbations

T% = —dp

T = —(po + po)v’

T% = (po + po)(v; + B;)

T'; = 6pd'; + 7' (1.34)

where v’ is the spatial part of u* and 7; can be splitted into its scalar (),
vector(7;) and tensor (II';) contribution as

. , 1 . 1, . ; ;
ﬂ-lj = 7T’Zj — §V27T51j + 5(7TZ,]' — 71']"1) + Hlj (135)

1.4 Characterizing radiation field

Relic radiation will be the center of this thesis. Before tackling any aspect
of CMB anisotropies we need to fix some basic notion about how to describe
a radiation field.

The intensity field [;; in the 2-dimensional plane perpendicular to prop-
agation direction can be decomposed into

Iij:(TgQT€Q> (1.36)

where T is the temperature and ) and U are two Stokes parameters for
linear polarization [33]. No circular polarization is taken into account since
we do not expect Compton scattering to produce it at leading order. @
and U depend on the reference frame chosen in the plane perpendicular to
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the propagation direction. A combination of the them, though, is invariant
under rotation of the polarization plane and defines a vector of amplitude
P = (Q* + U?)"/2 and direction a = (arctan(U/Q))/2 with respect to the
axis.

CMB photons appear to us as incoming radiation coming from any direc-
tion of the sky n. We need to characterize the radiation field and to study
its angular distribution on the sphere. Temperature is a scalar quantity and
does not depend on the reference frame; it is natural then to expand it using
spherical harmonics as orthonormal basis. This is not the case for @) and U
quantities. However, spin-2 objects can be constructed out of them as QQ+:U.
This two combinations of linear polarization parameters can be expanded in
two families of generalized spherical harmonics leading to

T(ﬁ) - Z aT,Emyﬁm(ﬁ) 3
4m

(Q £iU)(n) = Z A42.0m +2Yom (1) . (1.37)

lm

Although we might be happy with the description above, a different choice
is usually made to describe the angular distribution of CMB. In fact, the
quantities () + iU, are not conserved under parity transformations. This
property is not needed to represent the field onto the sphere but may be
something we are interested in. It turns out that by defining

agom = —(A2.0m + a—20m)/2,
CLme = Z (Clgjm — a_27gm)/2 (138)

they are the harmonic coefficients of non local (constructed in harmonic
space, not in real space) quantities, £ and B, which transform under parity
as scalar and pseudo-scalar respectively. As B-modes change sign under
parity transformation, they are not excited by linear scalar pertubation.

For each polarization X, the angular power spectrum is defined as the
variance of the zero-mean distribution of the ay, coefficients

<a£m> - 07 <a€ma€’m’> - 6€£’5mm’0£ . (139)

where the average is meant to be over an ensemble of realizations. The
variance is independent of m, i.e. all the 2¢+ 1 coefficients for a given ¢ have

the same variance
¢

! 1 * !
CxXX = T Z <affmafm>. (1.40)

m=—
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This means that to draw the distribution of each C, we have no more than
20 + 1 samples. Such a limitation is called cosmic variance and poses a
fundamental uncertainty

2

in the knowledge of the Cj.

1.5 CMB Temperature anisotropies

Accurate measurements of the microwave background show small devi-
ations from a perfect isotropy of the radiation field. The origin of such
anisotropies lies in primordial perturbations generated during inflation and
grown afterwards throughout the whole history of the universe. We give now
a brief review of the physics behind the inhomogeneities of the primordial ra-
diation field, observed today as anisotropies, choosing the Newtonian gauge
for the gravitational potentials.

The proper way of treating radiation is through the Boltzmann formalism.
Boltzmann equation describes the phase space evolution of the distribution
function of photons in presence or not of collisions between photons and other
particles. We know that prior to decoupling between matter and radiation, a
mechanism of interaction is provided by Compton scattering, which produces
a time variation of phase space density. Its efficiency depends on the electron
density (n.) and the optical depth of the plasma

0
7(n) E/ dn'ne.ora. (1.42)
n

We also know that it introduces a non negligible angular dependence o
(1 — cos?0), i.e. in the rest frame of electrons, outcoming radiation angular
distribution has a small quadrupole moment.

Since the anisotropy we observe today are small we expect that linear
regime for small temperature perturbations is appropriate for all their evo-
lution. Although the time evolution of temperature fluctuation, ©, can be
followed by feeding the evolution equation into Einstein-Boltzmann codes, a
physical understanding of the anisotropies we observe can be reached through
basic considerations and analitic results.

By moving to Fourier space and defining p = k - p, the temperature
fluctuation can be expanded in Legendre polinamials, P(u), as

1 1
0 = 5 / ApP () (1.43)
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and Boltzmann equation is

1
@,—Fiku@ = —gb’ — ik —7 Oy — O+ v, — =P (@2 +@po—|—@p2)

2

(1.44)
One way of solving this equation is by turning it into a hierarchy of equations
for each multipole ©, through Eq. (1.43) and then integrate each of them
over time and wavenumber. This approach is not exactly the one adopted by
Einstein-Boltzmann codes but it is nonetheless useful to describe the physics
of CMB anisotropies. For ¢ > 2, we get that a good approximation for each
multipole is
kn
27
In the regime of high optical depth, for modes comparable to the Hubble
radius, (kn ~ 1), we have therefore ©, < 0,_;. This leads to the fluid ap-
proximation for radiation: when interactions with matter are highly frequent,
photons evolve like a fluid, described by its monopole (energy density) and
dipole (velocity) equation,

Op~ —O,_, (1.45)

O} + kO, = —¢'
PR PN L R 1
O -5300=5 o]

(1.46)

being the higher order multipoles negligible. The two equations above can
be written as a single second order for the monopole Oy, a wave equation
damped by baryonic matter and forced by gravitational potentials. Tight-
coupling approximation holds until matter and radiation are strongly inter-
action and recombination of plasma to form the first atoms subracts free
electrons. So, prior to recombination, temperature inhomogeneities undergo
oscillations with sound speed and tipical lenght scale

cs = (3(1+R))™2, rs = /077 dn'cs(n') (1.47)

where R is the baryon-photon energy density ration defined as R = 3p,/4p,.

To solve these equations, the whole system of equations for the other
components and metric perturbations is needed. An approximate analitic
solution [42, 43] is

@é(k) 770) = [GO(k’ 77*) + ¢(k’ 77*)].%%(”0 - 77*)]

+ 301 (k, ) (J’e—l[’f("o — )l - = ?{Z{Ek—(n;; 77*)])

4 / " e [0/ (k) — &k, m)] el — ) (1.48)
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which shows that the anisotropies seen today in the radiation distribution are
mainly due to the monopole and dipole at the time of matter recombination
together with the gravitational potential ¢/ at the same epoch. There is then
a smaller contribution coming from the integrated changing of gravitational
potential until the present time, called integrated Sachs-Wolfe effect. Each
Fourier mode is projected onto the sphere by the Bessel functions. Since
no > n, and j,(x) is strongly peaked at x ~ ¢, then a perturbation with
wavenumber k is primarily responsible for anisotropies at angular scale

The angular oscillations we observe today as CMB anisotropies are (mainly)
due to the projection of acoustic oscillations of temperature fluctuations at
recombination onto the sphere.

1.6 CMB Polarization

As mentioned before, a small amount of polarization is expected to arise at
the time of recombination because of Compton scattering. The evolution of a
small polarization field, described by the Stokes parameters () and U, can be
treated in the same way as temperature fluctuation through the Boltzmann
formalism. Instead of writing down the Boltzmann equation for () and U we
can write them as

Q(
U(

) = Op(1) cos(9)
) = ©p(y1) sin(g) (1.50)

and study the Boltzmann equation for ©p(u):

k,
k,

' . ' 1
@P—Flklu,@pv: —T —@p—l—5(1—P2(M))<@2+@p0+@p2> . (1.51)

As the quadrupole of the polarization field appears in the Boltzmann equation
for temperature (Eq. (1.44)), the contrary is also true: polarization is sourced
by the quadrupole moment of temperature field. Following the same lines
as before, a rather accurate analytical solution can be found for ©p, at the
present time,

The solution above shows that the CMB polarization is small and out
of phase compared to temperature (it depends on the opacity and is pro-
portional to the temperature dipole at recombination). Further, there is no

@Pﬁ(l{a 770) =
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integrated contribution due to changing potential. The same argument about
the angular projection of temperature fluctuations still holds for polarization:
the angular power spectrum we observe today is oscillating, being the pro-
jection through the Bessel functions of the oscillating polarization field at
last scattering.

The two analitical solutions of the Boltzmann equation for temperature
and polarization reported above give a feeling of the physics behind the CMB
pattern we observe. The traditional approach for solving Boltzmann equa-
tion numerically consists of turning it into a set of coupled equations for
each multipole and integrate each of them over time up to the present time
[39]. An alternative method [44, 45], instead, goes through a formal inte-
gration of the Boltzmann equation along the line of sight and an angular
decomposition of the solution. This approach is much faster than the previ-
ous one and is the one adopted by the CMBFAST [44] and CAMB [46] codes.

Fig. (1.1) shows in black the CMB power spectra due to scalar pertur-
bations. Temperature, E polarization and T'E cross-correlation are reported
as solid, dotted and dot-dashed lines respectively. We also plot in red the
same three spectra induced by tensor modes (r = 0.133); although for each
polarization the tensor contribution has a different behaviour with respect to
the scalar one - and then they are in principle separable -, their amplitude is
much lower. As mentioned before, scalar modes do not produce polarization
B-modes at linear order, whereas tensors do (red dotted line). However, a
scalar contribution to B-modes arises from lensing of E-modes (blue dot-
ted line). It is a second order effect but of relevance for the detection of
primordial B-modes because of the higher level of E polarization.

1.7 The Planck mission

The Planck satellite [19] is scheduled to be launched in April 2009 to
reach the lagrangian point L2. It is the third generation space mission, after
COBE/DMR and WMAP, devoted to image the CMB anisotropies. The
Planck satellite is made of two instruments: the Low Frequency Instrument
(LFI) and the High Frequency Instruments (HFI). The Low Frequency In-
strument [47] will observe the sky at three frequency bands centered at 30,
44 and 70 GHz with a FWHM angular resolution of 33, 27 and 13, respec-
tively. It is composed by 11 pseudo-correlation receivers, actively cooled to
20 K, able to detect both orthogonal polarisations of the incoming signal.
LFT and HFT are located in the focal region of a 1.5 m aperture telescope.
While WMAP is not sensitive at frequency higher than 90 GHz, the instru-
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Figure 1.1: TT (solid), EE (dotted), TE (dot-dashed) angular power spectra
from scalar (black) and tensor (red) perturbations. The red dashed line is
the B contribution from tensors. The blue dashed line is the B-mode induced
by lensing.
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ments aboard the Planck satellite will produce cross-calibrated full sky maps
spanning a very large frequency range. This will give a higher control of
the foreground emissions. The High Frequency Instruments [48] will observe
the sky at six frequency bands, centered at 100, 143, 217, 353, 545 and 857
GHz; it will able then to monitor, for instance, the contamination from dust
emission, whereas the Low Frequency Instrument is sensitive to the galactic
synchrotron and free-free emission. The combination of the two instruments
will therefore produce the cleanest image of the CMB anisotropies ever ob-
tained. Moreover, the wide frequency range covered, delivering all-sky maps
for each channel, will provide at the same time a gold-mine of astrophysical
information.

After the first detection of CMB temperature anisotropies, more accurate
measurements of the temperature angular power spectrum up to the third
peak have been obtained by the WMA P satellite, together with an improve-
ment of TE and EE measurements. With its better sensitivity and angular
resolution, Planck is expected to improve the already measured spectra and
has a chance of detecting primordial B-modes. For a detailed discussion of
the Planck capabilities, we refer the reader to the Planck Scientific Program
[94].






Chapter 2

Gravitational waves
background

Whereas a certain amount of primordial scalar perturbations with a nearly
scale invariant spectrum is in good agreement with CMB temperature and
polarization anisotropies and the large scale structure we observe today, there
is no direct evidence of vector and tensor perturbations. Relying on infla-
tion or alternative models which solve the horizon problem to generate the
primordial spectrum of perturbations, the classical perturbations we see in
the CMB derive from geometrical amplification of quantum fluctuation. The
amplitude of primordial gravitational waves carries information on the scale
at which the early stage which solved the horizon problem took place. More-
over tensors propagate as waves whatever the content of the universe is. For
this reason if tensor perturbations have been excited and their amplitude is
high enough, CMB experiments should be able to detect them through their
distinctive imprints onto CMB anisotropies.

