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Introduction

The reionization redshift represents a fundamental milestone in the history of the universe, since
at this epoch the first sources of light can ionize the intergalactic medium (IGM) with significant
repercussions on the following formation of the structures. As an example, the ultra-violet (UV)
radiation can heat the gas, preventing the collapse of the smallest galaxies that can be destroyed
by the photoionization. The re-heating of the IGM can also reduce the formation of the molecular
hydrogen, that is a fundamental ingredient of the star formation, determining the effectiveness of
the hosting source to the IGM ionization.
It is then important to know when the first and the final stages of reionization take place and
the way in which this process occurs. Several observational test made up to now to characterize
the epoch of reionization (EoR) paint it as a quite complex phenomenon that is at present still
unclear. In fact, a first estimate of the reionization redshift zreion can be achieved from the po-
larization spectrum of the Cosmic Microwave Background (CMB) radiation. The IGM ionization
can produce an additional peak on large physical scales, corresponding to the horizon size at the
reionization epoch, whose amplitude is related to the IGM optical depth. The recent analysis
based on the 5-year WMAP (Komatsu et al., 2008) data shows that zreion ∼ 11, probing an early
reionization. Other estimates come from the observational tests on the large scale structures, as
the Lyα galaxies at z = 5.7 and 6.5. Their characteristic luminosity function shows a lack of time
evolution, that is consistent with a fully ionized IGM at zreion ∼ 6 (Malhotra & Rhoads, 2004).
Similar results have been obtained from the analysis of the spectra of the high-z QSOs (Fan et al.,
2004; Goto, 2006; Willott et al., 2007, 2009) and Gamma Ray Bursts (GRB) (Totani et al., 2006).
In fact, the typical light-curve of their emission shows a flux decrement corresponding to the Lyα
wavelength, in agreement with zreion = 6.5. Other observations related to the IGM temperature at
z . 4 (Hui & Haiman, 2003) are still consistent with a late reionization redshift, possibly following
a first IGM ionization at earlier epochs.
Then, the outlined picture for reionization describes it as an inhomogeneous and not instantaneous
process, for which the evolution, the nature and the role of the same ionizing sources are still inde-
termined. The future observational probes, anyway, can help us to clarify these obscure aspects.
The major chance is represented by the next Planck’s observations, that are expected to probe the
CMB polarization spectrum with high accuracy at the lower multipole moments, so that to infer
the IGM optical depth with a precision of ∼ 6% (unlike the present 20% provided by WMAP)
(Holder et al., 2003; Mukherjee & Liddle, 2008). As a consequence, these observations should allow
to distinguish between different, although simple, reionization models and to constrain the possible
extended or instantaneous nature of this process (Bruscoli et al., 2002). Other information can
be revealed by the investigations of the new interferometers as LoFAR, SKA, MWA and PAST.
The purpose of such researches is to detect the radiation at the 21-cm wavelength emitted by the
neutral hydrogen, tracing the IGM ionization history throughout the evolution of the universe.
This emission can also be measured as an additional small (. 20µK) contribution to the CMB
temperature (Ciardi & Madau, 2003; Shapiro et al., 2008). Anyway, the success of this kind of
tests is strongly related to the capability of the interferometers to receive signal from the actual
reionization redshift. In fact, most of these instruments have been planned to detect the radiation
coming from z . 9, then they are in practice ineffective in case of an earlier reionization, but just
in giving a lower limit for zreion.
Because of its nature, the reionization process is strictly related to the structure formation sce-
nario. In fact, the ionization action of the galaxies is usually dependent on the properties of the
hosting dark matter halos and the recombination of the gas is determined by the local density.
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Then, the predicted reionization picture should, in principle, vary when different assumptions con-
cerning the hierarchic evolution of the dark matter perturbation are made. As a consequence,
the reionization observables can be used to probe not only the IGM state but also the structure
formation paradigm. However, the growth of the density fluctuations is indeed determined by the
cosmological background. In fact, the rate at which their amplitude increases is a direct function of
the matter and dark energy contents of the universe. Then, as an indirect probe, the observational
tests on reionization can constrain also the cosmological framework.
From this point of view, the purpose of this work is to investigate the ability of the reionization
observables in constraining the structure formation and the properties of the background universe.
In doing this, we have assumed theoretical prescriptions for the hierarchic growth of the density
perturbations and suitable models describing the ionization and the recombination of the IGM,
making predictions for the evolution of reionization both in the standard ΛCDM universe and in
two different chosen alternative cosmologies.
We first assume a universe with a dark energy component varying in time. In fact, although the
standard model based on the cosmological constant Λ does not conflict with the recent observa-
tions and is widely used in literature, the introduction of Λ implies theoretical problems of various
nature, as the fine tuning required to obtain the present-day similar values for the dark matter
and the dark energy density (the so-called ‘coincidence’ problem). Moreover, the last observational
test on SNIa (Wood-Vasey et al., 2007) does not reject the possible evolution of the equation of
state of the dark energy (the so-called ‘quintessence’ component). Anyway, the time-evolution of
the dark energy density indeed affects the growth of the matter fluctuations and, as a consequence,
the distribution of the ionizing source.
The other case we consider in this Thesis is represented by a flat ΛCDM universe characterized
by a primordial non-Gaussian overdensity field. In the common picture for inflation, the density
fluctuation field rising after the accelerated expansion is assumed to have a Gaussian statistics.
Actually, the self-interaction of the scalar field driving inflation can give rise to a tiny deviation,
modifying the distribution of the overdensity field and affecting the following hierarchic growth.
This scenario is also probed by the observational tests related to the CMB bispectrum, that allow
to estimate a small degree of non-Gaussianity (Komatsu et al., 2008), or to the quasar distribution
in the Sloan Digital Sky Survey (SDSS) (Slosar et al., 2008).
This Thesis is organized as follows:

1. in Chapter 1, the fundamental bases of the cosmological background used in this Thesis will
be reviewed. In particular, we will illustrate the theoretical reasons which lead us to consider
alternative universes, focusing our attention on the Peebles & Ratra (2003) and Brax &
Martin (2000) models that will be adopted to describe the quintessence component in the
present work;

2. in Chapter 2, we will review the structure formation paradigm that allows to infer the sta-
tistical properties of the collapsed objects. A particular attention will be turned to the
non-Gaussianity case and to the introduction of the Matarrese et al. (2000) formalism which
can be adopted to describe the effect of non-Gaussianity on the structure evolution, that
will be used in our analysis. We will finally introduce the different types of non-Gaussianity
considered for our predictions;

3. Chapter 3 is devoted to a general description of the reionization process, its main stages,
the kind of the sources driving the IGM ionization and the observational probes that can
constrain the epoch at which the reionization ends;

4. the aim of Chapter 4 is to give a brief overview of the several theoretical models proposed
up to now to investigate the ionization history of the universe. Together with a summary
description of the approaches widely used in literature that we will not assume, we will present
a deeper discussion of the analytic method proposed by Furlanetto et al. (2004a) and the
semi-analytic formalisms of Furlanetto & Oh (2005) and Avelino & Liddle (2006), that have
been adopted in this Thesis to predict the reionization scenario in alternative cosmologies;

5. in Chapter 5, we will present the reionization picture outlined for a quintessence universe as
predicted by the Furlanetto et al. (2004a) and Furlanetto & Oh (2005) theoretical models.

4



Introduction

Through these approaches, it is possible to infer the detailed features of the HII regions
as their typical radius and the global properties of the reionization, as the ionized filling
factor, that will be compared to the ΛCDM universe. These theoretical predictions can be
constrained by observations possible in the next future.

6. in Chapter 6, the Avelino & Liddle (2006) model will be applied to a standard universe
in which the primordial overdensity field has a non-Gaussian statistics. We will estimate
the evolution of the ionized fraction and the optical depth of the IGM, comparing our re-
sults to the reionization picture predicted for the standard Gaussian case and discussing the
possibility to infer non-Gaussianity through the current WMAP probes;

7. finally, Chapter 7 is dedicated to a brief introduction of the future prospects of this work,
from a point of view of the next observations of the interferometers.
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Chapter 1

Cosmological background

The aim of this chapter is to review the main foundations of the modern cosmology. At present,
the most powerful instrument that allows the investigation of the dynamic and evolution of the
universe on large scales is the Einstein’s General Relativity (GR hereafter). In this context, gravity
is not a real force but the action of matter and energy on the test particles is mediated by the
metric tensor g of the 4-dimensional space-time and it is represented by the Einstein equations
(Einstein, 1915a,b, 1916) that, using natural units with c = ~ = 1, read as

Gik ≡ Rik − 1
2
gikR = 8πGTik , (1.1)

where Gik is the Einstein’s tensor, R and Rik are the Ricci scalar and the Ricci tensor respectively,
g is the metric tensor describing the space-time geometry and Tij is the energy-momentum tensor
representing the matter-energy content. Up to now, Einstein’s GR showed itself to be a successful
theory in describing many of cosmological aspects and it is nowadays the basis of the cosmological
models reviewed in this chapter.

1.1 Basic principles

1.1.1 The Cosmological Principle

The Cosmological Principle asserts that on large scale (i.e. ≥ 100 Mpc) the universe is totally
homogeneous and isotropic, so that there are neither preferred positions nor directions.
This idea was first proposed in the 1920s by Einstein and other relativistic cosmologists without
any observational reason, but only assuming basically a simplicity in the global structure of the
universe and in the local behaviour of matter. In this case, the solutions to the field equations of
GR leads to relatively simple cosmological models. Afterwards, Bondy, Gold and Hoyle introduced
the idea of a Perfect Cosmological Principle, that states the homogeneity and the isotropy of the
universe not only in space but also in time. This leads to the development of the steady-state
theory, subsequently abandoned toghether with the Perfect Principle itself since unable to easy
describe the properties of the CMB, radio sources and the He abundance. Another attempt has
been made to justify the cosmological principle on the basis of the last observations of the CMB.
In fact, in the standard Big Bang theory two regions sufficiently distant from each other cannot
be in causal contact at any time after the origin of the universe. Then, the cosmological principle
can explain the homogeneity observed on scales larger than that expected to be in causal contact.
Today the Cosmological Principle is assumed since it agrees with basically all of the recent ob-
servations, in particular with the isotropy and the (almost perfect) homogeneity of the CMB,
demonstrating that the level of anisotropy of the universe is ∼ 10−5.

1.1.2 The expansion of the universe

Another observational evidence is the expansion of the universe, for which every observer, inde-
pendently on its location, sees a systematic receeding of the distant galaxies from the Milky Way.

7



CHAPTER 1. COSMOLOGICAL BACKGROUND

Although in a first moment it could be related to the proper motion of the galaxies, this phe-
nomenon has not a dynamical origin and is caused only by the expansion of space.
This idea is supported by the theoretical approach of GR, since the Einstein’s equations provide
stationary non-static solutions, and by the observations of distant galaxies made by Edwin Hubble
in the 1920’s, who measured a systematic redshift in their light spectra.
Hubble noticed that the receeding velocity v of the galaxies is proportional to their distance d as
follows:

v = H0d , (1.2)

in which H0 is the so-called Hubble constant (measured at the present day) that, in despite
of its name, is not constant but varies with t. Therefore, as pointed out by the Cosmological
Principle, every observer in the Universe sees the distant galaxies receeding with the velocity given
by Eq. (1.2) so that this statment was called Hubble Law. The parameter H0 can be measured
with observations and, beeing of large use in cosmology and not known exactly, it is conventionally
represented by the adimensional parameter h = H0/(100 km/s/Mpc).

1.2 The Robertson Walker metrics

The number of the independent Einstein’s equations can be reduced if the Cosmological Principle
is assumed. In this case, the space-time manifold can be written as the warped product of R and
the metric of the universe assumes a unique form, the Roberston-Walker metric (Robertson, 1933;
Walker, 1933; Robertson, 1935), in which the interval ds between two events is given by

ds2 = (dt)2 − a(t)2

[
dr2

1−Kr2
+ r2(dθ2 + sin2 θdφ2)

]
, (1.3)

where c is the speed of light, a(t) is the parameter related to the expansion of the universe having
the dimension of a length, t is the proper time and (r, θ, φ) are the polar comoving coordinates,
with r dimensionless. The term K represents the curvature parameter of the hypersurface Σ that
can assume three possible values:

K = +1 =⇒ Σ is an hyperspherical space and the Universe is closed;
K = 0 =⇒ Σ is an Euclidean space and the Universe is flat;
K = −1 =⇒ Σ is and hyperbolic space and the Universe is open.

Eq. (1.3) can be also written as

ds2 = (dt)2 − a(t)2

[
dfK(r) + r2(dθ2 + sin2 θdφ2)

]
, (1.4)

where fK(r) is a function strictly related to the curvature parameter K:

fK(r) =


sinh−1(r) if K = −1 ,
r if K = 0 ,
sin−1(r) if K = +1 .

Determining the geometry of the space-time is an important aspect since it affects the evolution of
the universe and the distribution of the inner structures. As we will see in sect. 1.5, it is strongly
dependent on its matter-energy content.

1.2.1 Proper and comoving coordinates

The rod distance between two space-like events in a reference frame in which they are simultaneuos
is called the proper distance dp. Using Eq. (1.4) allows to relate dp to the expansion of the universe,
by setting dt = 0 and by integrating along the distance r between them:

dp = a(t)
∫ r

0

dfK(r′)
dr′

dr′ = a(t)fK(r) . (1.5)
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Given its definition, the proper distance has no operational meaning since it is impossible to
measure simultaneously all the distance elements that connect the two events. Furthermore, the
distance changes with time, since the relation between the proper distances measured at the present
time t0 and at t < t0 is

dp(t0) = a(t0)fK(r) =
a(t0)
a(t)

dp(t) . (1.6)

The proper distance measured at t0 is the so-called comoving distance dc,

dc = a(t0)fK(r) , (1.7)

that is a powerful instrument for defining a reference frame in which the comoving coordinates
do not depend on the expansion itself and the position of the objects varies only because of their
proper motions. Since a(t0) will be here assumed to be equal to the unity, physical and comoving
coordinates are related by the expansion factor as

r(t) = a(t)x(t) , (1.8)

where r is the proper length and x is the comoving one, with a(t) dimensionless.
Finally, for some applications, it is convenient to define the conformal time as

dτ ≡ dt
a(t)

. (1.9)

It is important to stress that from the theoretical point of view, the Hubble law can be obtained
directly by the velocity expression in proper coordinates:

v =
dr

dt
= ȧ(t)x(t) + a(t)ẋ(t) , (1.10)

in which the second term is due to the proper motion and it can be neglected on large scales. Then,
defining H(t) ≡ ȧ(t)/a(t), we return to the Hubble law v = H(t)r(t).

1.2.2 The Redshift

In order to describe the receding motion of the galaxies caused by the expansion of the universe it
has been introduced a parameter called redshift, directly measurable with the observations, that
relates the wavelenghts of the observed and the emitted radiations, λe and λ0 respectively, as
follows:

z =
λ0 − λe
λe

. (1.11)

It is possible to demonstrate that this parameter is directly related to the expansion factor. In
fact fixing te and t0 as the times at which a first photon is emitted by a galaxy at distance r and
then received by the observed, and te + δte the time of the emission of a second photons, received
by the observer at t0 + δt0, from Eq. (1.3) we can write∫ t0

te

c
dt
a(t)

= fK(r) =
∫ t0+δt0

te+δte

dt
a(t)

, (1.12)

because their comoving distance does not change. Then, assuming that δt0 and δte are small, from
the comparison between the left and right members of Eq. (1.12) we obtain δt0/a(t0) = δte/a(te)
or analogously a(te)/λe = a(t0)/λ0 that leads to 1 + z = a(t0)/a(te). Then the redshift parameter
at a given time t in which the light has departed reads as

1 + z =
a(t0)
a(t)

(1.13)

and the relation between proper and comoving distances becomes

dp =
dc

1 + z
. (1.14)
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CHAPTER 1. COSMOLOGICAL BACKGROUND

1.3 Cosmological Models

1.3.1 The Friedmann Models

The development of all modern cosmology is based on the GR. In order to be able to solve the
Einstein’s equations it is necessary to know the matter-energy content of the universe, that is
usually assumed to be a perfect fluid, represented by the stress-energy tensor T

Tij = −pgij + (p+ ρ)UiUj , (1.15)

where ρ is the density, p is the pressure and U is the 4-dimension velocity field of the fluid,
normalized such that gijUiUj = −1. The velocity field has no spatial component and is parallel
to the time direction. Introducing the RW metric and Eq. (1.15) in Einstein’s equations (1.1), we
derive two different equations for the expansion of the universe:

ä = −4π
3
G

(
ρ+ 3p

)
a (1.16)

for the time-component (i = j = 0), and

ȧ2 +K =
8π
3
Gρa2 (1.17)

for the space-space component (i, j = 1, 2, 3), while the space-time component would lead to the
unuseful identity 0=0. These last two equations are the Friedmann-Roberston-Walker (FRW)
equations, that are not independent to each other, since the second one can be obtained by the
first one simply assuming the adiabaticity of the expansion of the Universe:

d(ρa3) = −3pa2da . (1.18)

A combination of these three equations can lead to(
ȧ2

a0

)
− 8π

3
Gρ

(
a

a0

)2

= −K
a0

, (1.19)

that, once integrated, allows to obtain a(t). The simplest solution of Eq. (1.16) and (1.17) is
represented by the Friedmann models, that describe the content of matter-energy of the universe
as a fluid with equation of state:

p = wρ , (1.20)

where w is generally a time-dependent paramenter and depends on which kind of component is
considered.

1.4 The components of the universe

1.4.1 Matter and Radiation

Inserting the equation of state in Eq. (1.18) and integrating allows to obtain

ρ(z) = ρ0 exp

[
− 3

∫ a

1

(1 + w(z))
da(z)
a(z)

]
, (1.21)

which represents the time-evolution of the density of the given component characterized by the w
parameter.
One of the constituent of the cosmic fluid is radiation, i.e. a fluid of non-degenerate, ultrarelativistic
particles in thermal equilibrium. Its equation of state is characterized by w = 1/3 that determines
the evolution of its density ρr(z) = ρ0,ra

−4, where the subscript 0 represents the corresponding
value at the present time t0. Since its energy spectrum can be described by that of a thermal black
body whose temperature T is related to the density as

ρr =
π2k4

B

15
T 4
r , (1.22)
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in which kB is the Boltzmann constant. From this relation it follows that Tr = T0,ra
−1.

Nowadays, the recent observations agrees in asserting that the most predominant component of the
universe is dark matter (DM hencefor), a fluid not coupled with photons and affected only by the
gravity action. Also, it is accepted that DM is cold, i.e. its mean thermal energy is negligible when
compared to the rest mass energy of the constituent particles before decoupling from radiation. As
a consequence its pressure is negligible with respect the energy density, that implies w = 0. This
property is shared also by the baryonic, luminous matter, since for a perfect gas of particle of mass
m, w = kBT/mc

2 ' 0. The evolution of the density of the matter, resulting by inserting w = 0 in
Eq. (1.21), is ρm(z) = ρ0,ma

−3. From the difference between the evolution of the matter and the
density component, given their present values, it is evident that it must exist a given time such that
ρr = ρm. This epoch is the so called equivalence epoch and is characterized by aeq = ρ0,r/ρ0,m.

1.4.2 Dark Energy

At present, the observational evidences agree with a model of expanding universe (ȧ(t0) > 0) that
is accelerating (ä(t0) > 0). Then, from Eq. (1.16) it is obviuos that p0 < −c2ρ0/3, implying that
the dominant component of the cosmic fluid has w < −1/3. As a consequence its pressure is
negative, meaning that the nature of the dominating component, responsible for the expansion of
the universe, today should differ by any kind of non-relativistic matter or radiation. Moreover,
its role in the structure formation is still debated. In fact, some recent theories do not reject its
possible coupling with DM. It is commonly called dark energy (DE hereafter), but actually its
nature is unknown and in the following subsections we will briefly describe the main theoretical
models proposed to describe its effects on the dynamic of the universe.

The cosmological constant

Probably the most used way to model the effects of DE in the universe is the introduction of the
cosmological constant. This concept rises from the first common accepted idea that the universe
should be stable and static, that matematically translates in ä = 0 and, as already mentioned in
the previous paragraph, this reflects in the immediate consequence of a negative pressure for the
dominant component. Then, to avoid what seemed an innatural conjecture, Einstein introduced
the cosmological constant Λ in his equations:

Rij − 1
2
gijR− Λgij = −8πGTij , (1.23)

that allows static solutions when suitable values of Λ are assumed. These models are called the
Einstein universes and can be obtained by the Friedmann’s equations substituting in Eq. (1.16)
and (1.17) the effective pressure and density

p̃ = p− Λ
8πG

(1.24)

ρ̃ = ρ+
Λ

8πG
. (1.25)

However, after the discover of the expansion of the universe, the static solutions lost their validity
and as a consequence the use of Λ to produce static solutions has been abandoned. It is after the
later observations of the acceleration of the universe that the interest in the cosmological constant
has been renewed and today it is used to represents the DE component. The parameter Λ is
directly related to its density:

Λ = 8πGρΛ (1.26)

and corresponds to a fluid with a constant w = −1 in the equation of state.
Anyway, the introduction of the cosmological model gives rise to some theoretical problems. The
first is the so called ’cosmic coincidence problem’, that consists in the similarity of the density of
DM and DE today, namely Ωm,0 ∼ 0.3 and ΩΛ,0 ∼ 0.7 (see the next section for the definition of
the last two parameters). Since actually we are not in a special epoch and these two components
should have a quite different cosmological evolution, the similar values of Ωm,0 and ΩΛ require a
strong fine-tuning in the initial conditions (IC) of their evolution.
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CHAPTER 1. COSMOLOGICAL BACKGROUND

The other main problem related to the cosmological constant is its actual low value, i.e. Λ <
10−55cm−2. This corresponds to a mass mΛ = (|Λ|/(8πG))1/4 < 10−32 eV that is much smaller of
the electron mass me = 5.11× 105 eV. But, despite its low value, this quantity plays a crucial role
in the gravity of the universe, that is possible only assuming the strong fine-tuning in the IC.
To avoid these problems, nowadays the recent theoretical models associated the DE component
to a form of energy evolving in time, the so called quintessence, that is not in conflict by the last
observations probed by the SNIa.

Quintessence

The quintessence is one of the proposed solutions to the theoretical problems produced by the
cosmological constant. In this picture, the DE is associated to the energy density of a scalar field
Φ, that can be represented by a spinless particle with no charge coupled only to gravity (and
at best weakly coupled to the baryonic matter, otherwise it would allow the existence of a “fifth
force” that is not actually observed). In general, this field can depend on the spatial position and
time and its evolution is determined by its self-interacting potential V (Φ), shallow enough that the
energy density decreases with the expansion of the universe more slowly than that of the matter.
The evolution of the scalar field in GR is described by the Lagrangian

L =
1
2
gikΦ,iΦ,k − V (Φ) (1.27)

where the notation , i represents the coordinate derivation. In a comoving coordinate system with
the diagonal metric {c2,−a2,−a2,−a2}, the equations of Eulero-Lagrange

∂µ

[
∂(La3)
∂(∂µΦ)

]
− ∂(La3)

∂Φ
= 0 (1.28)

provide the equation of the evolution of the field, the so called Klein-Gordon equation:

Φ̈ + 3H(z)Φ̇ +
dV
dΦ

= 0 , (1.29)

in which the term O2Φ/a2 has been neglected since we consider only the homogeneous part of
the scalar field and, moreover, the expansion of the universe would make it null rapidly. In this
equation, the first term represents the inertial term of the motion, while the second one is the
friction produced by the expansion of the universe and the third one is related to the action of the
potential.
From Eq. (1.27) it is possible to determine the density and the pressure associated to the scalar
field

ρΦ =
Φ̇2

2
+ V (Φ) (1.30)

pΦ =
Φ̇2

2
− V (Φ), (1.31)

and the w parameter, that rises directly from the equation of state:

w =
Φ̇2 − 2V (Φ)
Φ̇2 + 2V (Φ)

. (1.32)

From the last equation, it is evident that the detailed behaviour of the equation of state is strictly
related to the shape of the potential and the possible evolution in time of the scalar field. In case
of a quintessence component, the w parameter can vary with time, reducing to values smaller than
−1/3 at present time, in order to allow the accelerated expansion of the universe observed today.
Then, in general way the density of the quintessence can be written as ρΦ(z) = ρ0,Φa

−3(1+w), with
w = w(z). A particular case rises up when the scalar field evolves slowly in time, so that Φ̇2 � V (Φ)
today. In fact, in this case we would obtain w ∼ −1, i.e. the energy density approximates the
effect of the cosmological constant.
Finally, we briefly review the main characteristics of a quintessence field:
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1.5. Cosmological parameters

1. although assumed homogeneous, the distribution of the quintessence field is not prefectly
uniform. Writing Φ(~x, t) = Φ0(~x) + δΦ(~x, t), in which the first term represents the spacially
uniform part and the second one the deviations from it, the equation of Steinhardt & Caldwell
(1998) allows to achieve the evolution of the fluctations

δΦ
′′

k + 2aHδΦ
′

k +
(
k2 + a2 ∂

2V

∂Φ2

)
δΦk = −1

2
h

′

kΦ
′

0 (1.33)

where h is the trace of the metric of syncronous gauge perturbation and the derivation is
made with respect to the conformal time τ ;

2. given the evolution of the w parameter of the equation of state, it is always possible to achieve
the shape of its producing potential;

3. not all the potential in literature produce small parameters of mass. Some quintessence
models, as those reviewed in 1.6, involve energy parameters for the scalar field comparable
to the energy scales of the particle physics (> 1 Gev);

4. the quintessence field does not produce strong effects on the observable quantities. For
example, the power spectra of the matter density and the CMB can be modified, but not in
a catastrophic way;

5. not all the potentials are sensitive to the IC. This is the true power of some scalar field
modelling, since it permits to avoid the fine tuning problem related to the cosmological
constant. These alternative cosmologies produce an evolution at low z for the scalar field
that does not depend on the IC and, for this reason, they have tracking properties;

6. the quintessence cosmologies are independent of the IC on δΦ.

1.5 Cosmological parameters

Let us define the critical density of the universe at a generic instant as the matter-energy density
for which the spatial curvature of the universe vanishes:

ρc(t) =
3H(t)2

8πG
, (1.34)

that for t = t0 can be written as ρc,0 = 1.87 × 10−29h2 gr cm−3 and is directly related to the
geometrical structure of the universe. In fact substituting in Eq. (1.19), we obtain

H2
0

(
1− ρ0

ρc,0

)
= −K

a2
0

. (1.35)

Since the critical density sets a preferred matter-energy content in the universe, its value is used
as a reference for the other densities, then the density parameter of a given i-th component at a
given cosmological epoch is

Ωi(t) =
ρi(t)
ρc(t)

=
8πGρi(t)
3H(t)2

. (1.36)

Including the use of the Hubble and the density parameters in the Eq. (1.17), it results

H2 = H2
0

[
Ωr,0a−4 + Ωm,0a−3 + ΩΛ,0 exp

(
− 3

∫ a

1

(1 + w)
da
a

)
− ΩK,0a−2

]
(1.37)

where the term ΩK is the density parameter related to the spatial curvature, that can be included
as a source of gravity and corresponds to ΩK,0 = K/H2

0 . When evaluated at present, Eq. (1.37)
becomes

(Ωr,0 + Ωm,0 + ΩΛ,0)− ΩK,0 = Ω0 − ΩK,0 = 1 (1.38)

where Ω0 is the total density parameter for the matter-energy content of the universe. As results
from the above equation, the geometry of the universe is strongly dependent on it, in fact, positive
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values for Ω0 leads to a positive curvature (K = +1) and viceversa. The case Ω0 = 1 implies a
null curvature (K = 0), that means a flat universe, and the Eq. (1.37) becomes

H2 = H2
0

[
Ωr,0a−4 + Ωm,0a−3 + (1− Ωr,0 − Ωm,0) exp

(
− 3

∫ a

1

(1 + w)
da
a

)]
. (1.39)

Finally, we also introduce the deceleration parameter, defined as

q ≡ äa

ȧ2
(1.40)

that describes the acceleration status of the universe. If the universe is accelerating, its value is
negative and the contrary is true for positive values.
With the introduction of the cosmological parameters, the expansion factor at the equivalence
takes a suitable form aeq = (4.47× 10−7K−4)T 4

r,0Ω−1
m,0h

−2.

1.6 Alternative cosmological scenarios

1.6.1 ‘Tracking’ quintessence fields

A class of fields that can be considered as good candidates to solve the theoretical problems
introduced by the cosmological constant are the so called tracker-fields. As already mentioned,
their peculiarity is that starting from a wide range of ICs for Φ and Φ̇, the solution to the Klein-
Gordon equation assumes always the same shape at low z, that behaves like an attractor and for
this reason it is said to have tracker properties. Then, in these models the amount of the DE
density today becomes naturally that observed, avoiding the fine-tuning problem. In order for
a given potential to produce tracker solutions of the Klein-Gordon equations, the parameter Γ
defined as

Γ ≡ V ′V ′′

V ′2
, (1.41)

has to satisfy the following conditions, setting wB and w are the w parameter for the background
and for the quintessence field respectively:

1. if w < wB , then Γ > 1 and must be almost constant, i.e. |d(Γ − 1)/(Hdt)| � |Γ − 1|. This
is the most interesting case, since today w < 0;

2. if wB < w < (1 +wB)/2, then 1− (1−wB)/(6 + 2wB) < Γ < 1 and must be almost constant.
Although this condition cannot be valid for all the life-time of the universe, since it would
be rejected by the structure formation paradigm, some hybrid models of quintessence could
allow for an initial phase in which wB < w that finishes at the beginning of the matter era,
in order to agree with the observations.

From the first point, it is evident that the equation of state of the quintessence varies following
that of the background. In fact, w ≤ 1/3 in the radiative era and approaches to negative values
as the universe becomes matter-dominated. At this epoch, the energy-density of the quintessence
fiels decreases more slowly than that of the matter, and dominates the gravity in the last phases,
when w ∼ −1.
In the vast majority of the quintessence potentials proposed in literature, those that vary as
an inverse power law have the tracking property and also admit scaling solutions, e.g. Φ is a
power law of the expansion parameter a. Assuming a FRW flat universe with a quintessence
field minimally coupled with the gravity and a constant wB in time for the cosmic fluid, so that
ρB = ρ0,B(a/a0)−3(1+wB), searching for scaling solution is equivalent to set ρΦ = ρ0,Φ(a/a0)−n

and, assumed a constant w, Eq. (1.18) implies

PΦ =
(n

3
− 1
)
ρΦ . (1.42)
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Then, Eq. (1.30) leads to

Φ̇ =
n

3
ρ (1.43)

V =
(

1− n

6

)
ρ (1.44)

and, through straightforward calculation, inserting the above relations in Eq. (1.17), the second
FRW equation can be written as

dΦ
dx

=
A

x
√

1 +B2xn−3(1+wB)
, (1.45)

where x = a,A =
√
n/8π/G and B =

√
ρ0,B/ρ0,Φ. This differential equation can be easily

integrated if n = 3(1 + wB), producing an exponential potential, but in this case the energy-
density would evolve as that of the background and it does not agree with the standard picture
for the structure formation, in which the quintessence component should be negligible at earlier
epoches in order to allow the hierarchic growth of matter fluctuations. Then we consider only the
case n 6= 3(1 + wB), in which the integration of the Eq. (1.45) leads to

Φ = Φ0 +
2A

[3(1 + wB)− n]
×

ln
[√

1 + [B−1x(3(1+wB)−n)/2]2 +B−1x(3(1+wB)−n)/2

]
.

