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Abstract

In this thesis we study some reqularity problems for kinetic-type partial differential equa-
tions. These equations are characterized by the fact that their second order part is fully
degenerate, but the presence of a first order operator restores good properties for the solu-
tion. In the first part of the thesis we consider a class of Backward Kolmogorov equations
with rough coefficients, namely coefficients that are measurable in time and Holder con-
tinuous in space. We prove optimal reqularity for the fundamental solution and Schauder
estimates for the Cauchy problem. In the second part we study boundary reqularity for a
kinetic Fokker-Planck equation with constant coefficients. We also prove a Nash inequality
for kinetic Sobolev spaces.

This thesis is based on the results presented in [71], [65] and [{2)].
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Introduction and motivations

In the last decades the Theory of Partial Differential Equations has seen an increasing
interest in kinetic-type equations. These equations are mathematically characterized by two
parts: the first is elliptic on a strict sub-vector space of the spacial domain only, and there-
fore the equations are fully degenerate, the second is a first order vector field, often referred
to as transport term, that allows to derive good regularity and asymptotic properties of
the solutions. This structural assumptions make the treatment on this subject challenging
from a mathematical point of view and one can confront many different problems. In fact,
these equations can be easily compared to classical parabolic equations: for this reason,
kinetic-type equations are sometimes referred as ultraparabolic equations (see [60]). This
analogy suggests that results holding for parabolic equations should have an ultraparabolic
counterpart: in recent literature we find many results along these lines, together with open
problems. Concurrently, the interest for this class of equations is also motivated by applica-
tions in different fields, from the more practical to the more theoretical ones. Kinetic-type
equations naturally arise in modeling many natural phenomena as well as in studying pure
mathematical results. We now give a brief overview of some of the most common applica-

tions.

Examples of applications and literature

In physics, kinetic-type equations arise in models from multiple brunches of the subject,
especially in evolution problems with interactions. Classical examples are Boltzmann-type
equations. Some classical monographs are [14], [15], [28], while a more recent survey on the
topic can be found in [85].

In statistical mechanics we find models with a similar structure for anharmonic chains

of oscillators forced by heat baths at different temperatures; we cite [29] as a reference
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for interested reader. In general, kinetic-type equations appear in stochastic Hamiltonian
systems or in some geophysics models (see, for example, [83] and [19]).

In mathematical finance, kinetic-type equations are used for modeling different objects
(see [75] for an introduction to the subject). Applying the classical Black-Scholes theory, we
can derive the equation for the value of an Asian option, that is a kinetic-type Kolmogorov
equation (see, for example, [7], or, for a very recent survey, [62]). A similar class of equations
can be obtained in the study of volatility models with path-dependent coefficients as the
Hobson-Rogers model (see [45] or [22]).

From the point of view of stochastic analysis, these equations are strongly related to a
class of degenerate stochastic differential equations (SDEs). In particular, the characteristic
operator (or generator) of a kinetic SDEs is a kinetic-type operator (see [34] for a general
introduction). These types of stochastic equations were initially studied by Kolmogorov
in [56], starting from the Langevin model (see also Hormander [46]). The theory around
these equations has been developed to the present day: for example, strong uniqueness for
a general class of kinetic SDEs can be found in [I8] or [41] (see also [4] for a recent review

on kinetic Kolmogorov equations).

Overview of this work

The main subject of this thesis will be the study of regularity for kinetic-type equations.
We will focus on two kind of kinetic-type equations in order to give precise estimates on the
solution in different settings: in one case, we consider equations with rough coefficients, in
the other one, we investigate boundary regularity for a kinetic constant coefficient equation.

In the first part of the thesis we consider a class of Backward Kolmogorov equations
with non-constant coefficients that are measurable in time and Hélder continuous in space:
together with the degeneracy of the equation, the challenge here is to deal with the low
regularity of the coefficients. There is a long stream of research that investigate Kolmogorov
equations in these settings: two of the main branches were introduced by Da Prato and
Lunardi in [20] and Lanconelli and Polidoro in [60] (see also [79]). In the present study, we
focus our attention on equations posed on a strip [0,7] x RY, therefore on a limited time
domain and in the whole space.

In particular, in Chapter [T] we fix the settings for the results in Chapters [2] and [3] We

define a general class of Backward Kolmogorov operators with its structural assumptions.
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Then we define an anisotropic norm that captures the spatial multiscale nature of the equa-
tion. The crucial definitions of this chapter are those of the functional spaces that will be
used in the two chapters that follow: anisotropic Holder spaces describe the regularity of
the coefficients of the equation, while intrinsic Holder spaces describe the optimal regularity
of the solution of the equation. Understanding these spaces is important to appreciate the
results of Chapters [2 and [3| and to understand the proofs. Chapter [2] is devoted to the
construction of the fundamental solution for the same class of Kolmogorov operators and to
study its optimal regularity (in term of intrinsic Holder spaces). We use a time-dependent
parametrix technique that is computationally heavy method, but strong in the results. Ex-
ploiting these results, in Chapter [3| we solve the associated Cauchy problem. In particular,
through Schauder estimates for the equation we give optimal regularity of the solution. Via
a Duhamel principle we represent the solution of the Cauchy problem using the fundamental
solution obtained in Chapter [2} using the regularity results that we have proved we are able
to obtain the desired estimates.

In the second part of the thesis, we study a kinetic Fokker-Planck equation with constant
coefficients. In this setting we are interested in facing the regularity problem on a domain
with (nonempty) boundary. From a physical point of view, the solution of this equation is
the density of particles in a point of the phase space at a certain time: the dynamics depends
on the initial distribution and the boundary condition assumed, together with the equation.
In this framework, interior regularity have been widely studied, leaving open problems on
the regularity of the solution close to the boundary. This is the direction taken in Chapter [4]
where we study a kinetic homogeneous Fokker-Planck equation on a half space domain (i.e.
Ry x H? x R?, where H? = {(z1,...,24) € R*: 2y > 0}). Precisely, we prove a Nash-type
inequality for functions in a kinetic Sobolev space with absorbing boundary condition and

use it to prove sharp regularity for the solution of the kinetic Fokker-Planck equation.

Future developments

We end this introduction pointing at future developments that might follow these results.
As it was already mentioned, Kolmogorov equations have a huge importance in the study of
SDEs. Results from the first part of the thesis can be applied to prove the uniqueness for
solutions of kinetic stochastic equations: it is well known that, in non-degenerate settings,

good properties for the solution of the Kolmogorov equation allow to prove the uniqueness
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for the solution of the SDE (see [31] for an introduction to the subject). This explains a
phenomenon that is often called reqularization by noise: if we consider a ordinary differential
equation with non-Lipschitz continuous coefficients (for example, Hélder continuous), we do
not have uniqueness for the solution, but, as soon as we add a non-degenerate stochastic noise,
the obtained SDE has a path-by-path unique solution. In recent years, this phenomenon was
also studied in kinetic settings (see, for example, [18]), but open problems are left.

In the same spirit, another possible development is to extend the technique in order to
face different type of stochastic kinetic equations. For example, in the last decades there
was a growing interest for McKean-Vlasov (MKV) equations: in this case, the associated
Backward Kolmogorov operator also present a measure-argument derivative, making the
study even more challenging (see, for example, [I6] and the references within). Recently,
these results have been investigated for kinetic MKV equations (see, for some recent results,
[55] and [40]). Our technique can be extended in order to prove results in this direction.
Another type of stochastic kinetic equations that can be studied following our approach
are equations driven by a Lévy alpha-stable process (instead of classical Brownian motion),
where the generators are non-local operators. Also in this case, the study at the PDE level
is useful as much as it is challenging (for a recent example, see [41]).

Finally, we refer to the introduction of Chapter {4 for extension and generalization of
results on the boundary regularity for the kinetic Fokker-Planck equation. We just add
here that in the literature for kinetic-type equations we found different definition of kinetic
Sobolev spaces (see, for example, [2] and [78]). We believe that it would be interesting to find
precise inclusion relations between these different spaces: this study would allow to better

understand the nature of these spaces and to extend some functional inequalities.
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Chapter 1

A class of degenerate Kolmogorov
operator and induced intrinsic

geometry

In this chapter we set the class of Kolmogorov operators that will be studied in Chapters
and 3] Together with that, we introduce the intrinsic geometry that these operators naturally
induce on RV*!. Based on these notions, we define the functional spaces that will be used

throughout Chapters [2] and [3|

1.1 Class of operators

For fixed d < N and T > 0, we consider the second order operator on Sy := [0,T] x RY
in non-divergence form

L=A+Y (1.1)

where

d d
1
A= 5 Z Cbij(t> m)axzm] + Z ai(ta w)axz + a<t7 l’), (ta .’B) € ST
ij=1 i=1
N (1.2)
Y = 8t + <BZE, V> = 3,5 + Z bijl’jaxi, T e ]RN,
ij=1
where B is a constant matrix of dimension N x N. Here, A is an elliptic operator on R?

and Y is a first order differential operator on R x RY also called transport or drift term. We

6
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mainly focus on the case d < N, that is when L is fully degenerate, namely no coercivity
condition on R¥ is satisfied.

Motivations for the study of £ come from physics and finance. In its most basic form,
with N =2and d=1,

1
5oy + 0100 + (1.3)

is the backward Kolmogorov operator of the system of stochastic equations

dVy = dW,
dX, = Vidt

(1.4)

where W is a real Brownian motion. In the classical Langevin model, (V, X) describes the
velocity and position of a particle in the phase space and is the prototype of more general
kinetic models (cf. [59], [52], [53]). In mathematical finance, (V, X) represents the log-price
and average processes used in modeling path-dependent financial derivatives, such as Asian
options (cf. [7], [73]). The study of the fundamental solution and its regularity properties is
a crucial step in tackling the martingale problem for the corresponding stochastic equations,
particularly for well-posedness and pathwise uniqueness problems.
Throughout Chapters[1], 2] and [3] £ verifies the following two structural

Assumption 1.1.1 (Coercivity on R?). The diffusion matrix A := (a;;) 4 is sym-

ij=1,.
metric and there exists a positive constant p such that

d
pEP < ap(t oG < pléf, weRY, EeRY

ij=1
for almost every t € [0, T.

Assumption 1.1.2 (Hérmander condition). The vector fields d,,,...,0,, and Y satisfy
rank Lie(0y,...,0.,,Y) =N+ 1. (1.5)

We refer to (1.5)) as a parabolic Hormander condition since the drift term Y plays a key
role in the generation of the Lie algebra.
Under Assumption [1.1.2] the prototype Kolmogorov operator

d
gZami +Y (1.6)
=1
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is hypoelliptic for any § > 0. Kolmogorov [56] (see also [46]) constructed the explicit Gaus-
sian fundamental solution for (L., which is the transition density of the linear stochastic
differential equation in RV

dX, = BX,dt + SdW,,

where Y is a N X d matrix with the block form

1
5= a
O(N—d)xd

and (W})¢>0 is a d-dimensional Brownian motion.
Condition (1.5)) is equivalent to the well-known Kalman rank condition for controllability
in linear systems theory (cf., for instance, [75]). Also, it was shown in [60] that (1.5)) is

equivalent to B having the block-form

B, ox 0 % %
B=I|0 By -+ x «x (1.7)
0 0 .-+ By *

where the *-blocks are arbitrary and B; is a (d;_; x d;)-matrix of rank d; with

q
d=dy>dy > >dy>1, Y di=N.

1=0

This allows to introduce natural definitions of anisotropic (quasi-)norm on RY.

Definition 1.1.3 (Anisotropic norm). For any z € R let

q dj ) )
=Y 3 i 4

j:0 Z':CZ]',1+1

i:dk. (1.8)

We also define  the so-called homogeneous dimension of RN with respect to the quasi-norm

|'|BaS

Q= zq:(% +1)d;. (1.9)
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The quasi-norm can be directly related to the scaling properties of the underlying
diffusion process (cf. [21], [57]). For example, the anisotropic norm for the Langevin operator
(1.3) reads as |(v,z)|5 = |[v| + |#|3 for (v,z) € R? and reflects the time-scaling properties of
the stochastic system (L.4), i.e. (AV)? = At and (AX)? ~ (At)*.

For convenience, we also fix here the following
Notation 1.1.4. Let k = (k1,...,ky) € NJ be a multi-index, we define the B-length of
as

q d;
[k]p == Z(Zj +1) Z K.

Jj=0 i=d;_1+1
1.2 Holder spaces

In this section, we introduce the anisotropic and intrinsic Holder spaces that appear in
the main results of Chapter [2and [3] Loosely speaking, the general idea behind the definition

of these spaces is the following:

e anisotropic Holder spaces are defined for functions of x € RY, assuming reqularity in
all N directions w.r.t. an anisotropic distance that reflects the different time-scaling
properties of the underlying diffusion process. This distance is defined in term of
an anisotropic norm that assigns to each component of z € RV a different weight
corresponding to the number of commutators of V4 and Y that are required to reach
that direction. The definition then extends to functions defined on RY¥*! by only

requiring measurability and local boundedness with respect to the time variable.

e intrinsic Holder spaces are defined for functions of (¢,z) € RN*! that are assumed
to be anisotropically Holder continuous, in the sense above, uniformly in time. Ad-
ditional Holder regularity in the direction of the drift YV is also assumed. By means
of the Hormander condition, it is then possible to infer Holder regularity jointly with
respect to all variables. As it is standard in the framework of functional analysis on
homogeneous groups (cf. [32]), the idea is to weight the Holder exponent in terms of
the formal degree of the vector fields, which is equal to 1 for d,,,...,0,, and equal to
2 for Y.

We begin by fixing some general notation that will be utilized throughout Chapters
and [3l
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Notation 1.2.1. Let g : RY — R. For any i = 1,..., N, we denote by 9;g(x) the partial
derivatives of g with respect to z;. We also denote by V, the gradient operator (0, ..., 0y)
with respect to the first d components and by V?i the Hessian operator (0;;);=1,..4 With
respect to the first d components. We also consider the natural extensions of the operators
Vg4 and V2 to functions f = f(¢,z) defined on R x RY. We set the following basic functional

spaces:

- (0, the set of bounded continuous functions g : RY — R, equipped with the norm

gllze~ = sup |g(x)};

zCRN

- Lg°, for t > 0, the set of measurable functions f, defined on the strip S, such that the

norm

[fllzge = sup [f(s,2)]

(S,.’E) ESt

is finite.

Moreover, all the normed spaces in this section are defined for scalar valued functions and
naturally extend to vector valued functions by considering the sum of the norms of their

single components.
Definition 1.2.2 (Anisotropic Hélder spaces). Let o €]0, 3].

e The anisotropic Holder norms on RY are defined recursively as

lgllz + sup let=gll €0, 1],

z,yeRN le=uls
9llce = 19l + [ Vagllos + szt @)@l o )1 3
L d9lga— sup [CED I et

(z,n)ERN xRN —d
We denote by C the set of functions g : RY — R such that the norm ||g||ce is finite.
Set also C° := (.

e For t > 0, the anisotropic Holder norms on S; are

(weighted) [l 0 = sup ((t=s) IS (s, )ew), 7€ (0,1,

s€10,¢]

(non-weighted) ||f||Lt<>0(Ca) = ||f||Lt°f0(C°‘)-

We denote by Lg% (C*) and L°(C®) the set of measurable functions f : S; — R such

that the norms || f[|Lg (ce) and || f||z(ce), respectively, are finite.
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Before introducing the intrinsic Holder spaces, we recall the following

Definition 1.2.3 (Lie Holder spaces and Lie derivative). For ¢t > 0 and « €]0,2] we

set

_ |/ (s,e67D) — [(7,2)]
[flleg, == sup sup .

(T,2) €St s€10,¢] |S - T|%

We denote by %, the set of measurable functions f : S; — R such that the norms || f||ce
is finite.

Moreover, we say that f is a.e. Lie-differentiable along Y on S; if there exists F' €

L (]0, t[; Co(RY)) such that

loc
f(s,e" By = f(r,2) +/ F(r,e™"8z)dr, (r,2) € S, s €]0,t[.
In that case, we set Y f = F and call it an a.e. Lie derivative of f on &;.

Definition 1.2.4 (Intrinsic Holder spaces). Let ¢t > 0. The intrinsic Holder norms on

S, are defined recursively as:

1232y + [ flleg,» a €]0,1],
IFller = § Il + [Vaflaz—s + I Fllcs, a el
1|23y + [[Vaf llco—r + [[Y fllzgo(com2), a €]2,3],
For a €]0, 3], we denote by C{* the set of functions f : S; — R such that the norm || f||ce is
finite.

We now give a few remarks concerning the latter definition.

Remark 1.2.5. Notice that the recursive Definition [1.2.4] mixes scalar and vector valued
functions: we recall that also here in the recursion the norm of a vector valued function is

the sum of the norms of their single components.

Remark 1.2.6 (Intrinsic vs anisotropic spaces). Obviously, the intrinsic space C¢ is
strictly included in the anisotropic space L{°(C®). Note that, for o €]0,1], the addition
in the Cf-norm of the term || f||ce, yields Holder regularity jointly in the time and space

variables: in particular, it is standard to show that if f € C then

[f(r.a) = f(s, )l < Cllflleg (I — 512 + e —eTylg),  (1,2),(s,y) € i
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Remark 1.2.7 (Intrinsic Taylor formula). For o €]0, 1], the intrinsic spaces C¢ and
C;™ are equivalent to those in [72] (see also [73]). However, C?* is slightly weaker than
the one in [72] in that the Lie derivative Y f is not required to be in C¢* but only in L°(C®).
This difference is dictated by our assumptions on the coefficients that are merely measurable
in the temporal variable: so, for a solution w of , one may expect that Yu exists in
the strong sense but, in general, is not more than bounded in the Y-direction. Despite this,
C?** in Definition is still strong enough to prove the following intrinsic Taylor formula
as in [72, Theorem 2.10]: if f € CZ™ then

[f(r.2) =Tof (s.y; e =T PY) | S || fllzre (17 —s[+a—eT 9Py [F2),  (r.2),(s.y) €S,
(1.10)
where T5 f is the second order intrinsic Taylor polynomial
d 1l
Tof(s,y;2) = f(s,y) + Zzz 0if(s,y) + B Z 2i2; 05 f(5,9).
i=1 ij=1

Furthermore, by adding the term (7 — s)Yu(s,y) to Ty, the estimate can be improved by
obtaining a term of order o(|7 — s|), as 7 — s — 0, in place of |7 — s| in (L.10)).

It is worth noting that, for f in the anisotropic space L{°(C®), estimate generally
holds only for s = 7: this is the best result that one can deduce from Schauder estimates of

anisotropic-to-anisotropic type.

Remark 1.2.8. To have a quick comparison with the literature on the regularity for Kol-

mogorov operators in (|1.2), we recall that, for a €]0, 1]:

i) the Holder space C** introduced in [66] (and adopted in [64], [81] to prove Schauder
estimates), consists of functions f that, together with their second order derivatives
Oz;z; f in the non-degenerate directions ¢, j = 1,...,d, are Holder continuous w.r.t. the
anisotropic norm . This notion is weaker than Definition both in terms of
the regularity of 0,,f and, more importantly, in terms of the Lipschitz continuity of
f along Y (cf. ) which reveals the regularizing effect of the associated evolution

semigroup;

ii) Definition is similar in spirit to that proposed in [67], [24] and [72] for the study of
Kolmogorov operators with Holder coefficients: according to their definition if f € C*

then Y f exists and belongs Cf'. This is the regularity that the fundamental solution
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enjoys in case the coefficients of A are Holder continuous in both space and time.
By contrast, if f € C?*® in the sense of Definition then f is generally at most
Lipschitz continuous along Y: this is the optimal result one can prove without assuming

further regularity of the coefficients in the time variable other than measurability.

Remark 1.2.9. In [71], intrinsic Holder spaces Cj;*(Sr), for @ €]0,1] and h = 0,1,2, are

recursively defined through the norms

I lleoe sy = Wflleg, + 1 flleg, .
I lleyeisy = I llepe + 1IVafllcge sy,

Hf“cgf’(sT) - Hvdf“c*gf’(sT) + HYfHL%"(C“)’

where

|f(8,l‘ + (h70)) — f(87$>|
I fllce . := sup sup T )
d (s,x)EST heRd | |

The main difference between this definition and Definition is that || f HC%d’T has an
Holder condition in the non-degenerate directions zy,...,z4 only, while |f|zece) has an
Holder condition in all the variables with respect to the anisotropic norm. Nevertheless
these two different definition for the intrinsic Holder norms are equivalent. The argument
follows [72] and we omit the proof here. The main idea is that increments in the degenerate
directions can be obtained moving in the non-degenerate directions and along the integral

curve of the vector field Y: this is possible for the crucial Assumption [1.1.2]



Chapter 2

Optimal regularity for degenerate
Kolmogorov equations with rough

coeflicients

We consider a class of degenerate equations satisfying a parabolic Hormander condition,
with coefficients that are measurable in time and Hoélder continuous in the space variables. By
utilizing a generalized notion of strong solution, we establish the existence of a fundamental
solution and its optimal Hélder reqularity, as well as Gaussian estimates. These results
are key to study the backward Kolmogorov equations associated to a class of Langevin-type
diffusions.

Based on a joint work ([71]) with Profs. Stefano Pagliarani and Andrea Pascucci.

2.1 Main results

Throughout this chapter, we consider an operator £ on Sy, of the form ((1.1)), for a

fixed Ty > 0, under Assumptions [1.1.1} and [I.1.2; moreover the coefficients of L satisfy the

following
Assumption 2.1.1. The coefficients a;;, a;, a of £ are in in L (C®) for some a €0, 1].

According to Assumption 2.1.1] the coefficients of A are intrinsically Hoélder continuous
in the space variables and merely measurable in the time component. For Kolmogorov

operators with coefficients that are Holder continuous in both space and time, the study

14



2.1 Main results

15

of the existence of a fundamental solution goes back to the early papers [87], [51], [84] and
[68]. A modern and more natural approach based on the Lie group theory was developed by
[79], [23], [6] and [74]. Applications to the martingale problem for some degenerate diffusion
processes are given in [69] and [70].