2.1 GW in Robertson-Walker metric

Let us consider the following action for gravity and matter

SE/d4x(£g+£m):/ {\/_er m (2.1)

and a metric tensor
G = 9 + P (2.2)

where h,, is a small perturbation to the flat Robertson-Walker metric gfg,).
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In the synchronous gauge, the goo and go; components are zero by defini-
tion and the line element takes the form

ds® = a*(1)[—dn® + (8i + hij(x,n))dz'd2’] (2.3)

According to Eq. (2.1), small perturbations evolve at linear order accord-
ing to linearized Einstein equations

1
5| Ry = 5Ru| = 87GST,,, (2.4)

where the energy-momentum tensor can be computed for each cosmologi-
cal component by integrating the distribution function over the momuntum
space.

We are not interested now in a complete and exhaustive study of cosmo-
logical perturbations, being this chapter devoted to tensors. For this reason
we will mean by h,, just its tensorial contribution, avoiding in this way to
carry all around any other index.

Gravitational waves are represented by the transverse and traceless part
of the spatial metric perturbation,

Oihij = hiyi =0, (2.5)
which evolve according to the equation of motion
h;/] + 2Hh;] - V2hij == 167TG(12H1']' s (26)

where II;; is the transverse (0;I;; = 0) and traceless (II;; = 0) part of the
energy momentum tensor.

Let us perform a Fourier expansion and consider the two polarization
states hy and hy

1 o
hij(x,m) = 2n)? /dkezk [hief + hyel] (2.7)

where e;; and eixj are the two symmetric polarization tensors which have the
following properties:

7
+ o+ X X5 + X015 __
eqe =ene =2, eqe =0. (2.8)

i+ i X +i o X0
keij—k:eij—(), e,  =¢e, =0,

By making use of the same polarization tensors to project the energy-
momentum tensor which sources gravitational waves, two Fourier amplitudes
I1, and II, can be defined as well, leading us to the Fourier equation for each
polarization state + and X,

R} + 2Hh, + k*hy = 167Ga’Il,, . (2.9)
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2.2 Inflationary spectrum

The simplest way of driving an inflationary expansion is through a scalar
field. Since the energy-momentum tensor associated to scalar fields does
not carry anisotropic pressure, tensor evolution equation has no source term
during the inflationary stage, just as if propagation would be in vacuum,

hy + 2HR), + k*hy = 0. (2.10)

By approximating the inflationary stage as pure de-Sitter space-time the
time evolution of the scale factor is given by a(n) = —(Hn)~!. To solve the
evolution equation for tensor modes is useful to make use of the quantity
vy = Mpyahy/ V2, solve for it and go back to the tensor amplitude hy. Eq.
(2.10) for vy reads

CL//
vy + <k2 — ;) v =0, (2.11)

which, since in de-Sitter space-time a”/a = 2/n?, can be written as

2
vy + (k2 — —2) v =0. (2.12)
n
and has solution
e [1 i } (2.13)
vp=— |1l — — .
ok kn

Going back to hy, in the limit of small k|n|, corresponding to super-
horizon gravitational waves, Eq. (2.13) reduces to

H )
hy, = M—z’e—zk%—?’/? (2.14)

pl

which is time independent and leads, as well known, to a scale-free power
spectrum
2H?

—_ 2.15
7T2M§1 ( )

k3
Pulk) = S5 (1hal? + [huf?) =
However, inflationary phase is expected to slightly deviate from pure
de-Sitter expansion, being H time-dependent. As consequence, a small k-
dependence in the power spectrum is introduced, usually parametrized as

Puk) = Patho () (216)
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where kg is a pivot scale and the spectral index is related to the time deriva-
tive of the Hubble parameter at horizon crossing and then to the first slow-roll
parameter, ¢ = —H'/(aH?), as

2H'

= m|k:a}] = —2€. (217)

ny

To connect the amplitude of primordial tensor modes to the scalar spec-
trum, a tensor-scalar ratio is defined as follows

_ Pulk)
Pr(ko)

which turns out to be related to ny, in single-field inflationary models, via
the so-called consistency relation,

(2.18)

r=—8n; = 2. (2.19)

2.2.1 Post inflationary evolution

Also after the end of inflation, throughout radiation- and matter-dominated
epoch, if free-streaming particles are absent, the homogeneous approxima-
tion in Eq. (2.10)for gravitational waves evolution still holds. This is due
to the fact that the content of the universe is pretty well described in terms
of perfect fluids. When radiation drives the expansion of the universe, the
time-dependence of the scale factor is a(n) o 1. For matter-dominated epoch
instead, it is quadratic (a(n) o< n?). The solution of the wave equation (2.10)
in the two regimes is

rad . Sln(k”?)

hl(c ) X Jo(lﬂl) = kn
ma i1(kn)  sin(kn)  cos(kn)

plmat) o Jilkn) _ 2.20
F kn (kn)? (kn)? (2:20)

where j, and j; are the spherical Bessel functions of first and second order
respectively.

When free-streming particles are present the above description fails; free
streaming particles do carry anisotropic pressure and therefore act at the
right hand side in the wave equation for tensors. Responsible for this are in
particular neutrinos, which free-stream at the energy scale of 1 MeV, well
above the time at which perturbations are initialized in Eistein-Boltzmann
codes. Since the current upper boud on neutrino mass constrain it be-
low 1 eV [58, 59, 56], they drove the expansion in the radiation-dominated
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era together with photons, which were tightly coupled to baryons through
Compton scattering. Such a strong interaction, absent for neutrinos, pre-
vent photons to develop anisotropic pressure. The result is that neutrinos do
free-streaming during radiation-dominated era whereas photons not. During
matter-dominated era both of them carry anisotropic stress but are subdom-
inant. Only the small residual fraction of photons at the decoupling epoch,
when Compton ceases holding them tied to baryons, may lead to a significant
contribution. However, neutrino mass plays also a role: massive neutrinos are
less subdominant than radiation at the early stage of matter-dominated era,
and in particular when CMB photons last scatter. The density parameter
for massive neutrinos can be written as

Y 93.14h2eV

where h? is the present value of the Hubble parameter in unitsof 100 km
s7! Mpc™! and the sum is meant over the neutrino states. In the next
sections we will study in some details the effect of free-streaming neutrinos on
the evolution of gravitational waves, together with the impact of primordial
magnetic fields on tensors.

(2.21)

2.3 Interaction with non collisional matter
The evolution of phase space distribution for non collisional matter is

driven by the homogeneous Boltzmann equation

0f ,ditof iR 0f
or = dr 0zt dr OP;

0, (2.22)

where P; is the canonical conjugate momentum of the comoving coordinate
2. We define, according to the literature [106], a new momentum variable,
qj = qn;, (with n'n; = 1) related to P, by

P = [@-j + %hij] ¢ (2.23)

and expand the distribution function at first order around its homogeneus
part,
fra',q5) = folg)[1+ ¥(r 2", q5)] , (2.24)
The phase space density of the particles is described at 0-th order by the
Fermi-Dirac distribution function (ignoring any chemical potential),

9s 1
= 2.25
fO(E) h?]D ec/KsTo 4 1 ( )
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where € = (¢% +a?m?)/2 is the energy of the particles, Ty is the temperature

today, gs is number of degrees of freedom, hp and Kpg are the Planck and
Boltzmann constant respectively.

The energy-momentum tensor is then defined through the following inte-
grals over momentum space:

0% — —a / PdqdQe fo(g)(1 + )

T%=a4/f®ﬂwmh@w

2
T"; a_4/q2dqd9q?n’njfo(q)(1 + V). (2.26)

In a fluid description, homogenous energy density and pressure are

o I q°
p=a 4/q2dquef0(q), p=ga 4/q2dqd§2?f0(q), (2.27)

while at first order in the perturbations we have
p=at [ dades(o)v
- 2 q°
op = ga=" [ ¢dgdQ=—fo(q)¥
TP, = a‘4/q2dqdﬂqn¢f0(q)\1’
' > . 1.
2y =t [ a0 (uin - 35 )0 (228)

In this notation, ¥¢; = T%; — §',7%;/3 denotes the anisotropic stress, the
trace-free component of 7%;.

We want to write down Boltzmann equation at first perturbative order
explicitely. To do this, we make use of the time derivative of the phase space
coordinate

de'  q ,
= -n
dn €
d 1 o
= 5 22

Any first order term in position derivative is ignored because f, does not
depend on position and therefore their product is null. Any variation of
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momentum direction is ignored as well, since it is first order and would lead
to second order term in Boltzmann equation.

By fixing a spherical coordinate system with the polar axis along the i
direction, the momentum direction 7 is described by two angles (6, ¢),

(l% -n) = cosf, (2.30)
(e); + e )n'n? = sin® O(sin 2¢ — cos 2¢) (2.31)

and the Boltzmann equation at first order reads

ov q, 1dln fy
— + k 0s OV + —
an 2 dln
Moreover, we wish to perform an angular expansion of ¥ on the sphere
and convert Boltzmann equation into a hierarchy of coupled equations for

the moments. We perform the following angular expansion,

U= \/_Z V20 + 1 VI gl MMty (2.33)

{h; sin? 0 cos 2¢ — R/, sin*@sin 26| = 0. (2.32)

With this choice, the hierarchy for tensor moments is

k q 1 dln fo .
U, o= ——-0 ———— (I, L ih!
2,42 3. 342 T 1532 ding (W, £ihl))
k (C+3)(¢—1)
V) = —=" €\IJ VU {>2
k2 = oy [PYenae T 1 1,42
(2.34)
Defining the two circular polarization tensors [104] as
1 1
eft = —(e;; +iejs) el = —(e;; —iej) (2.35)

iJ \/5 ©J \/5

Einstein equations for each circular polarization state take the form
R} + 2HR), + k*hy = 167Ga’1],, (2.36)
with
_ q*
Hk = 2a 4/dq?fg(q)\112¢2, (237)

To consider the massless case, which corresponds to particles with € = g,
we formally integrate ¥ over momentum space and define

S dag* (o) R RV | G
~ [dad3folq) \/_Z ACEE 2 fombtns

(2.38)
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The hierarchy for F' turns out to be

k 4
Fy_,= g2 Eth
k 4
o= 3t - 1—5h'L
k (L+3)(¢—1)
Ffl,iZ = m gFg,Liz — H—ngJrLiQ y g > 2 (239)
and the Einstein equations read
Ry + 2Hh), + k*hy = 167Ga’Tl, (2.40)
with
Iy = puFato. (2.41)

Written explicitly for each polarization state they are

R}y + 2HRy, + k*hp = 167Ga®p, F, o
W] + 2HE; + k*hy, = 167Ga*p, F (2.42)

2.4 Relation with Weinberg’s integro-differential
equation

We want now to compare Eqgs. (2.42) with integro-differential equation
obtained by Weinberg [51] and furtherly deeply studied [52, 53, 54|, to show
that shortly after neutrino decoupling the two approaches lead to the same
result.

The equation we refer to is Eq. (D23) of [54]

U Mk(n — 1
B+ M, + K2y = —241,H2 / diy W—?? B, (2.43)
k*(n =)
where f, = p,/pior is fractional neutrino energy density and js is the spherical
Bessel function of order 2. In the limit of k(n — n’) — 0 the kernel in the
integral is 1/15 and, using Friedmann equation,

Tlv dec

8t
H? = 3 Do’ , (2.44)
it is easy to obtain
647G
4 2Hh), + k*hy = — pu@® [ (n) = Mk (1 dec)] (2.45)

15
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Figure 2.1: Evolution on h(n) for k = 2 Mpc™! (top) and k = 5 x 1073
Mpc™! (bottom). Blue lines show the homogeneous evolution, green lines
the evolution with F5 19 = 0 and red lines the evolution with F5 1o = 0. The
two plots on the left show the horizon crossing of the fluctuations, whereas
the right ones the oscillatory phase. (Figure produced with Mathematica).