(1.46)

In case of a dominant component of background (B � 1), the resulting potential from equations
(1.44) and (1.43) is

V (Φ) =
(

1− n

6

)
ρ0,Φ

(
3(1 + wB)− n

2A
B

)−2n/(3(1+wB)−n)

(Φ− Φ0)−2n/(3(1+wB)−n) . (1.47)

and, as expected, is a inverse power law potential potential, usually written as

V (Φ) =
Mα+4

Φα
, (1.48)

where M is a constant with the dimension of energy and α = 2n[3(1+wB)−n]. The corresponding
value of the w parameter is

w =
(n

3
− 1
)

=
αwB − 2
α+ 2

, (1.49)

so that when the universe is radiation-dominated, w = (α/3 − 2)/(α + 2) and becomes w =
−2/(α + 2) in the matter era. Since the behaviour of V does not depend on the IC, the different
solutions of the Klein-Gordon equation will converge to the scaling solution. Then, this potential
has tracking properties. Actually, the IC could affect the approximation B � 1, producing a
possible upper limit to the energy-density of Φ.

1.6.2 The Peebles & Ratra (2003) potential

Ratra & Peebles (1988), and later Peebles & Ratra (2003) (RP hereafter), are the first to propose
a similar kind of potential as in Eq. (1.48). In the theory of the gauge supersymmetries (SUSY),
these kinds of potential are naturally generated at energies E ≤M , due to non-perturbative effects
along float directions of the of the scalar potential. Anyway, they are based on the Kähler func-
tion, that depends on some hypotheses suitable for energy values of the field higher than M , but
at smaller scales has to be verified, in order to not destroy the tracking properties. Other models
based, on quantistic corrections or space-time curvature, do not suffer of this limitation.
Assuming a negligible energy-density of the quintessence with respect the background at the pri-
mordial epochs, and knowing that a ∝ tq with q = 2/3, 1/2 in case of matter or radiation domi-
nanting component, respectively, the Klein-Gordon equation becomes

Φ̈ +
3q
t

Φ̇− αMα+4

Φ1+α
= 0 , (1.50)

15



CHAPTER 1. COSMOLOGICAL BACKGROUND

whose solutions have the shape Φ ∝ tp, where p = 2/(2 +α). Given the total energy density of the
field ρΦ = Φ̇2 + V (Φ), from equations (1.44) and (1.48) it follows that

ρΦ ∝ t2(p−1) = t−2α/(2+α) , (1.51)

in which is evident the slower decreases of the energy-density of the field with respect the back-
ground. In fact, since the background-density is ρB ∝ t−2, their rate ρΦ/ρB ∝ t4/(α+2) shows that
for α > −2 the energy-density of the field is negligible in the early cosmological epoches, becoming
higher and higher as the time increases. Then, at the beginning, the field is small enough to allow
the growth of the DM halos and sufficiently large to give rise the accelerated expansion of the
universe at the end. Once the quintessence field dominates the gravity, the shape of the potential
is not valid anymore, as we will discuss in the next subsection, and the scalar field slows down
reducing w ∼ −1, with w(z = 0) strongly dependent on α and ΩΦ,0. As a general property, given
the density for the field, this value is near -1 for small value of α.
This potential allows to avoid the two main problems related to the cosmological constant, since
the behaviour of the solution at low z is the same for a wide range of the initial density energy
(10−37 GeV4 < ρΦ < 1061 GeV4). In fact, from the definition of the density energy we have
V ′′ ∼ ρΦ/Φ2, in which the kinetic term is small enough to be neglected (the same expression can
be obtained by the FRW equations). In the tracking regime,

d2V (Φ)
dΦ2

=
9
2
α+ 1
α

(1− w2)H2 , (1.52)

that combined to the previuos equation allows energy scales for the quintessence of the order of
the Planck energy. Then, since the observations imply ΩΦ,0 ∼ Ωm,0, M is such that V (Φ ∼
MPL ≈ ρm), from which it results M = (ρmMα

PL)1/(α+4) that, for α > 2, is of the order of 1 GeV,
comparable to the actual energy scales of the particle physics.

1.6.3 The Brax & Martin (2000) potential

As already mentioned in the previous subsection, when the quintessence is dominating, the shape
of the Peebles & Ratra (2003) potential has to be correct, since at z ∼ 0 the energy scale associated
to the field is comparable to MPL and the corrections due to the supergravity (SUGRA) must be
brought. In these models, the SUSY theory is naturally modified with the introduction of the
gravity, whose contribution is important at E ≤MPL.
The scalar potential is here produced at the breaking of the symmetry between the gravity and
the other forces, and its shape is related to the way in which it happens, as an example

V (Φ) =
Mα+4

Φα
exp

(
k

2
Φ2

)
, (1.53)

where k = 8πG. The left factor is derived by the SUSY theories, while the second one is the
SUGRA correction in terms of Φ/MPL. The parameters M and α are the same than in the SUSY
theories and under the assumption that the symmetry is broken for energy scales larger than the
electroweak unification (namely, 102 GeV), α ≤ 11. The behaviour of the potential at earlier
cosmological epochs is determined by the small (� 1) value of Φ/MPL, so that V reduces to
the RP power law. At late times, Φ ≈ MPL the exponential correction becomes important, and
w parameter approaches −1, independently of α, so that also the fine-tuning on its value is avoided.

The behaviour of the equations of state for the RP and SUGRA potentials assuming a cosmological
framework consistent to that proposed by the 5-year data of the Wilkinson Microwave Anysotropy
Probe (WMAP) mission (see the next section for details) is illustrated in Fig. 1.1. Though the RP
and SUGRA models display similar values for w today, strong differences appear at high redshifts.
Parametrizing the evolution of w in terms of the expansion factor a as w(a) = w0 + wa(1 − a),
we find that the RP and SUGRA models can be fitted by wa ∼ 0.08 and 0.55 respectively, that
are still consistent with the present observational constraints. For example, Liddle et al. (2006)
combining data from CMB, SNIa and baryonic acoustic oscillations found wa = 0.0± 0.8.
Part of the work on this Thesis will be focused on the RP and SUGRA models. Our choice is
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Figure 1.1: Redshift evolution of the cosmic equation-of-state parameter w. Different lines refer to ΛCDM model
(red solid line), RP model (green dashed line) and SUGRA model (blue dotted-dashed line).

motivated by their physical foundations on the theory of the particles and by their characteristic
tracking property, that allows us to solve the theoretical problems introduced by the cosmological
constant.

1.7 The current status of the observations

Many observational test of different nature can be made in order to constrain the cosmological pa-
rameters responsible for the geometry and the evolution of the universe. The most important data
set comes from the 5-year of the Cosmic Microwave Background (CMB) investigations performed
by the WMAP mission, measuring the anisotropies in its temperature (TT) and polarization (EE)
spectra. Anyway, the analysis of the CMB temperature power spectrum suffers of degeneracies,
since different sets of cosmological parameters can rise approximatively the same spectrum of the
anisotropies. Then, a more extended analysis is needed, combining this test to other types of
investigation. As an example, the CMB data can be associated to the observations of the Hubble
Space telescope (HST) Key Project, providing an estimate H0 = 72 ± 8 km/s/Mpc in agreement
with the predictions for the WMAP data alone, H0 = 71.9+2.6

−2.7 km/s/Mpc. It also agrees with
most of the values estimated by the other cosmological probes as lensed systems, SZ and X-ray
observations, Cepheids distances to nearby galaxies, etc..

For that concerning the distribution of the components of the universe, as shown in Fig. 1.2 the
cosmological scenario predicted by WMAP provides the DM parameter Ωm,0 = 0.258±0.030, while
Tr,0 = 2.726 K, corresponding to |Omegar,0 ∼ 4.7× 10−5 that is indeed negligible with respect to
the matter contribution. A consistent result is obtained by the study of the galaxy clusters, that
probe the mass distribution on the large physical scales, through which the amount of matter can
be constrained as Ωm,0 = 0.27+0.06

−0.05 (Mantz et al., 2008).
The amount of baryon of the universe is estimated by WMAP as Ω0,bh = 0.02273 ± 0.00062, in
agreement with the last predictions of Steigman (2007) concerning the single abundance of Deu-
terium and those of 3He and Li (O’Meara et al., 2006; Charbonnel & Primas, 2005), derived by the
standard theory of the Big Bang Nucleosynthesis. Anyway, further and detailed investigations are
required, since the 4He abundance extrapolated by the globular clusters observations is smaller of
that involved by the Yp parameter measured by WMAP, namely YP = 0.24± 0.006.

Together with the CMB investigations, other methods of investigation as the strong lensing by the
quasar could probe the cosmology of the universe, given the correlation between their abundance
and the DE density. Oguri et al. (2008), analysing the large statistical sample of the SDSS, find
ΩΛ = 0.74+0.11

−0.15, in agreement with the WMAP measurement ΩΛ,0 = 0, 742 ± 0.030 shown in Fig
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Figure 1.2: Constraints on the dark Ωc and baryonic Ωb matter densities (blue) from the 5-year WMAP data release
at 68% and 95% limits (Dunkley et al., 2008). Parameters are consistent with the 3-year limits (grey) from Spergel
et al. (2007).

Figure 1.3: Constraints on the time-independent (constant) DE equation of state parameter, w, and the present-
day DE density, ΩΛ, assuming a flat universe. The contours show the 68% and 95% CL. The WMAP-only con-
straint (light blue) is compared with WMAP+HST (gray), WMAP+BAO (red), WMAP+SN (dark blue), and
WMAP+BAO+SN (purple) (Komatsu et al., 2008).

1.3, but however this kind of investigations require a consistent description of the mass distribution
and the baryonic physics in order to test cosmology correctly.

Finally, WMAP mission is able to constrain the time-evolution of the w parameter for the DE
component. Currently, although the stronger constraints on the presence of DE come from the
distance information, other useful methods (as the estimate of the expansion rate of the universe
at z & 0.5, the Integrated Sachs Wolfe effect and the effect of the DE on the growth of structures
at low z) could be helpful in the investigation of the DE nature. But at the moment, the current
data set are not able to distinguish between the effects of the DE and the space curvature, then a
degeneracy affects the estimates. Assumming a flat universe, the current WMAP data set alone is
not able to put strong constraints on the determination of the w parameter, as shown in Fig. 1.4.
Instead, the data on the SNIa could break the degeneracy between the DE parameter and the
present day DE density, obtaining −0.098 < 1 + w < 0.159 at 95% confidence level and a similar
result is obtained also considering the baryonic acustic oscillations (BAO). If a constant equation of
state is assumed (but not a flat universe), as shown in Fig. 1.4 the WMAP data should be coupled
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Figure 1.4: Joint two-dimensional marginalized constraint on the time-independent (constant) DE equation of
state parameter, w, and the curvature parameter K. The contours show the 68% and 95% CL. The WMAP-only
constraints (light blue; 95% CL) are compared with WMAP+BAO+SN (purple; 68% and 95% CL) (Komatsu et al.,
2008).

Figure 1.5: Constraints on models of time-dependent DE equation of state, w(z), derived from the WMAP distance
priors combined with the BAO and SN distance data. The parameter w0 represents the value of w at the present
epoch, while w′ corresponds to dw/dz estimated at z = 0. ztrans is the transition redshift above which w(z)
approaches -1. Here, a flat geometry and ztrans = 10 are assumed, although the constraints are similar for the other
values of ztrans. The contours show the 68.3% and 95.4% CL (Komatsu et al., 2008).

to those of the BAO to put meaningful constrains on the curvature of the universe at ∼ 1% of
level, allowing −0.0175 < ΩK < 0.085 and −0.11 < 1 + w < 0.14 at 95% CL. On the other hand,
CMB is sensitive to the distance to the decoupling epoch via the locations of peaks and troughs
of the acoustic oscillations, which can be measured precisely. These results are in agreement with
a flat universe in which the w parameter is ∼ −1.

Moreover, the WMAP data allow to constrain a possible time-dependence of the w parameter, as
illustrated in Fig. 1.5, for which the present-day value of w results −0.33 < 1 + w0 < 0.21 at 95%
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CL if the redshift at which w approaches -1 is ztrans = 10.
In this Thesis, we will assume a cosmological framework consistent with the WMAP data for the
1-year (Spergel et al., 2003) and the 5-year of investigation, however the cosmic scenario predicted
by the two releases is similar and cannot affect the conclusions of this work.
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Chapter 2

The formation of the cosmic
structures

In this chapter, the theoretical scenario for the formation of the cosmic structures, their evolution
and the statistical properties useful to this Thesis work will be reviewed. In order for the theoretical
modeling of the cosmological framework to allow a description of the formation of the structures
observed today, an extension describing the hystory of the collapsed objects is required. The best
theoretical improvement proposed up to know is represented by the inflationary picture, consisting
in an early accelerated exponential expansion of the universe driven by a scalar field, analogous to
the quintessence. This possibility was first introduced by Guth (1981) and then developed by Linde
(1982a,b); Albrecht & Steinhardt (1982); Linde (1983) and offers several theoretical advantages.
In fact, it could not only represent a reasonable answer to the classical limits of the standard
cosmological model based on Big Bang as the horizon problem, but also provides a mechanism that
allows the formation of small density fluctuations in the matter-energy content of the universe.
According to this scenario, the accelerated expansion is responsible for the amplification of the
overdensity field and, in the post-end phase of inflation, the DM overdensity field grows by its
self-gravity, detaching itself from the background evolution and collapsing on its own to become
a DM halo. On the other hand, the destiny of the baryonic matter is a bit different, due to its
coupling to the radiation field before the recombination era. In fact, only after this epoch, the
gas is free to fall in the potential wells produced by the DM gravity, allowing the formation of the
galaxies observed today.

2.1 Linear Evolution

2.1.1 The Jeans instability

The two main elements determining the evolution of the perturbation are gravity, produced by the
matter-content of the perturbations, that makes the fluid collapsed, and the random walks of the
particles due to their temperature, responsible for the escape of the particles from the potential
wells. In a spherical region of radius λ and mass M with a inner tiny overdense perturbation δρ
(with respect to the mean density of the universe ρB), the collapse is possible if the gravity force
exceeds the pressure, i.e.

Fg ' GM

λ2
> Fp ' v2

s

λ
, (2.1)

where vs is the typical velocity of a particle in the fluid, corresponding to the sound speed in a
collisional gas (or to the r.m.s. of the velocity distribution of a collisionless fluid as DM). Since the
DM perturbation is tiny, the inner mass results M ∼ ρBλ3, then the scale at which the equilibrium
is reached by the two forces is

RJ = λ ' vs√
GρB

. (2.2)

This is called the Jeans length, showing that only the fluctuations on scale larger than the Jeans
radius can grow, since on the other scales they are dissipated by the random walks of the fluid. It
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is important to notice that vs is the velocity of the component that undergoes the perturbation,
while ρB is the mean density of the universe, i.e. the one of its dominant component. In the case
of cold DM (CDM), here assumed to be a collisionless fluid, the velocity of the particle is negligible
after the decoupling from radiation, so that its perturbations can grow at every cosmological scale,
after the equivalence epoch.

2.1.2 The Perturbation evolution

The theoretical approach to describe the evolution of the perturbations of a given field is based on
the assumption that, in the linear regime, the typical value of such fluctuations is much smaller than
unity. In this case, perturbing the fields of interest to the first order represents a useful analytic
tool which, together with the FRW metric and under the assumption of an uniform distribution for
the background universe, can provide a good theoretical picture for the growth of fluctuations. A
detailed analysis in this direction is presented by Padmanabhan (1993) and Straumann (2004), but
here we are interested only to recall the main aspects of their evolution in the Newtonian regime,
since this is the case of the present work, i.e. spatial scales much smaller than the horizon radius,
peculiar velocities smaller than the speed of light and a gravitational potential much smaller than
unity (in geometrized units), slowly varying in time.
Let us introduce a generic fluid, with density ρ, velocity field U , under the action of a potential
Φ and a pressure p. The time-evolution for the distribution function ρ(r,U , t) in the phase-space,
where r is the position of a given fluid element, is provided by the Boltzmann Equation:

∂ρ

∂t
+
∂ρ

∂r
·U +

∂ρ

∂U
· ∇rΦ =

∂ρ

∂t

∣∣∣
coll

(2.3)

where the right-hand-side term accounts for the pressure contribution due to collisions. The derived
equations are

∂ρ

∂t
+
∂ρUi
∂ri

= 0 (2.4)

∂Ui
∂t

+ Uj
∂Ui
∂rj

+
∂Φ
∂ri

= −1
ρ

∂p

∂ri
, (2.5)

where the pressure term can be written as a function of the velocity dispersion tensor, σ2
ij , through

the definition pδij = ρσ2
ij . Anyway, as already pointed out, DM can be considered as a collisionless

fluid due to its small cross section and the pressure term can be neglected. Eq. (2.4) and (2.5)
are the continuity and the Euler’s equations respectively and, in order to close the system, it is
necessary to introduce also the Poisson equation:

M Φ = 4πGρ . (2.6)

The perturbing analysis is made by assuming that a generic field q can be expressed in term of a
background component qB and a tiny deviation δq � qB , such that q = qB + δq. Inserting in the
system above and removing the unperturbed solutions, the analysis of the lowest non-trivial order
allows to find a differential equation for the perturbations. Generally, this investigation is made in
the Fourier space, writing the perturbation δ ≡ δq/qB in the real space as the sum of its Fourier
components δ̂(k), where k is the wavenumber corresponding to a given wavelength.
For the purpose of this Thesis, the following discussion will be focused only on expanding universes.
Then, in the case of the density, combining Eqs. (2.4), (2.5) and (2.6) gives

∂2δ̂(k)
∂t2

+ 2H
∂δ̂(k)
∂t

+ (k2c2s − 4πGρB)δ̂(k) = 0 , (2.7)

in which c2s = δp/δρ is the sound speed for a collisional fluid, that must be replaced by a quantity
v−2
∗ depending on the velocity field dispersion, in case of a collisionless field. Eq. (2.7) is a sort

of oscillator equation, with the first term representing the inertial motion and the second one
representing the dynamical friction due to the expansion of the universe. The third term shows
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the interplay of the gravity and pressure forces due to the random motions of the particles and
provides a more accurate definition for the Jeans scale:

RJ = cs

√
π

GρB
. (2.8)

On the other hand, in a case of a collisionless (DM) fluid, RJ is negligible and the third term in
the left-hand side of Eq. (2.7) can be neglected.
The general solution of Eq. (2.7) can be expressed as a sum of two independent terms, that can
be obtained analitically only for particular simple cosmological models, not necessarily flat, while
in the other cases a numerical integration is required. In a case of a flat, DM-dominated Einstein
de Sitter (EdS) universe,

δ̂(k) = δ̂−(k) + δ̂+(k) (2.9)

for which

δ̂−(k) ∝ t−1 (2.10)

δ̂+(k) ∝ t2/3 , (2.11)

where the minus and plus exponential indicate that the first solution decreases in time while the
second one increases. For this reason the contribution of the first component can be neglected and
the solution is identified with its growing mode.
Hence, in the real space, the overdensity at a given point can be written as

δ(r) =
∑

k

δ̂(k) exp(ik · r) = V

∫
V

δ̂(k) exp(ik · r)
d3k

(2π)3
, (2.12)

where V can be thought as the volume of the ‘fair sample’ of the universe, and analogously

δ̂(k) =
1
N

∑
r

δ(r) exp(−ik · r) =
1
V

∫
V

δ(r) exp(−ik · r) d3r (2.13)

in which N is the number of points in which δ(r) is sampled inside the volume V .
In general, it is preferred to express the linear solution as a function of the linear grow factor D(z),
defined as the ratio between the growing mode δ̂+(k)(t) at a given time t and its value at z = 0,
namely D(z) = δ̂+(k, z)/δ̂+(k, z = 0), so that for a EdS universe it results D(z) = (1 + z)−1. It
can be related to the growth factor g(z) normalized to the scale factor a for which Carroll et al.
(1992) found the following analytic espression:

g(z) =
5
2

Ωm(z)

[
Ωm(z)4/7 − ΩΛ(z) +

(
1 +

Ωm(z)
2

)
+

(
1 +

ΩΛ(z)
70

)]−1

. (2.14)

From the above equation, it results that g(z) ∼ 1 at early epoch, when the matter contribution
dominates the gravity, but it decreases with the expansion factor at late redshifts, during the era
dominated by DE.

The growth of the matter fluctuations is affected by a quintessence component. This is clearly
shown in Fig. 2.1, where the evolution for the growth factor for a standard ΛCDM cosmology is
represented together with those predicted for the RP and the SUGRA quintessence cases introduced
in the previous chapter. It is evident that, at the same cosmological epoch, D(z) is larger for the
RP and the SUGRA models. Then, the growth of the fluctuations is anticipated with respect to
the standard universe and it has strong repercussions on the following structure formation.

2.2 Statistics of Gaussian random fields

The current paradigm adopted to analytically describe the evolution of the structures assumes
that the overdensity field rising from the inflationary epoch is random, i.e. the value of δ at a
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CHAPTER 2. THE FORMATION OF THE COSMIC STRUCTURES

Figure 2.1: Redshift evolution of the growth factor, given in terms of D(z)(1 + z) and normalized to its value at
the present time. Different lines refer to ΛCDM model (red solid line), RP model (green dashed line) and SUGRA
model (blue dotted-dashed line).

particular point of the universe is a stochastic variable that follows a particular distribution. In
theory, the statistical properties of a random field are determinated by averages over a sample
of different realizations of the field, but indeed this can not be applied to our universe, since we
know just one realization. The introduction of the ergodic assumption allows to solve this problem,
assuming to use a sample of different regions of this universe far enough between each other to be
considered as different realizations of the random field. As immediate consequence, the average
over the sample can be reduced to make the spatial average over different and sufficiently large
regions of the universe. This assumption has been rigorously for a particular class of random fields
by Adler (1981), but it has to be remarked that when large scale are needed, there are very few
far enough regions in the universe and the average loses its statistical significance. This problem
is called the cosmic variance.
As predicted by the inflationary scenario, at the end of the accelerated expansion of the universe
the distribution of the overdensity field should be close to a Gaussian. Actually, see Section 2.4,
some tiny deviations from the Gaussian distribution are allowed, but in this section we will neglect
them. In this case, the distribution of the matter field is fully described by the mean value of the
overdensity field, that is null by definition, and its variance σ2, defined such that σ2 ≡ 〈δ2(r)〉,
that using Eq. (2.12) reads as

σ2 =
1
V

∫
δ̂(k)δ̂∗(k)

d3k

(2π)3
= V

∫
V

|δ̂(k)|2 d3k

(2π)3
= V

∫ +∞

0

|δ̂(k)|2k2 dk
2π2

, (2.15)

in which in the right hand side we take into account the cosmological principle and we consider
that there is no preferred direction. Moreover, the volume V can be assumed to be large enough
to satisfy the ergodic hypothesis or as small as to avoid possible space curvature. It is also possible
to express the variance as a function of the power spectrum P (k) of the density fluctuations, i.e.

P (k) ≡ |δ̂(k)|2 , (2.16)

leading to

σ2 = V

∫ +∞

0

P (k)k2 dk
2π2

=
∫ +∞

−∞
∆(k)2 d ln k , (2.17)

setting the adimensional power spectrum ∆2(k) as

∆2(k) ≡ V

2π2
k3P (k) . (2.18)

The inflationary model produces an initial scale-free power spectrum of the form Pi(K) = Akn,
where A is a normalization constant and n is the spectral index. A particular case of n has
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2.2. Statistics of Gaussian random fields

been proposed by Harrison (1970) and Zel’Dovich (1970), that working independently, suggested
n = 1. Assuming this particular spectral index, the fluctuations on the gravitational potential Φ
are independent on the physical scale and enter inside the cosmological horizon with a constant
variance. For this reason it is called a scale-invariant spectrum.
As introduced up to now, the overdensity field give no information about the statistics of the
collapsed objects with a given mass. Hence, it is convenient to define the filtered overdensity field,
as the convolution of the real density field with a filter function having a scale Rf :

δf (r;Rf ) =
∫
δ(r′)F (|r − r′|;Rf ) d3r′ . (2.19)

In the above equation, F represents the filter function, that we assume to be a top hat filter:

FTH(|r − r′|;RTH) =
3

4πR3
TH

Θ

(
1− |r − r′|

RTH

)
. (2.20)

In the Fourier space, the convolution becomes a linear product between the δ̂(k) field and the
Fourier transform of the filter F , i.e.

δf (r;Rf ) =
∫

d3k

(2π)3
W (kRf )δ̂(k) exp(ik · r) (2.21)

where the window function W for a top hat filter is

WTH(kRTH) =
3[sin(kRTH)− kRTH cos(kRTH)]

(kRTH)3
, (2.22)

representing a low-band filter. In fact it vanishes for perturbations characterized by scales larger
than Rf while equals unity in the other case. It follows that the filtered variance reads as

σ2(Rf ) = V

∫ +∞

0

P (k)W 2(kRf )k2 dk
2π2

, (2.23)

that clearly shows the behaviour of the smoothed variance as a function of mass. In fact, if the
smoothing radius is null the corresponding smoothed variance results as in the unfiltered case, while
when Rf becomes extremely large the variance approaches 0. Since to the filter radius corresponds
a mass M ∝ R3

f , the smoothed variance could be considered as a decreasing function of mass. If a
top-hat window function is considered, in case of a scale-free power spectrum, the variance of the
smoothed field can be written as

σ2(Rf ) =
2A
n+ 3

(2π)n+1

Rn+3
f

, (2.24)

that implies, fixed the spectral index, the following relation between the normalization of the power
spectrum and the variance smoothed on a given physical scale R:

A = σ2(Rf )
Rn+3
f

(2π)n+1

n+ 3
2

. (2.25)

In the above equation, it is usual to set R = 8h−1 Mpc to achieve the normalization constant A.
In the post inflationary epoch, the shape of the power spectrum suffers of the action of other
physical processes. In fact, its slope is mainly modified by the Meszaros effect (Meszaros, 1974).
During the radiation era, i.e. before the matter-radiation equality, the growing mode of the matter
perturbation inside the horizon remains frozen also on scales larger than RJ . In fact, the growth
of the perturbations is inhibited by the pressure on scales larger than the distance crossed by the
acoustic waves during the free-fall time. As a consequence, the time at which the matter overdensity
reaches the unity is delayed, with remarkable repercussions on the structure formation. The net
effect of this phenomenon is the alteration of the initial shape of P (k), that can be described using
the transfer function T (k) as follows

P (k) = Pi(k)T 2(k) = AknT 2(k) . (2.26)
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The shape of the transfer function is obtained by numerical integrations. A commonly used formula
has been first obtained by Bardeen et al. (1986),

T (k) =
ln(1 + 2.34q)

2.34q
[1 + 3.89q + (1.61q)2 + (5.46q)3 + (6.71q)4]−1/4 (2.27)

where q = k/Γh−1 Mpc and Γ is the shape parameter that determines the distribution of the power
on large scales and can be probed by the observations. Percival et al. (2001) estimated Γ ∼ 0.20
from the Sloan Digital Sky Survey (SDSS) data, in agreement with the predictions of the analytic
formula proposed by Sugiyama (1995),

Γ = Ωm,0h exp

[
− Ωb,0

(
1 +

√
2h

Ωm,0

)]
. (2.28)

in which the contribute of the baryonic matter is considered. A similar transfer function has been
implemented also Eisenstein & Hu (1998).
Finally, another effect that can modify the amplitude of the power spectrum is due to the time-
evolution of matter fluctuations, following the growth factor D(z). As a consequence, by its
definition, the power spectrum evolves in z as

P (k, z) = Pi(k)T 2(k)D2(z) . (2.29)

2.3 Non-linear evolution

2.3.1 The Zel’dovich approximation

When the amplitude of the perturbartions approaches the unity, the validity of the linear approxi-
mation decays and the evolution of the overdensity in the non-linear regime has to be investigated
through numerical simulations. There are however many semi-analytic methods that, although
unable to describe the most realistic astrophysical situations, are powerful instruments to give a
rough picture of the non-linear growth of the overdensity.
One of these tools has been introduced by Zel’Dovich (1970) and is the so-called Zel’dovich ap-
proximation. Assuming that the scales of interest are much smaller than the horizon scale and
that the universe is matter dominated and has no curvature, the Zel’dovich approximation relates
the eulerian position r(t) to the initial (Lagrangian) position x0 through the displacement dq:

r(t) = a(t)(x0 + dq) , (2.30)

where x0 is the comoving coordinate corresponding to the starting position of the particle, while
dq = b(t)p(x0) is the time-dependent displacement into the comoving position of the particle due
to the effect of density fluctuations. The physical peculiar (i.e. not due to the expansion of the
universe) velocity field is then given by

ṙ(t)−Hr = a(t)Ḋ(t)p(x0) . (2.31)

All the main properties of this method are encapsulated in the Jacobian matrix, Jij = ∂ri/∂x0,j .
In fact, as long as the Jacobian is not singular, the trajectories of particles do not cross and the
mass conservation implies

ρ(x0, t) =
a3(t)ρB

detJ (x0, t)
=

ρB
[1 + b(t)λ1][1 + b(t)λ2][1 + b(t)λ3]

, (2.32)

where ρB is the background density and λi = λi(x0) are the eingenvalues of the Jacobian. For
times close to the initial one, the peculiar displacement is small, then b(t)λi � 1 and the density
fluctuation can be written to the first order as δ(x0, t) ' b(t)(λ1 + λ2 + λ3). On the other hand, if
at a given time tc the shell-crossing occurs, one or more of the eingenvalues approaches to 0 so that
b(tc) = −1/λi implying a collapse of the density fluctuations along the corresponding axis. In case
of a single null eingenvalue, the formed structure will be bidimensional and it is called pancake.
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2.3. Non-linear evolution

When two eingenvalues are null the originated structure is called filament. A collapsed structure
is formed if all the eingenvalues are null.
Since the Zel’dovich approximation is only a kinematical description of the action of the densitiy
fluctuations on the particle trajectories, after the shell-crossing it loses its validity and the evolution
of the perturbations can be investigated only through numerical simulation.

