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Chapter 1

Introduction

The crust represents the outer part of the solid earth and in this region seismic activity
concentrates. The estimated conditions of pressure and temperature in the crust suggest
that an elastic-brittle behaviour can be assumed for crustal rocks. This means that the
action of tectonic forces can determine the build up of stress in localized regions of the
crust. This build up continues until intact rocks fail or suitably oriented preexisting faults
are activated. Faults represent surfaces of weakness in the crust that are blocked by the
action of friction. If the shear stress on a fault surface overcomes the friction threshold
then the fault can slip. The relative movement of the contact surfaces can be of two types:
we talk about aseismic slip if the relative movement takes place at slow velocity, while
the seismic slip refers to a sudden fast relative movement of the two blocks in contact.
If the stress conditions acting on the fault determine the seismic slip, then the elastic
deformation energy can be released in the form of elastic waves and the phenomenon
known as earthquake takes place. In many regions of the earth, seismic activity presents
anomalous features and the interpretation of this activity can represent a difficult task.
Complexities in fault processes must be invoked in order to interpret such features and
the development of such complexities can be related to the heterogeneous structure of the
crust. Therefore the study of crustal heterogeneities is important in order to achieve a
better understanding of fault processes and in this work we will refer to two different types
of crustal heterogeneities: the first type involves the concept of asperity, while the second

is related to the layered structure of the shallow crust.

1.1 Complexities in faulting: the concept of asperity

The term asperity is often used in seismology to describe heterogeneity in faulting. This
term has been used for the first time in this context in Lay et al. (1981), who used it to
describe ” regions within earthquakes” where relatively high moment release occurred. They
interpreted this feature in terms of the rupture of a strong region, which they called an
asperity. The asperities in their view are interpreted as permanent, mechanically distinct

features of subduction zone interfaces. The mechanics of rupture of a single asperity
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represents an external crack problem in which an internal unbroken region is surrounded by
a previously broken area (Das and Kostrov , 1983). Rupture through the asperity occurs in
a similar way as crack propagation, the major difference being that when a crack ruptures it
causes an increase in stress of the surrounding parts of the fault, whereas when an asperity
ruptures it causes an increase in slip in the surrounding part. Lay et al. (1980) employed
an asperity model in order to describe rupture characteristics of subduction zones, but
the asperities in this work are defined in a different way. The asperities are considered
as regions that slip seismically with large moment release and Lay et al. (1980) assume
that the intervening regions normally slip aseismically. These regions are only ruptured
seismically when an adjoining asperity ruptures and dynamically propagates into them.
In such a case no inference regarding the relative strength of the different regions can
be made, since the asperity can be simply interpreted as a part of the subduction zone
interface characterized by an unstable constitutive law (e.g. velocity weakening), while
the surrounding regions shows a stable behaviour (velocity strengthening).

In Chapter 2 we propose an asperity model in which high pressure fluids ascending from
the brittle-ductile transition plays a preeminent role. In our model, the presence of the
asperity is invoked not only to explain the high stress release observed, since the asperity
is also considered responsible of a perturbation of the pressure in the region surrounding
the asperity. The nature of the asperity will be discussed in terms of the properties of
the ascending fluids and the mutual interaction between the fluid and the asperity will be
invoked to explain the preparatory processes of the My = 6.6 earthquake of June 17-th,
2000 in Iceland.

1.2 Complexities of fault processes: the role of layering

Several regions with transcurrent tectonics are characterized by complex distributions of
surface fractures which cannot be simply explained in terms of the stress field produced
by the seismic fault. An example of these complex patterns is represented by double-
en-echelon structures. These structures are characterized by arrays of fractures whose
direction is not parallel to the main fault strike direction and furthermore the single
fractures are aligned along another direction with respect to the array (Figure 1.1). This
kind of observations can be related to the heterogeneous structure of the crust, in fact in
this work we shall show how fault processes may be significantly affected by stratification
properties of the media.

Bonafede et al. (2002) investigated the case of a planar transcurrent fault developing
across the interface between two media characterized by different elastic properties u, v
with m = % > 1 (Figure 1.2). The welded boundary condition imposes that stress drop
must be discontinuous at the interface, since on both crack sections the stress drop must
be proportional to the local rigidity value.

Ao _ A

= (1.1)
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Figure 1.1: Double-en-echelon

This stress drop condition has considerable influence on the style of faulting along a
transform margin. In fact we can immediately identify several important cases in which
such a condition cannot be satisfied.

Among these we can mention the following three cases:

(a) Fresh fractures developing in presence of friction.
In this case the initial stress on each crack surface can be proportional to the local
rigidity value, but the residual stress is governed by friction and so stress drop in the
shallow layer cannot match the value prescribed by the stress drop condition proper

to a vertical planar crack.

(b) Faults developing across a rheological discontinuity.
For instance, if layer 2 is Maxwell viscoelastic, the initial stress in the brittle layer is
typically much higher than in the ductile layer 2, even if the instantaneous rigidity
in the ductile layer is higher than in the brittle layer. In this case the stress drop
in the soft layer 1 would be much higher than in the harder (coseismically) but
ductile medium 2. The stress drop condition (1.1) cannot be fulfilled in a fault event

penetrating the interface.

(¢) Faults developing from a reference configuration in which the stress does not vanish

21,

Hi,Vq

Uy, Vy X

Figure 1.2: Planar fault model
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stmultaneously in both media.

There are few instances in which the initial shear stress prior to crack failure is
not proportional to rigidity. Among these the recent emplacement of sediments or
volcanics on top of pre-stressed basement rock is particularly relevant in geophysics.
In such cases, the stress drop in the sedimentary layer can be much lower than

prescribed by the stress drop discontinuity condition (1.1).

The stress drop condition in these cases cannot be fulfilled, therefore strike-slip faulting
cannot be described within the framework of the model of a planar crack surface across
a welded boundary. To obtain a crack model suitable to describe strike-slip faulting in
cases (a),(b),(c), we must conclude that the failure of the previous model is caused by a
violation of one of its assumptions. In our work we shall consider the following possible

cases:

e Welded interface: the dip of the fault surface cannot be vertical in both media (Figure
1.3a) or else that fault branching may take place on one side of the interface (Figure
1.3Db)

e Unwelded interface: the interface cannot remain welded during crack slip (Figure
1.4).

In Chapter 3 we introduce the basic theory (dislocation theory) upon which crack
models are based, since two models of this type are used in Chapters 4-5 in order to
describe fault bending and fault branching across a welded interface. In Chapter 6 we
consider the case in which the interface become unwelded and we use dislocation models
in order to study the conditions for unwelding and for the opening of secondary fractures.

In the last chapter, we discuss the results obtained and draw our conclusions.
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......

(a) Fault bending (b) Fault branching

Figure 1.3: Welded interface

Figure 1.4: Unwelded interface






Chapter 2
Asperity model

In this chapter we investigate the effects induced on stress field by the presence of an as-
perity in a homogeneous medium. The presence of an asperity in the hypocentral region of
the M, = 6.6 earthquake of June 17-th, 2000 in the South Iceland Seismic Zone is invoked
to explain two significant features related to this seismic event: the high magnitude of the
earthquake with respect to the estimated fault dimensions and the change of seismicity
pattern before and after the mainshock. The first model (Elastic model) presented sim-
ulates the presence of an asperity in terms of a high rigidity spherical inclusion, within
a softer elastic medium in a transform domain with a deviatoric stress field imposed at
remote distances. In the second model (Viscoelastic model) we consider the case in which

the medium surrounding the inclusion is viscoelastic.

2.1 Geodynamic framework

The South Iceland Seismic Zone (SISZ) is a left-lateral transform zone located between
the Reykjanes peninsula and the east volcanic zone, with a length L ~ 70km in the FW
direction and a width w = 10—15km in the NS direction (Figure 2.1). The depth & of the
brittle-ductile (B-D) transition is quite sharp increasing from 8km in the E to 12km in
the W (Stefansson et al. (1993)). The left-lateral motion is estimated by geodetic means
as 1.95 cm/yr mostly in the EW direction (De Mets et al. (1994)). One of the peculiar
features of the SISZ is that the main faults are all right-lateral strike-slip and oriented
NS, with a quite regular parallel spacing of 5-6 km (Figure 2.2b), suggesting a bookshelf
failure mechanism (Einarsson et al. (1991)). The historical seismicity is characterized by
sequences of large earthquakes, reaching magnitude 7. A sequence lasts up to 30 years
and a complete seismic cycle is ~140 years (Stefansson and Halldorsson (1988)).

The mainshock of June 17-th, 2000 (M, = 6.6) interrupted a period of seismic quies-
cence since 1912. This event was followed on June 21-th, 2000 by a My = 6.6 earthquake
located 17 km west, which was interpreted as a triggered event (Arnadottir et al. (2003)).
Migration of seismicity from east to west during short periods of time (days to weeks) is

another characteristic feature of this area. The hypocenter of the June 17-th, 2000 earth-
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Figure 2.1: Iceland

quake was located at 6.3 km depth and the fault surface had a length of 12.5 km along
strike, oriented 7° E from N, and a vertical extension of 10 km (from the surface to the
B-D transition), as shown by the local seismic network and by USGS and Harvard CMT
solutions (Stefansson et al. (2007)).

A significant feature of the June 17-th mainshock is the high magnitude with respect to the
expected magnitude for a fault with these dimensions: the average dimensions expected
for the fault of a magnitude 6.6 event are 30 km length and 10 km height, with a slip of 40
cm (Wells et al. (1994)) while the average slip for this fault was ~ 2m. This indicates a
very high stress drop in the hypocentral region. The accurately located aftershocks were
mostly in close proximity of the fault plane and suggest the presence of an asperity with
~ 3km diameter in the middle of the fault (Figure 2.2c). The seismic moment release
in the SISZ is in general agreement with the observed strain build up during a 140 year
period (Stefansson and Halldorsson (1988)). It was also pointed out by modeling of the
historical seismicity (Roth (2004)) that the time and place of successive earthquakes in
the SISZ are not predicted by the highest induced stress, with exceptions of events very
close in time and space: local strength heterogeneities seem to control the place. The two
earthquakes of year 2000 released only 1/4-1/3 of the expected moment (Arnadottir et al.
(2005), Stefansson et al. (2007)).

The second significant feature associated with this earthquake is the change of seismicity
pattern before and after the mainshock. Deep foreshocks in the area of the impending
June 17-th earthquake were continuous in time and nearly uniformly distributed horizon-
tally, between ~ 8 — 10 km depth. They show magnitudes generally < 1, with relatively
high b-values 2 1.2 (Wyss and Stefansson (2006)). Their focal mechanisms show P-axes
significantly scattered with respect to the regional stress direction (Lund et al. (2005)).
Shallower foreshocks (at ~ 4 — 8km depth) took place episodically in swarms, which be-
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Figure 2.2: SISZ

came more and more frequent while approaching the time of the mainshock, and typically
provided low b-values and P-axes coherent with the regional stress. During 9 years of
sensitive microearthquake observations before the mainshock the spatial distribution of
shallow foreshocks has been progressively concentrating within an elongated volume, ori-
ented ~ 30° W of N and centred on the hypocenter of the impending mainshock (Figure
2.3).

The features of deep foreshocks are generally interpreted in terms of high pressure fluids
ascending from the mantle. The widespread presence of fluids permeating the crust in the
South Iceland Seismic zone (SISZ) was clearly demonstrated by the post-seismic deforma-
tion of the two M; 6.6 earthquakes of June 2000 (Jonsson et al. (2003)). Many evidences
suggest the presence of high pressure fluids down to the base of the crust in the SISZ.
Magnetotelluric data (Hersir et al. (1984)) indicate low resistivity (10-20 Ohm m) below
the brittle-ductile transition (at 10-20 km depth). This suggests the presence of a fluid
reservoir within a solid matrix. The high b-values of deep foreshocks is a typical feature of
seismicity induced by high fluid pressure, due to the weakening role of fluids (that lower
the effective normal stress) and to the pressure drop accompanying fracture extension.
The pattern associated with shallower foreshocks indicates a perturbation of mean pressure
that favours ascending of high pressure fluids only in selected quadrants. So the pattern
of shallower foreshocks can be considered as a further suggestion to the presence of an

asperity.
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Figure 2.3: Foreshock activity during the period 1991-2000

2.2 Elastic model

We examine the effects induced on the stress field by the presence of a spherical inclusion

in a homogeneous medium, assuming an elastic behaviour for both regions but different

elastic properties denoted with p1, v for the surrounding media and e, 1o for the inclusion.

More precisely the asperity is modeled as a spherical inclusion (with radius a = 1.5 km)

in welded contact with the external medium, so that the following conditions must be

imposed on the boundary of the inclusion:

e continuity of the displacement field

url (CL, 9) = ur2 (CL, 9)

ug! (a,0) = ug? (a,0)

e continuity of normal and tangential stress components

,

ot (a,0) = 0,02 (a,0)
oge" (a,0) = agy® (a,0)
‘7@0@1 (a,0) = Usoso2 (a,0)

ot (a,0) = 00> (a,0)

A deviatoric stress field is imposed at remote distance with a compressive component (-1
MPa) in direction SW, and a tensile component (+1 MPa) acting NW. The geometry

of the model is described in Figure 2.4, where the two red arrows indicates the E-W

movement of a left-lateral transform zone, like the SISZ.
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Figure 2.4: Sketch of elastic model

We employ the solution of Goodier (1933) for a spherical inclusion under uniform
uniaxial stress and to obtain the solution proper to a transform domain we exploit the
linear property of the system superposing two such solutions for two opposite uniaxial
stresses acting along NE and NW.

In the surrounding media the solution for a spherical inclusion under uniform uniaxial
stress has this form

upt (r,0) = —

A 3B {5 —4, O ?f} cos(20) + Lo [(1—=v,)+ (1+wv,)cos(20)]

r2 1—-2v, 4 2F;

2C 6B Ta
up! (r,0) = — {r? + 7“4} sin(26) —

25, (14 v,)sin(20)

2A I B 1 B T
ot (r,0) =2u O 75 + [ Cf —+ 36 ] cos(29)} + 0} (1+ 2cos(26))

73 7o 73

-9

Oppt (1,0) =24 5

&
oot (1,0) = u{ e B+[C—21ﬁ}cos(29)}
~{-7

A 117 B B
C — + [3 % —15 5] cos(29)}
T r

oot (r,0) =2pu {CIV + 24 B} sin(26) — gsin(ZG)
where
o' = 1 31/51/1
R
crI :21(1__2;11)

2(1+4v,)
v _ 1
o= 1—2v ¢

1
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Inside the inclusion displacement and stress field have the following form

up2 (r,0) = Hr + Fr + 2v,Gr3 + [SFr + 6V2Gr3] cos(20)

ug? (r,0) = — [3Fr + (7 — 4v2) Gr?] sin(26)

1
o (r,0) =21 {1+2VH +F —v,Gr?+ [3F — 31,G r? cos(29)}
“ou,

1
oge” (r,0) = 24 { : j;y H+F—-50,Gr?— [3F+7(2-v,)Gr? cos(29)}

1
Opp2 (r,0) =2 { . j;}j H—2F — (15— 1Tv,) G r? — (7+ 11v,) G r? 005(29)} sin(26)

ov0? (1,0) = —2u {3F + 7(7 + 2v,) G r*} sin(26)

To determine the coefficients A, B,C, F,G, H we have to use the boundary conditions
(2.1) and (2.2). The coefficients A, B, C relative to the region surrounding the inclusion
have been given by Goodier in the cited paper

AT 11— o y (1 —2uv5) (6 — 5v1) 211 + (3 + 1915 — 2001 19) o
R3 8#1 (7 — 5V1) 1251 + (8 — 101/1) U2 (1 — 2V2) 2#1 + (1 =+ VQ) H2
1 + 19
1- - —(1-2
, ( vi) 1+, va | p2 — ( v2)
(1—2v2)2u1 + (1 +v2) po
B T H1 — 2

ﬁiiﬂ (7—5V1)M1+(8—10V1)M2

c T 5(1—2vy) (1 — p2)

R®  8uy (7T—5v1) py + (8= 1001) g

while the coefficients F, G, H relative to the internal region can be easily derived

5T 1— 2
4 (7—51/1),U1 + (8— 101/1)/L2

B T 4,U,1+3K1
9K1 4M1 +3K2

The computations have been performed assuming 1y = vo = 0.25 and p; = 3ue = 30GPa.
In 2.5, we show the mean pressure change and the shear stress change computed on the mid-
plane (z = 0) of the sphere. The mean pressure increases in the NE and SW quadrants,
while it decreases in the NW and SFE quadrants. Accordingly, the presence of the asperity
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Figure 2.5: Mean pressure change and the shear stress change on the horizontal plane
z=0

inhibits hydrofracturing and increases friction in the former case, while hydrofracturing
is enhanced and friction decreases in the latter. This result is consistent with the spatial
distribution of shallow foreshocks (Figure 2.3). Further a significant increase of Ao, takes
place inside the asperity and this high and uniform shear stress is consistent with the high
magnitude (M;=6.6) and slip (2 m) of the earthquake with respect to the values expected
from the relatively small fault dimensions.

In Figure 2.6, we show the (a) mean pressure change and (b) the stress component
0y corresponding to four different levels (z = 0, ]2%, R, 3R) For both quantities we can
state that the effects determined by the presence of the asperity are important only in its

proximity, because the changes induced go to zero at distances of the order of R.

2.3 Nature of the asperity

Considering the results of the previous section, we can state that the elastic model is
able to explain both the significant features associated with the earthquake of June 17-th,
2000 in the SISZ. In fact, the concentration of shear stress inside the asperity can justify
the high magnitude of this seismic event with respect to the estimated fault dimensions.
Furthermore, the presence of the inclusion perturbs the pressure with a pattern that can
explain the foreshocks activity, since the ascent of high pressure fluids is favoured SE and
NW quadrants, while is inhibited SW and NE quadrants.

In our model the asperity has been modelled as a spherical elastic inclusion embedded in
a softer elastic media and calculations have been performed considering a rigidity contrast
equal to m = pa/pu; = 3. Nevertheless the presence of a high rigidity asperity in the
fault region is not supported by seismic tomography studies, which show no major lateral

variation of seismic velocities in the hypocentral region (Tryggvason et al. (2002)). To
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be precise, these tomography studies are not resolutive to exclude the presence of a high
rigidity asperity, since their resolution (~ 1 km) is comparable with the dimensions inferred
for the asperity. However the presence of a rigidity contrast is not the only way to justify
the presence of an asperity. In fact, the asperity and the surrounding medium can have
similar short-term rigidities (accounting for the similar seismic velocities), but considering
long time deformation processes the two regions can show very different effective rigidities.
In order to understand this argument, we have to reconsider the role of high pressure
fluids ascending from the mantle. The effect produced by the ascent of these fluids is the
opening of several small hydrofractures as envisaged in the effective permeability model
proposed by Zencher et al. (2006). The cumulative effects induced on the stress field
by the opening of these hydrofractures have been evaluated by Bonafede et al. (2007),
employing the solutions for the stress field due to a dislocation opening (with tensile and
dip-slip components) close to the interface (the B-D transition) between two different
elastic media (Bonafede and Rivalta (1999), Rivalta et al. (2002)). Figure 2.7 shows the
stress component Ao, induced by the opening of hydrofractures; this stress component
enhances fluid flow if positive, while it inhibits fluid flow if negative. The opening of
hydrofractures induces compressive stresses laterally (blue areas in Figure 2.7), which are
larger along the harder side of the B-D transition. Above the hydrofractures, the induced
stress is tensile (yellow areas), and crack opening is favoured. Thus, once hydrofracturing
and enhanced fluid migration starts in a region close to the B-D transition, hydrofracturing
and fluid flow are inhibited in surrounding regions.

Now we can try to interpret seismic events according the modified Coulomb criterion:

7| = So+ f(on—p) (2.3)

where 7 is the failure stress, Sp is the inherent rock strength, f is the coefficient of friction,
oy, is the normal stress (positive if compressive), p is the pore pressure. In the interior of a
hydrofractured region, p is close to lithostatic and failure may take place at low shear stress;
laterally, a high strength asperity is left, since hydrofractures are virtually absent, p is far
from lithostatic and failure requires much higher stress. Now the low effective rigidity of the
surrounding medium may be due to at least two reasons: the hydrofractured medium can
be modelled as viscoelastic, owing to pressure solution processes (e.g. Poirier (1985)) or
else the widespread presence of shear cracks (generated seismically or growing subcritically
according to the stress-corrosion mechanisms) may produce low effective rigidity at large
deviatoric strain (e.g. Jaeger and Cook (1976), Chap. 12). In both cases, the asperity and
the surrounding medium would be endowed with similar seismic velocities (sensitive to the
short-term/small-amplitude elastic parameters) in agreement with seismic tomography in
the SISZ (Tryggvason et al. (2002)). In the following we shall focus on the viscoelastic

model for the embedding medium.
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Figure 2.7: Stress field o,,/, acting in the NW — SE direction, induced by a distribution
of hydrofractures, opening above the B-D transition under the action of near-lithostatic
fluid pressure. The medium below the B-D transition (modeled with effective rigidity
pg = 1010 Pa) is softer than the brittle medium above (with u, = 3 - 10!° Pa). The inset
shows the permeability model.

2.4 Viscoelastic model

In this model the asperity, generated by side of a hydrofractured region, is modeled as
an elastic spherical inclusion (at the hypocenter of the mainshock, 3 km in diameter)
embedded within a medium endowed with much lower effective rigidity. The viscoelastic
model has the same geometric configuration of the elastic model and a deviatoric stress field
is still imposed at remote distance with a compressive component (-1 MPa) in direction
SW, and a tensile component (+1 MPa) acting NWW, but with this temporal dependence

0, t<0
H(t) = (2.4)
, t>0
Given the solution proper to the elastic model, the viscoelastic (Maxwell) solution in the
Laplace transform domain is obtained employing the correspondence principle, with the

following substitution for the elastic parameters p1, K1 of the embedding medium

—~ SH1 =
§) = ——, Ki(s) =K 2.5
pls) = —— 1(s) = K1 (2.5)
where s is the Laplace transform variable and 7 = 1/ is the relaxation time (r; is the
effective viscosity of the medium). The bulk modulus K; and the elastic parameters of
the inclusion pug and Ky are assumed to be elastic (with us = p1 and Ko = Kj). Finally,
the stress evolution in the time domain is obtained by inverting Laplace transforms; the

coefficients pertinent to the viscoelastic solution are here reported
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where a, b, ¢ have the following form

0 = V3 20K7 + 8un K + 483
b= (91 + 6p2) Ky + (8p1 + 12p2) i1
¢ = (91 +12p9) K1 + 1201 1o

In the case of the viscoelastic model, the computations have been performed assuming
vy = g = 0.25 and p; = po = 10GPa. No rigidity contrast has been imposed between
the asperity and the surrounding medium in order to emphasize the role of their different
rheological behaviour. In figure 2.8, we can observe the evolution in time (¢ = t/7) of the
mean pressure change and of the shear stress change. For (a) ¢ < 0 no deviatoric stress
is present, so we have no perturbation in the medium. For (b) ¢ > 0 the system is loaded
at a constant deviatoric stress and so for # = 2 we can observe that the strength of the
perturbation is already increased to a level comparable with the results obtained with the
elastic model, in which we have assumed a significant rigidity contrast. For (¢) ¢’ = 2 we

can observe a further increase of both these quantities.

In Figure 2.9, we compare the mean pressure change and the shear stress change
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Figure 2.9: Comparison of the results pertinent to (a) the elastic model and (b) the
viscoelastic model

computed according to (a) the elastic model, assuming a rigidity contrast m = 3, and (b)
to the viscoelastic model, considering the fully relaxed response (t = +00) pertinent to a
homogeneous medium (m = 1). Although we assume no rigidity contrast, the viscoelastic
model is able to explain a much more consistent increase of the shear stress inside the
asperity and the same argument is valid for the entity of the perturbation of mean pressure
in the surrounding region. We must remark that the system will not necessarily reaches
the stress values corresponding to the fully relaxed response since the asperity can fail

before and release the shear stress.
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2.5 Conclusions

The present model explains several features of the preparatory processes leading to the
My 6.6 earthquake of June 17-th 2000 in the SISZ. A primary role is envisaged for fluids,
ascending at near lithostatic pressure, from below the B-D transition. The cumulative
tensile stress induced by the opening of several hydrofractures reinforces lateral variations
in fluid flow and asperities are left between two high-flow regions. The different rheological
behaviour envisaged between an asperity and the surrounding medium perturbs further
the tectonic stress, enhancing foreshock activity in selected quadrants and concentrating
a high and uniform deviatoric stress within the asperity, leading to the mainshock. In the
previous model the viscoelastic rheology is adopted everywhere outside the asperity; more
realistically, this behaviour should be restricted within bounded patches in the crust per-
vaded by near lithostatic fluid flow. The stress released inelastically within these patches
is transferred to the elastic asperities, so that the tectonic strain may match the seis-
mically released moment. Once a fault breaks, that region remains endowed with large
permeability, the fluid pressure drops drastically and the next asperities, a few km away
are candidates to host the next large earthquakes. The nearly uniform interspace between
consecutive faults in the SISZ may be possibly explained in this way. The present model
may apply to other tectonically active areas, where fluids of deep origin are present in a low
permeability crust. Miller et al. (2004) explain some peculiar features of the aftershocks
of the 1997 Colfiorito (Italy) earthquake in terms of high pressure C'O; released from the
mantle; Chiodini et al. (2004) tentatively explain in a similar way the seismic activity

along the Apenninic belt in Italy.



Chapter 3
Dislocation theory

Here we present the basic theory of elastic dislocation theory upon which crack models
are based. Crack problems will be introduced in Section 3.3 and in this section we also
introduce a numerical method (the displacement discontinuity method) suitable to obtain

approximate solutions in boundary value problems.

3.1 Dislocation in a homogeneous medium

In mechanics of continuous media, we generally require a continuous and one-valued dis-
placement field, but there is a class of deformation problems requiring a formulation in
terms of a multi-valued displacement field. Consider a surface S (Figure 3.1), delimited by
a closed curve D (dislocation line), and whose orientation is fixed by versor 7, normal to
S. We choose the orientation of curve D to be counter-clockwise with respect to n. Let’s
the positive face of surface S moves by a constant quantity Au = b with respect to the
negative face.
A dislocation with constant Burgers vector b is defined by the following relation

%Ldui = —b; (3.1)

Figure 3.1: Sketch and notation used to describe a dislocation

21
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where L is a closed curve shot through by line D.