On the other hand, let us consider Eqgs. (2.46) and the case in which the
moments with m = £2 and ¢ > 3 are zero,

4

F2/,72 = __15%%
4

o= T .

(2.46)

Integrating from 7, 4. and feeding the result into the right hand side of Eq.
(2.42) it is immediate to recover Eq. (2.45). A truncation of the hierarchy
as sharp as the one above turns out not to be suitable for precise numerical
calculation. However, as illustrated in Fig. (2.1), it is not too far from a more
accurate treatment which includes further multipoles. Two Fourier modes
are shown adopting two different truncations as explained in the caption.
Furthermore, as discussed in [26] and shown in Fig. (2.1), free-streamig
neutrinos significantly modify the evolution of modes which enter the horizon
during radiation-dominated epoch, whereas are almost negligible for modes
which cross the horizon later, during matter-dominated epoch.

The impact of neutrino damping on B-mode angular power spectrum is
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Figure 2.2: Damping of tensor modes due to massless neutrinos with hierar-
chy truncated at F31o (dashed) and at Fgyo (solid), compared to the case of
no-anisotropic stress induced by neutrinos (dotted). As seen for each Fourier
mode, different truncations of the neutrino hierarchy have small impact on
the power spectrum.

shown in Fig.(2.2) for two differen truncations of the neutrino hierarchy, as
explained in the caption. The effect of considering more multipoles in the
neutrino hierarchy is small, consistently with what we saw for each Fourier
mode.

In the top panel of Fig (2.3), instead, is shown the case of massive neu-
trinos for two neutrino masses compared to the massless case. The highest
mass of the two corresponds to the current upper limit from WMAP [56],
under the assumption of three equal mass families. A very high neutrino
mass is considered in the bottom panel to emphasise the effect. Of course,
by feeding a high neutrino mass the background cosmology changes.

2.5 Interaction with primordial magnetic fields

In this section we include a stochastic background of primordial magnetic
fields (PMF) in our treatment [64, 62]. Since they carry anisotropic stress
beside energy, one expects an impact due to their presence on tensors evolu-
tion. Our results on the interaction of primorial magnetic fields with scalars
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Figure 2.3: Top: B-modes in the presence of massive neutrinos with m, =
0.065 eV (dashed) and at m,, = 0.22 eV (solid), compared to the massless case
(dotted). Bottom: B-modes with (solid) and without (dotted) interaction of
gravitational waves with neutrinos. A large mass of m, = 0.67 eV has been
used to increase the effect
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and vectors [63, 64] are summarized in appendix A.

Before the decoupling epoch the electric conductivity of the primordial
plasma is very large. Therefore, we are allowed at first order to assume the
infinite conductivity limit, in which the induced electric field is zero. Within
such a limit, the magnetic field amplitude scales as B(x,n) = B(x)/a(n)?
and the EMT of a SB of PMF is:

B?(x)
0= —pp=- 8mat
7 =0
i 1 (B*(x) i
7= 4m4< 0, — Bi(x)B (x)) (2.47)

The two point correlation function in Fourier space for fully inhomogeneous
fields is:

Pp(k)
5

(Bi(k)B; (K)) = (2m)°3(k — K')(3y; — kik;) (2.48)

where Pg(k) is the power spectrum parametrized as a power-law with respect
to a certain scale k,:

Py(k) = A(%)"B . (2.49)

PMF are damped on small scales by radiation viscosity. We model this damp-
ing introducing a sharp cut-off in the PMF power spectrum at a damping
scale called kp. To calculate the relation between the amplitude of PMF
power spectrum and the amplitude of the fields themselves we evaluate the
two point correlation function in the conicidence limit,

1 [hr A kT
B% = (B (x)B; ey = —— dkk?®Pg(k) = D
(B%) = (B () Bix)) lxx = 35 | 5(k) = Gt T3
(2.50)

where for the convergence of the integral above ng > —3 is requested. Note
that no guassian smearing has been adopted in the definition of the magnetic
field amplitude, being any ultraviolet divergence removed by introducing the
cutt-off kp.

As shown by Eq. (2.47), the EMT of PMF is quadratic in the magnetic
field and therefore its Fourier transfom is a convolution. The two point
correlation function of the spatial part of EMT is:
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(rap(K)Tea(K')) = M5/WMﬂMM&@BﬂPﬂﬂ%®WMW—m>
355 | dadp(Ba(a)By(k — ) Be(p)Ba(k' — p)) (2:51)
To extract the tensor contribution out of the expression above we make
use of the quantities P;; = d;; — k k; and Myjn = PPy + PyPj, — Pij Py,
getting
« 1
(PR = (Pl Path) = 3R Palh))

(Pl Pull) = §Pull)Pu)) 207
:imamﬁwwﬂm&k—y) (2.52)

where

1
51275

with y =k p, =k (k—p)/(klk — p|).

17 (k) [* =

/@ﬁympﬂm—mxuﬂf+m%% (2.53)

We perform the exact calculation of [IT®(k)|? for many spectral indices
[64]. We limit here to provide the analitic form of the spectrum for two cases,

ng =2 and ng = —5/2,

PR, = A% |8 Tk +161%2_ T 131%5_+ 11k
"E=2 T 956k 6 15 24 480 1920
AP 1984 512 512
|HB(>nf—5/2: 4*2{ = + 75 =+
B 2567 kD 5775 |1 . k’ 1155k5 1155 /|1 _ k‘k5
256 64 128
+ =+ ——— — =__ T
11554/ |1 — K|kt 109K% 931, /11 — E|#s
117728 28 37088
_|— — + — — — _ +
5775y /|1 — ki 3K 1925\/|1 — Kk
2k 3968k k
} (2.54)

57754 /|1 — K| " 100
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Figure 2.4: Plot of K*[IIJ(K)[* in units of (B?)*/(10247%) versus k/kp
for different np for fixed (B?). The different lines are for np =
—5/2,-3/2,—1,0,1,2, 3 ranging from the solid to the longest dashed.

and show the behaviour of the same quantity for all the spectral indices con-
sidered (Fig. (2.4)).

In the presence of PMF, the evolution equation for the metric tensor
perturbation h;; is:
v B
which, for each polarization state deep in radiation era reads

2 6 -
hl + Eh; + Ky = AR+ (1 R,)II”] (2.56)

where TP represents the time independent variable IT%/p.. The large scales
solution to this equation can be found expanding hy in powers of (k7). In
order to keep the leading and the next-to-leading terms we need to take into
account the neutrino octopole (F3), truncating the propagation of anisotropic

stress through higher moments by posing F; = 0. Hence, the neutrino
anisotropic stress evolves according to
4 k
F,=——h, — -F
27 15k 37?
3
Fy = —kFy (2.57)

7
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and the solution is then:

B 5(kT)? 15(1 — R)IIP (kr)?
o, = A[l S 2(15+ 4Ry)} 28(15 + 4R,)
 (1—=R) =y 15(kT)?2
bo ==l [1 a 14(15+4R,,)]
4(kT)?

The presence of magnetic fields is responsible for the new leading term in £y
- otherwise absent. This is the so-called compensation between collisionless
fluid and magnetic anisotropic stresses due to fact that magnetic fields grav-
itate only at perturbative level. Two new next-to-leading terms appear as
well in F5 and hy respectively.

To show the effect of compensation between neutrinos and PMF we have
switched off the interaction of neutrinos with tensors keeping the magnetic
contribution. From Eq. (2.56), the proper initial conditions for tensors are
then

h, = 6(1 — R, log(k.n)
1= 6(1— Ry)ﬁBl : (2.59)
n

In the absence of compensating neutrinos, the amplitude of tensors grows
logarithmically [65]. It is clear by comparing Eqs. (2.59) and (2.58) that
gravitational waves behave completely different in presence of inhomogeneous
primordial magnetic fields if free-streaming matter is taken, or is not, into
account. See Fig. (2.5) for the impact of this difference onto tensot contri-
bution to CMB anisotropies. It is clear that neutrinos should be taken into
account in the computation of the tensor contribution to CMB anisotropies
when inhomogeneous components as PMF are considered. One may argue
that Eq. (2.59) might hold before the neutrino decoupling - a time prior to
the initial time of Einstein-Boltzmann codes -, although other free-streaming
matter might be present. It would be therefore interesting to study the neu-
trino decoupling to understand how eventually Eqs. (2.58) and (2.59) match.

2.5.1 Impact of PMF on CMB anisotropies

By our modified version of CAMB, we have computed the full contribution
of a SB of PMF to CMB anisotropies in temperature and polarization.
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We have considered some values of np and for all of them the CMB tem-
perature pattern generated by the SB of PMF is dominated by the scalar con-
tribution at low and intermediate multipoles; the vector contribution takes
over the scalar one at high multipoles, whereas the tensor one is always sub-
leading with respect to scalar and vector.

It is interesting to note that the B polarization signal due to the vector
contribution is always larger than the tensor one. The B mode produced by
vector perturbations has a power spectrum which can be steeper than the
one produced by lensing with a peak around ¢ ~ few x 10%; therefore, for
suitable values of the magnetic field amplitude the B mode produced by a
SB of PMF can be larger than the lensing one for any np. For np > —3/2
the B spectra from the Vector contribution are almost indistinguishable for
different npg, because H( is white noise for k < kp; for =3 < ng < —3/2
we note a dependence of the B spectrum on ng. Analogous dependence on
ng also holds for the vector contribution to 177

B-mode power spectra for magnetic spectral index ng = 2 and ng =
—2.5 are shown in Fig. (2.5). Vector and tensor contributions are shown,
compared to the one given by lensing of scalars. It is clearly visible how the
compensation mechanism with neutrinos work: in the absence of it, magnetic
contribution would be much larger (dot-dot-dashed line).

2.6 Energy Momentum Tensor

An energy momentum tensor can be associated to gravitons as the part
of the Einstein’s tensor quadratic in the perturbation h,, [66, 67, 68],

) 1 )
aw _ 2) — _M? | R® o
T = —%wa) -l [R‘(”) 2 (919" Fas) }
1
- —M} {R(V 99 g R } (2.60)

where by the superscript (2) we mean terms which are quadratic in the
perturbation h;;. The EMT of gravitons takes a perfect fluid form, being the
energy density and the pressure associated respectively

d3k 1 2 2 2 !/

e—Z o [+ S s ] o
d3k 7k?

p=y o / [ 2+ |hk|2] (2.62)
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Figure 2.5: Upper panel: CMB B angular power spectrum. The solid line
is the tensor homogeneous contribution for a tensor-scalar ratio r = 0.1;
the dotted, dot-dashed, dashed line is the lensing, vector and tensor con-
tribution of a SB of PMF respectively for /(B?) = 7.5 nG, np = 2 and
kp = 27 Mpc™t. The cosmological parameters of the flat AC DM model are
Oy h? = 0.022, Q. h? = 0.123, 2 = 12, ny, = 1, Hy = 100 hkms ' Mpc™! =
72kms ' Mpc'. Lower Panel: same as before but for ng = —5/2. Dot-dot-
dashed lines show the magnetic contribution in the absence of neutrinos: by
comparing them with dashed lines, the effect of compensation is more than
evident.
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In de Sitter space-time the EMT of gravitons is conserved:
€ +3H(e+p)=0 (2.63)

As we will see later on, this is not true anylonger in radiation- and matter-
dominated universe.

Assuming a scale factor evolving as a = a,n®, the homogeneous solution
for tensor modes can be written in terms of Bessel functions of the first and
second kind as follows

Jﬁ71/2(k77) 4 N,871/2(k77)

b = Ay T By

(2.64)

Keeping only the growing mode of this solution and parametrizing the infla-
tionary spectrum for tensors as,

A2 = A%p3tnr (2.65)

we calculate explicitly the quantities € and p, preserving a general dependence
from 3 and nrp.