2.3.2 The collapse

As the perturbation increases, it approaches to unity and the region evolves only by its gravity,
independently of the background universe. In such a case, the regions can collapse. In the following
analysis, the effects of the pressure are neglected and the main component of the cosmic fluid is
assumed to be DM, such that the dynamic of the region is fully described by its gravitational
potential Φ = ΦB + δΦ, in which the background potential can be written as ΦB = −är2/2a) to
the lowest non-trivial order (Padmanabhan, 1993). From Eq. 1.17 it follows that

Φ =
2πG

3
ρB(t)r2 + δΦ . (2.33)

Let us take now a particle under the action of the gravitational potential of the overdensity field,
at physical distance r from the center of a perturbed region of mass M = 4/3πr3ρB(t)(1 + δ̄(t))
with inner mean overdensity δ̄

δ̄(t) = 4π
∫ r

0

δ(r′, t)r
′2 dr′ . (2.34)

Through the integration of its equation for motion, r̈ = −GM/r2, it is possible to estimate its
total energy

E =
1
2
ṙ2 − GM

r
(2.35)

which can give us an idea of the following evolution of the perturbation. In fact, if E > 0 the
inertial term r̈ in Eq. (2.35) is large enough to prevent forever the collapse of the regions. In
the case E = 0, the expansion will possibly stop but at r → ∞ and, finally, when E < 0 the
action of the expansion will be balanced by gravity at a given time (called turn-around tm) and,
subsequently, the region will collapse. In this case, the kinetic (K) and potential (U) parts of the
energy becomes

K ≡ ṙ2

2
=

1
2
H2r2 ; (2.36)

U ≡ −GM
r

= −1
2
H2r2[1 + δ̄(t)]Ωm,B(t) , (2.37)

where Ωm,B(t) is the background density of the region. It follows that the collapse condition reads
as δ̄(t) > Ω−1

m,B(t)−1 which, considering only the growing term of the perturbation, can be written
as δ̄+ = 3/5δ̄ > 3/5(Ω−1

m,B(t)− 1). Supposing that E < 0 and neglecting the kinetic term ṙ allows
the typical parameters at turn-around to be written as

tm =
[ 3π

32Gρ(tm)

]1/2
(2.38)

rm ≡ r(tm) = r(ti)
1 + δ̄(ti)

1 + δ̄(ti)− Ωm,B(ti)−1
(2.39)

ρ(tm) = ρc(ti)Ωm(ti)[1− Ωm(ti)−1]3. (2.40)

In the previous equations, ti is a fixed initial time to which we refer since the conservation of
mass-energy is assumed and ρ (and Ωm) represent the inner density of the perturbed region,
namely Ωm ≡ ρ/ρc = ρB(1 + δ̄)/ρc = Ωm,B(1 + δ̄). Once the collapse is occurred, the region
will reach the virial equilibrium and finally U = −2K. That leads to achieve the virial radius as
rv = rm/2, while its time-evolution, provided by solving Eq. (2.35), allows to estimate the time
corresponding to a complete virialization tv. Numerical simulations show that tv ' 3tm. Fixed
the virial overdensity as the ratio between the averaged density of the perturbation at tv and the

27



CHAPTER 2. THE FORMATION OF THE COSMIC STRUCTURES

critical density, namely ∆v = ρtv/ρc(tv), it can be shown that in a EdS universe ∆v ' 178 and
the corresponding overdensity is δc ' 1.686. These estimates are affected by the possible presence
of DE, and a fitting formula has been found introducing an additional energy contribution to the
virial relation (Wang & Steinhardt, 1998; Mota & van de Bruck, 2004; Wang, 2006; Bartelmann
et al., 2006). The approximate analytic expressions for ∆v and δc in a flat universe such that
Ωm,B + ΩΛ,B = 1 are

∆v = 9π2[1 + 0.7076(Ωm,B − 1) + Ω0.4403
m,B ] , (2.41)

δc =
3
5

(
3π
2

)2/3

[1 + 0.0123 log(Ωm,B)] , (2.42)

that, unlike in a EdS universe in which they are constant, for a generical cosmological model
depend on time through Ωm,B(z) (see e.g. Lacey & Cole, 1993; Eke et al., 1996; Bryan & Norman,
1998, for more details). It follows that the virial mass of the perturbed region is

Mv =
4
3
πr3
v∆v(tv)ρc(tv) (2.43)

and the corresponding total energy is

E = −1
2

3GM2
v

5rv
. (2.44)

Although overdensity at virialization can be calculated in every case according to the chosen
cosmological background, the use of ∆v = 200 is often preferred, since it does not depend on the
cosmological model and provided that numerical simulations show as r200 separate the inner, in
equilibrium part of a galaxy cluster from the infall, outer one.
As presented, the spherical collapse formalism counts on some hypotheses that could possibly
be unrealistic. Sheth & Tormen (1999), and Sheth et al. (2001), investigate its validity through
numerical simulations in a EdS universe in which the predicted adundance of the collapsed objects
was compared to that obtained analytically (see next section). The appearing scenario showed that
the formation of the virialized structures was in agreement with the collapse of elliptical regions,
rather than spherical. Analytically, this leads to the introduction of a different threshold δc, namely

δc(M, z) =
√
aδc(z)

[
1 + b

(
σ2(M)
aδ2
c (z)

)2]
. (2.45)

Here, (a, b, c) are fitting parameters, that Sheth & Tormen (1999) showed to be a = 0.707, b = 0.5
and c = 0.6 according to the predictions of the high-resolution numerical simulations and have
been later improved by Jenkins et al. (2001), that find a = 0.73, b = 0.34 and c = 0.81. The
peculiarity of this barrier is its dependence on the mass of the considered region, but anyway for
massive structures (2.45) reduces to the spherical collapse case.

2.3.3 The statistics of the collapsed objects with Gaussian ICs

The collapse model together with the statistics of random fields allows to derive the abundance
of the formed structures having a fixed mass M at a given redshift z, dubbed the mass function
n(M, z). More in details, it returns the comoving number density of the objects per unit mass
around M and per unit redshift around z. Press & Schechter (1974) (PS74), Bond et al. (1991)
and Sheth (1998), developed a theoretical formalism, the so-called excursions-set method, through
which it is possible to find an analytic expression for n(M, z). In the following discussion, we will
recall the main results useful to the work presented in this Thesis, as achieved by Sheth (1998) to
avoid the troubles of the PS74 approach.
In the excursion-set formalism, p(σ2, δ) denotes the fraction of the points in a given volume such
that the inner overdensity is δ over a scale of mass corresponding to σ2(M) and p(σ2, δ|σ2′

, δ′, first)
the fraction of the trajectories, having δ at σ2, that first cross a threshold collapse B(σ2|R, z) at
σ2′

such that σ2′ ≤ σ2. Note that here B is written as a generic relation of M , z and the eulerian
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radius R(M) but the following treatment can be applied at best in cases where B is a linear
function of σ2 (Sheth, 1998). Hence

p(σ2, δ) =
∫ σ2

0

p(σ2, δ|σ2′
, δ′, first)f(σ2′

, δ′|R, z) dσ2′
, (2.46)

provided that at σ2, δ > δc(z). Here, f is the fraction of trajectories in the Lagrangian space that
have their first crossing at σ2, and can be related to the number of regions N(M |R, z) having mass
M , volume V (M) in Lagrangian space and eulerian radius R(M) at z:

f =
V N

Vtot

dM
dσ2

, (2.47)

where Vtot is the total volume occupied by such regions in Lagrangian space. As known, the proba-
bility p(σ2, δ) follows the Gaussian statistic and p(σ2, δ|σ2′

, δ′, first) corresponds to p(σ2, δ|σ2′
, δ′)

when the filter is sharp in k−space, i.e.

p(σ2, δ) =
1√
2πσ

exp
(
− δ2

2σ2

)
(2.48)

p(σ2, δ|σ2′
, δ′) =

1√
2π(σ2 − σ2′)

exp
[
− (δ − δ′)2

2(σ2 − σ2′)

]
. (2.49)

When the collapsing regions are DM halos, the barrier B has no dependence neither on σ2 nor on
R (since a DM halo has null eulerian radius by definition), hence as already mentioned B = δc(z)
and an analytic espression for f is taken directly solving (2.46):

f [σ2, δc(z)] =
δc(z)
σ2

p[σ2, δc(z)] =
δc(z)√
2πσ3

exp
[
− δc(z)2

2σ2

]
. (2.50)

The mass function n(M, z) = N(M, z)/Vtot then results

n(M, z) =
ρ̄0,m

M
f [σ2, δc(z)]

dσ2

dM
=
ρ̄0,m

M

δc(z)√
2πσ3

exp
[
− δ2

c (z)
2σ2

]
dσ2

dM
. (2.51)

Although this formula, usually called the PS74 mass function, is in reasonable agreement with
numerical simulations, with the introduction of the ellipsoidal collapse a more general espression
has been proposed by Sheth & Tormen (1999) (ST99), and later by other authors as Jenkins et al.
(2001)(J01) or Warren et al. (2006). The previous form for n(M, z) has been improved adding the
fitting parameters (A, a, p) and reads

n(M, z) = − ρ̄0,m

M

d ln[σ(M)]
dM

√
2
π
A

(
1 +

1
ν2p

)
ν exp(−ν2/2) , (2.52)

where ν ≡ √aδc(z)/σ(M). Initial values for A and p were found by ST99 that achieve A = 0.322
and p = 0.3, that were improved by J01 in A = 0.353 and p = 0.175. Moreover, from Eq. (2.52),
it is evident that assuming A = 0.5, a = 1, p = 0 the mass function reduces to the original PS74 case.

The halo distribution provided by the spherical and the ellipsoidal collapse model are shown in
Fig. 2.2, at z = 0. It is evident that the PS74 mass function overpredict the number of low-mass
structures when compared to ST99 and the J01, while underpredict it in the high-mass tail.

Due to its influence on the evolution of the matter fluctuations, the quintessence is expected to
strongly affect the abundance of the dark matter halos, as shown in Fig. 2.3. Here we plot the mass
function in terms of the size probability distribution P (R) = dn/d lnRV (R)/fcol(z), where fcol is
the total collapsed mass fraction at the considered redshift, as predicted by the PS74 theory for
the ΛCDM (solid line), RP (dashed line) and SUGRA (dotted-dashed line) cosmologies. For the
purpose of this Thesis, we are interested in investigating the contribution of the DDE component
at early epochs, i.e. when reionization begins. Then, the halo abundance is here shown at high
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Figure 2.2: Mass function computed at present day in a ΛCDM cosmological framework consistent with the 1-year
WMAP predictions. The black solid curve represents the PS74 original formulation, while the red dashed and the
green dotted lines refer to the ST99 and J01 improved forms, respecively.
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Figure 2.3: The halo distribution at different epochs: redshifts z = 12, z = 9, and z = 6 are shown in the panels,
from left to right. For each cosmological model, the halo mass function is computed consistently to the PS74
formalism and written in terms of the halo radius. Different curves refer to ΛCDM model (solid line), RP model
(dashed line) and SUGRA model (dotted-dashed line).

z. Indeed, at the same cosmological epoch, the halo distribution is dominated by larger objects
in the quintessence cases, in particular in the SUGRA model, due to the earlier growth of matter
fluctuations.
Analogously to the mass function, for the spherical collapse assumption it is possible to infer the
halo merger rate, according to the hierarchical picture in which low mass structures aggregate each
other to form higher mass objects. The first authors that analysed this problem were Lacey & Cole
(1993), that related the merger rate to the conditional probability distribution that a trajectory
that exceeds the barrier δ′c = δc(z′) at mass M ′ (i.e. σ2′

) could re-cross the threshold at z < z′ (so
that δc < δ′c) for M > M ′ (i.e. at σ2 < σ2′

):

f(σ2′
, δ′c|σ2, δc) =

δ′c − δc
σ2′ − σ2

p(σ2′
, δ′c|σ2, δc) . (2.53)

It follows that the fraction of regions of mass M ′ at z′ that at z are contained in regions of mass
M is n(M ′z′|M, z) = M/M ′f(σ2′

, δ′c|σ2, δc)dσ2′
/dM ′, that, through straighforward calculation

presented in Lacey & Cole (1993), in the limit ∆z −→ 0 leads to the merger rate

d2p

d∆Mdt
=

√
2
π

∣∣∣∣dδc(z)dt

∣∣∣∣ 1
σ2

∣∣∣∣dσ2

dM

∣∣∣∣( 1
1− σ2σ2′

)3/2

exp
[
− δ2

c (t)
2

(
1
σ2
− 1
σ2′

)]
, (2.54)

where ∆M = M −M ′. Given the difficulty introduced by using a barrier that does not depend
linearly on the variance, at the moment it is not available an analogous espression for the merger
rate in case of the ellipsoidal collapse.
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2.4 Non-Gaussianity

As already explained, the standard scenario for inflation is based on a self-interacted scalar single
field (inflaton) ϕ, evolving under the action of its potential V (ϕ) minimally coupled to gravity,
that is responsible for the rise of almost Gaussian density fluctuations, adiabatic on large scales.
During this epoch, the inflaton dominates the gravity of the universe and, for this reason, the
produced fluctuations in the energy-matter field cause the rise of adiabatic perturbations also in
the geometric curvature of the universe. At the end of the inflation, the field oscillates around the
minimum of its potential and decays, reheating the universe. The outcoming picture consists in an
initial random overdensity field, following the Gaussian distribution, but the recent observational
test (see sect. 2.5) do not reject a tiny deviation from the Gaussian statistic, also allowed by the
theoretical standard inflationary paradigm. Anyway, in order for inflaton to drive the accelerated
expansion, its potential V (ψ) should be very flat and, as a consequence, the interaction terms
responsible for the rise of non-linearities must be suppressed. It follows that producing non-
Gaussianity during the inflation is forbidden, even if alternative scenarios provide at this epoch a
pumping of the perturbations due to external fields, producing a non-negligible non-Gaussianity.
Then, it is in the post inflation eras, i.e. during the following reheating and the radiation or matter
epochs, that the possible initial non-Gaussianity can be enhanced by exploiting the conservation
on large scales of the curvature perturbations up to second order.
The non-Gaussianity effect can be introduced in the following phenomenological way:

Φ(x) = ΦG(x) + fNL ∗ [Φ2
G(x)− 〈Φ2

G(x)〉] , (2.55)

where fNL is a parameter measuring the non-Gaussianity (NG hereafter) degree, while Φ and ΦG
are the gravitational potentials in the non-Gaussian and Gaussian model respectively. The ‘*’
symbol denotes a convolution that is required if fNL depends on space position, and that reduces
to a scalar product in the opposite case. As it can be noticed, the above equation reduces to the
Gaussian case if fNL = 0 is assumed, as provided by the definition of the NG parameter itself. In
the equation above, the NG contribution is introduced in the gravitational potential of the pertur-
bations, through an additional term proportional to Φ2, but however, many different formalisms
have been proposed in literature to account for NG effects. As an example, the perturbation can be
added in the overdensity field itself (Matarrese et al., 2000) or directly in the curvature ζ, leading
to ζ(x) = ζG(x) + 3/5fNL[ζ2

G(x) − 〈ζ2
G(x)〉] where the factor 3/5 renders this parameterization

consistent to Eq. (2.55) (see e.g. Lo Verde et al., 2008, for details). It is interesting to note that,
anyway, the NG contribution measured by last observations (see section 2.5) is smaller than 10−5,
not ruling the validity of the Gaussian model out.
In the Fourier space, Eq. (2.55) can be written as

Φ̂(k) = Φ̂G(k) +
1

(2π)3

∫
d3k1 d3k2 δ

(3)
D (k1 + k2 − k)fNL(k1,k2)Φ̂G(k1)Φ̂G(k2) (2.56)

in which δ
(3)
D is the Dirac delta function and the possible spatial dependence of fNL is neglected.

Under the assumption of mildly NG, an investigation of the NG effects on the structure formation
is possible since the PDF of the smoothed overdensity field can be espressed analytically. In this
case, the filtered δf (x;Rf ) can be found through Eq. (2.21) given the well-known relation between
the potential Φ and the amplitude of the Fourier modes δ̂(k)

δ̂(k) = M(k)Φ̂(k) (2.57)

where M(k) = g(k)T (k) and the function g(k) is related to the assumed model for the NG pa-
rameterisation. In case of the formalism here adopted, solving the Poisson equation allows to
obtain

g(k) =
2

3Ωm,0

(
k

H0

)2

(2.58)

The PDF of the filtered overdensity field can be achieved by the functional

P [δf (x;Rf )] =
〈
δD

(
ΦG,Rf

(x) + fNL

∫
d3y F (|x− y|)φ2

G(y)− C − δf (x;Rf )
)〉

, (2.59)
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where C is a normalization constant such that δf has null mean value. Through straightforward
calculations (see Matarrese et al., 2000, for details), the resulting probability distribution for the
smoothed NG overdensity field is

P (δf ) =
∫

dλ
2π

exp(−iλδf +W(λ)) (2.60)

in which W represents the cumulant function of the ι− th order moments µι(Rf ) of the smoothed
density constrast, namely

W(λ) ≡
+∞∑
ι=2

(iλ)α

α!
µι(Rf ) . (2.61)

In general, µι(Rf ) can be written as the sum of two terms, µι(Rf ) = f ι−2
NL µ

(1)
ι (Rf ) + fαNLµ

(2)
ι (Rf ),

in which the major NG contribution is provided only by the first component. In the following,
we will treat the NG effects only at the linear order in fNL, then hereafter we will identify the
momenta with their leading term, having the general form

µι(Rf ) ∼ f ι−2
NL µ(1)

ι (Rf ) =
∫

d3k1

(2π)3
...

∫
d3kι
(2π)3

W (k1Rf )..W (kιRf )〈Φ̂(k1)..Φ̂(kι)〉. (2.62)

By definition, the Gaussian statistics is characterized by null odd order moments and even order
moments proportional to the 2 − th order one (the variance). This is not valid anymore for NG
models, since the odd µι’s do not vanish. As a consequence, the 3− th moment (the skewness) is
the one at the lowest order with highest amplitude able to distinguish between NG and Gaussian
distributions for the overdensity field, that could be constrained through the observations. Trun-
cating W at the third element (since the 4− th linear term has the same amplitude of the 3− th
non-linear term), the NG PDF is defined by

µ2(Rf ) =
∫

d3k1

(2π)3

∫
d3k2

(2π)3
W (k1Rf )W (k2Rf )M(k1)M(k2)〈Φ̂(k1)Φ̂(k2)〉 (2.63)

µ3(Rf ) =
∫

d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3
W (k1Rf )W (k2Rf )W (k3Rf )×

M(k1)M(k2)M(k3)〈Φ̂(k1)Φ̂(k2)Φ̂(k3)〉 .
(2.64)

Here the 2− th moment is determined by the power spectrum PΦ(k) of the gravitational potential
since PΦ(k) ≡ 〈Φ̂(k1)Φ̂(k2)〉 = (2π)3δ

(3)
D (k1 + k2)PΦ(k1) = ∆Φk

n−4, while the 3 − th moment
depends on the bispectrum 〈Φ̂(k1)Φ̂(k2)Φ̂(k3)〉. Note that the sign of fNL is correlated to that of
the skewness, as well as of all the other even-order cumulants. It is commonly represented by the
function F such that

〈Φ̂(k1)Φ̂(k2)Φ̂(k3)〉 = (2π)3δ
(3)
D (k1 + k2 + k3)F (k1, k2, k3) , (2.65)

which resumes the dependence of the 3-point correlation function on the shape of the triangle
(k1, k2, k3) in momentum space. The models proposed for F can be divided quite sharply into two
main classes, with the consequence of a qualitatively different way to produce the skewness. The
first possibility rise by taking a Taylor expansion around a Gaussian for the gravitational potential
perturbation (Komatsu & Spergel, 2001) as done in Eq. (2.55), and implies a local non-linearity in
real space. But this form is expected also for other mechanisms, as the curvaton scenario, or for
models in which non-linearities develop outside the horizon, as the multiple-field inflation models
where a second, light scalar field is considered. The function F reads as

F (k1, k2, k3) = 2f locNL[PΦ(k1)PΦ(k2) + PΦ(k1)PΦ(k3) + PΦ(k2)PΦ(k3)] , (2.66)

in which the most relevant configurations are the squeezed triangles with one side much smaller
than the others, i.e. k1, k2 � k3.
The second class are single field models with a non-minimal Lagrangian, where the correlation
among modes is created by higher derivative operators. In this case, the stronger correlation
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2.4. Non-Gaussianity

Figure 2.4: Figure 1: The function F (1, k2/k1, k3/k1)(k2/k1)2(k3/k1)2 for the equilateral shape (top panel) and
for the local shape (bottom). The functions are both normalized to unity for equilateral configurations k2/k1 =
k3/k1 = 1. Given the simmetry of F in its three arguments, it is sufficient to specify it for k1 ≥ k2 ≥ k3, so that
k3/k1 ≤ k2/k1 ≤ 1. Moreover, since no side can be higher than the sum of the other two in a triangle, only the
region 1k2/k1 ≤ k3/k1 ≤ k2/k1 ≤ 1 is considered, setting it to zero elsewhere (Creminelli et al., 2006).

occurs among modes with comparable wavelength, i.e. k1 ∼ k2 ∼ k3 in Fourier space. This class of
fluctuations is called equilateral and some examples include the DBI model and the ghost inflation
(Creminelli et al., 2006). In this case the function F is

F (k1, k2, k3) = fequiNL 6∆2
Φ

[
− 1
k4−n

1 k4−n
2

+ (2 perm)− 2
(k1k2k3)2−2(n−1)/3

+

1

k
1−(n−1)/3
1 k

2−2(n−1)/3
2 k4−n

3

+ (5 perm)
]
.

(2.67)

The difference between this two cases are shown in Fig. 2.4, from which it is evident that while the
contribute of the local shape is important in the edge of the Fourier space, the equilateral shape
becomes important when k1 = k2 = k3. The importance of this last case resides in the possibility
to consider a scale-dependence for the NG parameter, as supposed by recent observational tests
(see sect. 2.5). In this work, we also allow NG to vary with the scale, assuming the dependence
proposed by Lo Verde et al. (2008), namely:

fNL(k1, k2, k3) = fNL

(
k1 + k2 + k3

kCMB

)−2α

. (2.68)

In the following work, the normalisation of the previous relation is chosen in order to avoid violating
the WMAP constraints: for this reason fNL represents the equilateral parameter measured on the
kCMB scale of 0.086h/Mpc, roughly corresponding to the largest multipole used by Komatsu et al.
(2008) to estimate NG in the WMAP data, ` = 700. The slope α is a free parameter, assumed to
be constant, such that |α| � 1 between CMB and cluster scales. Following Lo Verde et al. (2008)
we consider small negative values for α, to enhance NG on scales smaller than CMB.

The resulting behaviour for the fNL parameter is shown in Fig. 2.5, where we assume α =
0,−0.1,−0.2, for the slope of the scale dependence, and fNL = −151, and fNL = 253 as piv-
oting values at the CMB scale, in agreement with the WMAP equilateral constraints (see sect. 2.5
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Figure 2.5: The scale dependence of the NG parameter fNL for the models with equilateral shape considered in this
work. Results for two different choices of the pivoting value, fNL = −151 and fNL = 253, are shown by dashed and
solid curves, respectively. Different values for the slope α have also been used: α = 0 (black lines), α = −0.1 (red
lines) and α = −0.2 (green lines). The shaded regions on the right show the scales probed by the SDSS (cyan) and
the galaxy clusters (orange), while the blue region refers to the range excluded at 95 per cent confidence level by
the CMB data (Komatsu et al., 2008).

Komatsu et al., 2008). It is evident from the plot that, with this assumption for the NG scale-
dependence relation, the absolute value of fNL at the scales relevant for the halo formation can be
a factor 2-3 larger than the maximum amount directly derived from the CMB analysis: this can
amplify the possible effects of primordial NG.
In Fig. 2.6 we show, as a function of the scale R, µ3(M) and the normalized skewness S3(M) =
µ3(M)/σ4(M), for models with both local and equilateral shapes. Both skewness parameters are
given per unit NG parameter fNL; for the equilateral case we also consider the possibility of scale-
dependence for the NG term. As already shown by Lo Verde et al. (2008), the two classes of
models give quite different predictions for both the amplitude and the mass dependence of the two
considered quantities, but this difference decreases as the mass scale increases, since the local and
the equilateral cases become more and more similar. The scale-dependence of fNL strongly affects
the NG contribution for the smaller masses scales and this effect grows when higher negative α
parameters are assumed.

2.4.1 The statistics of the collapsed object for non-Gaussian initial con-
ditions

The building of a suitable formalism describing the formation of DM halos starting by non-Gaussian
initial conditions involve some difficulties. In fact, the same method used in the Gaussian case
can not be applied because an analytic espression for the conditional probability distribution has
not been developed yet. But other techinques (Jedamzik, 1995; Nagashima & Gouda, 1997; Lee
& Shandarin, 1998) might also be useful. In what follows, we will descride the analytic approach
provided by Matarrese et al. (2000), but another similar treatments has been proposed in literature
(e.g. Lo Verde et al., 2008) and, recently, numerical simulations (Dalal et al., 2008; Desjacques et al.,
2008; Pillepich et al., 2008) have allowed to improve the analytic expression derived for the mass
function of the DM halos.
Given the probability distribution for the smoothed field, it follows that the probability P [>
δc(z),M ] for a point to belong to a collapsed object at a fixed time is

P [> δc(z),M ] =
∫ ∞
δc(z)

dδr P [δf (M)]

=
∫ ∞
δc(z)

dδf (M)
∫ ∞
−∞

dλ
2π

exp[−iλδf (M) +W(λ)] .
(2.69)
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Figure 2.6: The skewness µ3 (top panel) and the normalized skewness S3 (bottom panel), given per unit fNL. The
black dashed curve refers to the model with local shape, while the coloured solid curves present the results for the
equilateral configuration with α = 0,−0.1,−0.2 (black, red and green lines, respectively).

Neglecting the momenta of order higher than 3, the above integral can be solved analitycally only
if δc(z) ≥ 1/S3(M), i.e. R(M) ≤ 10 Mpc, at the linear order in fNL, leading to

P [> δc(z),M ] ≈ 1√
2π

σ(M)
δc(z)

exp

[
− 1

2
δc(z)2

σ2(M)

(
1− S3(R)

3
δc(z)

)]
(2.70)

while in the other cases P (> δc(z),M) can be estimated only through numerical approaches. As
a consequence, the mass function n(M, z) can be obtained as

n(M, z) = f
ρ̄0,m

M

∣∣∣∣∣dP [> δc(z),M ]
dM

∣∣∣∣∣ , (2.71)

when we fixed f = 2 as in the Gaussian model, in case of mildly NG. Grossi et al. (2007) and
Grossi et al. (2009) show that n(M, z) can be written adding a NG correction to the Gaussian
mass function, namely nNG(M, z) = CNG(M, z)nG(M, z), where the correction fNL is

CNG(M, z) '
∣∣∣∣∣
[

1
6
δ2
c (z)
δ∗(z)

dS3(M)
d lnσ(M)

+
δ∗(z)
δc(z)

]∣∣∣∣∣ exp

[
δ3
c (z)S3

6σ2(M)

]
. (2.72)

In the previous relation, δ∗ ≡ δc
√

1− S3(M)δc/3.
The resulting mass function, shown in terms of ratio with respect to the Gaussian predictions, are
shown in Fig. 2.7, for both local and equilateral shapes (upper and lower panels, respectively), fixed
fNL to the corresponding values at 95% CL (fNL = −9, 111 for the local shape, and fNL = −151, 253
for equilateral one). For the purpose of this Thesis, we are interested in investigating the NG effects
on the mass function at early epochs, for which we assume z = 6.5, 9 and 13. Since the mass density
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Figure 2.7: The ratio between the dark matter halo mass functions for non-Gaussian and Gaussian models, computed
at z = 6.5 (left panels), z = 9 (central panels) and z = 13 (right panels). Top panels show the results for non-
Gaussian models with local shape, where fNL = −9 (dashed lines) and fNL = 111 (solid lines) are assumed. In
the bottom panels, which refer to non-Gaussian models with equilateral shape, dashed and solid lines correspond
to fNL = −151, 253, respectively; black, red and green lines refer to α = 0 (i.e. no scale-dependence), α = −0.1 and
α = −0.2 respectively.

probability function is positively skewed in case of positive (fNL > 0) NG contributions, the
probability of overcoming the collapse threshold becomes higher. As a consequence, the formation
of high-mass haloes is enhanced and anticipated when fNL > 0, also by a factor of 10 at z = 13
for haloes with mass M ∼ 1011M� when compared to the standard scenario. We should, however,
remark that high-mass haloes (M > 109M�) at early cosmological epochs are rare events, as shown
also by the small number density at z = 13 in the reference case, n(> 109M�) . 5× 10−3/Mpc3.
Unlike the local model, the scale dependence of NG increases the abundance of the low-mass
haloes by a factor of ∼ 10 at z = 13 when compared to the standard case. The opposite applies for
fNL < 0. As already noticed by Matarrese et al. (2000) (see also Verde et al., 2001; Grossi et al.,
2007), this effect is more evident at early cosmological epochs.
As a concluding remark, we should stress that, given the difficulty introduced by non-Gaussian
initial conditions, at the moment an analytic formula for the conditional probability distribution is
not avalaible and, as a consequence, a formalism to infer the merger rate has not been developed
yet.

2.5 The current status of observations

The statistical distribution of the matter perturbations is fully represented by its power spectrum
and the related parameters, i.e. the amplitude (parameterized by σ8) and the spectral index, that
can be constrained through the observations.

A first estimate of σ8 and n is provided by the power spectrum of the high-z QSO (Viel et al.,
2004; McDonald et al., 2005; Seljak et al., 2005; Desjacques & Nusser, 2005), since the Lyα forest
can probe the distribution of the matter on small scale, although this relation has still to be deeply
investigated. Anyway, the comparison between the observational results of Kim et al. (2007) and
the simulations of Bolton & Haehnelt (2007a) suggests a isothermal profile for the IGM T − δ
relation. This allows to achieve a small value for the cosmic variance on 8h−1Mpc, that is in
agreement with the 5-year WMAP estimate showed in Fig. 2.8, σ8 = 0.796±0.036 (Dunkley et al.,
2008). A similar result is obtained considering the galaxy clusters, that probe the mass distribution
on the large physical scales: σ8 = 0.77+0.07

−0.06 (Mantz et al., 2008). A different approach consists in
observing objects with well-determined distances, such as galaxies and nearby supernovae, to look
for deviations from the Hubble flow given by their peculiar motions. The actual resulting variance,
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2.5. The current status of observations

Figure 2.8: Constraints from the spectral parameters provided by 5-year WMAP data (blue), shoved for 68% and
95% CL limits. Parameters are consistent with the 3-year limits (grey lines) from Spergel et al. (2007) (Dunkley
et al., 2008).