Displacement field defined by equation (3.1) is a polidrom function because each complete
turn around L increases the displacement by a term +b. The displacement can be reduced
to a one-valued function making a cut in the media starting from line D and admitting
that displacement field is discontinuous on the surface so identified. Furthermore, surface
S and dislocation line D are singular domains for u and its derivates.

Now we can rewrite (3.1) in this way

ou;
du; = L dxy, = 7{ Wi dT . (3.2)
?i L Oy, L

Making use of Stokes theorem for each i-th component, we trasform the line integral in a

surface integral

m

j{kai dzy = /SL elmka% Wy Ve dS (3.3)

where Sy, is an arbitrary surface with normal versor 7 and boundary L.
The equation (3.1) can be rewritten to be valid for every L (internal or external to D)
making use of Dirac delta function

bi:/ b 6(E) 7o ve dS (3.4)
SL

where E identifies a point of Sy with respect to dislocation line D; in that case integral
(3.4) gives a result not equal to zero only if curve L is shot through by dislocation line D.
The product 7prdS is the surface element normal to D. So equation (3.1) can be rewritten
making use of (3.3) and (3.4) like one integral on an arbitrary surface Sr..

The integral is equal to zero so we can state

0
Comb gy Wi +b;76(§) =0 (3.5)

Contracting equation (3.5) with e;s and applying the identity e-§ we obtain

d 0 =
(T’U,kak - %wni + eniebiT 8(§) = 0. (3.6)
If derivative order could be changed (rewriting wy; as du;/0xy), the first two terms of
(3.6) will delete each other. Therefore we have to avoid the change of derivative order
in singular points £ = 0. In absence of volume forces, the elastostatic equation for a

homogeneous isotropic medium has this form

Aia 79 n 79 n = .
xnwkk+u kak +y, ka k 0 (3 7)

From (3.7) we obtain dwy/0x and inserting this in (3.6)

iw +éiw +iw = —e,.) b1 5(3
axn kk Maxn kk axk kn — nil Yi'le
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and rewriting wyg; using its definition we obtain

A+p 0 Oug 0 Ouy, =—enigb¢755(3

po Oz, dxy, Oy Dy
Using vectorial formalism and Poisson module v we can rewrite this equation in this way

1 2 . =
1721/V(V-u)—&-Vu—7'><b6() (3.8)

3.2 Bidimensional dislocation

In fracture theory, the study of dislocations in condition of plane strain (e.g. wu, =
uz(x,2),u; = uz(x,2),uy = 0) or antiplane strain (u, = uy(x,2),u, = u, = 0) plays
an important role. In that cases, translation invariance along y axis suggests that disloca-
tion line must be parallel to y axis and dislocation surface can be identified with half-plane
x = 0,z > 0. These dislocations can be classified according to the direction of Burgers

vector
e if b is parallel to y axis we have a screw dislocation
e if b is normal to the half-plane z = 0, z > 0 we have a tensile dislocation
e if b is parallel to z axis we consider a edge dislocation

In the following we will consider only screw dislocation because this elementary solution

can be used to model transcurrent fault.

3.2.1 Screw dislocation

As dislocation surface we consider the half-plane y,z with z > 0, whose orientation is
defined by normal versor # = j. y axis is the dislocation line and we take 7 = j, b = bj,
where j represents y axis versor. The second member of (3.8) is equal to zero. The
solution will be indipendent from y for traslational simmetry. Furthermore we suppose
uy = u, = 0; therefore V-u = 0 and equation (3.8) will be reduced to V2u, = 0, with the
condition ¢ du, = —b attached.

The solution is

ing, ¢ =Im{ln(z +iz)}

uy(x, z) = ~5

For simmetry, we sum b/2 to displacement field (u, is equal to b/2 in z > 0 and x = 0"
while is equal to —b/2 in z > 0 and x = 07; this is equivalent to choose the branch of ¢
equal to —m in = 07,2 > 0 and +7 in z = 0, z > 0; obviously this traslation does not
affect strain and stress fields.
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Figure 3.2: Screw dislocation
Therefore we can rewrite u, using real functions
b T + arctan 2 if z >0,
uy = —Atan (E) , Atan (E) ={7? ¢ (3.9)
2m x x —% +arctan £ ifx <0

It’s easy to verify that this function has a jump of finite amplitude b between x = 0" and
x = 07 for z > 0 while it’s continuos and derivable everywhere else. Strain and stress can
be determined from equation (3.9); the only non-vanishing components are
1 Ou, b x
Cyz = Cpy = 279, = R Oyz = Oy = 2/i€y,
(3.10)
1Ou, b z

gy =Cyp = ——2 = —— ——— Opy = Oyz = 2l4€y
Y Y 2 Ox 4t x2 + 22’ Y Y Y

3.2.2 Closed rectilinear dislocation

A rectilinear dislocation is closed when its surface opens along a dislocation line and
closes along another dislocation line (e.g. a dislocation opening in in z = z1, z = 0 and
closing in z = z9, x = 0 (Figure 3.3)). Solutions of this type can be easily obtained by
superimposition, adding a solution with Burgers vector b, dislocation line z = 21, z = 0
and an analogous solution with Burgers —b, dislocation line z = 29, x = 0. In this way
the displacement field is not continuous only on the stripe 21 <z < z9, x=0. In the case of
a homogeneous media, the displacement field proper to a closed screw dislocation can be
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Figure 3.3: Closed screw dislocation

Au(z,)
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Figure 3.4: Distribution of dislocations

derived from (3.9) and has this form

zZ— 2z zZ — Z9
— arctan

b
Uy = o arctan
T

Dislocations with constant Burgers vector assigned are defined as Volterra dislocations.
Instead Somigliana dislocations are dislocations with discontinuity of slip assigned but
variable on dislocation surface. This kind of dislocations will be introduced in the next

section.

3.2.3 Distribution of rectilinear dislocations

The discontinuity of displacement field (Burgers vector) is not necessarily constant on
dislocation surface a < z <b,  =0. This discontinuity can be described with a function
Au(z), derivable (eventually in the sense of generalized functions). Awu can be approxi-
mated using a stepwise constant function on the intervals of a finite decomposition of the
interval [a,b] (z0 =a <z1< 2z9< -+ <z, = b). Displacement is given by

u, o~ % {Au(zo) arctan 2220 + [Au(z1) — Au(zo)] arctan === -
+- -+ [Au(z,) — Au(z,_1)] arctan m}

x
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If Au(zp) = 0, considering the limit n — oo

1

b
uy(x,2) = %/ p(z') arctan

z—2 _ 0Au(Z')

dz', p(z") 5 (3.11)

The term p(z") = (0Au/92") is known as dislocation density. In the same way we obtain
from (3.10) the stress produced by a distribution of screw dislocations

b
H / € /
el = o [ o) e

z—2")
(3.12)
b /
w z—z
omlw2) = o | W) e

3.3 Crack problems

In the last sections we have assumed to know discontinuity of slip and we have derived
resolutive equations for displacement, strain and stress fields in the surrounding medium.
In the following we will consider instead inverse problems, where we assign the stress drop
on the dislocation surface and the unknown function to be determined is the discontinuity
of slip on this surface.

In order to solve this kind of problem (called crack problem), we start from the determi-
nation of induced stress o7, on the dislocation surface by slip of the dislocation: taking
the limit for £ — 0 we obtain 0,.(0, 2) = 0, while 0,.(0, z) is given, for z < a or z > b, by
the Riemann integral

a

b ’ b ’
¢ I N 272 N [T
7oy (0,2) = Loy ( 27r/a P) 224 (2 —2')? dz) Co2mf, 22 dz (3:13)

Nevertheless, for a < z <b, the singularity of the integrand does not allow to take the limit
under the integral sign; if x is little, but not equal to 0, the integrand is null in 2’ = 2; so
we can conclude that for a < z < b

z—€ b ’ b /
B p(2') [ p(z')
o'ggy(Oi,z):—%glir(r)l+ {/ —¢—/+ }z—z’ dz’:—% ][ o dz (3.14)

where the mark on the sign of integral indicates its principle value.
This is the stress induced by crack slip and that must be added to the stress eventually

present before.
Over the crack domain the equilibrium equation is

0 c r
09,(0.2) +0%,(0.2) = of, (x,0) (3.15)
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where oy, is the residual stress after slip occurence. Dislocation density p satisfy this

singular integral equation

b ’
_ T R CON
Ao(O,z)—2ﬂ_][a z—z’dz’ a<z<b (3.16)
where the stress Ao = Ugy — 0y, 1s assigned.

We consider the following trasformation in order to refer to an adimensional variable

zZ—C

l

&=

a b+a
2

where [ = b% is the crack half-lenght and ¢ = is the depth of its midpoint.

The equation (3.16) become

1 /
—Ao(§) =AL p(_{g)/ ', —1<¢<1 (3.17)

3

where the integral is valueted in the principle-value sense and
Ao (&) =0, (tE +¢,0) =0y (e +¢,0),  A=p/2r,  p() = p(te' +¢)

From a mathematical point of view, the equation considered is a singular integral equa-
tion of first kind, because the kernel has a simple Cauchy-type singularity. To solve the
equation, the first step is to determine the fundamental function w(§) which defines the
singular nature of dislocation density at the end points —1, 1.

As found in Erdogan et al. (1973), the fundamental function must have the following form

w@=1- N1+ —1<e<t (3.18)

where N, M are integers.
Thinking about the physical nature of dislocation density, the following restrictions are
imposed on N, M

1 1
—1<N+§<+1, —1<M—§<+1 (3.19)

which means that at a given end (—1 or 1) the dislocation density is either bounded or
has an integrable singularity.

The stress drop on dislocation surface must be bounded and therefore dislocation density
must have integrable singularities at both ends (N = —1, M = 0)

w(E)=(1-€6 F(1+6)7% (3.20)

Once the fundamental function has been determined, its form suggests to expand p(¢’) in
this way

oo

p(&) = \/11_7 > anTn(¢) (3.21)

n=0
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where «, are coefficients which must be determined and T,, are Chebyshev polynomials
of first kind (Appendix A.1). These polynomials are orthogonal polynomials whose weight
function corresponds to (3.20), as indicated by relation (A.3).

Inserting this expression in the integral equation we obtain
o0
A apUp-a(€) = Ao(§)
n=1

where it must be observed that for (A.4) the term corresponding to n = 0 is equal to 0
and consequently aq is disappered.

Multiplying the last equation by Uy_1(£)y/1 — &2 and integrating on the interval (—1,1)
we obtain

9 1
= An? /,1 Ac()V1-EUa(§)ds, k=12, (3:22)

The coefficient « still remains unknown, in fact the term n = 0 in (3.21) is solution of
the homogeneous equation (equation (3.17) with Ao = 0) and so if p(§) satisfy (3.17),
p(€) + ag (1 — €2)71/2 satisfy this equation too.

Nevertheless Au(z) is related to p(z) by (3.11), beeing

0Au
p(z) = Or

From the previous relation we obtain
x 3

Au(z) = / p(z')dx' + C = E/ p(&)d¢ +C
a —1

.y [ao (g+arcsin§) - \/17522% (6| +C (3.23)

n=1

where C is an addictive constant.
To determine C and «p we have now to impose the boundary conditions of crack closure
atr=aandxz =0

Aufa) = Au(b) =0

finding C' = 0 and g = 0.

The crack problem for an antiplane strain configuration in a homogeneous medium has
been completely determined.

The singularity (1 — 52)*1/ 2 is typical of homogeneus elastic media; if the crack touches
the interface between two media, in addition to the part having a Cuchy singularity, the

kernel of the integral equation may contain terms which have a generalized Cauchy kernel.
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Figure 3.5: Closed screw dislocation

3.3.1 Displacement discontinuity method

The crack problem represents a boundary value problem and in section 3.3 we have shown
that the analytical solution can be derived if the crack opens in a homogeneous medium.
In more complex cases the analytical solution cannot be obtained and therefore an approx-
imate solution must be found, using a numerical method. The displacement discontinuity
method (Crouch et al., 1983) belongs to the class of boundary value methods, an ensemble
of numerical techniques developed in order to obtain approximate solutions to boundary
value problems. This method is based on the analytical solution to the problem of a con-
stant discontinuity in displacement over a finite line segment and exploits the notion that
one can make a discrete approximation to a continuous distribution of displacement dis-
continuity along a crack (Figure 3.4). Once the distribution of traction applied to the crack
surface is known, then the values of the elemental displacement discontinuities that are

necessary to produce these tractions are obtained solving a system of algebraic equations.

To illustrate this method, we consider again the case of an antiplane shear crack de-
veloping in an infinite elastic media. The following relation defines the displacement field
corresponding to a closed bidimensional screw dislocation with Burgers vector b = bj,
whose dislocation surface is the stripe of the plane z = 0, included between the dislocation
line x = 0,z = —a and the dislocation line z = 0, z = +a (3.5).

b z—a z—a
Uy = —— |arctan — arctan
2T x x

On the plane (z = 0) containing the dislocation surface the only non-vanishing stress
component is

o—my(az):—“b{ ! ! }:“b“ (3.24)

2n lz4+a z+a T 22 —q?

To obtain the numerical solution, we divide the crack into N line segments, or boundary
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elements, each of which represents an elemental displacement discontinuity. We suppose
that the line segments are small enough so that the displacement discontinuity in the y
direction can be assumed as constant over each one. The numerical approximation to the
solution of the problem can then be represented by IV discrete displacement discontinuities
D;,i=1,....,N. The values of the N discontinuities are determined by solving a system
of N simultaneous linear equations in N unknowns. These equations can be derived from
the relation (3.24). If the discontinuity occurs over a line segment of length 2a; centred
at the point x = 0,z = z;, then (3.24) can be written as

@
02y (0,2) = HDj J

T (2 —z)?% —a;? (3:25)

where Dj; is the displacement discontinuity over the interval |z — z;| < aj,2 = 0. The
stress at the midpoint of the i-th element due to a displacement discontinuity at j-th
element is found by setting z to z;:

aj

ay(0,2;) = %Dj (3.26)

(2 — 2)* — a;”

By superimposition, the stress at the midpoint of the i-th element due to displacement
discontinuities at all N elements is equal to

N
me(O, Zl) = O'myi = Z Aiij (327)

j=1
where the influence coefficients A;; are

It aj
J s (Zz — Zj)2 — aj2 ( )

We will suppose that the stress nyi is representative of the shear stress over the interval
|z — 2z;] < a;,x = 0. A numerical solution to the shear crack problem is then specified be
the following linear system of N simultaneous equations in N unknowns

N
Oy’ =—00=>»_ AyD;, i=1,.,N (3.29)
j=1
These equations can be solved for D;,7 = 1,.., N, by standard methods of numerical
analysis.
Now we compare the solutions found for the problem of an antiplane shear crack. The
analytical solution for the displacement discontinuity distribution is given by (3.23). Two
numerical approximations to this solution are shown in Figure 3.6. The first approximation
(Figure 3.6a) was found by dividing the crack into 10 equal sized elements, while the
second (Figure 3.6b) was found by dividing the crack into 20 equal sized elements. By
construction, the discontinuities D; are constant over each element. From Figure 3.6
we can conclude that the displacement discontinuity method overestimates the relative
displacements between the crack surfaces, but that the results tend to the exact solution

as N is increased.
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Figure 3.6: Numerical and analytical solutions for displacement discontinuity distribution

3.3.2 Crack problems in layered media

We consider a system made up of two half-spaces welded at the interface. The media are
homogeneous and isotropic characterised by different elastic properties p1,v1 and ua, vs.
We consider a crack located in half-space 2 and we want to study how the singularity of the
dislocation density is influenced by the position of the crack with respect to the interface.
As integral kernel we use the solution for an elementary vertical screw dislocation in a
layered media obtained by Rybicki (1971) and the integral equation assumes this form

NN N N
nar©= [ Fogasar [ it (3.30)

where d = D/l, being D the distance of upper tip of the crack from the interface. The
previous equation is still a singular Cauchy kernel equation, because the additional term
is regular, so the singular behaviour of the dislocation density is still described by the
fundamental function

w(E)=(1-€6 2 (1+6)2 (3.31)

Crack touching the interface

If the crack touches the interface (Case (b) in Bonafede et al., 2002), d is equal to 0 so the
equation assumes this form

o) L e
i@ = [ FEgaar [ Lo (3:52)

where the second term is now singular and precisely become unbounded when &, £ si-

multaneously approach the point —1. An equation of this form is classified as a singular
integral equation with generalized Cauchy kernel. In the following we will show how the
presence of the generalized kernel affects the singular nature of the dislocation density.
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First of all, it’s necessary to rewrite the equation in this form

1 ! 1 n k
19 =1 [ L8 a1 [ o)y aler 1) (e - ae) " de (3.33)
-1 1 k=0

21(8) = —14 (£ + 1)

where ¢j (k=0,1,...,n) and 6; (0 < #; < 27) are known constants.
In our case we obtain

2 1 ! p(gl) / 1 ! ! €o ’
——A = — d — ——d 3.34
Zaole) =1 [ Lo [ pe) g (3:34)
21(8) = -1+ (E+ e
so we have f(§) = —%Aa(f), 01 = m and among ¢ coefficients only ¢y = —TI is different

from O.

In the case of singular integral equation with generalized Cauchy kernel, the fundamental
function w(§) can be obtained applying directly the method outlined by Muskhelishvili
(1953) to the integral equation.

The most general class of solutions of equation (3.33) is represented by

p(€) = w(&)R(E) = (1 - &) (1+6)” R(€)
=e " (€-1)* (€+1)" R (3.35)

where
e R(¢) is H-continuous in the interval —1 < ¢ <1
o (E—1)"(¢+ 1)ﬁ is any definite branch which vary continuously on —1 < £ <1
e a=aj+ib, B=as+iby —1<aj,a3<0

Now we consider the sectionally holomorphic function @(z)

LN PE) g T ey BED
I R R T~ (3.36)

The singular behaviour of @(z) near the end points may be expressed in this way

, - 1)
—im3 1 25 (Z
¢ + R(+1) sin(ma)

oz +1)°

P(z) = —R(—1)2 ()

+ Do(2) (3.37)

where the function @ is bounded everywhere except possibly at the ends where

Cy

< m, dp < —ap, k=1,2, c1=—-1,c0=1 (338)

|@o(2)]

C} and dj being real constants.
Using Plemelj formula

L[l g1 -
N = L GER G) (3.39)
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Figure 3.7: The branch cut L and the line L; in the complex plane

we obtain for —1 < £ <1

%/,1 éf(f')f g’ = —R(—1)2% cot(nf) (€ + 1)? + R(+1)2° cot(ma)(1 — £)* + Fo(€)  (3.40)

where Fj has a behaviour similar to to that of @y given by (3.38).

Now we consider the term

1 !
l/ f(g ) g = d(z), e Ly (3.41)
)& —=
Substituting z; + 1 = (€ 4 1)’ in equation (3.37) we obtain
e—iﬂﬁ )
—— P 1P (), —1<é<1 (3.42)

P(=1) = —R(-1)2* s

where the behaviour of Fj near { = —1 is similar to that of @y given by (3.38).
Since @ is holomorphic at z = 23, using (3.37), the second group of terms in equation

(3.33) can be expressed in this way

1 ! / dF / — /
—/_1p<s><5+1>k@<s — )l =

dk

=(E+1)" @ﬁp(zl) (3.43)

_ N e—iﬂﬁ 386, 8 & dk

= —R(-1)2 ()¢ PRB(B 1) (B —k+1)(E+ D)+ (E+1) @Fl(g)
for -1 < ¢ < 1.
Substituting (3.40), (3.37) and (3.43) in equation (3.33) gives for —1 <& < 1

= R(=1)2% cot(n3)(¢ +1)” + R(+1)2” cot(ma) (1 — €)* + Fo(€)

—inB
— R(-1)2* e €+ 1)+ Fi(E)
g df
—FF1) | = f(§)

n it
+ ;Ck [—R(—l)QO‘Sin(Wﬂ)ezﬂ&lﬂ(ﬁ — 1D (B—k+1)(E+1)P +(6+1) &
(3.44)
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Observing that
R(-1)#0, R(+1)#0, —1<Re(a)<0, —1<Re(B)<0
Jm (14677 7). Fo(). (€ + D EP©] =0, k=01

lim (1-€)7 [£(€), Fo(©). €+ D F(©] =0, k=01,.m

E——1
From equation (3.44), multiplying both sides by (1 — &)™ and letting £ — 1 we obtain
cot(ra) =0 (3.45)

Considering again (3.44), but now multiplying both sides by (14¢)~? and letting £ — —1

cot+ Y aB(B-1)..(B-k+1)[ =0 (3.46)

k=1

cos(mf3) + ePr—m)

1
From (3.45) we find o = —3 therefore the singularity of the dislocation density in £ =1

is the value typical of homogeneous media. Instead from (3.46) we can conclude that the
presence of the generalized Cauchy kernel affects the nature of the singularity in £ = —1.
In the case of the crack touching the interface we have

-, k=0
6, =, cr = (3.47)
0, k>0

so the equation for 3 become
cos(mf3) —T' =0, (3.48)

The fundamental function w(§) in this case has the following form
w(E)=(1-86)7"2(1+8)°, b= f%arccos(F) (3.49)

Once the fundamental function w(§) is known, an approximate solution for the integral
equation can be obtained. The details about the method of solution are related to the

form of the fundamental function.

Crack crossing the interface

When the crack crosses the interface(Case (c) in Bonafede et al., 2002), it is convenient
to split the crack into two interacting sections, each embedded in one medium and both
open at the interface. The main difference with respect to the case of a crack touching
the interface is that we have to consider a couple of generalized Cauchy kernel equations,
instead of a single equation. In this case the study of the model is based on the following

steps:

e an asympthotic study performed generalizing the method presented by Erdogan et
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al. (1973) and described in the previous section

e a study of the finite stress drop which have to be assigned on the crack sections in

order to derive a stress drop condition
e the research of an approximate solution

The same schema will be adopted in order to study the models presented in Chapters 4-5.






Chapter 4
Fault bending model

In this chapter we employ the asymptotic theory of generalized Cauchy kernel equations in
order to study the singular behaviour of a strike-slip fault crossing a material discontinuity.
The stress drop condition proper to a vertical planar crack cannot be fulfilled in several
cases and in a such a case a strike-slip fault cutting across the interface comes into conflict
with the welded boundary conditions. A simple way out of the mentioned problem is
assuming that the fault surface is affected by a sharp change of the angle of dip at the
intersection with the interface. Therefore the problem will be adressed in terms of a deep

vertical planar crack, interacting with a shallower inclined planar crack.

4.1 Model description

We consider an elastic layer of thickness H and rigidity u1, bounded by a free surface and
welded to an elastic half-space of rigidity ps. The origin of the reference system is placed
at the intersection between the crack and the interface, with z axis pointing downward.
We consider an antiplane strain configuration in which the only non-vanishing component
of the displacement field is uy(x, ), which is independent of the coordinate y.

It is convenient to split the crack into two interacting sections, each embedded in one
media and both open at the interface. The section in the upper layer has length 27, it’s
inclined of an angle o € (-7, 5) with respect to the negative z axis and therefore it has
n = (cosa, 0, —sin«) as normal versor. The section embedded in the lower half-space is
normal with respect to the interface and its length is equal to 2l5. A sketch of the model

is presented in figure 4.1.
Consider the equilibrium equation for each of the two crack sections

= —Scos«

_Ao-l(‘%7g) = (O'rCLy)%(iag) + (UfLy)%(‘%az})v . . (0 <S< 2[1)
y=—Ssina
—A03(0,2) = (05,)5(0, 2) + (05,)5(0, 2), (0 < z < 215)

where Aoy (z,9) is the stress drop in a point of the inclined section, being (S, ) the polar
coordinates of the point (Z, ), and Ao (0, z) is the stress drop in a point of the vertical

37
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21,

Figure 4.1: Fault bending model

section.

The stress drop on each crack section is equal to to the sum of two contributions. (O'%y)%, (o5y
are stress induced on section 1 due to slip of section 1 and slip of section 2, respectively,

while (0%,)3, (05,)3 are stress induced on section 2 due to slip of section 2 and slip of

section 1, respectively.

The two sections have a different inclination with respect to the interface, so we must re-

mark that a different stress component is released on these two sections. On section 2 the

stress component released by crack slip is simply o4, while on section 1 the component

released is 0, which represents the y component of the traction T@ relative to a surface

with normal versor n; using the Cauchy relation we obtain
Ony = Té”) = OyN; = COS QL Ogy — SIN QX T4y (4.2)

To define a crack model we have to employ suitable superimpositions of elementary
solutions. Using a continuous distribution of elementary dislocations with dislocation
lines contained in the interval 0 < S5 < 2[; and an analogous distribution with dislocation
lines in the interval 0 < z < 2l , the equilibrium equations can be rewritten in this form

—A (S)—/Qll( YE(S; 80)p1(S0)dS, - s, d 4
7i(8) = [ (0u)](5:S0)or(So)dsa + / (0ng)!" (S: 20)p2(20)d20 (4.3a)

215

211
—Aoy(z) = /O (024)5 (2550)p1(S0)dSo + /0 (02y)5" (25 20)p2(20)d20 (4.3D)

where the integrals must be evaluated in the principle-value sense.
In case of section 1 to determine the integral kernels (o) { , (ny)é we use the analytical
solutions for an elementary scree dislocation of arbitrary dip (Singh et al., 1994) embedded
in the upper layer.

)

2
1
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z+Sgcosa  z— Spcosa+ 2H

(02004 (o3 50) = 2§

2w R? 52
[ z—=Spcosa—2(n—1)H z+ Sycosa+2nH
+>°T {— T + 2
z+ Spcosa —2nH  z— Spcosa+2(n+1)H
- 0? B I
(4.4)
I . 1 . 1 1 1
(Uzy)l(x,z,So):—%(m—&-S’Osma){R——1—2 [—++U2—Vv2]}
(4.5)
(o )I(sz) H2 2 z+S’ocosa_z—Socosa+2H
Tz T a1+ m R? S2
+§:I‘” [z+Socos2a+2nH_Z—SocosoH;Q(rH—l)H]}
ot V W
(4.6)
where
= (z + Spsina)® + (z + So cos @)
= (z+ Sosina)® + (z — Sy cos o + 2H)? —
= (z+ Spsina)® + (z — Sy cos o — 2(n — 1) H)? H (47)
= (z+ Spsina)® + (z + Sp cos o — 2nH)? 1—m '
r=-—_—_="
= (2 + Sosina)® + (2 + So cos o + 2nH)? 1+m
w? :(J:—|—Sosina)2+(z—Socosa+2(n+1)H)2

In case of section 2, the integral kernels (o) {I , (amy)g can be derived using the analytical

solutions proper to a vertical screw dislocation (Rybicki , 1971).