In the Appendix we perform explicitly the integration, here are the re-
sults:

. M2 A2y=20=2n1 D28 — pp — 2)T(2 + ng /2)
228-nr2q2 [2(2=2r=11(28 — np/2)
(26 —nry —2)I'(1 + nr/2)
P2(2B—3T—1)F<4ﬁ—nT—2)

2

B (26 —nr — DI'(1 + nr/2)
46F(2ﬂ—T2LT—1)F(4ﬁ—gT+1)1—\(26 _ TLT/Q)] (266)
 MRA2TP T L 5T(28 — ng — 2)T(2 + 0 /2)
I 3U2(E5ET (20 — nr/f2)
(26 —nr —2)I'(1 + nr/2)
S (g ] 200
with the condition
—2<np<28-2 (2.68)

imposed by the integral convergence in the high frequncy limit.
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2.6.1 GW equation of state

Using the expressions above it is easy to show that for gravitational waves
in a Friedmann-Robertson-Walker metric the conservation of EMT takes the
form

¢ +3H(c+p)=C (2.69)

where

MRAB(1 + B~

¢ = 928—np—2,2
(26 —nr — DI'(1 +nr/2)
28—np—1 2B—np+1 <270)
D(#=5"=)0(26 — np/2)I'(F—5")
It is thus worth to introduce an effective pressure
HC
Deft =P — —— (271)
3
such that the energy conservation looks as usual
€ +3H(e+ peg) =0. (2.72)

Let us spend few words on equation of state of GW. Introducing the
parameter of state

Wegr = pzﬁ (2.73)
it is straight to obtain, from eq. (2.72), that
Wegr = %ﬂ# , (2.74)
which in radiation- and matter-dominated period leads respectively to
Wetrad = 1+ L, ettt =+ (2.75)
’ 3 3 ’ 6

This shows that GW’s equation of state, in the limit of scale-invariant infla-
tionary spectrum, tracks the background behavior.

In Fig. (??7) the energy density spectrum at present time at large and
small scales is shown. The mixed term in the energy density - usually ne-
glected - carries a completely negligible contribution at high frequencies and
then is of no relevance for direct detection of primordial gravitational waves.
However its contribution is dominant at very large scale and then important
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Figure 2.6: FEnergy density spectrum of primordial gravitational waves
(black) at present time. Blue curves show what is usually assumed as energy
density, i.e. the laplacian and kinetic term in the integral. Red curves show
the contribution coming from the mixed term: it is very close to zero at for
high frequency modes but not negligible at all at low frequencies. ny = 0
has been assumed and abscissa is normalized to the scale of matter-radiation
equivalence, k/k,.
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Figure 2.7: FEnergy density spectrum of primordial gravitational waves
(black) at radiation-matter equivalence (top) and at z = 10° (bottom). Blue
curves show what is usually assumed as energy density, i.e. the laplacian and
kinetic term in the integral. Red curves show the contribution coming from
the mixed term: it is very close to zero at for high frequency modes but not
negligible at all at low frequencies. ny = 0 has been assumed and abscissa is
normalized to the scale of matter-radiation equivalence, k/ke,.
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for the integrated energy density.

Many efforts are put at present on the direct detection of gravitational.
Several experimets (LIGO [69], LISA [70], TAMA300 [71], GEO600 [72], Big
Bang Observer [73], DECIGO [74]) are dedicated to the direct detection of
gravitational waves, either of primordial origin or from astrophysical emission
processes. The tipical frequencies at which these instruments work (~ 1 Hz)
are order of magnitudes higher than those of interest for CMB. For this
reason the two approaches - direct detection and through CMB anisotropies
- are somehow complementary, as they study different scales. In this thesis
we focus on the second one.



Chapter 3

CMB foreground cleaning

In mapping the sky at different frequencies in the microwave band, cosmo-
logical signal and emissions due to astrophysical processes are unavoidably
blended. Our capability of extracting cosmological information from ob-
serving the sky is thus directly linked to our knowledge of the astrophysical
emissions and the instrumental noise properties at the frequencies of interest.
For this reason, assuming some external good description of the non-CMB
signals, the best choice would be looking at the sky in the frequency window
where these are as small as possible. On the other hand, since a detailed
understanding of the astrophysical emission processes across the sky and in
the frequency domain is still lacking, a wider frequency coverage for CMB
mission is then convenient, being the ‘dirtiest’ channels used as tracers for
different frequency dependent non-CMB signals. This approach allows us
to improve our astrophysical knowledge and at the same time to perform a
better cleaning of CMB maps. The multifrequency observation of the mi-
crowave sky has been adopted by the COBE and WMA P missions and, with
a further push towards the highest frequencies by Planck.

In this chapter, after an overview on astrophysical foregrounds, we present
some tests performed through the Internal Linear Combination method on
polarization maps and suggests an alternative more viable way for CMB
B-modes cleaning [49].

3.1 Astrophysical foregrounds
Galactic and extragalactic emission processes are responsible for a strong

contamination of CMB measurements. Therefore, particular care must be
taken in indentifying and removing their contribution before extracting any
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information of cosmological interest from sky maps. In the microwave band,
synchrotron emission from relativistic cosmic-ray electrons moving through
the magnetic field of our galaxy (~ 3 uG), free-free emission (bremsstrahlung)
from electron-electron scattering in the ionized interstellar medium and ther-
mal emission from dust grains are the three major sources of contamina-
tion from our own galaxy. Radio and infrared point sources, together with
the Sunyaev-Zeldovich effect - distorsions of CMB photons moving through
galaxy clusters -, are the most predominant sources of astrophysical extra-
galactic emission. Moreover, a fraction of foreground emissions is expected to
be polarized. Although subdominant with respect to the temperature emis-
sion, polarized foreground contaminations represent a challenge in particular
for the extraction of cosmological B-modes, being the latter fainter at all the
frequencies of Planck.

The frequency dependence of synchrotron emission is well described by a
power law, T'(v) oc 7%, where T is the antenna temperature and the index 3,
is related to the energy distribution of electrons, assumed to follow a power
law N(E) o< E7? as well, through s = —(p + 3)/2. A fraction

p+1

fo= o (31)
of such emission is then expected to be linearly polarized [75]. Current ob-
servations lead to a spectral index of order 5 ~ —3 [76]. However, in order
to take into account deviations from a simple power law affecting the high
energy electron distribution, it is better to consider a varying synchrotron
spectral index over the sky. Such a deviation induces a steeper spectral in-
dex for regions at high galactic latitude [77]. For s ~ —3, the relations
above would lead to a degree of polarization of f; ~ 0.75. However, su-
perposition of different regions along the line of sight and Faraday rotation
(almost irrelevant for the Planck frequencies) may play a role in reducing
the effective polarization degree. Along the galactic plane, in particular, a
strong depolarization is seen. Although not utterly from a physical point of
view, temperature and polarization synchrotron spectral indices are usually
modelled by the same parameters.

Free-free emission arises from interaction between electrons of the warm
interstellar medium, at temperature of order ~ 10*K and is traced rather well
outside the galactic plane by Ha emission [78]. The physics of such process
is quite well known and its spectral behaviour quite close to a power-law
with a (rather weakly frequency-dependent) spectral index of ~ —2.1. Given
the different spectral index, synchrotron emission dominates over free-free
emission at low frequency, getting the two comparable around 60 GHz. Since
the scattering directions are random, free-free emission is unpolarized. A tiny
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amount of polarization may arise, though, caused by Thomson scattering
between photons and electrons at the edges of HII regions [79].

At frequency higher than, say ~ 80 GHz, the dominant galactic fore-
ground is the thermal emission from interstellar dust grains [80]. The sim-
plest model of thermal dust emission is parametrized by one temperature and
one spectral index as follows, I(v) o< v%B,(T), where B,(T) is the Planck
distribution. A refinement of the model, consists of assuming two populations
of thermal dust, i.e. two temperatures and two spectral indices. WMAP ob-
servations are consistent with a choice of the four parameters of 77 = 9.5K,
Ty = 16K, B4y = 1.7 and 4 = 2.7 [76]. A small amount of dust emission is
expected to be polarized. This is due to the nonspherical shape of the dust
grains, which align their long axes perpendicularly to the magnetic field and
absorb starlight preferably in the same direction. Absorbed radiation is then
re-emitted with a thermal spectrum. We observe therefore a polarization of
starlight in the same direction of the magnetic field and a foreground of po-
larized thermal emission perpendicular to it. Unfortunatelly, our knowledge
of thermal dust emission is still poor. A big step in this direction, will come
with the Planck satellite, which will observe the polarized sky also at high
frequencies, where the dust contribution is sensibly higher than synchrotron.

As mentioned above, extragalactic point sources and SZ effect are a source
of foreground contamination as well, mostly for temperature and at very high
multipoles. Only a very tiny amount of polarization may be introduced by
point sources. SZ effect should be taken into account for the brightest sources
(as Coma) but can be ignored as a diffuse foreground from our own galaxy.

3.1.1 CMB and foreground reconstruction methods

A wide number of methods which aim at cleaning CMB maps and recon-
structing physical foreground emissions have been proposed in the literature.
The Planck Working Group 2 is leading a great effort to study how different
approaches perform on simulated Planck data [81].

While the primary goal of the mission is the cosmological analysis of CMB
maps, a great interest lies in a deeper understanding of the astrophysical
emission processes. For this reason, we can approach CMB cleaning in two
different ways: treating CMB as one of the many physical signal we want to
recover together with synchrotron, dust and free-free emissions, or focusing
on isolating the CMB regardless of the physical mechanisms responsible for
the ‘contaminating’ emission. It follows that different choices can be made in
the level of assumptions on foregrounds. A classification scheme of foreground
removal /recontruction techniques is the following:
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e Blind. Methods which do not make use of external information. An
example is Internal Linear Combination, which does not require any
knowledge of the foregrounds but performs a mere CMB separation,
providing no physical information about them.

e Unblind. Strong assumptions are made in terms of physical model of
foreground emissions. By fitting over the parameters of the model the
different components are recovered. Obviously, if the model assumed
is not correct the fit lead to completely wrong results.

e Semi-blind. External informations are used but without any modeling
of the physical emission. Typically, external template are used as trac-
ers for foregrounds and fit are performed over the combination of the
template themselves.

In the following we focus on the first and the third method approach.

3.2 Internal linear combination

Internal linear combination [82] of multifrequency temperature maps has
been performed by the WMAP team since the first year analysis [77]. In the
following we review the algebra, extend it to polarization and discuss it in
the context of Planck mission.

3.2.1 Algebra of the method

In this section we shall review the algebra of internal linear combination
technique, starting with the traditional only-temperature case and moving
then to include polarization as well.

We model the temperature data for each frequency channel ¢ in the pixel
p as

Ti(p) = S(p) + Fi(p) + Ni(p). (3:2)

where S is the primorial signal and /' and N are the foreground and instru-
mental noise emission respectively. What we are looking for is an estimate
of S through a linear combination of the N, frequency maps

Nen

S(p) =T"(p) = > wiTi(p), (3.3)

i=1

being the coefficients indipendent of the position in the sky. Out of the
infinite choices of the w; coefficients, we want to pick up those which satisfy
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two conditions: the variance of S is minimized and the CMB - which is
the only contribution to the data vector independent of the frequency - is
properly counted. Introducing the quadratic form of the data

= 5 ST~ T) % (T0) - ). (3.4

where T} is the mean temperature at frequency 4, the first condition corre-
sponds to minimize the quantity

Nch
> wiw;Cyj (3.5)
ij=1
while the second one imposes
Nch
d wi=1. (3.6)
i=1

With the help of some algebra, it is quite straightforward to show that build-
ing w; as
N -1
Nch -1’
Zi,j:l Ci

the two conditions above are satisfied. A proof of that which exploits the
method of Lagrange multipliers can be found in the appendix of Ref. [83].

(3.7)

w; =

3.2.2 Polarization

An extension to polarization is presented in this section. The idea is the
same as for the teperature case but the data set is now a set of three maps (7,
@ and U Stokes parameters) for each frequency and the linear combination
we aim at must be some weighted sum of all such maps. Once again, the
contribution from CMB to the data, this time also in the polarization sector,
is expected to be frequency independent.

We stack all the data in a vector x, say a vector of Ny, X 3 components
for each pixel, and denote by X the corresponding zero-mean vector (where
the average is meant for each frequency channel). Along the same lines as
before we build a quadratic form from the data

1
C = %%, (3.8)
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and write the ILC solution corresponding to Eq. (3.3) as
e=w'x, (3.9)
where the corresponding of E. (3.7) is
w=C"le(e’C'e)™! (3.10)

In this notation the ILC coefficients w; of the previous section are replaced
by w, a (Ng, X 3) by 3 matrix, which assigns a weight to each of the Ny, x 3
maps for each of the 3 ILC cleaned maps (7', @ and U). The e matrix has
then the same dimension as w, and is made of 0’s and 1’s, to ensure that
CMB is counted just once.