Major questions in the study of Kolmogorov equations are the very definition of solution
and its optimal regularity properties. It is well-known that, in general, the fundamental
solution is not regular enough to support the derivatives 0,,, for d < ¢ < N, appearing in
the transport term Y. Indeed, under the Hormander condition , these derivatives are
of order three and higher in the intrinsic sense. For this reason, even for equations with
Holder coefficients, weak notions of solution have been introduced. In this regard we may
identify two main streams of research. In the semigroup approach initiated by [66], solutions
are defined in the distributional sense: in this framework, solutions do not benefit from the
time-smoothing effect that is typical of parabolic equations (see, for instance, Theorem 4.3 in
[81]). On the other hand, in the stream of research started by [79], solutions in the Lie sense
are defined by regarding Y as a directional derivative. In this approach regularity properties
in space and time are strictly intertwined: this allows to fully exploit the smoothing effect
of the equation but makes the analysis less suitable for applications to stochastic equations.

Recently, a third notion of solution, which is a cross between the two previous ones,
has been proposed in [77] with the aim of studying Langevin stochastic PDEs with rough
coefficients. Since we are specifically interested in operators whose coefficients are only
measurable in time, it seems natural to adopt this latter approach for our analysis. We

introduce the following definition that is a particular case of (1.3) in [77] when N = 2.

Definition 2.1.2 (Strong Lie solution). Let 0 < T < Ty and f € LL (|0, T[; C,(RY)). A

loc

solution to equation
Au+Yu=f on Sy (2.1)

is a continuous function u such that there exist 0,,u, Oy,0,u € L, ([0, T[; C,(RY)), for i, j =
1,...,d, and Yu = f — Au in the sense of Definition ie.

u(s, e VBr) = u(t, x) — / (Au(r, e DBz — f(r,e"IBg)) dr, (t,x) € Sy, s < T.
t
(2.2)

Remark 2.1.3. Notice that s — (s,e®*952) is the integral curve of Y starting from (¢, z):
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for any suitably regular function u the limit

(s—t)B o t
Yu(t,z) := lim us,e z) = ult, z)
s—t s—t

(2.3)

is the directional (or Lie) derivative along Y of u at (¢, ). Thus, if the integrand in is
continuous then u is a classical (pointwise) solution of (2.1). However, as noticed in Remark
2.2.9] in general a solution u in the sense of Definition 2.1.2]is only a.e. differentiable along
Y and equation ([2.1)) is satisfied for almost every (¢,z) € Sr.

In order to state our first main result, we give the following

Definition 2.1.4 (Fundamental solution). A fundamental solution of A+Y is a function
p = p(t,z;T,y) defined for t < T and x,y € RY such that, for any fixed (T,y) € Sg,, we

have:
i) p(-,-;T,y) is a solution of equation Au+ Ywu = 0 on Sr in the sense of Definition [2.1.2}

ii) for any g € Cy(RY) we have

lim p(t,z;T,m)g(n)dn = g(y).

(t,a:)—)(T,y) RN
t<T
We draw attention to the fact that in point ii) of the previous definition the limit is
pointwise.
The following result states the existence of the fundamental solution p of A+ Y, as well

as uniform Gaussian bounds for p and its derivatives with respect to the non-degenerate

variables x4, ..., x4.

Theorem 2.1.5 (Existence and Gaussian bounds). Under Assumptions
and L has a fundamental solution p = p(t,z;T,y) in the sense of Definition [2.1.4)
For every e > 0 there exists a positive constant C', only dependent on Ty, u, B, e, and the

a-Holder norms of the coefficients, such that

p(t,x; T, y) < CTHE(t, a5 T, y), (2.4)

0,,p(t, z; T, y)| < THre(t, ;T y), (2.5)

C
VT —t
THe(t, ;T y), (2.6)
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for any (T,y) € Sy, (t,x) € Sy and i,j = 1,...,d, where I'° is the Gaussian fundamental
solution of (|1.6)), whose explicitly expression is given in (2.11)). Moreover, there exist two

positive constants i, c such that
e (t, z; T,y) < p(t, z; T, y), (2.7)
for any (T,y) € Sr, and (t,z) € Sr.

The proof of Theorem is based on a modification of Levi’s parametrix technique,
which allows to deal with the lack of regularity of the coefficients along the drift term Y.
The main tool is the fundamental solution of a Kolmogorov operator with time-dependent
measurable coefficients, also recently studied in [I2]. This approach allows for a careful
analysis of the optimal regularity properties of the fundamental solution p: Theorem [2.1.6
below states that p belongs to the intrinsic Hélder space CZ* as given by Definition .
As the notation could be misleading, we explicitly remark that for « € C3'* not even the
first order derivatives 0,,u, for © > d, necessarily exist. However, in general we cannot expect

higher regularity properties for solutions to (2.1)) and C2"*-regularity is indeed optimal.

Theorem 2.1.6 (Regularity of the fundamental solution). Under the assumptions of
Theorem p(-, 5 T,y) € CEP for every (T,y) € Sp,, 0 <7 < T and 3 < a. Precisely,
there exists a positive constant C' only dependent on Ty, u, B, B, and the a-Holder norms
of the coefficients, such that

C
1p( 5 T y)l gzes < m-

Theorem 2.1.6lrefines the known results about the smoothness of the fundamental solution

(cf. [66], [67], [24]) and exhibits its maximal regularity properties.

The rest of the chapter is structured as follows. Section [2.2] contains the construction of
the fundamental solution by means of the parametrix method: in particular, Section
includes the proof of Theorem [2.1.5] In Section [2.3] we prove the regularity estimates of
the fundamental solution, in particular Theorem [2.1.6] In Section [2.4] we state some more
properties for the fundamental solution. The appendices contain the Gaussian and potential
estimates that are employed in the proofs.

For reader’s convenience, we recall that we shall always denote by Sy the strip ]0, T[xRY;

also, in the following table we collect the notations used for the main functional spaces:
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Notation Functional space Reference
C~ Anisotropic Holder spaces on RY | Def. [1.2.2

Cyr Lie Hoélder spaces on Sy Def. [1.2.3

Cs, k=0,1,2 Intrinsic Holder spaces on Sy Def. |1.2.4

2.2 Parametrix construction

Let Assumptions [1.1.1], and be satisfied. The first step of the parametrix

method is to set a kernel P = P (¢, z; T, y) that serves as proxy for the fundamental solution,
called parametriz. We denote by A the operator obtained by freezing the second-order
coefficients of A along the integral curve of the vector field Y passing through (s,v) € Sy,

and neglecting the lower order terms. Namely we consider the operator

Al) =

N —

d
Z a’ij (t7 e(tis)BU>aﬂﬂi$]‘7 (tu SL’) S STO- (28)
1,j=1

One can directly prove that the fundamental solution of
ALY Ly,
in the sense of Definition [2.1.4] is given by

F(Sm) <t7 x; T7 y) = G(C(Sﬂ)) (tu T)7 Yy— e(Tit)Bx)u (T7 y) € STO’ <t’ x) € ST’

where
1 —1
G(C,z) = S —— L G
(2m)N det C

is the Gaussian kernel on RY and

T
C(S’”)(t,T) ::/ e(T_T)BA(S’”)(T)e(T_T)B*dT, (2.9)

¢
oo A (T, e(T_S)B'U) 0

A( ’ )(T) = ( 0 0 s AO = (aij)i’jzl ..... d- (210)

Remark 2.2.1. Clearly ') (¢, 2; T, y) is of class C* as a function of 2 and only absolutely

continuous along the integral curves of Y as a function of (¢, z).
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Remark 2.2.2. In the particular case of Ay = 01, for some § > 0, where I; is the (d x d)-
identity matrix, the Kolmogorov operator A% + Y reads as in (1.6) and its fundamental

solution reduces to
To(t,2;T,y) = G(6C(T — t),y — eT=YB), (2.11)

" e (o O\ s
Clty= [ "7 e dr. (2.12)
0 0 0

Proceeding as in [69] and [77], we define the parametrix function P(¢,z;T,y) as

with

P(t,z;T,y) =TT (t,2;T,y), (T,y) € Sp,, (t,x) € Sr, (2.13)

and we refer to it as to the time-dependent parametriz in order to emphasize the fact that

it is obtained by freezing only the space variable of the coefficients of A.

Remark 2.2.3. Since I'®%) is the fundamental solution of A®?) + Y we have
(ATY) £ Y)P(-,T,y) =0 on Sy, (2.14)
in the sense of Definition [2.1.2] for any (7', y) € Sr,.

Remark 2.2.4. In [23], where the variable coefficients of A are assumed intrinsically Holder
continuous in space and time, the parametrix is defined as the fundamental solution of the
operator obtained by freezing the second order coefficients of A in both time and space

variables, i.e.

d
Z (s,v) mj—i—Y

As we shall see below, the choice of freezmg the coefficients only in the space variable, along

[\.')Ib—

the integral curve of Y as in (2.8)), is necessary in order to deal with the lack of regularity in

the time variable.

Once the parametrix function is defined, the parametrix construction prescribes that a

fundamental solution of A + Y is sought in the form

T
p(t7x;T,y)=P(t,:r;T7y)+/ / P(t,x;7,n)(7,n; T, y)dndr, (2.15)
t RN
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where ¢ is an unknown function. We now perform some heuristic computations that will
lead to a fixed-point equation for ¢. Assuming that p(¢,z;7T,y) in (2.15) is a fundamental
solution of A + Y, we obtain

T
0=%A+mexﬂﬁﬁ=@¢HUP@ﬁTw%HA+YX/h/lﬁt%ﬂmwﬂmTwMWT
t RN

Furthermore, by formally differentiating and employing p(¢, x;t,-) = J, we also have
T
(A+ Y)/ / P(t,z;7,m)e(r,n; T, y)dndr
t RN

T
=/ / (A+Y)P(t,z;m,n)e(r,n; T, y)dndr — o(t,z; T, y).
t RN

Therefore, (¢, x; T, y) must solve the Volterra integral equation

T
Pt Ty) = (A+ VP L)+ [ [ (A4 VIR me(rn T dndr. (210
t JrN
Now, owing to Remark [2.2.3] equation (2.16)) can be written as

T
p(t, ;T y) = (A= ATDP(t, 25T, y) + / / (A= ACNP(t, 257, m)(7,7; T, y)dndr,
t RN
(2.17)
whose solution can be determined by an iterative procedure, which leads to the series repre-

sentation

@(t>$;T7 y) = Z@k(tax;Ta y) (218)

k>1

where
oi(t,x;T,y) = (A— ATD)P(t, 2, T, y),

T (2.19)
Op1(t, ;T y) = / / (A — ATNP(t, 257, m)pr(T,m; T, y)dndr, k e N.
t RN

In order to make the previous arguments rigorous one has to prove that:

e the series defined by (2.18)-(2.19) is uniformly convergent on Sp. At this stage one

also obtains a uniform upper bound and a Holder estimate for ¢;

e p defined by (2.15) is actually a fundamental solution of A+ Y. In this step one also
establishes the Gaussian estimates on p and its derivatives that appear in Theorem
2.1.0l
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2.2.1 Convergence of the series and estimates on ¢

Proposition 2.2.5. For every (T,y) € Sp, the series in (2.18) converges uniformly in
(t,x) € Sr and the function ¢ = @(t,x;T,y) solves the integral equation (2.17) on Sr.
Furthermore, for every ¢ > 0 and 0 < § < «, there exists a positive constant C, only

dependent on Ty, i, B, 0, a, € and the a-Holder norms of the coefficients, such that

lo(t, 2; T, y)| < rete(t, @ T, y), (2.20)

T3

lp(t,z; T, y) — ot v; T, y)| < (TrFe(t, o Toy) + TH (80 Ty)) - (2.21)

for any (T,y) € Sr, and (t,z), (t,v) € Sr.

To avoid repeating the arguments already used in [23], we limit ourself to highlighting

the parts of the proof that differ significantly from the classical case.

Proof. We first prove that there exists a positive x such that

(A= ATNP(t,2;T,y)| < =t Tyy),  (T,y) € Sg, (t,2) € Sr.

(2.22)

Assume for simplicity that a;,a = 0, the general case being a straightforward extension. By

definition (2.8) we have

K
(T — t)1-o/2

d
(A — ATNP(t, 2: T, y)| Z agi(t,x) — ag(t,e”TDBy)| x |0, P(t, 25 T, y)(2.23)

l\DI»—

(by the Holder regularity of a;; and the Gaussian estimate (2.B.3))

‘:I:‘ _ e—(T—t)B

=T T

The estimate (2.B.1)) then yields ([2.22)).
For any (T,y) € Sp, and (t,x) € Sr, (2.19) and (2.22)) imply

YIS puera(e ). (2.24)

K

+e .
ml““ (t,;T,y)

’901<t7$;T7 y)| S
and

T
|902<t,I;T, y)| S/ |<A_ A(TJI)) P(t,f]f;T, 77)‘ X |301(7—777;T7 y)|d77d7'
t

RN
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T
1 1
2 +e . +e . —
S K /t (7- _ t)l—a/Q (T _ T)l—a/Q /]RN r (t7 ZT, W)Fu (7-7 m; T7 y)dndT -

(by the Chapman-Kolmogorov identity and solving the integral in dr)

2 F%uler (%) pte
=K 7= t)l_aFEuler(a)F (t,z;T,y).

Proceeding by induction, it is straightforward to verify that
I‘%uler (%)

(T - t)l_TFEuler(%)

This proves the uniform convergence of the series on Sy, which in turn implies that ¢ satisfies

(2.17), as well as the estimate ([2.20]).
The proof of (2.21)) is a technical modification of the arguments in [23, Lemma 6.1}, which

is necessary to account for the different parametrix function. For sake of brevity, we leave

the details to the reader. O

lon(t,z; T, y)| < k" e+t o;T,y), neNl

Remark 2.2.6. The proof above is particularly informative to understand the choice of the

parametrix function in relation to the lack of regularity of the coefficients with respect to

the time variable. In particular, in passing from (2.24) to (2.22)), we take advantage of the

e~(T=By|% in order to recover the integrability of the singularity in time.

increment |x —
In the classical case, namely when the coefficient a;; is also Holder continuous in time, the

parametrix function is obtained by freezing the variable coefficients in both space and time

(see Remark [2.2.4). In (2.23)), this choice leads to increments of type
‘a”ij<t7 [E) - aij(T’ y) |a

which is clearly not helpful if a;; does not exhibit any regularity in time.
Furthermore, note that the coefficients have to be frozen in the space variable along the
integral curve of Y: freezing the coefficients at a fixed point y would yield an increment of

type |z —y|% in (2.24]), which does not allow to employ the Gaussian estimates in (2.B.1) to

control the singularity.

2.2.2 Proof that p is a fundamental solution and Gaussian bounds

We now prove the first part of Theorem[2.1.5 concerning the existence of the fundamental
solution of £. This is achieved by proving that the candidate solution p = p(t, z; T, y) defined
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through (2.15) satisfies points i) and ii) of Definition [2.1.4] The innovative part of the proof

consists in showing point i), which is p(-,-; 7T, y) solves the equation
Au+Yu=0 on Sy (2.25)

in the integral sense of Definition [2.1.2] Once more, we provide the details of the parts that
significantly depart from the classical case.

For any (T,y) € Sr,, let us rewrite p(t, z;T,y) as
p(t,;T,y) =P(t,a;T,y) + @(t,x;Ty),  (t,2) € Sr,

where we set .
bt Ty) = [ [ Plesmaetr Ty (2.26)
t RN

The strategy of the proof is to first show that p possesses the regularity required in order to
qualify as a fundamental solution, and then to check that it actually solves equation .
As pointed out in Remark , the parametrix P = P(¢,z;T,y) is an integral solution to
. In particular, it is smooth in the variable x and absolutely continuous along Y. As
for & = ®(¢, x; T, y), the next result shows that it is twice differentiable w.r.t. zy,..., 24 and

states some Gaussian bounds on the derivatives.

Proposition 2.2.7. For any (T,y) € S, (t,x) € Sy andi,j =1,...,d, there exist
T
0.0t Ty) = [ [ o.Pltsimme(rmT.y)dndr
t RN

T
axiqu)(ty x; T; y) = / / 8$1$JP<tJ x7 7—7 77)90(7—7 777 T7 y)dndT7
t RN

and, for any € > 0 we have

|®(t, 2, T,y)| < O(T —t)2T*¥(t, ;T y),

C
|6$1(P(t7 x; T7 y)l S —MFM““?(t’ T, T7 y)a

(T =)=
C
amlmq) taxaT7y S —2—()¢FILL+E t7x7T7y )
0,50 € g T

where C' denotes a positive constant, only dependent on Ty, i, B, a, & and the a-Hélder norms

of the coefficients.
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Proof. By the definition of ® in (2.26) we have

T
‘P(t,x;Tw):/ J(t,x; 7T, y)dr,
t

with J defined as in (2.C.1)). The potential estimates of Proposition upon integrating
in 7, yield the result. O]

The following result shows that ®(-,-; T, y) is also Lipschitz continuous along the integral

curves of Y.

Lemma 2.2.8. For every (T.,y) € Sr, and (t,x) € Sr, we have
B(s, 5 Ty) ~ Bt Toy) = - [ FrasToodr, s 1]
t
where

T
F(r,;T,y) = / AP (7, e DB g ) o(r,n; T, y)dndr + (1,67 P2 T, y).
]RN
(2.27)

Proof. For any s € [t,T| one can write

P(s, es=8 T,y) — @(t,; T, y)

/ / s e By, 77) P(t, x;r, 7))) e(r,n; T, y)dndr
RN

/

-~

=G(t,x)

/ / (t,z;r,m)(r,n; T, )dndr
RN

—H(tz)

First, we study the term G(¢,x). Remark [2.2.3] - yields

T s
G(t,x) = / /RN (/ —.A(”’”)P(T, OBy n)dT) o(r,n; T, y)dndr.
s t

By (2.B.3) and Assumption for every € > 0 we have

|A(T’7])P<7—’ e(T*t)B:L,; T’ 77)‘ S F'LL+€(T7 e(Tit)BI; T, T])’ t < T < S < T < T

rT—T

Therefore, considering also ([2.20)), for any r € ]s, T'], the function

(1,n) = [ACDP (7, e DBz e m)p(r,n; T, y)
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is integrable on [t, s] x RY. Thus Fubini’s theorem yields

/ i ( / AP (7, el P, n)dT) p(r,n; Ty y)dn
R

t

- / AP (7, T ) o (rm Ty digdr
t R

Moreover, by the potential estimate (2.C.3) with § = ¢, for any £ > 0 we have

AP (7, DBy n)p(r,m; T, y)dn‘ <

RN (T —r) = (r—7)7%

(2.28)
As the right-hand side term is integrable over [t,s] x [s,T] as a function of (7,7), we can

apply once more Fubini’s theorem to conclude that

s T
G(t,xz) = —/ / . A(T’”)P(T, e IB g, n)cp(r,n; T, y)dndrdr. (2.29)
t s

Let us consider H(t,z). For every n € N, we define €,(r) := 1(r —t). Note that, for

n

every r € |t, s| we have r — g, (r) > t. Hence

H(t, x) :/ /RN P(r —e,(r),e" =08 g r n)o(r,n; T, y)dndr
t

J/

-~

=:Hp,(t,x)
[ ] (Pl ), 05 g) — e i)l T )
t RN

TV
=:Hp(t,x)

Once more, Remark yields

s r—en(r)
H,(t,x) :/ /RN (/ A(T’”)P(T, OBy n)dr) o(r,n; T, y)dndr
t t

(applying Fubini’s theorem as above)

s r—en(r)
- / / ACDP (7,721, ) o(r,: T, y)dndrdr
t t RN

(setting d,(7) = =% and applying Fubini’s theorem again)

s—en(s) ps
= / / A p (77 e(T_t)Bx; r. 77) o, ;. y)dndrdr
t T+8n (1) JRN
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(by (2.28)) and applying Lebesgue’s dominated convergence theorem)

— / / AP (7,7 Byir ) p(r,n; T, y)dndrdr.
t T JRN

n—oo

On the other hand, by the potential estimate (2.C.2)), for any n € N we have

rte(r, e P T, y)
Q

- r €t s].
(T —=r)'2(T—r)3

/N P(r —e,(r), e85 0 ) o(r,m; T, y)dn‘ <C
R

Thus Lebesgue’s dominated convergence theorem yields
lim f[n(t,x) :/ lim / P(r — gn(r),e(r’sn(")’th;r, n)go(r,n;T, y)dn dr
n—o00 ¢ n—oo JpN
(by (2.31), since n — ¢(r,n; T, y) is a bounded and continuous function for every r € [t, s])

:/ gp(r, e(’”_t)Bx;T,y)dr.

t

We have proved that

H(t,z) = / / AP (7, TP ) (r,n; T, y)dndrdr + / (1, TP T, y)dr.
t Jr JRN t

This and ([2.29)) prove the statement. O

We are now in the position to prove Theorem namely that p = p(t,z; T, y) defined
by (2.15)) is a fundamental solution of A + Y in the sense of definition Definition [2.1.4] and
that the Gaussian bounds from (2.4)) to (2.7 are satisfied.

Proof of Theorem[2.1.5 Let p = p(t,z;T,y) be defined by ([2.15)).
Step 1. We show that p = p(t,z; T, y) satisfies point i) of Definition [2.1.4] namely that

p(-, T, y) is an integral solution to (2.25) on Sy in the sense of Definition By Lemma
2.2.8], we have
p(s, e P Tyy) — p(t.a; Tyy) = P(s, e Pu; Tyy) — P(t, 25T, y)
+ O(s, e By T y) — B(t,2; T, y)
_ / ( ACDP (7, T DB ) 4 P72 T, y))dT.
¢

(2.30)
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Furthermore, by and since ¢(t, z; T, y) solves the integral equation ([2.16)), we obtain
AP (7 0By )+ F(r,2;T,y) = AP(1,e"982: T, y)
+ /T . AP (7, e DBy 0)o(r,n; T, y)dndr
(by Proposition

= AP(r, e(Tit)Bx; T,y) + Ad(r, e(Tit)BxQ T,y)
= Ap(r, e P T, y),

which, together with (2.30]), concludes the proof.
Step 2. We show that p = p(t, x; T, y) satisfies point ii) of Definition [2.1.4] In light of the
estimate ([2.20)), it is straightforward to see that

|B(t,z; T, y)| < C(T —t)sT*(t,2;T,y),  (T,y) € Sy, (t,z) € Sr.