I 1 2m > n z4+z0+2(n+1)H z—z9—2nH
(Uzy)l (LL',Z;ZO) = 5= ZF 2 2
2r 1+m | = 224 (z+20+2(n+1DH)® 22+ (2 — 20 — 2nH)
(4.8)
II P 2m n o il
o)y (@,2520) = —o—7—— | ) T -
o (520 = o n;) <$2+(2+Zo+2(n+1)H)2 m2+(z—20—2nH>2>]
(4.9)
i pe |1 1 Am s 1
. ; __r r — r 4.10
(U y)z (Z ZO) At [Z—ZO + zZ+ 20 (1+m)2nz:% Z+Zo+2(’n+1)H ( )
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Once the stress drops Ao, Aoo are assigned, the equilibrium equations become a system
of coupled integral equations for the unknown functions p1, ps.

The function p is the unknown dislocation density distribution; in this case p is splitted
into two subdomains in this way

(4.11)

p1(So), 0< Sy <2,
p =
pg(Zo), 0< zp <2y

where p1, po are defined through the displacement discontinuity over the crack plane

. {8Aau5€5)]s_so (412

From (4.12) and (4.13) we obtain

s
Aul(S) = / p(SO)dSO + Cl
0
Aug(z) = / p(z0)dzo + Ca
0
where C7, Cy are constants that can be fixed imposing the condition of crack closure

Au1 (2[1) =
AUQ(QZQ) =

From these conditions we obtain Cy,Cy = 0.

Once the dislocation density p is known, the solution of a crack problem is simply obtained
by a superimposition of elementary solutions. In our case, if f denotes any elementary
component of displacement or stress, the crack solution is given by

2l1 2l2

[z, 2) = ; f(x, z;S0)p1(S0)dSy + ; f(z, z; 20) p2(20)dzo (4.14)

After this premise, the first step is to derive the system of integral equations which
describe the model presented. The details about the calculations performed are reported
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in appendix B.1) and the equilibrium equations 4.3 can be expressed as

o 2 51 (S0)dSo
2 Ay () = / P1150)d5%
o o1(S) S5,

_F/2l1 (S — Sp)sin? a + (S + Sp) cos? a
o

S — Sp)2sin® a + (S + Sp)2 cosZ a
2[2

p1(S0)dSo

B 2m zZgcosa+ S (20)d>
1+m Jg S2sin2a+(zo+5’cosa)2p2 0
20 21,
+ RH(S; SO)pl (So)dS() + ng (S, Zo)pQ(ZQ)dZO
0 0
(4.15)
21A0—2(Z) _ /2l2 pQ(ZO)dZO +I‘/2l2 pZ(ZO)dZO
2 0 zZ =20 0 zZ+ 20
2 2 Spcosa+ z
- — 501(S0)dSo (4.16)
L+m Jo S2sin®a+ (Spcosa+ z)
20 21,
+ Rzl(z; So)pl(So)dS() + RQQ (Z; Zo)pg (Z())dZO
0 0
3 3 _ M2 _1-m
where singular terms are singled out and m = R I'=+10

The terms present in the last raw of each integral equation are regular (Fredholm kernels),
in fact these terms describe the effects induced by the presence of the free surface. Letting
H — 400 these terms tend to 0, therefore the system obtained describe the case of two
half-spaces welded at the interface. Hereafter we choose to concentrate our attention to
this case, since the presence of the free surface does not affect the singular nature of the
dislocation density. Furthermore, if we consider the following transformations

S*h Z*lz

&= &2 = 7
. So—i a0l (4.17)
&= o= ——
l1 l2

the system can be rewritten in order to refer to adimensional variables

2 oy (€)dEy
ZZA =
1 o1(&1) /4 & =€

+1 N a2 / 9
(&1 —&)sin*a+ (&1 + & +2)cos® o i
- F/1 (& — &) sin® o + (& + & + 2)2 cos? o L&)
om [t (§;+1)Cosa+§i(£1+l) o
“1+m N2 — 5 p2(£2)dE,
1 <ll> (& +1)2 sin? o + <(§é +1)+ li(fl + 1) cos oz)
2 2
(4.18a)
2m 1 pa(&)dés T pa(€5)d,
A _ P2(52)05o p2(§)d&y
Tamie) - [ L rf LAl
9 +1 (§;+1)cosa+§—2(§2+1) o
C14m / 1 ' 501(61)dE; (4.18b)
o

& +1)2sin*a + ((5'1 +1)cosa + 5—2(52 + 1))
1
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The integral equations can be written in this compact way

2T
IAW(&) =1 —Thy—(1-T)113
(4.19)

2w
zA@(&) =Io1 +TI — (141T) I

in order to refer more easily to the terms present on second side of both equations.
Once the explicit form for the equilibrium equations (4.3) is obtained, to study the crack

model we perform the following procedure:

e we consider an asymptotic study in order to determine the singular nature of the

dislocation density (Sec. 4.2)

e we study the relation between the bounded stress drops on the two crack sections
(Sec. 4.3)

e we search a numerical solution for the system of integral equations (Sec. 4.4)

4.2 Study of asymptotic behaviour

The stress drops Aoy, Acs must be bounded on the crack surface, so the first problem to be
solved is the determination of the singular behaviour of the dislocation density at crack tips.
To this end, we generalize to the system of coupled equations (4.18) the method proposed
by Erdogan et al. (1973), already described in section 3.3.2 on page 31. To determine the
asymptotic behaviour of I;; integrals, we introduce the following expressions for p; and ps

pr= Ry(t)(1— )" (¢ + 1) (4.20)
pa = Ra(t)(1 - 1)°2(t + 1)" (4.21)

where R;j(+1), Ra(£1) # 0, —1 < ay, b1, az,ba < 0 and t denotes either &} or &.
Following Muskhelishvili (1953), we consider the function ®({) of the complex variable ¢

1 —iTag 1 _ ag k
@(g)zl/j fk_(tc)dt: - : Re()(t tl_)g(“rl)b dt, k=1,2 (4.22)

™

The asymptotic behaviour of ®({) in the neighbourhood of ¢ = +1 is assigned by the
following expression

o (CH D™
sin(mwby)

(€™

—iﬂbk R 1 2bk
¢ + Re(+1) sin(mag)

B(C) = —Ry(~1)2 + ®(C), k=1,2 (4.23)
where the function ®4({) is bounded everywhere, with the exception of points { = +1,
where however its order of infinity is less than ag or by (ar < 0,b < 0), depending on the

point considered.
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4.2.1 Singularities of p at crack tips

The details about the evaluation of the asymptothic behaviour of I;; integrals are described
in appendix B.2. Here we report only the asymptotic evaluation for the integral equations
obtained summing the asymptotic evaluation for each term

—%Aal(f) = —Rq(—1)2% cot(mb1) (£ + 1)l71 + R1(1)2b1 cot(ray) (1 — &)
1

sin(mby)

— boRy(—1)2™ (€ +1)" cos(2a(1 + by))

Ro(—1y2e— L leyy ” cos(a1 b 4.24
~ (-2 s [ ] costa(i 4 ) (1.21)

+ Fo(&) + FL(&) + Fy(€)

f%A@(g) = —Ry(—1)2% cot(nby) (€ + 1)”* + Ra(1)2% cot(maz) (1 — £)
/ as ba

Ra(—1)20 L2 1b1 1+b 4.25
—am-n s [ e D] aostati+n) (4.25)

+Go(€) + G1(&) + G1(€)

where

2m / / 2
b T — b. = —T = 4.26
o—1, Co = 1 ’ 0 ) Co 1 ( )

4.2.2 Singularity at £ =1

To study the singularity of p; in the crack tip embedded in the upper media, we multiply
both sides of equation (4.24) by (1 — &)™ and letting £ — 1 we find

1
cot(ma)) =0 = a1 = —3 (4.27)

In the same manner we can study the singularity of po; multiplying both sides of equation
(4.25) by (1 —¢&)™** and considering the limit £ — 1 we obtain

1
cot(mag) =0 = az= —3 (4.28)

The singular nature of dislocation density in these points corresponds to that observed in

case of a crack in a homogeneous media.



44 CHAPTER 4. FAULT BENDING MODEL

4.2.3 Singularity at the interface

Multiplying both sides of equation (4.24) by (€ + 1) and letting & — —1

0= —R;1(—1)2 cot(mby)

— bRy (—1)2™

cos(2a(l + b))

sin(mby) (4.29)
a1 b bo—bs
~ (-2 () €+ 1P cos(att + )
we deduce that the following inequality must be fulfilled
by < by (4.30)

Multiplying both sides of equation (4.25) by (£ + 1)_b2 and considering the limit £ — —1

0 = —Ra(—1)2%2 cot(mbs)

~ bolta(=1)2 sin(mbs) (4.31)

: 1 I\" -
~ R (=127 sin(7by) (i) (€+1)" 7" cos(a(1 + b))

we find another inequality that must be satisfied

by < by (4.32)
The two inequalities found imply that

by =by=w (4.33)

In order the stress drop on the crack surface can be limited near the interface, the following
two conditions must be fulfilled

[cos(mw) + T cos(2a(1l + w))| R (—1) + (1 - T) (g) cos(a(l +w))Re(—1) =0 i)

(1+1T) (;i) cos(a(l + w))R1(—1) + [cos(rw) — '] Ra(—1) =0

This is a system whose unknowns are Rj(—1), Ro(—1); in order to have non-vanishing
solutions the determinant of this system must vanish and so we find the following equation
for w

[cos(mw) + T cos(2a(1 4 w))] - [cos(mw) — T] — (1 — ') cos?(a(1 +w)) =0 (4.35)

The roots of this equation can be determined numerically and studying the dependence of
w from the parameters o, m of our model (Figures 4.2, 4.3), we can state that for whatever
combinations of acceptable values of these parameters, the equation has only one root. We
can observe that the singularity degree w is always less than —0.5 and this consideration

will be useful in section 4.4 where a method of solution for the system of integral equations
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is proposed.

For this value of w, we find the following condition relating R;(—1), Ra2(—1)

Ri(-1) _ L\ cos(rw) — T
R;(—l) - (zl) (1-T)-cos(a(l +w)) (4.36)

This condition will be used later in order to constrain the solution of the system of integral

equations.

4.3 Stress drop condition

In the previous section, the singular terms for the stress drop have been evaluated in order
to study the singular nature of dislocation density; studying the asymptotic behaviour we
have found that p1(&1), p2(£2) must have the following form

p1(&1) = (1= &)™ (1 + &) Ri(&) —1<a,bi,az,by <0
p2(&2) = (1= &) (1 + &) Ra(&) Ri(£1), Ra(£1) #0
where
_ 1 _ 1
{‘“__2 {GQ__2 (4.37)
bl = w b2 = w

The value for w is found solving the equation
[cos(mw) — T)] - [cos(mw) + T cos(2a(1 + w))] — (1 — I'?) cos*(a(1 4+ w)) = 0 (4.38)

Furthermore, the singular nature of p1(&1), p2(&2) suggests to expand Ry (&), R2(&2) in
this way

Ri(&r) = > wP™" (&) (4.39)
k=0
Ro(&2) = > P (&) (4.40)
k=0
(a’/@)

since P, are orthogonal polynomials whose weight function is w(¢) = (1—&)*(1+¢)°.
In this section we will compare the stress released on the two crack sections near the
interface in order to determine any condition relating the bounded stress drops Aoy, Aos
which must be assigned on these sections.

We use the results obtained in appendix B.3 and we consider the following two relations

(1+ &)+ [I11° —=Thy® — (1 -T) 115 (4.41)
(14 &)™ [In® +TIn® — (1+7T) Irs®| (4.42)
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Figure 4.2: Dependence of the singularity w from the dip angle
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in order to verify the accuracy of the asymptotic study performed in the previous section.
Letting £ — —1, we obtain the following couple of equations

[cos(mw) + T cos(2c(1 + w))] R1(—1) + (?) (1-T)Ry(-1)=0 (4.43)

2
l w
[cos(mw) — T Ry (—1) + <l2) (I14+T)cos(a(l +w))Ra2(—1)=0 (4.44)
1
that correspond effectively to the system (4.34); the compensation of singular terms on
each crack sections near the interface is obtained when the system has non-trivial solutions,
therefore the admissible value for w is the root of equation (4.38).
For this value of w, the following relation between Rj(—1) and Ro(—1) is valid

Ri(-1) Zk 0 Wb 2’@(_1) = — (ll)w cos(mw) — T (4.45)
Ro(—-1) S 5kpk 3 ’w)(—l) la) (147)-cos(a(l+w))
From (4.45) and using the linear independence of P,ga’ﬁ) polynomials, we find that for
every k >0
Ve 1\ cos(mw) — T
e _ (2 4.46
Ok (lg) (1+47T)-cos(a(l +w)) (4.46)

Now we have to evaluate the bounded stress drop on each crack section; all the terms
have been evaluated in appendix B.3 and in case of section 2, summing all the bounded
terms, we find that stress drop can be expressed as

—T27 2t D(w Zﬁk 1)k k(j:L Lo +)w) (4.47)

+(1+4T)27>2 +“’1" (Z% )" 2%?1 ) ))cosoz

Using equation (4.46), the previous equation can be rewritten in this form
%A@(—l) — S(w) {(1 1) - (ZY m cos a} (4.48)

where S(w) is so defined

L(h+1-3)
Fk+1-1+4w)

S( ) +w1-1 Zﬁk k
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The bounded stress drop on the inclined section is given by

2 B w k L(k+1— )

EAol( 1) =272 D(w Z’Yk T+ 1- 1 +w)
+T27 3 D(w <Z Ye(—1)* k(i Yij )w)> cos(2a) (4.49)
+(1-T)27 5 D(w (Zﬂk ) Ic(—ili—li_l 2) )>cosa

that using (4.46) can be expressed as

2—TFA01(—1) =S(w) [(1 —T)cosar — (2) i ;;%(;c:za_(lr—i— ) (1+ Fcos(2a))] (4.50)

The last relation can be rewritten observing that

1+Tcos(2a) 1 n r (20)
1+T  1+T 14T %
1+m 1-m
=——+— cos(2a) (4.51)
1 1
= 5(1 + cos(2a)) + 5(1 — cos(2a))m
= cos? a4+ msin® «
and so the stress drop on section 1 near & = —1 can be expressed as
2w
—Ao(—1) =
o 1(=1)
=S(w)Scosa |(1-T) - h Mcosa —sina |m h Msina
Iy cos(a(l + w)) la) cos(a(l+w))
(4.52)
If we compare the expressions found for Aoy and Ao, we obtain
Aoay(=1)  p 2m (117 cos(rw) — T 9
1) = e /A ot N (et
Agi(=1) = cosa = 2m1+m\ls) (1+7T) cos(a (1+ ))Sm aSW)
_ Aoy(—1)  p1 2m 14 L(k+1-3)
_cosozT—i-%l_i_ sin a2 I'w Z'yk Th+1- 7+w)
(4.53)
The relation between stress drops Aoy, Aogs can be finally expressed in this form
Aa(=1) = cosa Aca(=l) sina F (a, m) (4.54)
%51 M2
where

B 2m Lo )i Lk+1-3)
F(a,m)= 2w1+m51n042 2T MNw (Z% Th+1-L+0) (4.55)
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This relation generalises the condition corresponding to a planar crack surface

A(Tl(*l) o AO’Q(*l)
H1 K2

(4.56)

in fact, letting @ — 0, the second term on second side of (4.54) vanishes and therefore
relation (4.54) reproduces the condition proper to the case of a planar crack.
Remembering that

Ony = €0S(Q) 03y — sin(a)oy (4.57)

we can identify F' (o, m) as the o, stress component induced at the interface by crack
slip; the initial stress on section agy at the interface is given by

o9 (—1) = cos(a)a?, (—1) — sin(a)o?, (—1) (4.58)

ny zy 2y

where Ugy(—l), ng(—l) are determined by the reference configuration we decide to use.

If we consider the case of a purely transform domain

ol =oY
v (4.59)
Ozy =

the stress drop condition becomes

Aoq(—1 Aoy (—1
Aou(=1) _ o Boa(=1) (4.60)
251 M2

since the stress component o,, have not to be released and therefore F' (o, m) must
vanish.

If the media in welded contact are assumed elastic, the stress drops Ao, Aoo must be
proportional to the local rigidity value and so the fault bending model is suitable to
describe strike-slip faulting across a structural discontinuity only if m = po/p1 > 1, since
the vertical dipping fault at depth may cross the interface with the softer layer, provided

that the shallower section is suitably inclined, according to the stress drop condition (4.60).

4.4 Numerical solution

The singular nature of the dislocation density suggests to expand the regular factors R(¢’)
through Jacobi polynomials Pﬁfl/ 2) (&), which are the orthogonal polynomials for the
weight function w(¢’) = (1 — ¢ )_%(1 + &')¥; however no convenient analytical expression
can be found for the singular integrals in the system of integral equations (4.15) and so
we are forced to search an approximate solution.

An approximate solution for this system can be derived if we rewrite the dislocation density
in this way

1

o) = = (R +¢)i] (4.61)
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where the exponent %—i—w € (—%, 0), since from the asymptotic study performed in section
(4.2) we know that the singularity degree is always in the interval (—0.5,0]; in this case
R+ ¢ )%4'“’ has a square-integrable singularity and so the expansion in Chebyshev
polynomials will be convergent only in the mean.

After these considerations, dislocation density p1, p2 can be written in this form

pr(&) = - _5,2 Zvn w(€1), (4.62)

—— ) BTh 4.63
= 522 WZO (4.63)

where T;, are Chebyshev polynomials of the first kind and

P2 (f;)

Z 1 Ta(€) = Ra(€) (1 + &) (4.64)
Z BnTn(83) = Ra(&5)(1+ &) > (4.65)
n=0

Both crack sections are open at the interface, therefore we must supply two supplementary

conditions in order that the problem may yield a unique solution.

4.4.1 Supplementary conditions

The first supplementary condition is easily derived from the continuity condition of crack
slip at the interface between the media

1 , , 1 , ,
Auy (&1 =-1)=Aug (o =~1) = I /_1 p1(&1)déy = —la /_1 p2(&2)dés (4.66)

The two integrals can be simply evaluated using the orthogonality condition (A.1) and
from (4.66) we obtain the following relation between coefficients vy, 5o

livo = 120 (4.67)

A second condition is needed in order to provide finite stress values over the crack plane
near the interface (z = 0). From the asymptotic study we have found that compensation of
singular terms is possible only when w is solution of (4.35) and in such a case the following
relation must hold

Ri(-1)  (L\" cos(nw) — T
Ry(—-1) B (l2> (1-T)-cos(a(l+w)) (4.68)

Considering the ratio between p1, ps and letting t — —1 we obtain the second supplemen-
tary condition

D (D" =QY B (-1 (4.69)
n=0 n=0
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being T,,(—1) = (—1)" and Q = Rl

4.4.2 Method of solution

We substitute the expressions proposed for p; (5/1)7 Pz({é) in the integral equations

;Am &) Z—WZ% n—1(&1)

d& fi)sin2a+ (& +& +2)cos?a
‘FZ J. AR e
S g (& +1 )cow+ (£1+1> ,
i Zﬂn 52 3 2 2Tn(£2)
14+m = —-&2 (I o ,
n= <12> (& +1)?sin“a+ ((52 +1)+ E(fl + 1) cos a)
(4.70)
T A6 — dG Tu&)
; 02 52 *7’””21&71 n— 152 +FZﬁn — 52§2+€é+2
g & e (€, + 1) cosa + (52 +1) , (4.71)

T . — B Iy 2
n=0 (€] +1)2sin a+<(§1+1)cosa+ (§2+1))

For both the equations, the first term on second side has been obtained using the integral
property (A.4) valid for Chebyshev polynomials of first kind. Multiplying equation (4.70)
by Uk(&1)\/1 — 5% and integrating on the interval —1,1 in the variable £&; we obtain

7r2 2m  —
—_ Z'Yn(skn 1 _FZ'}%RM k 7’L +m Zﬁang(k’,n) (472)
n=0

“1 n—=0

To write the first term on the second side we have used the orthogonality relation (A.3)
relative to Chebyshev polynomials of second kind. Ri;(k,n) e Ria(k,n) are double integrals
and they have the following form

— i _ i dﬁ; (3! —f;)sin2a+(§1 +€1 +2) cos® /
Atk = [ U’“(&)m( VI G Gpatat @t e topara )0

R12(/€, n) =

+1 +1 ' (& + 1) cos + (51 +1)
= [ wnen1-g &

i To(6) | déx
-1 -t \/q<ll (&1 + )sina) +((§;+1)+E(§1+1)cosa)2

(4.73)
In the same manner, if we multiply equation (4.71) by Uk (&2)1/1 — &5 and then integrate

on the interval —1, 41 in the variable &5 we obtain

w2 ) 2 & > 2 >
—A =—— 2Okn—1+ 1 oo (k,n) — —— nfo1 (K, 4.74
00 = g 2 Babkn D BuFoallon) = 720 3 i () (4.74)
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where double integrals Ro1(k,n), Reo(k,n) have this form

—+1 +1 d ; Tn ;
Ras(k,n) = Uk(&)\/@( \/%524'2?-)%2) e
1 -1 S82 2

Rzl(k, n) =

l2

+1 +1 ’ (€ +1)cosa+ > (€2 +1) ,
— [ nen/1-g L E— ST | dea
- VTS + 1)2sin? e+ ((&1 +1)cosa+ P(€ + 1))

(4.75)

Aa,(cl), Aa,(f) are the coefficients of the expansion in U polynomials of the stress drops
Ao, Aoo, respectively. If Aoy, Aog are constants then Acr,(cl) = AU,(CQ) = Aocd.

In order to provide an approximate solution to the crack problem, the infinite sums in
(4.69)-(4.71), are truncated to a finite index N. More specifically, this means that in
(4.70),(4.71) we take

1. Rjj(k,n)=0fork>N—-1An>N

2. Aol = Ao —0for k>N -1
Let i=k+1,j =n+ 1, we define the following matrix (2N) x (2N + 2):

Y _ Gi1 Gz (4.76)
G21 G22
whose elements are the (V) x (N 4 1) matrices

o 2 , .
Gu(i,j) = —% ( 0i—1,j—2+TRi1(1 —1,j— 1))

2
. nwi 2m . .
Gia(i,j) = — 37 +mRm(Z -1,j-1)
) 2 . .
Go1(i,j) = —%mRzl(@ -1,5-1)

G11(i, j) if(1<i<N)A(1I<j<N+1)
T, = Gi2(i,j — (N +1)) f (1<i<N)AN+2<j<2N+2)
G21(i — N, j) f(N+1<i<2N)A(1<j<N+1)
Goa(i—N,j—(N+1)) if (N+1<i<2N)A(N+2<j<2N+2)

Furthermore, let 1 be a column vector with 2N + 2 components ~,, and 3,

n= [70)""77N;ﬂ07""7ﬂN]T (477)
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and let y be the 2N column vector containing the N components of Aoy and the N
components of Aoy

X = [Aaél), ey Aog\}ll, A062)7 ey Aog\?ll]T (4.78)

If Aoy, Aog are constants, only the first and the (N +1)th components of x do not vanish.
The solution of the truncated problem is given by the following system of 2N equations
for the 2N + 2 unknowns 7;

2N+2
Xi = Z Tijnj, 7= 1, ...... ,QN (479)
j=1

with the supplementary conditions derived from (4.67),(4.69).

lim = lann 2 (4.80)
N+1 ‘ 2N+2 A
ST =Q Y (1T, (4.81)
Jj=1 j=N+2

4.4.3 Results

The computations have been performed assuming:
o 11 =vy =0.25 and py = 31 = 30 GPa

e 2[1 = 2lo = 8 km for the length of crack sections
Aoy

e a stepwise constant stress drop profile with Aoy = 3 MPa and Aoy = cos(a).

The non-vanishing stress components o,,, 0., induced by shear cracks corresponding to
a=0, 22.5°, 45° are shown in Figure 4.4. If we compare cases (b) and (c) with the case
of a planar shear crack (a), we observe an asymmetric stress release with respect to the
negative z axis; the stress release is concentrated in the footwall block, while a minor release
of 0,y is observed in the opposite quadrant. Therefore we can expect that the region with
minor release is candidated to host new fractures. Several field observations regarding the
complex pattern of surface fractures connected with major transcurrent earthquakes could
be explained in terms of such a mechanism. For instance, if we consider the case of the
M, = 6.6 earthquake of June 17-th, 2000 (Figure 4.6), the aftershock activity (dots) shows
very well the NS orientation of the main fault, confirming the fault plane solution, while
on the surface we can observe lines of fracture (double lines) parallel to the main fault and
positioned on both sides, far from each other several kilometres. This kind of observations
can be clearly interpreted as the result of near-surface segmentation of the fault plane into
several en-echelon branches. In the next section we propose a model suitable to describe
this kind of field observations.



o4 CHAPTER 4. FAULT BENDING MODEL

In order to evaluate the accuracy of the approximate solution found, we show in Figure
4.5 the stress components o,,, 0., computed according to the displacement discontinuity
method. This numerical technique does not involve a study of the singular nature (as-
suming equal to —1 the singularity at the ends of each boundary element) and therefore
we can check the correctness of the results found with the crack model. The compari-
son of stress maps shown in Figures 4.4, 4.5 is satisfactory, since the maps obtained with
the method of solution proposed are confirmed by the maps obtained with the boundary

element approach.

4.5 Conclusions

In this chapter we have presented a model in order to describe strike-slip faulting in layered
media. Bonafede et al. (2002) have studied the problem of a vertical shear crack crossing
the interface between two media and a stress drop condition have been derived which
have a considerable influence on the style of faulting in layered media. In fact there are
several real cases in which such a condition cannot be fulfilled. The model proposed is able
to describe strike-slip faulting across a structural discontinuity if the stress drop in the
shallow layer is lower than the value prescribed by the stress drop condition pertinent to a
vertical planar crack (e.g. the case of a recent deposit of sediments on top of a pre-stressed
basement rock). The vertical dipping lower section can cross the interface if the upper
section is suitably inclined according to the generalized stress drop condition derived.