3.2.3 Errors

Although the statistical goodness of ILC maps is somehow assured by
the variance minimization, associated errors are not trivial to assess. We will
consider then the case of instrumental noise simply described by a variance o2
(uniform and isotropic noise) for each frequency channel. A first rough way
of assessing the effective noise associated to ILC maps is then to propagate
the noise variances through the ILC coefficients

Nen Nen
ote =Y waw(TT;) =Y wo} (3.11)

ij=1 i=1
One thing which is worth to be mentioned, though, is that the expression
above should be used with some care. If some of the ILC weights are bigger
than unity and the frequency noise levels are not particularly small, the sum
can become large, leading tolarge effective errors for the ILC map. Moreover,
to account for spatial variations of foreground over the sky, the ILC weights
can be computed separately on patches. In that case the expression above
could still hold region-by-region and need to be connected on the whole sky.

3.3 ILC for Planck

A Fortran 90 code which implements an Internal Linear Combination
(ILC) algorithm has been used to study the impact of such a technique in
cleaning polarization CMB maps for the Planck mission. Foreground maps
have been produced with the Planck Sky Model' (PSM) at the Planck fre-
quencies of 70, 100, 143 and 217 GHz (polarization maps are shown in Fig.

!The Planck Sky Model has been developed by the Planck Component Separation
Working Group for use in simulations of the Planck mission [81]
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(3.1)). CMB maps have also been simulated and added on top. All the maps
have been generated at full Planck resolution (Ngqe = 2048), smoothed with
a 7° FWHM gaussian beam and reconstructed at low resolution (Ngge. = 16).
Table 1 shows the rms residuals of simulated CMB and foregrounds outside
the mask adopted to cover the galactic plane (Fig. 3.2). The numbers imme-
diately give the B-mode contribution to CMB compared to the foregrounds
for polarization maps.

3.3.1 No-noise limit

In the absence of instrumental noise, an analitic solution for the ILC
coefficients (Eq. (3.7)) can be written,

14+, XS Ft
Wi — ( Z]k it jk )Zy i ZXJ‘FJ;I’ (3.12)
J

i )
ik Fi
where X; and Fj; are a measure of the correlation between CMB and the i-th
foreground and between foregrounds respectively,

N, N,

1 pix 1 pix
Xi= 5= 2 SWE®),  Fy=5— Y FEFD). (3.13)
pix p=1 p1x p=1

In Eq. (3.12) two contribution can be separate: one which depends entirely
on the foregrounds regardless of the CMB signal and another one which quan-
tifies the cross-correlations and is strongly dependent on the specific CMB
realization.

ILC cleaning has been performed over the pixels outside the galactic mask
shown in Fig.(3.2). The mask has been obtained by putting a threashold of
10uK to the foreground polarization maps at 217 GHz. We are mainly inter-
ested in the impact of ILC on B-mode detection, we compare the residuals
of ILC to the CMB contribution due to B modes.

For a more quantitative approach it is worth listing the ILC weights
obtained and the rms of residuals (((T™¢ — TCMB)2)1/2 (;K)). In the upper
panel of Table 2 we list the ILC coefficients computed from foregrounds alone,
namely by replacing C;; in Eq. (3.4) with F}; of Eq. (3.13). The column in
the right lists instead the residuals we get doing so. The lower panel lists the
same quantities but where the ILC coefficients have been computed from the
foregrounds+CMB maps.

It is quite evident from the only-foreground case that a set of weights that
properly clean foreground contaminations does exist, being the residuals of
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Figure 3.1: From top to bottom: ) and U foreground polarization maps at
70, 100, 143 and 217 GHz respectively
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Table 1: RMS residuals outside internal mask

Map T (pK) Q (uK) U (pK)

CMB (r = 0) 50.4 0.257 0.232

CMB B-mode 2.26 0.062 0.064

PSM 70 GHz 19.0 0.661 0.608

PSM 100 GHz 22.7 0.720 0.692

PSM 143 GHz 40.8 1.29 1.27

PSM 217 GHz  119.2 3.82 3.76

Notes: CMB and foreground residuals outside the mask shown in Fig. (3.2).

Figure 3.2: Galactic mask. It has been obtained by posing a threshold of
10muK on @ and U foreground maps at 217GHz. It cuts off about 36% of
the sky
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Figure 3.3: From top to bottom: simulated CMB temperature map, ILC
map, map of residuals after ILC cleaning
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Figure 3.4: From top to bottom: simulated CMB ) map, ILC map, map of
residuals after ILC cleaning
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Figure 3.5: From top to bottom: simulated CMB U map, ILC map, map of
residuals after ILC cleaning
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Table 2: ILC weights

70 GHz 100 GHz 143 GHz 217 GHz

only Foregrounds w1 Wa w3 Wy Res.
T —0.1427 —1.0457 2.995 —0.8070 0.947
Q —1.5525 5.2210 —2.936 0.2675 0.0054
U —1.6387 5.5929 —3.285 0.3303 0.0047
Foregrounds+CMB Wi Wy W3 Wy Res.
T 37.191  —129.68 113.52 —20.028  9.547
Q —5.3553 19.526 —15.707 2.536  0.0578
U —6.7704 26.042 —21.886 3.614 0.0619

Notes: ILC weights, w;, computed from the foregrounds alone and for the
combined foreground and CMB maps. The right column list the rms residuals
of the ILC maps ((T'C — TCMB)2)1/2,

ILC maps one order of magnitude lower than the B-mode rms. This means
that, in the no-noise limit, if we were given these weights we could perform
a good cleaning through ILC. However, from the lower panel it is immedi-
ate to notice that this is not the case if we compute the weights from the
coadded maps: the ILC residuals are comparable to those associated to the
B-mode contribution (see Table 1), preventing us to recover the cosmogical
information. Most of the contribution to ILC residuals, thus, comes from the
cross-correlation of foregrounds with the CMB.

3.3.2 Noisy case

In the limit of instrumental noise described by a noise variance o? for
each frequency channel, the noise property of ILC cleaned maps are given
by the linear combination of the noise variances o2 through the ILC weights,
as stated in Eq. (3.11). But since many of the weights listed in Table 2 are
larger than unity, such a linear combination lead to a catastrophic noise level
for the cleaned maps. For the foreground only case and the sensitivities of sc
Planck they would lead to a level of noise of order ~ 0.6 uK. Including CMB
in the ILC solution the situation becomes even more dramatic, getting the
weights larger and larger. Minimizing the foreground contamination then
lead to uncontrolled level of noise. On the other hand we might want to
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minimize the noise, by selecting the ILC coefficients as

~1
1 1
! (z_ ) 51
J
However, such a choice will not remove the foreground contribution.

To visualize the impact of noise on ILC cleaned B-modes we have per-
formed a Monte Carlo analysis. Although not optimal for low multipoles?, a
pseudo-Cy estimator has been used to compare ILC cleaned maps power spec-
trum to the CMB input. Keeping the same foreground maps we produced 10°
CMB skies and 10° noise realizations for each frequency considered (from the
Planck nominal sensitivities [94]) and perform ILC cleaning on them. The
averaged ILC cleaned noise levels are used to de-bias the spectrum, then de-
convolved for the galatic mask. From Fig. (3.6) it is clear that the huge noise
associated to ILC maps produce a large scatter on the estimates (but very
small bias), which is still visible also after averaging over 10° realizations.

3.3.3 Impact of ILC on r

To study the impact of ILC cleaning on tensor-scalar ratio we generate ten
CMB maps with » = 0, add the foreground contribution and clean the maps
through the ILC prescription. We then compute the likelihood function for
the ten ILC cleaned @) and U maps, allowing only r to vary. The likelihood
function is

L= S exp [—lxtClxl (3.15)
v/ (2m)™ det C 2

where x is the dataset and C is the covariance matrix. We assume a signal
covariance matrix regularized by a small diagonal noise level of 0.1uK which
has been consistently added to the polarization maps. Residual errors from
ILC are not taken into account in the covariance matrix.

Fig. (3.7) shows the likelihood distributions. Each of the ten realizations
considered shows a different and rather broad likelihood distribution for r.
As seen previously, the contribution to rms residuals associated only to fore-
grounds is subdominant (see Table 2), being the cross-correlations between
CMB and foregrounds dominant. Such correlations are responsible for the
large offset induced on the likelihood distribution of r, highly dependent on

2We will widely discuss CMB power spectrum estimation in Chapter 4. The reason
why we use such a sub-optimal method here is that it offers a computationally faster tool
to perform a Monte Carlo analysis
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Figure 3.6: BB power spectrum averaged over 10* ILC cleaned noisy maps.
The blue solid line has been obtained by performing a full sky ILC cleaning
(no mask). The yellow curve shows the result of ILC coeflicients computed
using WMAP 5y polarization mask and the red one with WMAP 5y process-
ing mask. The black solid line shows the CMB model used for simulations,
recovered by the average over pure CMB realizations (green line).
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Figure 3.7: Probability distribution for r for ten ILC cleaned maps. The
CMB model has r = 0.

the specific CMB realization, which can reach the value of r ~ 0.1. An
offset of r ~ 0.1 is consistent with what we found before: ILC cleaning on
maps generated with » = 0, produces residuals comparable to the B-modes
contribution when r = 0.1.

3.4 Template fitting

In this section we suggest an alternative more promising way for cleaning
polarization maps than ILC does. The high level of cross-correlation between
CMB and foregrounds is visible from the large spread in the probability
distributions shown in Fig. (3.7). By making use of templates and fitting
the data over them, we expect to reach better results. This is because any
features common to CMB and foregrounds can be in principle disentangled
with the help of some knowledge about spatial distribution of foregrounds.

We model the data as

x=s+Fp (3.16)
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where s is the signal, F is the matrix of template maps and 3 is a set of
parameters The idea is to use two sets of ) and U simulated foreground
maps as internal templates.

We combine CMB (with r = 0) and foreground @) and U maps (same sim-
ulations used for ILC) by weighting them through the inverse noise variances.
Therefore, the data vector we get contains the CMB and a combination of
foregrounds. Once the parameters 3 have been found by minimizing

Y’ =(x—-FpB)C x - Fp), (3.17)

where C is the covariance matrix, we compute the maps § = x — F3. This
estimate of the signal s can be fed into Eq. (3.15) to compute the posterior
of . As for the case of ILC cleaning in the absence of instrumental noise,
we plot (see Fig. (3.8)) the distribution for the tensor-scalar ratio we get
from the () and U cleaned maps. Two probability distributions are shown:
one obtained performing the template fitting through the 30GHz and 217
GHz channels and the other one using the 30GHz and 353GHz channels.
In the first case the distribution is very narrow around r = 0. Using the
353GHz channel as high frequency template, the posterior for r is slighlty
offset (~ 3 x 1073), due to the fact that the high frequency template is not
contained in the data vector.

In this section we have shown in the limit of no-noise that, if the PSM is
a good description of the polarizaed foreground emissions, the use of internal
templates for Planck performs by far better than ILC does at low resolution
for polarization maps.
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Figure 3.8: Top: Probability distribution of r by using two pairs of internal
templates. We assume r = 0 in the simulations.
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CMB power spectrum
estimation

If CMB anisotropies are gaussian distribuited, angular power spectra
carry all the statistical information contained in CMB temperature and po-
larization maps. In the inflationary paradigm cosmological perturbations are
expected to be very close to gaussian, and then mostly described in terms
of their variance. Also from an observational point of view non-gaussianities
are constrained to be rather small [56]; therefore power spectra represent a
very useful compression of the cosmological information that we get mapping
the sky in the microwave band.

In this chapter we will show the techniques tipically used to estimate CMB
power spectra and present a Fortran 90 code (BolPol) for power spectrum
estimation (PSE) from temperature and polarization low resolution maps.

4.1 Pseudo-C] estimator

Angular power spectrum is the variance ¢-by-£ of the (ensemble averaged)
harmonic coefficients ag,, of the sky map (let us focus for now on the tem-
perature only case). The most straightforward and natural way of getting
an estimate of it out of a map is just by directly transforming it by spherical
harmonics:

U, = / i T (7)Y (7) (4.1)

where the temperature field convolved with the spherical harmonic is inte-
grated over the directions n.