Therefore, it is enough to prove that, for any fixed (T, y) €]0, To[xRY, we have

lim P(t,z;T,n)f(ndn = f(y),  fe€CRY). (2.31)
(thf?j(ﬂﬂy) RN

Recalling the definition of the parametrix P, we add and subtract to obtain
[ Pt = [ 1O T fy
RN RN
— [T T )
RN

+ / (LD (8,25 T, m) — DT (1,2, T, ) f ().
RN

-~

=:J(t,x)

Furthermore, by estimate (2.B.4]), for every € > 0 one has

Il <C [ = alsT s Ty

Eventually, follows from classical arguments.

Step 3. We show the upper Gaussian bounds —— for p and its derivatives.
The proof of the lower Gaussian bound is similar to that of Theor. 4.7 in [76] and
Section 5.1.4. in [77], thus we omit it for sake of brevity.
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The Gaussian bounds of Proposition and the definition of parametrix (2.13]) yield
the estimates ([2.4))-(2.5)-(2.6) for P = P(t,x;T,y). The estimates of Proposition and

the fact that p = P 4+ ® conclude the proof. m

Remark 2.2.9. Any integral solution u to equation (2.2) on Sy in the sense of Definition
2.1.2] is Lie-differentiable along Y almost everywhere on Sy. Indeed, the set Hr of (¢, x) € Sr
such that Yu(t,z) in (2.3) exists finite, is measurable as the limit

_ u(r,e982) —u(t, x)
lim sup

Tttt T—1

is a measurable function of (¢,z) and the same holds for liminf. This is a straightforward
consequence of the continuity of u along the integral curves of Y. The fact that Hp has
null Lebesgue measure stems from Fubini’s theorem, as u is absolutely continuous along the

integral curves of Y and the map

(1,9) = (T,e"y)

is a diffeomorphism on Sr.

2.3 Regularity of the fundamental solution

In this section we prove Theorem Since p(+,-; T, y) can be represented as in (2.15)),
we need to study the regularity of P(-,-;7,y) and ®(-,;7,y). While the former term can
be easily dealt with by means of the Gaussian estimates of Appendix [2.A] the latter has to

be treated more carefully. We start with the proof of Theorem [2.1.6, which is based on the
regularity estimates for ®(-,-;7,y) and P(-,-;T,y) proved in Section and Section [2.3.2]

respectively.

Proof of Theorem[2.1.6, Let < . For fixed (T,y) € Sr,, we set
ft,x) = p(t,z;T,y),  (t,x) € Sr.

We first note that, by definition of fundamental solution, (3.5) is satisfied with fy = —Af.
Furthermore, for any ¢ €]0, T, by Definition and the representation ([2.15) we have

||f||c§+6 = Np1+ Npa+ No1+ Nopo,
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where

d d
NP,l = Z “azzP(? aTa y)”c)l/tﬁ + Z (Hall?zil?]P(u 7T7 y)||0€t + ||a$z$]P(7 7T7 y)HL?O(CB)),

i=1 ij=1

NP,Q = H‘AP(7 B Ta y)”Lf"(Cﬁ)7

d d
N‘I’,l = Z ||amz(1)<7 7T7 y)”c}l,tﬁ + Z (Haﬂ?zmgq)(u 7T7 y)HC@,t + Hamz%q)<7 aTu y)||L§°(CB))7
=1

3,j=1

N o = [|AD(-, T, y)||L;>°(CB)-

Now, the estimates of Lemma yield

C
Nep < ——05 (2.32)
(T — t)Q+22+ﬁ
To bound Np s, first fix ¢, 7 = 1,...,d and note that, by estimate (2.B.3), we obtain
C
sup |Opie, P(s, 21, y)| £ ——77 s < t. (2.33)
2RV | | (T — )%
Furthermore, (2.32)) combined with Remark yield
aa:zP S,ZE;T, _aa:a:P S,U;T, C
Sup | iLyj ( y) Bz j ( y)| S e 5 < t (234)
z,vERN |l’ — U|B (T — t)T
Thus, by (12.33)-(2.34) we obtain
1000 P(s, 5 Ty )]s < ——© <t
T, S, 4,y B> T _O0t24B8° S )
C! (T — 1) Q+2+7
which in turn implies
C
1002, PC, 5 T y) e 09) S ——— goim-
L2 (CP) (T — 1) Qi2Ep
This, together with Assumption [2.1.1] prove
C
Npo < —— 55
(T—1) QT2+s
The bound for Ng; stems from the estimates of Proposition [2.3.2, which yield
C C
Neg < Q+2—(a—B) Q1248 °

<
(T—t)" =2 (T'—t)" =2

Eventually, the bound for Ng o follows from the same arguments used to bound Np . O
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The rest of this section is devoted to the results utilized in the proof of Theorem [2.1.6]

It is useful to introduce the following
Notation 2.3.1. Let f = f(t,x;T,y) be a function defined for (T,y) € Sz, and (¢, x) € Sr,
suitably differentiable w.r.t. x. For any : = 1,..., N, we set
Ouf(t, @, T,y) := 0, f(t, ;T y),
and we adopt analogous notations for the higher-order derivatives.
This notation is useful in order to compose partial derivatives with other functions. For

instance, if g = g(t, x) is a given function, then

alf(t7 g(ta LU), T7 y) = azzf(t7 2 T? y)|219(t7$)'

2.3.1 Regularity estimates of ¢

Now prove the Holder estimates for ®(-,-;7,y). We recall that ) denotes the homoge-

neous dimension of RY as in (1.9)).

Proposition 2.3.2. For every e > 0 and 0 < § < « there exists a positive constant C, only
dependent on Ty, 1, B,e, o, B and the a-Holder norms of the coefficients, such that, for any
1,75, k=1,...,d, we have

s (T —1)9/?

|0:®(s, e P2, T, y) — 0,0(t, 2, T, y)| < Cls — 1) 2 = Tr4e(t, o; T, 4fR.35)
_ o)
T —1)@/?
|01, (s, P T, y) — 0,0(t, 3 T, y)| < C(s— t)g (T< )Qggmm et z; T, y)(2.36)
_ gy ifes)
Hre(t hey; T Lere(t, o T
058(t, 7+ hews T, ) — Dy 0(t, 2 T, )| < CJpf Lt HhewToy) HTEA v Thy),
J J (T—t)2 (f; B)

(2.37)
for every (T,y) € St,, (t,z) € Sp, t <s<T and h € R.

The proof of estimates (2.35))-(]2.36|) relies on the following
Lemma 2.3.3. Let (T,y) € Sg,,. Then, for anyi=1,...,d, the function v := ;P (-, T,y)

15 a strong Lie solution to the equation
d+dy
Au+Yu=— Z bjiO;P (-, T,y) on Sr,
j=1
in the sense of Definition |2.1.2,
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Proof. We note that

d+dy

j=1
for every x € RY and for almost every t € [0, T, where, in the last equality, we used that

bji = 0if 7 > d+d,. While it is obvious that the previous identity holds for smooth functions

of (t,z), one can directly check that 0;0,P(t, z;T,y) = 0,0;P(t, z; T, y) and thus the identity

holds for the parametrix too. Therefore, we obtain

82‘].:)(8, G(S_t)Bl'; T, 77) - azP(t7 x;T, 77)

= [ o) e wir s
t

= [ (@Y P)o 50 7,) = (01, YIP (i ) )
t

(by Remark [2.2.3))

d+d;

=— / ((@A“’”)P)(r, e OBy ) + Z b;;0;P(r,e" B, 7, n))dr
¢

j=1

(since 9, AN = AT Q)

d+dy

=— / ((A(T’”)aiP) (r, e By 7 n) + Z b;0;P(r,e" B 7, n))dr.
t

J=1

We are now in the position to prove Proposition [2.3.2

Proof of Proposition [2.53.3. Let (T,y) € Sp,, (t,x) € Sr,t < s < T and h € R be fixed. Also
fix i,7,k € {1,...,d}. First we prove (2.35). By adding and subtracting, we have

0 ®(s,eC VBT y) — 0,0 (t, ;T y)

T
= [ [ (8P airi) — 0Pt ws ) lr i T )dnds
s RN by

=:1(7,n)

—// OiP(t, z;7,n)e(r,n; T, y)dndr .
t JRN ,

-~

=:L
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We consider the first term. By Lemma [2.3.3| and swapping the integrals as in the proof of

Proposition [2.2.8, we have

T
/ / I(r,n)e(r,n; T, y)dndr
RN
d+dy
/ // <A(T")8P)(r el t)Ba: T,n) + Z b;;i0,P(r, e(r—tB T, 77))(,0(7’ n; T, y)dndrdr.
RN
Therefore, the estimates of Proposition with § = (a — 3)/2 yield

I(t,n)e(r,n; T, y)dndr

RN
/ / _a=p e L e DBy T y)drdr
— T T4 (7’ — 7”)2 4
(by a standard estimate on T'**¢(r, e Bz; T y))
T s 1 Tt Q/2 N
< C/ / as - drdT( ) Lt o T, y). 2.38
s Jt (T—’r)lfTﬂ(T—r)%*%B T —s ( v) ( )
=K
We now bound K:
s T 1
K= / — ——drdr
—n)T (r—r)2

1 1
/ / 5 AT —5dr
=5 (=) (s—r)7iz

(solving the integral in dr)
s 1 1

(2.39)

On the other hand, estimate with § = a — [ yields

s C
|L| §/ — ——dr D" (2 T, y)
t (T—7)""2 (1—t)2 2
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< T C;l / dTl"’“La(t z; T,y)
Rpmr=:
C te
§W<S_t) Eree( g Ty).

This, together with (2.38))-(2.39), proves (2.35). Estimate (2.36]) can be obtained following

the same arguments.

We finally prove (2.37). By Proposition we have

T
:/ / (asz(t7x+ hek;7—7 77) - aijP(tax;Ta 77))‘;0(777%T7 y)dndT
RN

J/

-~

=:1(7)
We first prove that
)

I(n)| <C — 5
10 < C s — e

(DH*e(t, + hey; T, y) + TP=(t 23 Ty y)), 7 €], TY
We consider the case 7 — ¢t > h?. By the mean-value theorem, there exists a real h with
|h| < |h| such that

|0, P(t, x + hey; 7,1m) — 03P (t, x;7,m)| = |h| |05 P (¢, x + hew; 7,1m)| .

Therefore, by the estimate with 0 = (oo — §)/2, we have
I
(T — )55 (1 — )3~

| I(r)| < C THFe(t, x + hey; T, y)

a4+

Q

(since 7 —t > h?)

B
<C A

pute e, -
> (T—T)l QZB<T—t) 77,8]'1 (t,x—i—hek,T,y)

(by standard estimates on T**¢(¢, z + hey; T, y) with 7 — ¢ > h?)
||

(T =)= (7 = 1)!

We now consider the case 7 — ¢t < h?. Employing triangular inequality and estimate

with § = (o — 3)/2, we get

<C

= (DF*=(t, x + hey; T, y) + TH (8,43 T, y)) .

,a;

(F“Jre(t z+ hey; T, y) + T4 (¢, 2, T, y))
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(since T — t < h?)
|| (
(T — )= (r — )T

<C DHHe(t, o + hey; T, y) + DFYE(t, 2 T y)).

Therefore, combining the previous estimates, we obtain

/t ' I(r)dr

T
1
SCIhW/ = =z dr (P"5(t, @ + hey; T, y) + TV (t, 3 T y)
o (T — 7)== (= )7 ( )

4

1
< C|h|? — (PPt z + heg; T, y) + TH=(t ;T y)

(T—-t)'==
which proves ([2.37)). O

2.3.2 Regularity estimates for the parametrix
We have the following Holder estimates for P.

Lemma 2.3.4. Let 0 < 8 < a. Then for every e > 0 there exists a positive constant C,
only dependent on Ty, i, B, e, a, B and the a-Holder norms of the coefficients, such that for
any i, 5,k =1,...,d we have

ws (T —1)92

|aiP(S7 e(s—t)Bx; T, y) - azP(t7 z; T, y){ < O(S - t) ? mrlﬁf (ta z; T, y>7 (240)
— S P)
T —t)9/?
0P (5,68, T, y) — 9, P(1, ;. T, y)| < O(s — t)gﬁr“ﬁ(tx;ﬂ y),  (241)
— S 2
1
|8Z]P(t, T+ hek, T, y) — (‘%P(t, €] T, y)| S C|h|6 (T t)w (Fu—i—e(ta r+ hek; T; y) + F“+5(t7 o T7 y))a
— 2
(2.42)
for any (T,y) € Sy, (t,x) € Sp, t <s<T and h € R.
Proof. We first consider (2.40). By Lemma we have
S d+dq
OP(s, "0 T,y) — OP(t, 23T, y) = — / (ATDOP(r, P Ty) + 37 b0y P(r, P T,y) ) dr

Therefore, by boundedness of the coefficients of AT and the estimates of Proposition 2.B.2]
we obtain

C
(—§F“+a(r, e(r_t)Bx; T,y)dr

|8iP(8,€(S_t)BZE;T, y) - 82P<t7x7T7 y)| S /
t T —7”)2
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s T —t\9?
< dr rete(t, o T,
—/t (T —7) (T—s) 2 1)

N

(for any 5 < 1)

148 Q/2
—t T—t
<C (s 1) (T_8> DHYE(t, 2 T, y).

The proof of (2.41)) is based on analogous arguments.
We finally prove (2.42)). As for (2.37)), we first consider the case T — ¢ > h®. By the

mean-value theorem, there exists a real h with |h| < |h| such that
|0, P(t, 2 + hew; T, y) — 0P (4,2, T, y)| = |b] |0 P (t, 2 + hew; T, y)|
(by estimate (2.B.3))

h _
< CLSF’H&(E z + hey; T, y)
(T —1t)2
(since T —t > h? and by standard estimates on T**¢(t, x 4+ hey; T, v))

||

<C———
(T — )2

(PH*e(t, z + hey; T, y) + T4 (t, 2, T, y)) -

We now consider T'— t < h?. Employing triangular inequality and estimate (2.B.3) yields
C

10,;P(t,x + hey; T,y) — 0;;P(t, 2T, y)| < T3 (F“J”E(t7 x+ hey; T,y) + THe(t, x; T, y))

(since T —t < h?)

|h)°
<O —— (

I‘/H‘E(t’ T+ hek; T> y) + F;H_E(ta €, Ta y) :
(T — 1)1+ )

This concludes the proof of ([2.42)). O

2.4 More properties for the fundamental solution

The following proposition contains further useful properties that allow to view the fun-
damental solution as the transition probability density of a Markovian process. We omit the

proofs that are based on rather standard arguments.
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Proposition 2.4.1. Under the assumptions of Theorem [2.1.5 we have:

i) the Chapman-Kolmogorov identity

p(t,x;T,y) = / p(t, x5 5,m)p(s,n; T, y)dn, t<s<T, z,y € RY;
]RN

ii) if the zeroth order coefficient a of A is constant, i.e. a(t,z) = a, then

/ p(t,z; T, y)dy = * T, t<T, zeR"N.
RN

2.A Gaussian estimates

We prove Gaussian estimates that are crucial in the analysis of Sections and Here
we follow the ideas in [23] Section 3], but with some technical difference. Namely, in the afore-
mentioned paper the Kolmogorov operator acts on the forward variables of I'*?) (¢, x: T, y),
whereas here we consider £ = A + Y acting on the backward variables (¢,z). This has
an impact on the spatial derivatives, which contain additional factors that require a careful

analysis.

Throughout the appendix we suppose that Assumptions|1.1.1][1.1.2land [2.1.1] are satisfied
and fix (s,v) € Sr,. Denoting by By the matrix B with null %-blocks, we define the N x N

t
Colt) = / et=nmo (100 i gy
0 0 0

T
D (1, T) / eT=7)Bo 4(80) (7)e(T=)B5 g
t

matrices

with A®") as defined in (3.10)). As an immediate consequence of Assumption we can
compare the quadratic forms associated to C* (as in [@.9)), € with C(T — ¢) (as in

(2:12)), Co(T — t), respectively:
Ler— 1 et T) < pe(r - v),
0
1
;co(T —t) <P, T) < pCo(T — 1), (2.A.1)

for any ¢t < T. Moreover, an asymptotic comparison near 0 of C¢**) and Cés’v) holds:
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Lemma 2.A.1. There exist two positive constants C and &, only dependent on p and B,
such that

1
ECO(T - t) < C(&v) (t’ T) < QMCO<T - t)7

" det Co(T — t) < det C* (¢, T) < (2p)™ det Co(T — 1),

for any 0 < T —t <. Analogous estimates hold for (C(S’”) (t, T))fl.

Proof. It follows from the same arguments of [60, Lemma 3.1]: the proof is only based on
the properties of the matrices A and B, and it is not relevant whether A has constant or

time-dependent entries. O

Remark 2.A.2. We note that | - |p is homogeneous with respect to the family of dilations

defined by the matrices
D) = diag(My, NIy, ... N T,), A >0,
In [60, Proposition 2.3] it is proved that
Co(t) = D(V)Co(1)D(WT),  t>0. (2.A.2)

Therefore, for 0 < T —t < § with 0 as in Lemma [2.A.1}

% det Co(1) < det C(s’v)(t,T) < (QM)N (T — t)Q det Co(1).
L

To compute the spatial derivatives of ['®)(¢, z; T,y) it is useful noticing that
) (t,z;T,y) = G(H(s’”) (¢, T), e~ (T=0)By _ x), (T,y) € S, (t,z) € Sr,

where
HE(,T) := e T80 (¢ T)em (T8,

Since C)(t,T) is symmetric positive definite and e~("95 is non-singular, then H) (¢, T)
is symmetric and positive definite for every 0 <t < T.

In order to give estimates on the matrix H") we need to study the elements of e'®. We
recall the block partition ((1.7)) of the matrix B: for h,k = 0,...,q, we denote the dj, x di
block of B by
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with dj, as in (T.§). Note that by (1.7) we have

Qhkzodhxdk if h > k?+1,
Onr = By if h=k+1, (2.A.3)
Opi, = * if h <k+1.

Analogously, for n € N, we can consider the same block decomposition for B™. We denote
by Q) the d, x di block of B".
Lemma 2.A.3. Let h,k =0,...,q and n € N. Then

g’]? - Odthm h>Fk+ n, (2A4)

which is (B"),; =0 if i € {d 1+ 1,....dp} and j € {dp_1 +1,... dp}.

Proof. We proceed by induction on n. The case of n = 1 is obvious (see (2.A.3))). Now we
assume that (2.A.4)) holds for a certain n € N. For h > k 4+ n + 1 we have

q
n+1 n
=2 Qi O
m=0

If m < h —n, then QE{QL = 04, xd,, by inductive hypothesis; if m > h —n, then m > k + 1

and 9, = 04,,xq,- Therefore Qg:}jl) = 04, xd,, - ]

Lemma 2.A.4. Let h,k =1,...,q such thath—k =:n € N. For anyi € {dy_1+1,...,d,}
and j € {dy_1 +1,...,dy} we have

(etB)ij =0(t"), ast—0.

Proof. From Lemma we have that (B™);; = 0 for every m = 0,...,n — 1, since
QSZ,:L) = 04, xa,, for h — k =n > m. Therefore

t"(B");;
(e'P);; = % + O™, ast—0.

]

Lemma 2.A.5. There exists a positive constant C' that only depends on u, B and Ty such
that, for everyi,j=1,...,dandk=d+1,...,d+dy,

(090.7)Ma) | < DO/ =)0, A9
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(HE @, 7)), | < T (2.A.6)
‘(H(s’”)(t, T)'z), | < ﬁ!D(\/T — 1)@=y (2.A.7)
’(H(Sv)(t T k| < (Tgt)Q’ (2,A.8)

for any 0 < T < Tjy and (t,z) € Sr.
Proof. We prove the first inequality Setting 7 =T — t, we have

}(H(S’U)(t,T)_ ’TB C(sv (t T) 1 TB )

< — ) D(V7)e™® D(v7) ™),
Ji S,
By Lemma there exists a positive constant ¢ such that, if 0 < 7 < §, we have

[D(VT)CE (1, T) ' D(VT)|| < sup(D(VT)C (8, T) " D(VT)y, y)

ly|=1

i

where the last equality follows from (2.A.2). If § < 7 < Tp, by equation (2 we have

[D(VT)ICE (8, T)'D(VT)|| < p || D(VT)C(T) " D(V/T)

)

which is bounded by a constant that depends only on u, 7y and B.
In order to conclude the proof of (2.A.5)), we let h, be the only h € {0,..., ¢} such that
dp_1+1<n <d,. Then, by Lemma [2.A.4] since i € {1,...,d}, we obtain

(D(VT)e® D(v7) ™), =D(VT)i (e, DVT )
—73 (eTB)mT ot =0(1) asT —0.
Estimate (2.A.6)) follows from (2.A.5)) choosing x = e;. Estimates and (2.A.§)
can be proved following the same arguments, noticing that for k =d+1,... ,d + d; we have
D(T)kk = T3. ]

2.B Gaussian estimates

Finally, we provide Gaussian estimates for I'>¥)(¢, 2; T, y) and its derivatives up to the

fourth order that will be used to study the Holder regularity of the second order derivatives

DT (8, T) " D(VT)|| | D(VT)

_IGTBI| ]
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of the fundamental solution via the representation (2.15))-(2.19)). The following result can be
proved as [23, Proposition 3.5].