The asymptotic study of the singular behaviour of the dis-

location density has shown that the density distribution has
HOLT

an algebraic singularity at the interface of degree w between 6405 {\  yposaers below s depth

0 and —%, depending on the inclination angle a of the up-

per crack section and on the rigidity contrast m between the .
391
(3

two media. Furthermore, the inclination of the upper sec-

tion determines an asymmetric stress release with respect to 641 Fi

7

the negative z axis, therefore the region with minor release
is candidate to host new fractures. Several field observations

regarding the complex pattern of surface fractures connected

with major transcurrent earthquakes could be explained in 63‘95._%?)’/ / / {

terms of such a mechanism. For instance, if we consider the 1‘ / % %ﬁl

case of the M = 6.6 earthquake of June 17-th, 2000 (Figure

4.6), the aftershocks (dots) show very well the NS orientation I L
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of the main fault, confirming the fault plane solution, while on

the surface we can observe lines of fracture (double lines) par- e S

allel to the main fault and positioned on both sides, far from

each other several kilometres. This kind of observations can Figure 4.6: Aftershocks
be clearly interpreted as the result of near-surface segmenta- and pattern of surface
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Figure 4.4: Non-vanishing stress components oy, 0., induced by shear crack with:(a)
a=0° (b) a=225° (c) a =45



56

© & B (B AeGeirl

Distance from interface (km)

-5
Horizontal distance (km)

0 5

Distance from interface (km)

5 0 5
Horizontal distance (km)

Distance from interface (km)

5 0 5
Horizontal distance (km)

10

10

10

CHAPTER 4.

Distance from interface (km)

-5 0 5
Horizontal distance (km)

Distance from interface (km)

5 0 5
Horizontal distance (km)

Distance from interface (km)

5 0 5
Horizontal distance (km)

-3 25 -2 -15 -1

Figure 4.5: Non-vanishing stress components o,, 0., computing according to the displace-

ment discontinuity method:(a) o = 0°,

-05

o 05 1 15 2 25 3 MP)

(b) a =22.5° (c) o = 45°

FAULT BENDING MODEL



4.5. CONCLUSIONS

next chapter we propose a model of fault branching suitable

to describe the observations here examined.
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Chapter 5

Fault branching model

5.1 Model description

As in the previous model, we consider an elastic layer of thickness H and rigidity p1,
bounded by a free surface and welded to an elastic half-space of rigidity pe. The origin of
the reference system is placed at the intersection between the crack and the interface, with
z axis pointing downward. We still consider an antiplane strain configuration in which the
only non-vanishing component of the displacement field is u,(x, ), which is independent
of the coordinate y.

With respect to the fault bending model, now the crack is splitted into three interacting
sections, all open at the interface, but with sections la,1b embedded in the layer and
section 2 embedded in the lower half-space. The sections la,1b have length 21,4, 2l1;,
respectively; both sections are inclined with respect to the negative z axis (—§ < a4, a1p <
5) and 714, = (cos a4, 0, —sin a,) represents the normal versor of section 1a, while 71y =
(cos aqp, 0, —sin aryp) is the normal versor of section 1b. As in the previous model, section
2 is normal with respect to the interface and its length is equal to 2ls. A sketch of the
model is presented in figure 5.1.

Figure 5.1: Fault branching model

59
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Now we have to consider three equilibrium equation, one for each crack section

PN PO A o T1a = —S14 COS QA1q
—A010(31a,J1a) = (05y)16(F10, §1a) + (1) 10 (@10, G1a) + (0hy)] (Z1a, F1a), 4
Jla = —S1asin g

(0 < Sla < 2l1a)

PN L J R Z1p = —S1p cos arp
—Ao1p(#16, G16) = (05y)18 (15, G16) + (Uzy)ig(ﬁb,yw) + (05,) 1 (E16, 1), X _
P15 = —S1psinaap

(0 < Sip < 2[15)
—A02(0,2) = (05,)2"(0,2) + (05,)2°(0, 2) + (05,)3(0, 2)
(0 < z < 2l2)

where Ao14 (%14, J14) is the stress drop in a point of section la, being (S1q4, 14) the polar
coordinates of the point (Z14,914), Ac1p(Z1p, Y1p) is the stress drop in a point of section
1b, being (S1p, a1p) the polar coordinates of the point (Z1p, J1p), and Aoa(0, 2) is the stress
drop in a point of the vertical section.

The three crack sections are interagent, so the stress drop on each section is equal to to
the sum of three contributions. (a,‘;y)%g, (agy)%g, (O’,Cly)%a are stress induced on section la,
(afw)ig, (a;;y)}’,;, (Jﬁy)%b are stress induced on section 1b and (a;y);a, (ng)%b, (agy)% are
stress induced on section 2 due to slip of section la, section 1b, section 2, respectively.
On the vertical section the stress component released is simply o,,, while the components

released on section la and on section 1b must be evaluated using the Cauchy relation
Ony = ngﬁ) = 0jyN; = COS QL Ogy — SIN QX Ty (5.1)

where 1. = 711, in case of section la and . = i1 in case of section 1b.

To define a crack model we have to employ suitable superimpositions of elementary so-
lutions. Using a continuous distribution of elementary dislocations with dislocation lines
contained in the interval 0 < S < 2ly,, a distribution with dislocation lines in the interval
0 < S < 2lyp and a distribution with dislocation lines in the interval 0 < z < 2ly, the
equilibrium equations can be rewritten in the following form

2l1a 211y
7A0'1a(81a) = / (O'ny){ (Sla.; So)p1a(So)dSo —+ / (O'ny){ (Sla; SO)Plb(SO)dSO
0 0
215
[ e Susz)pa(an)dzo (5.2a)
0
2l1a I 21y S
—Ao1p(S1p) = / (ony)] (S15550)p14(S0)dSo +/ (Ony)7 (S16; 50)p1a(S0)dSo
0 0
2lz II
+/ (ony)1" (S1b; 20)p2(20)d20 (5.2b)
0
2l1a 211y
~Aoa(z) = / (020)? (2 50)pra(S0)dSo + / (02)? (2 50) 1o (S0)dSo
0 0

+/0 2 (0ay)" (23 20) p2(20)dz0 (5.2¢)

where the integrals must be evaluated in the principle-value sense.
In case of sections la and 1b, the integral kernels (any){ , (amy)g can be obtained using
the analytical solutions for an elementary screw dislocation of arbitrary dip (Singh et al.,
1994) embedded in the upper layer.
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z+Sgcosa  z— Spcosa+ 2H

O |

2m R2 52
[ z—=Spcosa—2(n—1)H z+ Sgcosa+2nH
+Y°T {— 7 - 73
z+ Spcosa —2nH  z— Spcosa+2(n+1)H
* 0z B IE
(5.3)
. 1 1 1
(Uzy){(:c,z;so):—;:(x—f—Sosma){R——i—z [——&-—i—w—w}}
(5.4)
I o 2 z+Sgcosa  z— Spcosa+ 2H
(02y)2(x, 23 80) = 27r1+m{ R2 - 52
— sa+2nH 2z — sa+2(n+ 1) H
+Zrn[z+50005a+ nH z—Spcosa+2(n+1) ]
V2 W2
n=1
(5.5)
where
= (z + Spsina)® + (z + So cos @)
= (z+ Sosina)® + (z — Sy cos o + 2H)? —
:(x+Sosina)2+(z—Socosa—Q(n—1)H)2 H (5.6)
= (z+ Spsina)® + (z + Sp cos o — 2nH)? 1—m '
r—-—_"
= (2 + Sosina)® + (2 + So cos o + 2nH)? 1+m
w? :(J:—|—Sosina)2+(z—Socosa+2(n+1)H)2

In case of section 2, the integral kernels (o) {I , (amy)g can be derived using the analytical

solutions proper to a vertical screw dislocation (Rybicki , 1971).

I 1 2m > n z4+z0+2(n+1)H z—z9—2nH
(Uzy)l (LU,Z;ZO) = 5= ZF 2 2 2 2
2rl+m | = 22+ (z4+20+2n+1DH)® 224 (2 — 20 — 2nH)
(5.7)
II P 2m n o il
o)y (@,2520) = —o—7—— | ) T -
o (520 = o n;) <$2+(2+Zo+2(n+1)H)2 m2+(z—20—2nH>2>]
(5.8)
i1 H2 1 1 dm_ )
(U y)z (Z ZO) At [Z—ZO + zZ+ 20 (1+m)2nz:% Z+Zo+2(’n+1)H ( 9>
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Once the stress drops Ao1,, Aoy, Aoo are assigned, the equilibrium equations become a
system of coupled integral equations for the unknown functions pi4, p1s, p2.
The unknown dislocation density distribution p is splitted into three subdomains

p1a(50), 0 < So <2
pP= Plb(SO)a 0< Sy <20:b (510)
pQ(Zo), 0< 20 < 2[2

where p1q, p1p, p2 are defined through the displacement discontinuity over the crack plane

~ [0Au(S)

pa= |55 L_SO (5.11)
_ [0Au(S)

P1o = o5 L_SO (5.12)
_ [0Au(z)

P2 = i 92 :|Z_ZO (513)

From (5.11), (5.12) and (5.13) we obtain

s
Aula(S) = / p(SQ)dS() + Cla
0
s
Auyy(S) = / p(So)dSo + C1y
0
Aus(z) = / p(z0)dzg + Co
0

where C1,, C1p, Co are constants that can be fixed imposing the condition of crack closure

AU1Q(2l1a) =0
Aulb(leb) = O
AU2(2ZQ) = O

In fact, from the previous conditions, we obtain that C1,, Cip, Co = 0.

Once the dislocation density p is known, the solution of a crack problem is simply obtained
by a superimposition of elementary solutions. In our case, if f denotes any elementary
component of displacement or stress, the crack solution is given by

212

2l1q 2l1p
fc(%z):/o f(JJ,Z;So)ma(So)dSoJr/O f(x,2;50)p16(S0)dSo + ; f(z, 25 20) p2(20)d20
(5.14)

The first step in the study of the crack model is the derivation of the system of inte-
gral equations which describe the model presented. The details about the calculations
performed are summarised in appendix C.1. The equilibrium equations (5.2) can be ex-



5.1. MODEL DESCRIPTION 63

pressed in the following form

27 o /2l1a p1a(S0a)dS0a
0 Sb _’Sba
Sa + Soa cos(2a14)

214
- I
/0 (Sa — S0a)? sin? aq, + (Sa + Soa)? cos? aq,
205

pla(sba)dsba

Sa + 2o cos a1
L+m Jo  S2sin®ay, + (S, cosara + 20)
N /%b Sa — Sop cos(ar, — agp)
0 (S sinag, — Sop sin alb)2 + (g cos agq — Sop COS 1p)

2m

5 P2(%0)dz0

5 016(So)dSop

- /211b Sa + Sop cos(a1q + a1p)
o

p16(Sos)dSop
Sy sin g — Sop sin alb)2 + (S, cos a1q + Sop cOs alb)2 (Sov)

212

214
+ / Ria,1a(Sa; Soa)p1a(Soa)dSoa + Ria,2(Sq; 20) p2(20)dzo
0 0
211y

+ R14,16(Sq; Sov) p16(Sow) dSon
0

o 1 1y (Sop)dSob
=T A1 (Sh) = / P1b{0b)@50h
O 71(5) 0 Sa — Sob

Sp + Sop cos(2a1p)

211y
T /
o (Sy— Sop)2sin? aqy, 4 (Sp + Sop)? cos? agp
215

p16(Sos)dSon

2m Sy + 2o cos aqp

1 +m Jy SE sin? aqp + (Sp cos aqp + 20)

n /%a Sa — Soa cos(a1p — a14)
: . 2
0 (Sasinagpy — Soq sinagg)” + (S, cos arp — Spa €OS a14)

QpQ(ZO)dZO

2 pla(SOa)dSOa

214
B F/ ( Sa 4 Soa cos(a1q + a1p) B 01a(S0a)dS0q
0

. . 2
Sasinagy — Sog sinag)” + (Sq cos arp + Soq COS 1)

21>

+ Rlb,lb(Sb§SOb)Plb(SOb)dSOb+/ Rip,2(Sh; 20) p2(20)dzo

0 0
211y

+ R1b,1a(Sp; S0a) P14 (S04)dS0a
0

2 20> d 1 d
2T Ao () :/ p2(20)dzo +F/ p2(z0)dzo
0 Z— Zp 1 2tz

2 /211“ 2z + Spq COS Qi1
L+m Jo 82, sin® i + (2 + Soa cosai,)

2 2 2z + Sop COS agp
- / 3 0 ! 5 P15(Sob)dSop
1+m Jg Sg, sin” a1y, + (2 4+ Sop cos ap)

Qpla(sba)dfha

211y

2114
+ / R2.14(2; S04) p1a(S0a)dS0a + Ra156(2; Sow) p16(Son) dSon
0 0

2o
+ / R2(2; 20) p2(20)d2o
0

The terms present in the last raw of each integral equation are regular (Fredholm kernels),
in fact these terms describe the effects induced by the presence of the free surface. Letting
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H — +00 these integrals tend to 0, therefore the system so obtained describe the case
of two half-spaces welded at the interface. Furthermore, if we consider the adimensional
variables

Sa — lia Sy — L1y z—1

£1a = ll "Slb = llb l2
5/ _ SOa — lla S()b — llb (515)
la —

& =

lla llb l2

the system can be rewritten in the following way

+1 Y
2T A 10 (E1a) = / Pra(81a) 10
H1 1 fla _ gla
i (f1a +1) + (5/1 + 1) cos(2a14) , ,
-T a / e
/_1 (gla - gia)z Sin2 Qlq + (gla + gla + 2)2 COS2 Qlq P (&-1 ) {1

l
9m +1 %:(ﬁla +1)+ (ﬁé +1)cosaia

Citm) (lll
lo
+1
+f,
(lla
+1
,p/

! ) 27
! ( La (£10 + 1) sinaig — (§1b + 1) sin alb) + ( la ({10 + 1) cosaiq + (§1b + 1) cos alb)

. l 5p2(62)dEs
> (éla + 1)2 sin? Q1q + (%(éla + 1) Cos 1q + (5/2 + 1))
2

lla (§1a 1) — (£, + 1) cos(ara — a1p) .
5 P16(&15)dE 0,

2
l a ’
&1 + 1) sinaig — (flb +1) sinalb) + (ll—(gla +1)cosara — (£, + 1) cosalb)
1b

l%m+n<Q+MM%ﬁmw

5 P16(E1p)dE

2 1 p1p(§1,)€1,
RN _ P161816/)%S1b
" o16(&1b) /71 P

- F/“ (&15+1) + (&1, + 1) cos(2a13)
“1 (&b — &) 2sin® oy + (E1p + €, + 2)2 cos2 agy

plb(fllb)dfllb

9m +1 ﬂ(ﬁlb +1)+ (5; + 1) cosap

Clem/)a
l2

l 5 p2(E2)dEs
) (€16 +1)2sin? oy + (%(§1b+1)005a1b+(€/2+1)>
2

. /+1 llb (§1b +1) - (§;a + 1) cos(a1p — a1a)
2
- (llb (&1p + 1) sinayy, — (€7, + 1) sin a1a) + (

_]_"/+l lla
-1 (llb

2
I (&1 + 1) sinagy — (§1a 1) sin a1a) + (llb (é1p + 1) cosaqp + (§1a 1) cos Olla)

S p1a(E1a)dE L,

llb(

; &1p + 1) cosagp — (€, + 1) cos a1a)
la

F2 (€1 1) + (€1, + 1) cos(ara + aup) o
P) pla(éla)dé-la

2 +1 po(€5)deE U pa(€y)dey
A = =227 22 11 _—
o o2(&2) /_1 & - €, + /_1 246,12

2 +1
B 1+m/,1
2 +1
B 1+m/_1

62 1)+ (€ + Deosan, o
P) pla(51a)d§1a

l ’
51 +1)2sin? agq + (li(& +1) + (&, +1)cos C'llu)
la

l '
7o(62+ 1) + (), + 1) cosauy
1b

I 2Plb(§1b)d§1b
(&, +1)2sin? aqp, + (%(62 +1)+ (&, +1) Cosalb)
1b

(5.16)
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The integral equations can be written in this compact way

2
#—WAam(fm) =L -TLY - (1-01)L" + 1, —TI;' (5.17)
1
2
;TWAU“’(&Z’) =LY - TLY — (1-D) %+, - Tt (5.18)
1
2
;“Aaz(gz) — 2 4TL?—(14+1) 12— (14T) I, (5.19)
2
where
1-m pwe 1-T 2m 2
 — I . e 1-T=-" 147 =—"— 5.20
1+m’ " o 1+T7 1+m’ + 1+m (5.20)

in order to refer more easily to the terms present on second side of both equations.

Now the study of the model proceeds

e we perform an asymptotic study in order to determine the singular nature of the

dislocation density (Sec. 5.2)

e we study the relations between the bounded stress drops on the crack sections (Sec.
5.3)

e we search a numerical solution for the system of integral equations (Sec. 5.4)

5.2 Study of asymptotic behaviour

5.2.1 Singularities of p at crack tips

In order to obtain the singular behaviour of the dislocation density at crack tips, we gen-
eralise to the system of coupled equations (5.16) the method proposed by Erdogan et al.
(1973), already described in section 3.3.2 on page 31. The details about the evaluation of
the asymptotic behaviour of I integrals are described in appendix 5.2.

The asymptotic evaluation for the integral equations are assigned by the following expres-
sions

‘,%A"la(f) = —Ria(—1)2" cot(mbia) (€ + 1) + R1a(1)2 cot(mbya) (1 — €)™
1
— boR1ia(—1)2%e e (€ +1)" cos(2a14 (1 + b1a))

1 [l b2
- C()RQ(_1)2a2 sin(Ter) |:ll2 (5 + 1):| COS(ala(]‘ + bla))

b1y
m [lla &+ 1)} cos(mh1p + (14 — 1) (1 + b1p))

_Rlb(_l)Qalb 7
1b

b1y
- bORlb(*l)Qa”’m ﬁiz €+ 1)] cos((a1a + a1p) (1 + bip))

+ Fou(€) + F1a(&) + F1a(&) + Fro(€) + Frrra(€) (5.21)
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=2 Aowp(€) = —Rup(—1)2%% cot(biy) (€ + 1)7 + Ruy(1)22 cot(mhyy) (1 — £

H1
_ —1)291b 1 biv ., 9 1
boR1p(—1) Sin(wbry) (4 1) cos(2a1p(1 4 b1p))

ba
— coRa(—1)272 he &+ 1)] cos(a1p(1 + b1p))

Siﬂ(ﬂh)[b

bia
— Ry, (—1)2%« m Llllz (€ + 1)} cos(mh1q + (16 — @14) (1 + b14))
bia
_ boRla(—l)Qalamlbl) |:llib (f + 1):| COS((OZla + Oélb)(l + bla))
+ Fop(€) + Fi(€) + F1(€) + Fr(€) + Frrrn(€) (5.22)

2 Aoa(€) = —Ra(—1)2% cot(by) (€ + 1) + Ry(1)2 cot(mbs) (1 — £)°2

H2
! ao b2
—byRa2(—1)2 sin(rb) E+1)
’ 1 l2 bla
— oo R1a(—1)2 am Lla (€ + 1)} cos(a1q(1 + b1a))
’ 1 l2 blb
— — a1p =
Coaftn( 0200 s [ (€ 1) contann(1-+ )
+ Go(€) + G1(&) + Gral&) + G1p(€) (5.23)
where
2m ’ ’ 2
bQ—F, CO—m—l-F, bO__F7 COa—m—1+F (524)

5.2.2 Singularity at £ =1

To study the singularity of pi, in the upper tip of this crack section, we multiply both
sides of equation (5.21) by (1 — &)™ “'* and letting £ — 1 we find

1
cot(mal,) =0 = a1, = ~5 (5.25)

In the same manner, multiplying both sides of equation (5.22) by (1 — &)™ “'* and consid-
ering the limit £ — 1, we obtain for pyp

1
cot(mayp) =0 = ayp = ~3 (5.26)
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Finally, multiplying both sides of equation (5.23) by (1 — &)™ “? and considering the limit
& — 1, we obtain for ps

1
cot(mag) =0 = ag= ) (5.27)

As expected, we have found that the singularity in the crack tips away from the interface

is equal to —%, the value typical for a crack developing in an homogeneous medium.

5.2.3 Singularity at the interface

Multiplying both sides of equation (5.21) by (£ 4+ 1)~ and letting &€ — —1, we obtain

0= —R1,(—1)2% cot(mb14)

— boR1a(—1)2% cos(2a14(1 + b14))

sin(7b1)

a1 ha )" br—bra .
— CORQ(_1)2 Sin(ﬂ'b2) (l2> (g + 1) COb(Oqa(l + bla))

1 g \ 2 _
— Ryp(—1)200 — (1> (€ + 1) 7" cos(mbyy + (1q — o1p) (1 + b1p))

sin(wblb) llb
bo Rup(—1)2%1 ! b )™ (€+1)" 7" cos((arq + a1p) (1 + biy)) (5.28)
— — — | — ot Q .
0L11b sin(wblb) llb Ccos((O1 1b 1b

In order that (5.28) can be satisfied the following two inequalities must be fulfilled

by < big, bip < bia (5.29)

—b1p

In the same manner, multiplying both sides of equation (5.22) by (£ 4+ 1) and consid-

ering the limit £ — —1, we obtain
0= —Ryp(—1)2%" cot(mbp)

— boRlb(fl)Qalb cos(?alb(l + blb))

sin(7byp)

az 1 ly b ba—b1p

1 I\ 0 _
— Rig(—1)2" ——— ( w) (& + 1) cos(mbig + (a1p — a1a) (1 + bia))

sin(mbia) \U1a
— boR1q(—1)2%e _ llfb . &+ 1)b1“7b“’ cos((a1q + a1p)(1 + b14)) (5.30)
Sin(ﬂ'bla) l1a

To satisfy the previous equation the following inequalities must be fulfilled

ba < b1y, bia < by (5.31)
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Finally, multiplying both sides of equation (5.23) by (£ + 1)7% and letting £ — —1, we
obtain

0 = —Ry(—1)2% cot(mbs)

— byRy(—1)2%

sin(7by)

, 1 AN _
—COGRM(—1)2GM( 2) (€ + 1) 7" cos(arq(1 + bra))

sin(mb1a) \l1a
b1
— ¢ Rlb(*l)?a”’# LA (€ + 1) 7" cos(ayy(1 + bry)) (5.32)
Oa sin(7b1p) \U1p

The following two inequalities must be fulfilled in order that previous equation can be
satisfied

bia < b2, by < b (5.33)
Considering all the inequalities found, we conclude that
bia =bip =by =w (5.34)

The stress drop on the crack surface near the interface must be bounded, therefore we
have to impose on each crack section that the sum of singular terms must vanish, and in
this way we obtain the following system

(lllza> ) [cos(mw) + T cos(2a14(1 + w))] Ria(—1)

+ (;2> [cos(mw + (a1a — a1p) (1 + w)) + T cos((a1q + a1p)(1 + w))] R1p(—1)
1b
+ (1 =T)cos(ara(l +w))Ra(—1) =0 (5.35)

(;i)w [cos(mw + (b — a1a) (1 + w)) + L cos((ona + a1p) (1 + w))| Ria(—1)

l2 ©
+ <llb) [cos(mw) + T cos(2a14(1 + w))] R1p(—1)

+ (1 =T)cos(ap(1 +w))Ra(—1) =0 (5.36)

(;i)w (14T) cos(aa(1 +w))Ria(—1)

ly

+ <llb) (1+T) cos(ap(l +w))Rip(—1)

+ [cos(mw) = T] Ra2(—1) =0 (5.37)
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In order to have non-vanishing solutions (Ri,(—1), R15(—1), R2(—1) # 0) the determinant
of the system must vanish. We can perform this calculation numerically and surprisingly
we find that the determinant is identically equal to zero. Therefore we deduce that raws
of the matrix are linearly dependent. With respect to the fault bending model, we cannot
identify a value for w and so this parameter still remains undetermined.

First we consider the case a1, = a1p; it’s easy to verify that equations (5.35),(5.36) become
identicals, so we have to consider the following system

(1112,1) [cos(mw)+ T cos(2a(1 4+ w))] Ria(—1)

Io \“ ‘ ‘ )
+ (hb) [cos(mw) + T cos(2a(1 4+ w))] Ryp(—1)

+ (1 -T)cos(a(l+w))R2(—-1)=0 (5.38)

( Iy )w(l +T) cos(a(l + w)) Raa(—1)

lia

I\
+ (l1b> (147T)cos(a(l 4+ w))Rip(—1)

+ [cos(nmw) — T] Re(—1) =0 (5.39)
In order to obtain the reduced system, we perform the following transformation
L; — (14T)cos(a(l+w))L; — [cos(mw) 4+ I' cos(2a(1 + w))| Le (5.40)
The first equation can be so expressed
— {[cos(mw) + T cos(2a(1 + w))] - [cos(mw) — T — (1 — T?) cos®(a(1l + w)) } Ro(—1) = 0 (5.41)
Being Ry(—1) # 0, the following condition must me satisfied
[cos(mw) 4 T cos(2a(1 + w))] - [cos(mw) — T'] — (1 — T'?) cos? (a1 +w)) =0 (5.42)

The reduced system is equivalent to the initial system since

(1+r):1+2m>0, ¥m € R* (5.43)
cos(a(l +w)) #0, Yw €] —1,0] (5.44)

If we divide for Ra(—1), we obtain

() e () o]y e
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Furthermore, if Iy, = Iy, = [1, we found of course the condition proper to the fault bending
model.