σ8 = 0.79± 0.22 (Gordon et al., 2007) is in good agreement with the other estimates.
Moreover, Fig. 2.8 shows that at the moment, the current data of 5-year WMAP show no evidence
for a running spectral index n on the physical scale, preferring a constant n = 0.963+0.014

−0.015 rather
than the scale-invariant Harrison Zel’dovich Peebles spectrum (n = 1). Actually, given the large
degeneracy between n, Ω0,b and the electron scattering optical depth τ , more accurate measurement
on smaller scales should needed.
For that concerning a possible NG in the initial overdesity field, the CMB observations allow to
constrain the NG parameter fNL for both the local and the equilateral shapes. Through the TT-
spectrum, even if other methods of investigation like the Minkowski functionals, the last 5-year
WMAP data allow a tiny NG degree, i.e. < 10−5, involving −9 < f locNL < 111 for the local model
and −151 < fequiNL < 253, measured on the kCMB scale of 0.086h/Mpc (∼ ` = 700) assuming the
equilateral shape, at 95% CL. Similar results is found by Slosar et al. (2008), investigating the
distribution of the quasars sample in the SDSS. The NG parameter lies between −31 < fNL < 70
at 95%CL when the local model is considered.
As a final remark , we should mention that, as already specified in the previous chapter, the
cosmological background assumed in this work is consistent with the WMAP predictions for the
1-year and the 5-year of observations. Unlike the geometrical parameters, the predicted structure
formation scenario differ mainly due to the higher value for σ8 found by 1-year WMAP, i.e. σ8 =
0.9, that however cannot affect the conclusions of this work.
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Chapter 3

The cosmic reionization

In this chapter, the main theoretical and observational sides related to the way in which the first
stars ionize the gas are illustrated, describing the main stages of the ionization history of the IGM
that lead to the still unknown reionization process.
The post-inflation phase consists in the ‘Dark Age’, the cosmological era between the time when
the CMB was emitted and the time when the evolution of structures in the universe led to the
gravitational collapse of objects in which the first stars were formed. The evolution of the universe
during this phase is still unknown because of the lack of information provided by the sources of light
and only the formation of the first collapsed objects ends this unknown stage. The following collapse
of the gas inside the potential wells of the DM halos gives rise to structures with a typical virial
mass Mv = M(T ≤ 104) K, corresponding to the cooling temperature Tcool of the neutral hydrogen
HI. The collapse of HI, that is mostly present in the coolant gas disguised as H2 molecules, ignites
the star formation, with the subsequent release of light that can ionize the HI in the neighbouring
IGM. This is the first stage of the reionization process, that marks the end of the dark age in which
all the HI in the IGM is at the neutral state. Its name is to distinguish it from the first ionization
phase, occurring at the beginning of the history of the universe caused by its high temperature.
The effects of HI photoionization are significant for the following formation of the structure, since
the ionization of the IGM should prevent the cooling of the gas, destroying the small mass DM
halos, preventing the following star formation and affecting the chemical composition of the first
sources of light.

3.1 The propagation of the ionization front

The aim of this section is to describe the way in which a source of light acts on the IGM, through
an analytic method. Actually, the effective ionization history of the HI strongly depends on many
other physical phenomena as the feedback or the photoevaporation of minihalos (i.e. halos with
masses . 106 M�), that could be investigated only through numerical simulations because of the
lack of an efficient analytic formalism for the description of their effects. Finally, the following
discussion, inspired to Loeb (2006), can apply to different types of source, given its parametric
nature representing the ionization action on the IGM.
Let suppose that a given source of light can ionize a region of comoving volume V such that
the inner hydrogen is fully ionized (HII) and the outer gas is neutral. The size of such region
indeed depends on the ionization efficiency of the inner source, represented by the free parameter
ζ containing all its peculiarities, as discussed later. As an example, the efficiency ζ related to a
star is indeed lower than that of a galaxy, hence the ionizing photons can be absorbed also by the
tiny layers near the source and the typical size of the ionized volume V is smaller.
Once emitted by the collapsed object, the ionization front (I-front) goes far from the source, loosing
the photons that are absorbed by the crossed HI. Indeed, the total number of lost photons becomes
higher and higher as long as the distance between the I-front and the source increases, until the
ionizing flux is fully absorbed by the neutral IGM. At the space point in which that occurs, the
abrupt transition between ionized and neutral gas marks the maximum size reached by the HII
volume, since the following emitted I-fronts can just mantain the ionized state inside the region,
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that, without the external action of the source, would come back to the neutral phase. Then, when
the maximum size is reached the HII region is at the ionization equilibrium, i.e. the recombination
and the ionization rates are equal:

α〈n2
H(t)〉Vp =

dNγ
dt

, (3.1)

where the left-hand term is the recombination rate, in which α represents the recombination
coefficient dependent on the physics of HI, nH is the local density of hydrogen and Vp is the proper
volume of the ionized region. The right-hand side is the ionization rate, with Nγ representing the
total number of ionizing photons required to once ionize the inner HI, so that NHII = Nγ , and is
related to the ionization efficiency. In Eq. (3.1), the square of the local density shows that the IGM
is not uniformly distributed and that the recombination time is very short. This is usually dealt
through the introduction of the clumping factor CHII, that represents the compactness degree of
the IGM and is defined as CHII = 〈n2

H〉/〈nH〉2, that usually varies with time. Hence, the general
evolution of the HII region in proper coordinates is given by (Loeb, 2006)

〈nH(t)〉
(dVp

dt
− 3H(t)Vp

)
=

dNγ
dt
− αCHII〈n2

H(t)〉Vp , (3.2)

where in the left-hand side dVp/dt represent the total growth of the region due to both the I-front
and the expansion of the universe, given by H(t). The righ-hand term shows the contributions
of the ionization and the recombination processes. Translating to the comoving reference frame,
Eq. (3.2) becomes

dV
dt

=
1

〈nH,0〉
dNγ
dt
− αCHII

a3
〈nH,0〉V , (3.3)

in which 〈nH,0〉 is the mean present-day density of H, i.e. 〈nH,0〉 = 1.88× 10−7Ωb,0h2/0.022 cm−3,
that is a factor ∼ 0.76 lower with respect to the number density of the baryons at z = 0. Shapiro
& Giroux (1987) found the following general solution to Eq. (3.2) for a source which turns on at a
given time ti:

V (t) =
∫ t

ti

1
〈nH,0〉

dNγ
dt′

exp[F (t, t′)] dt′ , (3.4)

where

F (t, t′) = −α〈nH,0〉
∫ t

t′

CHII(t′′)
a3(t′′)

dt′′, (3.5)

that in case of a ΛCDM flat cosmology and assuming a constant clumping factor, becomes (Loeb,
2006)

F (t′, t) = −2
3
αnH,0√
ΩmH0

CHII[f(t′)− f(t)] , (3.6)

setting f(t) =
√

1/a3 + 1/Ωm − 1. Actually, the IGM recombination is for its nature related
to the local density of the HI, then the equation above results to be a strong simplification. An
accurate investigatation of the evolution of the HII bubbles is possible only through semi-numerical
or numerical methods (Iliev et al., 2007; Lidz et al., 2007; Iliev et al., 2008b; Choudhury et al.,
2008), that allow to know the actual spatial distribution of the matter density field.
At the reionization equilibrium, the maximum size of the HII bubble RS can be obtained through
Eq. (3.3) setting dV/dt = 0 and results

RS =
( 3

4π
1

〈nH,0〉2
dNγ
dt

a3

αCHII

)1/3

, (3.7)

representing the comoving Strömgren radius. As already stressed, its dimension is related to the
physical properties of the source responsible for the production of the I-front. In fact, the amount
of the ionizing photons Nγ can be related to the escape fraction fesc, the star formation efficiency
f∗, the number of ionizing photons produced per baryon in stars Nγ/b and Nrec the typical number
of times a hydrogen atom has recombined. Fixed the ionization efficiency of the galaxy as

ζ = fescf∗Nγ/bN
−1
rec , (3.8)
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that is an estimate of the amount of ionizing photons occuring to ionize a HI atom, the total
number of the ionized HI corresponds to NHII = Nγ = ζMs/mH where Ms is the mass of the
source. Assuming that the host halo of the galaxy has a mass M and a baryon fraction Ωb/Ωm,
the total mass MHII ionized can be written as

MHI = NHIImH = ζMs = ζ

(
M

Ωb
Ωm

)
, (3.9)

where in the right-hand term MΩb/Ωm is the mass of the galaxy. The actual radius never reaches
this size if the recombination time is shorter than the lifetime of the galaxy, as pointed out by Loeb
(2006). Given their dependence on the parameters related to the source, Eq. (3.8) and (3.9) show
that the typical size of the HII region is determined by the type of the ionizing object considered. In
particular, the equilibrium scale can be analytically estimated under the assumptions of a suitable
model for the IGM recombination and through the observational constraints on ζ. As an example,
Loeb (2006) show that the radius RS does not change meaningfully when a star-like and a mini-
quasar-like source are considered, suggesting that the typical size may be < 10 (comoving) Mpc.
Although having almost the same ionization front, a higher maximum radius has been found for
the quasar-like sources, since the ionizing photons around a transient object expands at nearly
the speed of light at early time, when the size of the HII region is small and the effect of the
recombination is negligible. White et al. (2003) derived an analytic espression for the evolution
of the comoving radius of the ionized region produced by quasars (Loeb, 2006), but the actual
size can be inferred by the spectral gap between the quasar rest-frame Lyα wavelength and the
beginning of Lyα absorption. Existing data from the SDSS (Mesinger & Haiman, 2004a; Wyithe &
Loeb, 2004; Wyithe et al., 2005a) probe a physical RS ∼ 6 Mpc for QSO at z > 6, i.e. a comoving
RS & 30 Mpc. On the other hand, the nature of the reionization front changes significantly when
considering the effects of the X-ray background, for which the hard component has a typical mean
free path (mfp hereafter) similar to the horizon scale and then is rarely absorbed, while the soft
rays can ionize the IGM in a quite homogeneous manner.

3.2 The phases of HI reionization

This section summarizes the different phases of the HI reionization. Although in this work the
IGM will be identified only with HI since it represents its main component, a brief discussion
will be here treated separately to recall the reionization scenario associated to the helium (He)
component, that is generally very different.
The recent numerical simulations show that reionization is an ‘inside-out’ process, that begins in
the high-density regions of the IGM and then expands into the lower dense ones, through the
following main stages (Gnedin, 2000b), illustred in Fig. 3.1.

The pre-overlap stage

This is the initial phase of reionization. The first galaxies form in the most massive halos at
high redshifts, that are located in the highest density peaks of the overdensity fields and as a
consequence are biased. Hence, when the galaxy turns on, the escaping ionizing photons impact
the surrounding high-density neutral IGM, characterized by a high recombination rate, and are
partially absorbed. The surviving photons can propagate into the low-density regions, and easily
ionize it, increasing the size of the HII region. This process occurs until the emitted I-front has
enough photons surviving to recombination, reaching the maximun radius and leaving inside some
high-density pockets of neutral gas. Furthermore, the inner ionization intensity of a bubble is very
inhomogeneous, since it is related to the luminosity and the distance of the source itself.
During this period, the IGM is a two-phase medium characterized by isolated HII bubbles lying in
the neutral background sea, as shown in Fig. 3.1, bottom panel A.

The overlap stage

This central phase is expected to occur rapidly, at z lower than the initial stage, due to the growth
of sufficiently near HII bubbles that could overlap, giving rise to a unique larger ionized region.
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Figure 3.1: The expected time-evolution of the HI reionization process (top panel), in which a more detailed view
of the bubble evolution (bottom panels) is shown. Panel A refers to the pre-overlap phase, when the bubble are
mostly disjoined and can expand in the lower dense IGM, leaving pockets of high-density gas. The following stages
are represented by the overlap phase illustrated in panel B, when neighboring HII regions begin to overlap and can
ionize the dense IGM clumps, and the completion of reionization (panel C), in which the gas is almost fully ionized
(Loeb, 2006).

When two (or more) bubbles are joined, their inner HI atoms suffer of the exposure to two (or more)
different ionizing fronts, hence the inner ionizing intensity increases, allowing to the new ionized
region to expand also in the high-density clumps previously recombined fast enough to stay neutral.
Since the overlapping of the HII regions increases the I-fronts with a subsequent acceleration of
the reionization process, this stage results just in a phase transition and is expected to occurs
rapidly. Another point in favour to this rapid evolution is related to the increasing formation of
the collapsed objects, that enhances the production of ionizing photons. The outcoming scenario is
consistent with a much higher and homogeneous ionization intensity, allowing most regions of IGM
to see several unobscured sources as shown in Fig.3.1 (bottom panel B). Anyway, some high-density
self-shielded clouds still remain neutral.

The epoch of reionization

This stage marks the end of the previous phase at the moment in which the IGM reionization is
complete, but its exact ‘time position’ depends on the ‘complete’ meaning. A possible definition
could be related to the redshift at which the mfp of the ionization photons is comparable to the
Hubble radius. A more practical assumption in observational terms corresponds to the epoch in
which the ionizing filling factor Qi � 10−3. After this step, shown in Fig.3.1 (bottom panel C),
most of the IGM in the universe will be ionized, but the high-density structures as the Lyman
systems in absorption at low z that could prevent the visibility of galaxies in a wide range of z.

The post-overlap stage

This stage follows the complete reionization, where the high-density clumps at low z are gradually
ionized due to the increase of the galaxy density and the I-front becomes more and more uniform.
This phase goes on indefinitely, since the formation of the collapsed object produces neutral gas
through the HI cooling even in the present universe. However, the IGM history reaches another
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milestone at z ∼ 1.6, i.e. the breakthrough redshift, the epoch in which all the galaxies are visible
to each other.

The different phases of reionization can be described through a statistical analysis of the time
evolution of the IGM ionized filling factor Qi, representing the volume filled up by the ionized
bubbles. In general it differs from the sum of the total number of the HII bubbles times their
corresponding volume, x̄i, since in this case the possible overlap of the regions could overestimate
the total ionized volume of the universe. Anyway, the linearity of the physics means that x̄i can
represent a good approximation to Qi till the end of the overlap phase. Eq. (3.3) can lead to
an analytical rough estimate of the filling factor, under the assumption that the recombination is
homogeneous, i.e. CHII does not depends on the topology of the sources. In this case, we can sum
all the dV/dt terms inside a large enough region of the universe, and then divide for the volume
Vtot of such a region. Then, Eq. (3.3) that describes the individual properties of a single HII region
can be converted in a more general equation describing the transition from a neutral to a fully
ionized IGM:

dQi
dt

=
1

〈nH,0〉
1
Vtot

dNγ
dt
− αCHII

a3
〈nH,0〉Qi (3.10)

=
ζ

xH

dFcoll

dt
− αCHII

a3
〈nH,0〉Qi , (3.11)

where Nγ =
∑
Nγ(M) =

∑
ζ(MΩb/Ωm) is the total number of ionizing photons inside Vtot, that

is the sum of the contributions of the single ionizing sources. The solution can be found analogously
to Eq. (3.4):

Qi(t) =
∫ t

0

ζ

xH

dFcoll

dt′
exp[F (t, t′)] dt′ , (3.12)

in which Fcoll is the inner total collapsed fraction, that can be easily estimated by the volume
fraction occupied by the DM halos in which the HI cooling is efficient. Under the assumption
that the main coolant is the atomic hydrogen, the minimum virial mass required to form a galaxy
corresponds to the temperature T = 104 K. The above equation allows to investigate the time
evolution of the ionized fraction of the universe once fixed the parameters related to the sources
leading reionization and the IGM clumping factor, that are at the moment still unclear. The
actual uncertainties about the star formation efficiency or the escape fraction could heavily affect
the predictions for the reionization scenario. On the other hand, also additional phenomena like
feedback or galactic winds can reduce the star formation inside the galaxy, and the photoioniza-
tion due to the radiation of the first sources could prevent the growth of the low-mass halos and
the mini-quasars. Another important question is related to the description of the clumpiness of
the IGM, previously assumed as homogeneous. Actually, as already stressed, the clumping factor
is strongly dependent on the local density of the ionized volume and the topology of the matter
fluctuations. Furthermore, the ionizing source usually forms in the highest density peaks and the
IGM clumping is affected by the correlation source-IGM density. The importance of considering a
realistic description for the clumping factor lies in the fact that regions of lower densities will be
ionized first, while the high-density regions remain neutral for more time.
These several additional aspects can be investigated in an appropriate manner only through nu-
merical simulations, but a rough picture can be provided by the semi-analytic models, that furnish
an analitycal description for the probability distribution of the gas P (∆). In this approach, fixed
∆i as the ionization threshold such that the gas with ∆ ≤ ∆i is ionized (Miralda-Escudé et al.,
2000), the clumpig factor can be espressed as

CHII =
∫ ∆i

0

P (∆)∆2 d∆ , (3.13)

that roughly introduces the inhomogeneous recombination of the IGM. Furthermore, Eq. (3.10)
suffers of the lack of a suitable description for the clustering of the sources. Since the galaxies form
in the highest density regions, the overlap of the bubbles and hence the morphology of the ionized
regions would be determined by the clustering pattern. If the correlation between the sources is not
considered, the size of the HII bubble can substantially underestimated. Anyway, to build a good
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model for the clustering of the source, we need to know the physical location of the DM halos at the
considered cosmological epoch, that is possible only making maps of DM halos through numerical
approaches. The important result that can be drawn from such an analysis is that reionization
is an inhomogeneous process, since the overlap of the bubbles located in different regions of the
universe should complete at different times, following the background density inhomogeneities of
such regions.

3.2.1 The He reionization

Although the main component of the universe is constitued by HI, a small (Y ∼ 0.24) fraction
is represented by He that, analogously to the neutral hydrogen, suffers of the ionization action of
the first sources of light. The main difference between these two chemical species consists in the
fact that He, irrespective of HI, is characterized by two level of energy and hence the complete
reionization scenario is more complex.
The sources that can ionize the HI can also produce singly ionized helium (HeII) by the emission
of photons with characteristic energy E ≥ 24.6 eV. Then, since the ionization and recombination
actions on HeI are similar to those for HI, the HeII reionization history roughly follows that of HI.
On the other hand, the second ionization of HeI requires more energetic photons with E ≥ 54.4
eV and its recombination rate is ' 5.5 times faster that that of HII. This implies that for both
stellar (Venkatesan et al., 2003) and quasar (Wyithe & Loeb, 2003; Madau et al., 2004; Ricotti &
Ostriker, 2004b) sources, or for thermal emission resulting from the shocks of collapsing structures
(Miniati et al., 2004), the epoch of complete reionization of HeI occurs later than that for the
neutral hydrogen. It follows that the epoch in which HeI is fully ionized can be more easily probed
by observational tests at low z. Then, unlike HI and HeI, the HeII reionization shall be treated
separately from the other two species.
The imprinting of the He absorption is evident in the low (i.e. 2.4 < z < 3.2) z QSO spectra
(see Heap et al., 2000, for an example) corresponding to the HeII Lyα line λ = 304 Å. The HeII
Lyα absorption is generally stronger than the HI absorption in the same wavelength by a factor
η = N(HeII)/N(HI), due to the difficult complete ionization of He, despite its small density with
respect HI. These results are supported by theoretical investigations (Wyithe & Loeb, 2003; Gleser
et al., 2005; Paschos et al., 2007; Furlanetto & Oh, 2008a,b), that predict an epoch of complete
ionization at z < 5, after the HI reionization. In particular, the QSO population present at z ∼ 3 is
sufficient to ionize the IGM at epochs before zHe,reion ≈ 3, although this estimate is affected by the
physics assumed for the gas. On the other hand, recent numerical simulations (Venkatesan et al.,
2003; Ricotti & Ostriker, 2004b) suggest a possible double reionization scenario for HeII, in which
the contribution to high energy photons can be so significant to produce a first HeII reionization at
high z (toghether HI), provided by PopIII stars and high-z QSO, and a second complete ionization
at lower redshifts driven by the known population of QSO.
Other indirect probes to the HeI reionization have been provided by Songaila & Cowie (1996);
Songaila (1998), that found a rapid increase in the Si4/C4 ratio with decreasing redshift at z = 3,
probably due to the sudden hardening below z = 3. Furthermore, also the IGM temperature can
be a strong observational constraint in this direction. In fact, while HI reionization can heat the
gas to T ∼ 104K, during HeI reionization TIGM can rise to ≈ 2× 104K.

3.3 The sources of reionization

The nature of sources responsible for reionization is still debated. Although most theoretical
scenarios assume stellar-type sources, other contributions can meaningfully affect the reionization
scenario. In this section we will review the possible ionization sources and their impact on the
IGM. The most common sources studied are the ones that produce UV photons, i.e. photons with
energies larger than 13.6 eV but within few tens of eV. These photons can ionize and heat HI and,
possibly, He. At high (i.e. > 2) z the mfp of the UV photons becomes small due to the large value
of the photoionization cross section for E = 13.6 eV, the rapid increase of the radiation absorbers
and the attenuation of the possible source at high z. The radiation is then largely “local”.
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3.3.1 The stellar-type sources

The most studied reionization scenario in literature is that driven by stellar sources, which needs
several assumptions for the star spectra and their Initial Mass function (IMF) that should be
taken in agreement with the observational tests, described in the next section. As shown by Hui
& Haiman (2003), a simple reionization scenario in which the IGM becomes ionized early and
remains so thereafter is ruled out by the low-z temperature of the IGM. Then, the most accepted
scenario outgoing from the last simulations is that HI suffers of two different ionizations, at an
earlier and a later epoch. Its first reionization should be provided by the PopIII stars, metal-free
objects characterized by a high production of photons and/or escape fraction. These objects form
at z ≈ 30 in DM halos characterized by a Jeans mass MJ < 105 M�, corresponding to a virial
temperature T < 104 K and can enhance the ionization of molecular hydrogen H2, inhibiting the
growth of smaller objects. In fact, as argued by Ciardi et al. (1998), these stars can produce
a soft-UV background intensity of JSUV = 10−30 − 10−26 erg/cm2/s/Hz that could be able to
penetrate the high density clouds and, through the photodissociation of the molecular hydrogen,
prevents the formation of the collapsed structures. As pointed out by Venkatesan et al. (2003),
these objects have an unusually hard spectra that could be able to ionize HI and HeII at z ∼ 9
and 5.1 for continuous scenarios of star formation.
Actually, the contribution of the very massive metal-pure first stars is nowadays uncertain, since
the metallicity of the IGM should rapidly increase due to the action of the radiation, producing
an early Pop III-Pop II transition (Rozas et al., 2005; Fang & Cen, 2004). The contribution of
small-mass Pop III stars can be instead important, since their formation would stop at lower z
(Schneider et al., 2006). Another scenario is provided by Trenti & Stiavelli (2009), that obtain a
significant contribution from Pop III stars only through a high formation of collapsed objects in a
single halo.
The following metal enrichment of the IGM causes the disappearence of Pop III stars and the
production of photons drops, giving rise to a partial/total recombination of the IGM. A second
reionization can hence occur when more standard source appears, as Pop II stars or QSO. The Pop
II transition occurs when the metallicity of the stars becomes Z = 10−4Z� as pointed by Schneider
et al. (2002), but anyway a suitable modelling of this process requires a knowledge about many
physical parameters that are not yet well understood, as the time of switch-off (Venkatesan et al.,
2003).

3.3.2 The quasar-like sources

Although the common reionization picture is thought to be driven by stars, a contribution to the
UV background is provided also from high-z QSO (Zaroubi et al., 2007; Ripamonti et al., 2008;
Thomas & Zaroubi, 2008) due to their higher luminosity and escape fraction. As an example, the
mini-quasars powered by intermediate-mass black holes remnant of the first stellar sources, could
produce a significant amount of ionizing photons at z > 15 (Madau et al., 2004). Furthermore,
recent observational probes suggest that the role of QSO could be crucial for the complete He
reionization, that should be occured at z ≈ 3.5, as estimated through the quasar spectra.
Anyway, their effective contribution is still uncertain. In fact, the recombination rate of the IGM
becomes higher as the redshift and the luminosity of the source increase, reducing the effective
contribution to the total reionization process. Furthermore, the relatively short lifetime of the
QSO should prevent the growth of their surrounding HII bubble. Another crucial point is related
to their abundance. The recent observations of the Lyα forest and the quasar luminosity function
at redshifts z > 6, suggest that quasars dominate the production rate of hydrogen ionizing photons
only after the Universe has aged by 1-2 billion years. The sharp decline in the observed comoving
density of bright quasars at redshifts z ≥ 3 implies that supermassive BHs could have produced
sufficient UV photons to reionize cosmic hydrogen only at low z (Loeb, 2008).
As discussed by Loeb (2006), if the quasar contribution to the ionizing intensity during reionization
is considered, several phases of the IGM evolution are modified with respect to the pure stellar
case. In fact, the hard photons produced by a QSO can go deeper into the surrounding neutral
clumps, with the consequent easy propagation of the ionization front and the increase of the ionized
filling factor. Finally, their X radiation can catalize the formation of the H2 molecule resulting in
an enhanced star formation also in small massive halos.
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Figure 3.2: The history of reionization is here shown in terms of the volume averaged mean neutral fraction (top
panel) and the ionized volume fraction (bottom panel) in the simulation box as a function of redshift, driven by
stars (solid line) and quasar (dashed line) populations (Thomas & Zaroubi, 2008).

The contribution of stellar and QSO sources to the ionized fraction of the universe has been in-
vestigated by Thomas & Zaroubi (2008), in Fig. 3.2. Here, the top panel shows the mean neutral
fraction left after the ionization of the source at several cosmological epochs, while the correspond-
ing volume fraction filled by the HII regions is represented in the bottom panel. Although both
the populations ionize the entire box by z = 6, the ionization history follows very different paths.
Indeed, the star ionization starts much earlier than the quasars, but the rate at which they ionize
is low. Then, the QSO population can ionize the IGM earlier than stars, but their effect can be
seen only later.

3.3.3 The X-ray background radiation

This possible source of reionization could contribute in a significant way to the IGM reionization.
This background radiation could come from early quasars or mini-quasars generated by the col-
lapse of the first star population, but also by the thermal emission of the SN remnants, the inverse
Compton scattering of soft photons during the supernova explosion (Oh, 2001; Madau et al., 2004;
Ricotti & Ostriker, 2004b) or by starburst galaxies. As the typical mfp of X-ray is larger than
the radiation of stars and their escape fraction is larger, they could be suitable candidates for
reionization.
The major contribution to reionization is provided by the soft-X component, i.e. rays with energy
E < 2 keV, that suitably redshifted can generate UV radiation able to ionize the IGM. The typical
mfp of this radiation is larger than the separation between collapsed structures (Madau et al.,
2004), and this has often motivated the simplifying assumption that they are able to ionize the
IGM in a homogeneous manner. Anyway, these photons can only partially ionize the IGM through
secondary ionizations. In fact the electron produced by the primary ionization is enough energetic
(∼ 1 keV) to be able to produce few ∼ 10 electrons through collisional way. Indeed, this method is
less effective in producing ionized atoms when compared to the UV background, then the sources of
X-radiation do not dominate the reionization process, but their role is crucial for the temperature
history of the IGM.
The soft X-ray background is accompanied by a hard-X component (E & 10 keV) that would
redshift and is observed as a present-day soft X-ray background. Its importance relies on the fact
that is a good constraint for the contribution of the X-ray sources to reionization (Pritchard &
Furlanetto, 2007), but its typical mfp is comparable to the Hubble scale and then is rarely absorbed.
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Figure 3.3: The reionization history for HI (top panel) and HeI (bottom panels). The dotted, solid and dashed
lines show the ionized H and He fractions for gas overdensities δ = 0.1, 1, 10 in the IGM outside the ionized regions,
respectively. After overlap, when the ionising background is uniform, the lines refer to the ionised IGM. In the top
panel, the dot-dashed line refers to the time-evolution of the HII volume filling factor (see Ricotti & Ostriker, 2004b,
for details).

The reionization scenario driven only by the X-ray sources like mini-QSO has been investigated
by Ricotti & Ostriker (2004b) and is illustrated in Fig. 3.3, under the assumption that BHs are
powered mostly at z > 15. They pointed out that, although the predicted HI ionization history is
in agreement with most of the observational tests with a later zreion ∼ 8, in most of the considered
models the redshifted X-ray background can fully reionize HeII at z ∼ 3 without any additional
contribution from quasars at lower redshifts. Anyway, the late preionization model shown in Fig. 3.3
should not be suitable, because it produces an electron optical depth τe lower than that predicted
by the WMAP results available at the time of investigation. In fact, the high τe measured by
1-year WMAP could be consistent only with a more plausible model in which preionization starts
at z ∼ 15− 20.

3.3.4 The decaying particles

Other possible contributions at high (> 6) z can arise from the decaying particles, but their role is
still unclear. In this case, the production of high-energy particle can not be associated to any kind
of collapsed source, leading to a quite homogeneous ionization action. While massive neutrinos
have been excluded by the results obtained by Spergel et al. (2003), the effect of the decaying ster-
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Figure 3.4: The EE power spectra of the 3-year WMAP analysis for a resulting IGM optical depth τ = 0.1, assuming
different lifetimes for the decaying particles. Also shown are the spectra for the (one-step) instantaneous reionization,
and the three-year WMAP data (Kasuya & Kawasaki, 2007).

ile neutrinos do not violate the constraints imposed by WMAP and the GRB, in agreement with
the early reionization scenario predicted by the 1-year WMAP release. Anyway, several authors
like Mapelli & Ferrara (2005) conclude that they play a minor role in the ionization history of the
IGM.
Actually, the main problem in this kind of investigation is given by the nature of the possible candi-
dates, that is still unknown and has been attributed also to exotic particles as cryptons, gravitinos,
DM and DE particles, axinos. Their effects have been investigated by Chen & Kamionkowski
(2004), showing that they can produce the early reionization scenario paint by 1-year WMAP, but
they would give rise to fluctuations on the CMB temperature-polarization (TE) spectrum which
generally violate the currently expected short lifetime of the candidates. On the other hand, the
recent later reionization outlined by the more recent CMB data analyses seems to be in agreement
with the decay of long-lifetime elements.

A similar result has been obtained also by Kasuya & Kawasaki (2007) (Fig.3.4), showing that
long lifetime for decaying particle are not rejected by the current CMB estimates, while Mapelli
et al. (2006) show that light dark matter particles (1-10 MeV) and sterile neutrinos (2-8 keV)
can be sources of partial early reionization (z ≤ 100) with a small (τ < 0.01) contribution to
the resulting Thompson optical depth with respect the 3-year WMAP data. Their effects on
reionization could be at best indirect, acting on the behaviour of the matter temperature and in a
possible enhancement of the production of H2 or HD molecules with repercussions on the following
star formation. On the contrary, the contributions of heavy dark matter candidates (gravitinos
and neutralinos) on reionization and heating are minimal.

3.3.5 The effect of primordial magnetic field

A possible primordial magnetic field acts on the IGM in many different ways. In the post re-
combination era, the primordial magnetic field can dissipate its energy into the IGM through the
ambipolar diffusion and, on small scales, by generating decaying magnetohydrodynamic (MHD)
turbulences, significantly modifying the thermal and ionization histories of the IGM well before
the first Pop III stars appear. As pointed out by Sethi & Subramanian (2005), these dissipation
effects can give rise to a Thompson optical depth τ > 0.1 when the value of the magnetic field
at the present time is B0 = 3 × 10−9 Gauss smoothed on the magnetic Jeans scale, but not in a
suitable redshift range to explain the WMAP results.
Probably, the main effect on reionization of the primordial magnetic field is indirect and related
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Figure 3.5: The mass dispersion σ(R, z) is shown for two models with nearly scale free magnetic field power spectra.
The solid and dashed curves correspond to nB = −2.9 and -2.8, respectively. Different curves, from top to bottom,
correspond to redshifts z = 10, 15, 20, 25, 30, respectively. The horizontal line corresponds to σ = 1.68 (Sethi &
Subramanian, 2005).

to the enhanced structure formation. In fact, if the characteristic amplitude of the field is of the
order of nG, it could be shown (Sethi & Subramanian, 2005; Tashiro & Sugiyama, 2006) that the
Lorentz force can produce additional density fluctuations of baryons, inducing an earlier structure
formation, perhaps Pop III stars, leading to the early reionization scenario outlined by the first
WMAP investigations.