Lemma 2.B.1. For every 8 > 0 and € > 0 there exists a positive constant C', only dependent
on Ty, p, B,e and 8, such that

lwi PTE (4, 25 T, y) < CT*(t, a5 Tyy),  (Thy) € Spy, () €Sp, i=1,..., N,
(2.B.1)

where
w=DWT—t)"" (y— e(T_t)B:U) :

Combining Lemmas [2.A.5 and [2.B.1| with [23, Proposition 3.1, 3.6 and Lemma 5.2], some

lengthy but straightforward computations show the following
Proposition 2.B.2. We have

1 1 S,V
M—NF#(t,:B;T, y) <TEO(t 2T, y) < pNTH(E, ;T y). (2.B.2)

for any (T,y) € Sg, and (t,z) € Sy. Moreover, for every e > 0 and v € NY with [v]p < 4,

there exists a positive constant C', only dependent on Ty, pu, B and €, such that

Mw“m@%Twﬂéajtme“@aTwL (2.B.3)
Tt 25T, y) — QT (1,2, T, )| < O%W@,w ), (B4
— 2

for any (T,y) € Sg,, (t,x) € Sr and w € RY.

2.C Potential estimates

We study & = ®(¢,z;7,y) in and its derivatives w.r.t. to the variables xy, ..., xq4.
To do so, we have to deal with some singular integrals. We follow the steps in [23], Section
5], but we remark that the estimates of Proposition extend the ones in the aforemen-
tioned paper to higher order derivatives. This is needed to prove the optimal regularity of
O(t,x; T, y) and thereafter of p(t,z;T,y).

We set

J(t,x; 7T, y) rz/ P(t,x;7,n)o(t,n; T,y)dn, (T,y) € S, (t,x) € Sp, T €], T
]RN
(2.C.1)
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Proposition 2.C.1. For every e > 0, v € N} with [v]p < 4 and 0 < § < «, there exists a
positive constant C', only dependent on N, Ty, p, B, o, and €, such that,

\J(t,z; 7T, y)| < et (t, z; T, y) (2.C.2)

C
(T —71)'"3(r — 1)

for every (T,y) € St,, (t,x) € Sr and T €]t,T].

00 I (t,z; 73T, y)| < TH*e(t, ;T y), (2.C.3)

lp—(a—9)
2

Proof. The proof relies on Proposition : can be easily obtained by applying
estimate to P(t,x;7,n), estimate to p(7,n; T, y) and the Chapman-Kolmogorov
identity.

We provide a full proof of in the case of 97 = 0y,.,, with i, j < d, the proof for
higher order derivatives being analogous. The idea is to combine with the techniques
in [23, Proposition 5.3] and [79, Proposition 3.2]. Let (¢,z) € Sy and 7 €]t, T[ be fixed. By
estimates (2.B.3) and (2.20)), we have

Oz, J(t, 2375 T, y) :/ Oy, P(t, 57, m) (7, m; T, ) dn.
RN

We set t = # and consider two separate cases:

Caset <7 < T. By (2.B.3)) and ([2.20]), we have that for every ¢ > 0 and 0 < § < « there

exists a positive constant C' such that

C
02,2, J (t, 2373 T, )| S/ DPRYE(t, ;)PP (s T, y)dn

gy (T —7)172(1 —t)
(by the Chapman-Kolmogorov equation)

C

< - LHte(t, o T,
Swoarie—g bnhy)

(since T —7 <7 —1t)

< ¢ et o T, y).
T (T (=) T

Case t < 7 < t. Here we need to handle with care the singularity of 0,..,P(t,2;7,n) for

small 7 — ¢. Note that in this case the following inequalities hold true:

T —t
rot< g <T-r<T-t (2.C.4)
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We have
Opia; J(t, 27T, y) = Ky + Ko + K,

T—t)B

where, setting £ = e! x,

Kl = /N axiij(Tm) (tv T3, 77) (()0(7-7 ; T7 y) - SO(T7 57 T7 Z/))dn;
R

Ky = QO(T» &, y) /N <a;mxjr(7m)(t> T, T, 77) - azﬂjr(ﬂv) (t’ IXE 77) L;:f) n,

R

K3 = 90(7',5§T’ y) / axiij(T’v)@,ﬂf;T, 77)‘11:56“7.
RN

We first consider K7. By (2.21)) and (2.B.3)), for every ¢ > 0 and 0 < § < « there exists a

positive constant C' such that

C _ga—5 R . .
K| < — /N Il PEv3(t, ;) (THH(r, & T y) + T (s T, y)) diy
2 JR

(T —7) (=1
(by (2.B.1)))
C 1
< FNJFE l,x; F/hLE ) aTa IW+5 s 7T7 d
ST /RN g ) (P ETY) + T Ty)) dn
(integrating in 7 and by the Chapman-Kolmogorov identity)
C
< = "G T y) + T (2 Ty
(T_T>1_%<T_t)1_T5 ( ( ) ( ))
(by (2.C.4))
< ¢ Ttz T, y).

1— a—3

T (T ) )
Consider now Kj. By (2.20)) and (2.B.4), we obtain

Iw-i-a -T N o 127
|K2‘ S C (7’;5; 7y> /N |7] £|BF“+E(t,x;T, 77)d77
R

(T — 7')1_% T—t
(by (2.B.1)) and integrating in 7)
C
< pte .
- (T_T)l—%<7__t)1_%r (TafaTay>
(again by (ZC3))
C
< 5 F’“E(t,x;T, y)

(T —7)"3(r — 1) =%
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Finally, K3 = 0 since
/ O, T (t, 237, m)dn) = Oy, / T (¢, 2 7,m)dn = 0
RN ’ RN

for any v € RV,



Chapter 3

Optimal Schauder estimates for
kinetic Kolmogorov equations with

time measurable coeflicients

We prove global Schauder estimates for kinetic Kolmogorov equations with coefficients
that are Hélder continuous in the spatial variables but only measurable in time. Compared
to other available results in the literature, our estimates are optimal in the sense that the
inherent Holder spaces are the strongest possible under the given assumptions: in particular,
under a parabolic Hormander condition, we introduce Holder norms defined in terms of the
intrinsic geometry that the operator induces on the space-time variables. The technique is
based on the existence and the reqularity estimates of the fundamental solution of the equa-
tion, recently proved in [71]. These results are essential for studying backward Kolmogorov
equations associated with kinetic-type diffusions, e.g. stochastic Langevin equation.

Based on a joint work ([65]) with Profs. Stefano Pagliarani and Andrea Pascucci.

3.1 Introduction

In recent years, several sharp Schauder estimates have been proved for Kolmogorov equa-
tions with coefficients that are Holder-continuous in the space-variables but only measurable
in time. In this chapter we prove global Schauder estimates which we claim to be opti-

mal, meaning that the inherent Holder spaces are the strongest possible under the given

44
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assumptions on the coefficients. In particular, our results include and improve some known
estimates in the framework of non-divergence form operators satisfying a parabolic Horman-
der condition.

A prototype example of the class under consideration is

o*(t,v, 1)

5 Opo + V0, + Oy, (t,v,z) € R3,

which is the backward Kolmogorov operator of the system of stochastic differential equations

d‘/t - O-(t) ‘/;7 Xt)dVVt7
dXt - ‘/tdt,

where W is a real Brownian motion. The study of these models is motivated by several
applications, including kinetic theory and finance. In the classical Langevin model, (V, X)
describes velocity and position of a particle in the phase space and is a pilot example of more
complex kinetic models (cf. [59], [52], [53]). In mathematical finance, (V, X) represents the
log-price and average processes utilized in modeling path-dependent financial derivatives,
such as Asian options (cf. [7], [75]).

We consider the Cauchy problem

Lu=f on Sr,
U(T, ) =g on RN:

posed on the strip
Sr =10, T[xR".

Generally speaking, Schauder estimates give a bound of some Holder norm of the solution
u in terms of some (possibly different) Holder norms of the data, namely the coefficients of
L, the non-homogeneous term f and the datum g. The “strength” of a Schauder estimate
depends on the norms involved and this is a sensitive issue in the theory of degenerate
PDEs: clearly, for a given Holder norm on the solution u, the weaker the norms on the data,
the stronger the Schauder estimate; conversely, if the norms on the data are given, then
the stronger the norm on u the stronger the Schauder estimate. Now, in the literature on
degenerate Kolmogorov equations, we may recognize at least two notions of Holder norm
as well as variants of them: the so-called anisotropic and intrinsic norms, whose precise

definitions are given in Section [[.2] Intuitively, the former norm takes into account the
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anisotropic behavior in space induced by the underlying diffusion, but does not require any
time-regularity. The intrinsic norm, by opposite, is induced by the geometric properties of
the differential operator £ and takes into account the regularity along the vector field Y
(and thus along the time variable). Therefore, the intrinsic norm is stronger in the sense
that it allows to see the full regularizing effect (in both space and time) of the fundamental
solution of L.

Roughly speaking, we may catalogue the known Schauder estimates for solutions to (3.1

as follows:

e anisotropic-to-anisotropic: the anisotropic norms of the data bound the anisotropic
norm of the solution, as in [66], [64], [81], [17] and [44];

e intrinsic-to-intrinsic: the intrinsic norms of the data bound the intrinsic norm of the
solution, as in [67], [24], [43], [62] and [80];

e anisotropic-to-intrinsic: the anisotropic norms of the data bound the intrinsic norm of
the solution. This class is stronger than the two above: only recently, partial results

were proved in [26] and []].

Our main result, Theorem [3.2.2] provides an optimal anisotropic-to-intrinsic global Schauder
estimate which improves the results in [26] and [§] in a subtle but crucial way, as explained in
Section [3.2.2] For instance, the Holder norm we adopt for the solution u is strong enough to
derive intrinsic Taylor formulas and therefore also an It6 formula for the underlying diffusion
processes, which is a fundamental tool in stochastic calculus.

Our estimate is global in that it holds all the way up to the boundary, with an explosion
factor that depends on the regularity of g, namely (7" — t)’wz here v and 3 represent the
Holder exponents of the solution u and of the terminal datum g, respectively. In particular,
it is possible to recognize two limiting cases: § = 2 4 «a, no explosion close to the boundary;
S = 0 (g only continuous), maximum explosion rate. As a corollary, we obtain a sharp
regularity estimate (Corollary in the Y direction, at the boundary t = T. Although
this is an expected phenomenon, the quantitative characterization of the penalty term is
novel, to the best of our knowledge, for degenerate Kolmogorov operators in the context of
variable coefficients or of intrinsic Hélder spaces. We refer the reader to [88] for the case of

constant diffusion coefficients and anisotropic Besov-Holder spaces. We also mention that
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intrinsic embedding theorems of Sobolev type were recently proved in [35] and [7§], and L?
global Schauder estimates recently appeared in [25].

Theorem comprises a well-posedness result for (3.1)). The proof of Theorem m
goes as follows. First we define a candidate solution u via Duhamel principle. After proving
that it is actually a solution to (3.1]), we prove the regularity estimates for the two convolution
terms that constitute u, from which the Schauder estimate follows. The proof critically
relies on the recent results in [71], where the existence of the fundamental solution of £ was
established, together with optimal Holder estimates, by means of a suitable modification of
the parametrix technique, already employed in [79] and [23] in the case of intrinsic Holder-
continuous coefficients.

The rest of the chapter is organized as follows. Section [3.2] contains the main results and
a detailed comparison with the related literature. Precisely, in Section |[3.2.1] we state our
main result, Theorem [3.2.2] and comment on it; Section [3.2.2] contains the comparison with
the literature. Section [3.3]is entirely devoted to the proof Theorem [3.2.2]

3.2 Schauder estimates

In this section we state the main results of this chapter. We start by introducing the
assumption on the regularity for the coefficients of £, that is exactly Assumption in
slightly different setting:

Assumption 3.2.1. The coefficients a;;, a;, a of £ are in LF(C®) for some & €10, 1].

3.2.1 Main result

We remark that if u € L§(C?**) or u € C7 then the derivatives 9y, u, 9,5, u exist in
the classical sense only for 1 <1,j < d. Indeed, u is not regular enough to support even the
first-order derivatives 0,, for d < ¢ < N and the full gradient Vu appearing in the drift of £
must be interpreted in a suitable way. Thus, in accordance with the intrinsic Holder spaces
defined above, we consider solutions for the kinetic equation in the sense of Definition [2.1.2]
Moreover, for g € C(R”), a solution to the Cauchy problem is a solution u to ({2.1)),
which can be extended continuously to ]0, 7] x RY with u(T,-) = g.
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Theorem 3.2.2. Let Assumptions|1.1.1,|1.1.4 and|3.2.1 be in force. Then, for any o €0, &],
g € CP with B€[0,2+a] and f € LF. (C) with v € [0, 1], there exists a unique bounded
strong Lie solution u to the Cauchy problem (3.1). Furthermore, we have

_ 24a-8

gl + (T =07 lizyem) . 0<t<T,  (32)

lullegre < € ((T 1)

where C' 1s a positive constant which depends only on T, B,a, o, B,y and on the norms

L¥(C?) of the coefficients of A. In particular, C' does not depend on t.

We illustrate the Schauder estimate through particular instances; by linearity, we can

treat the cases ¢ = 0 and f = 0 separately:
e [Case g = 0] Estimate (3.2)) reads as
[ullczra < C(T =) flleg (co), 0<t<T. (3.3)
In particular, if v = 0 then f is bounded and holds true up to the boundary
t="1T:
[ullczre < Cllf ooy

e [Case f = 0] We have two extreme cases:

o If 8 =0, that is g is only bounded and continuous, then the solution has the same

explosion behavior of the fundamental solution as ¢t — T~ (cf. [71]), which is

24«

[ullgzee < C(T = 1) "% [lgl| o
o If 8 =2+ « then the solution is (2 + «)-Hélder continuous up to the boundary
[ullgzee < Cligllcave. (3.4)

Estimate (3.4]) entails a regularity result along Y at the boundary ¢ = T, which is reported

in the following

Corollary 3.2.3. Let the assumptions of Theorem[3.2.9 be in force with v = 0. The solution
u to the Cauchy problem (3.1) satisfies

B
2

lu(t, T (T, Y| e < C(T =3, 0<t<T,

if 5 €10,2] and

u(t, eBTDY — (T, ) + Yu(T, WT —t)| e < C(T —t) =, 0<t<T,

if B€]2,2+ al.
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Remark 3.2.4. Recall that (see Remark Theorem does not imply, under the
assumptions therein, that the Lie derivative Yu is jointly continuous in time and space
variables. However, under the additional assumption that f and a;j, a;, a are continuous on
Sr, it can be seen by Definitions [1.2.4 and [2.1.2] together with Remark [1.2.6], that Yu turns
out to be continuous on Sr. In particular, u is Lie differentiable along Y everywhere on Sy,

and thus equation ([2.1)) is satisfied pointwise everywhere on Sy.

3.2.2 Comparison with the literature

Global anisotropic-to-anisotropic Schauder estimates were proved by Lunardi [66], Lorenzi
[64], Priola [81], Menozzi [17] under different assumptions on the coefficients, stronger or
equivalent to ours. These estimates read as follows: if u is a solution of the Cauchy problem

(3.1 then

lull g (c2+ey < C (llgllozea + [1f 2z - (3:5)

Estimate (3.5)) is similar to for the particular choice § = 2 and v = 0; however, by
Remark estimate is weaker than due to the strict inclusion of intrinsic
into anisotropic spaces. Moreover, the above mentioned papers assume a smooth datum,
g € C*" missing the smoothing effect of the equation, which is well-known in the uniformly
parabolic case (cf. [61]). On the other hand, the class of equations considered by Menozzi
[T7] allows for more general drift terms. Zhang [88] proved general estimates in the context

of Besov-Holder spaces, which, at order two read as

lullszcerey < OT = )75 llglles. (3.6)
Once more, this estimate is proved for the anisotropic Holder norm and thus only catches
the smoothing effect of the kernel with respect to the spatial variables. Also, is proved
in the case of A with constant coefficients.

Global intrinsic-to-intrinsic Schauder estimates were obtained by Imbert and Mouhot
[52] for B as in (3.8), assuming coefficients in C§. As noticed in [26], the results in
[52] do not cover the case of some elementary smooth functions, for instance, d = 1 and
f(t,x1,22) = sinze. We also mention that interior estimates were obtained by Manfre-
dini [67], Di Francesco and Polidoro[24], Henderson and Snelson [43] and very recently by

Polidoro, Rebucci and Stroffolini [80] for operators with Dini continuous coeflicients.
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Global anisotropic-to-intrinsic Schauder estimates were obtained by Biagi and Bramanti
[8] under the additional assumption that the x-blocks in (1.7)) are null and therefore £ is

homogeneous w.r.t. a suitable family of dilations: if u is a solution to Lu = f then
IVaullege ooy + IV ull g (o) + [ Vaullog + llullog < C (llulleg + [ flligcs) . (3.7)

Estimate is weaker than because the norm on the lLh.s. of is smaller than
the norm in C3: the Holder semi-norms ||Vd“”c;}“ and ||V3ullcg, along the direction Y’
are missing. Moreover, the optimal regularity for the second derivatives VZu is obtained
only locally.

The closest results to ours were recently obtained by Dong and Yastrzhembskiy [26] for
the Langevin operator in R??*!, that is for B in in the particular form

0 0
B = (Id o> , (3.8)

where I is the d x d identity matrix and for the Cauchy problem with null-terminal datum,
g = 0. The techniques in [26] are based on a kernel free approach inspired by Campanato’s
ideas. Despite the proof is quite different, the estimates are very similar to ours except they
miss the optimal regularity along Y of the first order derivatives Vg u: we remark that this
piece of information is crucial to guarantee the validity of Taylor formulas like . As
already mentioned, the latter is a basic tool to prove probabilistic results such as the Ito

formula (cf. [57]), as well as analytical (cf. [52]) and asymptotic results (cf. [73]).

3.3 Proof of Theorem [3.2.2

The proof of Theorem relies on the results of Chapter [2| (see also [71]); for the
readers’ convenience we recall them here. A fundamental solution to the operator £ was

constructed in the form
pt,x; T,y) =P(t,z;T,y) + O(t,z;T,y), 0<t<T, xz,y€eRY, (3.9)
where:
e the function P is a so-called parametriz, which is defined as

P(t,z;s,y) =TV (¢, 25, y), O<t<s<T, zyeRY,
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where, for (7,v) € Sr, we set
LTt x5, y) = G(C(T’”)(t, S),y — e(s_t)Bx), O<t<s<T, zyeRY,

with
G(C,z2) = N e_%<cflz’z>,
(2m)N det C

and

C(T’v)(t, S) — / e(sfr)BA(T,v) (71)6(37T)B*d7",
t

A (r—7)B 0
A(T,’U)(r) — ( 0(T7€ U) ) , AO — (aij)ijzl d; (310)

0 0 R

e the function ®(¢,x;T,y) is a remainder enjoying suitable regularity estimates, which
are recalled in Proposition below.

The strategy of our proof is to define a candidate solution to the Cauchy problem (3.1)) in

the form

uta) = [ pttaTogin= [ [ stamafeadd, (@0 es, @)

and prove that u: (i) is the unique bounded solution to (3.1]) and (ii) satisfies the estimate

B2).
Note that w in (3.11]) can be written as

u(t,z) = Vy(t,x) — Ve s(t,x) — Vo (t, x), (t,z) € Sr (3.12)
with
Vita) = [t Toa(n)an,
and

T T
VP,f(t’:L) = [ /R;N P(t7w;7—7 77)f(77 U)dﬁdﬂ V‘I’»f(tax) = /t /]R;N q)(tax”—, n)f(T: 77)d77d7-

We now prove our main result, Theorem The proof is based on the sharp regularity

estimates for V;, Vp ; and Vg ¢ contained in Propositions [3.3.11| and [3.3.10}
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Proof of Theorem (well-posedness of ). The uniqueness of the solution follows from
standard arguments: we refer to [33] for a detailed proof.

We prove that u as defined in is a solution to the Cauchy problem in the
sense of Definition | The facts that Vu, V3u have the required regularity on Sz, and
that u can be extended Contlnuously to the closure of Sy in a way that u(7,-) = g, are
straightforward consequences of the estimates of Propositions (3.3.10 and of the Dirac
delta property of p, that is

ol e Toendn = e(y). @ € GRY).
t<T
To prove that Yu = f — Au in the sense of Definition [1.2.3] we can consider separately,

by linearity, two cases. We state here, once and for all, that all the applications of Fubini’s

theorem throughout this proof are justified by the estimates of Propositions|3.3.10[and [3.3.11}
Case f = 0. We have

u(s, e VBx) —u(t,x) = Vy(s,e" VBx) — V,(t, )
= [ (bl P T — it 7o) )
R

(Y + A)p(-,-;T,n) = 0 on Sy in the sense of Definition [2.1.2))

= / /Aprert)xTn)drg /Aurert)B )dr,
RN

where, in the last equality, we employed Fubini’s theorem and ({3.25))-(3.26) to move the

operator A out of the integral on RV,

Case g = 0. We have

u(s, e085) — u(t, z) = / [ .5 m) = plt, 7, ) 7 )
RN

J/

v

//RN (47 m) f (7 )i

As (Y 4+ A)p(-,-;7,m) = 0 on S, in the sense of Definition 2.1.2} for any 7 €|s, T'[, we have

p(s, €987, m) — p(t, 337, m) / Ap(r, e"0Bz; 7 n)dr.
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Therefore, by Fubini’s theorem, we have

s T
_ / / Ap(r, ™0 7. 0) f (v, m)dndrdr
t s RN

s T

= / / / Ap(r,e" P a;r n) f(r,n)dndrdr
t r RN

- / / Ap(r, ™8 7.0 f (v, m)dndrdr
t r RN

:[1+IQ.