More operatively, since what we get from a CMB experiment is a pixelized
map with finite size for each pixel, the direction in the sky n is discretized

59
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according to the pixelization scheme and the harmonic coefficients can be
computed as a sum over the pixels:

Gm = Y T Yo (R:) (4.2)

where (2; is the area of the pixel ¢ and w; is a weight for each pixel we may
want to introduce. Because of the discretization of the map, we can not
get any information on scales smaller than the pixel size and the coefficients
above may be computed only up to some ¢ = ¢,,... By plugging them into

¢
- 1 o
Ce=125 +1 mzzg | (4.3)

we get Pseudo-Cy estimates up to fpax.

Weights different from unity may be required if we wish to mask the region
of the sky along the galactic plane (just by putting the corresponding w; = 0),
where the contamination from galactic astrophysical emissions is stronger.
Pixels contaminated by sistematics or not covered by the scanning of the
experiment can also be accounted for by a proper choice of the wights. A
fundamental implication of cutting out the galactic plane or whatever else sky
region is that spherical harmonics do not provide a complete and orthonormal
set of functions any longer, being such only on the whole sphere. Such
incompleteness of the sky coverage induces thus a mixing among harmonic
coefficients and then among C}’s. The approach usually adopted to face this
issue is to correct the Pseudo-Cy’s for some coupling matrix, a geometrical
object built up from the angular power specrum of the weights.

Unfortunately, it turns out that the estimates we obtain this way are
biased because of the unavoidable presence of instrumental noise in the map
on top of the cosmological signal. Therefore, to get unbiased estimates of
CMB angular power spectrum we need to subtract the contribution coming
from the instrumental noise, which can be computed through Eq. (4.2)
starting from simulated noise time streams projected onto the sky according
to the scanning strategy of the experiment. Reproducing the process a large
number of times we get a Monte Carlo estimate of the average noise angular
power spectrum.

Other effects, like the one induced by the intrinsic intrumental beam used
to observe the sky - usually frequency dependent -, may be also taken into
account in correcting Pseudo-Cy estimates. Such an ingredient turns out to
be essential in analysing very high resolution maps.

An important aspect one should take care of in estimating CMB angular
power spectrum concerns the errors associated to the estimator. The way
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they are commonly computed is through Monte Carlo on signal plus noise
simulated maps. While for the latter one needs to know the noise proper-
ties of the instrument (the same used to debias the spectrum), the former
requires the assumption of a CMB fiducial model.

The discussion above, although introduced for temperature spectrum,
applies to polarization spactra as well. The starting point will be maps in
the @@ and U Stokes parameters and the harmonic basis used to expand the
maps will be the two sets of spin-2 spherical harmonics 15Y7,, .

4.1.1 Some technical details

We will give now a concise review of the maths one needs to know to
construct a Pseudo-C, estimator and correct it for the effects introduced
above.

Starting from two sets of harmonic coefficients X and Y, where X and
Y are any of T', F, B, their Pseudo-spectrum is given by

y4
- 1 -

m=—/{

and its ensemble average is related to the true power spectrum, CXY | as

(CF) = MR BY By O+ (NN (4.5)
Z/

where M, Z)K(,Y’X,Y/ is the coupling matrix, By is the beam function and NX¥
is the noise power spectrum. As mentioned before, the coupling matrix can
be computed analytically once the geometry of the observed sky is known
and a choice of a weighting scheme has been made, and can be expressed
in terms of the Wigner 3-5 symbols. For the beam function, instead, the
situation is different as they have to be measured experimentally. A first
rough approximation might be the one of Gaussian symmetric beam,

1
BX = exp { — SO%0C+ 1)} , (4.6)

fully described by the rms beam width, fx, but a real and complex mis-
sion like Planck implies a much deeper characterization of the observational
beams. A big effort is being done by the Planck collaboration in this direc-
tion.

To conclude, one remark on noise power spectrum, which, as already
pointed out, needs to be constructed from simulated noise maps. In case
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of independent detectors it turns out that for cross-spectra (X # Y) con-
structed on different maps, the noise is uncorrelated and there is no need
of correcting Pseudo-C)y estimates, being them not biased. Since only-noise
simulations require a highly accurate knowledge of the instrumental noise
properties, the possibility of not using them makes such an estimation of
cross-spectra much more appetible than auto-spectra.

For more detailed discussions about the Pseudo-C, estimator we refer to
the reader Refs. [84, 85, 86, 87].

4.2 Quadratic Maximum Likelihood estima-
tor

The Quadratic Maximum Likelihood estimator for CMB temperature
power spectrum was presented by Tegmark in 1997 [88]. Few years later,
following the same lines as for the temperature case, an extension of the
method to CMB polarization power spectra estimation appeared in the liter-
ature [89]. Such an estimator, built up in pixel space as a quadratic form of
the data, i.e. the CMB maps, has been proved to be unbiased and optimal
[88, 89]. While the meaning of the first property is clear, i.e. averaging over
an infinit number of sky realizations the estimator converges onto the the-
oretical underlying power spectrum, the second one needs few more words.
According to the Fisher-Cramer-Rao inequality [90], the inverse of the Fisher
matrix of a set of parameters which we want to estimate represents the best
covariance matrix in the parameters space; therefore if the covariance matrix
associated to some estimator is just the Fisher matrix then that estimator
has the smallest errors, and we may call it optimal. This is the case of QML
estimator in the space of the C,’s [88].

In the following we will review the algebra of the method, though without
giving a detailed prove of it as it has already been done in the literature.

4.2.1 Algebra of QML

Let us introduce some notation and go through the algebra of QML esti-
mator. We stack the temperature and polarization data in a column vector
x and write its covariance matrix C as a sum of two contributions coming
from the CMB itself and from instrumental noise respectively,

(xx') =C=8+N=) CP}+N, (4.7)
0,X
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being the former a linear combination of the parameters we want to estimate
- the CX’s, where X =T, F, B,TE,TB, EB - and the latter indipendent of
them. Such a linear relation between covariance matrix and the C;*’s comes
directly from choosing the spherical harmonics (and their generalization to
spin-2 fields) as basis on the sphere for the temperature (and polarization)
field, whose the P{ functions are a proper rescaling. By construction, it

turns out then that
oC

Pl =_—+ 4.8
from which is evident that they are geometrical objects, independent of CX.
The QML estimator for C;* is defined as

CX =S (PR~ [Xtng/x - tr(Nng’)} (4.9)
X
where . 5C 5C
xx _ 1 -1 1
X = Str [C 5cxC 802{,} (4.10)
is the Fisher matrix and E;X is defined as
1 0C
Ef =-C'_—C. 4.11
£ 27 ook (4.1)

The two properties mentioned before which make such an estimator optimal
can be written as follows,

(CF) =CF (ACFACY) = (F ™ (4.12)

where the averages are meant to be over an ensamble of realizations. The
demonstration of these formulae are given in Appendix C.

4.3 BolPol - a QML for Planck

BolPol is a fully parallel Fortran 90 code which implements the QML
method described above. Since the method works in pixel space the com-
putational costs increase as one considers small angular resolution, in the
scaling described below. This is the reason why a parallelization of the code
was required. The inversion of the covariance matric scales as O(N3, ). The
number of operations is roughly driven, once the inversion of the total covari-
ance matrix is done, by the matrix-matrix multiplications needed to build
the operators E)X in Eq. (4.11) and by calculating the Fisher matrix /5~
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given in Eq. (4.10). To do that, the number of operations scales as O(N;i/xz).
The RAM required is of order O(Al N2, ) where Al is the number of C™' P
(for every X) that are built and kept in memory during the execution time.
The code is optimized such that the pre-factor of the memory scaling is 39
instead of 56 (that is the number of blocks of size N, that are present in
the 6 matrices C™! P;¥, labeled by X).

Given these kind of scalings, it is clear that it is unrealistic to run the
QML estimator on maps of resolution larger than N4 = 8 (Healpix param-
eter [92]), on a single CPU. To reach higher resolution we use the Scal.a-
pack package and the BLACS routines, which allow us to run BolPol on the
WMAP data set with the resolution of Ngq. = 16 on a supercomputer like
BCX (at CINECA, Bologna, processor type: Opteron Dual Core 2.6 GHz,
with 4 GB per processor) in ~ 40 minutes using 64 processors. BolPol has
been run on Nyqe = 32 simulated Planck maps leading to non-binned reliable
estimates of the six power spectra up to ¢ = 64.

4.4 BolLike - a pixel-based likelihood code for
Planck

As seen in the previous chapter, the likelihood function for a cosmological
model given the data x is

—%xtClx} (4.13)

L= ! ex [
~ Jenrdec) Y

where n is the dimension of the vector x. BolLike is a Fortran 90 imple-
mentation of the exact expression above for temperature and polarization.
It is a natural derivation of the BolPol code and can be used to compute
the posterior probability of a given cosmological model or the conditional
posterior probability of C,. BoLike uses the same routines and modules as
BolPol to build the signal covariance matrix. The code can handle the full
noise covariance matrix (which needs to be provided) and different masks in
intensity and polarization.

The computational costs are much lower than BolPol in terms of memory
requirements, since only the inversion of the covariance matrix and the com-
putation of the determinant need to be performed. At resolution Ng4. = 16,
about 9 seconds are needed for each cosmological model. The parameter
Niige corresponds to a map of 12 X Ngqe pixels. A (T,Q,U) full-sky map
at Ngqe = 16 is therefore represented by a vector of 9216 elements and its
covariance by a matrix of 84,934,656 elements.
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4.5 BolPol on Planck simulated data

We present now some results obtained with BolPol on Planck simulated
data. Part of this work has been carried out within the Planck CTP working
group activity®.

Realistic noise realizations together with the full noise covariance matrix
at low resolution (Ngqe = 32) for the 70GHz channel of Planck has been
simulated by the developers of the MADAM map-making method [91], and
CMB signal has been added on top. Such simulations are then available for
the exercises of testing and comparison of different methods and implementa-
tions for the Planck community. We have joined the activity and here report
the results.

The plot in Fig. (4.2), (4.3) and (4.4) show in red the estimates of all the
six angular power spectra obtained with BolPol together with the associated
error bars. The instrumental noise in almost negligible for temperature and
the angular power spectrum of the particular CMB realization in intensity is
very well recovered. For cross-correlations and polarization spectra, instead
the high noise level compared to the cosmological signal is evident from the
scatter of the estimates around the true sky. However, the scatter induced
by a Pseudo-Cy estimator at low multipoles would be much bigger.

An illustration is provided by the blue estimates and errors in the figures,
which show how ROMAster perform on the same simulated data-set. At very
low multipoles, where no binning procedure is usually adopted by the Pseudo-
C, method, the blue estimates appear to be noisier and with larger error bars.
The first 10 multipoles of EFE spectrum are a clear evidence of how much
the QML estimator improves over a Pseudo-C, approach. Moving towards
the higher multipoles considered here, the effect is of course mitigated by
the binning of ROMAster, whereas BolPol does not bin in any ¢’s. All these
analysis has been performed masking the pixel corresponding to the galactic
plane, as shown in Fig. (4.1).

On the same data-set we have also performed a likelihood analysis with
BoLike. The conditional likelihood distributions for some multipoles are
shown Fig. (4.5).