This picture is illustred in Fig.3.5, in which a scale-free power spectrum for the magnetic field
is assumed, i.e. PB ∝ knB , with nB ∼ −3. The formation of the collapsed structures could be
favoured also at z ∼ 15, i.e. in the redshift range suggested by WMAP. Anyway, they showed
that only a small fraction of mass range close to the magnetic Jeans scale can collapse, then the
typical formed objects are subgalactic and the field has a little impact on the formation of large
scale structures at the present epoch.

3.4 Key observations

This section recalls the main observational tests that lead to the idea that the universe suffers a
second ionization process and that can provide an estimate for the epoch in which it occurred.

3.4.1 The Gunn-Peterson test

The discovery of high-z quasars at z ≥ 6 (Fan et al., 2003, 2004; Goto, 2006; Willott et al., 2007,
2009) allows the investigation of the ionization state of the IGM in the early phases of the IGM
ionization history.

As shown in Fig. 3.6 (top panel), the typical spectrum of a high-z quasar presents a drop in the
emission corresponding to the Lyα (λ = 1216 Å) redshifted line, when compared to the spectra of
the low-z QSO. This feature was first predicted by Gunn & Peterson (1965), but it was observed
for the first time by Becker et al. (2001) with the detection of a quasar at z = 6.28 in the SDSS
data release. This effect can be probably due to the absorption by the neutral hydrogen placed
between the source and the observer, since the high cross section of HI for wavelength near to the
Lyα can enhance the optical depth of the IGM to this radiation, causing the suppression of the
QSO Lyman emission. As achieved by Gunn & Peterson (1965), the optical depth in the Lyman
limit is proportional to the neutral fraction of the crossed region, then these observations can be
useful in probing the ionization state on the IGM and the end of the reionization epoch. The last
estimate of the epoch of reionization (White et al., 2003) indicates as z ∼ 6 the most probable
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Figure 3.6: The top panel refers to the optical spectra of the farther high-z QSO found in the Canada-France
High-z Quasar Survey (CFHQS). The expected locations of Lyα, Lyβ and Lyγ are marked with dashed lines. The
inset panel shows the Lyα and the Lyβ forests on an expanded scale (Willott et al., 2007). In the bottom panel,
the afterglow spectrum of GRB050904 taken 3.4 days after the burst is shown. The Lyα resonance and identified
absorption lines are indicated with the redshift zmetal = 6.295, except for the intervening CIV system at z = 4.840.
The solid curve shows the model absorption by a damped Lyα system with zDLA = 6.295, while the dotted and the
dashed curves show the original unabsorbed spectrum of the afterglow and the model absorption by an IGM with
zIGM = 6.295, respectively (see Totani et al., 2006, for more details).

reionization redshift, in agreement also with the decreasing HI amount observed by Djorgovski
et al. (2001). Anyway, since the theoretical optical depth distribution used to measure the state
of HI does not model the observations in the most suitable manner, more accurate models for
the physics of the IGM allow to obtain an increase of the HII density also without considering
a late reionization at z = 6 (Becker et al., 2007). Theoretical estimates of the neutral fraction
made on the same high-z quasars, through the typical size of their surrounding ionized bubbles,
show that xHI & 0.1, much larger than that obtained from the observations (Wyithe & Loeb,
2004; Mesinger et al., 2004b; Wyithe et al., 2005a), but the results of Oh & Furlanetto (2005) are
discordant. As already mentioned, the main uncertainties in this approaches is the overestimate of
the QSO lifetime, that could lead to a physical bubble radius 30% higher than that observed. This
incovenient can be avoided considering also the Lyβ and Lyγ forests to estimate the size of the
ionized region (Bolton & Haehnelt, 2007b). But other complications can rise from the observation
ot the QSO spectra, for example those deriving from the location of the quasars. In fact, the source
could be located beyond the reionization epoch but possible residual neutral regions (the Lyman
system) can suppress its emission in the Lyα wavelength. To avoid these possible source of bias,
a new technique has been recently proposed by Gallerani et al. (2006, 2007); Feng et al. (2008),
consisting in the analysis of the statistical distribution of the dark gap widths.
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Figure 3.7: The Lyα luminosity function at redshift z ∼ 6.5. Data points refers to the observed Lyα galaxy density
obtained by a set of different samples (the Large-Area Lyman Alpha -LALA- survey, Kurk et al. 2004; Hu et al.
2002; Taniguchi et al. 2005). The three shown curves correspond to the best Schechter function fits to the data for
assumed faint-end slopes α = 1, 1.5 and 2 (from bottom to top). The z = 5.7 best-fit theoretical (short-dashed)
curve is still consistent with the data, but a possible flux attenuation by a factor of 3 (long-dashed curve) is ruled
out (Malhotra & Rhoads, 2004).

An analogous effect is seen in the spectra of the Gamma Ray Bursts (GRB), shown in Fig. 3.6
(bottom panel). Actually, these high-z sources (recent observations found the highest object GRB
080319B at z = 6.7) could represent a very useful tool to probe the ionization state of the IGM, since
they are the brightest objects discovered up to now and are usually associated to the first formed
stars, then they could allow the investigation of the highest redshifts without the contamination
of other effects, like clustering. Moreover, their infrared emission is weakly dependent on their
redshift and can be used to constrain the star formation history (Gallerani et al., 2008; McQuinn
et al., 2008). In particular the detection of the GRB afterglow can probe the ionization history in
a wide range of redshifts through its I, J, H and K emissions and moreover the distortion caused
by the free electrons along the line of path could help in painting a picture of the HII topology.

3.4.2 The Lyα emitters

The Lyα radiation is important to determine the location of high-redshift galaxies (Wang et al.,
2005; Willis & Courbin, 2005; Kashikawa et al., 2006), for which nowadays it has been estimated
a highest limit z = 6.96 by Iye et al. (2006); Ota (2007) (even if Stark et al. (2007a,b) has found
two possible lensed candidates at z ≈ 10) showing their crucial role in investigating the properties
of the IGM at early epoches. The power of this kind of observations relies in the fact that the HI
absorption affects the profile of the Lyα line in emission in their spectra, in particular scattering
out of the resonance the blue side of the feature, while the red side would be observed, with a profile
strictly related to the state of the surrounding IGM. This scatter produces a compact halo of Lyα
light around the source that, despite of its weak emission, can be detected because of its strong po-
larization. If, on the contrary, the source is surrounded by a large region, the Lyman radiation does
not suffer of the HI absorption and redshifts out of the resonance before reaching the boundary of
the HII bubble (Cen & Haiman, 2000; Chen et al., 2003). As discussed by Mesinger et al. (2004b),
it should be possible to statistically extract important parameters as the neutral fraction of the
IGM and the characteristic radius of the ionized regions in the observed spectra of distant galaxies.

The effect of the Lyα emitters has been evaluated also by Malhotra & Rhoads (2004) through
the analysis of the luminosity function (LF) of the Lyα galaxies at z = 5.7 and 6.5. Subsequent
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Figure 3.8: The 5-year EE power spectrum at low `. The error bars are the 68% CL of the conditional likelihood
of each multipole, with the other multipoles fixed at their fiducial theory values, while the point at ` = 7 is the
95% CL upper limit. The diamonds mark the peak of the conditional likelihood distribution. The pink curve is the
fiducial best-fit ΛCDM model (Dunkley et al., 2008).

investigations through numerical simulations have been made by McQuinn et al. (2007) and Iliev
et al. (2008c). As shown in Fig. 3.7, where the observed abundance of the galaxies at z = 6.5 is
shown together with the theoretical LF predicted at z = 5.7, the distribution of such galaxies at
these two redshifts is similar. This apparent lack of time-evoution in the LF could be explained
by the presence of ionized gas between these two epochs that allows the transmission of the Lyα
flux, resulting in a complete reionization at z = 6.

3.4.3 The CMB footprints

A powerful method to investigate reionization through the CMB-based experiments is the analysis
of the (polarization) EE spectrum. In fact, the polarization signal depends more directly on the
fluctuation on the last scattering surface than the (temperature) TT spectrum, encoding a wealth
of cosmological information. The typical measured polarization signal produced by the last scat-
tering of the photons has a rms of ∼ 5 µK and peaks at multipoles ` ∼ 1000 (corresponding to the
angle subtended by the photon mfp at last scattering, ∝ 1/`).
There are at least two effects on CMB TT and EE anisotropies from early reionisation. The first
effect is a damping of the primary anisotropies (Sugiyama et al., 1993). The amplitude of the
acoustic peaks can be reduced by reionization and the amount of the damping can be parameter-
ized in terms of the optical depth τ . As an example, an early reionization at z ∼ 15 can reduce
the peaks by approximatively 10% in a flat ΛCDM universe. Anyway, the large-angle E-mode of
polarization is more sensitive to the reionization history than the TT and TE spectra.

The second effect is the damping and the production of an additional peak in the EE spectrum (see
e.g. Hu, 2000, for a review) due to the following rescattering of the radiation at zreion, providing
a useful probe of the thermal history of the IGM. In particular, the height of this peak scales
as the square of τ of reionization and, assuming suitable models for the IGM ionization process,
its position can be a useful constraint for the reionization epoch. Since polarisation traces the
last scattering of CMB photons, an early reionization is expected to involve a large angular scale,
corresponding to the size of the universe at the moment of reionization. Then, the peak should be
found at ` < 10, as shown in Fig. 3.8.
The EE spectrum detected by the last WMAP release (Komatsu et al., 2008; Dunkley et al., 2008)
measures a reionization optical depth τ = 0.087± 0.017, that translates into an epoch of reioniza-
tion zreion = 11.0±1.4, in agreement with an early reionization scenario, if a istantaneous ionization
process is assumed. Anyway, the estimates derived by CMB-based experiments suffer of some limi-
tations, as discussed by Hansen et al. (2004). As an examples, the τ value can vary if inferred from
power spectra computed separately in the northern and the southern hemispheres, and the WMAP
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Figure 3.9: The time-evolution of the IGM temperature is here shown. The filled points refer to the observed
estimates probed by z ∼ 2, 3 QSO spectra (Zaldarriaga et al., 2001), while the curves correspond to different
reionization history driven by quasar-like sources. Model C (solid green line) provides a single HI early reioinization,
while model D (solid cyan line) accounts for the double reionization of HI at low z. The (black) dotted line shows
the asymptote in case the HeI double reionization is never reached. Finally, model E (magenta dashed line) shows
the ionization scenario with an early ionization of HI and (singly) HeI, followed by a late HeII reionization (Hui &
Haiman, 2003).

data comes from the southern one in a large part. Moreover, the additional peak at large scales
can be explained without reionization introducing primordial magnetic fields. Another useful tool
to detect reionization in the CMB spectrum is the investigation of its imprinting on small angular
scales due to the secondary anisotropies created by the Thompson scattering. Preliminary studies
in this direction have been made by Salvaterra et al. (2005); Zahn et al. (2005); McQuinn et al.
(2006); Iliev et al. (2006b), showing the possibility that such anisotropies can probe the different
sources of ionizing photons.
Future missions, like Planck, should be able to resolve with higher accuracy the large-angle polar-
ization signal arising from the epoch of reionization, constraining both the height and the position
of the peak at ` ∼ 5. As shown by Holder et al. (2003), WMAP is insensitive to even large differ-
ences in ionization profiles, but Planck could be able to distinguish between various reionisation
histories. In fact, as discussed by Bruscoli et al. (2002), the main differences in the EE spectra
produced by an istantaneous and an extended reionization scenarios are less than 10%, and as
pointed out by Mukherjee & Liddle (2008), the expected sensitivity of Planck should be almost
6%, much higher than WMAP (∼ 20%). However they found that this new satellite would not in
general distringuish between an instantaneous and a two-parameter smooth reionization models.

3.4.4 The IGM temperature at z < 4

Another observational test that could allow to distinguish between different reionization scenarios,
and that has been largely introduced in the previous subsection, is related to the IGM temperature
at z < 4. In fact, as discussed in Hui & Haiman (2003), the measured IGM temperature at low
z from the Lyα spectra of the QSO at z ∼ 2, 3 can retain the thermal memory of the ionization
process acting on it at earlier epochs.

Fig. 3.9 shows the temperature history predicted by different reionization models assuming only
quasar-like sources. The IGM measured temperature is in agreement with a double ionization
scenario, in which a first reionization occurs at z > 10, followed by another fully ionization at
6 < z < 10. This scenario is also supported by the last numerical simulations, as already dis-
cussed, in which an early reionization can arise by the action of the first Pop III stars while more
standard sources drive the second reionization, that acts in particular on HeII ionization state. The
observations show that, in any case, a single ionization phase is ruled out, in favour to a double
reionization.
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Figure 3.10: The evolution of the mean differential brightness temperature δTb as a function of the observed
frequency, as calculated from the numerical method discussed in Shapiro et al. (2008) assuming a ΛCDM universe
(see Shapiro et al., 2008, for more details).

3.5 The Future: 21-cm observations

The future observations at λ = 21 cm probably represent one of the most powerful instruments to
investigate the ionization state of the IGM at high-z. In fact, it has long been known that HI can
be detected as an additional contribution to the CMB radiation, at a wavelength corresponding to
the redshifted 21 cm, associated to the splin-flip transition from the triplet to the singlet ground
states. During the post-recombination era, the small residual free electrons should coupled the
temperature of the gas Tgas to that of the CMB down to z ∼ 200 (Peebles, 1993). Later, Tgas

drops adiabatically ∝ (1 + z)2 while TCMB remains higher, since proportional to (1 + z), then
HI should be able to absorb the CMB flux at the redshifted λ = 21 cm until the beginning of
reionization (z ∼ 20), when the rehating of the gas makes HI visible in emission. As long as Tgas

remains lower than that of CMB, the absorption of HI produces a decrease of the CMB flux and,
subsequently, of its brightness temperature (Loeb & Zaldarriaga, 2004; Loeb, 2006). It results that,
since the optical depth of the IGM is proportional to its local HI density, the CMB temperature
spectrum shows the imprinting due to the inhomogeneities of the background density field. The
21-cm absorption is replaced by the emission when the first sources of light heat the gas and it oc-
curs well before the complete reionization, because the heating requires a small amount of energy.
Actually, for observational purposes, a signal in absorption is preferable because of its strength,
but it would imply the presence of radio sources at high z that have not been observed yet. On the
other hand, a signal in emission, even if weaker, is always present in the pre-reionization epochs,
although it becomes as fainter as the ionization of HI is complete.

The first simulations on large physical scales showing the 21-cm signal expected by the neutral
IGM has been built up by Ciardi & Madau (2003), showing that the predicted brightness temper-
ature fluctuations on CMB should be in the range 5-20 mK on scales smaller than 5 arcmins. A
similar result has been recently obtained by Shapiro et al. (2008), through high-resolution N-body
simulations adopting a radiative transfer code able to resolve the formation of small collapsed ob-
jects (106 M�) and to trace the ionizing radiation from galaxies with M < 108 M�, in a cubic box
with Lbox between 90 and 163 comoving Mpc. They found a brightness temperature fluctuation
between 5-15 mK over a 3’ scale for the frequency range ∆ν ≈ 120 − 140 Hz, corresponding to
mass-averaged ionized fractions xm ≈ 0.5− 0.8, shown in Fig. 3.10.
The future 21-cm observations allow also to constrain the physical properties of a single HII region,
its formation and growth around the source (Wyithe et al., 2005b; Zaroubi & Silk, 2005; Rhook
& Haehnelt, 2006; Liu et al., 2007; Thomas & Zaroubi, 2008) in particular at high redshifts, when
the effect of the overlap is still negligible (Kohler et al., 2005). Moreover, other possibilities are
represented by the detection of possible 21-cm radiation outside the HII bubbles, that can be con-
sidered as a new way to investigate the BHs accretion, or to probe the galaxy distribution through
the effects on 21-cm maps due to the biased Lyα flux rised from the first galaxies (Wyithe & Loeb,
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2007). In fact, as obtained by Di Matteo et al. (2004), the contribution to angular scales larger
than 1’ is dominated by the clustering of the bright sources, that should be efficiently removed to
estimate the 21-cm emission of the background gas.
The HI maps predicted by the theoretical models can directly compared to the future observations
of the interferometers of the new generation, like the Low Frequency Array (LOFAR). LOFAR
will be able to detect the hydrogen emission in the epoch of pre-reionization, indicatively z > 8.5,
when the global signal at ν ∼ 150 MHz should have a brightness temperature T ∼ 10 − 20 mK
and can be easily detected after few hundred hours of integration. The size of the core of the
instrument will be optimized so that to receive information from HI regions with a typical size of
10′ − 15′. But at lower frequency, i.e. ν = 50 MHz, the predicted brightness is lower than ∼ 1
mK, implying more than a year of integration or an increase of the covering factor of the LOFAR
core to observe it (Loeb, 2006). Other powerful instruments that would map HI but in different
frequency ranges are the Mileura Wide-Field Array (MWA) and the Primeval Structure Telescope
(PAST). As pointed out by Barkana (2008), the 1-year MWA observations could allow to measure
the mean ionized fraction to 0.3% accuracy at the end of reionization and to few percent in the
mid point, to improve until 10% at the earlier phases. The MWA core will be able to observe the
neutral IGM regions with an angular resolution ∼ 3.4′ at 200 MHz in a total collecting area of
8 × 103 m2, less than that characteristic of LOFAR (104 m2) that is expected to have a better
angular resulution at the same frequency (1.7’). Features similar to MWA are planned for PAST,
designed to have an angular resolution ∼ 3′ at 150 MHz, but with a larger total collecting area of
74 m2. Finally, other probes could be available in a more distant future through the observations
provided by SKA, that should be able to probe reionization at z . 13 (Kanekar & Briggs, 2004)
on smaller angular scale (∼ 8’) than those provided by LOFAR, for the same integration time at
ν = 150 MHz (Furlanetto & Briggs, 2004c).
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Chapter 4

Modeling the cosmic reionization

In this chapter we will introduce the theoretical fundaments of the methods proposed in literature
to describe the reionization picture, focusing our attention on the models used in this Thesis work
and giving a general overview of the other alternative approaches. Generally, the primary request
for a theoretical method is not only testing the agreement of a reionization scenario with the ob-
servational data already discussed in the previous section, but it should also be computationally
efficient and flexible in making predictions.
Moreover, the complexity of the adopted theoretical approach should be related to the purpose
of the investigation, since the analysis of the properties of a single HII region (like its maximum
radius) requires a more detailed description of the physical processes acting on IGM rather than
the analysis of the global features of reionization process (that are integrated quantities in which
the peculiarities of single HII bubbles are lost), like the filling factor or the optical depth of the
IGM.
Finally, another crucial point, mainly concerning the analytic description of the statistical prop-
erties of gas, is represented by the general validity of the basic hypotheses assumed by the model,
that should be consistent with the cosmological framework in which the investigation is performed.
Indeed, such tasks are not immediate because of the nature of the physical phenomena involved
in the IGM ionization and in the evolution of the structures, that are still unclear at present and
could require a high degree of complexity for the theoretical models. For this reason, the methods
proposed in literature can be classified according to the nature of their assumptions on the struc-
ture formation and the gas physics, and are mainly divided in four families: analytic, semi-analytic,
semi-numerical and numerical simulations.

4.1 Overview

As already remarked, building a suitable reionization model leads to several difficulties in giving a
theoretical description for all the physical phenomena involved by the processes acting on the IGM
and the structure evolution. In fact, the real problem does not concern a possible unknown physics
of the gas or the sources, but it is mainly related to the difficulty in solving the relevant equations
in full generality, that is a common obstacle in most aspects of large structure formation.
On the other hand, another crucial point is that the reionization modeling requires a tight cou-
pling between the properties of the gas and the evolution of the ionizing structures. Hence, a
necessary requirement is that the model assumed for the background structure formation is able to
reproduce the available constraints on the luminous sources. Although the statistical and physical
properties of the low-z objects have been largely investigated, a relevant uncertainty still persists
on the nature of the high-z source population, in particular on the first formed structures. Strong
indications from both numerical simulations and analytic investigations lead to single out the first
generation of sources in massive and metal-free stars, named Pop III stars (Schaerer, 2002), with a
spectrum different with respect to the stars observed at late epochs. In an analogous way, while the
intermediate-z QSO spectral, evolutionary and statistical properties have been largely determined,
the presence of a possible class of undetected quasars at low-luminosity powered by BHs at high-z
is still debated (Ricotti & Ostriker, 2004b). Anyway, even after modeling the structure formation
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in a suitable manner, other troubles can arise, for example, from the uncertainties on the photons
escape fraction and the feedback, that could prevent the growth of the sources.
These uncertainties can be introduced in the models as adjustable parameters (like the efficiency or
the star formation, the escape fraction, etc . . . ), to calculate the resulting ionization and thermal
properties of the IGM under suitable assumptions for their values. Although this approach can
lead to a good qualitative description for the global reionization scenario, it is in general unable to
provide the details concerning, as an example, the evolution and the morphology of a single HII
region, especially in the pre-overlap phase in which the bubbles are almost completely isolated.
In fact, the shape of the HII bubble around a source and the overlap of neighboring HII regions
can be addressed just in an approximate way, or just through global averages. It is thus clear
that not all the complex processes involved in the IGM ionization can be in general associated to
a parametric description, then alternative ways of investigations are needed, in order to solve the
relevant equations numerically and to follow the ionization history.
However, in order to exploit the full power of the observational data presently available, the model
should be able to connect different time and space scales. In fact, at the same time it is necessary to
resolve the IGM fluctuations (sub-kpc scales), to follow the formation of the structures (kpc-Mpc),
the propagation of the I-front (tens of kpc) and the effect of the ionizing background (Mpc), the
quasars and the HII regions (tens of Mpc). Anyway, since the present-day computational limits
do not allow to simultaneously consider in an appropriate manner all the above mentioned scales,
the current simulations usually try to take into account for, at best, few of these observational
constraints, making difficult to understand the limits in which their predictions conflict with the
other observational data sets.

4.2 The analytic approaches

There are three main pillars that should be adressed in order to build a reionization model: the
structure formation paradigm, the ionization action of the galaxies on the IGM and the re-action
of the gas to come back to the neutral state. Then, the purpose of this class of models is to assume
suitable assumptions in which these main ingredients can be provided analytically. In most of these
models, the structure formation paradigm is provided by the PS74 formalism and its improvements
discussed in Chapter 2, while the ionization and recombination of the IGM are introduced through
free parameters in an analogous manner to that described in Section 3.1. As an example, the
density of the ionizing photons produced by the galaxy can be assumed to be proportional to the
fraction of gas within collapsed halos through the ionization efficiency. Furthermore, the analytic
nature of these models can allow to consider the effects of the IGM recombination in an homoge-
neous manner, setting its clumping factor to a constant value, in agreement with the numerical
simulations. The resulting reionization scenario is then strictly dependent on the assumed values
for ζ and CHII and can be used to just predict in an approximative way the detailed properties of
the HII regions. On the other hand, this approach is useful to give a rough picture of the global
reionization through integrated quantities as the ionized filling factor or the IGM optical depth, in
which the contribution from the single HII bubbles is averaged.
In the following, we will look in detail the model of Furlanetto et al. (2004a) (F04) and its further
improvements, that has been assumed in this work, but other methods have been proposed by
Haiman & Loeb (1997) and Cojazzi et al. (2000). Actually, a semi-analytic modeling of reioniza-
tion, that will be described in the next section and allows more realistic description for the IGM
recombination, is today the preferred way for building the theoretical models proposed so far in
literature, and the pure analytic approach is now obsolete.

4.2.1 The F04 model

In this model, the global reionization scenario is based on the assumption that IGM is a neutral sea
in which there are some fully ionized regions. In this picture, every single HII bubble is associated
to just a galaxy so that the bubble distribution follows directly that of DM halos, through the
following simple assumption:

M = ζMgal , (4.1)
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where M is the total mass ionized by a collapsed object of mass Mgal and ζ is the ionization effi-
ciency introduced in Chapter 3. We should notice that, although similar, the ionization efficiencies
involved in Eq. (4.1) and Eq. (3.8) have not the same meaning. In fact, in the previous chapter
the masses of the host DM halo and the galaxy are distinguished and related through the amount
of baryonic matter in the halo, while in this formalism the ionizing galaxy is identified with the
host halo.
Since the mass function (MF) of the collapsed objects is peaked for small mass halos at high z,
Eq. (4.1) leads to the formation of small HII regions, conflicting with the picture painted by nu-
merical simulations in which an isolated HII bubble can extend also for several Mpcs beyond its
Strömgren radius. The reason is that the HII bubbles of nearby protogalaxies placed in the largest
clusters can add, and this renders more complicated the building of a suitable analytic formalism.
Moreover, this analytic model assumes the ionization efficiency to be a constant, independent on
time and on the mass of the source. Actually, several effects due to the feedback can affect the
star formation, possibly resulting in a not constant ζ parameter.
The Eq. (4.1) leads to the ionization condition. In fact, since the region is isolated, it should
contain enough collapsed mass to ionize the inner HI atoms, then

ζfcoll ≥ 1 , (4.2)

where fcoll is the inner collapsed fraction. In the extended PS74 formalism, assuming that the
primordial overdensity field is Gaussian, it is related to the inner overdensity δ(M) of the region
as

fcoll(M) = erfc

[
δc(z)− δ(M)√
2[σ2

min − σ2(M)]

]
, (4.3)

where σ2(M) is the variance of density fluctuations on the scale M , σ2
min = σ2(Mmin), δc(z) is the

critical density for collapse, and Mmin is the minimum mass of an ionizing source. In this work,
Mmin is assumed to be the mass of a DM halo having the virial temperature T = 104K, at which
the HI cooling becomes efficient. Actually, the different feedback phenomena possibly suffered by
the source can decrease the star formation in the potential wells, producing a higher Mmin. The
above equation leads to rewrite the ionization condition in the following form:

δ(M) ≥ δx(M, z) ≡ δc(z)−
√

2K(ζ)[σ2
min − σ2(M)]1/2 , (4.4)

where K(ζ) = erf−1(1 − ζ−1). In the excursion-set formalism, δx represents a sort of barrier for
a space point having δ(M) on the smoothing scale M to belong to a ionized region. Then the
statistical properties of the HII bubbles can be investigated through the excursion-set formalism
analogously to the collapsed objects, but with the main difference that the ionization barrier
depends on the mass scale. As stressed by Furlanetto et al. (2004a), in the redshift range of
interest and as long as M & MHII,min = ζMmin, the δx threshold can be espressed as a linear
function of the variance B(M, z) = B0 +B1σ

2(M) in which

B0 ≡ δc(z)−
√

2K(ζ)σmin (4.5)

B1 ≡ ∂δx
∂σ2

∣∣∣
σ2=0

=
K(ζ)√
2σ2

min

. (4.6)

Since this approximation renders the ionization barrier linearly dependent on variance, the excursion-
set formalism is still valid (Sheth, 1998) and allows to find an analytic espression for the distribution
of the HII regions:

nb(M, z) =

√
2
π

ρ̄

M2

∣∣∣∣∣ d lnσ
d lnM

∣∣∣∣∣ B0

σ(M)
exp

[
− B2(M, z)

2σ2(M)

]
, (4.7)

that represents the comoving number density of the HII bubbles in the mass range [M −dM,M +
dM ]. Through Eq. (4.7), the global reionization properties can be inferred by the time-evolution
of the volume filled by the HII regions Qi:

Qi(z) =
∫ ∞
MHII,min

nb(M, z)V (M) dM , (4.8)
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that, as already discussed in the previous chapter, is just an approximate form of the real ionized
filling factor of the universe. The ‘true’ value of the ionized fraction is given by x̄i(z) = ζfcoll,g(z),
where fcoll,g(z) is the global collapsed fraction achievable from the PS74 approach, and as shown
by the authors can become higher than Qi(z) at early cosmological epochs. This difference arises
from Eq. (4.3), that breaks down on sufficiently small scales, and from the linear approximation
to the ionization barrier, that does not properly fit δx on the smaller mass scales. Anyway, this
difference is relevant only when Qi & 0.1, i.e. when the ionized bubbles have a small effect.
The excursion-set formalism allows the description of the HII bubble evolution through their pro-
genitor distribution, that could be achieved following the Lacey & Cole (1993) approach but
assuming the linear threshold B(M, z). The conditional probability distribution of the HII regions
has been discussed by the authors in a later paper (Furlanetto & Oh, 2005, hereafter F05) in the
same analytic way of F04. Assuming that a fixed point corresponds to a HII region of size Mb at
zb, i.e. δ(M) = B(Mb, zb), the conditional mass function representing the progenitor distribution
at z > zb is

nb(M, z|Mb, zb) =

√
2
π

ρ̄

M2

∣∣∣ d lnσ
d lnM

∣∣∣σ2[B(Mb, z)−B(Mb, zb)]
(σ2 − σ2

b )3/2
(4.9)

exp

[
− [B(M, z)−B(Mb, zb)]2

2(σ2 − σ2
b )

]
. (4.10)

As a consequence, the integration of the above equation allows the investigation of the ionized
fraction inside the bubbles, that is simply proportional to their global collapsed fraction. In the
linear approximation

xi(z|Mb, zb) = ζerfc

[
δc(z)−B(Mb, zb)√

2(σ2
min − σ2

b )

]
, (4.11)

but in reality, as already remarked, the reionization picture derived from Eq. (4.11) is strongly
affected by the possible feedback of the source, that cannot be introduced in an appropriate manner
in this model due to its analytic nature.
Through the same procedure in Lacey & Cole (1993), the progenitor size distribution leads to an
analytic espression for the merging rate of the HII bubbles, that results

d2p(M1,MT , t)
dM2dt

=

√
2
π

1
t

∣∣∣∣∣d lnB(MT , t)
d ln t

∣∣∣∣∣
∣∣∣∣∣ d lnσT
d lnMT

∣∣∣∣∣ 1
MT

B(MT , t)
σT (1− σ2

T /σ
2
1)3/2

× (4.12)

exp

[
− B2

0(t)
2

(
1
σ2
T

− 1
σ2

1

)]
(4.13)

and represents the probability that a HII region of mass M1 merges with another region of mass
M2 = MT −M1 per unit time. It is useful to define a merger kernel as follows

Q(M1,M2, t) ≡ 1
nb(M2, t)

d2p(M1,MT , t)
dM2dt

, (4.14)

so that the total rate at which bubbles with M1 merge with those of mass M2 (per unit volume)
is nb(M1)nb(M2)Q(M1,M2). Actually, the above quantity suffers of the same limitations than
the DM halo merger rate. In fact, as discussed by Benson et al. (2005), the merger rate does
not properly conserve the mass. Moreover, another defect is the asymmetry of Q with respect
to its arguments, that becomes important for large mass ratio mergers. Anyway, as pointed by
F05, its effect should be reduced for the HII bubble merger rate thanks to their small mass cut-off
and, on the oher hand, can be corrected by using the symmetrized version 2Qsym(M1,M2) =
Q(M1,M2) +Q(M2,M1). The merger rate can also be espressed in terms of the fractional volume
accretion rate by which bubbles with mass M1 grow through merger with bubbles of mass M2, i.e.