By moving the operator A out of the integral in dndr, we obtain

—/ Au(r, e DBz)dr,

and thus, to show (Y + A)u = f on Sy, we need to prove that

/fre(Tt dr—l—//N (t,z;7m,m)f(T,n)dndT. (3.13)
R

By applying Fubini’s theorem we obtain

b= / / Ap(r, e BT, n)f(r,n)dndrdr.
t Jt RN ]

~~

=4J(r)

Now, for any ¢ €]0, 7 — t[, we can write

J() = / / Ap(r, "Bz 7.n) f(r,n)drdn + / Ap(r, e D Bar ) f(r,n)dn dr .
RN Jt T—e JRN

J/

=tJ; () =1J5(7)

As (Y + A)p(-,-;7,m) = 0 on S,, we obtain

Ji(1) = — /RN (p(r — e, "= Bz ) — p(t, 7, m)) f(r,m)dn,

and since f(7,-) is bounded and continuous, the Dirac delta property of p yields
JT) —» ~ e+ [ pemmafeady  ases 0t (319
RN
We finally consider J5. By the estimates of Lemma and of Proposition [3.3.6, together
with (3.9), we have

C
== ||fll L5 (o)

(T —71) (1 —1)2

An(r, "By T ) f (7, n)dn‘ <
R
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that is integrable in dr on [t, 7]. Then, Lebesgue dominated convergence theorem yields
Js (1) =0, ase — 07,

This and (3.14])) yield (3.13)). O
Proof of Theorem (estimate (3.2]) ). As w is a solution to (3.1)), Yu = f — Au is a Lie

derivative of u on Sr. Therefore, we have

[ull gzee < llull e (c2eey + [IVaullgrre + [Aull L= ooy + 1 Fll o (o)

Now we recall that, for a €]0, 1], the intrinsic spaces C{

,C{ 1 are exactly equivalent to
those in [72]. This is a consequence of the intrinsic Taylor formula of Theorem 2.10 in the

latter reference, with n = 0, 1. In particular, we have

IVaullgreo < C(IVaullz + IVaullge + [ Vaullgpe + [[Vaulleg, + 1 Vaullce

).

d-t

Therefore, the estimates of Propositions [3.3.10| and [3.3.11] yield

2+«

_ i _
IVaullgee < €((T =15 llgller + (T = )71 lls5, 0 ).

To obtain the same estimate for ||ul| e (c2+ey, it is enough to prove it for

O —
w0 00) a0
s€]0,t] (z,n)ERN xRN—d |(07 77) B

which can be done by proceeding as in the proofs of (3.30) and (3.41)): we omit the de-
tails for brevity. The same estimate for |[u[|fe(c2+ey holds. Furthermore, by the regularity

assumptions on the coefficients of A, we have
[Aullzzecoy < ClllullLge ooy + [[Vaullgree).

Finally, we have || f{|ze(coy < (T'— 1) 77| fll 55, (o) and thus (3.2)).
[

The rest of the section is devoted to proving the regularity estimates employed in the proof
of Theorem [3.2.2] Hereafter, we denote, indistinctly, by C' any positive constant depending
at most on T, B, i, &, o, B, and on the L¥(C?) norms of the coefficients of A. We also

introduce the following
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Notation 3.3.1. For any f = f(t,z;T,y) and i = 1,..., N, we set
alf(tax7T7 y) = aﬂczf(t7xaT7 y)a

and we adopt analogous notations for the higher-order derivatives. Thus, 0; always denotes
a derivative with respect to the first set of space variables. Some caution is necessary when
considering the composition of f with a given function F' = F(z): 0;f (t, F(x);T, y) denotes
the derivative 0., f(t,2; T, y)|.=F(a), and similarly for higher order derivatives. We also denote

by e, the k-th element of the canonical basis of RY.

3.3.1 Preliminaries results

We first recall the useful result [71, Lemma 3.3]:

Lemma 3.3.2. Let (t,y) € Sy. Then, for any i = 1,...,d, the function u := ;P(-,;t,y)
1s a strong Lie solution to the equation

d+dq
A(tvy)u + Yu = —Z b‘”a‘]P('y S t? y) on St’
7j=1

in the sense of Definition |2.1.2.
In order to state the next preliminary lemma, we fix the following

Notation 3.3.3. Let k = (k1,...,kx) € NYY be a multi-index. Recalling (1.8)), we define
the B-length of k as

q
[K]p =) (2j+1) Z i
Jj=0 —1+1

Moreover, we recall the definition of the homogeneous dimension @ in ((1.9).

We have the following potential estimates, whose proof is identical to the one of |71

Proposition B.2].

Lemma 3.3.4. For any k € N with [k]p < 4, we have

/RN P(t,z;7,n)f(1,1n)dn

C
< (T — 7'_)7 Hf”Li‘Sjﬂ/(Ca) (3.15)

C
(T — 1) (r — 1) [Flp—a ”fHL%fﬂ{(Ca) (3.16)
—T)\T — 2

/ 3§P(t,x;m7)f(m7)dn‘ <
RN

for every0 <t <7 <T and z € RV,
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We now recall the estimates for P and ® proved in [71], Propositions 2.7-3.2 and Lemma

3.4], which are stated in terms of the Gaussian density I'’ defined, for any § > 0, by

ot z;7,y) = G(éC(T —t),y — e(T_t)Bx), 0<t<7<T, z,y€cR",

t
0 0 0

We also recall that p is fixed in Assumption [I.1.1] as the ellipticity constant for the matrix
A.

with

Proposition 3.3.5. For any i,5,k=1,...,d, we have
[P(t, 27, y)| < OTH(t, 257, y),

C
0. P(t,2;7,y)| < . _t);FQ“(t,x;T, y),

C
’aijP(ta xTT, y)‘ < —tr2u<t7 ZT, y)a
T_

and

1

(s — )2 (1 — )

2
Q+1+a F2H<t7 xT, y)a
(1—5)>

0P (s, Pas 7, y) — OP(t,0;7,y)| < C

a Q
—t)2(t—1)2
\%P@ékwanw—amuwwwnsc“()f;%frwmaﬂw, (3.17)
T—38) 2
I2(t, z 4 hey; I2(t,
0P (2 + hes 7, y) — OyP(L 27, )| < Claje b2t e(’”’ i;f LTTY) - (51)
7— J—
for any 0<t < s < 7<T, x € RN and h € R.
Proposition 3.3.6. For any i,5,k=1,...,d, we have
|@(t, ;7 y)| < C(r — 1) 5T (t, 257, y), (3.19)
C
0;®(t, z; 7, y)| < mlﬂ“(t,x;ﬂ Y), (3.20)
0@t z;7,y)| < mr (t,z;7,9), (3.21)
and
1+a Q
—t) 2 (1—1)2
!@CI)(S, e By 1Y) — 0, ®(t, x5 T, y)} < C(S( ) ;Q(:;Ma) : L2 (t, 271, 7), (3.22)
T—35)" 2
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e Q
DS (r—1)7
|00 (s, P a; 7, y) — 0, (t, 25 7,y)| < C(iT _l)gzga_)a L2(t, 27, 7), (3.23)
I2(t, z 4 hey; I2(t,
0;;@(t, x + hey; T,y) — 0;;®(t, z; 7, y)| < C|h| (o + (ek’T’)yz)_:_a) (7, y)7 (3.24)
T—1) 2

for any 0<t < s <7<T, x € RN and h € R.
By the Lemma and Proposition [3.3.6] we have the following, direct,

Proposition 3.3.7. For F =P, ®, we have
T
VaiVr s(t,z) = / /N VaF(t,z;7,n)f(r,n)dndr,
t JRr
T
Vilesta) = [ [ VEFGsim S,
t RN

for any 0 <t <T and x € RV,

The following identities directly stem from the boundedness assumption on ¢ and from
Propositions |3.3.5 and [3.3.6]

Proposition 3.3.8. We have

VaVe(t,z) = [ Vap(t,z;7,9)9(y)dy, (3.25)

RN

ViVy(t,z) = [ Vip(t,z;7,y)9(y)dy, (3.26)

RN

forany0<t<7<T,zecRY.

In the sequel we will make use of the special functions o F; and B, which denote the

Gaussian hypergeometric function and the incomplete Beta function, respectively.

Remark 3.3.9. We recall the following known properties. For any v € [0,1) and « € (0,1)

we have:

(a) 2F1 (%51, ;432 +) is bounded on [0,1/2];

(b) there exists kK = k(a,y) > 0 such that

B(z,a/2,1 —7) <rkz®?  x€l0,1].
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3.3.2 Holder estimates for Vp y and Vs s

In this section we prove the following Holder estimates for Vp y and Vg ¢, on which the

proof of Theorem [3.2.2] relies.

Proposition 3.3.10. For F =P, ®, and for any i,j,k =1,...,d, we have

[Ves(t,2)| < C(T = )7 flleg, o), (3.27)
0:Vie s (8, 2)| < C(T = )75 L1z (e, (3.28)
104 Vi g (t2)| < C(T = )75 fl e (oo, (3.29)
and
103 Vi £ (t, = + hex) — 0 Vi (£, 2)| < CLAI*(T = )7 [ fllzge (oo, (3.30)
0V p (5, €“7P ) — OV 4(t,2)] < C(s — 1) 2 (T = 8) || flluge ooy, (3:31)
10,V s (s,€ 7P 2) — 0;Vie (t, )] < C(s — )5 (T — )| fll gz, (oo, (3.32)

forany0<t<s<T,xz€RN and h € R,

Proof of Proposition for F = P. Estimates (3.27)-(3.28)-(3.29)) are a straightforward

consequence of estimates , with 0" = 0;, and with 0% = 0;;, respectively.
We now fix 0 < t < T, z € RV and prove in two separate cases.

Case 2h?> < T —t. We define

1) i= [ (@t + hewss9) = 0P (t:5,) (5. 0)dy

so that

T t+h?
I(T)dT+/ I(T)dT .
¢

v J/
- -~

ES =:I>

‘aiijj(t, x + hek) — aiijJ(t, .CL’)| = /

t+h2

We consider I;. By the mean-value theorem, there exists a real h with |h| < |h| such that
|0;P(t, x + hex; 7,n) — 03P (¢, 2 7,m)| = |A] ’aijkP(t7x + hey; T, 77)| :

Therefore, by the estimate (3.16]) with 0% = 0,;; we have

! 1]

L] <C
t+n2 (T —T)V(T — 1)

ia dr || fllzss - (3.33)
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Now, a direct computation yields

r 1
/ 3—« dT
tvn2 (T — 1) (T —t) 2

L (27) Dp(l - - :

= " (r—pnT UL - :

(T —t) <( ) FE<1+a_7> A" 1( 2 T ’T—t) ’
2

where ['g and o F} denote, respectively, the Euler Gamma and the Gaussian hypergeometric
functions. This, together with (3.33), 2h* < T — ¢ and Remark (a), proves

L] < ClREI e ooy (T = £) 7.

We now consider I5. By employing triangular inequality and estimate (3.16)) with 0% = 0;;

we obtain

t+h? o
e / = 07 I/ lz, co)- 3.34
Bis [ et Wl 530

A direct computation yields
t+h? 2
1 o h
/ 2wdT:(T—t)?_”B( ,g,l—'y),
t (T—T)’Y(T—t)T T—t" 2

where B denotes the incomplete Beta function. This, together with (3.34) and Remark
3.3.9+(b), proves

|[Ia| < ClRI | f ]l Lgs oo (T = )77,

and thus (3.30) when 2h% < T —t.
Case 2h* > T — t. By employing the triangular inequality and estimate (3.16)) with 9% = 9;;

we obtain

\al-ij,f(t, x -+ hek) — 8ijVP7f(t, I‘)’

T oo «@
- C/ 1 llLgs (o) s
t (T—71)(r—1t)"=2

< O\ fllege, oo (T = )22
< Ch*[[fllege, o (T = )77,

as T —t < 2h2.
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We now prove (3.31)). By adding and subtracting, we have
ain,f (S, G(sit)BJJ) - &»ij(t, .TJ)
T
= / / (@P(s, e OBr 1 ) — 0Pt x; T, n))f(T, n)dndr
s RN

- / OP(t, 7, ) f(r, m)dndr
t RN

=I+ L.

Estimate (3.16)) with 0% = 0; yields

’ 1 1+
L < C d ) ay < C — 1) 2 T — - o oL

We now prove

., lta
[ < C(T = 5)"h =2 || fllegs, co)-

Set h := s —t and consider, once more, two separate cases.
Case 2h < T — s. We split the integral

s+h
I:i/ /'(@P@&“%W%Tm)—@P@anm)ﬂﬂnﬂn
s RN

J/

~~
=:H1

T
w [ (P e - 4P () ) .
\s-‘,—h RN

7

g
=:Ho

We estimate H;. By the triangular inequality and (3.16) with 0% = 0; we have

|H,| < C’/S+h ! ! + ! dr || f]]
— T oo a
' s (1 - 7—>7 (7’ — S)FTO‘ (7’ — t) 1?1 L7,(C®)

(since Tt —s <71 —1)

s+h 1
SO/ —d7 || f|| 1 (e
s (T —7)(r— s)lT | HLTW(C )

(by a direct computation)

1ta ( h 1+«

<CO(T =) (T — )5 B =, J—) - o,
<O - (T -9 F B )i o

(3.35)
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Therefore by Remark (b) we have
[Hi] < C(T = )70 | fllag o (3.36)

We now consider H,. By Lemma and by Fubini’s theorem we have

d+dy

/ // < T”@P (r,e" By 7 ) +Zbﬂ€)P r, e By TU))f(Tvn)dndrdT'
+h RN

7=1

Therefore, the estimates (3.16|) with [x]|p = 3 and the regularity assumptions on the coeffi-

cients yield

T s 1
H,| < C o v / / —drdr

T
1
S Ch =S a / s dr
HfHLT’W(C ) sth (T —1)(T — s)ST
(by direct computation)
e (27)
= Chl|fllrg, o) (T — s)
as1 (1l —1n a—1 a—1 14a h
X((T_ )2 El(Jr ) _hQQFl( 9 y Vs 9 7T—S>>
G )

(as 2h < T — s and by Remark (a))

1+D¢

< OT =570 = | flleg, o),

which, together with (3.36), yields ({3.35]).
Case 2h > T — s. By triangular inequality, and by (3.16]) with 9% = 0;, we obtain

‘]|<C/ + ||f||[oo chdi
s (2 - '7—)’Y (7’ — 9)72 (7' — t) 2 ’ ( )

(since 7 —s <71 —1)

T 1
S O/ T—a dT f o a
s (T—71)(1—38)72 Il e

1+

<C(T=s)= [ flleg,
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(as T — s < 2h)

1+a _
< Ch 2 (T = s) [ flleg. e,

which is (3.35)). The proof of (3.32)) is completely analogous, and thus is omitted for brevity.

[l
Proof of Proposition for F = ®. Estimates (3.27))-(3.28)-(3.29) can be easily obtained

from estimates (3.19))-(3.20)-(3.21)), respectively. The details are omitted for sake of brevity
By (3.24]) we obtain
|81]Vq> f t T+ hek) &jV@ f(t QZ)‘

S, x+hek,7 n) + T2 (¢, z;7,7m)
<c / / h| m—_— dndr||fllus. (o)
RN — (=) |

(integrating in 7)

T
o 1
< i / e R
: (T_m(

T —1t)
< Ch|NT —t)” %.(Co)s
which proves ((3.30)).

We now prove (3.31)). By adding and subtracting, we have

T
OiVa (s, e(s_t)Bx) — 0iVe ¢(t, ) :/ (8,@(3, e(s_t)Bx; T,n) — ;P (t, x; T, n))f(T, n)dndr
s JRN

4
~

=:I(7)
_ / 0,0 (t, 7, ) f (7, ) dndr

-~

L

We first bound the first integral. By applying (3.22)) in the case s —t < 7 — s, and ({3.20) in

the case s —t > 7 — s, we obtain

I(T) < Cllflluse coy(s — 1) (T — 1) (7 — 5) 74527

which yields

T a—a 1+
‘/ 1(7)dr| < Cllf 1z oo(T = )75 (s = )", (3.37)

62
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As for L, estimate (3.20)) yields

s 1
LgC/ / 20t z; 7, n)dndT || fl| Lo (o
BN e S

(by integrating in n, and since T'— s < T — )

1+«

[ 1 o ia-a 1ta
<CO(T —s) 7/ WdTHfHL%jW(CQ) SCT =) 7 (s =) | flleg, o
t (1—1)

which, together with (3.37)), proves (3.31]).
The proof of (3.32) is completely analogous, by employing (3.21])-(3.23)) in place of (3.20])-

B3-22). O
3.3.3 Holder estimates for V,

In this section we prove the following Holder estimates for V, on which the proof of

Theorem [3.2.2] relies.

Proposition 3.3.11. For any,7,k=1,...,d, we have

Vy(t,2)| < Cllglles, (3.38)
0.Vt 2)| < C(T =)= |gllon, (3.39)
0,V (t.2)] < O(T = 1) |lgllcs. (3.40)
and
105Vt + hey) — 05V, (t, 2)] < ClR|*(T = )75 |gl| s, (3.41)
0.V, (5, €7052) — 0V, (t,0)| < Cls =) 3 (T = 5) % lglles,  (342)
10,V (5, €C7982) — 0V, (t,2)] < O(s — ) (T — )75 ||g| o, (3.43)

forany0<t<s<T,z€RN and h € R,

Recall that, by assumption, g € C? with 3 € [0,2 + a]. Therefore, for any fixed z € R",

the following truncated Taylor polynomials are well defined

(

U(y —7)g(z), if 5 €]0, 1],
Thsag(y) = ¥y —17) (g(i’) + ; 0i9(z)(yi — f)) if 8 €]1,2],

0y - ) (9(6) + 3 0@ — ) + 1 3 D@ — 2)(; — ). if B €]2.3),

\ i=1 3,j=1
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for any y € RN, where v is a cut-off function such that ¢(x) = 1 if |z|p < 1. We also set

the remainder
R%,i(y) = g(y> - Tﬂ@”g(y)a '7_77 yc RN-
The next lemma is a straightforward consequence of the definition of anisotropic norm

[RRIFER
Lemma 3.3.12 (Taylor formula). We have
RS W) < Cllgllcsly — 25 v,z € RV
Remark 3.3.13. For any # € R", we have
ITs2gllczea + (Y + A)Tsagllnzcm < Clgllcs. (3.44)
Now set uz(t, x) =V, (t,z) — fg@g(x) so that

Vy(t,2) = Thag(a) + uslt, ).

By the first part of Theorem [3.2.2] V} is the solution to the Cauchy problem with f = 0.
Therefore, it is easy to check that wuz is the solution to the Cauchy problem with

and terminal datum given by Rgg_cﬁ. In particular (see (3.12))), uz is of the form
Uz = VR%B — prf — Vq>7f.

Therefore, owing to Proposition [3.3.10[ and to (3.44)), in order to prove the inequalities in

Proposition [3.3.11} it is sufficient to prove them for Vps 2 with an arbitrary z € RV,

Proof of Proposition[3.3.11 Let 0 <t <s<T,z € RY and h € R be fixed. For brevity, we
only prove , and , the proofs of , and begin simpler.

We first prove . By Remark|3.3.13] it is enough to prove the estimate for VRgﬁ with
£ :=eT-8z By , which remains true for VR?B’ and Lemma |3.3.12, we obtain

2 (t,z;T,n)

Tl — &l

Vi (t.9)| < Cllgls [
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(by the Gaussian estimates in [71, Lemma A.6], and integrating in 7)

2-8
2

< Cllglles (T =)=

We now prove (3.41)) by considering two separate cases.
Case h* > T —t. By employing triangular inequality, we have

03 Vg (t, & + hey) — 0i;Vy(t, w)| < |03 Vy(t, & + hey)| + 055V, (t, x)|

(by (3.40) that we have just proved)
C |A[®
< < llgllcs <C == 19l
(T — )% (T — 1)
where we used T'— t < h? in the last inequality.

Case h?* < T —t. Once more, by Remark [3.3.13] it is enough to prove the estimate for VRZ ,
with & := eT=982. First we note that, setting ¢ := e" =95 (x 4 hey,), [71, Lemma A 4] yields

q
€' — €l =lheTPey 5 < O |W(T —t)|7 < O(T —1)3,

=0

and thus
D2(t, @ + hey; T,n)|n — €| < T*(t, 2+ heys Tyn)(In — €15 + 1€ — €]3)

(by [71, Lemma A.6])

@

F3#(t> T+ heka T7 77) + F2H<t7 T+ hek7 T> 7])|§/ - €|g
D3 (t, x + hey; T,n). (3.45)

IN

O(T — 1)
O(T — 1)

IN
[Ny

By Proposition [3.3.8 and Lemma [3.3.12] we obtain
\&ijgﬁ (t, T+ hek) — @jVRgB (t, QZ’)’
R

vy BID-E2D)

N 24t x + hey; T,n) + T2 (t, z;T,n
< Clglles bl [ AU ¥AL)

B
= n—&lpdn
RN (T — 1) 1=l
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(by the estimate (3.45]) and, once more, the Gaussian estimates in [71, Lemma A.6])

U2 (t, x + hey; T,n) + T*(t,2; T, 1)
(T — )5

< Cllgllostul” | dn
RN

(integrating in 7))

—2—a+8
2

< Cllglles [h*(T = 1)

We finally prove (3.42)) by considering two separate cases.

Case s —t > T — s. By employing triangular inequality, we have

105V (5,798 2) — 03V, (t, )|
<103 Vy (5,478 2) | + 10,V (t, )|

(by (B.40))

—2+48 —2+[3)

<Clglles((T =)= +(T—s)"2

—2-atp

< Cllglles(s =)3(T — 1)~ =

Y

where we used T"— s < s —t < T —t in the last inequality.
Case s —t < T — s. Once more, by Remark [3.3.13 it is enough to prove the estimate for
VRgB with & := e(T=98z. By Proposition [3.3.8 and Lemma [3.3.12| we obtain

]@-jVRgB (S, e(s_t)B:B) — aijVRgﬁ (t, .I')‘
< Cllglles [ 10yp(s, e B, T,m) — 8yp(t, x; Ty n)||n — &|'5dn
RN

(by (3.17)-(3.23), and since s —t < T — s)

(S—t)% / 9 8
<C 2 [ T(t,x;T,n)n — €| pd
< !Ichﬂ(T_s)1+§ - (t, T, n)|n — &[pdn

(by the Gaussian estimates in [71, Lemma A.6], and integrating in dn)

—1-a+p

< Cllgles(T = )72 (s = 1)%.