Ri(—1)  Ria(—1) + Rup(—1) (h @ cos(mw) — T
Ry(—1) Ry(-1) - <l2> L+ 1) - cos(a(l + ) (5.46)

Now we consider the case a1, # a1p # « and using the following transformation

where

A = cos(a1p(1 + w)) {[cos(mw) + T cos(2a15(1 + w))] [cos(mw) — I'] — (1 — I'*) cos?(ap(1 + w)) }

B = cos(ap(1 +w))x
{(1=T?) cos(a1a(1 + w)) cos(a1p(1 + w))
— [cos(mw + (14 — a1p) (1 + w)) + T cos((a1q + a1p) (1 + w))] [cos(mw) — T}

C=(1-T)cos(ap(l +w))x
{cos(a14(1 + w)) [cos(mw) + I cos(2a1(1 + w))]
— cos(ayp(l 4+ w)) [cos(mw + (a1 — a1p)(1 + w)) + Teos((arq + a1p) (1 + w))]}

we can eliminate the first equation from the linear system. To assure the equivalence
of the system so obtained with the initial system, A must not vanish so the following
conditions must be satisfied

cos(a1p(l +w)) #0, Yw €] —1,0] (5.48)

[cos(mw) + T cos(2a15(1 + w))] - [cos(mw) — T'] — (1 — T'?) cos? (arp(1 +w)) # 0 (5.49)

Therefore we have to exclude the value of w for which a single fracture develops in the
upper medium.
It is possible to determinate numerically the roots of equation (Figure 5.2) and we can
observe that the same value of w corresponds to aq and —ary,.

After this premise, we consider the system

(ll12a> [cos(mw + (a1 — 014)(1 + w)) 4 I cos((o1q + o1p) (1 + w))| R1a(—1)

15 \“
+ (llb> [cos(mw) + T cos(2aqp(1 + w))] Rip(—1)

+ (1 =T)cos(a1p(l +w))Re(—=1) =0 (5.50)
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(llf)w (1+T)cos(aa(l +w))Ria(-1)

2\
+ (llb) (14T cos(ap(1 +w))Rip(—1)

+ [cos(mw) — T] Re(—1) =0 (5.51)

Being Ri,(—1), R1p(—1), Ra(—1) # 0 we can choose to divide for Ra(—1) obtaining a

non-homogeneous linear system whose unknowns are 1}%12“((:11)) and 1212’7((:11)).

This system admits a solution only if the determinant of the associated matrix does not
vanish and therefore the following condition must be fulfilled

cos(a1p(1 + w)) [cos(mw + (1p — a14) (1 + w)) + T cos((a14 + a1p) (1 + w))]
— cos(a14(1 + w)) [cos(mw) + T cos(2a15(1 + w))] #0  (5.52)

The previous equation can be expressed as
sin((a1q — a1p)(1 + w)) - [sin(rw + a1p(1 + w)) — I'sin(agp(l +w))] # 0 (5.53)

Since a1, # a1y, w = 0 is the only root of the first factor, but the second factor can
have further roots. If we search numerically the roots of equation (5.53) (Figure 5.3), it is
possible to identify the roots of the second factor with the roots of (5.42) corresponding
to positive values of ay; (Figure 5.2).

Therefore equation (5.42) can be expressed as

— [sin(mw + a1p(1 + w)) — Tsin(a1p(1 + w))]-[sin(rw — a1p(1 + w)) 4+ Tsin(a1p(1 + w))] =0 (5.54)

where if we substitute aq;, with —aqy the two factors exchange their identities.
Using Kramer theorem we obtain finally the solution of the system

Ri.(—-1) _ (lla)w sin(rw — agp(1 + w)) + Tsin(agp(1 + w))
Ro(—-1) la (147T)-sin((a1q — a1p)(1 + w))
(5.55)

Ryp(—1) N (llb)w sin(mw — a14(1 + w)) + Tsin(ai4(1 + w))
Ro(—1) ly (14T) -sin((a1q — a1p)(1 +w))

5.3 Stress drop condition

In this section we compare again the stress released on each crack section near the in-
terface, but now the target is to determine any condition relating the bounded stress
drops Aoc1a, Aoy, Aoy which must be assigned. The only unknown contributions are the
ones given by 1141“,1151a,1141b,I151b since the other terms have been already evaluated
considering the fault bending model. The details about the calculations performed are
summarised in appendix C.3. The following expressions describe the bounded stress drop
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Figure 5.2: Roots of equation (5.42)
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Figure 5.3: Roots of equation (5.53)
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on each crack section
2
MiAala(—l) = [1+ T cos(2a14)] S1a + (1 — T) cos a148 + [cos (a1q — a1p) + [ cos (a1q + a1b)] S1p
1
(5.56a)

2
Mlelb(—l) = [1+ T cos(2a1p)] S1p + (1 — T') cos a15S + [cos (1p — a1q) + I cos (@1a + a1p)] Sta
1

(5.56b)
%Aag(—l) =(1-T)S+ (1+7)][cos@1aS1a + cos a15S15] (5.56¢)
2
where S14, S1p, S are respectively
Tk+1-13)
Sia =221 (W (1) (_q)k 2 .
! E:%’ L(k+1-1+w) (5.57)
k+1-3)
Sip=2" 3+w F 16) k ( 2 )
ZV’“ Thtl-L+w) (5.58)
k+1—ﬁ
S +w 1—\ k ( .
E:m T(k+1—3+w) (5.59)
The following relations
'Yl(cla) - (lla)w sin(rw — ap(1 +w)) + Tsin(agp(1 +w)) 0 (5.60)
By b (1+1) - sin(a1a — an)(1+w)) b |
%(Clb) ., (llb>w sin(mw — ala(l. + w)) + Isin(a14(1 + w)) —Qu (5.61)
Bk lo (1471) - sin((a1, — a1p)(1 + w))
(5.62)

are valid for £ > 0 so it is possible to rewrite equations (5.56a),(5.56b),(5.56¢) in this
form

1+ T cos(2a1a)
14T

Qla +

2 a — a
iAala(—l) =S(w)s (1 =T)cosarq + cos (a1a = aup) + I cos (a1 + a10) Qv
251 1+T

1+ T cos(2a1p) 4 cos (1 — a1p) + T cos (a1q + aip) 0 }
— 1a

2
Mlelb(—l)S(w){(l—f‘)cosalb+ 4T 1b 14T

2
‘u—ﬂ-Aaz(fl) = S(w){ (1 -T)+ cosaia Qia + cos ap le}
2

Considering the following relations

14T cos(2 1 r
+ I'cos(2a) _ n cos(20)

14T 1+T" 14T
1+4m 1—m
= — 2
5 + 5 cos(2a)

= %(1 + cos(2a)) + %(1 — cos(2a))m

= cos® o+ msin® a (5.63)
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cos (14 — a1p) + I'cos (@14 + a1p)
1+T N

cos (g + @
1+T ! 1o

+ | —

=177 cos (14 — a1p) +

1 r 1 T
= <1+F + 1+I‘> COS (V14 COS (v1p + (1+F — lJrF) sin a4 Sin aqp
= COS (x14 COS (v1p + M Sin a4 SIN vy

stress drops on section 1a and 1b can be rewritten in terms of the stress drop corresponding
to the vertical section of the crack.

Aoa(—1
Acia(—1) = cosayg - 702( ) —sinay, F1 (14, @1p,m) (5.64)
m
Aos(—1
AO’lb(—l) = COSQ1p * gz —sinaqp Fy (ala,alb,m) (5.65)
m

where the function Fj (a4, @1, m) has this form

2m 1.,
F (a1a7a1bam):%m2 3+ F(w)'G(Oqa,qu)
I 1 +00 1
T'k+1-3) 1 rk+1-3)
G(aiq, 01p) =sinaqg (la) 1)k 2. _gina (1) (1K 2
(014, 1p) 1];0% ( )I‘(k+1—%—|—w) 1bk§::0'yk ( )I‘(k+1—%+w)

Relations (5.64),(5.65) are analogues to the condition (4.54) derived considering the fault

bending model. Fi (o, m), F5 (o, m) are the o, stress components induced by section la
and section 1b, respectively; so if we consider the case of a purely transform domain, the
initial state of stress is

0'9 = O'O
2y (5.66)
ng =0
and the stress drop conditions become
Aciq(—1 Aoy (—1
Acia(-1) = COS Q11 wy (5.67)
21 H2
Aoip(=1) — cos ayy Ady(-1) (5.68)
M1 H2

since no o, stress component have to be released and therefore F (o, m), Fs (o, m)
must vanish. These stress drop conditions can be fulfilled if the stress drop in the upper
medium is lower than required for a planar through-going surface. Therefore a vertical
dipping strike-slip fault at depth may cross the interface and fault branching can take place

within the sedimentary layer, provided that the shallower sections are suitably inclined.

5.4 Numerical solution

The asymptotic study shows that finite stress release is obtained over both crack sections

if the exponents are a1, = ap = ag = —% and big = by = be = w, but w €) — 1,0] is still
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undetermined. In order to obtain informations about the singular nature of dislocations
density at the interface, here it is useful to adopt a different approach. We choose to
use the displacement discontinuity method since this numerical technique can be applied
without any previous knowledge about the singular nature at crack tips. Considering
Figure 5.4, we observe that no singularity seems to be present at crack tips £ = —1 (the
origin of the reference system) and if we perform a more detailed calculation with a higher
resolution in proximity of the interface (Figure 5.4) this conclusion is confirmed. Now the
indeterminacy of w can be interpreted from a mathematical point of view. At the interface
the dislocation density is not singular, nevertheless the function can be expanded using
Pi(—1/2, ) polynomials with 3 # 0, since the only price we pay is a slower convergence.
Hereafter we will consider w = 0.

Now the form of the singular factors suggests expanding R(§) in Jacobi polynomials
Pn_l/Q’O(g), which are orthogonal if the weight function w(€) = (1 — £)~/2 is employed.

p1a(€1a) (&14), —1<&.<1 (5.69a)

L & o120
=== ah
1- fla k=0

1 = _
p1v(&p) = ﬁ dkP,E 1/2’0)(€1b), —“1<ép <1 (5.69b)
k=0

p2(&2) = ﬁ I;Jekpéfl/lo)(&)? “1<é&<l (5.69¢)

Each crack section is open at the interface, therefore we must supply three supplementary

conditions in order that the problem may yield a unique solution.

5.4.1 Supplementary conditions

The first supplementary condition is easily derived from the continuity condition of crack
slip at the interface between the media.

Auie (1o = —1) + Aup (§1p = —1) = Aug (&2 = —1)

1 1 ! 1 ! !
= l1a/1p1a(€1a)d§1a+llb /;1p1b(§1b)d£1b 212/1P2(§2)d§2 (5.70)

Let us consider the dislocation density po; Jacobi polynomials in (5.69¢) can be expressed
in terms of Legendre polynomials using interrelations among orthogonal polynomials

1-&

BP0(G) = (CUFRTTV () = (RO () = (P Pa(ta), 2=/

(5.71)

%, reproduce Legendre poly-

nomials Py(t). The normalized dislocation density pa(§2) can then be rewritten in the

where C’,ia) (t) are ultraspherical polynomials that, if a =

following form

1
pQ(tQ) = — Zﬁkpgk(tg), —-1< 52 < ]., 0<ta<1 (572)
t2 5
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Figure 5.4: Stress component o, computed according to the displacement discontinuity
method with N = 10 boundary elements for each crack section. The calculations have
been performed assuming a1, = 30°, ayp = —30°.
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Figure 5.5: Stress component o, in the region of 200 m x 200 m surrounding the inter-
section of the crack with the interface. The displacement discontinuity method have been
applied choosing a more refined distribution of boundary elements near the origin.
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where 3, coefficients differ from e; in equation (5.69c) by a factor of (—1)*/v/2. The
presence of the singular factor t2~! in equation (5.72) should be of no concern, since ps
always appears through integrals when observable quantities are considered and dé; =
—4todts. For instance, if we compute displacement discontinuity Aus, we obtain

ty O
Au2(£2) = lg/ p2(£2)d§2+c = 412 ZﬁkPZk tg dt+C = —412/ ZﬁkPQk tg)dt (5 73)

- t2 k=0

where, in the last equality, the closure condition Aug(£2 = 1) has been employed to fix the
integration constant C'. The slip amplitude at the interface & = —1 can be easily computed
from equation (5.73), using the property that Py (t) polynomials are even functions and
are orthogonal over (—1,1) to Py =1if k # 0

A1142(52 = *1) - *4l2/ ZﬂkPQk t2)dt+C = 72[2/ Zﬂk/ ng tQ dt 74[2ﬂ0 (574)
0

k=0

Employing the same method, the dislocation densities p14(&1a), p16(€16) can be written
through expansions similar to (5.72)

pialtia) = Z’Y P2k t1a), -1 <&, <1, 0<t, <l (5.75)
p1v(t1s) ZV sz (t1p), -1 <& <1, 0<tip<1 (5.76)

and the crack slip at the interface for section la and 1b are respectively

Aula(&la = - ) - _4l1a'7(1a) (577)
Aury(Erp = —1) = —4lipns™? (5.78)

So the first supplementary condition assumes this form
260 = lias ) + b (5.79)

The other two supplementary conditions are needed to provide finite stress values over
the crack plane near the interface (z = 0) and for w = 0 we have

Ri.(—1) _ p1a(—1) - sin(ap) ~Q
Ro(-1) ~ pa(=1) ~ Usin(arg—an)

(5.80)
Rip(—=1)  p(=1) sin(aiq)

Ro(—1)  pao(—1) - _msin(ala — aiyp) = Qu
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Since Py (1) and considering equations (5.75),(5.76),(5.72), we obtain a relation between

fy,(gla), By coefficients and a relation between ’y,(clb), B coefficients

S0 01, Y G (5.81)
k=0 k=0
Z%ﬂ”’) = leZﬂk (5.82)
k=0 k=0

5.4.2 Method of solution

The following infinite systems

2 0 0 [
i
EAG,S‘” => A Ri(k,n) =T 48 Ria(k,n) — (1=T) Y BuRis(k,n)
n=0 n=0 n=0
+ > P Rua(k,n) =T A Ris(k,n) (5.83)
n=1 n=1
2 o e o] fe%e]
T
IAa,i”” =3 " ARy (k1) = T3 A Roa(k,n) — (1-T) Y BuRas(k,n)
n=0 n=0 n=0
oo (oo}
+ ) A Raa(k,n) =T 45 Ros (k) (5.84)
n=1 n=1
2 0 s} o)
i
A0 =37 BuRaa (k) £ T Y BuRaa(hom) = (14T) D2 {1 (k. )
n=1 n=0 n=0
— (14+1)> A Raa(k,n) (5.85)

n=0

can be obtained following these steps
1. substitution of (5.72),(5.75),(5.76) in the integral equations
2. use of the integral relation (A.5) to perform analytically the first integration

3. each equation have to be multiplied by U,+/1 — &2 and integrated on the interval
—1,1 in the variable &

The details about the double integrals R;;(k,n) are described in appendix C.4 on page 142.
Aa,gla), Aa,(glb), AJIE?) are the coefficients of the expansion in U polynomials of the stress
drops Aocig, Aoy, Aos, respectively. If Aoiq, Aoyy, Aoy are constants then AO'](:a) =
Ao = Ao®) = Acby.

In order to provide an approximate solution to the crack problem, the infinite sums in
(5.81)-(5.85), are truncated to a finite index N. More specifically, this means that in

(5.83)-(5.85) we take
1. Rjj(k,n)=0fork>N—-1An>N

2. Aa,(:a) = Aa,(glb) = Aal(f) =0fork>N-1
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Let i =k +1,j =n+ 1, we define the following matrix (3N) x (3N + 3):
Gii Gz G
T=|Ga G Go (5.86)
Gs1 Gs2 Gs
whose elements are the (V) x (N 4 1) matrices
Gu1(ij) = 25 (Run(i = 1,j = 1) = TRiz(i = 1,5 = 1))
G12(i,7) = &5 (Rua(i = 1,j = 1) = DRis(i = 1,j — 1))
Gualisj) = =5 (1 =T)Ria(i = 1,5 — 1)
G1(5,) = 55 (Bar (6= 1,5 = 1) = DRaa(i — 1, — 1))
Gs(i) = 25 (Raali = 1,j = 1) = Ras(i = 1,5 — 1))
.. M1 . .
G23(’L,]) = _ﬁ<1 — F)Rzg(l — 1,] — 1)
.. 125 .
Gs1(i,j) = —*(1+F)R33( 1j—1)
.. M2 . .
Gsa(i,j) = *p(l +)Rsa(i— 1,5 —1)
Gy (i) = 23 (Ra(i = 1,j = 1) + TRa(i = 1,5 — 1))
In other terms, the matrix Y;;, with ¢ = 1,2,...,3N and j = 1,2,...,3N + 3, is
G11(i, J) if(1<i<N)A(Q<j<N+1)
Gi2(i,j — (N +1)) if(1<i<N)A(N+2<j<2N+2)
G13(z,j—2(N+1)) if (1<i<N)A(2N+3<j<3N+3)
Ggl(l ) (N+1 SQN)/\(lSjSN—i—l)
Yij =1 Gaa(i—N,j—(N+1) i (N+1<i<2N)A(N+2<j<2N+2)
Goz(i—N,j—2(N+1)) if(N+1<i<2N)A(2N+3<j<3N+3)
Gs1(i — 2N, j) if (2N +1<i<3N)A(1<j<N+1)
Gs32(i —2N,j—(N+1)) if(2N+1<i<3N)A(N+2<j<2N+2)
G32(i —2N,j —2(N+1)) if 2N +1<i<3N)A(2N +3<j <3N +3)
Furthermore, let 1 be a column vector with 3N + 3 components %(LI ), %(fb), On
n= [ (1(1) 37](\/%0‘)1 (1b) 775\}b)7607 ““vﬁN}T (587)
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and let x be the 3N column vector containing the N components of Acy,, the N com-
ponents of Aoy, and the N components of Aoy

x =808 AU A AT AP A )T (5.88)

If Aoyq, Aoy, Aoy are constants, only the first, the (N 4 1)th and the (2N + 1)th com-
ponents of y do not vanish.
The solution of the truncated problem is given by the following system of 3N equations
for the 3N + 3 unknowns 7,

3N+3
Xi = Z len]’ Z = 17 ...... ,3N (589)
j=1

with the supplementary conditions derived from (5.79),(5.81),(5.82)

liam + lianN+2 = l2n2n+3 (5.90)
N+1 3N+3
doni=Qu Y, (5.91)
=1 j=2N+3
2N 42 3N+3
S oni=Quw Y. (5.92)
J=N+2 J=2N+3

5.4.3 Results

The computations have been performed assuming:
e 11 =19 =0.25 and py = 3u; = 30 GPa
e 2/1 = 2lo = 8 km for the length of crack sections
e a stepwise constant stress drop profile with Aoy = 3 MPa and
A
- Aoy, = 292 cos(iq)
m
A
- Aoy = 202 cos(aqp)
m

In Figure 5.7, we show the stress drop and the crack slip corresponding to the following

three cases:
I Algq — 30,0(1[, =-30
IT a1, = 30,1, = —15

IIT oy, = 30, 1 = +15
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The approximate solutions reproduce with great accuracy the stress drop profile if the
infinite sums in (5.75), (5.76), (5.72) are truncated to N = 10. In case I (Figure 5.7a)
the stress drop over crack section la and over crack section 1b have the same value and
furthermore Figures 5.7b and Figures 5.7c are identicals since the stress drop on section
1b have the same value in both cases.

As expected, the crack slip on the inclined sections has the same profile when the sections
are symmetric with respect to the negative z axis (Figure 5.7b), while in cases II-III the
crack slip is significantly affected by the relative position of sections la and 1b (Figure
5.7d, Figure 5.7f). First, we can note that the crack slip is split up between section la and
section 1b so that the major slip is observed on the less inclined section, since the other
section feels more the higher rigidity of the lower media (Figure 5.7d). If both sections are
in the same quadrant (Figure 5.7¢e), the effect is amplified so that the crack slip has very
different trends on section la and on section 1b.

To evaluate the accuracy of the approximate solution found, we show in Figure 4.5 the
stress component o, computed according to the displacement discontinuity method. The
comparison is very satisfactory since the stress map obtained with the boundary element
approach is reproduced with great accuracy. Observing the stress maps corresponding to
cases I-I1T (Figure 5.8), we note that when the inclined sections are in opposite quadrants
(cases I-IT), the release of the oy, stress component affects a wider region, while in case
I the pattern of stress release is similar to that obtained in the case of a single inclined
section, where no significant stress release is observed in the opposite quadrant. Further
we can observe that the presence of two inclined sections determine a very variable pattern
for the stress component o,, since this component change of sign at each crack section
and in correspondence of the negative z axis.

The method of solution proposed involves the expansion of the dislocation density in
Legendre polynomials since we have assumed w = 0. The asymptotic study shows that the
singularity degree can assume all the values in the interval | — 1,0]. Therefore a solution
can be derived considering another value for w and in Figure 5.9 we show the stress drop
computed according to the expansion of the dislocation density in Chebyshev polynomials,
the method used in the previous chapter. As expected, this method of solution has a slower
convergence, since now for N = 10 (Figure 5.9a) the stress drop is very variable and
even increasing the order of truncation to N = 100 (Figure 5.9b) the accuracy decreases

approaching the interface.

5.5 Conclusions

The model proposed is suitable to describe fault branching in a shallow layer. Strike-slip
faulting across a structural discontinuity can be described within the framework of this
model when the stress drop in the shallow layer is lower than the value prescribed by the
stress drop discontinuity condition proper to a vertical planar crack. In fact two new stress

drop conditions have been derived which account for a minor stress drop in the upper layer
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If an inclined section is already present in the upper layer, as described by the fault

bending model (Chapter 4), a second inclined section can develop in order to release further

stress in the shallow layer. Such a mechanism is able to describe several field observations

regarding the complex pattern of surface fractures associated with major transcurrent

tectonic earthquakes.

The study of the asympthotic behaviour leaves the singular degree of the dislocation

density undetermined, with w €] — 1,0]. This indeterminacy has only a mathematical

character and it can be interpreted in terms of a further degree of freedom introduced

by the presence of the third crack surface. From a physical point of view, the simplest

explanation is that no singularity is present at the interface and in fact this guess is

confirmed by results obtained with a boundary element approach.
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Figure 5.7: Stress drop and crack slip on crack sections
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Chapter 6
Modelling of interface unwelding

The models proposed in Chaps. 4-5 are suitable to describe strike-slip faulting in elastic
layered media when the stress drop in the shallow layer is lower than prescribed by the
stress drop condition proper to a planar crack surface. Instead, if Aoy /Aoy > p1/pe, which
may be the case when anelastic processes relax deviatoric stress in layer 2, alternative
solutions must be considered. In such a case, one through-going crack cannot fulfil the
welded boundary conditions and unwelding of the interface may take place. We have solved
this problem within the theory of fracture mechanics, employing the boundary element
method.

6.1 Model description

We consider a system in which a shallow elastic layer is separated by a thin plastic layer
from the deeper brittle crust. The low rigidity upper layer can represent a sedimentary
deposit, while the ductile layer can represent a solidified lava flow subjected to anelastic
deformation. The release of stress in the plastic layer may determine the decoupling
between the shallow layer and the deeper crust. Neglecting the thickness of the plastic
layer, this decoupling can be described in terms of the unwelding of the interface between
the layer and a lower half-space (Figure 6.1).

The origin of the reference system is at the free surface and the interface between the
shallow layer and the half-space is at the depth H. A deviatoric stress field proper to a
transform domain is imposed at remote distance, with a compressive component (-1 MPa)
in direction SW, and a tensile component (+1 MPa) acting NW. An antiplane strain
configuration is considered, in which the only non-vanishing component of the displace-
ment field is u,(x, ), which is independent of the coordinate y, so the only non-vanishing
components induced by crack slip are o, 0., and the principle axis of the stress tensor
remain unchanged, being the bisectors of the quadrants in the zy plane (Figure 6.2). The
main fault (M F') considered is a transcurrent dextral fault and the unwelding is described
in terms of two horizontal dislocations (hd+, hd—), slipping in opposite directions, at the

interface from x = l; to x = Iy and from = = —ly to © = —I; (Figure 6.1). In order

87
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to determine [q,l2, the 0., stress component induced by the M F' are compared with the
frictional threshold f(p, — pw)gH. The dimension of the unwelded region is studied in

terms of the model parameter.

In order to compute the stress components o,,,0., we use the expressions given by
Rybicki (1971) for a long vertical strike-slip fault and the expressions for an inclined
strike-slip fault in a layered media (Singh et al., 1994). To identify the stress components

we use the following notation
(0i)15" (0, 2520, 20) (6.1)

where
e z,z is the point where the component is evaluated
e 10, 2o identify the position of a dislocation line parallel to the y axis
e i,j are used to identify the stress component oy, 0y
e [, I] tell us if the dislocation is in the upper layer or in the half-space

e 1,2 indicates if the component is pertinent to the layer or to the lower half-space

Horizontal dislocation

( I )= H1 Jz—2 2+20
Oxy)y (T, 250, 20 P 2 <

n z+zo—2nH z—zg+2nH z—2y—2nH z+42zy+2nH
+ZF { + V2 + U2 o W2

(6.2)

m 1 - 1 1 1 1
(Uzy)i(x,z;xo,zo):—2;(33—330){]%2—52+ZF [—+V2+U2—W2}} (6.3)
n=1

I ) Wy 2 z—2zy 2+ 29 = nlz—20+2nH 2420+ 2nH
bt = 2t { S T S [ s

n=1

(02y)3 (2, 230, 20) = _%Him (z — zq) {R — Z [VQ - V;Q} } (6.5)
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where
R% = (z —x0)° + (2 — 2)°
52 = (z — 20)° + (2 + 20)°
T? = (& — x0)” + (2 + 20 — 2nH)’ (6.6)
U2 = (z —20)° + (2 — 20 — 2nH)?
V2= (z— xo)2 +(z— 20+ 2nH)2
W2 = (z —x0)” + (2 4 20 + 2nH)’

Vertical dislocation

(ny)fl(l’,z;xo,zo) =

_p1 2m Ool_m z—2z9—2nH _ z+2z0+2nH (6.7)
2ml4+m = (x—x0)° + (2 — 20 — 2nH)>  (z —20)° + (2 + 20 + 2nH)’

(O’Zy){l(x,z;xo,zo) =

_p1 2m > " T —x _ T — X0 (6.8)
2m L4+m = (. —20)° + (2 — 20 — 2nH)>  (z —20)° + (2 + 20 + 2nH)?

(O—fy)él(xv 2520, ZO) =

_H2 Z—20 z+20—2H
= 2 s +T 2 2
om (x —20)” + (2 — 20) (x —2x0)" + (2 + 20— 2H) (6.9)
Z Z4 29+ 2nH
1+m2 (z — 20)° + (2 + 20 + 2nH)?