V (M1)
dV
dz
≡ V (M2)
V (M1)

M2nb(M2, z)Qsym(M1,M2, t)

∣∣∣∣∣ dtdz

∣∣∣∣∣ . (4.15)
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As a final remark, we should stress that the theoretical formalism described above does not take
into account the IGM recombination, that has been introduced by the authors in the more recent
version of the model proposed by F05. Then, in the following investigation of reionization in
alternative cosmological scenarios we will assume the F05 method, that will be described in the
next section.

4.3 The semi-analytic approaches

The previous family of theoretical approaches to reionization suffers of strong limitations due to
the approximate way in which the gas physics is introduced. In fact, recombination is determined
by the IGM local density, that is usually assumed to be the same at every point of the universe
by setting a constant clumping factor. Actually, the IGM topology is affected by the action of
the gravity, that depends on the local DM field and can introduce non-negligible deviations from
the pure homogeneous state. The gas distribution hence results inhomogeneous, with lower-dense
and higher-dense regions determined by the degree of the inner gas clumpiness and strictly related
to the DM overdensity topology. Then, in a theoretical paradigm in which the recombination is
linearly related to the local gas density, the effects of the IGM inhomogeneities are expected to
give a more realistic description of the ionization history of the universe.
The aim of the semi-analytic approaches is then to improve the rough assumption for the gas
recombination made by the analityc models introducing an analytic formalism for the IGM physics
and, in particular, for its density distribution, that should be in agreement with the numerical
simulations. The importance of these methods lies in the fact that the lower-dense regions can be
ionized first than the higher dense clouds, that can remain neutral for a longer time. This affects
not only the detailed properties of the HII bubbles but also the time-evolution of reionization and
the distribution of the Lyman Limit Systems (LLS), the high density regions responsible for the
absorption in the QSO spectra.
Although providing a suitable description for the gas physics, a strong limitation of the semi-
analytic models consists of the lack of a good formalism describing the clustering of the sources.
In fact, since the host DM halos are placed in the higher dense regions, the morphology of the HII
bubbles can be determined by the galaxy clustering pattern. Neglecting the correlation among the
sources can lead to an underestimate of the typical size of the bubbles, and as a consequence to a
different reionization topology. For that concerning this issue, the semi-analytic approaches suffers
of the same limitations of the analytic methods, since they are mostly based on the extended PS74
formalism that can take into account for the clustering just in an approximative way.
At present, many semi-analityc models have been proposed in literature (see e.g. Chiu & Ostriker,
2000; Miralda-Escudé et al., 2000; Wyithe & Loeb, 2003; Cen, 2003; Furlanetto & Oh, 2005; Avelino
& Liddle, 2006; Benson et al., 2006; Choudhury & Ferrara, 2006; Cohn & Chang, 2007), but in
the following we will illustrate the fundamental basis of the F05 and the Avelino & Liddle (2006)
(hereafter AL06) models, that will be used in our work.

4.3.1 The F05 model

The aim of this model is to improve the previous F04 analytic approach introducing a suitable
description for the IGM recombination, whose effects on the bubble topology have been up to now
neglected. Here, we will review only the main features of this approach, referring to Furlanetto &
Oh (2005) for more details.
The recombination properties of IGM can be implemented following the approach of Miralda-
Escudé et al. (2000) (MHR00) that, using hydrodynamic numerical simulations at intermediate
redshifts (2 < z < 4), found a simple analytic fit to the IGM density distribution, resulting in
good agreement with the observations of the Lyα forest in the QSO’s spectra (Rauch et al., 1997).
Assuming Gaussian initial conditions and a ΛCDM cosmological framework, the volume-weighted
density distribution for the IGM reads as

PV (∆)d∆ = A0∆−β exp

[
− (∆−2/3 − C0)2

2(2δ0/3)2

]
d∆ , (4.16)
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Figure 4.1: The mass-weighted (thick line) and volume-weighted (thin line) differential density distributions of the
IGM at different redshifts, computed assuming analytic formula of MHR00 assuming the fit parameters of Table 1
in Miralda-Escudé et al. (2000).

where δ0 essentially represents the variance of density fluctuations smoothed on the Jeans scale for
an ionized medium, and can be extrapolated as δ0 = 7.61/(1 + z), while A0, C0 and β are fitting
parameters, generally dependent on z. In particular, the power law exponent β determines the
behaviour at large redshifts and has been set by F05 to the value corresponding to an isothermal
sphere, β = 2.5, in reasonable agreement with the simulations. The other parameters A0 and C0

are then fixed by requiring that the total volume and mass are normalized to unity.
The resulting gas density distribution is illustrated in Fig. 4.1, for a ΛCDM cosmology consistent
to MHR00 and z = 2, 3, 4, 6, assuming their best fit parameters. The two functions shown at each
redshift are ∆PV (∆) and ∆2PV (∆), which are respectively the volume-weighted and the mass-
weighted probability density of ∆ per unit log ∆. Indeed, the behaviour of the obtained IGM
distribution is peaked up at higher values for ∆ as the redshift increases and, as discussed also by
Rauch et al. (1997), it should be mostly related to the amplitude of the initial density fluctuations
smoothed on the Jeans scale of the photoionized gas. As remarked by the authors, a possible
significant fraction of all the baryons is contained in minihalos with virial temperatures T ∼ 104

K, which collapsed to high densities before reionization, when the Jeans mass was very small.
These halos has not been resolved in this simulation and could survive for a long time after the
reionization epoch if other physical processes as star formation or merging do not destroy them.
In this case, the density distribution would be wider at high redshift, with a larger fraction of the
baryons at very high densities. F05 provided a rough treatment for the effects of minihalos on the
IGM ionization, anyway since a suitable formalism describing the action on the I-front due to these
small DM halos is still not avalaible from the simulations, this possibility will not be considered in
this Thesis work.
In order to describe the ionization state of the gas, MHR00 introduce a density threshold ∆i such
that all the gas with ∆ < ∆i is ionized, while the IGM remains neutral when ∆ > ∆i. As remarked
by these authors, this approximation cannot indeed be a real description of the IGM ionization
state, that should depend on the local ionizing background and on the local self-shielding degree,
but as pointed by F05 it could be reasonable if these LLSs can be considered as isolated clumps in
which the density increases inwards. The radiation can just ionize, hence, the edge of such regions,
in which ∆ ∼ ∆i. Then, the recombination rate is

A(∆i) = Au

∫ ∆i

0

d∆PV (∆)∆2 ≡ AuC(∆i) , (4.17)

where C is the effective clumping factor and Au is the recombination rate per hydrogen atom in gas
at the mean density, Au = αA(T )n̄e. Following MHR00, αA is set in agreement with the case-A
recombination (see also Miralda-Escudé, 2003), in which the LLS regions are painted as sinks of
ionizing photons, then αA = 4×10−13 at T = 104 K and n̄e = n̄b(z)(1−3/4Y ) is the mean density
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Figure 4.2: The evolution of the effective clumping factor C with the density threshold ∆. The different lines
correspond to the redshifts z = 2, 3, 4, 6, analogously to Fig. 4.1.

of free electrons. The resulting recombination rate per HI atom is

Au(z) ∼ 4.3× 10−18h2Ω0,b

(
1− 3

4
Y

)
(1 + z)3 [1/s] . (4.18)

Fig. 4.2 shows the effective clumping factor C calculated for different values of the density threshold
here named ∆. As discussed also by MHR00, as long as PV (∆) is less steep than ∆−3 at large
∆, the IGM clumpiness increases monotonically with the threshold. This property is in agreement
with the ‘inside-out’ nature of reionization. In fact the high-density regions must have a larger
IGM overdensity and, as a consequence, a higher clumping factor than the low-density regions,
then they will be ionized only at the later stages, under the assumption of a balance between the
global recombination and the emissivity.
In this threshold approximation, where all the gas with ∆ < ∆i is ionized, the mfp of the ionizing
photons is the distance between subsequent contours at ∆i, that is the mean length of underdense
regions along random lines of sight. Actually the estimate of the mfp is affected by several factors
as, for example, a milder transition between the ionized and neutral states near the edge of the
HII region and, moreover, possible high-density clumps inside the region that could inhibit the
grow of the HII bubble. Anyway, since most of recombination occurs at ∆ = ∆i, the mfp can be
reasonably approximated to the typical size of the HII regions, which is

λi = λ0[1− FV (∆i)]−2/3 , (4.19)

where FV (∆i) is the volume fraction with ∆ < ∆i and λ0 is a redshift-dependent normalization
constant. Although in the limit of high densities Eq. (4.19) is valid if the number density and
the shape of absorbers is independent of ∆i, that is indeed generally not true for the cosmic
web, MHR00 found that this relation is still aproximatively obeyed in the results of the numerical
simulations of photoionized gas. The physical scale λ0 is set through numerical simulations on
the Lyα forest at intermediate redshifts, and is generally dependent on z and on the cosmologi-
cal model. Anyway, as discussed by MHR00, the quantity λ0H(z) stays roughly constant in the
simulation and results equal to 60 km/s, that has been extrapolated also at higher redshifts by F05.

The resulting evolution of the mfp for different values of the density threshold is steeper at higher
redshifts, as shown in Fig. 4.3, involving a generally larger λi as z increases. A general warning
concerning the redshift range of validity for this model should be mentioned, since its application
to higher redshifts indeed involves several simplifications and limitations as an overestimated mfp
of the ionizing photons, that could strongly affect the reionization scenario predicted by this model
and that have been deeply discussed by F05.
Through this semi-analytic model for the gas physics, the F04 approach has been improved in-
troducing the treatment for the IGM recombination. In fact, in order for a bubble to grow, the
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Figure 4.3: The mean free path of ionizing photons as a function of the overdensity up to which the gas is ionized,
computed according to Eq. (4.19). The curves refers to the same redshifts shown in Fig. 4.1

ionizing photons should be able to reach its edge and the ionization rate should be higher than
the recombination rate. But, since the recombination rate increases as the bubble expands, at the
given distance from the galaxy R = λi(∆i) the ionization equilibrium condition is reached:

ζ
dfcoll(R, δ)

dt
= AuC

′[∆i(R), δ] , (4.20)

where C ′ = C(∆i(R))(1 + δ) and δ is the inner smoothed overdensity of the region. This last
term takes into account not only the ‘inside-out’ nature of the reionization process, since the HII
regions correspond to the overdense regions of the universe, but also the depencence of the gas
recombination on the local density. Moreover, Eq. (4.20) describes the HII bubbles as not fully
ionized regions, due to the inner high-density clumps, and as a consequence the ionized volume
fraction as calculated by F04 is just a rough approximation of the effective fraction of ionized HII
atoms in the universe.
Eq. (4.20) can be solved numerically to find the overdensity equilibrium δr as a function of the
typical size of the HII bubbles R, in the excursion set formalism this introduces a recombination
barrier so that a trajectory should cross δ = max(δx, δr) in order to be a part of an ionized region.
This added barrier fixes an upper limit for the possible mass of the HII bubbles, corresponding to
the value Rmax at which δx = δr, hence recombination prevents their growth on scales larger than
Rmax and the resulting bubble distribution is expected to pile up around the maximum allowed
radius. An analytic expression for the mass function of the HII region on scales R ≤ Rmax can
be found under the assumption that, in the excursion-set formalism, recombination is a vertical
barrier at R = Rmax beginning at B(Rmax), beyond which there is no further barriers at all. Then
the probability distribution at Rmax is Gaussian and reads

p(δ|Rmax) =
1√

2πσmax
exp

(
− δ2

2σ2
max

)
, (4.21)

where σmax = σ(Rmax), and as a consequence the resulting comoving density of such bubbles is

Nrec(Mmax) =
ρ̄

2Mmax
erfc

[
B(Rmax)√

2σmax

]
. (4.22)

On the other hand, trajectories with δ(Rmax) < B(Rmax) cross the ionization barrier on smaller
scales, and the resulting mass function is

nrec(M, z) =
∫ B(Rmax)

−∞
dδ p(δ|Rmax)nb(M, z|δ,Mmax, z) , (4.23)
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where nb(M, z|δ,Mmax, z) is the conditional mass function for a trajectory starting at (σ2
max, δ)

that can be achieved through Eq. (4.19) by replacing B(Mb, zb) with δ. The above equation repre-
sents the weighted average of the conditional mass function evaluated over all densities smoothed
on Rmax and can be calculated analitically. After reaching the equilibrium state, the bubble can
grow only by overlap with other neighbouring bubbles. Since the ionization regime on scales higher
than Rmax is regulated only by the ionization barrier, the size distribution of such regions is essen-
tially provided by Eq. (4.7) and their total volume fraction can be calculated following Eq. (4.8)
in which, in this case, the minimum mass of the HII regions is Mmax.
This semi-analytic model allows also to investigate the absorption of the radiation by the inter-
galactic gas. A rough picture of the effects of the inhomogeneous distribution of the IGM can be
provided by the global recombination rate of the HII regions, that in this formalism is an averaged
mean of the recombination rate of each HII bubbles:

Ābub =
∫

dM A(M)V (M)nb(M)[1 + δx(z)] , (4.24)

where A(M) is the clumping factor of the ionized region with mass M and the last factor represents
the inner mean physical overdensity. The recombination limit can then strongly affect the way
in which the bubbles overlap and their general absorption properties, with consequences on the
transmission of the Lyα flux in particular at the late phases of reionization, when the typical size
of the HII regions is larger. Extending the Furlanetto et al. (2004b) approach through this more
realistic treatment for the gas physics, the probability that a fixed point of the IGM has an optical
depth τ for the i−th transition smaller than τi is

P (< τi, z) =
∫

dM n(M, z)
M

ρ̄

∫ ∆max

0

d∆PV (∆) , (4.25)

for which ∆max is the maximum density for which τ < τi. This quantity can be calculated under
the assumption of the ionization equilibrium for the HII region, that reads

xHI =
χen̄HαA(T )

Γ
∆ , (4.26)

where χe is the correction for HeII and Γ is the ionizing rate per hydrogen atom. It mainly depends
on the total photons’ emissivity εT and on the mean free path λi as

Γ ∝ λiεT
(

η

3 + η

)
. (4.27)

At the end of reionization εT ∝ ζdfcoll,g/dt, η = 3/2 if a starburst spectrum is assumed and λi
is set to the minimum value between the bubble radius and Rmax. Finally, PV (∆) is thought
to be independent of the bubble morphology, that can be a good approximation at the end of
reionization although high-resolution simulations are required to test it. On the other hand, the
IGM recombination can be described by assuming αA ∝ T−0.7 and the IGM T − δ relation as
T = T0∆γ , with T0 = 104 K and γ consistent with a polytropic model for the IGM, that is in good
agreement with the numerical simulations. Hence, the relation between the local overdensity and
the IGM optical depth is:

∆(τi) =

{
170

η

3 + η

αA(104K)
αA(T0)

h(z)

(
λi

Mpc

)
ζ

∣∣∣∣∣dfcoll

dz

∣∣∣∣∣
(

τi
τGP,i

)}1/(2−0.7γ)

, (4.28)

where τGP,i is the Gunn & Peterson optical depth for the i-th transition. Finally, the probability
for the inhomogeneous IGM to have a given optical depth τ is obtained by substituting ∆max in
equation (4.25).

4.3.2 The AL06 approach

We now briefly review the main assumptions underlying the analytic model adopted to describe the
process of cosmic reionization. This model is based on the approach proposed by Avelino & Liddle
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(2006) [see also Haiman & Holder (2003); Chen et al. (2003) for further details]; our implementation,
however, differs in some aspects which will be discussed later on. We finally should stress on the
simplyfing nature of this model: in fact, unlike the F04 approach and its further improvements, the
AL06 method does not allow a deep investigation of the detailed features of the single HII regions.
This is not only due to the difficult extension of the ionization treatment proposed by F04 to cases
of a non-Gaussian overdensity field, but also to the lack of a suitable theoretical model describing
the IGM recombination in a non-Gaussian framework, since the MHR00 simulations are based on
Gaussian initial conditions. For those regions, this approach can just roughly predict the global
features of reionization.
In this model, the statistical properties of the ionized regions are related to the hierarchical growth
of the ionizing sources through simple assumptions on how the galaxies ionize the IGM and on how
the IGM recombines. A one-to-one correspondence between the distribution of galaxies and HII
regions is established, such that a single galaxy of mass Mgal can ionize a region of mass MHII =
ζMgal. Here ζ represents the ionization efficiency of the galaxy, and it is strictly dependent on the
nature of the ionizing sources. Following the Haiman & Bryan (2006) approach, the original model
proposed three different class of possible reionization sources, according to their virial temperature
T :

• 4×102 K . T . 104 K (Type II);

• 104 K . T . 9× 104 K (Type Ia);

• T & 9× 104 K (Type Ib);

however, since at high z the cooling of the gas becomes efficient in halos having a virial temperature
T ≥ 104 K, unlike in AL06, in our analysis we consider only type Ia (104 K ≤ T ≤ 9× 104 K) and
type Ib (T > 9× 104 K) sources, neglecting the contribution of the type II sources. We recall that
the distinction between the halo types is related to the way in which they impact the IGM: type Ia
sources can grow only in neutral regions, while type Ib haloes can appear also in ionized regions,
independently of the H2 abundance. On the other hand, type II halos form only in the neutral
regions, provided there is a sufficient abundance of H2 molecules. Consequently they differently
affect the ionization phases of IGM.
The total collapsed fraction Fcoll(z) at different redshifts can be computed through the mass
function of the collapsed halos as follows

Fcoll(z) =
1
ρ̄0

∫ ∞
Mmin(z)

dM n(M, z) ,

where Mmin(z) is the minimum mass corresponding to the virial temperature T , which can be
computed by inverting the relation proposed by Barkana & Loeb (2001), namely:

T = 1.98× 104

(
1 + z

10

)(
M

108M�h−1

)2/3(
Ωm0

Ωzm

∆c

18π2

)1/3

K . (4.29)

In the previous equation, ∆c represents the virial overdensity at redshift z and Ωzm is the matter
density parameter at redshift z. Consequently, the collapsed fractions in Ia and Ib haloes are given
by

Fcoll,Ib(z) =
1
ρ̄0

∫ ∞
Mmin,Ib(z)

dM n(M, z)

Fcoll,Ia(z) =
1
ρ̄0

∫ ∞
Mmin,Ia(z)

dM n(M, z)− Fcoll,Ib(z) ,

(4.30)

where Mmin,Ib and Mmin,Ia are the minimum masses for Ib and Ia sources, obtained using in
eq.(4.29) T = 9× 104 and 104 K, respectively.
The action of the ionizing sources is smoothed down by the recombination of the IGM, here
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considered as a homogeneous gas. In this case, as already mentioned, the recombination rate is
linearly dependent on the IGM clumping factor CHII =< n2

HII > / < nHII >
2, for which Haiman &

Bryan (2006) proposed the following redshift evolution:

CHII(z) = 1 + 9

(
1 + z

7

)−β
, (4.31)

being β a free parameter. As shown by AL06, the predicted reionization history of the universe has
significant uncertainties introduced by the poor knowledge of the z-dependence of the clumping
factor, which cannot be robustly constrained even considering the 3-year WMAP results for the
reionization optical depth. As discussed by AL06, a good consistency between predicted and
observed optical depths can be found setting 0 < β < 2. When β = 0, the z-dependence of CHII is
neglected and CHII = 10 in agreement with the MHR00 simulations.
Under the assumption of a constant clumping factor, the probability that a photon emitted at a
given cosmological epoch zi(ti) is still ionizing at z < zi can be written as

P (ti, t) = exp

(
tr
t
− tr
ti

)
, (4.32)

with tr = αBCHIInHI(ti)t2i , being αB the recombination coefficient of HI (= 2.6 × 10−13 cm3/s at
T = 104 K) and nHI(z) = 1.88Ω0,bh

2/0.022(1 + z)3/cm3 the hydrogen density at redshift z. Then,
the filling factor FHII(z) at a given cosmological epoch is

FHII(z) =
∫ z

∞
dz′ ζ

{
dFcoll,Ib

dz′
(z′) + [1− FHII(z′)]××dFcoll,Ia

dz′
(z′)

}
P (z′, z) ,

where the ionizing efficiency is assumed to be the same for the different types of haloes. We notice
that the different nature of type Ib and Ia sources appears in the right-hand side of eq.(4.33), where
the (1− FHII) factor explicitly considers that type Ia haloes form only in neutral regions.
Finally, the HII filling factor allows us to estimate the reionization optical depth as follows:

τ(z) = cσT

∫ t0

t

dt′ ne(t′)

= 1.08 c σT

∫ 0

z

dt
dz′

dz′
(

1− 3
4
Y

)
ρb(z′)
mp

FHII(z′) ; (4.33)

here σT represents the cross-section of the Thompson scattering, ne is the free-electron density, c
is the speed of light, Y is the He mass fraction, ρb(z) is the baryon density at redshift z and the
factor 1.08 approximately accounts for the contribution of the HeI reionization, assuming that the
HII and HeII fractions are equal and neglecting the effects of the HeII to HeIII phase transition.

4.4 The semi-numerical (or perturbative) approaches

The purpose of this class of models is to investigate reionization in an analogous manner to simula-
tions, but introducing some simplyfications to avoid too high computational cost of the numerical
methods.
The main challenging requirement that should be addressed in order to build suitable reionization
simulations is the large computational box, necessary to probe the largest coherently ionized re-
gions in the final stages of reionization. In fact, the ionized regions are expected to have typical
sizes of tens of Mpc (Furlanetto et al., 2004b; Furlanetto & Oh, 2005), requiring a simulation box
of hundreds of Mpc.
At the same time, the resolution of the box should be high to resolve most of the ionizing sources
that, since the IGM ionization begins at early epochs, have a characteristic mass < 108 M�. This
is generally addressed through N-body simulation codes that are, however, very time-consuming.
On the other hand, also a more precise treatment for the propagation of the I-front, generally
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introduced by radiative transfer codes, is necessary to suitably investigate the different phases of
reionization. But, despite several improvements have been made in the last year in this direction,
the computationally-expensive nature of these models still limits the investigation of dynamical
ranges larger than tens of Mpc and many of the possible assumptions on the ionizing sources,
because of the typical low speed of run. This computational cost becomes even higher when hy-
drodynamical simulations are included for a self-consistent modeling of the galaxy formation.
For these reasons, a variety of semi-numerical formalisms have been recently proposed (Zhang
et al., 2007; Mesinger & Furlanetto, 2007; Choudhury et al., 2008; Geil & Wyithe, 2008), to avoid
the computational limits of the numerical simulations through approximate but efficient methods.
In fact, the fundamental hypothesis of this class of models is to utilize the structure formation
paradigm provided by the escursion-set formalism and/or the propagation of the I-front described
by the radiative transfer through a first-order perturbation theory, allowing to build ionization
maps for representative volumes of the universe with a modest computational effort.
Following these approaches, the first step to model the source distribution is to build a realization
of the primordial Gaussian overdensity field at z = 0, that is fully determined by the cosmological
scenario and the specifications for the power spectrum of density field. The host DM halos can
be then identified according to the excursion-set formalism described in Section 2.3 (Mesinger &
Furlanetto, 2007), then the DM particle position and velocities can be obtained by the displacement
of the equal-mass particles from a uniform Cartesian lattice using the Zel’dovich approximation.
Indeed, the accuracy of this tecnique is strongly dependent on the range of wavenumbers present
in the IC grid, that determine the initial power spectrum sampling.
Other alternative ways have been implemented by Choudhury et al. (2008), displacing the La-
grangian overdensity field to the redshift of interest through the Zel’dovich approximation and
making use of Friends-of-friends (FoF) algorithms to find the collapsed objects. This method is
widely used in numerical simulations to identify all pairs of particles having a characteristic sepa-
ration b or less, designated as friends; the DM halos are sets of particles that are connected by one
or more friendship relationship, i.e. friends-of-friends. The linking length is usefully parameterized
as a density,

ρmin =
3M̄p

2πb3
, (4.34)

where M̄ is the average mass of a particle in the simulation. Hence, the above equation represents
the density of a sphere of radius b containing two particles of average mass. In the regions where
the density is higher that ρmin, the particles will be closer than b and will be linked toghether by
the FoF algorithm. Then, the effect of this method is to identify all the peaks in which the density
is greater than the threshold ρmin. Another parameter required by this approach is the minimum
number of particles in a halo, Nmin, introduced in order to reject spurious objects, that would
not be persistent in the simulation, and should be usually set to large suitable values to avoid
this inconvenient. Anyway, this approach could introduce some uncertainties, primarly due to the
inability of the code to distinguish between single DM halos and clusters of halos, since a region
in which ρ > ρmin is classified as a unique collapsed object. Moreover, the arbitrariness and the
ineffectiveness of the Nmin parameter do not allow a good distinction of small halos from noise.
Although a fixed linking lenght b ≈ 0.2 (in units of mean inter-particle separation) is found to give
a good match of the theoretical mass function of the small mass halos (Springel et al., 2005), the
use of an adaptive linking length, depending on the redshift of interest, is more suitable, when
the IC are created through the Zel’dovich approximation (see Choudhury et al., 2008, for more
details).
Once determined the structure formation paradigm, another fundamental point is to address the
ionization and the recombination of the IGM. In most of the proposed models (Mesinger & Furlan-
etto, 2007; Choudhury et al., 2008), the IGM ionization is introduced analogously to the analytic
and semi-analytic approaches, assuming a linear relation between the masses of the ionized region
and the inner DM halo fixing the ionization efficiency ζ such that the reionization epoch is in
agreement with the observations. On the other hand, the recombination effects in high density
regions can be modeled by the self-shielding criterion. In fact, in order to be ionized, a point should
satisfy the following condition

τ(x) = nHI(x)LJ(x)σHI ≤ 1 , (4.35)
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being LJ(x) the local Jeans length, in physical units, that determines the local HI column density
and σHI the photoionization cross section of HI. The local HI density nHI(x) (in physical units) can
be estimated assuming the ionization equilibrium, nHI = (αr/Γ)n2

H where αr is the recombination
factor and Γ the photoionization rate, that depends on the local mfp of the photons and the
emissivity of the source.
An alternative method has been implemented by Geil & Wyithe (2008) following the approach
proposed by Wyithe & Loeb (2007) and Wyithe & Loeb (2007). The fundamental idea of these
methods is to express the ionized fraction Qδ,R of a given region of size R as a function of its inner
overdensity δ as follows

dQδ,R
dt

∝ Qδ,R ∂Fcoll(δ,R, z,Mion)
∂t

+ (1−Qδ,R)
∂Fcoll(δ,R, z,Mmin)

∂t
(4.36)

− αrCnH

[
1 + δ

D(z)
D(zobs)

]
Qδ,R . (4.37)

In the above equation, the production rate of ionizing photons in neutral regions is assumed to be
proportional to the collapsed fraction Fcoll of mass in halos above the minimum threshold mass
for star formation (Mmin), while in ionized regions the minimum halo mass is limited by the Jeans
mass in an ionized IGM (Mion). Under the PS74 framework, this equation can be integrated as a
function of δ, leading to the ionized volume fraction inside the regions of size R at the considered
cosmological epoch.
Although applied to a analytic model, Zhang et al. (2007) implemented a formalism for the inho-
mogeneous IGM ionization on large scales by solving the equation of the ionization balance and
the radiative transfer to first order in perturbation, that allows to investigate the ionization topol-
ogy for sources with different spectral hardness and clustering properties. In this model, all the
relevant processes have been included, from the photoionization and the recombination, that can
be also described in a proper manner by the semi-analytic methods, to the diffusion of photons,
the peculiar velocity of the baryons and the redshifting of the radiation, that are generally missing
in other formalisms. The ionization equilibrium then results

∂nHII

∂τ
+ ~∇ · (nHIIu) = (nH − nHII)

∫ ∞
0

dµ
∫

d2Ωnγ
σ(µ)
a2(τ)

k(µ, nHII,nH)− αrn
2
HII

a2(τ)
. (4.38)

Here, nHII(x, τ) and nH(x, τ) are the local number densities of HII and H (i.e. HII+HI), respectively,
that depends on the comoving coordinate x and the conformal time τ . The HII comoving velocity
is represented by u, while nγ(x, τ, µ,Ω) refers to the comoving photon number density per unit
solid angle d2Ω around the propagation direction Ω per unit frequency parameter µ. Finally, the
factor k accounts for possible multiple ionizations. The evolution of the radiation background is
affected by the sources, the photoionization process, the diffuse of photons and the redshifting, all
included in the following radiation transfer equation:

∂nγ
∂τ

+ Ω · ~∇nγ −H(τ)a(τ)
∂nγ
∂µ

=
S

4π
− (nH − nHII)nγ

σ(µ)
a2(τ)

, (4.39)

where S(x, τ, µ,Ω)/4/π is the differential ionizing emissivity of the sources. Taking the spatial (and
angular) average of Eqs. (4.38) and (4.39), and expressing all the quantities involved by these two
equations as the sum of their mean values and the first-order perturbation theory, under suitable
assumptions it is possible to achieve the mean number of ionizing photons per baryon n̄γ and the
mean HII density ¯nHII. Moreover, their first-order perturbations can be found through the Fourier
transforms of Eqs. (4.38) and (4.39). In this method, all the mentioned quantities depends on the
mean value and on the first-order perturbation of S, usually related to the collapsed fraction of
the region. In an analytic formalism such as PS74, it can be expandend in Taylor series, allowing
to investigate the evolution of the IGM ionization (see Zhang et al., 2007, for details).