Chapter 4

A kinetic Nash inequality and precise
boundary behavior of the kinetic

Fokker-Planck equation

In this chapter, we prove a kinetic Nash type inequality and adapt it to a new functional
inequality for functions in a kinetic Sobolev space with absorbing boundary conditions on the
half-space. As an application, we address the boundary behavior of the kinetic Fokker-Planck
equations in the half-space. Our main result is the sharp regularity of the solution at the
absorbing boundary and grazing set.

Based on a joint work ([42]) with Profs. Christopher Henderson and Weinan Wang.

4.1 Introduction

4.1.1 The equation

We study the homogeneous kinetic Fokker-Planck equation in the half-space with ab-

sorbing boundary conditions:

(Or+v-Vao)f = Af in R, x H? x RY,
f(t,z,v) =0 on Ry x ~_, (4.1)
f(07'7') :fin in H XRd?

67
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where we let R, = (0,00), R = (—00,0),
H = {(z1,...,29) €R": 2y >0}, and vy ={(z,0): 21 =0,Fv; >0}

We assume that fi, is a nonnegative, measurable function that is an element of a certain
weighted L!-space. We refer to y_ as the incoming portion of the boundary and v, as the
outgoing portion of the boundary. The sign convention may appear strange above, but we
follow the standard notation in the general case: the minus sign corresponds to the negativity
of v - n,, where 7, is the outward pointing unit normal on the physical space boundary. In
our case 1, = (—1,0,---,0). The set where v -7, = 0 is called the “grazing set.” In our case

this is when x; = 0 = vy.

4.1.2 Informal discussion of the main results

Our goal is to understand the precise boundary behavior of . In particular, we are
interested in the sharp regularity on v_. We note that the interior regularity is quite well-
understood; see [56] for the homogeneous equation and [11, (3], [5, 6], 8] [TT], 24, 26, 27, [37, 39, [43],
44, [52), 60, [63], 67, [7T] for more recent results with varying degrees of inhomogeneity. More
generally, we refer to the review [4]. Let us note that the literature is quite large, so the above
is unfortunately only a small sample of related works. Briefly, though, the major source of
difficulty for is the lack of diffusion in z. Instead, one must use “hypoellipticity” to
import the v-regularity (generated by the A, term on the right hand side) to (¢, z)-regularity
via the transport term 0; + v - V.

To illustrate the boundary regularity, let us briefly introduce a (nontrivial) steady solution
to . As it is convenient to introduce a steady solution to the adjoint problem at the
same time, we do so here. These solutions are

v Ve = Ay in HY x R¢, —0 Vo0 =A@ in H? x RY,

and
=0 on vy_, =0 on ;.

It is easy to see that, with an abuse of notation,

o(z,v) = p(x1,v1) = @(21, —01).
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Following [38, Lemma 2.1], we have the asymptotics of ¢, and, thus, also @, given by

7, _ o if 0 < a; < 03
Is exp it 0 < <oy,

5 9x
vy 1

o)~ i 0> (12

vaen if 0 < < -0

Given this, it is natural to expect that the behavior f is, roughly, exponentially small as
71 — 0 with v, > 0 and C/°C,/” as (x1,v1) = (0,0). This aligns with what is well-understood
about kinetic equations: the bottleneck to regularity occurs at the “grazing set.”

Our goal is to make this precise by both identifying ezactly the behavior conjectured
in the previous paragraph and understanding the norms that control f near the boundary.
Our approach is to develop a kinetic boundary Nash inequality that allows for an L. — L?
estimate, where “w” stands for “weighted.” By using adjointness, we get then an L? — L%°
estimate. In analogy with the heat equation, one expects

flte,) S 1PTmlet o (43)
where the power of ¢ follows by scaling arguments and the ¢ appears because ||@f(t)||11 is
a conserved quantity. To dwell on the last point a moment longer, observe that

d

& S ft,z,v)p(x,v) dedv = / (A, —v-V,) flodxdv

He xRd (44)
:/ F(Ay+v-V,)Fdedo = 0.
Hd x R4

This approach to is outlined in greater detail in Section . Using standard interior
estimates along with (4.3), one can easily show that f is C’lil/fl ~ C°C°Cy” up to the
boundary and smooth in the interior.

Actually, does not hold! Roughly, if fi, is supported where @ is exponentially small,
that is, v; < —1 and —v; < 77 < —0v?, the right hand side of will be exponentially
small. On the other hand, f(1,z,v) will remain constant order in vy +supp(fin); that is, the
set obtained by applying transport to the support of supp(fi,). This behavior is clearly not
consistent with . Roughly, this is related to the fact that ¢ “feels” infinite time scales
while f only “feels” the time interval [0,¢]. This is important here (and not for the heat
equation) because transport does not (locally in v) have infinite speed of propagation while
diffusion does. Regardless, is a good indication of our main result Theorem and

how the proof proceeds.
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In the process of proving our boundary Nash inequality, we develop a whole-space Nash
inequality (Theorem [4.1.2)). This easily yields the sharp time decay estimate

flt,z,0) < ”f;‘;ﬂ“, (4.5)

for solutions of posed on R, x R? x R?. Actually, one can easily include a uniformly
elliptic (rough) diffusion matrix in in the arguments deriving . This is the content
of Corollary It is interesting to note that estimates of this form, suitably weighted,
have been used in the parabolic setting to obtain Harnack inequalities and regularity in the
classic work of Fabes and Stroock [30]. It is possible that this could provide a new method
to understand estimates of the fundamental solution. See [58] for a related approach based

on a kinetic Sobolev inequality and Moser’s iteration.

4.1.3 Precise statements of main results: boundary behavior on

the half-space

Theorem 4.1.1. Suppose that f solves (4.1)). There is a constant a > 0 and a nonnegative
smooth function p bounded by 1, satisfying

3
0 z'fvl<a\/fo7"x12%,
p(t,z,v) = p(t,z,v1) = Q1 if atv; < 21 < via,
_atvy ,
e =1 if v > avt and z; < atvy,

such that f may be decomposed as
f(t,z,v) = @(z,v)hi(t,z,0) + " pu(x, v)he(z, v),
where, fori=1,2,
It Mo S g ([ fuBdodo e [ fufidedu), (4.6)

where [i(t, x1,v1) = p(t, x1, —v1) (see Section[].1.6).

Theorem is quite a bit to digest, so let us discuss it briefly. First, p is defined in
Lemma [4.4.3] (note: fa(t,z,v) = p(t,z, —v) in Lemma [4.4.3).
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Second, let us consider the simple case where f;, is compactly supported. Then, for ¢

sufficiently large, the right hand side of (4.6|) reduces to

1 -
thT/Z/fingOdCCdU.

Let us also only consider here the case v; < av/t.
In this case, we see the following behavior near the “grazing set” x; = v; = 0: if

0<my,|n| <1,

p(z,v)
f(th?U) - CP(I', U)h1<l’,1}) SJ $2d+1/2

Using (4.2), we see precisely the ol cy/ “_regularity at (¢,0,0).
Next, consider the behavior near v_: fix any v; € (0, ay/t) and take 0 < x; < 1. Similarly

to the above, we find
polx,v)  m oot

t < ~ 9x .
f( ,x,v) ~ 42d+1/2 Ui/2t2d+1/2 '

In other words, we recover a precise form of the super-polynomial decay observed by Silvestre
in [82]. It should be noted that Silvestre considers a much more irregular model than (4.1)).
The case when v; > av/t is essentially the same, although with the addition of an
exponentially decaying (in “1/z;) term due to p. Thus, just as in the previous case, we see
“fast” decay in v1/z;.
As we mentioned above, the bottleneck to regularity up to the boundary is precisely
in understanding the decay of f as z; — 0. As such, it is straightforward to use interior

regularity estimates, suitably scaled, to deduce that
feCy ~claro

from Theorem [4.1.1} see [48, [49] for one approach to this. We omit the details. Since it is
not the main focus of this work, we also do not clarify precisely the spaces C, beyond the
rough statement above.

Finally, let us discuss the meaning and necessity of the u and z terms. As referenced in
the discussion of , they arise due to the “isolated” region

I = {(x,v) : v, < —O(V1),0(t)vy < 21 <0} (4.7)

This set contains particles that are too far from the outgoing boundary =, to travel there

by transport in time ¢ and are too far from the incoming boundary y_ to have made it
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there following transport for time ¢ and then making “jump” in velocity of size O(v/t). The
“allowed” jump size is determined by scaling, although it comes up in more concrete ways
in our arguments.

Given this isolation, one expects the L'-norm of f on I; to be roughly constant for times
[0,¢]. From a microscopic point of view, this says that the density of particles in I is roughly
constant. Intuitively, particles can leave I; in two ways. First, a particle can make a velocity
jump, leaving I, through the top. Here ¢ is “large” and we can control this quantity with a

term of the form
1 ~ 1 ~
7517/fgadgz7dv = W/fincpdmdv
(recall (4.4))). Let us note that the time scaling is not obvious at this point. Second, a particle

can follow transport and leave I, through the left (because v; < 0). This is accounted for by

the exponential part of iz, which is the appropriate density for these dynamics. Indeed,

atv

0, —v-Vy—Ae = <0

for ;1 < —O(t)v; and v; < —O(V1).

Previous results

The closest works to ours are those of Hwang, Jang, and Veldzquez [49] and Hwang, Jang,
and Jung [48]; see also [50]. In these remarkable works, the authors prove many results, the
most relevant to the current work being the cy/ *C@-regularity of f for any a < 1/2 given
fin € L' N L*. They prove that the decay rate at the boundary controls the regularity. To
understand the decay rate, they construct highly nontrivial supersolutions by a clever change-
of-variables and a careful patching of special functions. Our approach is quite different than
their comparison principle based one, and one advantage is that we are able to identify the
precise regularity, time decay, and controlling quantities (the L}; and L}Tnorms of fin) of the
boundary behavior.

A more general approach is given by the De Giorgi methods of Silvestre [82] and Zhu [89].
Allowing rough coefficients in , these works obtain Cf}, estimates of f, where a depends
on the bounds of the coefficients. Silvestre also observed that, as (z,v) — (0,v;) with
vy >0, f(t,z,v) < aP for any p > 0. As discussed above, we obtain a precise version of this.

We also mention the recent preprint [47].
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Let us finally note that hypocoercivity is another approach to overcoming the lack of
diffusion in « for kinetic equations. We point out Villani’s classic memoir [86] for a discussion
of this topic; however, this area remains quite active. See, for example, [9] 10l 13]. That

approach is quite different from our own.

Generalizations

It is clear that, for a general convex domain €2,, our results immediately give, via the
comparison principle, the upper bound in Theorem when is posed on R, x ), x R%.
One need only rotate and translate {0} x R%"! to be a supporting hyperplane of 9.

A more interesting question is how to generalize the results to the case of a general

nonconvex domain €2 or the case with nonconstant coefficients
(O +v-Vy)f =V,(aV,f)+ (lower order terms). (4.8)

Let us focus on the latter as the former is, in some sense, a subcase of the after applying a
suitable boundary flattening change of coordinates.

If a = Id, then our results above are immediately applicable to obtain a:i/ ¢ and vi/ * decay
near 1 = 0 = v;. The only difference is that the lower order terms may cause norm growth,
so that the t?¢*! term in the numerator of Theorem may be changed.

When a # Id and « is sufficiently smooth, a change of variables and a rescaling takes a
to the identity plus a small perturbation, locally. This is a typical technique in the proof of
Schauder estimates (see, e.g., [44, Section 2.2]). In principle, one should be able to use this
to recover the xi/ * and vi/ * decay estimates in Theorem m

When a is “rough,” one does not expect the a:i/ * and vi/ ? decay to hold by analogy with
(divergence form) elliptic equations. In this case, the results of Silvestre [82] and Zhu [89)]
are likely the best one can hope for: CZ -regularity up to the boundary with a depending
on the ellipticity bounds of a.

Let us point out that an advantage to our approach is the boundary behavior of generic
solutions reduces to understanding the boundary behavior of a single solution to each of the
equation and the adjoint equation (4.10]). Here, we use the steady solution; however,
significantly less is actually required. Indeed, we only use mild control of the asymptotic
growth of ¢ in certain regimes (e.g., Lemma and that the growth of

/ f(t,z,v)p(x,v) dw dv
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is controlled in time. Thus, in the general case (4.8]), we need only find g with the appropriate

boundary behavior and asymptotic growth in Ny such that
/ f(ta z, U)g(t, xZ, U) dx dv

(at most) grows in a controlled way. This last requirement is true of any function g such
that
(8t+vvx+vvavv)g§g

4.1.4 Precise statements of main results: Nash inequalities and
the whole space case

As we discuss in Section [4.2] we obtain the main functional inequality (Lemma[4.4.1) for

Theorem by interpolating between boundary Poincaré-type inequalities and a localized

Nash inequality. The localized Nash inequality may be of independent interest, so we state
it here. Let us note that the kinetic notation ¢., -7, and H}. are defined in Section

Theorem 4.1.2. Fiz s5 > 0 and sets Q1,Qy C Ry x R?? such that there is a bounded open
set B with
0o (6,B) 1 C for all s € [0, so].

Then, for any g € H and s € (0, so], we have
1
l911Z20,) S sI9Lmy, @n 19120z + 7519017000

The implied constant depends only on the choice of B and the dimension.

With this in hand, we can immediately deduce a simple time-decay estimate for the
whole-space kinetic Fokker-Planck equation. This estimate is not new; one can derive it
from existing results on fundamental solutions; see, e.g., [0, 58], although these proofs are
quite different from our own. We only include it here because it is essentially immediate

from Theorem |4.1.2| It is not our main interest in this study.

Corollary 4.1.3. Suppose that a is a symmetric, uniformly elliptic matrix:

2<ealt,x,v)E for all (t,z,v) € Ry x R* and ¢ € RY.
s .
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If f is a nonnegative solution to

(81? +v- vx)f =V,- (avvf) in RJr X R2d7
f=fin on {0} x R??

then 1
f(t,l',’l)) S_, t%/findl'd’l).

If one includes lower terms such as b-V, f +c¢f in , the bounds above will hold with
(possibly) an additional exponentially growing in ¢ factor depending only on ||¢||s and ||b||sc-

Finally, we note that the well-posedness of and with merely weighted L}
initial data follows simply using ideas in [49, 89] and standard approximation schemes. By
the established regularity theory, solutions will be classical in the interior (and up to the
boundary in x) and continuous in time up to ¢t = 0 in L.. As such, we omit further discussion
of this.

4.1.5 Organization of the chapter

To aid the reader, we give a discussion of the general strategy of the proof in the parabolic
setting in Section It is here that we also give an indication of the main difficulties in
this chapter.

The main functional analysis and group theory setup that is appropriate for kinetic
equations is given in Section [£.3]

The proof of Theorem occurs in Sections [1.4 and [£.5] The former contains the proof
of Theorem subject to a few inequalities that are stated there. The main inequality
stated in Section (Lemma relies on a decomposition of H¢ x R? into a “Nash” region
Nr and two “Poincaré” regions Pr and Og. See Figure .1 This main inequality, proved
in Section [4.5] follows by establishing a localized Nash inequality in Ny and Poincaré-type
inequalities in Pr and Og. These proofs are also contained in Section [4.5]

The construction of p occurs in Section 4.6, and several technical lemmas are proved in
Section

Finally, the whole space case is briefly considered in Section [4.8]
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4.1.6 Notation

We use z to denote a generic point (t,z,v). When z is decorated with notation, the
coordinates inherit that decoration; e.g., 2/ = (¢, 2/, v’).

We write A < B is A < CB for a constant C' depending only on dimension. We write
A~ Bif A< Band B S A.

In order to clearly define when we use the dynamics associated to (4.1)), we reserve f for
its solutions and use g (or other letters) for any generic element of HL .

Whenever the domain of integration is not specified, it is assumed to be in H? x R? if it
is an integral with respect to dvdx, H® if it is an integral with respect to dz, or R? if it is an
integral with respect to dv.

We write v = (vy,0), where v € R, Similarly, = (x1,7). We use the tilde to denote

reflection in v:

ft,x,v) = f(t,x, —v).

This is defined similarly for functions that depend only on (z,v) or only on v. We use the
star to denote taking the adjoint of an operator; that is A* is the adjoint of an operator A.
Note that this is some overlap here because the adjoint equation of (4.1)) is

(0, —v-Vao)f =Auf in R, x H? x R,
f(t, 07 U) - 0 on R+ X Y4+, (410)
f(()?'a'):ﬁn ianXRd

whose solution is fif f solves (4.1]).

We sometimes use Y as shorthand for the transport operator:
Y = at +v- Vx

While there are some downsides to this notation — it is opaque and it suppresses the depen-

dence on v — it simplifies many expressions significantly and it follows a standard convention.
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4.2 The strategy of the proof

4.2.1 Boundary behavior for the heat equation

Let us recall a simple approach to understanding the boundary behavior for the heat

equation in one dimension:

ht - hxgg ln R+ X R+,
h(t,0) = for all t > 0, (4.11)
h(0,x) = hin(x) for all x > 0.

This will give the basic outline of our proof for the kinetic Fokker-Planck equation (4.1)).

We observe that the equation above is formally self-adjoint and z is a steady solution to

it; hence,
d o o0
— xhdr = / xhy, dz = 0. (4.12)
Next, we notice the energy equality
d o o0
— h*dx = —/ |hy|? da. (4.13)

In the whole space, it suffices to use the Nash inequality,

(/92d$>35 (/|gx|2dx>(/gdx>4 for all g > 0,

to control the right hand side of (4.13]). However, we need to use the added information

in @1,
To this end, we fix an arbitrary R > 0, apply the Poincaré inequality on (0, R) and the
Nash inequality on (R, o0): for any g,

o] R o) 1/ 0 4/
/ gde,SRz/ 92| dz + (/ |gx\2da:> 3(/ gdx) | (4.14)
0 0 R R

Here we are assuming that the Nash inequality can be localized. The usual proof using the
Fourier transform does not allow this, but it is not difficult to develop a different proof that

does. Then we add an ¢/r factor to the L'-term to obtain

= N 1 Coea NPT 2
/0 g da:,SR/O | 92| dx—l—R%(/R |92 | da:) (/R :cgdx) : (4.15)
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Optimizing in R yields

/000 g dr < </00° |ggc|2dx>3/5</0oo J;gdx)4/5. (4.16)

Applying (4.16]) to h and folding it into (4.13)), we deduce

[ wars - (yrea) " (Jer) (4.17)

<th dx)4/3 - (thin d:v>4/37

where the equality is due to (4.12). Solving this differential inequality gives us the desired
L! — L? bound:

oo 1/2 1 (o9}
</ h(t,z)? dx) S = xhiy dz.
0 R Jo
Letting S; : LL — L? be the solution operator to (4.11)), this translates to

1
I8l3022 S 57

On the other hand, the adjoint operator S : L? — LS, is also a solution operator to (4.11)
because (4.11)) is formally self-adjoint and must satisfy

. 1
HSt ”L2—>L§>7$ = HSt”L}E—>L2 S 753,7
Hence, we have
. < 1 < 11
IOl = 1855 whallzs, S = 1Syehule S =7l

In other words,
h(t,.%) 5 t:f7 /yhin dya

which provides the desired (sharp) boundary regularity.

4.2.2 Basic ideas in the kinetic setting
The energy equality and the H) -norm

Let us point out the basic changes that must occur to put the above plan into action.
First, we already see a difference in the energy equality for (4.1)):

1d

éa/dexdv+/|va|2dxdv+/ |v1| fdT dv =0, (4.18)
v+
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where z = (x1,7). One might be tempted to drop the boundary term above since it has a
“good” sign; however, we see below that this is not possible.

Using the definition of the H}. -norm in (4.21)), we immediately obtain, from (4.1]),

[[f]]H;in([Tl,TQ]dede) ~ vafHLQ([Tl,TQ}dede)- (4-19)

In this sense, we immediately obtain bounds on the H, -norm of f by integrating in
time.

At this point, we notice our first roadblock to the strategy above: the H; -norm involves a
time integral, meaning that any inequality following from a Nash-type inequality will involve
time integrals. Thus, no differential inequality, such as is possible. This, however, is
not too difficult to overcome — it essentially amounts to using the integral form of Gronwall’s

inequality instead of the differential form.

The Poincaré bound

Next, after determining the appropriate notion of distance, we may start to follow the
decomposition in (4.14]). First, we can define the set Pg of points (x,v) within distance R
to the boundary v_ on which we have zero boundary data. See Figure [4.1  This requires
some technical care, but follows a general method of proving the Poincaré inequality by
integrating Y f and V,f along a path starting on v_. Here we are able to follow the ideas
of [2] to obtain an inequality like

[l z2qrrsmxrry S BRIl L, (o rom)xpar)- (4.20)

See Proposition [£.5.1] for the actual inequality.

The outgoing region

Next, by analogy with the heat equation, one might hope to have a Nash inequality on
Pf and follow the step in which the steady solution is brought into the integral up
to an R factor. For this, we would need $ > RP, for some p, on P§. In view of ([£.2), ¢ is
exponentially small when z; < —v?. Hence, this is not immediately possible.

This leads us to the observation that many of the particles in Py leave the domain

through ~,. Defining O to be these outgoing particles (over a time interval of size O(R)),
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%1
o

Pr 9

By

Figure 4.1: A cartoon picture of each of the key domains. The Poincaré region Ppg is the
blue crosshatched region, the Nash region Ny is the violet dotted region, and the outgoing
region Op is the red shaded region. The subregion Zp C N is the black striped region. The

rough asymptotics of the boundaries separating each region are given as well.

we can argue as in the Poincaré case to obtain a similar inequality to that includes
the boundary term from (4.18]).

It is easy to see Op is approximately those particles such that v; < —O(\/E) and ry <
—O(R)v;. The latter reflects that particles can be taken to the boundary by pure transport
over time O(R).