(Jzy)gl(:c,z;xo,zo) =

= & T~ %o +T T — Xo
21 | (z — 20)* + (2 — 20)° (.13 —20)° + (2 + 20 — 2H)? (6.10)

> r — X
1+m Z 2]

(z — 20)° + (2 + 20 + 2nH)

6.1.1 Opening of secondary fractures

To study if the unwelding can determine the opening of secondary shear fractures we

compute the Coulomb failure function
CFF = |1+ f(on + D) (6.11)

where
e T, shear stress

e f, friction coeflicient
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e 0,, normal stress
® D = pwgZz, pore pressure

The modified Coulomb failure criterion states that opening of shear fractures takes place
on the plane where the traction overcomes the frictional threshold. In presence of friction
the optimal plane is not the one where the shear stress is highest. The orientation of this
plane is influenced by the normal stress acting on its surface, since a tensile stress reduces
friction. Considering a bidimensional state of stress, the orientation of the vertical plane

is identified by € (Figure 6.2), the angle formed by the plane with the compressive axis

1
0 = 5 arctan(1/f) (Turcotte et al., 2002) (6.12)

If f =0 we have 0 = 7,

traction is highest; if f >> 1 we have 6§ ~ 0, so the opening of secondary shear fractures

so the optimal plane agrees with the plane where the shear

will be favoured on the plane normal to tensile principle stress, because on this plane the
effect of friction is reduced.

To study if unwelding can determine the opening of tensile fractures, we compute instead
the mazimum opening stress (MOS), which is defined as the principle tensile stress o3 of
the stress tensor given by the sum of lithostatic stress and the stress change induced by
the M F and the two horizontal dislocations hd+, hd—.

6.2 Volterra dislocations

The easier way to model the main fault and the horizontal dislocations is to use Volterra
dislocations; this is an oversimplified approach, nevertheless it is useful since it can be used
to determine some informations about the behaviour of the system. In fact this model will

be used to obtain a fir ts estimate for

1. the distance between the M F upper tip and the interface in order that unwelding

can effectively take place
2. the extension of the two unwelded regions
3. the entity Aug of the unwelding

To estimate Aug, we have considered the point on the interface where the stress component
0.y induced by the M F' takes its maximum value and we have determined the slip of the
horizontal dislocation necessary to release the stress in excess with respect to the threshold
value.

Computations have been performed assuming;:
e Aus=1m

e m = ug/p1 = 3 with uy = 10 GPa
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f |H(m) | z00 (m) | I3 (m) | Iz (m) | Aug (m)
0.2 | 0.02 0.05 0.1 307.5 0.37

N N 0.1 0.0 | 401.8 0.46
. . 0.15 33 | 455.6 0.68
N N 0.2 81 | 481.9 0.88
R 0.1 0.15 0.0 | 4298 0.41

0.2 3.8 | 475.6 0.33

R . 0.25 95 | 505.0 0.26
N N 0.3 188 | 529.8 0.21
0.84 | 0.02 0.05 0.4 | 190.8 0.35
0.1 37 | 2381 0.35
N N 0.15 138 | 2538 0.30
0.2 36.4 | 245.8 0.13
N 0.1 0.15 3.6 | 254.7 0.32
N N 0.2 16.2 | 261.2 0.16
N N 0.25 13.6 | 245.7 0.05
N N 0.3 114.2 | 1823 0.00

Table 6.1: Trends of Aug,l1,lo as function of f, H, z91 when M F, hd+, hd— are modelled
as Volterra dislocations

e p=2300 kg/m?, if z < 500 m, p = 2600 kg/m?, if z > 500 m
e p(2) = pwgz, hydrostatic trend for pore pressure
e zpo = 12 km, depth of the M F lower tip

In table 6.1, we report the trends of Aug, l1, lo for different values of the model parameters
f, H, z01. Observing the results summarised in the table, we can see that the dimensions
of the unwelded regions are substantially controlled by the coefficient of friction. In fact
the increase of friction from 0.2 to 0.84 determines an increase of friction threshold that
approximately halves the width of the unwelded region. Further we see that complete
unwelding takes place before the M F touche the interface. This result can be explained
in terms of the unphysical strong singularities that effects the stress induced by Volterra
dislocations. We must conclude that more realistic models are necessary in order to study

the conditions for unwelding.

6.3 Somigliana dislocations

A more realistic way to model the main fault (M F) and the horizontal dislocations
(hd+, hd—) is to use Somigliana dislocations, which are characterised by a non-uniform
displacement discontinuity over the dislocation surface. Here we assume that the MF
is characterised by a uniform stress drop and that unwelding takes place with variable
slip in order to release stress in excess of the frictional threshold. To solve the inverse
dislocation problem we use the displacement discontinuity method. The implementation

of this numerical technique involves the decomposition of M F', hd+ and hd— in boundary
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Depth (Km)

14 | .

Crack slip (m)

Figure 6.3: Non-uniform decomposition in boundary elements

elements. An uniform decomposition is not suitable for the system we consider since we
want to evaluate the stress induced in the thin (~ 102 m) shallow layer, but to obtain
a sufficiently detailed solution, the boundary elements near the interface must be suffi-
ciently small. In fact the result obtained with the displacement discontinuity method have
a non-uniform resolution, which is optimal in the regions far from the boundary, while
in the near-field the solution obtained is not representative. Since the M F' is very long
(~ 10* m), than a very refined decomposition (N ~ 10* boundary elements) is necessary
in order that the solution can have the required resolution in the region of interest. The
implementation of the uniform decomposition is quite simple, but the required number
of boundary elements imply a too long computational time. Therefore we have chosen to
adopt a non-uniform decomposition. The boundary elements are selected according to an
algorithm that increases the density of these elements approaching the interface. In this
way we obtain the best resolution in the shallow layer, since the length of each boundary

element is selected according to its distance from the interface (Figure 6.3).

Two different approaches have been considered describing the M F and the two hori-

zontal dislocations hd+, hd— as Somigliana dislocations

Case 1 in the first approach we neglect the back-interaction exerted by hd+, hd— on the
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MF
Mo _ Mo _
toy = —AL, = ZAZSJ-FS-FDg-‘r + ZAZJ-‘(-S—Dg—
j=1 j:l
M 4
to=—At, => A7 DI + ZA? ,_DI_
i=1 '
i=1,..,M
where

Att, =ti, — f(p— puw)gh
Atl = —(ti_ = f(p— puw)gh)

At At!, are the amounts of 0., stress component that overcome the frictional
threshold on i-th boundary of hd+ and hd—, respectively. A% ot A;{r LAY s AY

S§—8—

are (M x M) matrix containing the influence coefficients of the traction that are com-

puted according to equations (6.2)-(6.5).

Case II in the second approach the effect of the back-interaction is considered
s+ - Até—&- - Z As—i—a-{-Da—&- + Z A5+5—Dj + Z As+s
tif = _Ati ZAS s+ +ZAS s— Dgf +ZA73125D]
k=1

N
ty=-At = Z AL DL+ Z AS DI 4+ AMDI

i=1,..M
k=1,..,N
where
Atl, = —f(p— puw)gh 1<i<M
Ati_ = f(p— pw)gh) 1<i<M
Atk = Ao 1<k<N

Atl, ,At!_ are the frictional threshold on the i-th boundary element of hd+ and
hd— respectively and At* is the uniform stress drop imposed on each boundary
elementary of the MF. A;ﬂer,A?H LAY s+,Ai{87 are (M x M) matrices and
Atk Atk
85+

v are (N x M) containing the influence coefficients of the traction that are

computed according to equations (6.2)-(6.5). A¥  AM ~are (M x N) matrices and
AFF is a (N x N) matrix, containing the influence coefficients of the traction that

are computed according to equations (6.7)-(6.10).
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f | H(m) | zo1 (m) | I3 (m) | Iz (m)
0.2 0.02 0.02 0.0 401.1
) » 0.05 0.3 458.7

» » 0.1 2.9 481.1
» » 0.15 10.0 483.6
" 0.1 0.1 0.0 478.1

) » 0.15 2.9 499.8
» » 0.2 11.5 495.8
» » 0.25 27.6 484.8
0.84 | 0.02 0.02 0.0 200.3

» » 0.05 1.2 223.8

» » 0.1 12.2 217.9
’ . 0.15 49.6 178.1
. 0.1 0.1 0.0 250.7
. . 0.15 12.7 225.0
» » 0.2 63.5 165.5
’ ), 0.25 X X

Table 6.2: Trends of [y,lo as function of f, H,zy1 when M F, hd+, hd— are modelled as
Somigliana dislocations

Of course, it’s easy to predict that the accuracy of the results obtained with the first
approach decreases when the M F approaches the interface, since the back-interaction is
stronger. Therefore we expect that the results obtained with the two methods coincide
until the M F is sufficiently far from the interface, while they should differ substantially

when the M F' touches the interface. Computations have been performed assuming;:
e Ao =1 MPa
e m = uy/p; =3 with uy = 10 GPa
e p=2300 kg/m?, if 2 < 500 m, p = 2600 kg/m?, if z > 500 m
e p(z) = pwgz, hydrostatic trend for pore pressure
® zp2 = 12 km, depth of the M F lower tip

We have studied the dependence from the following parameters of the stress induced in

the shallow layer:
e f, frictional coefficient
e H, depth of the interface
e 21, depth of the upper tip of the M F.

In Table 6.2, we show the computed values for [y, [l for different reference configurations
when back-interaction is considered (Case II). In the last raw, x indicates that unwelding
does not take place since the frictional threshold has not been exceeded. Observing the

results summarised in Table 6.2, first we can remark that the extension of the unwelding
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region is very similar to that predicted by the Volterra dislocation model. Secondly we
can observe that complete unwelding takes place only when the M F' touches the interface.
Somigliana model reproduces the result obtained with the Volterra model and furthermore
it permits to describe unwelding in a more correct way, since the solutions obtained are
no more affected by unphysical singularities. We consider now Figure 6.4, where results
corresponding to Case I and Case II are compared. As expected, if the M F' terminates at
the interface, the results obtained with the two different approaches differ substantially. In
fact, if back-interaction is neglected (Case I), the behaviour of the system is not reproduced
correctly, since the three crack considered are closed at the contact point of the M F' with
the interface (left column of Figure 6.4a). Instead, if back-interaction is not neglected
(Case II), the cracks are all open in this point and furthermore the condition of continuity
of crack-slip is automatically satisfied (right column of Figure 6.4a). In Figure 6.4b, both
the shear stress induced separately by the M F and the horizontal dislocations, and the
total shear stress induced in the upper layer are shown. Comparing again the results
pertinent to Case I and Case II, we see that the stress concentration below the interface
is very high and localized in a narrow region if back-interaction is neglected and we must
remark that this feature is very difficult to reconcile with observations. Instead, if back-
interaction is considered, a wide stripe of high and nearly uniform shear stress develops
above the welded interface, whose width is controlled by the extension of unwelding. Below
the interface we don’t observe any concentration of stress and so we overcome the problem
met neglecting back-interaction.

The opening of secondary fractures in the upper medium is possible only when the
MF touches the interface, since a concentration of deviatoric stress above the interface
is observed only when complete unwelding takes place. In Figure 6.3, the results for the
total shear stress (XY total), for the Coulomb failure function (CFF) and for the maximum
opening stress (MOS) are shown. The calculations are performed on the optimal oriented
plane and two different values for the friction coefficient are considered, (a) f = 0.2 and (b)
f = 0.84. The orientation of the optimal plane can be calculated using the relation (6.12).
For f = 0.2 the optimal plane makes an angle oy = 7 — 601 = 5.7° with the strike direction
(NS) of the main fault, while for f = 0.84 this plane makes an angle ap = § — 6 = 20°
with the same direction (broken lines in Figure 6.3a).

The results for the CFF and the MOS are similar to those obtained for the total induced
stress, since they assume their highest values (~ 10 MPa) only above the unwelded interface
(Figures 6.3b-6.3c). If we assume ~ 1 MPa as minimum values for the tensile strength
of surface rocks, we observe that the opening of open fractures is confined in the shallow
layer, since below the interface the maximum opening stress vanishes. In order to study
shear failure, we assume instead Cy = 2 MPa, where () is the cohesion value in shear. The
shear failure is expected when the C'FF' overcomes the rock cohesion value. Observing
Figures 6.3b-6.3c, we conclude that shear fractures can develop only above the unwelding
region, as already observed for the open fractures. As final remark, we observe that the

width of the region where secondary (shear and open) fractures can develop is controlled
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only by the value of the friction coefficient.

6.4 Conclusions

The model proposed in this chapter provides preliminary insight into the problem of a blind
strike-slip fault terminating within a plastic media above it. The presence of the plastic
layer can be used to model the presence of an intermediate layer (pyroclastic material)
that decouples a surface brittle layer (lava fields) from the deeper brittle crust. Anelastic
deformation in the plastic layer keeps the deviatoric stress below a frictional threshold
and deformation takes place at a constant deviatoric stress. In this case the models
presented in Chapters 4-5 are not suitable to describe the behaviour of the system since
Aci/Aoy > p1/pe and so we guess that unwelding can take place. The modelling results
suggest that in order to have unwelding the main fault must terminate at shallow depth
(< 100 m) and against the interface (or within ~ 100 m below it). This result can be
simply interpreted in terms of the effect induced by lithostatic stress. Deeper it is the
interface, higher it is the frictional threshold to overcome. Therefore the stress induced
by the main fault is able to overcome the frictional threshold only when its upper tip
arrives in proximity of the surface. When unwelding takes place the main fault does not
break directly to the surface since stress diffuses laterally above the unwelded surface.
In this context, the model proposed can be interpreted as a generalization of the fault
branching model, since the two unwelding regions (hd+,hd—) can be considered as two
inclined sections that develop on the interface when the main fault cannot break in the
shallow layer. The effect of the unwelding is a redistribution of stress, which determines
high deviatoric stress over a wide region in the shallow layer. The study of the Coulumb
failure function and of the maximum opening stress has shown than open fractures and
shear fractures may open in the shallow layer up to 500 m off-strike from the main fault
and further the maximum depth of these secondary surface fractures is confined above the

unwelding interface.
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Chapter 7

Conclusions

The study of crustal heterogeneities is important in order to achieve a better understanding
of fault processes and in this work two different types of these heterogeneities have been
considered.

The first type involves the concept of asperity, briefly introduced in Section 1.1 on
page 1, and here applied to interpret the anomalous features of the My = 6.6 earthquake
of June 17-th, 2000 in the South Iceland Seismic Zone. The type of asperity invoked to
explain these feature is different from the usual concept of asperity used in seismology. The
common feature of previous asperity models was the interpretation of such a heterogeneity
as a ”strong” region, whose rupture determines a high moment release. In our context,
instead, the presence of the asperity is suggested not only to explain the high magnitude
of the earthquake with respect to the estimated fault dimensions, but also the change of
seismicity pattern before and after the mainshock. The study of the first model (Elastic
model) has confirmed that the presence of a structural discontinuity in the form of a
spherical inclusion was able to explain both the intriguing features associated with the
mainshock. Nevertheless, the nature of the asperity as a structural discontinuity is not
supported by tomographic studies in the SISZ and so this have imposed a more elaborated
discussion about the nature of the asperity. From this discussion we have elaborated a
model (Viscoelastic model) in which the asperity must not be considered as a permanent
feature of the fault zone, since it is the result of a formation process in which high pressure
fluids ascending from the brittle-ductile transition play a preeminent role. The asperity
must be considered as a low fractured region surrounded by high fractured regions in which
the ascent of high pressure fluids is started and then reinforced. Therefore these regions
can have similar short-term rigidities (accounting for the similar seismic velocities), but
considering long time deformation processes the asperity can show a very different effective
rigidity with the respect to the surrounding media, since pressure solution processes (e.g.
Poirier (1985)) or else the widespread presence of shear cracks (generated seismically
or growing subcritically according to the stress-corrosion mechanisms) can explain a low
effective rigidity for the surrounding medium.

In the second part of our work we have investigated the complexities of fault processes
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induced by the layered structure of the shallow crust. The first model proposed (fault
bending model) shows that, when the stress drop in the shallow layer is lower than the
value prescribed by a vertical planar crack, fault bending in the shallow layer can take place
if the upper section of the crack is suitably inclined accordingly to the generalized stress
drop condition derived. Furthermore the asymmetric stress release with respect to the
negative z axis suggests that other fractures can develop in the opposite quadrant. About
this possibility, a second model (fault branching model) have been considered in which fault
branching in the shallow layer is examined. As the previous model, the second model can
be applied only when the stress drop in the shallow layer is lower than the value prescribed
for a vertical planar crack. The indeterminacy of the singular degree of the dislocation
density at the interface represents an unexpected result, but it simply means that however
a first section is inclined in the shallow layer, a second fracture can develop with a suitable
inclination in order to release stress in excess in the same layer. The last model proposed
consider instead the case in which the stress drop in the upper layer is higher than the
value prescribed by a vertical planar crack. In this case we guess that unwelding can take
place and the conditions for unwelding have been studied employing a dislocation model.
The study of this model has shown that complete unwelding can take place only if the
main fault arrives in proximity of the interface and in this case the stress diffusion over the
unwelding region can determine the opening of secondary (shear and open) fractures which
are confined in the shallow layer. Therefore such a mechanism can be invoked to explain
the complex surface pattern of faulting (e.g. double en-echelon structures) observed in the

SISZ and in other several regions characterized by a transcurrent tectonics.



Appendix A

Orthogonal polynomials

A.1 Chebyshev polynomials

Taken x = cos 6, we define Chebyshev polynomial of first kind
T, (z) = cosnd, 0<o<nwn, —-1<z<I1.

Here we report the first three polynomials (n = 0, 1,2)

To(z) =1
Ti(z) =x (A1)
To(x) =222 — 1

The polynomials obey this recurrence relation
Tyi1(x) = 22T, (x) — Th—1(2)

from which can be easily deduced that T), are effectively polynomials in the variable

x = cosf.
T,, are orthogonal on the interval (—1,1) with weight function (1 — 22)~1/2
1 dz iy ifn=k = 0,
T (2)Ti(x) =
/4 V1—a? (m/2) 0pr  instead

We define Chebyshev polynomial of second kind in the variable z = cos 6

sin(n + 1)0

Un(z) = ——— 0<f<m —-1<z<l

)

The first three polynomials have this aspect (n =0,1,2)

UQ(I) =1
Ui(z) =2z (A.2)
Us(x) = 42 — 1
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These polynomials obey the same recurrence relation
Un-‘rl(x) = 2$Un($) - Un—l(x)

and satisfy the following orthogonality relation with weight function (1 — xz)l/ 2

1
/ Un(2)Us(2)V/1 — 22dz = gank. (A.3)
-1
U, (x) polynomials obey to these integral properties
/” T () dx’ (w/2) + arcsinz if n=0,
w(t) ——= =
—1 V1—a —1U, 1 (2)VI =22 ifn>0

In fracture theory the following relations valid for 7,, polynomials play a central role

1 T / / 0 if :0,
][ n(@) v e o] < 1 (A4)

T2 7Up—1(z) ifn>0

while for |z| > 1 we have

(x — Va2 -1)" £ ]
/1 To(z') di’ - V2 — 1 tz >4
!/ _ — o 271n
TVl W% iz < -1
2 —

A.2 Jacobi polynomials

Jacobi Polynomials P,ga’ﬁ ) are the solution of the differential equation

2 2
(1—3:2)%—F(ﬁ—a—(a—&—ﬁ—k%w)%—i—n(n—l—a—i—ﬁ—i—l):0

The explicit expression for these polynomials is

P (@) =

I'la+n+1) i n\T(a+B+n+m+1) [z—1\"
nlT(a+ B+n+1) 2= \m F'(a+m+1) 2
where I' is the Gamma function.

PP are orthogonal with weight function w(x) = (1 — z)*(1 + z)”

1
/ 1(1 — 2)*(1+ 2)° PP (2) PP () dx =

2o Tnta+1)T(n+341)
2+ a+B+1 T(n+a+p+1)n!

nk

a>-1,>-1
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and satisfy the following integral relation
+1
/ (z—t) (1= 0)*(1+ )PP (t)dt = 2(z — 1)* (2 + 1)° Q™ () (A.5)
-1

where Q%a’ﬁ ) (x) are Jacobi functions of second type and x belong to the complex plane
cut along the segment (-1,1).

Functions Qn o )( ) can be expressed in terms of p{P) (x) as shown here

Q@) = = Z ese(xB)e™ TP (@)

T(B)T(n+1+ a)

at+p—-1 o —B n
+ 20T e = 1) (@ + 1) (71)m

1
F(n+1,fnfafﬂ,lfﬁ,§(l+x))
where F' is the hypergeometric function

Fla.b c:z) Z k irmrk (b+k)a*

|
= () k:O (c+k) k!

characterized by these properties
e it’s a regular solution of hypergeometric equation if ¢ # 0, —1, -2, ..

e F absolutely converges in the unit circle if a,b # 0, —1, -2, ..






Appendix B

Details about fault bending model

B.1 Stress drop evaluation

B.1.1 Stress drop on section 1

Contribution of section 1 on the same section

To evaluate the stress component (any){ we have to use the following expression
(any){ (S;Sp) = cosa (0‘111){ (S;Sy) — sina (azy){ (S;S0) (B.1)

This component must be calculated in an arbitrary point of section 1

r=—Ssina
{ 0<S <2, (B.2)

z=—Scosa

If we insert (B.2) in equations (4.4),(4.5) the components (0,,)!, (0.,): can be written in

this form

Iq p1 [ (S — Sp)cosa (S + Sp) cos

(7)1 (5:50) = =57 { N
. (S+ Sp)cosa+2nH (S — Sp)cosa — 2nH
+nz_:1r [—r e + =3
(S —Sp)cosa+ 2nH _1(S+So)cosa—2nH}}
+ T
U2 w?2
(B.3)

Iq G . 1 ' <. T 1 1 1t

(Jzy)l (S,S()) = % (S— SQ)SIIIQ {RZ - ng +”z::11—‘ |:_TQ + W + ﬁ - W (B4)

Combining the expressions (B.3), (B.4) as indicated by (B.1) we obtain

1 — S sin2 P
()] (S5 80) = — £ { (8= So)sin” a+ (S + Sp) cos”a

2 N Ri1(S;S0) p (B.5
2r |5 =50 (S_50)251112a+(5+50)2c052a+ n(S; 0)} (B.5)
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where R11(S;Sp) represents the sum of the terms describing the effects determined by
the presence of the free surface

R11(S; So) Zrn{ S+SOCOS(2Q)+2HHCOSQ+ S — Sy — 2nH cosa

T2 V2
+S —So+2nHcosa -1 S + Sp cos(2a) — 2nH cos«
U? w2

R2 = (S — Sp)*sin®a+ (S — Sp)° cos?a = (S — Sp)°
T2 = (S — So)sin? a + ((S + Sp) cos a)?
T2 = (S — So)*sin® a + ((S + So) cos o + 2nH)? (B6)
U2 = (S — Sp)*sin®a + ((S So) cos o + 2nH)?
V2= (S —Sp)sin®a+ ((S — Sp)cosa — 2nH)?

2= (S — Sy)?sin? o+ ((S + So) cos v — 2nH)?

The contribution to stress drop on section 1 produced by the same section can be finally
written in this way

or [
" (0ny)1 (S580)p1(S0)dSo =

_ /211 pi(So)dSy . /211 (S — Sp)sin? a + (S + Sp) cos® a

0 S — 5o o (S —8p)2sin?a+ (S + Sp)2cos?a

p1(So0)dSy  (B.7)
21,

+ R11(S; S0)p1(S0)dSo
0

Contribution of section 2 on section 1

To calculate this contribution we follow the same procedure used in the last section.
Therefore we have to evaluate (any){l according to this expression

(any){I (S;29) = cosa (Umy)ij (S;20) —sina (azy){l (S; 20) (B.8)
Given
z=—-Ssina (B.9)
z=—Scos«

the stress components (4.8),(4.10) evaluated in an arbitrary point of section 1 assume this
form
(023)1" (S520) =

_ 1 2m OOF" z0+2(n+1)H — Scosa n 20+ 2nH + Scosa
2rl+m =~ S2sin® a+ (20 +2(n + 1)H — Scosa)®  S%sin?a + (20 4+ 2nH + S cos a)®

(UZy){I (S; 20)

_ M1 2m > r S'sin « _ S sin «
2w 14m = S2sin?a+ (20 + 2(n+ 1)H — Scosa)®  S2sin o + (20 + 2nH + S cos a)?
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(B.10)

Combining the expression found for (oy,)17, (0.,)1! according to (B.8) we find

(0ny)}" (S520) = —E2 + Ria(S; zo)} (B.11)

2m zpcosa+ S
2w

14+ mSsin?a+ (20 + Scosa)?
where

R12(S;20) =
_2m irn( [z0+2(n+1)H]cosa — S oT [20 +2(n+1)H]cosa+ S )
L+m &~ S2 sin2a+(zo+2(n+1)H—Scosa)2 S2 sin2a+(z0+2(n+1)H+Scosa)2
(B.12)

Therefore the stress induced on section 1 by slip of section 2 is assigned by the following

expression
o [ I 2m Ao zocosa+ S
- o S 2 zp)dzg = ——— 20)dz
w1 Jo (Ony )y (55 20)p2(20)d0 14+m Jy S2sin2a+(zo+5cosoz)2p2( 0)dz0

", (B.13)

+ R12(S; 20)p2(20)dzo
0

B.1.2 Stress drop on section 2

Contribution of section 2 on the same section

In this case, both the Cauchy kernel and the generalized Cauchy kernel are already explicit

i1 M2 1 1
* ; =—= r ; B.14
(Oay)y (25 20) o {z—zo + P + Raa(z zo)} ( )
where
dm = 1
R ; =— rm B.15
22(2’720) (1+m)2ngo z+zo+2(n+1)H ( )
Therefore the stress induced on section 2 by slip of the same section is equal to
on [2l2 215 d 215 d
-= (Uzy)£1 (23 20)p2(20)d20 :/ L(ZO) &l +F/ L('ZO) &l
H2 Jo 0 Z =20 0 zZ+ 20 (B.16)

212

+ RQQ (Z; Zo)pg (Zo)dZO
0
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Contribution of section 1 on section 2

The stress component (amy)g induced in a point of section 2 by slip of section 1 has this

form

(ny)é(z; So) =

gz 2 { Spcosa + z Socosa — 2z — 2H
S 2ml4m | 82sin®a+ (Spcosa+2)2  S2sin?a 4 (Socosa — z — 2H)?
> Spcosa+ 2+ 2nH Socosae —z—2(n+1)H
DI T
ot Sg sin® v+ (Spcosa + z + 2nH) Sgsin® o+ (Spcosa— z — 2(n+ 1)H)

(B.17)

The previous expression can be rewritten in order to explicit the term corresponding to
the generalized Cauchy kernel

I U2 2 SO cosa + 2
o z2;80) = ——<¢ — 4+ Ri2(2; S B.18
(9ay)s (23 50) 27 { 14 m SZsin® o + (Sp cosa + 2)2 12( 0)} (B-18)
where
Ri2(2;50) =
2 > n Socosa — z — 2nH 1 Socosa+ z+ 2nH
=-———>T , 5 +T , 5
1+m SZsin? a+ (Socosa — z — 2nH) SZsin® a+ (Socosa + z + 2nH)
(B.19)
The stress induced by section 1 on section 2 is assigned by this expression
or [ I 2 2L Socosa + z
- Oy ;5 So)dSy = — So)dS,
H2 Jo (9zy)s (73 S0)pr(S0)dSo 1+m Jg Sgsin2a+(50cosa+z)2p1( 0)dSo (B.20)
2l ’

+ Ri2(2;80)p1(S0)dSo
0

B.2 Study of asymptotic behaviour

B.2.1 Cauchy kernels

To evaluate the asymptotic behaviour of I11, Io; we have to use the Plemelj formula

Lhpt) 1 - _
gllﬁdt_z[wg)m ©] 1<g<1 (B.21)

because the point £ lies on the cut of the complex plane.
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Integral I

Using 4.23 and the Plemelj formula, we obtain

1Y p(t
;/ t”( 2 dt = —Ry(—1)2% cot(mby) (&1 + 1) 4+ Ry(+1)2% cot(may)(1 — &)™ + Fo(€)
1 t=&
(B.22)
where the behaviour of Fy near £&; = —1 is similar to that of @.