4.5 The numerical approaches

The previously mentioned methods have the big advantage to allow a picture of the reionization
scenario in relatively short computational times. Anyway, they represent approximate ways to
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investigate the detailed features of reionization, such as the typical radius of the HII regions.
Moreover, they cannot allow a theoretical description for further and more complicated processes as,
for example, the feedback or other mechanisms typically related to the still unknown nature of the
sources. As a consequence, the numerical simulations, despite the required computational efforts,
still represent the best methods to investigate the morphology and the evolution of reionization,
and are widely used in literature (Gnedin, 2000a; Ciardi & Loeb, 2000; Sokasian et al., 2003; Ricotti
& Ostriker, 2004a; Iliev et al., 2006a; Trac & Cen, 2007; Santos et al., 2008; Croft & Altay, 2008;
Iliev et al., 2008a; Baek et al., 2009; Thomas et al., 2009).
In this approach, the ionizing sources distribution is generally provided by N-body simulations
of structure formation, that follow the trajectories of many massive particles under the effect
of physical forces, that is gravity in this case. These computations are in general performed in
comoving coordinates and under the assumption of periodic boundary conditions, so that a finite,
expanding volume is embedded in an appropriately perturbed background spacetime.
The DM is represented as particles sampling the phase space distribution, which evolve in time
following the well known Newton’s laws in comoving coordinates:

dx
dt

=
v
a

(4.40)

dv
dt

+Hv = g (4.41)

∇ · g = −4πGa[ρ(x, t)− ρ̄(t)] , (4.42)

from which the trajectory of the particle can be achived through second-order integration schemes.
Although higher-order methods can be used, the precision on the trajectory of the particles is
usually reduced in favour of a more accuracy on the mass resolution. The art of N-body sim-
ulations relies on the computational algorithm used to find the gravitational force, in principle
calculated as the force between two particles of finite size in order to prevent the formation of
unphysical tight binaries and is an inverse square law of their distance. Actually, evaluating the
forces through a direct sum over all particle pairs has computational prohibitive costs, in particular
when the number of the particle is high, since N2 operations would be required. For these reasons,
several optimization have been implemented in order to compute the gravitational field reducing
the number of needed operations. A first attempt has been made by Barnes & Hut (1986) through
the so called Barnes-Hut tree algorithm, dividing the space recursively into a hierarchy of cells,
each containing one or more particles. These cells can be eventually treated as pseudo-particles
located at the center of mass. In this way, the number of the requested operation is 0(N logN),
the same provided by the alternative way of the Particle-Mesh (PM) algorithms. This is based
on the representation of the gravitational potential on a Cartesian grid, which is then used to
solve the Poisson’s equation. In this method, the mass density field is first computed on such
mesh, providing the Poisson’s equation solution for the gravity field (or its potential, that can be
differenced to obtain the gravity field), that is finally interpolated back to the particles. Anyway,
its force resolution is limited by spatial grid. This limitation can be removed by supplementing the
forces with a direct sum over pairs separated by less than two, or more grid spacings, resulting in a
particle-particle/particle-mesh (P3M) or adaptive P3M algorithms. An alternative is represented
by the multiresolution mesh methods, that allow to place the desired levels of mesh refinements
where required so that to directly solve the Poisson’s equations on multiple grids. Indeed, in order
to build a reliable simulation, such numerical models should be characterized by an accurate mass
(i.e. high number of particles) and spatial (force-softening length comparable to the box size) res-
olutions, with a subsequent increase of the computing time and a possible limitation of the allowed
dynamic range.
Another great difficulty related to the numerical approaches is the computing of the I-front evolu-
tion, described by the radiative transfer equation

∂Iν
∂t

+
n · ∇Iν
ā

−H(t)

(
ν
∂Iν
∂ν
− 3Iν

)
= ην − χνIν , (4.43)

where Iν(t,x,n, ν) is the monochromatic specific intensity of the radiation field, n is a unit vector
representing the direction of propagation and ā is the ratio of cosmic scale factors between photon
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Figure 4.4: Slices through the simulation volume at z = 18.5, 16.1, 14.5, 13.6, 12.6 and 11.3. Green and yellow shares
refer to the density field in neutral and ionized regions, the red bubbles are the HII regions (see Iliev et al., 2006a,
for details).

emission at frequency ν and the time t. The parameters ην and χν represent the emission and
absorption coefficients, respectively, and, in principle, fully determine the solution of the equation.
Actually, the high dimensionality of the problem and the lack of particular symmetries joined to
the required accurate resolution render the above equation solvable only using numerical schemes
and approximations like ray-tracing (Cen, 2002; Shapiro et al., 2004; Bolton et al., 2004; Iliev et al.,
2005), Monte-Carlo methods (Ciardi et al., 2001), local depth approximations (Gnedin & Ostriker,
1997) and others.
As already stressed, other limitations rise from the difficulty to reconcile the high resolution and
the large simulation box needed to accurately implement both the source and the gas physics. Most
of investigation efforts have been made on small regions of space (∼ 10− 50 comoving Mpc), since
at the early phases the IGM ionization is driven by the smaller collapsed objects given their higher
density distribution. As a consequence, the ability of a simulation in the treatment of such small
DM halos is strongly related to its resolution but, on the other hand, the produced HII regions
are expected to grow on larger scales due to their overlap, reaching tens of Mpc and requiring a
large simulation box. Moreover, for most of the radiative transfer schemes, the computational cost
grows proportionally to the number of the involved sources, reducing the possible effective volume
accessible by the simulation. On the other hand, given their high accuracy, these methods can be
useful tools in the investigation of the HII bubble around single sources.
Finally, a closely related problem that could be suitably addressed, in particular in the hydrody-
namical simulations, is the inhomogeneous structure of the IGM, that can be implemented using
sophisticated tools to generate the gas distribution over large ranges of spatial and density scales.
When combined to the radiative transfer schemes, these methods can describe the propagation of
the I-front in an inhomogeneous IGM, which is otherwise a very difficult problem.

The power of the semi-numerical and the numerical simulations lies in the possibility to paint
‘reionization maps’, spatially locating the HI and HII regions over a given realization of the universe
at a choosen redshift. Through these maps, it is possible to investigate in details the morphology
of the ionized regions, estimating their typical size at the fixed z, and to determine their evolution
throughout the recombination epoch. An example of the possible spatial distribution of the ionized
regions is shown in Fig. 4.4, predicted by the numerical simulations of Iliev et al. (2006a). In the
initial neutral universe (green regions), the HII regions (red bubbles) arise in the high-density
peaks with a small characteristic size. But, as reionization proceeds, their overlap allows the
formation of larger bubbles and their typical radius increases until the universe is fully ionized. A
similar analysis can be made also for the HeI reionization, predicting its spatial distribution at low
redshifts, as shown in Fig. 4.5.
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Figure 4.5: A slice showing the He III (darkened regions) and He II 3D mass distribution at z=2.6 (Paschos et al.,
2007).

Figure 4.6: A slice along the frequency direction for the HI fraction, computed assuming quasar-like sources, is
shown in the top panel. Here, the (white) HI regions abundance is reduced by the QSO ionization until z ∼ 6,
when all the IGM is ionized (black). The bottom panel shows the corresponding δTb fluctuations on the CMB
temperature due to the HI emission at the 21-cm wavelength (Thomas & Zaroubi, 2008).

These maps allow to reconstruct the IGM ionization history, for which an example is shown in the
top panel of Fig. 4.6, where the ionized (black) regions become larger and larger as the redshift
increases until the end of reionization. These information could be achieved from the future
observations of the new interferometers through the detections of the temperature fluctuations
on the CMB due to the 21-cm emission, that can be directly compared to the predictions of
the theoretical models, shown in the bottom panel of Fig. 4.6 for several cosmological epochs.
These future observational constraints will be powerful tools to deeply investigate the reionization
evolution, and as a consequence the structure formation scenario.
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Chapter 5

The reionization evolution in
quintessence universes

This chapter discusses the resulting reionization evolution in alternative cosmological scenarios
probed by quintessence. In the following discussion, the DDE (dynamic dark energy) component
has been associated to a self-interacting scalar field evolving under the action of the potential V ,
for which in this work we assume the behaviour provided by the two different models, RP and
SUGRA, introduced in Chapter 1. The evolution of the quintessence has been computed setting
w(z = 0) = −0.83 and -0.85 for the RP and SUGRA models, respectively, still in agreement with
the last observational tests on the SNIa.
Finally, the DDE models have been introduced in the theoretical approaches of F04 and F05 to
make predictions on the morphology of the HII bubbles and to investigate the global evolution of
reionization. We will present the outcoming history of the IGM ionization moving in the footsteps
of the F05 analysis, but showing just the most relevant results to outline how reionization goes
on in the quintessence cases and comparing our predictions to the ‘concordance’ ΛCDM universe,
that will represent our reference case.

5.1 The IGM ionization

The aim of this section is a first investigation of the evolution of the HII regions neglecting the
recombination contribution. As already stressed in the previous chapter, the statistical properties
of the bubbles can be described through the analytic method proposed by F04, whose fundamental
basis is the linear relation between the masses of the ionizing source and the ionized regions
(Eq. 4.1). Through this assumption it is possible to derive the ionization state of the IGM and the
detailed features of the HII regions from the DM halos statistical properties. Hence, the first step
is to compute the minimum collapsed mass at each cosmological epoch, that can be achieved from
the M − T relation proposed by Barkana & Loeb (2001):

Tvir = 1.98× 104
( µ

0.6

)( M

108h−1M�

)2/3[Ωm

Ωzm

∆v

18π2

]1/3(1 + z

10

)
K . (5.1)

In the above equation, Tvir is the virial temperature of a halo having mass M and µ is the mean
molecular weight of its gas. In order to take into account the fact that the IGM inside a HII region
is not totally ionized because of the ionization equilibrium assumption, here we prefer to set µ
to the mean of the values discussed in Barkana & Loeb (2001). Anyway, we checked that fixing
the molecular weight to the value corresponding to a fully ionized IGM (µ = 0.6) does not signifi-
cantly affect the model predictions on the observables discussed in this chapter. For example, using
µ = 0.6 changes the Ly-α flux transmission by ∼ 1% only, irrespectively of the considered cosmo-
logical model. The values for ∆v and for the redshift evolution of Ωm(z) are computed consistently
for the different cosmologies, setting ∆v(z) = 18π2 + 82d − 39d2 with d = Ωm(z) − 1 (Bryan &
Norman, 1998) and Ωm(z) through Eq. (1.36) of Chapter 1 and computing H(z) according to the
quintessence model.
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Figure 5.1: The ionization barrier is here shown at z = 8, assuming an ionization efficiency ζ = 6. For each
cosmological model, the thick line represents δx as defined in equation (1.15), while the thin line is its linear
approximation. The curves refer to the ΛCDM model (solid line), RP model (dashed line) and SUGRA model
(dotted-dashed line).
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Figure 5.2: The morphology of the HII regions. The probability distribution of the bubble sizes is computed
here neglecting recombination. In each panel (corresponding to different cosmological models), the curves refer to
different epochs: z = 8.8 (dotted line), 8.6 (dotted-dashed line), 8.4 (short-dashed line), 8.2 (long-dashed line) and 8
(solid line). The corresponding values for the ionized volume fraction x̄i, computed assuming a ionization efficiency
ζ = 6, are also reported.

Eq. (5.1) then shows that the presence of a dynamic quintessence component affects the hierarchic
evolution of the ionized regions, since the minimum collapsed mass is higher in the DDE universes
because of the earlier growth of matter perturbations. As a consequence, the formation of larger
ionized regions is enhanced, when the same ionization efficiency is fixed in all the considered cos-
mological cases.

This trend can be seen also through the analysis of the ionization barrier. In fact, even if the
assumption of a linear ionization barrier is still correct, this is lower than in the ΛCDM universe.
This is evident in Fig. 5.1, where we show the behaviour of the ionization barrier in the three
different cosmological models, computed at z = 8 assuming ζ = 6.
This implies a higher probability that matter fluctuations go beyond the ionization threshold.
Consequently the density of bubbles increases, resulting in a different morphology of HII regions
in the three cosmologies considered, as shown in Fig. 5.2. The earlier growth of the matter fluctua-
tions in the quintessence models causes a faster evolution of the mass function with respect to the
ΛCDM universe and a remarkable increase of the density of the largest regions. As a consequence,
at the same cosmological epoch, we obtain a higher ionized fraction x̄i in the quintessence cases.
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Figure 5.3: The bubble morphology. The evolution of the bubble radius as a function of x̄i is shown here neglecting
recombination (left panel) and in the recombination limit (right panel). Solid, dotted and dotted-dashed lines are
for ΛCDM, RP and SUGRA models, respectively. A complete reionization at z = 6 is assumed here.

As an illustrative example, we observe that at z = 8.8, reionization is at its initial phases in the
‘standard’ universe (x̄i = 0.35) while for the SUGRA cosmology this epoch corresponds to its late
stages, x̄i = 0.65. This is almost a factor ∼ 2 larger than in the ‘standard’ case. Similarly, at
z = 8 reionization is at the final stage in the SUGRA universe, x̄i = 0.82, while x̄i = 0.47 for the
‘concordance’ model.

The evolution of the characteristic radius of the ionized regions Rchar is shown in Fig. 5.3, for the
different phases of the reionization, as obtained by fixing ζ such that reionization ends at z = 6
(note that ζ is not the same for the three models). Neglecting the recombination limit, the effects
of the quintessence are obvious at the early stages of reionization, since Rchar (representing the
radius for which the bubbles distribution is maximum) is larger in the standard universe than in
RP and SUGRA models. For example, at xi ' 0.2 Rchar = 0.4, 0.6 Mpc for ΛCDM and SUGRA,
respectively. But the difference becomes increasingly smaller as reionization proceeds. This is
caused by the different saturation regime of the IGM in the quintessence cosmologies. Ionized
regions are smaller in the RP and SUGRA models at the beginning of reionization and their sizes
evolve faster than in the ΛCDM universe due to the presence of large neutral voids around them,
reaching the characteristic radius of the standard model in the final stages of reionization.

The F04 model and its further improvements in F05 allows the investigation of the hierarchic
history of the HII regions. In fact, as already stressed, linear barrier approximation can be easily
extended to the Lacey & Cole (1993) formalism to obtain the progenitor distribution, that esti-
mates the fraction of the universe inside a bubble of a given radius. The predicted nb(M, z|Mb, zb)
at z = 10 in bubbles with Mb = 1011, 1012 and 1015 M� at zb = 8 is shown in the left panel of
Fig. 5.4 for the three different cosmological models, normalized to the mean total ionized fraction
at z = 10 (corresponding to x̄i = 0.22, 0.30 and 0.45 for ΛCDM, RP and SUGRA respectively).
In all the considered cases, we can see that larger objects contain large ionized regions at early
times, while the opposite is true for the HII bubbles at low mass value, since the progenitors
should be smaller than the final region. Moreover, the size distribution for the quintessence cos-
mologies is peaked at a typical radius that becomes higher and higher than the standard ΛCDM
universe as the final mass Mb increases. This is a consequence of the enhanced production of
larger HII regions due to the quintessence, that increases the characteristic size of the bubbles.
On the other hand, fixed the final mass of the object, if the radius of its progenitors becomes
higher in RP and SUGRA models, the probability that such regions merge in Mb is reduced. This
can depend not only on the progenitor distribution at z = 10, but also on their merging probability.

Another way to investigate the progenitor distribution is to estimate the ionized fraction inside
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Figure 5.4: The hierarchic history of the HII regions. The progenitor distribution has been shown here for the
ΛCDM (red line), RP (green line) and SUGRA (blue line) cosmologies, assuming the final mass M = 1011M� (solid
line), 1012M� (dotted line) and 1015M� (dot-dashed line) at zb = 8. The results, computed at z = 10, are obtained
assuming ζ = 6.
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Figure 5.5: The history of the ionized fraction within bubbles relative to the global mean. The red, green and blue
sets of curves refer to the ΛCDM, RP and SUGRA cosmologies, respectively. For each case, the ionized fraction
inside the final bubbles, at zb = 8, having the radius in the ordinate R has been computed for z = 10 (solid line),
12 (dotted line) and 15 (dot-dashed line).

the HII regions. This is shown in Fig. 5.5, when the different sets of curves for every considered
cosmology refers to the inner x̄i of a bubble at zb with radius R produced by the progenitors at
z = 10, 12 and 15, normalized to the mean ionized fraction x̄i(z). It is evident that large bubbles
are ionized earlier than average, while while the opposite is true for the smaller regions. This
trend is a further indication of the ‘inside-out’ nature of reionization, since bubbles much smaller
than the characteristic size appear only in underdense regions, which contain few ionizing sources.
Anyway, the reduction of the HII amount in such bubbles is milder in the quintessence cases, since
at a fixed epoch the production of DM halos is enhanced and as a consequence the I-front can easily
propagate inside the low-dense regions, with a resulting acceleration of the reionization process.
Another difference with respect to the standard reference universe consists in the time-evolution
of the inner HII fraction in a given bubble. In fact, although for lower radius x̄(z|R, zb)/x̄i in-
creases for all the considered cosmologies, its decreasing at the higher R values is less enhanced
in the RP and SUGRA models. This is due to the larger characteristic size of the HII regions in
the quintessence universes, since to form the same large bubble at zb the required HII amount is
roughly the total ionized fraction at z in the SUGRA case, implying that the bubbles are more
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Figure 5.6: The hierarchic growth of bubbles. In each panel (corresponding to different cosmological models), we
show the fractional volume accretion rate of an HII region having mass M1 = 1014M� that merges with a mass
corresponding to a given radius R. The results, computed at z = 13, are obtained assuming different ionization
efficiencies: ζ = 10 (dotted line), ζ = 20 (dashed line) and ζ = 30 (solid line).

overlapped at z than in the ΛCDM framework, for which the inner x̄i at zb could be almost 3 times
higher.

With the analysis of the progenitor distribution, the investigation of the bubble merger rate is
also possible. As already mentioned, the merging with neighbouring HII regions is one of the
fundamental factors allowing the growth of the bubble after reaching the ionization equilibrium,
then it is interesting to investigate how the DDE component affects the bubbles’ merger rates. As
an example, Fig. 5.6 shows the merger probability of a region with mass M = 1014M� at z = 13
for the ΛCDM, RP and SUGRA universes. Similarly to the ΛCDM case, also for the quintessence
cosmologies the evolution of the bubbles is dominated by merging events between large systems,
in particular in the late stages of the reionization process. The main difference is given by the
size of the involved regions. For the RP and SUGRA models the merger probability is higher with
bubbles that are even one order of magnitude larger than in the standard universe.

5.2 The recombination limit

5.2.1 The HII morphology

We can now investigate how the recombination limit due to the IGM clumpiness affects the geome-
try and the evolution of the ionized regions in the quintessence universes. In doing this, we should
first recall that we will use the F05 model extended for the treatment of the inhomogeneous gas
distribution, implemented through the MHR00 semi-analytic approach.
As discussed above, the DDE component causes the matter fluctuations to grow earlier. Hence,
since the clumping of the gas depends on the inner overdensity of the bubbles, recombination is
stronger already at smaller scales in the quintessence universe, compared to the ΛCDM case. Thus,
the HII regions reach the ionization equilibrium on scales smaller than in the standard model.
This is clear in Fig. 5.5, where we present three different stages of reionization. While the
ionization threshold does not significantly change between ΛCDM and SUGRA models, the re-
combination barrier δrec extends to smaller scales in the quintessence universes. This effect is more
prominent at the late stages of reionization process, since the bubbles reach the equilibrium on scale
of the order of 20− 30 Mpc in the ΛCDM universe instead of the ∼ 10 Mpc predicted for SUGRA.
In dynamic dark energy universes, the ‘earlier’ (in term of comoving scales) recombination barrier
involves a smaller value for Rmax, computed as the cross-point of δx and δrec. The same trend
was already evident in Fig. 5.7, where the assumed values for ζ were such that x̄i(z = 6) = 1. A
peculiarity with respect to the standard model is the discontinuous recombination barrier found
for the SUGRA cosmology, that crosses the ionization threshold more than once. To avoid further
complications to the model, we choose to set Rmax to the mean value of those achieved at the
cross-points (which are in any case very close to each other).
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Figure 5.7: The recombination limit. In each panel (corresponding to different cosmological models), we show the
ionization barrier, computed as in F04 (thin curves), and the recombination barrier, computed as in F05 (thick
curves). The results are shown at three different stages of reionization: x̄i = 0.49 (dotted lines), x̄i = 0.82 (dashed
lines) and x̄i = 0.95 (solid lines) at z = 6.
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Figure 5.8: The bubble size distribution considering the recombination process. The mass distributions show that
in the recombination limit (thick curves) bubbles pile up at R = Rmax, while neglecting recombination (thin curves)
they can reach sizes larger than Rmax. In each panel (corresponding to different cosmological models), the different
curves refer to the HII regions distribution at different stages of reionization: x̄i = 0.51 (dotted line), x̄i = 0.68
(short-dashed line), x̄i = 0.84 (long-dashed line), x̄i = 0.92 (solid line) assumed for z = 8. The filled points represent
the volume fraction in bubbles with R = Rmax in the recombination limit.

As expected, the effects of the recombination limit are enhanced on the distribution of the bubbles,
that is shown in Fig. 5.8 for z = 8 at different stages of reionization. As a result, the HII regions
with M < Mmax tend to pile up on < 10 Mpc scales in the SUGRA universe, in particular at the
end of reionization, while they remain quite large, R ∼ 30 Mpc in the standard universe. Further-
more, the drop of the ionization threshold causes an increase of the volume fraction contained in
the recombination-limited regions.

Moreover, since it determines the typical size of the HII bubbles, the gas recombination can affect
also the time-scale in which the overlap phase occurs. In fact, for a random point in the IGM, the
reionization process can be considered complete when the point joins a sphere with M = Mmax.
Then, since Rmax is smaller in the quintessence cosmologies, the density of the points belonging
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Figure 5.9: The ionized volume fraction. In each panel (corresponding to different cosmological models), the
curves refer to the volume fraction contained in recombination-limited bubbles during the overlap phase at different
redshifts: z = 6 (solid line), z = 9 (dashed line) and z = 12 (dotted line). The results are computed assuming the
MHR00 model with λ0 = 60 kms−1.
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Figure 5.10: The Lyman transitions. The probability distribution of the IGM optical depth p(τ) for the quintessence
models is compared to that in the ‘standard’ universe (p(τ)ΛCDM ). Results for the RP and SUGRA models are
shown in the panels in the left and right columns, respectively, and refer to Lymanα, Lymanβ and Lymanγ, in the
different panels, from top to bottom. The curves are computed in the case of complete reionization (x̄i = 0.95) at
z = 6 for different values of Rmax: 10 Mpc (dotted line), 20 Mpc (dotted-dashed line), 30 Mpc (short-dashed line),
60 Mpc (long-dashed line) and 600 Mpc (solid line).

to a region with M > Mmax increases and the volume fraction inside bubbles larger than Mmax

becomes larger. As shown in Fig. 5.9, xrec increases moving from the ΛCDM to the SUGRA
models as reionization proceeds involving different ‘epochs of overlapping’. In this case, xrec ∼ 0.5
is reached earlier in the quintessence models than in the standard universe. This effect is analogous
to that discussed by F05 for a small mean free path of the ionizing photons.

5.2.2 The Lyman flux transmission

As discussed in Chapter 4, the bubble morphology and the IGM ionization state affect the IGM
optical depth τ and consequently the transmission of the Lyman-α flux. To investigate how the
IGM optical depth distribution depends on Rmax in the quintessence models, we compute the
probability distribution p(τ) of the IGM optical depth for the Lyα, β, γ transmission following
Eq. (4.25).
In Fig. 5.10 we compare p(τ) for the RP and SUGRA scenarios to that obtained considering the
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ΛCDM model, p(τ)ΛCDM, for different values of Rmax. The transmission is lower for small values
of τ . We find that the trends with Rmax for the Lyman-β (central panels) and Lyman-γ (lower
panels) are analogous to that for the Lyman-α one (upper panels).

5.3 Possible sources of bias

Given their analytic nature, the F04 and the F05 models suffers of some theoretical limitations
that can introduce strong deviations on the reionization picture shown above.
The main effect on the observational results can be provided by the clustering of the source. In
fact, the model we adopt is based on the extended PS74 formalism and can account only in a very
approximate way, most often in the linear limit, for the source clustering, which is expected to have
important effects on the morphology of the HII regions. Since the clustering amplitude depends
on the source abundances, which are different in the models considered here, our results could
be affected by this bias. The only suitable way to properly address this problem is to improve
this semi-analytic model through the analysis of the ‘reionization maps’ that, as already discussed,
allow to locate the ionizing source in a given realization of the universe. This investigation can be
made through semi-numerical or numerical methods.
Another possible source of bias is related to the use of the semi-analytic model of MHR00 in
alternative cosmological scenarios. In fact, this method is based on hydrodynamical simulations
provided for ‘standard’ universes only, then in principle its validity could be compromised in
quintessence universes. Anyway, we do not expect large differences for the IGM volume-weighted
density distribution computed in the DDE cases, then we have assumed that the results of the
MHR00 simulations obtained for a standard cosmology are still valid for a quintessence-dominated
universe.

5.4 Conclusions

The purpose of this chapter is to give a picture of the reionization epoch in the universes dominated
by a DDE component at late epochs, tracing the HII regions evolution using a semi-analytic
approach based on the hierarchic growth of matter fluctuations. In doing this, we consider two
cosmological models in which the dark energy density varies with time driven by the Peebles &
Ratra (2003) and Brax & Martin (2000) potentials. Then, we used the theoretical approaches
proposed by F04 and F05 to outline the main differences between the evolution of bubbles in the
quintessence models and in the standard ΛCDM cosmology. Our main results can be summarized
as follows.

1. The growth of density fluctuations occurs earlier and the ionization barrier δx is lower in the
RP and SUGRA universes compared to the ΛCDM one. This causes a strong increase of the
high-density regions with respect to the ΛCDM case at the same epoch.

2. Neglecting the recombination limit, the characteristic size of the HII regions is smaller in the
RP and SUGRA cases at the early stage of reionization, but the difference is weakened as
reionization proceeds.

3. In the recombination limit, the early growth of the matter fluctuations causes the increase
of the IGM clumpiness and the inner recombination of the bubbles becomes more efficient.
As a consequence, the HII regions reach the ionization equilibrium on slightly smaller scales
and the bubble abundance tends to increase. The IGM volume fraction contained in bubbles
larger than Rmax increases requiring an earlier ‘epoch of overlap’ in the quintessence universe
compared to ΛCDM.

4. The main effect on the high-z QSO radiation transmission due to the different evolution of
the HII regions is the lower Lyman flux absorption at small optical depths in RP and SUGRA
cosmologies compared to the ΛCDM model.
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Chapter 6

Reionization in universes with
non-Gaussian initial conditions

This chapter is dedicated to the discussion of the main results obtained from the application
of the AL06 model under the assumption that the structure formation history started from a
primordial non-Gaussian density field. In the following discussion, the evolution scenario of the
ionizing sources has been assumed according to the Matarrese et al. (2000) formalism, that has
been introduced in the AL06 model to probe predictions for the global features of reionization. In
this chapter, we have made estimates for some observational quantities as the evolution of the IGM
filling factor and the optical depth at the different cosmological epochs, assuming both the local
and the equilateral NG cases constrained by the 5-year WMAP data. The outcoming picture has
been compared to the reionization scenario obtained for the Gaussian ‘reference’ case. We finally
discuss the possibility of constraining the degree of primordial NG through the reionization probes
related to CMB-based esperiments.
A general warning should be remarked in the following discussion, concerning the NG parameter
used for our predictions that, as already mentioned also in Chapter 2, we set accordingly to the last
WMAP results. As pointed out by Grossi et al. (2009), the value estimated at the physical scale
of CMB cannot be used to make predictions for the large scale structures, because of (although
tiny) time-evolution of the gravitational potential Φ. Then, the fNL parameter should be rescaled
using the normalized growth factor of the density fluctuations, namely fNL = g(z = ∞)/g(z =
0)fCMB

NL ∼ 1.3fCMB
NL , where fCMB

NL is the value obtained by the CMB experiments. Anyway, the
purpose of this work is just to use the AL06 model as a ‘toy-model’ to investigate the possible
differences on the reionization picture painted in case of a non-Gassian overdensity field and the
standard Gaussian universe, without making exactly predictions and focusing on the details of the
different phases. Then, for such an analysis, it is not necessary to set the fNL parameter to its
effective value.

6.1 The reionization scenario

In an analogous way as that already shown for the F05 model, the AL06 approach relates the
reionization observables, as the IGM filling factor and the IGM optical depth, to the statistical
properties of the DM halos hosting the ionizing sources. These quantities, as shown in Chapter 4,
are related to the total collapse fraction, that can be computed through the halo distribution
nNG(M, z) once Mmin of a given class of sources and the correspondig virial temperature are
known. Then, through the same relation of Barkana & Loeb (2001) used also for the F05 model,
we can compute the total collapsed fractions for the different kinds of sources here considered,
following Eq. (4.30).
The resulting Fcoll are presented in Fig. 6.1, where we show the collapsed fractions of Ia and Ib
haloes for the local and the equilateral cases here considered and their redshift evolution compared
to the predictions for the Gaussian scenario. We can notice that for both the local and the equi-
lateral models, positive values for fNL produce an enhancement of the collapsed fraction at a fixed
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Figure 6.1: The collapsed fraction of Ia and Ib ionizing sources. The top panels show the resulting Fcoll for the
Gaussian reference case (dot-dashed line) and two extreme non-Gaussian models here considered, which adopt
fNL = 111 with the local shape (solid line) and fNL = −151, 253 with α = −0.2 for the equilateral shape (green
dotted and solid surves, respectively). The other panels show the ratio between the collapsed fractions of Ia (left
panels) and Ib (right panels) ionizing sources for non-Gaussian and Gaussian models as a function of redshift. In
the middle panels the results for non-Gaussian models with local shape are shown, where fNL = −9 (dashed lines)
and fNL = 111 (solid lines) are assumed. In the bottom panels, which refer to non-Gaussian models with equilateral
shape, dashed and solid lines correspond to fNL = −151, 253, respectively; black, red and green lines refer to α = 0
(i.e. no scale-dependence), α = −0.1 and α = −0.2, respectively.

redshift, given the larger probability for high-mass haloes in the primordial distribution. When
scale-dependent non-Gaussianity is considered, this effect becomes higher as the power-law param-
eter α decreases. The opposite trend is observed when negative fNL values are assumed: in this
case we obtain a reduction of the non-Gaussian collapsed fraction, due to the smaller probability
for high-mass haloes at high z.

As already seen in Chapter 2, the probability of the enhancement (or the reduction) of the struc-
ture formation is higher at the early phases of the evolution of the universe, i.e. when reionization
begins. Then, it is expected that the different collapsed fraction due to NG could strongly affect the
amount of ionized IGM at different cosmological epochs. In order to estimate the time-evolution of
the IGM filling factor, we set ζ as a constant, fixed in such a way that reionization ends at z = 6.5.
Moreover, FHII depends on the recombination rate, that is a function of the free parameter β.
Since AL06 found good consistency between the predicted and the observed τ irrespectively of
the amount of primordial NG in the models they consider, we decide to set β = 0. As already
mentioned, in this case the z-dependence of CHII is neglected and CHII = 10. Anyway, the impact
of the assumption of a constant clumping factor will be discussed later.
The FHII evolution is shown in Fig. 6.2, both for local and equilateral models. As expected, a
generally positive primordial NG produces an increase of the ionized IGM density, in particular
the effect is evident if a scale-dependent fNL parameter is assumed, for which FHII can become
5 times higher than that predicted in the Gaussian case. The IGM reionization results slower
when negative values are considered, since the smaller collapsed fraction produces a mild evolu-
tion of the filling factor, that is smaller compared to the Gaussian case, at every cosmological epoch.
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Figure 6.2: The left panel shows the evolution of the ionized fraction FHII for the Gaussian and two different non-
Gaussian models here considered, as in the top panels of Fig. 6.1. The two panels on the right show the ratio
between the ionized fraction FHII for non-Gaussian and Gaussian models as a function of redshift. In the left panel,
the results for non-Gaussian models with local shape is shown, where fNL = −9 (dashed lines) and fNL = 111
(solid lines) are assumed. In the right panel, which refers to non-Gaussian models with equilateral shape, dashed
and solid lines correspond to fNL = −151, 253, respectively; black, red and green lines refer to α = 0 (i.e. no
scale-dependence), α = −0.1 and α = −0.2, respectively.
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Figure 6.3: The left panel shows the evolution of the IGM optical depth τ for the Gaussian and two different
non-Gaussian models here considered, as in the top panels of Fig. 6.1. The two panels on the right show the ratio
between the reionization optical depth τ for non-Gaussian and Gaussian models as a function of redshift. In the left
panel the results for non-Gaussian models with local shape is shown, where fNL = −9 (dashed lines) and fNL = 111
(solid lines) are assumed. In the right panel, which refers to non-Gaussian models with equilateral shape, dashed
and solid lines correspond to fNL = −151, 253, respectively; black, red and green lines refer to α = 0 (i.e. no
scale-dependence), α = −0.1 and α = −0.2, respectively.