The Nash region

At this point, we have no choice but to take the Nash inequality on the set ANz of points
greater than distance R from 74. See Theorem and Proposition [£.5.2] The issue is in
connecting the L'-norm that appears there with 3. When x; > —O(R)v?, we have ¢ > R'/*,
and we can argue exactly as in . This, however, is not the entirety of Ng.

We prove the Nash inequality via an interpolation argument. It proceeds by suitably
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smoothing ¢ to obtain g., writing

lgllze < llgellzz + llge — gll 2,

bounding the first term by the L!'-norm of g via a kinetic Young’s inequality, and then
bounding the second term by the H; -norm of g. This second term requires some technical
care due to the H,'-H! pairing in the H}, -norm (see ({.21))). The result Proposition [4.5.2]

follows by varying ¢.

The isolated region

This leaves the isolated region Zp C Ny of points —O(R)v; < z; < —v?, on which @ is
small. This is the region where, phenomenologically, the behavior of is most different
from . In the other regions, the computations, while technically more complicated,
bore some resemblance towards their analogues for the heat equation.

This region and its role was discussed around and . There it is pointed out
that no inequality is possible purely using ¢. As mentioned there, we overcome this by the
construction of a weight ugr that encapsulates the movement of particles into and out of Zg.

We summarize by noting that we get an inequality like

||f||L1([T,T+R]><IR) SJ R3/4/fin$d$ dU+R3/4/fmﬁR dx dv.

See Lemma [4.4.3| and (4.32).

4.3 Kinetic functional analysis

4.3.1 The functional space H|.
Let us define the space
Hiino(T1, T3) x @ x RY) = {f € Hyp, (T1, ) x Q) : f(t,x,0) =0 if (z,v) € dqn2}

where

Ohinf) = {(z,v) : x € 0Q, v -n(x) <0},

and 7n(z) is the outward pointing normal vector to 92. We define the semi-norm on this by

[l = IVoflle: + sup / /Q y (Y f)(t,z,v)h(t, z,v) dv dz dt. (4.21)

heHL IVoh|2=1
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In some sense, the last integral should really be understood as an H,'-H]} pairing in the
v-variable that is equal to the integral if u and ¢ are sufficiently smooth. We abuse notation,
however, and simply write the integral. This is justified due to the density of smooth
functions; see discussion in [2]. A norm on Hy, , is obtained by including the L?-norm as
well. One can then construct Hy, o as the closure of C2° functions under this norm.

Let us note that there is not accepted convention on the “correct” kinetic Sobolev space.
There are several approaches to kinetic Besov and Sobolev spaces, e.g. [2], 36, [78]. We use
the one proposed by Albritton, Armstrong, Mourrat, and Novack in [2] as it appears to pair
well with the equation (4.1). Indeed, using (4.21), one immediately obtains an H} -bound
from the energy equality (see the discussion below (4.18))).

4.3.2 The Lie group structure, kinetic distance, and kinetic con-

volution

To aid the reader, let us review standard facts on the scaling and Lie group structure
relevant to kinetic Fokker-Planck equations. This simplifies many arguments notationally
and technically.

The equation has a 2-3-1 scaling law; that is, it is invariant under dilations

6.2 = (r’t,r3x, rv).

Given z, 2/, we define

zoZ =+t x+2 +tv,v+0).

Roughly, this reflects the structure of that allows mass to move by diffusion in v and
by transport in (¢, ). Indeed, if a unit of mass is at (z,v) and we move forward in time by
¢ units, our mass shifts to = — x -+ t'v. In fact, one sees that, for a fixed zq, f(z) = f(z00 2)
solves the first equation in . This is sometimes referred to as the Galilean invariance
of and is at the heart of why o is the appropriate nothing of translation.

Clearly this action is invertible with
7= (—t, —x + tv, —v),

whence

zloZ=(t—-t,7—z—(t—t)v,v—v) and

zoZ t=(t—t,x—T—tlv—"7),v—70).
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Note the group action is non-commutative but associative.

Given two sets A, B C R?*! we can analogously define the Lie action between them:
AoB={aob:a€ Abe B}. (4.22)
and we also define the set of inverses
B'={v':bec B}

This will play a role in understanding how A and A, relate to each other integrals of the

/ uadz%/udz,
A. A

where u, is defined via convolution of u with a compactly supported mollifier (see Lemma4.A.1)).

form

There are several norms and distances that one may choose. Here, we follow [54] and use
din(#',2) = ||z 0 2|l and |z = min [max {|t]"*, |z — tw]"*, [ — wl, Jw[}] . (4.23)
weR

We point out that this norm respects the 2-3-1 scaling and Galilean invariance of the equa-
tion (4.1]). Indeed,

dyin(0r21, 0r22) = Tdyin(21,22)  and  dign(2 0 21, 2 0 22) = din(21, 22)-
An advantage to this choice of distance and norm is that
Iz o 2l < Izl + 2l
so that the triangle inequality for dy;, holds:

diin(21,23) = [|25" 0 2| = |l257 0 20 257 0 24| (4.24)
< legt o zofl + 23" o 21l = dian(22, 23) + diin(21, 22).-
One can easily check that dy, is symmetric and positive definition, and, hence, it is a metric

(see [53] Proposition 2.2]). Naturally, one defines the kinetic cylinders

Qr(20) = {z : t < ty,dkin(2,20) <7}

We will, importantly, consider the distance between a point and a set. This is defined in
the traditional way:
dist (S, z) = inf dy, (s, 2).
ist(5, 2) = inf diin(s, 2)
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It is sometimes useful to use the obvious equality

dist(S, z) = inf {||'|| : 20 2" € S}. (4.25)

1

Indeed, for every s € S, we can take 2’ = 27! o s, whence |[|Z/|| = diin(s, 2).

Finally, we define the kinetic convolution:

= /f(ag(z_l oz)dz. (4.26)

We note that this conflicts with the standard notation for convolution; however, as that does
not appear in this work, there is no risk of confusion. We sometimes convolve f and g where
g has no time dependence. In this case, we abuse notation and denote it the same way. We

note that, for any i,

O (fxg)=[f*0ng) and  Y(fxg)=[fx(Yg) (4.27)

We refer to [54], Section 3.3] and [82], Section 2| for more in-depth discussion.

4.4 Statement of the main propositions and proof of

the main theorem

4.4.1 The Poincaré, Nash, and outgoing regions

We first decompose H? x R into natural subdomains on which different functional in-

equalities hold. Let

Pr = {(z,v) € H x R?: dist(R x 7_, (0, z,v)) < \/_}
Or = {(z,v) € (H* x RY)\ Pg : dist(R x 7, (0,2,v)) < v/£/0}, and (4.28)
N = {(z,v) € H x R?: dist(R x OH? x R? (0,z,v)) > /R/10}.

The reason for the difference in choice of distance for O and N} is technical and related to
the fact that we want v, to be bounded away from zero when (z,v) € Og.

Clearly Pr U O U Ny is a decomposition of H? x R%. In the proof we handle the
estimates on each set separately. Along these lines, we require cutoff functions with nice

scaling properties for each set. For this, it is useful to note that

PR = 51/\/§P1, OR = 61/\/501, and NR = 51/\/§N1. (429)
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It is sometimes helpful to keep in mind that we eventually choose R = O(t). In this sense,
Ogr and Ppg are, roughly, the sets in which transport can connect (x,v) to the boundaries
v— and 7, respectively, in time O(t). The one subtlety is that, for Pg, we allow “jumps” in

velocity of size O(v/R), while we use pure transport in Op.

4.4.2 The main propositions and lemmas

The proof of Theorem involves combining two estimates: the first is a general

functional inequality that holds for any g € H, , the second is a bound on how solutions f

to have far to the “bottom right,” that is, where x; > 1 and v; < —1 (the isolated
region Zg in Figure . This latter region is, on the time scale ¢t ~ R, isolated from the
boundaries, but is not on the infinite time scales on which ¢ and ¢ are defined. We break
these into separate estimates at this point because both may be of an independent interest.

Let us state our general functional inequality here. It arises by, roughly, combining

Poincaré type inequalities for z; < max{|vi|?,|vi|} with the Nash inequality (Proposi-

tion [4.5.2) when z; > max{|v;|?, |v1|}. Its proof is in Section [4.5]

Lemma 4.4.1. Fiz R,6 > 0. Suppose that g € Hy, o ([Tt — 2R, Tp] x H* x R?) with Ty >
2R. Then

Ty

Ts
/9(2)2 dz — 9§ /g(z)2 dz
T T1—2R

R 2
S g[[g]]Hllin([Tl_2R,T2+R]deXRd) + R/Tl

To+R

/ _|vilg(t, (0,7),v)? dT dvdt
Rd—1 xHd

+ R2d+1 H9||%1([T1—2R,T2]x/\/3/2)'

The first two terms on the right hand side are exactly as we would expect for the energy
equality associated to solutions of . The last term, however, is not what we desire
because it does not include the steady solution to the adjoint equation @. On a portion of
Ng, we can “sneak in” a factor of @/R"*. Indeed, using , we can deduce the following

lemma, whose proof is in Section [4.7

Lemma 4.4.2. Fiz R > 0. If (z,v) € Ng and x; > —v}, then

Pla,v) 2 RV
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Thus, on this subdomain, we can always replace the L'-norm of g with R="*||g¢*||11,
which is a quantity conserved by the equation .

On the other hand, when 2 < —v3, we have no lower bound on ¢* and can not appeal to
| f©*||r. This region is “too far” from the boundary to be influenced by it on a time-scale

t = O(R). Thus, we have the following estimate that quantifies how isolated it is.

Lemma 4.4.3. Fiz R > 0. Let f be a solution to (4.1). There exists a nonnegative function
ir S 1 such that

pr(z,v) =1 if (z,v) € Np N {z; < v},

) 1
0 if v1 > ——\/1—% or x1 > 2Jvy 3, (4.30)

~ 2
fin(e,0) S 4 o

R
e 1021 z’fvlg—\/% cmd:z:lg—l—gl,
and
- 1 -
(Ay +v-Vo)ir S A (4.31)

As discussed in the introduction, the construction of this cutoff-type function requires
some care as it has to encode the physics of the situation — particles in the z ~ — Rv; region
will exit the region NgN{z; < —v?} in R units of time. That said, the proof of Lemma [4.4.3]
is rather tedious, so we relegate it to Section [4.6]

Before continuing on, let us note that the £/i0 is somewhat arbitrary. It comes from the
R/10 taken in the definition of Nz, which is mainly taken for convenience. This can certainly
be improved, although it is not clear exactly what the optimal exponential decay rate is.

We now combine all estimate into one that will be the main functional inequality in the

proof of Theorem [4.1.1

Proposition 4.4.4. FizTy, Ty, R, 6 > 0 with Ty > Ty > 2R. Suppose that f € Hy, ([0, To] x H? x R?)
solves (4.1)). Then

/ T [rera-s | TR JECRE

R —
,S _[[f]]zl ([T1—2R,T2+R]XHd><Rd) + R/ / N ’Ulyf(t, (O, Qj), 'U)2 dfd'l}dt
(5 kin Ty RA—1xHd

(L V([ sepae )+ BT popaea)’

To+R
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Proof. For convenience, let us write
NR/Q = WR/Q U IR/Q,
where
IR/2 - {(.Z', U) € NR/2 .U S O, T S —Uig’} and WR/Q == NR/2 \IR/Q-

Here Zr/, is the “isolated region,” where the effects of the boundary have not “yet” been felt.
In this region, we use Lemma @ Its complement, Wk, is the “weighted region”, where
@ can be included directly in the integral via Lemma [4.4.2]

First, we note that, by Lemma {4.4.3

G [ Ha a0 dedo = [1(80 =029 ft0,0) findado

= /f(t,x,v) (Ay +v-V,) irdrdv

1 ~ 1 ~
g [ 03 o) dedo = i [ o3 dod.

S
The last equality holds by (4.4). We deduce that

f(t,a:,v)dxdvS/f(t,:v,v)ﬁR(x,v)da:dv

IR/2

S

Ri/4/fin@dxdv+/fin(93,v),t73(a:,v) dx dv.

Next, we use Lemma to find

~ 1 ~
- ~ R W f(t,z,v)pdrdv = R Wi finp dz dv.

2
[ F L —2R 7o) x N ) SR—E,/LL)/fin@dCC dv + (Ty — Ty) / fin(@, v)fip(z,v) dz dv
(4.32)

+ R / fin@ dz dv.

The combination of this inequality with Lemma completes the proof. O
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4.4.3 Proof of the main result: Theorem [4.1.1]

Proof. The proof takes several steps. All but the last aim for a weighted L' — L? type
estimate. The last step bootstraps that to a weighted L? — L* type estimate.

7 Step one: setting notation. For ease, let us denote the “energy” and “dissipation” as

E(t):/f(t,x,v)dedv and D(t):/\vvf(t,x,v)Idedv. (4.33)

Although physically it is not correct to call E the energy, we abuse terminology and do so in
analogy with work for parabolic equations. It is also useful to set notation for the boundary

term

B() = [ 1ulf(t.(0.2).0) dwds.
o
Applying (4.18)) yields, for any nonnegative ¢; < t,

E(ts) + / " (D(s) + B(s) ds < E(t). (4.34)

t1

We see that E is decreasing.

# Step two: applying the weighted Nash inequality Proposition With
d,€¢ € (0,1/100) be to chosen, we let

R=ct, T1—2R=t/2, and T+ R=t.

Then, in the notation above and in view of the correspondence (4.19) between D and the
H},-norm, Proposition [4.4.4] yields

(1—e)t (1—e)t
/ E(s)ds—é/ E(s)ds
ﬁt t/o

2

c et ¢ . i 2
~ g o (D(S> + B(S)) ds + W( fm(p dx dU)

1 _ 2
+ W(/finﬂgt dx dv) .
Combining this with ((4.34), we sce that

(1—e)t (1—e)t
/ E(s)ds—5/ E(s)ds
. 2 (4.35)

et 1 ~ 2 1 - 2
S EE(t/Q)+W</fmsﬁd$dU> +W</ﬁnﬂatdmdv> :

2
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# Step three: setting up a “first touching” argument. Fix @, 3 > 1 be constants to

be chosen, and let

(67

6</fin95da:dv>2 and BzB(/fmﬁEto dxdv>2. (4.36)

Define
o s
to = sup {t : E(S) < thT/Q + t2_d}
Up to approximation, we may assume that f;, is smooth and compactly supported, whence
to > 0. Our goal is to show that ty; = co. Hence, we argue by contradiction assuming that
to is finite.

Let us note that, we immediately have, from the definition of ¢y,

o B

E(s) < + 2

~ pdii for all s € [to/a, t). (4.37)

We use this frequently in the sequel.

# Step four: obtaining a contradiction to the definition of #,. Moving the nega-
tive integral term on the left hand side of (4.35)) to the right hand side and applying the
definition (4.37)) of ¢y, we deduce that

ct (1—e)t 1 ~ 2
tOE((l—{f)to) 5 gE(t/Q)—l-é/ E(S) ds—{—W(/ﬁngpdajdv)

t/2

+ W(/ﬁnﬁgt dx dv>2
() e (o)

1 ~ 2 1 N 9
—i-W(/fin@dde) +82(i+1—tozcll</finﬂato dxdv) .

Recalling the definition (4.36)) of o and 3, we find

a € 1 B (e 1
E((l_g)to)gtng/?(5+5+W)+t0ﬁ(5+5+352d+1>'

Recalling again that F is decreasing, we have

B

0 0
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In summary,

o 1o} a € 1 s 1
t2d+1/2 + tg_d < tng/z <3 +o+ a€2d+7/2) + 5d t2d (5 +0) + 552d+1) '

Choosing £ small, then ¢ small (depending on ¢), and then choosing @ and 3 large (depending

on both € and 9, we obtain a contradiction.

It follows that ty = oo and, hence, for all ¢ > 0,
Q ~

# Step five: some functional analysis and the conclusion. The inequality (|4.38))
implies that the solution operator of ({4.1))

Sy : X, — L*(H* x RY)

is well-defined and bounded. In other words, S;fi, = f(t) if fi, € X;. Here, we define the

Banach space
X = le5 N (til/élL/ljst) {h € Ly, (H* x R?) : /W(@%— fet) dz dv < oo}
with the norm
1Al —/|h|&dxdv+tl/4/\h\ﬁstda:du,

Hence, (4.38)) translates to the bound

1
’lStl‘Xt—)Lz S td+1/4' (439)

By using the fact that f solves (4.10) if f solves (1)), we also obtain the bound

~ 1
185 0s2 S e

where
Sy Xy — L*(H* x RY)

is the solution operator of (4.10]) and

X, =LLn (L) = {h e LL (H? x RY) : /|hy(<p + i) drdv < oo}
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with the norm

1A%, :/|h|gpda:dv+t /\h\,uatdxdv

Let us note that since (4.1)) and (4.10)) are adjoint to one another,
Sr L= X}

is also a solution operator to (4.1). By standard results on adjoint operators, we deduce that

~ ~ 1
1St ey = 1Sl 5,12 S prrEyr (4.40)

It is easy to identify )A(:t* as
Xp = L3, + L3, = {h: h = phy + " phy, b € LY,

with the norm

172]

;T inf L + ||h :
X h=<,0h1+t1/4,uath2(|| 1||Loo || 2||L°°)

We now conclude using the semigroup property
f(t) = t/QSt/2f1n
Indeed, recalling (4.39)) and -

17Ol %

1 1
X, I ’f/2St/2fln

td+1/4HSt/2fm”L2 t2d+1/2HmeXf/2

The proof is finished after unpacking the definitions of the norms. m

4.5 The main functional inequality: Lemma 4.4.1

We decompose H? x R? into three regions Pr, N, and O, depending on the influence of
the boundary. Recall that these are defined in (4.28). We state L*-estimates on each regime,
postponing their proofs until Section [£.5.3] In Section [1.5.2] we combine these estimates to

prove Lemma [1.4.1]
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4.5.1 The functional inequalities on each region

We begin by stating the Poincaré-type inequality. This inequality is on the portion of
the domain that is “close” to the boundary v_, where particles are absorbed. It quantifies
this effect.

Proposition 4.5.1 (Poincaré inequality on the incoming region Pg). Fiz any positive num-
bers R, Ty, and Ty such that 2R < Ty < Ty. Suppose that g € HL._ ([T1 —2R, To] x H? x R?).
Then

in,0

2 2
HgHL2([T1,T2] xPr) SE[g] HL ([T1—2R,To] xHxRY)

+VR[g]m

kin

(4.41)

([T1—2R,T2]dede)HQHLQ([TFQR,TQ]dede)-

Let us note that the norms on the right hand side can be localized to P.g, for an appro-
priate ¢ > 1, with some extra care in the proof. We opt for simplicity here.

Next, we state the Nash-type inequality. This inequality is on the portion of the domain
that is “far” from all boundaries. It quantifies the fact that the evolution of is on
R x H? x R? is essentially the same it would be on R x R? x R%. Let us make note that Nz,
is larger than Ng.

Proposition 4.5.2 (Nash inequality on Ng). Suppose that g € HY, ([T1, T3] x HY x RY),
and fir R,e > 0. If ¢ is sufficiently small,

1o
/T 191720y dt SVERIGNm2, (11— 113Ny |91 2173~ R 1) A )
1

1 2
+ (5R>2d+1 HgHLl([Tl—ER,TQ]XNR/2) .
Finally, we state Poincaré-type inequality of a different flavor. Particles near the outgoing
part of the boundary ~,, will likely leave the domain. In the context of (4.1]), this quantifies
the effect of the boundary in (4.18)). The following estimate quantifies that.

Proposition 4.5.3 (Poincaré inequality on the outgoing region Og). Fiz any positive num-
bers R, Ty, and Ty such that 2R < Ty < Ty. Suppose that g € HY, ([T — 2R, Tz] x H* x RY).
Then

2 2
gl L2([T1,T2] xOR) SR[9] HL ([Ty,To+R]xH¢xR?)

+VR[d] HL
To+R

LR // £ (£, (0,), v)2 dF dv dt.
Rd JRd—1

Ty

([T1, T2+ R] x Hd xR4) ||g||L2([T1,T2+2R] X HE xRT))
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As we noted after Proposition the norms on the right hand side of the inequality
in Proposition [£.5.3] can be localized with some extra care.
We remind the reader that the proofs of these lemmas can be found in Section

4.5.2 The proof of Lemma 4.4.1

Proof. 1t is clear that this is a simple consequence of Propositions to combined
with Young’s inequality. We omit the details. [

4.5.3 Establishing the Nash and Poincaré-type inequalities
The proof of the Poincaré-type inequality on Pg

To begin, we first show that the Poincaré regime can be characterized in a simple way,
depending on (z,v). This is useful in understanding “paths” from any point in Pg to the
boundary 7, that are at the heart of the proof of Proposition [£.5.1 The proof is postpone
to Section 4.7

Lemma 4.5.4. Suppose that (z,v) € Pr. Then
1 < Rmax{vy, 3\/§} and —2VR <.

Additionally, if (x,v) € Og, then
x

< R.

Jurl

We now proceed with our Poincaré-type estimate. For the proof of Proposition [4.5.1} let
us make the convention that every norm is taken on [T} — 2R, Ty] x H? x R? unless otherwise

specified. For example, by writing

lgllzz we mean ||9||L2([T1_23,T2}dede)-
This saves significant space and does not cost clarity.

Proof of Proposition [4.5.1. Let us extend g to g by

g(t, z,v) if x1 >0,
§<t7$7v) =
0 if 1 <0 <.
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Take any mollifier: a nonnegative, smooth function v such that

RCCE

Up to translation and dilation, we may assume that
supp ) C (0,1) x H? x He = {t € (0,1),2, > 0,v; < 0}
Define, for any s € (0, veR),

9s(2) = (Vs 9)(2 /w 0 (DNFE 0 2) 75 /w 0 2)dz,

where, for all z

Ys(2) == 34‘;2#} (61.(2)) satisfies /ws dwdyds =1

We observe a few simple facts about gs. First, after changing variables, we see that g, is
smooth. Second, from (4.27)), it is clear that

kin

lim ||gs — gllm, = 0.
s—0

Hence, we need only prove (4.41)) for g;. Finally, due to the choice of support of ¥, we see
that g, is well-defined on

17 —eR,Ty] x I' :== [T} — eR, T3] x {z1 > 0 or both z; < 0 and v; > 0},
and that
gs(t,z,v) =0 for any x; < 0,v; > 0.