Integral I5;

Using the same procedure, we obtain

l /1 tp(tgz dt = —Rz(—l)Qal Cot(?‘rbl)(fg + 1)b1 T R2(+1)2b1 COt(Tral)(l _ §2)a1 + Go(f)
T™J_1t—

(B.23)

where the behaviour of Gy near & = —1 is similar to that of &q.

B.2.2 Generalized Cauchy kernels

The general form of a generalized Cauchy kernel is
S k d* / -1 i0
Doe(E+ D g€ —a@) a@=-1+E+ ), 0<f <om
k=0

When c¢g is the only coefficient different form 0, the kernel assumes its simplest form

Co

& —21(8)’

In this section we will show that the integral kernels corresponding to I12, I13, I22, [13 can

21(6) = =1+ (£ +1)e™ (B.24)

be expressed in this form.

Integral I5

Considering the second term in the first integral equation

p1(€1)de; (B.25)

/H (61— &) sin® o+ (& + € + 2) cos?
1 (& —&)2sina+ (& + € +2)2cos?

we have to prove the integral kernel is a generalized Cauchy kernel, so we have to rewrite
this term as indicated in (B.24).
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We try to split the integral kernel as indicated below

(&1 — f;) sin® a + (& + 5/1 +2) cos? a

(& —&)2sin® o+ (& + & +2)2 cos?
A N B
(& — &) sina—i(& + & +2)cosa (& — &) sina+i(& + & +2) cosa
[(51 — &) sina+i(& + & +2) cosa] A+ [(51 — &) sina —i(& + & +2) cosa} B (
(&1 —&)sina —i(& + & +2)cosa) - ((&1 — &) sina + (& + & +2) cos )
(& —&)sina - [A+ B+ (& + & +2)cosa - [iA —iB]
(& —&)?sin® o+ (& + & +2)2cos?

B.26)

Comparing the first and the last raw in (B.26) we find the following system for A, B

A+ B =sina
(B.27)
1A —iB = cosa
The system can be easily solved and its solution is given by
A = %eil(%ia)
(B.28)
B = %ez(%ia)

Using the expression found for A, we can rewrite the term corresponding to this coefficient
in the second raw of (B.26) as indicated here

A
(& — &) sina—i(6 + & +2)cosa
A
:(5/1 + 1)(sina+icosa) — (& + 1)(sina — i cos )
—Ae~i(3-9) (B.29)
TG LG 1)
A
& —z(&)
where
A = —Ae~i(3-0) = _16*21'(%*&) _ lezm
2 2
(B.30)

z1(&) = =1 — (& + 1)@
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Using the same procedure for the term corresponding to B in the second raw of (B.26)

we find
B p—
(& —&)sina+i(& + & +2)cosa
—B
(& + 1) (sina —icosa) — (& 4 1)(sina + i cos @)
—Beil5e) (B.31)
T THe (g +1)
___B
& — (&)
where
r_ L oai(z—a) _ 1 gia _ g7
B = 26 = 26 =A
(B.32)

#(&) = —1— (& +1)e72 = 7(&)

With the procedure shown, we can rewrite integral I1o as the sum of two integrals with
generalized Cauchy kernels

/ 41 (& — fl)sm a+ (& +£1 +2) cos? a (f )df
—&)?sin a4+ (& + & +2)2cos?a R (B.33)
+1 +1 .
—A P1 51 d£1 Ny 6)1(51)6%1
/1 & —2(&) /—1 & —z1(61)
The asymptotic behaviour of these integrals can be evaluated defining
1t ) _
L —atae) (B.34)
10t p) _
T /4 ¢ —z(&) &' =) (B.35)

Substituting z; + 1 = € (&1 + 1)@ for (B.34) and z7 + 1 for (B.35) in equation (4.23)
we obtain

ai (51 + l)bl

sin(mby) s &) (B.36)

®(21(61)) = —Ra1(=1)2

ai (51 + 1)b1

—2iab; F” B.
sin (b ) € + Fy (&) (B.37)

P(z(61)) = —Ra(=1)2
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where the behaviour of Fy, F}' near §& = —1 is similar to that of @y.
Combining this results we can finally find the asymptotic behaviour of I;5

_1/+1 (& — 51)5111204 + (& +€l1 +2) cos® a
(&1 —&)? sin v + (& + & +2)2cos? a

— (A’<1><z1(§1)) +T<I>(Z(€1)))

pr(€))dE, =

B.38)
_ a EL D T/ i) L —2ia(14b) (
=Ri(-1)2 s | (c +e )|+ Fi&)

— _ al (51 + 1)b1

—Rl( 1)2 Sil’l(ﬂ'bl) COS(2a(1 + bl)) + Fl(gl)
where F] has behaviour near £ = —1 similar to that of @, being a linear combination of

/ A
FI’FI .

Integral I3

We consider now the term describing the stress induced on the inclined section by slip of
the vertical section

+1 (€2+1)C0504+ (5l+1) .,
/ a(E,) e, (B.39)

2
—1 <§1> (61 +1)2sin®a + <(§’2+1)+l(§1+1)cosa)
2 2

In order to write the integral kernel in the form of a generalized Cauchy kernel we proceed
with the same procedure used for the integral I

(& +1)cosa + (51 +1)

2 2
((fé +1)+ 5*1(51 + 1) cos a) + (;(51 +1) sina)
2 2

A

<(§§ +1) + 5*1(51 + l)cosa> —1 <§1(§1 +1) sina)
2 2

B
<§2+1 1—&-1)00504)—1—@'(;1(51—1—1)511104)
2

K(iéJrl) =& +1) Cosa) z< §1+1)sma>}fl

2 2
((fé +1)+ 51 + 1) cos a) ( & +1) sma)

X K(@H) 52(§1+1 cosa) <zl (& +1) smaﬂéz

2
<(fé+1)+§1(§1+ Cosa) + (ll &141) sma)

- (ﬁé +1) [A } (51 +1) [(cosa + zsma)A + (cosa — zsma)

2 2
( (& +1) (51 + 1) cos a) + (51(51 +1) sina)
2
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(B.40)
To find /Al, B we have to solve the system
A + B =cosa
(B.41)
At e B =1
whose solution is
-1
A= 56_“"
(B.42)
L1
B = 561(]
The term corresponding to A can be rewritten in the following way
A
/ l g : B
((52 +1)+ l—l(fl + 1) cos a) —1 (ll(fl + 1) sin a)
2 2
B A
o ’ ll ..
&+1+ E(cosa —isina)(§ +1) (B.43)
B A
T l )
G+ 1+ Lemin(ey +1)
2
A
& —4(&)
where
1
A= 56 e
(B.44)
. l ;
21(&) =-1- é(ﬁl + e
Following the same procedure we can rewrite the term corresponding to B
B p—
, l (1 :
<(§2 +1)+ li(fl + 1) cos a) +1 <l1(§1 + 1) sin a)
2 2
B B
a ’ ll ..
&E+1+ E(co&a +isina)(& +1) (B.45)

B

o I,
&+ 1+ e (6 +1)
2

B B
& - 4(&)



116 APPENDIX B. DETAILS ABOUT FAULT BENDING MODEL

where

A 1 .
B=Ce=A
(B.46)

A %(51 L) = 5 ()

Therefore the integral Is3 can be expressed as the sum of two integrals with generalized
Cauchy kernels

+1 !’ !
/ S 0a(E3)del =
—1 (ll

2
l> (&1 4+ 1)2sin a + ((5; +1)+ %(51 +1) cos a) (B.47)
2 2

+1 Nael L '\ e
i [T s 7 [ e,
[1 & — 21(&) - [1 & — 21(&)

(& +1)cosa+ (6 +1)
2

The asymptotic behaviour of these integrals can be evaluated defining
Lt pE) .
— — _d¢ = B.48
L e (B.49
)
(

l ! P(f/ " — (5
e e =) (.49

1 ) _
Substituting 2; +1 = emlfl(& +1)e™"* for (B.48) and 2; + 1 for (B.49) in equation (4.23),
2

we obtain
w(:1(60)) = ~Ra-12 - [Be 1 p)] e 4 F(ey) (B.50)
AN o 2 Sin(ﬂ'bg) _l2 ! ] € 1151 '
w(E(E) = ~Ra-125 - [Be 1 p)] o 4 £ (ey) (B.51)
A1 gl o 2 Sin(ﬂ'bg) _lQ 61 ] € 1 ! ’
where the behaviour of FY, Y near £, = —1 is similar to that of @g.

Therefore, combining (B.50),(B.51) as indicated by (B.47), we find the asymptotic evalu-
ation for I3

1 +1
—;/71 l1 2 . 9 , l1
<12> (&1 +1)2sin o + ((52 +1)+ E(gl + 1) cos a)

= — (A2(z1(&) + A0(E (&) (B.52)
sin(irbg) [2(& + 1)} b [; (e_ia(l-‘rln) +eia(1+b2))] +p1(51)

1
sin(mwby)

(€5 + 1) cosar + %(fl +1)

5 p2(E)dEy =

=Ry(—1)2%

=Ry(—1)2%

I ba N
[l;(& 4 1)} cos(a(l+b2)) + Fi(&1)

where F) has behaviour near £; = —1 similar to that of F/, F7.
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Integral Io

In this case the term can be immediately written as a generalized Cauchy kernel

+1 "\ e, +1 J)deE,
/ Mf/ p2(82) 4y 2(€2) = -1-(&2+1)

1 SE+G+2 o G- 2(&)

Therefore we find

1T pa(&)de, (&2 +1)"
- BLEAS > Yk I = Ro(—=1)2022>2_ "~ 1 @ B.53
[1 Gt 12 (22(&2)) 2(—1) sin(7by) + G1(&2) ( )
where the behaviour of G1 near & = —1 is similar to that of &q.

Integral I3

The last term to be considered is the one describing the stress induced on the vertical
section by slip on the inclined section

" (& +1)cosa+ 2 (6 +1) o
/ _1(€)dE, (B.54)

—1

(& +1)2sin® a + ((51 +cosat - S+ 1))

As done for the other terms we try to express the integral kernel as the sum of two
generalized Cauchy kernels

(&1 +1)cosa + (52 +1)

2
(€, +1)2sin®a + <(§1 +1)cosa + (52 + 1))

A

(& +1)sina —i ((51 +1)cosa + (52 + 1))

B
+ =

(6 + Dsina+i (6 + Doosa+ e+ 1))
1

[(5'1 +1)sina +i ((51 +1)cosa + (52 + 1))] A (B.55)

2
(& +1)2sin*a + ((5’1 +1)cosa+ ;—2@2 + 1))
1

N [(fi +1)sina —i ((5/1 +1)cosa + ;2(52+1))] B )

2
(& +1)2sin? a + ((51 +1)cosa + (52 + 1))

e, [ui - iB]

(&, +1) | (sina +icosa)A + (sina — i cos a)B} 7
— 1

2
(& +1)2sin®a + ((51 +1)cosa + ; (62 + 1))
1
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Therefore A, B must satisfy the following system

ei(7_a)f~1 + e_i(%_a)é = cos

(B.56)
iA—iB=1
whose solution is
A=1le7's
(B.57)
B = %elg

Following the usual procedure, we consider now the term corresponding to A in the first

raw of equation (B.55)

A

(& + 1) sine — ((61 +1)cosa+ 5—2(52 + 1))
1

A

(&) + 1)(sina —icosa) — i%(fg +1)

A (B.58)
(€ + 1)e " (570) 1 2emig(gy 4 1)

B flei(%f‘)‘)

L ly .
§+1+ e +1)
1

~/

B A
& — za(&2)

(B.59)
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The term corresponding to B assumes instead this form

B

(5'1 +1)sina+1 ((fl + 1)cosa+ (52 + ))

B

_(5’1 + 1)(sina +icosa) + z’%(gg +1)

B B

(G neE) 4 %ei%(fz +1)
Be—(3-2)

, ly .
G+ 1+ e (6 +1)
1

~/

B
& — 5(&)

~ ~ : 1 . T (7 1 . =
B = Be_l(i_a) = 5@156_1(7_(1) = §eza = A

S(E) = 1 %(52 L 1)ei = 5(6)

Therefore I»3 can be expressed in the following way

Sp1(&)dE; =

/+1 (€ + 1) cos + ({2 +1)

g rstar (€4 1>cosa+l €+ 1)

+1 Nge = L
[P T [ e
/—1 & — 22(&2) " /_1 & — 22(&)

The asymptotic behaviour of these integrals can be evaluated defining

Lo

< p(€ " — (3,
[1 Tl = 2 (E)

s

d§' = P(%(82))

119

(B.60)

(B.61)

(B.62)

(B.63)

(B.64)

Substituting 2o+ 1 = 6”%(52 +1)e " for (B.63) and 22+ 1 for (B.64) in equation (4.23),
1

we obtain

1 [l 1

P(%2(&)) = —Ru(-1)2

sin(wbl) _ll

~b1

B(E(E) = —Ri(-12 —— 24 )| oo 4 Gl (e)

sin(mby) |11

2+ 1)| et 4 Gi()

(B.65)

(B.66)
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where the behaviour of G}, G” near & = —1 is similar to that of @.
Combining (B.65),(B.66) as indicated by (B.62), we find the asymptotic evaluation for I3

(€1 +1) cosa + (62 +1)

1 [+t b
= . 1(€1)d€] =
(& )2sinfa+ [ (& + 1) cosa + (52 + 1))
=— | A /H Pl(fl)d& //H P1(§1)df1 B.67
1 & — 2 ) 1 & = (&) (B.67)
_ a by L ia4b1) | ia(i4b) A
=Ri(—1)2 e [l §2+1} [ (e +e ) +G1(&2)
=Ry (—1)2 e [ZQ §2+1} cos(a(1 4 by)) + G1 (&)
where G4 has behaviour near & = —1 similar to that of @y, being a linear combination
of G, G

B.3 Stress drop condition

In order to evaluate the integrals I;; we can use the following integral relation

/+1(x — )7 M1 =) (1 4+ )PP (t)dt = 2(x — 1)%(x + 1)°Q*) (2) (B.68)

—1

and to determine bounded and singular terms of the integrals we will use the following
representation for the Jacobi functions of second type

QP (@) = = 3 ese(xB)e ™ P (a)

2T (n+1+a)

atB=1(y _ )%y -B(_
2 = ) ) ) T

F(n+1,—n—a—ﬁ;1—ﬁ;%(l+x))
(B.69)

For mathematical details please refer to appendix A.2.

B.3.1 Crack section 1

Integral I

If we substitute p; in I11, we obtain

d ’ ’ 1 ’ ) ’ ’
111:[1 GV 51 ka/ —E) -+ )P s 7o)
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We have to determine its value in a point £ € (—1, 1), but the complex plane is cut along
this segment and so we have to proceed in the following way

+1 L
/ (61— €)1 1 — &) H1 + €)° P (e))ag) =

-1
=3 [ar -t s el v -y ke H el @)

That is, we calculate the integrals in &7 = ¢ +i0,&~ = ¢ — i0 corresponding to the
opposite borders of the cut and take the mean of these values as the result of the integral.

Regarding the arguments to assign to & — 1,&; + 1:
e in &1 we take arg(&;T — 1) =, arg(&7 +1) =0
e in ¢~ we instead take arg(&;” — 1) = —m, arg(§1~ + 1) =27

Following the procedure described before, we ordain

+1 ! !
I =/ M = I+ 1" (B.71)
1 51 751
where
, =
Ih° = —n (1=&) 2 (1+&)" cot(mw) Z’ykpk E’w)(fl)
k=0

1
2 =272t r(w) Z’Yk(—l)k : F (k—i— 1, —k+ 5w 1—w; 5(1 —1—51))
k=0 F<k+12+W)

We can observe that I;;° corresponds to a singular term for the stress near the crack tips,

(B.72)

while 111 remains bounded approaching the ends of the crack.
Letting £ — —1 we obtain that

“+o0
(1+&)™“In® Ll NES cot(mw) Z'ykplgié’w)(—l) (B.73)
k=0

I8 S1——1 9= 3ztw I'(w) Z’Vk(_l)k (B.74)
k=0
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Integral Io

The integral can be rewritten in the following way

+1 N ain2 ’ 2
B (&1 —&)sin“a+ (& + & +2)cos® i
fi2 = /—1 (&1 —&1)2sin® o+ (&1 + € +2)2 cos? Ofpl(gl)dgl
+1 N e +1 I\ et
N 01(51)6551/ A p1(&1)dé, (B.75)
( 1/_1 ale)—& 1/—1 zi(6) — &
- [cos(?a) Re {J12} — sin(2a) Im{Jlg}}
where
’ ’ 1 1
Ji2 = /+1 2B A= (B.76)
1 ) -6 2(E1) = —1 — e¥ (g + 1)

If we evaluate the integral Jio, the integral relation (B.68) can be applied without any
further considerations, because z; does not lie on the cut of the complex plane.

+1 el 1 oo L
/_1 m =2(z1 (&) = 1) 2 (21 (&) +1)° Z:%Q,(C i) (21 (&) (B.77)

Using the relation (B.69) we can represent the result in this way

Jiz = Ji2° + J1o” (B.78)

where

1
2

S 2iaw 2ic - %7“" 2
=— 2 1 P —1 — 1
Ji2 e (24 ¥ (G 4+1)) P (G +1 Sn(n Z% e (&1 + 1))
k+1-1) 1 1,
o 7§+w ( o I . Yo'
Jig” =2 I'(w Z’yk S >F<k+1, k+2 w;l—w; 5¢ (£1+1)>
Now if we define
15 = — [cos(2) Re {J12S} — sin(2a) {Jlgs}] (B.79)
I15” = — [cos(2a) Re { J12” } — sin(2a) {J12" }] (B.80)
and letting £ — —1 we obtain
14+6)7 IS 8278 o3 P29 (21) ) cos(2a(1 B.81
(1+&) 12 sin(rw) (Z’Yk cos(2a(1 + w)) (B.81)
because €2 is the only factor that remains complex in this limit, therefore to obtain

the previous result is sufficient to apply the following trigonometry identity

cos(2aw) cos(2a) — sin(2aw) sin(2a) = cos(2a(l + w)) (B.82)
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Considering the second term, we obtain

(e )
I8 827 ot I'(w Z’)’k ] cos(2a) (B.83)
(k +1--+ w)
2
because in this limit Ji2 become real.
Integral I3
Now we consider the integral
+1 (§2+1)cosa+ (€1+1) .
RS / N2 502(82)ds
! <1> (€1 +1)2sin® a + ((fé +1)+ —(51 + 1) cos a)
lg l2
R R (B.84)
_ 1211/ Apl(fl) 51/ +A1/ L p1(&1)dé;
1 2&) & 1 2 (&) - &
=— [cosa Re{Jis} +sina Im{J13}:|
where
+1 N g Ay = Le-ia
==
Jizg = / M7 2 " (B-85)
1 2 @) -6 aE)=-l-e (& +1)
2

Z1 is not on the cut of the complex plane, so Ji3 can be evaluated without any further
considerations using equation (B.68)

+1 I\ . too "
/ f)l((;l% =2m @) -GG 1)WZ’W€Q£ ) (2 ) (B.86)
-1 2181 1 Pt

Using relation (B.69), we can express the solution in this form
Jiz = Ji3° + Ji5” (B.87)

where

1

5ot = e (24 e @) R n] o ZﬁkP P (- @)

B _ —%-s-u k (k"_l_*) _ 1 ._1 —mli
Jis” =2 Zﬁ’“ k+1—7+w)F Bl k+2 wil —wi—ge MG+ 1)
Defining
I15% = — [cos(a) Re {J15°} — sin(a) {J15° }] (B.88)

Ii5" = — [cos(e) Re { /137 } —sin(a) {J137 }] (B.89)
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and letting & — —1, for I13° we obtain

w [+oo N
(14+6) ™ L% 9L mpb (11) <Zﬁkp,§‘2"")(—1)>cos(a(1+w)) (B.90)
2 k=0

sin(mw) \ 1
considering the following trigonometry relation
cos(aw) cos(ar) — sin(aw) sin(a) = cos(a(l + w)) (B.91)

while for I;37 we obtain

I,8 877 o—stw I'(w) Zﬂk(—l)k 1 cos & (B.92)
k=0 I‘(k‘+1—2+w)
B.3.2 Crack section 2
Integral Iy
Using the same procedure adopted for the integral I1;
+1 ’ ’
I = / M = I + 1" (B.93)
1 26

where

+o0 L
A p— (1— 52)*% (1 + &) cot(mw) Zﬁkpli_iw(@)
k=0

+oo r (k +1-— 2) 1 1
In? = 273 D) 3 (1) Pkttt g -wl-wga+a)
k=0

r (k +1- % + w) 2
(B.94)
Letting £ — —1 we obtain
1 1 = 1
(L+ &) In® 2770 7273 cot(mw) Y APy #)(-1) (B.95)
k=0

+oo r (k +1-— ;)

I, " §a——1 9-3tw I'(w) Zﬁk(_l)k (B.96)
k=0
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Integral Io

This integral can be so expressed

+1 ! ! +1 ! !
p2(§2)dEy p2(§2)dés
Iy = —r 22 = —
22 / ¢

a (&) - & =-1- B.
g S+ & +2 L om (&) -6 22(&2) 1—(&+1) (B.97)

So using the integral relation (B.68) and equation (B.69), we obtain
Iy = Ins® + 52" (B.98)

where

IS =(1-6) F(1+&)°

o
Z Tl (& + 1))

sm -0
= T < - ) 1 1
I = 273 D(w Zﬂk F<k+1,k+2w;1w;2(1+€2)>
(k +1-= + w>
(B.99)
Letting £ — —1, we obtain
—w, s &2——1 7% 2 "J)
(1+ &) In o Zﬁ P ~1) (B.100)
+oo T (k +1-— ;)
Ip® E27L o it () Y Bu(-1)F : (B.101)
k=0 I‘<k+12+w)
Integral I3
The integral can be rewritten in the following way
» (€ + Deosa+ 26+ 1) o
I = [ . 201 (€)dé;
-1 . .
(&) +1)2sina + ((51 +1)cosa —|— (52 + ))
" L " (B.102)
— _ 1[12/ p1(§1)d&; + Ag/ £1(51)d§1 +
1 2(&) & —1 22 (&) - &
- [cosa Re{Ja3} +sina Im{Jgg}:|
where
+1 ’ ’ A 1€7ia
5 = =
Jos = / l&)ds 2 L (B.103)
o1 2(6) & Z9(&2) = —1— fmf(& +1)
1
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The point 29 is not on the cut of the complex plane, so using (A.5) we obtain

+1 ! ! . too 1.
[ 2SR a6 -7 o)+ 07 o wel T (e (B.101)

Using (B.69), the solution can be so expressed
Jaz = Ja3® + Jog” (B.105)

where

1
—taw l — o2
J23S = —e <2 + 2ot * (& + 1))

Ze+)| ot S ep( ) (1= R @)
I T sin(rw) k:O’yk k T

e o Tl+1-3) U R pE
Jaz® =2 T'(w Z’yk k+1—7—|—w)F(k+1’ k+§ w; 1 — w; ¢ (§2+1)>
Now if we define
Is® = — [cos(a) Re {Jggs} — sin(a) {J23s}] (B.106)
B = — [cos(a) Re {J23B} — sin(a) {JggB}] (B.107)

Letting & — —1, for Io3° we obtain

Y I et NP S | (- 2w>
(14+&)™ - Ias ) gy ( ) (Z'y P, ~1 ) cos(a(1 4+ w)) (B.108)
using the trigonometry relation

cos(aw) cos(a) — sin(aw) sin(a) = cos(a(l + w)) (B.109)

For the bounded term I»3”, we obtain

1
: <k o)
Is? Lt N, b £ Nw Z%

1

cos a (B.110)
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B.4 Numerical solution

127

B.4.1 Evaluation of R;;(k,n) coefficients

The integrals R;j(k,n) can be rewritten in the following way

Rll(k, TL) =

where
1 ..
21
Ay = e,
1 .
—ix
App = ce )

_ —ix
Aoy = 3¢

d  T(&) o (TG Tu&) ),
TG o 1/ i-geg o)

dey,  To(&)  —— [T de, T(
52 = (62) +A12/ 51 = (éi dfl
1— &2 & +vi2 -1 1—-&28& + 012