Finally in Fig. 6.3 we show the effects of the primordial NG on the reionization optical depth
τ assuming both local and equilateral models. As a consequence of the evolution of the ionized
fraction, in the initial phases of reionization the values of τ for the models with positive fNL are
higher than those predicted for the Gaussian case. In particular, when a scale-dependent NG
is assumed, the change in τ is higher than 10 per cent for α < −0.2. In this case, the non-
Gaussian optical depth would be τ ∼ 0.083 at z ∼ 30, that is still consistent with the last WMAP
observations (τ = 0.084±0.016). Assuming a local shape with largest positive fNL here considered
we find τ ∼ 0.079. Notice that for the Gaussian model we predict a reionization optical depth at
z = 30 τ = 0.078.
We notice that our results are in qualitative agreement with the reionisation picture resulting
from the analysis performed by Chen et al. (2003). However, a direct comparison cannot be done
because of the differences in the considered cosmological parameters: in particular they assume
the ones suggested by the first-year WMAP analysis, with a significantly higher power spectrum
normalization (σ8 = 0.9). Furthermore, they parametrize the degree of non-Gaussianity using the
expectation value of the considered modified Poisson distribution λ, that is inversely proportional
to the fNL parameter here used: λ ∝ 1/fNL. Their results show that a high amount of primordial
non-Gaussianity (small λ, i.e. high fNL) produces large deviations with respect to the Gaussian
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Figure 6.4: The reionization optical depth τ at redshift z = 30 as predicted in different non-Gaussian scenarios is
shown as a function of fNL. The dashed black curve refers to the local case, while the solid black, red and green lines
correspond to the equilateral case with α = 0, α = −0.1 and α = −0.2, respectively. The blue and cyan rectangles
represent the areas currently excluded by the WMAP observations for the local and equilateral cases, respectively.

case in the ionized fraction and the IGM optical depth, in agreement with our results. We should,
however, notice that for the Gaussian reference model the estimate of τ in Chen et al. (2003) differs
by 20 per cent with respect the value we predict using the 5-year WMAP cosmology.

6.2 The NG probes from reionization observables

In this section we investigate the possibility to constrain the NG deviations through the reionization
observables probes at present by the last WMAP data release. For this purpose, we computed the
IGM optical depth at high z predicted by the AL06 in different non-Gaussian scenarios, i.e. with
different fNL parameters set to possible values inside the ranges allowed for both the local and the
equilateral cases by the 5-year WMAP data.
The predicted reionization optical depth (at z = 30) is shown in Fig. 6.4. Indeed, the standard
deviation on the current estimate of τ from the last WMAP results (∼ 20 per cent) does not
allow us to strictly constrain the scale dependence of NG and, as shown by Liguori & Riotto
(2008), should affect the fNL value by a ∼ 3 per cent and ∼ 5 per cent uncertainty for the local
and equilateral shapes, respectively. We estimate that in order to distinguish among the different
scale dependences, a precision between ∼ 1 per cent (fNL < 0) and ∼ 8 per cent (fNL > 0) on
the τ measurement is required, using CMB-like experiments. In this sense, the smaller standard
deviations expected by Planck (∼ 6 per cent) (Mukherjee & Liddle, 2008) could better probe the
reionization optical depth and would possibly constrain the NG parameter with an uncertainty
of ∼ 1 per cent and ∼ 2 per cent in the local and equilaterals models, respectively. We should,
however, keep in mind that the current WMAP estimate of τ cited in this paper is affected by cosmic
variance, since it is based on the bispectrum of the CMB. Recent works investigate alternative
methods to avoid this problem (see, e.g. Seljak, 2009).

6.3 Possible sources of bias

The AL06 method, given its semi-analitycally nature, suffers of several theoretical limitations that
can introduce strong deviations from the reionization picture described above. First of all, we
stress that the description of the recombination process in the analytic model here adopted relies
on some simplifying assumptions which can affect the way in which reionization occurs. A deeper
investigation of the IGM statistical distribution would require the analysis of suitable numerical
simulations having non-Gaussian initial conditions.
As an example of possible biases introduced by the model uncertainties, in Fig. 6.5 we show how
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Figure 6.5: As in Fig. 6.3, but assuming β = 2 in the redshift dependence of the clumping factor.

a time-evolving clumping factor impacts the reionization optical depth. The results have been
obtained by setting β = 2 in Eq. (4.31), as suggested by Avelino & Liddle (2006), for which the
reionization optical depth is in agreement with the 3-year WMAP results for many NG degrees. In
order to estimate the relative importance of the details of the analytic modelling of the reionization
process here adopted, we can compare the IGM optical depths predicted assuming β = 0 (Fig. 6.3)
and β = 2 (Fig. 6.5). As shown by the corresponding left panels, for the Gaussian model the effect
on τ due to the change in β and then to the unknown IGM physics is approximately of 10 per cent.
Viceversa, considering the non-Gaussian to Gaussian ratios (shown in the right panels of Figs. 6.3
and 6.5), changing β from 0 to 2 produces negligible effects on the results. In fact we find that
at high z the ratios obtained with β = 0 and β = 2 differ by less than 1 per cent for the mildly
non-Gaussian models and by ∼ 4 per cent for the non-Gaussian models with the most extreme
scale-dependence (fNL = 253). By looking at the right panel of Fig. 6.5, we notice that for this
last model the effect of introducing a primordial NG can rise up to 10 per cent. This shows that
the non-Gaussian to Gaussian ratios are only mildly affected by the choice of the recombination
model: this justifies the fact that in this paper we preferred to show most of the results in terms
of ratios in spite of absolute values.
Finally, we remark that our approach, which is based on the PS74 formalism and its extensions,
cannot fully account for the source clustering, that could indeed have relevant effects on the
morphology of the HII regions. Since the source distribution depends on the clustering amplitude
through the bias parameter, that is different if a primordial NG is considered (see, e.g. Matarrese &
Verde, 2008; Dalal et al., 2008; Carbone et al., 2008), we expect that our results could be affected
by this approximation, which can be improved only with suitable numerical simulations.

6.4 Conclusions

The aim of this work was to investigate how primordial NG may alter the reionization history when
compared to the standard scenario based on Gaussian statistics. We have chosen a simple analytic
method to describe the physical processes acting on the IGM to make predictions on the evolution
of the ionized fraction and the reionization optical depth. Our work extends previous analyses
(Chen et al., 2003; Avelino & Liddle, 2006) based on simplified ways to introduce primordial non-
Gaussianity, considering models motivated by inflation. In particular we assume two different
hierarchical evolution scenarios for the ionizing sources, characterized by scale-independent and
scale-dependent NG. All scenarios here considered are not violating the constraints coming from
the recent analysis of the 5-year WMAP data. Our main conclusions can be summarized as follows:

1. NG affects the abundance of the dark matter haloes, since the formation of high-mass col-
lapsed objects is enhanced (reduced) when positive (negative) values for the fNL parameter
are assumed. This effect is more evident at earlier cosmological epochs, exactly when reion-
ization begins.

2. As a consequence, for positive primordial NG, the collapsed fraction in type Ia and Ib sources
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is higher than for the Gaussian case at the same epoch, and the difference increases with z.
The opposite result applies when fNL < 0 is assumed.

3. The IGM filling factor is higher and its evolution is faster than in the Gaussian scenario if a
positive fNL is assumed. This effect is enhanced for a scale-dependent NG, that can produce a
5 times higher FHII with respect to the Gaussian case, at early cosmological epochs. Viceversa
the filling factor is smaller and has a mild redshift evolution for negative fNL.

4. Both local and equilateral NG have a small (less than 10 per cent) impact on the reionization
optical depth, but the effect is enhanced assuming a scale-dependent fNL parameter.

We finally remark that our predictions of the reionization optical depth in non-Gaussian cosmolo-
gies are in agreement with that estimated by 5-year WMAP analysis within 1σ error bars and a
precision higher than that of WMAP is required to constrain NG and its scale dependence. Ide-
ally one would simulate reionization in non-Gaussian cosmological models using hydrodynamical
simulations that incorporate all the relevant physical processes in a consistent framework (most
importantly radiative transfer effects in the IGM). However, such approach is very time consuming
due to the large box size and the high resolution required to simulate large volumes and, at the
same time, the physics of the sources of radiation. For this reason, some approximate semi-analytic
schemes such as the one presentend here are still useful especially when calibrated on the more
robust results of the hydrodynamical runs.
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Chapter 7

Future prospects

The aim of this chapter is to illustrate the future prospects of this Thesis work. In the previous
discussion, the analysis of the reionization process in alternative cosmological scenarios has been
carried out through semi-analytic approaches, basically providing the global properties of reion-
ization and the HII regions in an approximate way. On the other hand, the future observations
probed by the new interferometers will be able to investigate the IGM ionization state in a wide
range of redshifts, i.e. z ≤ 9, allowing to obtain ‘reionization maps’ of HI that can help us to
estimate the effects due to the 21-cm emission on the CMB temperature.
For these reasons, our next step consists in building a suitable semi-numerical model for reioniza-
tion, allowing us to make predictions for the HI topology that can be directly compared to future
observations. In doing this, we adopt the theoretical model proposed in literature by Mesinger &
Furlanetto (2007) and we will improve it by introducing a suitable treatment for the recombination
of the gas.

7.1 The Mesinger & Furlanetto (2007) approach

In this section, the main bases of the semi-analytic model proposed by Mesinger & Furlanetto
(2007) will be reviewed. We recall that a brief introduction to this method have been already
introduced in Chapter 4. Anyway in the following discussion we will illustrate its fundamental
assumptions in a deeper manner, focusing our attention on the innovative aspects concerning the
IGM ionization.
The first step consists in building the ICs through which the ionizing sources involved in the
reionization process can be identified. In doing this, the algorithm generates a discrete realization
of the linear overdensity field at z = 0 inside a square box of size L and N grid points per dimension.
The initial matter fluctuations are computed through a 3D Monte-Carlo simulation, assuming a
Gaussian statistics, for which the Fourier components have been calculated as

δ̂(k) =

√
σ2(k)

2
(ak + ibk) , (7.1)

where ak and bk are consistent with a Gaussian distribution having zero-mean and unit variance.
The corresponding overdensity field δx is computed through the discrete Fast Fourier Transform,
in an analogous manner to that described in Chapter 2 that, hence, will not be reviewed here. Once
obtained δx, the Zel’dovich approximation allows to estimate the corresponding initial comoving
velocity field (see Eq. 2.31, that is expressed in proper units) and its Fourier modes at a fixed
redshift,

ṙ(k, z) =
ik
k2
Ḋ(z)δ(k) . (7.2)

As already seen in Chapter 2 and as shown by the above equation, the velocity field can be
decomposed in a spatial and a time component, ṙ(x, z) = Ḋ(z)p(x), where p(x) is the Fourier
Transform of the ikδ(k)/k2 term in Eq. 7.2. Then, the effectiveness of the Zel’dovich approximation
lies in the opportunity to easily compute the velocity field at the redshifts of interest, once (and
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for all) performed the spatial component calculation.
From Eq. 7.2, it is possible to estimate the integrated linear displacement at a fixed z, starting
from a sufficiently high redshift z0:

Ψ(x, z) = [D(z)−D(z0)]dp(x) ≈ D(z)dp(x) , (7.3)

that can be used to locate the ionizing sources.
Once built the initial overdensity field, the DM halos can be identified making use of the excursion-
set formalism introduced in Chapter 2. The matter fluctuation at a fixed grid point x can be
smoothed on progressively small physical scales Rf according to Eq. 2.19 starting from L to
dL = L/N , that is the characteristic size of a pixel. Fixed a filter scale Rf , at every point of the
box we check if the corresponding overdensity is higher than the collapse threshold, i.e.

δf (x, Rf ) ≥ δc(M, z) , (7.4)

in which δc(M, z) is set according to the improvements made by J01, already introduced in Chap-
ter 2. Actually, filter scales large enough that δ(M, z) > 7σ are extremely unlike, then they have
been discarded (Mesinger & Furlanetto, 2007). If the collapse criterion is satisfied, the grid point
x is marked as the center of a DM halo having radius Rf , and will not be reconsidered in the
following filter steps at smaller scales. Moreover, since a pixel is considered here as the center of
the found halo, the mass contained in the spherical region of radius Rf must be assigned only to
such a pixel. Then, the possible neighbouring grid points satisfying the collapse criterion that lie
inside that region should be discarded. For these reasons, once identified a DM halo, we mark
all the inner pixels in order to not consider them in the next filter steps. This is similar to the
‘full-exclusion’ criterion introduced by Bond & Myers (1996) to prevent the halo overlap.
Once the DM halos have been identified on the IC box, they can be moved to their actual posi-
tion at the choosen redshift by using Eq. 7.3. For computational convenience, this step is made
smoothing the velocity field onto a lower resolution grid having N ′, a reduced number of points per
dimension. We note that the resulting halo field is now not placed on a regular grid that, for com-
putational reasons, can be extremely inconvenient. Then, it can be an advantage to re-assign the
halo masses to a regular grid, having the same resolution of the smoothed velocity field, through
the usual interpolation algorithms adopted also by the N-body simulations, as the Nearest Grid
Point (NGP), the Cloud In Cell (CIC) and the Triangular Shaped Cloud (TSC) methods.
The updated halo field δhh(x, z) can now be used to identify the HII regions. In fact, δhh(x, z)
can be smoothed on progressively smaller physical scales Rf in a similar way to the filtering of
the initial overdensity field and, assuming a prescription for the ionization criterion equivalent to
Eq. 3.9 with a constant ionization efficiency ζ, every pixel such that

fcoll(x, Rf , z) ≥ ζ−1 (7.5)

is considered as ionized. In the above equation, fcoll is the local collapsed fraction inside a region
of radius Rf at redshift z computed in the grid point x (note that x is now an Eulerian position).
As already remarked, the filtering procedure is analogous to that performed to find the DM halos,
but in this case Rf refers to the size of the HII region. Moreover, the HII bubble are allowed to
overlap, then no ‘full-exclusion’ criterion has to be applied. The left-hand-side term of Eq. 7.5 can
be estimated as the ratio between the collapsed mass residing in the pixels and the mass inside the
sphere having the radius filter M = 4/3πR3

f ρ̄[1+δnl(x, z)], where δnl(x, z) is the mean overdensity
at the coordinate x smoothed on the scale Rf . Note that in this prescription, the ionizing source
is identified with its host DM halo.
The overdensity field δnl(x, z) is calculated through the application of the Zel’dovich approximation
on the initial matter fluctuations δ(x), moving the mass corresponding to the pixels (M = M(dL))
according to Eq. 7.3 and smoothing the resulting field on the lower resolution box. We are now able,
hence, to locate the HI regions inside a box representing a realization of the universe, obtaining
the ‘reionization maps’.
These results can be used for several kinds of investigation. As an example, through the analysis
of the HI topology, we can obtain information concerning the statistical properties of the HII
regions (see Mesinger & Furlanetto, 2007, for details), or the amount of HI at a fixed cosmological
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epoch. But, maybe, the major opportunity consists in the estimate of the fluctuations on CMB
temperature due to the 21-cm emission that reads as follows:

δTCMB(x, z) ≈ 9(1 + z)1/2xHI(x, z)(1 + δnl(x, z))
H(z)

dvr/dr +H(z)
, (7.6)

where dvr/dr is the comoving gradient of the line of sight component of the comoving velocity at
z and xHI is the local HI fraction in the considered pixel. Hence, through the reionization maps
we are able to achieve the additional contribution, produced by the HI emission, to the CMB
temperature at a fixed z that can be detected by the next observations.
This semi-analytic model have been later improved by Mesinger & Dijkstra (2008), introducing
a treatment for computing the ionization contribution produced by each DM halo. This allows
to obtain the ionization field acting on the IGM at a fixed epoch. In particular, the total flux
(measured in units of ionizing photons per second per proper square cm) in a given grid point x
at z is

f(x, z) =
(1 + z)2

4π

∑
i

Mi × εion(z)
|x− xi|2 exp(−|x− xi|/Lmfp) , (7.7)

where x and xi are the locations of the cell of interest and the halo, respectively, Mi is the mass
of the halo, Lmfp is the mfp of the photons and represents a free parameter of the model. Finally,
εion represents the rate at which the ionizing photons are released in the IGM per unit mass and
depends on the features of the source. It can be written as

εion(z) = 3.8× 1058εfid

[
Ω0,b

Ω0,m

1
tH(z)

]
, (7.8)

where tH(z) is the Hubble time and εfid is a fiducial normalization value calibrated on the physical
properties of the source.
Although this formalism provides a suitable way to investigate the effects of ionization on the IGM
state, the gas is modelled as a two-phases medium, composed by fully ionized and fully neutral
region, and as a consequence the recombination is taken into account in an homogeneous manner.
As pointed out by Mesinger & Dijkstra (2008), it can be a fairly accurate assumption at the early
stages of reionization, but, as already discussed in Chapter 4, the effects of an inhomogeneous gas
distribution can strongly affect the transmission of the flux.

7.2 The introduction of recombination: a preliminary ap-
proach

As already remarked, the next step of our work is the investigation of the IGM ionization history
through reionization maps, that can be directly compared to the future observations on the new
interferometers. In doing this, we will build a suitable semi-numerical approach, assuming the
original model of (Mesinger & Furlanetto, 2007). But, given its limitations due to the approximate
description of the IGM morphology, we will improve it, introducing a more accurate formalism for
the inhomogeneous recombination, whose fundamental bases will be illustrated in this section.
As already shown for the semi-analytic approaches, the inhomogeneity of the IGM can affect the
properties of the HII regions. In fact the inner high-density clumps of gas can absorb the ionizing
radiation, preventing the growth of the ionized bubble. The capability of a HII region to absorb
the ionizing photons can be described in terms of its optical depth τ . In fact, if τ & 1, the inner
gas is clumpy enough to prevent the transmission of the flux, while the opposite is true for τ < 1.
In the Mesinger & Furlanetto (2007) formalism, this ‘self-shielding’ criterion can be introduced as
follows. Once built a realization of the universe at a given z in which we locate the HII region and
having estimated the flux field f through the Mesinger & Dijkstra (2008) model, for every ionized
pixel we can estimate its inner neutral fraction as

xHI(x, z) = ρb(z)(1 + δnl(x, z)α/Γ(x, z) , (7.9)
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where Γ = f(x, z)σHI is the photoionization rate, ρb is the mean density of baryon at z and α is
the recombination coefficient. Then, the optical depth results

τ(x, z) ≡ xHI(x, z)ρb(z)(1 + δnl(x, z))
L

N ′
, (7.10)

in which we recall that L/N ′ is the grid spacing of the lower resolution box.
We now have the possibility to identify the high-density pixels inside the ionized regions through
the self-shielding criterion. In fact, fixed a grid point x belonging to a HII bubble, if

τ(x, z) ≥ 1 (7.11)

the cell will be considered as a self-shielded pixel and will be re-marked as neutral in the reionization
map.

7.3 The introduction of recombination: preliminary results

In this section, we will show the first results obtained by introducing the inhomogeneous recom-
bination in the semi-analytic model of Mesinger & Furlanetto (2007). In the following discussion,
we have adopted a cosmological framework according to the flat ΛCDM universe probed by the
5-year WMAP investigations.
As a first step, we build a realization of the overdensity field at z = 0 in a cubic box of L = 100
(comoving) Mpc, setting N = 1600 grid points per dimension. Then, we smooth it on progressively
small scales, starting from L to dL, so that we can identify the DM halos through the excursion-
set formalism, according to the Mesinger & Furlanetto (2007) method. After the displacement
of the collapsed halos to their Eulerian positions, we build several realizations of the ionization
field, obtained by assuming different values for the free parameter ζ, on a low-resolution mesh
characterized by N ′ = 200 grid points per dimension. We then calculate the corresponding flux
fields, setting εfid = 1.
Since the absorption due to the self-shielded region affects the transmission of the flux, we first test
the reliability of the self-shielding criterion by comparing our assumed mfp Lmfp to that predicted
by the total amount of such regions. We make our analisys at z = 10, assuming a proportionality
parameter A for the total neutral fraction of the box, that can allow us to vary the amount of the
self-shielded regions, and two different values for the theoretical mfp, i.e. Lmfp = 10, 20 (comoving)
Mpc. These values are consistent with the extrapolation from the observed LLSs systems at z < 4.
Then, according to Eq. 7.9, we compute the neutral fraction of each pixels. The resulting xHI(x, z)
is multiplied by the A parameter, so that to assign an hypothetical neutral fraction x′HI = AxHI to
all the pixels of the box. Finally, the application of Eq. 7.11 allows us to achieve the total density
of neutral pixels nHI corresponding to the fixed A, and the optical depth responsible for the flux
absorption can be calculated according to the mfp l definition:

l =
1√

2nHIdL′
, (7.12)

in which dL′ = L/N ′ is the grid spacing of the lower resolution box. Making it for a wide suitable
range for the proportionality parameter, we can investigate the evolution of the expected mfp with
respect to the amount of self-shielded regions predicted by our criterion. The comparison between
the calculated l and the assumed mfp Lmfp will allow us to obtain the best-fit value of A that, in
case of validity of our self-shielding prescription, is expected to be of the order of unity.
The resulting value for A of best fit are shown in Fig. 7.1, for the two values of Lmfp assumed
in our analysis and different reionization phases at z = 10. Although its value increases at the
early stages, A is of the order of unity for both the considered mfps, involving that the assumed
self-shielding prescription is a suitable criterion to investigate the effects of recombination. In order
to match the observed mfp, the following analysis will be made taking into account the correction
on the neutral fraction estimate provided by the best-fit value of A.
An example of the effect of the absorption due to the inner recombination is illustrated in Fig. 7.2.
Here, the white and black points represent the HII and the HI regions, respectively, after the
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Figure 7.1: The resulting A of best fit calculated for a realization of the universe at z = 10 assuming Lmfp = 10
Mpc (red line) and 20 Mpc (blue line), for different ionization fractions xrmHI .

Figure 7.2: The effect of the inner recombination of the bubble provided by our self-shielding criterion, computed
for a fully ionized universe at z = 10 assuming Lmfp = 20 Mpc. The white and the black points represents the
ionized and the neutral cells, respectively.

application of the self-shieding criterion to a fully ionized universe at z = 10. Indeed, the resulting
neutral fraction of the universe is increased, although by few (. 3%) per cent. As shown in Fig. 7.3,
we notice that the same trend is observed also for the other considered initial neutral fractions.
Another information that can be achieved by the reionization maps is the possible correlation of
the self-shielded regions. In fact, as shown in Fig. 7.2, the distribution of the neutral pixels is
not spatially homogeneous but is concentrated in some particular regions. A preliminary result of
the correlation function ξ(R) of the self-shielded pixels, computed assuming Lmfp = 20 Mpc and
z = 10 for a fully ionized universe, is shown in Fig. 7.4. It is evident that ξ(R) descreases at larger
physical scales, anyway this result should be deeply investigated in a future work.
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Figure 7.3: The resulting neutral fraction x′HI calculated at z = 10 assuming the best-fit A values, for the initial
ionization fraction xHI. The red and the blue lines correspond to Lmfp = 10 Mpc and 20 Mpc, respectively.
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Figure 7.4: The resulting correlation function ξ of the self-shielded regions, calculated at z = 10 assuming Lmfp = 20
Mpc. The curve has been predicted for a fully ionized universe, i.e. xHI = 0.
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The aim of this Thesis is to investigate the possibility that the observations related to the epoch
of reionization can probe not only the evolution of the IGM state, but also the cosmological back-
ground in which this process occurs. In fact, the history of the IGM ionization is indeed affected
by the evolution of the sources of ionizing photons that, under the assumption of a structure for-
mation paradigm determined by the hierarchic growth of the matter fluctuations, results strongly
dependent on the characteristics of the background universe.
For the purpose of our investigation, we have analysed the reionization history in innovative cosmo-
logical frameworks, still in agreement with the recent observational tests related to the SNIa and
the CMB probes, comparing our results with the reionization scenario predicted by the commonly
used ΛCDM cosmology. In particular, in this Thesis we have considered two different alternative
universes. The first one is a flat universe dominated at late epochs by a dynamic dark energy com-
ponent, characterized by an equation of state evolving in time. Our attention has been focused
on the peculiar cosmological cases because they allow to avoid the theoretical troubles introduced
by the cosmological constant and also because they do not conflict with the recent observations
probed by SNIa. The second cosmological framework we have assumed is a ΛCDM characterized
by a primordial overdensity field having a non-Gaussian probability distribution. Although the
standard inflationary scenario predicts the rise of almost Gaussian matter fluctuations, actually
a tiny deviation from the Gaussian statistics can arise from the self-interaction of the scalar field
driving the expansion of the universe. We focused our attention on this particular cosmological
background later on the last observations probed by the Local Large Scale Structures and the
5-year WMAP mission, that predict a small degree of non-Gaussianity.
The reionization scenario have been investigated, in this Thesis, through semi-analytic approaches
based on the hierarichic growth of the matter fluctuations and on suitable assumptions concerning
the ionization and the recombination of the IGM. Our choice has been directed towards these
methods since our purpose is primarly the comparison between the global reionization scenarios
predicted for the standard cosmology and the alternative universes, without focusing on a detailed
investigation of the peculiarities of the HII regions. Moreover, a treatment concerning some as-
pects of reionization, as the recombination of the gas, has not been suitably developed yet through
numerical simulations in the alternative cosmologies.
The main results of the application of the semi-analytic methods considered in this Thesis on the
previous alternative cosmological frameworks have been summarized in the following topics.

Reionization in a quintessence universe

In investigating the reionization scenario predicted by these alternative universes, we introduce
the dynamical dark energy component in a flat cosmological framework accordingly with the the
Peebles & Ratra (2003) (RP) and Brax & Martin (2000) (SUGRA) models for the potential of
the quintessence scalar field. Then, we used the analytic approach proposed by Furlanetto & Oh
(2005) to outline the main differences between the evolution of bubbles in the quintessence models
and in the standard ΛCDM cosmology. The main properties of the resulting reionization picture
can be resumed as follows:

1. The dynamic dark energy component affects the evolution of the overdensity field. In fact, at
the same redshift, the growth factor of the density fluctuations predicted in the quintessence
scenario is larger than that expected in the standard universe. Then, the growth of the
matter perturbations is anticipated in the SUGRA and RP cosmologies and the collapse of
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the DM halos occurs early. Another important consequence is the decrease of the ionization
barrier δx, that is lower in the RP and SUGRA universes compared to the ΛCDM one. This
causes a strong increase of the high-density regions with respect to the ΛCDM case at the
same epoch.

2. Neglecting the recombination limit and assuming the same ionization efficiency for all the
three considered cosmologies, the distribution of the ionized bubbles in the quintessence cases
is peaked at higher physical scales. The opposite is true setting the ionization efficiency such
that reionization ends at z ∼ 6, but the difference is weakened as reionization proceeds.

3. The hierarchical history of the HII regions in the quintessence cases is determined by the
merging of more massive bubbles than in the standard framework. Moreover, the probability
distribution of the bubble progenitors decreases in the SUGRA and RP models, since the
merging bubbles are larger than the typical radius characterizing most of the HII regions.

4. In the recombination limit, the early growth of the matter fluctuations causes the increase of
the IGM clumpiness and the inner recombination of the bubbles becomes more efficient. As
a consequence, the HII regions reach the ionization equilibrium on slightly smaller scales and
the bubble abundance increases. The IGM volume fraction contained in bubbles larger than
Rmax increases involving an earlier ‘epoch of overlap’ in the quintessence universe compared
to ΛCDM.

5. The different evolution of the ionized regions affects the properties of IGM to allow the trans-
mission of the Lyman flux coming from the high-z QSO. In fact, the probability distribution
of the optical depth of the gas is lower for small values of τ in RP and SUGRA cosmologies
compared to the ΛCDM model.

Reionization in a ΛCDM universe characterized by a non-Gaussian overdensity field

To describe the effects of a possible non-Gaussianity in the primordial overdensity field, we have
adopted the simple analytic method introduced by Matarrese et al. (2000) based on the extension
of the PS74 formalism to describe the evolution of the ionizing sources. We then apply the resulting
structure formation paradigm to a semi-analytic model consistent with the Chen et al. (2003) and
Avelino & Liddle (2006) approaches to make predictions on the evolution of the ionized fraction
and the reionization optical depth. Our work extends previous analyses based on simplified ways
to introduce primordial non-Gaussianity, considering models motivated by inflation. In particular
we assume two different hierarchical evolution scenarios for the ionizing sources, characterized
by scale-independent and scale-dependent non-Gaussianity. All scenarios here considered are in
agreement with the constraints coming from the recent analysis of the 5-year WMAP data. The
outlined reionization picture can be resumed as follows:

1. non-Gaussianity affects the abundance of the dark matter haloes, since the formation of
high-mass collapsed objects is enhanced (reduced) when positive (negative) values for the
fNL parameter are assumed. This effect is stronger at earlier cosmological epochs, i.e. when
reionization begins.

2. As a consequence, for positive primordial non-Gaussianity, the collapsed fraction in type Ia
and Ib sources is higher than for the Gaussian case at the same epoch, and the difference
increases with z. The opposite result applies for negative fNL parameters.

3. The IGM filling factor is higher and its evolution is faster than in the Gaussian scenario if a
positive fNL is assumed. This effect is enhanced for a scale-dependent non-Gaussianity, that
can produce a 5 times higher FHII with respect to the Gaussian case, at early cosmological
epochs. Viceversa the filling factor is smaller and has a mild redshift evolution for negative
fNL.

4. Both local and equilateral non-Gaussianity have a small (less than 10 per cent) impact on
the reionization optical depth, but the effect is enhanced assuming a scale-dependent fNL

parameter.
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5. Our predictions of the reionization optical depth in non-Gaussian cosmologies are in agree-
ment with that estimated by 5-year WMAP analysis within 1σ error bars, but a precision
higher than that of WMAP is required to constrain non-Gaussianity and its scale dependence.

As already discussed, the semi-analytic methods used in this Thesis suffer of several limitations due
to their approximate way to describe some fundamental aspects, as the clustering of the sources and
the inhomogeneous nature of the IGM recombination, that can indeed affect the physical properties
of the ionized regions and the global evolution of the reionization process. Then, the next step of
our investigation will be to make numerical simulations to predict the ionization state of the IGM
at different redshifts that can be compared to the future observations of the new interferometers.
Works are in progress to build a suitable theoretical model for reionization.
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