4.6 Super 70GHz channel

So far, the BolPol code has never been applied to CMB maps which con-
tain a tensor contribution. In this section we present a very preliminary

LCourtesy of CTP working group.
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Figure 4.1: Temperature (top) and polarization (bottom) galactic masks
adopted.
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Figure 4.2: Red estimates and error bars have been obtained with BolPol
on Planck CTP simulated data at resolution Ngiqe = 32. Solid and dotted
line show the true CMB sky used and the fiducial model beneath it respec-
tively. In blue, the result from ROMAster on the same simulations. Top:
TT spectrum. Bottom: T'E spectrum.
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Figure 4.3: Red estimates and error bars have been obtained with BolPol on
Planck CTP simulated data at resolution Ngge = 32. Solid and dotted line
show the true CMB sky used and the fiducial model beneath it respectively.
In blue, the result from ROMAster on the same simulations. Top: EFE
spectrum. Bottom: BB spectrum.
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Figure 4.5: Conditional likelihoods for the Planck CTP data-set



4.6 Super 70GHz channel

71

Figure 4.6: Inverse Fisher matrix

result on an attempt we made in that direction. We adopted a cosmologi-
cal model described by the following six parameters Quh% = 0.0268 , Q.h? =
0.1081,A4 = 2.41 x 107, ny = 0.967,7 = 0.089, Hy = 72.4 at pivot scale
k, = 0.02 and add a tensor contribution r = 0.133. This cosmological model
contains a primordial power spectrum for scalar and tensor perturbation gen-
erated by the simplest inflationary model with V(¢) = (m?$?)/2. From this
model we generated a sky realization for temperature and polarization mak-
ing use of the Healpix package at resolution Ngq. = 16. To describe the
noise propereties we rescaled the 7T0GHz Planck noise covariance matrix used
within the CTP exercise by a factor 9.8944213; such a rescaling allows us
to reach the nominal sensitivity of the 143GHz Planck polarized frequency
channel [94], the most sensitive one. Of course, this is not exactly true for
temperature but since the noise level would be in anycase far below the cos-
mological signal such an approximation does not lead to any significan error.
From the rescaled noice covariance matrix we extracted a noise realization by
Cholesky decomposing it. The angular power spectra estimated by BolPol
are shown in Figs. (4.7, 4.8).

Few comments about Fig. (??) are in order. The temperature and the
TE power spectra seem to have no bias, while F'E presents a bias towards
high multipoles. T'B and E'B scatter around their zero value. Note that the
lower level of noise is clear with respect to Fig. (4.2-4.4). We do not provide
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Figure 4.7: Estimates and errors from BolPol on a CMB realization from
the model defined by: Q,h? = 0.0268,Q.h? = 0.1081, A = 24121079, n, =
0.967,7 =0.089,Hy = 72.4,r =0.133 , k, = 0.02. The sky has been masked
either with the two temperature and polarization masks as above (blue) or by
applying the polarization mask also to the temperature map (black). From

top to bottom: TT, TE, EE
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Figure 4.8: Estimates and errors from BolPol on a CMB realization from
the model defined by: Qyh? = 0.0268,Q.h% = 0.1081, A = 2.41107%,n, =
0.967,7 =0.089,Hy = 72.4,r = 0.133, k, = 0.02. The sky has been masked
either with the two temperature and polarization masks as above (blue) or
by applying the polarization mask also to the temperature map (black). T'B
(top) and EB (bottom) spectra
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the BB spectrum since it seem to present troubles and deserves more study.

4.7 Application to WMA P low-resolution data

In the following, we will describe the application of BolPolto the WMAP5
year low resolution data-set. The products we used are public and available at
the LAMBDA web site?. The temperature map is the ILC map at N4 = 16
smoothed with a 9.8 degrees Gaussian beam. We have added a random noise
realization with variance 1uK?, following the WMAP procedure. Consis-
tently, the noise covariance matrix in the 7T sector has been assumed diago-
nal with variance 1uK2. The temperature map has been masked with KQ85
mask used by the WMAP team and the monopole and the dipole have been
subtracted from the observed sky by means of the Healpix routines[?]. The
@ and U polarization maps are provided by the WMAP team at the same
resolution N4z = 16. The inverse of the masked noise covariance matrix for
the polarization part is available at the same resolution on the LAMBDA web
site. We have followed the procedure explained at the LAMBDA web site
to obtain the direct noise covariance for the observed pixels. The polariza-
tion mask is the one which the WMAP team made of for the analysis at low
resolution, slightly larger than the temperature one. The noise covariance
matrices for T'Q) and T'U block are not provided and we set them to zero.

4.7.1 Results

We present the results obtained by our implementation of the QML es-
timator on the low resolution WMAP5 maps described above and those
obtained by the WMAP team in Figs. (4.7)-(4.12) for T'T, FE, TE and
BB spectrum respectively. In the top panels we show the BolPol esti-
mates with error bars (dark blue or red, see below) and the (Pseudo-Cy)
estimates obtained by the WMAP team with error bars (light blue). The
BolPol estimates in dark blue are obtained by using as fiducial spectrum
the theoretical WMAP5 best-fit [93], a TACDM cosmological model with
Qph? = 0.0227, Q.h? = 0.108, Hy = 72.4kms™*Mpc™t, 7 = 0.089, n, = 0.961,
Ay =241 x107? (at k = 0.002Mpc!). Error bars loose dependence on the
fiducial model by iterating the QML: we use the first run of BolPolP to obtain

2http:/ /lambda.gsfc.nasa.gov/

3As fiducial spectra for the iterated BolPol run we use the first TT and TE BolPol
estimates and leave the EF as given in the previous fiducial model when possible. The
fiducial spectra of BB, T B, EB for the iterated BolPol run are set to zero.
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Figure 4.9: Estimates of T'T angular power spectrum from WMAP 5 year
data at low resolution. Upper panel: BolPol estimates (dark blue diamonds)
with error bars (dark blue), iterated BolPol estimates (red diamonds) with
error bars (red), WMAP estimates (light blue diamonds) with error bars
(light blue). Lower panel: differences between the sets of estimates in unit
of sigma (same conventions as upper panel).
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Figure 4.10: Estimates of TE angular power spectrum from WMAP 5 year
data at low resolution. Upper panel: BolPol estimates (dark blue diamonds)
with error bars (dark blue), iterated BolPol estimates (red diamonds) with
error bars (red), WMAP estimates (light blue diamonds) with error bars
(light blue). Lower panel: differences between the sets of estimates in unit
of sigma (same conventions as upper panel).
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Figure 4.12: Estimates of BB angular power spectrum from WMAP 5 year
data at low resolution. Upper panel: BolPol estimates (dark blue diamonds)
with error bars (dark blue), iterated BolPol estimates (red diamonds) with
error bars (red), WMAP estimates (light blue diamonds) with error bars
(light blue). Lower panel: differences between the sets of estimates in unit
of sigma (same conventions as upper panel).
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angular power spectra from WMAP 5 year data at low resolution. Dark blue
symbols are for the not iterated case and red for the iterated case.
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Figure 4.15: Likelihood Slices for BB, TB and EB from ¢ = 2 to 10 for the
WMAP 5 year data at low resolution (i.e. nside = 16). Blue slices are for
the not iterated case and the red ones for the iterated case. The blue plus
represent the not iterated BolPol estimate with error bars (blue horizontal
line) and the red plus the iterated ones.
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another set of estimates with relative error bars, which is plotted in red. The
iterated estimates are always very close to those obtained with the WMA P5
best-fit as fiducial model: this means that QML estimates are sufficiently
stable with respect to iteration. The same does not hold for error bars. In
particular, the error on the 7T quadrupole is substantially smaller, and a
decrease of the error also occurs for £ = 3,4 in temperature. Our estimate
for the octupole in BB then is consistent with zero and very different from
the one obtained by WMAP (note however that the WMAP likelihood slice
for CEB is not anomaulous as the WMAP pseudo-C; estimate).

In the lower panels we show the differences between the two sets of esti-
mates in unit of sigma (same conventions as upper panels). More precisely
we show (CBelPol — CWMAP) /5 where the BolPol estimates and o are given
by: BolPol estimates with BolPol error bars for the no-iteration case (dark
blue lines); BolPol estimates in the no-iteration case and WMAP error bars
(light blue line); BolPol estimates with BolPol error bars for the iteration
case (red line).

We list now the reduced x? values for the iterated BolPol estimates from
¢ = 2 to ¢ = 32 with respect to the WMAP5 best-fit model: y%; = 4.423
but excluding the quadrupole this value decreases to 1.079; x2, = 0.785,
Xpp = 1422, x%5 = 1.607.

We also plot the first and iterated BolPol estimates and relative error
bars (in blue and red, respectively) for TB and EB (Fig. 4.13), but can
not perform any comparison since these two polarizations are not provided
in the LAMBDA web site. Also for these parity-odd correlators the QML
estimates are very stable with respect to the iteration. Note how the error
bars in T'B change (due to substantially different fiducial model in 7T in
the iterated run), whereas those in EB not (since the fiducial EE and BB
spectra are mainly unchanged during the iteration). The T'B null reduced
x? for ¢ = 2 — 23 is 1.34 to be compared with 0.97 quoted for ¢ = 24 — 450
by the WMAP team. The EB null reduced y? for £ =2 — 23 is 1.14.

So far, we have used the Fisher information as the error associated to
the estimates. However, it is known that at low multipoles the probability
distribution for the CY significantly deviates from being Gaussian, making the
errors not symmetric. We therefore evaluate the conditional likelihood slices
for the six spectra from ¢ = 2 to 10; we present these results in Figs. (77).
As for the QML, we compute the slices on the WMAP5 best-fit (blue points)
and on the BolPol estimates (orange points obtained with the same fiducial
used for the iterated QML run). It is important to note that the peaks of
the likelihood slices are very different for the two sets of conditionings: the
quadrupole in temperature is the most striking example. We do not observe
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such dependence on the fiducial model in the estimates in the QML method.
As for the errors of the QML method, also the shape of the conditional slices
depends on the fiducial model. The trend in the iteration is the same of the
one observed for the QML: confidence levels shrink by feeding the iterated
QML estimates as conditioning.

For comparison with the QML, we also plot the QML estimate and error
bars on top of the likelihood curves (blue for the first BolPol run and orange
for the iterated one). The peaks of the likelihood slices are always consistent
with the QML estimates within the error bars for both conditioning: how-
ever, an excellent agreement emerges when the QML estimates are used as
conditioning.

Few results deserve to be commented for their cosmological importance.
Our estimate (position of the peak) for the ¢(¢ + 1)CIT /(27)] =g is 165 pukK>
for the iterated QML (pixel base likelihood code). Basing on our pixel like-
lihood code BolLike, the conditional likelihood (normalized to 1) for ¢(¢ +
1)CFT /(2m)| =2 is larger than 0.05 between 50 /K2 and 1305 pK?. This range
has to be compared with the one given in Fig. 4 of [93].






Conclusions

The pattern of CMB anisotropies is enclosing information on most of
the cosmological history of our universe. Ground experiments, balloons and
space satellites have been able to collect an incredible amount of information
and new generation experiments are continuously planned for the future. In
the immediate future, the Planck satellite will be launched - date is April
29th at present - and its scientific capabilities can generate another revolu-
tion in the understanding of cosmology. With its very low sensitivity and
the ideal observational strategy - full sky from L2 -, Planck can improve the
knowledge of CMB polarization. Planck is expected to improve the present
constraints on B polarization and has the detector sensitivity potentially able
to detect large field inflationary model such as m?¢? [49].

In this thesis we have presented original work on the theory of primordial
tensor modes and their possible detection through CMB polarization, specific
for the Planck mission.

An analitical derivation about the coupling of gravitational waves with
free-streaming matter - as neutrinos - has been presented. We have shown the
relation between the Boltzmann hierarchy of coupled differential equations for
the angular moments of the distribution function and the integro-differential
approach of Weinberg [51]. In the first case, we see by numerical integra-
tion of the Einstein equations for tensors that the truncation of the neutrino
hierarchy can be made at very low multipole, without any significant loss
of information. The same rapid convergence is seen by performing different
truncations of the neutrino hierarchy in the CAMB code. We have shown
that the effect of free-streaming matter decreases the amplitude of CP% in
a range of multipoles above the first peak position (¢ ~ 90). We have thus
considered the evolution of tensor modes when a fully inhomogeneous com-
ponent - as a stochastic background of primordial magnetic fields - is present
(see also Appendix A for a study of scalar and vector perturbations). In the
case with magnetic fields the interaction with neutrinos drastically changes
the behaviour of gravitational waves. This interaction is characterized by
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a compensation between the anisotropic stress of neutrinos and the one by
magnetic fields. We found the analytical expressions for the convolution in-
tegrals which represent the energy-momentum tensor of PMF. By feeding
the correct equations for tensors (scalar and vectors have been consistently
treated as well) in a modified version of the CAMB code, we are able to
simulate the magnetic contribution to CMB angular power spectra. It turns
out that the tensor mode is subdominant with respect to the scalar and vec-
tor magnetic contribution. By switching off the neutrino interaction with
tensors, the absence of compensation with magnetic modes leads to a much
higher contribution to B-modes from magnetic fields. As a second part of the
theoretical chapter, we have also presented results on the energy-momentum
tensor associated to gravitational waves. We performed the integration over
Fourier space of energy density and pressure, showing that tensor modes can
be described as a viscous fluid whose equation of state tracks the cosmo-
logical expansion. We have shown how an additional term in the energy
density does not lead to any significant modification for the direct detection
of gravitational waves, being its contribution negligible at high frequencies.
We have however shown that it is important to include it in a fluid treatment.