+1

de,  To(&) —— [TYodg,  Tu(E
fl == (51) +A21/ 51 = (éi d£2
1—-€2& +vx 1 /1 -&2& +tn

T (&) ) "

1 1R & +um

(B.111)

vir =14 € (& +1)

ll —tx
U12:1+7€ (€1+1)
2

ly —ia
U21:1+7€ (62—1—1)
1
U2 =&+ 2

We are using the non-dimensional variables £, ¢’ € (—1,1), so we can consider the following

changes of variable

€ = cos(0)
§ = cos(yp)

(B.112)
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Using (B.112) in (B.111), we obtain

s

Ryi(k,n) = +An

. . T cos(nf)dd  —— [T cos(nd)df
sin((k + 1)) sin(y) (A11/0 m ; COSW)W)d

s

sin((k + 1)) sin(p)J11(p, n)de

o—

™

ng(k, TL) =

sin((k + 1)) sin(y) (A12 /07T cos(nf)df A " _cos(nd)d >d

cos(0) + v12 12 o cos(f) + 12

™

sin((k + 1)) sin(p) Ji2(p, n)de

o— —

= Aﬂ Sln((k' + 1)(p) Sin(@)Jm(cp, n)d(p
Raa(k,n) = g sin((k 4+ 1)) sin(p) (/077 m)

us

sin((k + 1)) sin() Jaz(, n)de

o— —

where the integrals J;;(y,n) can be solved analytically; in fact, if we take z = et

1 22+ 1)dz 1 "d d
7'/ _alde 1 / _ 2z +/ S (B.113)
2i Jompy 2™ (22 + 20552+ 1) 20 | o (22 + 20552 + 1) a=p1] 2" (22 + 20552 + 1)

both the integrals can be evaluated using the residual theorem.
In the first integral, the integrand function fi(z) has only one singular point inside the
unit circle

21 = —Ui + UZ-QJ- -1 (B.114)

This singularity is a simple pole and the corresponding residual is equal to

Res[f1(z),z1] = <_Uij i Ugj _ 1)

- (B.115)

2,/vi; =1

Considering the second integral, in this case we have two singular points, a pole of order
n in z = 0 and a simple pole in z;. It’s easy to verify that for every n, the sum of the
corresponding residuals is equal to Res [f1(z), z1] and so we obtain that

5 n
1 22+ 1) dz ( Uij+\/vij_1)
21 / " (22 + 2’U‘)‘Z +1) (B.116)
z=[1] tj vfj -1
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The integrals J;;(p,n) are here reported

Jii(p,n) =

_ 1 2ic 1 / (Z2n + ]') dz —21a 1 / 27l + 1) dz
) € 2i Jompyy 2" (22 4+ 2112+ 1) 2i Joep 2™ ( Z2+2U112+1)

(—U11 + v/ U%l — 1) ( V11 + /U )
=7 |cos(2a) Re — sin(2a) Im

2
v — 1

Jiz(p,n) =

1 el / (22" + 1) dz L gia 1 / (22" + 1) dz

"2 2y 2o+ ) ) O 2y 2 (P 4 20+ 1)
(—U12 + U3, — 1) (—Ulg + /vy — 1)

cos o Re + sinaIm

=7 2 2
vip — 1 vip — 1

Ja1(p,m) =

L] a1 / (22" +1) dz Lo (] / (22" 4+ 1) dz

2| 2y P 2ume ) ) T 2y 2 (P 4 20w 1)
(—U21 + \/Ugl - 1) (—U21 + \/Ugl — 1)

cos a Re + sinaIm

=T

2 2
vy — 1 vy — 1

Joa(p,m) =

/ 2"dz (_U22 + /3y — 1)”
B 2=|1| i(

3 =T
22+2U112+1) ’U%2 —1






Appendix C

Details about fault branching

model

C.1 Stress drop evaluation

C.1.1 Contribution of section 1b on section 1la

To evaluate (anay){, we use the following relation

(nay)t (Sa; Sov) = €08 1q (04y)] (Sa; Sop) — sin g (024)1 (Sa; Sop) (C.1)
Given that
r = —8,sina, (C.2)
z = —S,cos g,

stress components (axy){ , (azy){ can be written in this form

(Uwy)i(stﬁ Sop) =

_m { S, cos a1 — Sop COS 1 B FSa cos g + Sop COS a1y

2r R? T3
> n S, cos e + Sopcosaqy +2nH S, cosay, — Sop cos ay — 2nH
+>T [—F 7 + 3
n=1
S, cos a1 — Sop cOs a1y + 2nH -1 Sq cosag + Sop cos gy — 2nH
U? a w2

(C.3)

Iiq. 5 . . 1 T &L T 1 1t
(024)7 (Sa; Sop) = o (Sasin oy, — Sop sin aqy) {RQ — T—OQ —|—nz::11" {_TQ + %) + =W

(C.4)

131
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where

. . 2 2
S, sin aig — Sop Sin ayp Sq cos a1a — Sop COS A1p)
2

. . 2
S, sin iy — Sop sin ayy Sq cos g + Sop COS (1p)

2

. . 2
Sy sin a1 — Sop Sin ayp, Sq cosay, — Sopcos agy — 2nH)

B2 = ( )
T§ = ( )
T? = (S, sinaj, — Spp sin 0111,)2
VE=( )
U2 = ( )’

(
(
(Sa cos a1q + Sop cos agp + 2nH)2
(
(

. . 2
S, sin arg — Sop Sin ayp Sa cos g, — Sopcos agy + 2nH)

L+ o+ + o+

W?2 = (S, sinay, — Spp sin alb)2 (84 cos a1q + Sop cOs ap — 2nH)2

Evaluating (op,y) { we obtain this expression

(Unay)i (Sa; Sob) =

_ M Sa — Sop cos(arg — agp)
27 (

; . p) 2
Sasinai, — Sopsinagp)” + (Sg cos a1, — Sop cos agp)

Sa + Sop cos(a1q + a1p)

-T
(S sin oy, — Sop sin alb)2 + (Sq cosay, + Sop coS a1p)

5 + R14,16(Sa; Soz;)}

where Riq 15(Saq; Sop) has the following form

Ria,16(Sq; Sop) =

_ > n FSa + Sop cos(a1q + a1p) + 2nH cosay,  Sa — Sop cos(a1q — a1p) — 2nH cos aqg
- Z o T2 + V2
n=1

Sa — Sop cos(arg — ap) + 2nH cos g -1 Sa + Sop cos(arq + a1p) — 2nH cos ay,

+ U? w2

The stress induced on section la due to slip on section 1b is equal to

27'(' 2l I
- (Tnay)i (Sas Sov)p1u(Sop)dSop =
H1 Jo
2 S, — Sop cos(ag —
= / - — 3 (s 10) 5 P16(Sob)dSop
0 (Sasinaig — Sop sinagp)” + (S, cos aq — Sop cOs aqp)
s Sa + Sop cos(ay + o
_ F/ ’ a. 0b - ( la 1b> 2p1b(50b)d5'0b
0 (Sgsinag, — Sopsinagy)” + (Sg cos arg + Sop cos agp)
2l1p

+ Ri1a,16(Sa; Sov) p16(Sob)dSop (C.5)
0
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C.2 Study of asymptotic behaviour

C.2.1 Generalized Cauchy kernels

Integral I,'¢

Consider the first further integral corresponding to a generalized Cauchy kernel

okl (fla + 1) - (f;b + 1) cos(ala - Oélb) , ,
gplb(§1b)dflb

/+1 Ly
—1 lla, . ’ . 2 lla ’
— (1o +1)sinoie — (&, + 1) sinasy | + | 7 (€1a + 1) cosra — (&5, + 1) cos ap

l1b llb
(C.6)
We try to split the integral in the following way
lia /
l%b(fla +1) = (&1 + 1) cos(ara — aip)
I 2 2T
(lli(&a + 1) sinaie — (&, + 1) sin alb) + (lli(fm +1)cosaiq — (&, + 1) cos a1b>
16 16
~ 71 - I *
(lli(gla + 1) sinaia — (&, + 1) sin a1b) —1 (llfa(ém + 1) cosaiq — (&, + 1) cos alb)
16 15
By _
l a . ’ . . l a ’7 -
(lli(gla + 1)sinaiq — (&, + 1) sin alb) +i (llf(éla + 1) cosaia — (&, + 1) cos alb)
16 1b
[ l a . 4 . 1 a ’ | c7
(li(gla + 1D)sinaiq — (£, + 1) sin alb) +1i <l1—(§1a + 1) cosaia — (&, + 1) cos 0411,) Ay (€D
1p 1b
_L -+
lla . ’ . 2 lla ’ 2
E(&a + 1)sinaiq — (&, + 1)sinaous | + E(&a + 1) cosaia — (&, + 1) cos ap
[ l a . / . . l a / )
(llf(fla + 1)sinaiq — (&1 + 1) smalb) —1 (ll—(fla +1)cosaiq — (&1p + 1) cos a1b> B
L\ l1p 15 | _
lla . ’ . 2 lla ’ 2
H(gla + 1)sinaia — (&, + 1)sinaw | + H(gla + 1) cosaia — (&, + 1) cos ap

Be (4 1) (G ay e (Fre) By ] = (g, +1) [(BP) A4y 4 (5

- l a ’ . 2 l a ’ 2
(L(fm + 1)sinaia — (&, + 1) sin alb) + (llf(fm + 1) cosaia — (&, + 1) cos a1b>
16

If we compare the first and the last raw of equation (C.7) we find that A;, B; must satisfy

this system

G(5ai) gy 4 ¢iEo)p, — 1
(C.8)

ei(%_B“)Al + e_i(%_ﬁ“)Bl = cos(a1q — Q1p)
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Solving the system, we find that coefficients A;, By are respectively

Al = le_i(%_oﬂa‘)

2
(C.9)
B, = %ei(%_a“)
We can now manipulate the term corresponding to A; in (C.7) and obtain
Ay B
lla . ’ . . lla ’ B
m(fla +1)sinai, — (§, +1)sinagy | — 14 H(Ela +1)cosaiq — (£, + 1) cosayy
A B
lia . . , . . -
li(fla + 1)(sinaiq —icos i) — (&, + 1)(sinaiy — i cos aup)
7A16i(%7a1b)
, la -
€y +1— F2eilomn—an) (g, +1)
l1p
A
/ C.10
&, — =1 (60) (C10)
where
A,l _ _Alei(%—alb) — _lei(ala_alb) — lei(ﬂ-‘rocm—oéw)
(C.11)
lia .
21(€1a) = =1 = 72 (1q + Dei(mHare=om)
l1p
Using the same procedure, we can now rewrite the term corresponding to B;
By _
l ’ . . l ’ N
(lllz(fla +1)sinai, — (£, +1) sma1b> +1 (lllz(fla +1)cosai, — (£, + 1) cos 0411))
By _
l a . . 7 . . o
li(fla + 1)(sinaiq +icosaie) — (&, + 1)(sin gy 4 icos agy)
—Ble_i(%_alb)
, ha . -
€, 41— 22eilara—an) (£, 4+ 1)
lip
B
7 C.12
glb - (Zla)II(gla) ( )
where
B/1 — _Ble_i(%_alb) — _le_i(ala_alb) — %e_i(ﬂ"‘l‘ala_alb) — Ai'l
(C.13)

lla

-1- m(gla + 1>€_i(ﬂ—+a1a_alb) = 71(5111)

22(1a) =
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We have found that the integral I,'® can be expressed in the following way

ho (610 4 1) — (€ + 1) cos(ara — )

~p1s(E1p)dér, =

/“ Ly
l a . ! . 2 l a ’
-1 (1—(§1a +1)sinaia — (&, + 1) sin alb) + (lf(fla +1)cosaiq — (&), + 1) cos alb)
llb llb

+1 ’ ’ 41 / ’
_ A/ lflb(flb)dﬁw A P/lb(gw)dflb
! [1 £1b - Zl(gla) T4 [1 £1b - Z(&a)

(C.14)
The asymptotic behaviour of these integrals can be evaluated defining

e p(€) /
— ————d' =9 C.15
e a =t (C.15)
Lt pE) A
— ————d' =9 C.16
e e (©16)

a .
Substituting z; +1 = —1 + 6”%(&1 + 1)eilmtara—an) for (C.15) and z7 + 1 for (C.16)
1b

in equation (4.23) we obtain

bip
®(21(614)) = —Ryp(—1)2°" ll“(«sla+1>] gilmrata—awlbn 4 Fl(e),)  (C.1T)

sin(7b1p)

e bip .,
[L,@wl)] e T T 4 i (61a)  (C18)

(F(610)) = R (12" s

where the behaviour of Fy, F} near &, = —1 is similar to that of .
Combining this results as indicated by equation (C.14) we find the asymptotic evaluation
corresponding to [ 141

lla (

_1/“ le
T™J 1 (lla

3
(€10 + 1) sinaia — (&, + 1) sin a1b> + (

€ra +1) — (€1 + 1) cos(ara — ap)

l S p1v(E1p)dEry =
la
(

" &1a + 1) cosaiq — (§1b + 1) cos alb)
15

[

- (A’lcb(zl(ém)) +Z¢(5(5la))) -

1 lia bry - 1+b —i - 14b
= Ryp(—1)2910 w1 = ( i(T+a1q—a1p)(1+b1p) i(Tt+are—ayp)(1+ 1b)) ja W) =
16(—1) R p— [hb (€10 + )} 5 (¢ +e + Fi(é1a)

Y lia b1y
= Ryp(—1)2% sin(7lrb1b) [E(&a + 1)} cos((m + a1a — a1p)(1 + b1p)) + Fi(€1a) =

b1p
= —Ryp(—1)2% sin(Tlrbu,) [%(Em + 1)} cos(mbip + (@1a — a@1p)(1 + b1s)) + F1(&1a)

(C.19)

where F] has behaviour near £ = —1 similar to that of @, being a linear combination of
F|, F/.
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Integral I5'¢

Consider now the second of the further integral corresponding to a generalized Cauchy
kernel

+1
/71 (lla

2
’ . l a ’
—(&1a + 1)sinoua — (£, + 1) s1no¢1b> + (ll—(&a + 1) cosaia + (&1, + 1) cos alb)
15

l1a /
117(51(1 +1) + (§15 + 1) cos(aia + a1sp)
1

2P1b(51b)dfib

(C.20)
We split the integral kernel in the following way
lia /
T (€10 + 1) + (1 + 1) cos(ata + o)
lla . ’ . 2 lla ’ 2
(§1a 1)sinaia — (&, + 1) sinas (§1a 1) cosaia + (&5 + 1) cos ap
~7l = l *
(ll—[;(&a + 1)sinaig — (f;b + 1) sin a1b> — 1 (;—Z({la + 1) cos aiq + (5;17 + 1) cos a1b>
1 1
Bs B
l a . ’ . . a ’ o
(117(51“ + 1)sinaia — (&, + 1) sin au;) +1 (il—b(fm + 1) cosaia + (&, + 1) cos a1b>
1 1
(C.21)

l a ! . . l a
|:(lib (§1a + 1) sinaiq — (£, + 1) sin alb) +1 (i(fm + 1) cosaia + (flb + 1) cos alb)} Ag
1

lia , . > [l
(llb (€10 + 1) sinoiq — (€, + 1) sin a1b> ( ! (€10 + 1) cos a1q + (€5, + 1) cos om,)
1

l

l a 4 . . a
{(llb ({10 + 1) sinaia — (£, + 1) sin ozlb) —1 (i(fu + 1) cosaia + (f1b + 1) cos alb)} Bo
1 1

la : : |, (ha
(lib (€1a + 1) sinara — (&5, + 1) sin au,) ( 1 (€14 + 1) cos ra + (&, + 1) cos aw)

2 1) [er(F0) g e (Emon) o) (€, 1) [ (B H0n) a4 e (B hen) g

la : . * (e : :
(l1 (€10 + 1) sin g — (&), + 1) sin ozlb> + (ﬁ(ﬁm + 1) cosaia + (&, + 1) cos a1b>
1b 1

Comparing the first and the last raw we find that As and By must satisfy the following

conditions

¢(Fa) 4 4 (5-ma)p =1

(C.22)
ei(%-w“)/h + e_i(ngﬁa)Bl = cos(aiq + Q)
Solving the system we can determine coefficients As, Bo
AQ _ %e—i(%—()na)
(C.23)
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The term corresponding to A can be rearranged in this way

Ay -
(lli:(&a +1)sinai, — (&, + 1) sinau;) —1 (lliz(fm + 1) cosaiq + (& + 1) cos alb)
As -
?T:(fm + 1)(sina, —icosaiq) — (€1, + 1)(sinauy + i cos aip)

7A26i(%7a1b)

, lia N
G L+ pReen e +1)
1b

’

A
m (C.24)
where
A = — Age—i(5mon) = Leitaratan)
2
(C.25)
“a(61) = —1 = 12 (610 + Deiloneon)
For the term corresponding to B we obtain the following expression
By B
(iiz(fla + 1) sinai, = (&, +1) Sinalb) +1 (lliz(fla + 1) cos aiq + (3, + 1) cos alb)
By B
?T:(fm +1)(sinaig +icosai,) + (€5, + 1)(—sinag, + i cosaqy)
Bye~i(3+auw)
€y +1+ llszefi(al“Jra”)(&a +1)
I
m (C.26)
where
By = Byei(5ten) = %e—i(alﬁalb) _
(C.27)
z4(€1a) = —1 - %(éla + 1)eHaratan) — z(¢) )
We rewrite now I5'® as the sum of the two generalized integral kernels found
+1 %‘;(&a +1) 4 (€1 + 1) cos(ara + ap) o
/ 2 P16(&1p)dE1p

l1p l1p

41 ’ ’ +1 ’ /
:A/ Plb(51b)d§1b T Plb(fu:)dgu;
2/,1 €, — 2(Ea) | 2/,1 €, — 7(Er)

-1 (ha . , : * . (ha ,
' <17(£1a +1)sinaig — (€3, + 1) sin Oélb) + <17(£1a + 1) cos g + (€3, + 1) cos alb)

(C.28)
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The asymptotic behaviour of these integrals can be evaluated defining

1t pe)

ey = o (©29)
1 ! p(f/) / —

/15, S = (=) (C.30)

i .

Substituting z3 + 1 = —1 + e”rllf(&a + 1)eil@atan) for (C.29) and Z3 4 1 for (C.30) in
1b

equation (4.23) we obtain

1 [lla

b1y
i(a1a+a1p)bip '
o @) e FE@) (O3]

D(23(61a)) = —Rup(—1)27%

1 e b1y . .
®(75(£1a)) :—Rlb(—l)Q‘“bm Lib (&1a + )} eratawb 4 e ) (C.32)

where the behaviour of F}, Fy near &, = —1 is similar to that of .
Combining this results as indicated by equation (C.28) we find the asymptotic evaluation

corresponding to [ 141

1 [+
7;/71 (lla(
lip
~ (420 (s(610)) + A2z (610)) ) =

e 2 €10+ 1)+ (€ + 1 cos(are + o)

» 5 P16(E1)dEY, =
e

I &1a + 1) cosaiq + (ﬁ/lb + 1) cos alb)
1b

2
1o +1)sinaig — (élb +1) sinalb) + (

la bis [ i i )(14b1p) i N Y(itbip)
sin(nb b) |:l \ (gla ):| |:§ (61 algtary 1) 4 g~ ilatatanp 1b >:| + F3(£1a) =
1 1

bi1p
[2: (€10 + 1)} cos((a1a + a1p)(1 +b1p)) + F3(61a)

= Ryy(~1)2%0

= Ruy(-1)21

sin(mwbyp)

C.3 Stress drop condition

C.3.1 Integrale I,'*

The integral can be rewritten in the following form

lia
+1 711 (§1a
/ "
-1 l1a ’ . ? l1a ’
I —(f1a +1)sinaia — (£, +1)sinaay | + It —(&1a + 1) cosaia — (&, + 1) cos anp

([ el | [ pulEnde
( 1/_1 21(&1a) — f;b—’— /—1 Z1(€1a) — €1b

= cos(a1q — a1p) Re {J4'} — sin(ara — anp) Im {J4*}

+1) — (€ + 1) cos(ara — ap)

S p1o(E1)dErs

where
T pi(€y,)dE; Al = —lei(ala*alb)
Jole = / lliblb, B o o
1 flb - Zl(&la) 21 (fla) =1+ ;Jez(ala_alb)(gla n 1)
1b
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If 14 # aqp the point 2z1(£14) is not on the cut of the complex plane so we can proceed
using the integral relation (A.5) without any further consideration

+1 "N .
[ ety (g) - )7 (e 6) + 1) 30 ) (3

—1 Elb —Zz1 (fla) k=0
Then using relation (A.6) we can express the solution of the integral in this way
J =05+ 8 (C.35)

where

1
. . -3 w
J5 = = gilrteta—anp)w (2 — el(al"'_a”»flll: (&1a + 1)) {(lla) (&1a + )] - Ul
1

sin(mw)

~ (—%*“’) i(1q—a )lla
x> WPy —1 4 ¢H@tamo E(&“Jrl)
k=0

B _ o Ll+1-5) ( 1 L i(ara—ary) lia )
- 2 g 1. — Z_wl —w = la—a1p) 229 (e 4
J4 Z’Yk ]C+1 +w) k+ ) k+2 w3 w,2e llb(gl + )
Defining
I4S = COS(Oéla - Oélb) Re {J4S} - sin(ala - qu) {J4S} (036)
I4B = COS(O&la - alb) Re {J4B} — Sin(ala — Oélb) {J4B} (037)

and letting &1, — —1, for I4S we obtain

e 1 1 lia W
(14+&€10) 7 15 ESEanint N S (1 ) (Z%P( 2 ) l)cos(ww—i—(ala—alb)(l—l—w))

sin(rw) \ l1p

(C.38)

using the following trigonometry relation

cos((mHaq,—anp)w) cos(arg—arp)—sin((m+ai,—ap)w) sin(aq—aip) = cos(rw+(a1q—arp) (1+w))

(C.39)
For I,? we obtain
1
: (k .
1,8 Gemml g-d4w T(w Z,yk cos(a1q — a1p) (C.40)

1

Instead if a1, = aqp to evaluate the integral we must use the following relation

/+1(x — ) 1= )21+ )PP (1)dt =
-1 (C.41)

[2(301 — 1)%(z1 + 1DPQ (1) + 2w — 1) (@ + 1)PQ) (25)

DN | =
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because now the point lies on the cut and so we calculate the integral in 1 = { + 70 and
x9 = ( —i0 and take the mean as the result of I,'¢

+1 N 1 . L
/4 m =2(21(10) = 1) 2 (21 (1a) + 1)” Z%Q;E 2) (21 (£1a)) (C.42)

Using relation (A.6) we can still express the solution in this way

It = 0,5+ I (C.43)

where now
1 % l e I (—l w) l
A G 1)) (32) @ 1] cottrin Zwrl 4 (<14 2 64 1)
k=0
_ 7§+w k (k+1 ) _ 1_ . llla,

Ji% =273 D (w ka k+1_7+w)F Bl -kt g -wil-wig (Gatl)

For I4S now we obtain
1 w +o00o

(1+&)™v-1,° Sl qo-3 cot(mw () kaP ) (C.44)

while for I,” we obtain
(k . 2)
1B 80Tl g-dte I (w Z’Vk (C.45)

1
(kj+1—2+w>

It’s easy to verify that results corresponding to the case a1, = aqp can be obtained directly

considering the limit a1, — aqp of the results obtained taking ai, # aqp.

C.3.2 Integrale I;'
This integral can be expressed in the following way

+1
/—1 (lla

2
’ . l a ’
—(&1a + 1)sinoua — (£, + 1) s1no¢1b> + (ll—(&a + 1) cosaia + (&1, + 1) cos alb)
15

I R T (S STl A A S 31
( 2/_1 ZS(Ela)_£;b+ 2/_1 z3(&1a) — &1,
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lm (Ela +1)+ (51,, + 1) cos(aia + a1p) / )
Qﬂlb(fua)dflb

where

’ ]. -
+1 " Ve Ay = eileaton)
/ gla = Prl&n)dy, 2 (C.46)
-1
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The point 2z3(£14) does not lie on the cut of the complex plane so using relation (A.5) we
can write

+1 e . +oo 1,
/ L) _ g (er) = 1)7F (24 (€1a)+1)“Z%Q£ ) (24 (€10)) (C.47)
-1 Elb — 23(61a4) L—0

Using relation (B.69), we can express the solution in this form
Js = J5S + J5B (048)

where

1

) . T2 @
5 == et (g gemrmiite g ) (1) @]

16 lip sin(rw)

= 1. . l
~ Zﬂykpk( 2 ) (_1 +6z(a1a+a1b)l17: (fla 4 1))
k=0

-1 I(k+1-3) ( 1 1 L
JsS =273 P(w ’“—F k1, —k+ = —wl—w -eletatom o 4
Z% —|—w) w w; o€ It (& )

Nk+1-3 2
Defining
I55 = — [cos(aiq + ap) Re {J5% } — sin(a1q + aw) {J5° }] (C.49)
IsP = — [cos(a1q + a1p) Re {J57} — sin(aiq + a1p) {J57 }] (C.50)

and letting &1, — —1, for Is¥ we obtain

l1p

(1+&q)7 - I Sel 9 E L (lla) (Z%P “hw —1>cos((a1a+a1b)(1+w))

(C.51)

derived using the following trigonometrical relation

cos((aq+onp)w) cos(arg+anp) —sin((anq +oup)w) sin(agq+aip) = cos((a1,+o1p) (1+w)) (C.52)

1
(ie1-2)

[P el g r) [ S (-1 ( : cos(aiq + 1) (C.53)
k+1—--+ w)

while for I5® we obtain
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C.4 Numerical solution

C.4.1 R;;(k,n) coefficients

The double integrals R;j(k,n) have the following form

+1
Ryi(k,n) = / Ur(&1a)y/1 = €3, J11 d€1a

1
ng(k‘, n) =

+1
_ / Un(€10)1/1 — €2, [cos(ara) Re {Jrs} + sin(ata) Tm {J15}] dé 1

+1
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-1
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+1
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-1

+1
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! (C.54)
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.
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The integrals J;; have been evaluated analytically, exploiting the even property of Py

polynomials, and the integral formula

! Pk(t) r_
B mdt = 2Qx(?)

(C.55)

where Q(t) are Legendre functions of second type, which possess a logarithmic singularity

at t = £1.
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