We moved than to testing and devoloping techinques and software for
the data analysis for the Planck mission. We have presented a test of the
Internal Linear Combination method for foreground cleaning on simulated
polarization maps at low resolution. CMB and foreground have been simu-
lated for the 70, 100, 143 and 217GHz channel with the Planck Sky Model
and a mask has been applied to cover the most contaminated region. We
found that, in the absence of instrumental noise, Internal Linear Combina-
tion of CMB maps which contain no tensor contribution provides cleaned
polarization maps with an excess of variance comparable to the contribution
of B-modes with a tensor-scalar ratio r = 0.1. Such residuals are mainly
due to the cross-correlation between CMB and foregrounds and induce a
non-negligible offset on the posterior for r, strongly dependent on the CMB
realization analysed. Moreover, some of the ILC coefficients are larger than
unity and would lead, for the Planck sensitivities, to a large noise level for
the ILC cleaned map. We suggested as alternative method for foreground
removal at low resolution, the use of internal templates, and tested it in the
simplified case of no-noise. By taking two Planck channels as internal tem-

plates, we found in the absence of noise a posterior for 7 much narrower than
we did with ILC.

A new pixel based power spectrum estimation code has been presented in
the last chapter, BolPol, together with a likelihood code which uses some of
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the same subroutines, BoLike. BolPolis a Fortran 90 parallel implementation
of the Quadratic Maximum Likelihood method [88, 89], which provides opti-
mal estimates and minimum variance error bars for all the six angular power
spectra (TT, EE, TE, BB, TB, EB). At present BolPol can work at resolu-
tion Ngge = 32, a resolution which provides reliable estimates and errors up
to £ ~ 64. It can deal with different masks for temperature and polarization
and with a full noise covariance matrix (not only its diagonal elements). We
have shown how it improves on the Pseudo-C, approach for Planck simu-
lated data either in terms of less scattered estimates around the theoretical
model or in terms of smaller error associated. An application to real data
has also been performed. We have applied BolPol to the public WMAP5
low resolution data-set (Ngqe = 16) and found a substantial agreement with
the WMAP team results. By iterating the QML method, we found that the
estimates show a good stability, whereas error bars loose dependence on the
fiducial model. We used BoLike to produce conditional slices for the first nine
multipoles assuming as fiducial model either the WMAP5 best-fit model or
the BolPol estimates. The impact of iteration is much more evident in the
likelihood analysis, consistently with what we saw for errors. Consistently
with the iteration procedure we adopted, we found an improvement on the
TT and T'E spectra, with the others almost unchanged. We have shown how
a parallel version of the QML or a pixel-based likelihood code is an excellent
tool for low resolution data analysis. The present capabilities of BolPol- able
to run on maps at resolution Ngqe = 32 to provide unbinned estimates of all
the six power spectra - is already sufficient to handle Ngq, = 64 maps and
estimate power spectra with a light binning. Such map resolutions would
allow us to explore the multipoles where the BB signal generated by primor-
dial gravitational waves with a scale inveriant spectrum would be maximum.
Our implementation of the QML method and a pixel-based likelihood code
is therefore ready not only for Planck, but also for the next generation of
experiments which target the BB polarization signal generated by inflation.






Appendix A

Scalar and vectors magnetic
modes

In this appendix we summarise our results for scalar and vector mag-
netic modes as well. More details can be found in Finelli, Paci, Paoletti,
Physical Review D, 78, 023510 (2008) [63] and in Paoletti, Finelli, Paci
[arXiv:0811.0230], submitted for publication on MNRAS [64]

We choose to work in the synchronous gauge, where the scalar metric
perturbations are described in Fourier space by two scalar potentials, h and
7. In this appendix we denote the conformal time by 7. In presence of
magnetic fields, Einstein equations for scalars are

1
k277 _ 57—(h’ = 47TGa2(En Pndn + PB)

k1 = 47Ga*S, (pn + Po)0,

5
W'+ 2Hh — 2k*n = —87Ga® (S, €5, pudn + %) ,

R + 60" 4+ 2H (K + 61') — 2k*n = —247Ga®[S,(pn + Po)on + o8],
(A1)

where n represents the various species of the plasma, i.e. baryons, cold dark
matter (CDM), photons and massless neutrinos. For vectors, instead, we
have

RV 4+ 2HRY = —167Ga*(I1Y) + 1Y) + 115 /. (A.2)

Energy-density conservation leads to a relation for scalars between en-
ergy density, scalar anisotropic stress and Lorentz force induced by magnetic
fields on baryons. A similar relation holds for the vector contribution at the

91



A. Scalar and vectors magnetic modes

anisotropic stress and the Lorentz force. Thus, we need to compute only
three quantities out of the five. We chose the following

o8(k) = 55z [ APPa(e) Pallk— pI(1 + 1)
VW) = =55 [ dpPalo) Palk = pI) (1 + 51 =) + 280 = 16)
LI = fo53mss [ APPa(e) Palli— BIIL+ 1 + 49506 — )].(A3

Both for scalars and vectors, the Lorence force induced on baryons modifies
the velocity equation. The magnetized adiabatic mode initial conditions we
found are:

h = Clk27'2
5+4R, Qp(17 — 14R,) 23Lp
=20, — ——— 2 _C1k* 7 — k72
T T 605 4R, T { B(15 1 4R,) W15+ 4R | " T
2 Q L
- O — 20 k22 *¢B B L2712
57 B 301 T +|:6 +2(1—Rl,) T
2 Qp(1-R,) Lg
Y O T 2.2 B v 2 _2
(S,, B 301]6‘ T |: GRV + QRV:| kT
3 Cl QB 3LB
- 20,2t 2 B, 9B | 2.2
(5b 1 B 2(/€T)+|:8+8(1_RV):|I€T
0 = —%kz27'2
Ci,y 5 [ 3 Lp 2 Qp Lp 4.3
b, = ——k'77 - |2+ " |k — 4+ ——_ |k
TR {4 +4(1—1%,,)} Tt Taua—rytT
O = 0,
6. =0
(23 +4R,) .3 [Qs(1—R,) 3Lg| ,
0, = ———— 2 _(Ck — Y 2k
sIrar) T T T AR, TaR, T
(411 — TR, (47 +4R,)Qs  (33—28R,)Ls ] ,, 3
504R, (15 + 4R,) 168R, (15 + 4R,)
oo 4C4 2o s 3Ly 3Qp(17 — 14R,) 69Lp k72
Y 3(15+4R,) 4R, 4R, (15 +4R,) (15 +4R,) | 28R,

6[Qp 3Lg
Fp=—- OB kr Ad
3 7{4Ry+4Ry] ’ (A.4)
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Figure A.1: Comparison of k®|pg(k)|* (solid line), k3| L(k)|* (large dashed
line) k3|1 (k)| (small dashed line), k3|H§jT)(k)\2 (medium dashed line) in
units of (B?)%/(102473) versus k/kp. The two panels are for ng = 2 (top)
and ng = —5/2 (bottom).

In Fig.(A.1) we show a comparison among the scalar, vector and tensor
convolutions for the two cases np = —2.5 and 2.

In Fig. (A.2), instead, we show the scalar, vector and tensor contribution
to the CMB angular poewr spectra for the 7", TE and E'E polarizations
(once again for ng = 2 and np = —2.5).
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Figure A.2: CMB angular power spectrum for TT (top panels), TE (center
panels), EE (bottom left) for ng = 2 (left column) and np = —2.5 (right
column). The solid line is the adiabatic scalar contribution; the dotted, dot-
dashed, dashed are the scalar, vector and tensor contributions of a SB of PMF
respectively for \/(B2) = 7.5 nG and kp = 27 Mpc™'. The cosmological
parameters of the flat ACDM model are Q,h? = 0.022, Q. h? = 0.123,
Ze =12, ny =1, Hy = 100 hkms™ Mpc™ = 72kms™ Mpc™.



Appendix B
EMT integrals

In this appendix we compute explicitly the relevant energy momentum
tensor components for gravitational waves, i.e. energy density and iotropic
pressure. The starting point are the following two integrals in Fourier space:

M2 [

€= 472‘22/ k2dk [| B |* + K| |* + 8H |, hu|]
M? .

b= oy [ R[Sl e ®.1)
0

127242

We assume a power law expansion of the scale factor in conformal time,

a(n) =am’ dn)=apn’' H==, (B.2)

SHReY

where we remind that § = 1 for radiation and § = 2 for matter, and keep
only the growing mode of tensor modes

Js-172(kn)
(kn)o=1/2

J6+1/2(k77>

A ()17

B = — Ak (B.3)

where Ay = Ak=3t"7_ The three quantities which need to be integrated are
the following

A2
k2| |* = WkQ 2 g2 e (k)
A2 e
Y he|? = WkQ 2 g2 e (k)
A2
K hyhj, = —Wk’l 2 g2 s (kn) T3 e (k) - (B.4)
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96 B. EMT integrals

For each of the we give the result together with the parameter region (ny, 3)
allowed by the convergence of the integral.

e first integral

convergence for —4 < np < 23 —2

o) AQ o) - .
| amn = o [ ek )

A2 T(28 —np —2)0(2+ %)
220-nr=2 2(2pr=l)p (24 — nF)

e second integral
convergence for —2 < np <23 —2
= 417 12 A = 2-2 2
/ dkk*|hy|* = 7725—1/0 dk k=~ ﬂ+nTJB_1/2(k57])

0

_ A2pmrr=2 D23 —np — 2)0(1 + 2) (B.6)

2= [(Eegrl) (25 — 5 — 1)

e third integral
convergence for —2 < np <24 —1
= 2 / A? = 1-2B4np 72 2
[ i) =~ [ AR ) T (k)
B A2pnr—1 (28 —ny —1)I'(1 + =)
= 226—71T—1 F(?B—ZT—l)F(2B—gT—|—1)F(25 _ nTT)
(B.7)

Note that without any cut-off scale, the laplacian and kinetic term
diverge in radiation era for a pure scale-invariant spectrum (ny = 0).



Appendix C
QML derivation

In this appendix we provide a derivation of the QML algebra, extending
the details of Ref. [88]

We look for estimates which are quadratic on the data
Cr = x"Eyx, (C.1)

where x is the data vector and E, is the object we want to find. Introducing
the covariance matrix and using the addition theorem for spherical harmonics
we can write

(xx') =C =) PyC; (C.2)
él
from which
(Co) = tr[BC] = tr[B Y _PuCy] = tr[E,Py|Cy (C.3)
o o
and the covariance is
Vi = (CoCp) — (C){(Cyp) = 2tr[CE,CEy] . (C.4)

We need to minimise Vj» under the condition that
tr[E,Py] = 1. (C.5)
To do this we go through the Lagrange multipliers procedure.
L = tr[CE,CEy — 2A\(P/E, — 1)], (C.6)

L
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98 C. QML derivation

Feeding this expression for E into Eq. (C.5), we get

1 1
A= = C.8
tT[C_IPgC_lpg] QFM ( )

where the Fisher matrix F has been introduced and the final expression for
E, takes the form

_ A .
E, = 2Fac P,C~ (C.9)

We define now a rescaling of the estimator Cy by
ye = FuC (C.10)
and see that its average value is
(ye) = Fu(Cr) = FuCy . (C.11)
Finally, we define a new estimator as
Co = Filyw . (C.12)
whose mean is
<Cg> E Ny, = Fpt FonCon = 640 Con = C (C.13)
and its covariance is

(Co=C)(Cr = Co)fy = (C?e(]ﬁ — C,CL — CyCp + CC)
= (C,Cl, — CuCy
= (F,pyeryon Fty) — CoC,
= Fyn (Fongrr + (yer) (yer)') Fpigr) — CeC
= Ft +(Co) + (Co) = CiCy = Ft - (C.14)

Thus, we demostrated that the estimator C, is unbiased and optimal,
since its covariance matrix is the fisher matrix, Fzz,l, the best covariance
matrix for an estimator [90].
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