We use the notation I' here because this region, when d = 1, looks approximately like a
“backwards” I'. See Figure 4.2
Let xp, be a cutoff function for Pg such that

Xpp =1 in P and xp, =0 in Psry, (4.42)
while
1 1
IVoxpalle S 75 IVaxpallis S 4 (4.43)
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v1

Figure 4.2: The region I'. Notice that it looks like a backwards I.

This can easily be constructed when R = 1 and the general case follows by letting
vea(2) = xm (0vm(2)) (4.44)

Notice that we use the scaling (4.29)).
Fix any (x,v) € supp xpy, and let

Vp =V + 1061\/}_%

for succinctness. Here e; = (1,0,...,0) is the first canonical basis vector. Let us note that,

if s is sufficiently small in a way depending only on ¢ and R,
gs(x — 2Rvg,vg) =0
because, recalling that (x,v) € Psry, and using Lemma m,
21— 2Rv; — 20R”* < 0 < v; + 10VR.

Hence, we may write

10vVR 2R
Js (t T U) - _2/ (gs 8v1gs)(t’ x,v + 7’61) dr — 2/ (gs Ygs)(t — 5, — T'UR, UR) dr.
0 0

We deduce that

/ / gs(t, z,v) dz</ / gs(t, 7, 0)*xpy (7, v)? dz
Pr HdXRd

10VR
= —2/ / / (gs Op, 9s)(t, x U+T€1)dT>X7>R(JI v)? dt dx dv
He x R4

- 2/ / / gs Ygs)<t — S5, — T'UR, UR) dT) XPR(:E, U)2 dt dx dv
Hd xR
= ]1 + [2.
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We estimate each term in turn.

Let us handle [; first as it is simpler. Then

10vVR
1| ~ ’/ / / (Gs Ov, 95)(t, 2, v) Py (, 7’61)2 dt dx dv dr
HI xRd

< / HavngPR( ) 7’€1)HL2([TI,T2}dede)HngPR( ) 7’61)HL2 ([T1,Ts] xHE xR%) dr
0 (4.45)
SJ \/EHQS]]H;mHQSHL?’

We now consider I,. We first change the order of integration and change variables:

2R
——[2 / / / (95 Ygs)(t — r, 2 — rog, vR)xp, (2, v)* dt dx dv dr
Hd x R4
2R To—r
/ / / (95 Y g) (L, ,0) xpp (z + T0g, v — 10V Rey)? dt da dv dr-.
Hd xR

In the second equality, we used that gs(t,z,v) = 0 for x; < 0 < vy and xp,(z,v— 10v/Re;) =
0 if v; < 0 (see Lemma |4.5.4] and (4.42))). We now use that H;'-H} pairing of Yg, with
9sXp,- We find

2R
|]2| 5 / [[‘gs]]Hllinva (gSX'PR(' + TUR, - — 10@61)) ||L2([T1,T2]><Hd><Rd) dr
0

- r 4 4.46
S ﬂgsﬂHﬁin/o (vagsny + [1gs 2 (WJrﬁ)) dr (4.46)
S Rlgdin, + VRIguy, |1gs 2o

where the second inequality follows from a simple computation of |V, xp, (- + svgr, Vr)| L
using (4.43). The combination of (4.45]) and (4.46|) finishes the proof. O
The proof of the Nash-type inequality on N

Proof of Proposition[{.5.9. Our proof proceeds by an interpolation argument using a mol-

lifier. With this in mind, take any compactly supported, nonnegative, smooth function v

such that
/w(z) dz=1. (4.47)

Up to translation and dilation, we may assume that

supptp C {z € (1/2,1) x R*: dig, (0, 2) < 1}. (4.48)
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For € € (0,1) to be chosen and any s € (0, VeR], define

() = g2 0(2) = [ 90T 00D~ = [0 B

where, for all z,

s(2) == ﬁzﬂ (6:1.(2)) satisfies /ws dwdyds =1

by (4.47) and a standard change of variables. Clearly, g; — g as s — 0.
We note that the order of convolution does not matter here; in our arguments, only the
scaling plays an important role. Indeed, one could argue similarly using g; = 95 * g instead.

For later, we note that, recalling the definition in (4.24)),
(supp )t C {z € [0, 5] x R* : diy,(0,2) < s} ' = Q.. (4.49)

In order to localize ¢ to the domain Ng, we use a cutoff function y,, such that

vy =1 inNg and xn, =0 in Nz, (4.50)
while
1 1
||V’UXNR||LOO f, ﬁ and ||vaNR||L°° 5 R (451)

This can be constructed exactly as in (4.42))-(4.44)) for xp,.

Before embarking on the estimate, let us understand the supports of the various functions.

First, clearly, up to decreasing ¢,

supp (XR 9@) C Naryy

T
/ / dezS/ Xr g’ dz
Ty Nr Qr

due to (4.50)-(4.51)). Here we have made the change of notation to

and

QR = [Tl — €R, TQ] X NR/2

for simplicity. Hence, we have

Ts Ts Ts
/ / g*dz < / /XRQ\Z/;R dz + / /XR(92 — gl dz = I + I, (4.52)
T1 NR T1 T1
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Our goal is to show that

[1 5 <€R)2d+1 ||g||%1(QR)7 (453)
and
I SVeR[glu @ llgllrz@p)- (4.54)

Indeed, this would complete the proof.

# Step one: applying Young’s convolution inequality to I;. We begin by analyzing
I, which is the simpler of the two cases. Here, we simply use the kinetic version of Young’s
inequality for convolutions: Lemma Indeed, we have

I <lg=* ¢@||%2([T1,T2}xN3R/4) < Hgﬂil((mxTQ]xNBR/4)on)||¢5R||%27

where we used (4.49) to analyze the support of 1 7. Using only the definition of N. and

the triangle inequality for dy,, it is easy to see that, up to decreasing ¢, we have
(([Tl,TQ] X ./\/312/4) o Q@) C [Tl - €R, TQ] X NR/2 = QRa

as desired. Additionally, a straightfoward computation yields

1
2
W@Hm S (51%)7“'

Hence, (4.53)) is proved.

# Step two: rewriting [, as a series of integrals. Let us alter our notation:

fapel?) = / 9(z 0 (0,0,a(=0+ 7)) o (~11,0,0) © (0,0, ~7/)) ¥(3) d=.

N J/
-~

:39a,b,c(ziz)

In the sequel, this is useful because the first and third group actions correspond to shifts in
v, which are represented in the Hy; -norm by the L?*norm of V,g, while the second group
action corresponds to a shift along transport, which is represented in the Hy; -norm by the
L} ,H,'-norm of Yg.
We clearly have
9000(2) = g(z) and gy o(2) = gs(2).
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The fundamental theorem of calculus then yields

VeR
9(2)2 - 9\/?3(2)2 = - 2/ ga,0,0<2)aaga,0,0(z) da
OER
_2/0 9yzR6,0(2) 069 /2R p,0(2) db (4.55)

VeR
—2 /O 9veRen(2)0e8 /iR (2) de.
Let us write I, defined in (4.52), as
Iy = Iy + Iy + Ios,

where each of [y above corresponds, respectively, to a term in (4.55)).

# Step three: bound [y;. This case is simple. It follows by, in turn, directly computing
the a derivative in (4.55]), changing the order of integration, using the Cauchy-Schwarz

inequality, and noticing that

~ xT
-+ = 51,
t

due to the choice (4.48)) of the support of ¥. Indeed, we find:

=2 [t [ o [ 9100239000000 0(E) dZda dz
:—Q/TITQ/XR(,Z)/O@/Q<t,x,v+a<—'ﬁ+§~)>
(—m %) Vg (t,x,v ta (—m %)) O(3) dZ da d=
_ 9 /0 Ve / /T T / Xz, v + aF — %f)g(z) (—m %Nv) Vg(2)0(3) d dF da(4-56)

ViE p Do
5/ // /||9||L2(QR)|!VU9|]L2(QR)¢(5) dz da
0 7

< VeR|gl 2 @ulgla, @n)-

In the first inequality, we used that

[T, T3] X supp,, Xgr(- -+ av —9f) C [Ty — eR, To] X Nrp = Qp. (4.57)
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The inclusion in the time variable is simply due to enlarging the domain. We show the
inclusion of the spatial and velocity variables by using the triangle inequality, the fact that

la| < VeR, and by decreasing ¢ if necessary. Indeed, fix any point
(w,v) € supp x&(:, - + av)

and any point z5 € R x OH¢ x R?. Then, by triangle inequality

dkin (287 (07 x, U)) Z dkin (Zaa (0, T,V + av — a%/{)) - dkin ((07 v+ av — ai/z‘), (07 Z U)>
3R ~_ a7
>4/ = 10, —2,~v) © (0,20 + aT — F/) |

3R L 3R ~ =
> /2 j0,0,0 -3 = /2~ alj0.0,5 -3

The conclusion then follows by using that |a| < veR and the choice (4.48) of support of 9,
which makes [[(0,0,7 — 7/7)|| < 1 uniformly over the support of 1.
A bound of the type (4.54) then follows from applying Young’s inequality to in the last

line of (4.56)).

# Step four: bound I,,. This is the most difficult term as it involves because it requires
arguing by the H'-H! pairing. To access this, we begin by directly computing the b
derivative in (4.55)), changing the order of integration, and then changing variables:

Iy =2 /T T / a(2) /0 - / 0yernolz: 0ngymmpolz; EV(E) dE dada
—9 /OER/ME) TlTQ /XR(z)g [t b — b?(v +VER(—T + %/f)) v+ VER(—T + %/f)}
x (Yu) [t = bz — b (v+ VER(=5+ 7)) v+ VER(= +3/0)| dzdZda
—9 /OER/w(z) TT_;?/ xn |2+ 8 (v + VER(=T+ 7)) v+ VER(=5 + 79|

9(2)(Yu)(2) dz dz da.

We momentarily simplify the notation for the cutoff term yg, letting
wa(e,v;5:2) = Xn (w408 (v+ VER(=T+ 7)) v+ VER(=T +7/0) ).
Next, arguing as in the justification of (4.57]), we see that

[Ty — bt, Ty — bt] x supp, , Xr(-, ;b5 2) C Qp,
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for any Z € supp ¢ and any b € [0,eR]. We recall the choice of support of ¢ in (4.48)). Hence,
using the H;'-H! pairing, we have

eR
fm/ /wuv (9XR (>3 5 2D oy [0 ey 5 d

A direct computation using (4.51)), it is easy to see that

b 1
1V (9 xR(:, béa)”m(QR) N ||V”U.g||L2(QR) + <W + ﬁ) Hg||L2(QR)

b 1
S Wlnom + (5 + 75 ) 9l

Hence,

eR b 1
s [ [0 (Wl + (7 + o ) ol ) [l o b
S ER[[QHH;in(QR) + VeR ||9||L2(QR [[U]]Hl

(Qr)-
Again, the proof is then finished after applying Young’s inequality.
# Step five: bound I»3. The proof of this is exactly the same as the proof of the bound

of I5; in step two. Indeed, this is only a shift in v, which is the simplest case. As such, we
omit it. This concludes the proof of (4.48) and, thus, Proposition m H

The proof of the Poincaré-type inequality on Op

While Pr and Ny are, respectively, increasing and decreasing in R, Op is not monotonic
in R. This monotonicity was useful in constructing cutoff functions. In this case, we must

define, for any R’ > 0,

Op = {(z,v) € (H x RY) \ Pr, : dist(R x v;) < /% /10}.

In the proof of Proposition [£.5.3] we use a cutoff function on that is one on Og and zero
on ©5,. A key aspect of the proof is working with the ratio #1/j,|, so we state a lemma to

bound that now. The proof is postponed to Section

Lemma 4.5.5. Fiz any (z,v) € ©Or. Then

X1

|v1]

<

| =
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For the proof of Proposition [£.5.3] let us make the convention that every norm is taken

on [T}, Ty + R] x H? x R? unless otherwise specified. For example, by writing

lgllze we mean ||9||L2([T1,T2+R}dede)-
This saves significant space and does not cost clarity.

Proof of Proposition[[.5.3 We extend g to g on [T}, Ty + R] x R? x (R_ x R4!) as follows:

f(t,z,v) if z1 >0,
gt x,v) =
f(t—xl/vl,(o,f),v> if T < O,
where T := (23, ...,x4). Notice that
Yf=0 for z; < 0. (4.58)

Next, we take a cutoff function xe, such that

Xo, =1 in Og, and Xo, =0 in Ogpg,

while
1

~ R3/2

||V’UXORHL T and HVCCXOR”LOO (4'59)

This can be constructed easily using the scaling properties in (4.29); see the discussion

around (E42)-(E33).

By the fundamental theorem of calculus we have that, for any z € [T, Ts] X Oqg,
wl

g(t.z,v)" =— 2/ gt + 1. +rv,0)Yg(t +r,x +rv,0) dr + gt + 21/l (0,7),v)*
0
R
:—2/ gt +rz+710,0)YGt+ 71z +rv,0)dr + gt + 1 /jul, (0,7),v)14.60)
0

where the second equality follows from (4.58) and Lemma m Therefore,

R e
OR Hd x R4

:—2/ / / (t+r,x+rv,0)Yg(t+r,x+rvov)drdedodt
Hd xR?

/ / Xor (T, 0) f(t + 71/l (0,7),v)* de dvdt = I, + I,
H?xRd
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where we passed from the first to the second line rewriting f(¢, z,v)? according to ([4.60)).

We first see, by a change of variables, that

To+r
=— 2/ / / / Xog(x —rv,0)g(t, z,v)YG(t, z,v) de dvdt dr
Ti+r JRE SR xRI-1

To+r
=— 2/ / / Xogp(x —rv,v)g(t,z,v)Yg(t, z,v) de dvdt dr.
H xR?

Ti+r
In the second equality, we used (4.58)) again to reduce the domain of the integral.
Let Yo, (r,x,v) = xop(x — rv,v). Then, by the H,'-H} pairing, we get

R
’[1’ 5/ va ()_(ORQ) |‘L2([T1+T,T2+r]dede)[[QHH;in([TlJrr,Tﬁr]dede)dr
0

R
1
<[[f]]H11m/ ( (\/— RB/Q) HQHL2 + HXORngm)d?“
SVRIgm, 1 f 112 + RIgln -
In the second line follows from estimates (4.59)).

We now estimate I,. Changing variables yields

To+21 /v |
I :/ Xog(T,v) / g(t,(0,7),v)* dt dw dv
Hd xRd

Ti+21/|v1]

To+R
< / Xor(Z,v) / g(t,(0,7),v)* dt dw dv
Hex R4 T

T>+R
/ / / Xon (T, v)119(t, (0,T),v)* dT dv dt,
Rd JRA-1

where we used Lemma |4 and the fact that the integrand is positive to obtain the second

line.

Applying once again Lemma [4.5.5] we find

To+R
I < — / / lu1]g(t, (0,7),v)*dT dv dt.
Ré JR_ xRd~1

This concludes the proof.

4.6 Controlling f on the isolated region: Lemma 4.4.3

We begin with a lemma that is simple to prove. It essentially says if a point (x,v) is

distance p to the boundary, then the path from (z,v) to the boundary that simply follows

transport (without any changes in velocity) has to take at least time p.
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Lemma 4.6.1. If (z,v) € Ny, then

I Z 1—0|’U1|.
Proof. This is trivially true if v; = 0, so we assume that v; # 0. Recall from (4.28)), that
dist(R x 9H? x R?, (0, 2,v)) > +/E/10.

In view of (4.25)), it follows that

VE<IG  where¢ = (rew) = (22, (= run0),0).

U1
Unpacking the definition of || - || with the choice w = 0, we deduce that
1
(35) <
10
which is precisely the claim. O

The proof of Lemma [4.4.3] is fairly straightforward, if tedious.

Proof of Lemmal[{.4.3 To simplify the notation in this proof, let us set

— R
R—E.

For ¢y and E to be chosen, we define

Below, it will be helpful to suppress the arguments, while keeping track of the three individual

functions that make up pig. To this end, we write

fir(z,v) = By,

where 1 is shorthand for ¢(—v#/s,) and ¢ is shorthand for ¢(—2v1/v/& — 1).
To aid the reader, let us stress that, in all nontrivial cases in this proof, v; < 0. Thus,
—vy, —v3, ete. are positive quantities.

Take F to be a decreasing function

E(p)=1 ifp<1, and E(p)=e™” ifp>0
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such that
E"+E <0 for all p > 0. (4.62)

Moreover, we may take E such that
|E"|,|E'| S E.

Roughly, F is a mollification of min{1,e'?}. This is somewhat simple to construct, so we

omit its proof. Additionally, we let 1) be any increasing function such that

1 if p>1,
b(p) =
0 if p <12

Let us first check that, with these choices, g satisfies (4.30). This is straightforward,
except for the first case when (x,v) € NgrN{z; < —v}}. Clearly ¢ satisfies the correct
bound. From Lemma [4.6.1} we have that 2; < R|v;|. This implies that

E(—oF/n) > B(1) ~ 1.

Finally, we notice that

It follows that 1[} =1

We now need to show the main estimate (4.31)). This proceeds by considering each of
the subdomains on which pg is nonzero one at a time. Given its definition , there are
eight cases to check: there are three functions, each having one region where it takes the

constant value one and one region where it varies.

# Case one:

_ .3
Rle’ izl’ and 2—Ui—1>1
L1 L1 VR

v? > R. (4.63)

—Ruv;
1

In this case, letting p =

Ayx+v- -Vl = .

z
<

>—Aw| [N HM| mw
S|
oy
»—A@[\:
S|
Il
I
[
VR
S|
_l’_
||>—‘@w
S|
N————
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The second-to-last inequality follows by (4.63)) and the fact that £’ < 0. The last inequality
follows by (4.62)). This is clearly (4.31]) in this case.
# Case two:

— 1€ (i, 1). (4.64)

In this case,
(4.65)

In the inequality, we used that E is decreasing, while 1& is increasing.

Notice that for any € > 0 and z > 0,
3
Se 0 and [EY(p)] [E"(p)], E(p) S e

We look only at the first term in (4.65)); however, the second term is handled similarly. Then,

_2 p—

R2 ~ R v R R vlﬁ m?’ sv:f
o, < 2 < 1 -
I2E¢N 26" s e (|v |96 zl)
1 1 1 1
13 —13
B gy wm ot R g o _of
= — T e w1 — —— peT1e 21
5 /4 9 —=5/4 9
R v B vl
—13/4
/ xTq o ,EA< 1 _
5/ —13/4 5 ene 13 _5/4QO(ZL’,U)
R" R "|v |

In the inequality on the second line and in “~” on the last line, we used that, by the third
item in (4.64]),

VR —
%S—mg\/ﬁ.

This is clearly (4.31]) in this case.
# Case three:

——>1, —U—E(l/Q,l) and ——=-1>1.
We claim that this case cannot happen. Indeed, the first and third inequalities above yield

T < —vlﬁ < —Uf,
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while the second implies that

xr, > —’U:f.

This is a contradiction. Hence, case three cannot occur.
# Case four:

v R v} 201
—2>1 ——€(1p1), and ———-1¢€ (12,1).
R e ) 2 1e )

This case involves the most derivatives since all three cutoff functions are varying. That

said, it is fundamentally the same as case two, while being slightly easier because
T R~V R R”  and o(x,v) = /=1,

As such, we omit its proof.
# Case five:

3
2
B R O T T (L e

I 1 \/ﬁ

This case is precisely when i = 1. Hence
(AU —|— (N Vm)ﬁR = 0,

which clearly yields (4.31]) in this case.

# Case six:
3

v
——— <1, ——L>1 and —Z=-1¢€(lf,1). 4.66
s o NG (1/2,1) (4.66)

This case cannot occur. Indeed, the first and second inequalities in (4.66[) imply that
—Ulﬁ <z < —vi’,
which implies that v? > R. On the other hand, the last inequality in (4.66]) implies that

—v; < \/ﬁ

These are in contradiction (recall that —v; > 0).

# Case seven:
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From the first and second inequalities, we see that

—3/
T~ —vi >R

~Y

Hence,

Pz, v) = V=1

We also notice that 1 is the only term in iz not equal to 1 on this domain. Hence,

~ 9ut v
(Av—i_v'vx)ﬂR:? - w"’ Qw/
§ % S V _51)1 ~ SO(‘TS’U>
Ul }—% /4 R /4
Thus, we have established (4.31]).
# Case eight:
R : 2
ot 1, e (1/2,1), and e (1/2,1).

g 2 VR

In this case, we have

_3/2
T~ —v ~ R

From this point, the proof is essentially the same as in the previous case, and, thus, is

skipped. This completes the proof of Lemma 4.4.3|

4.7 Other technical lemmas

4.7.1 Understanding (z,v) in Pg

]

Proof of Lemma[4.5.4 Let z = (0,z,v) for ease. It is easy to see that the infimum in (4.25))
is attained, up to including the boundary ({0} x R4"1)2 so we fix ¢ = (7, £, w) such that

zo(€Rx75_ and
¢ = dist(R x 7, 2) < VR.

Since z o ( = (1, + £ + Tv,v + w), then we have the constraints

O=z1+& +7v7 and vy +w; > 0.

(4.67)

(4.68)
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It is clear from the second inequality in (4.67)), as well as the definition (4.23]) of || - ||, that
jwi| < 2VR,
This can be seen by noting that

VR > min max{|w — w|, [w|} > % (4.69)
Hence, the second line of (4.68) yields
- <wy; < 2\/§,

as desired.
Next, notice that the definition (4.23) of || - || and the second line of (4.67)) implies that
|7| < R. Hence, if
6] < 3R (4.70)

then we immediately have
r, = —& — 7o, < max{3R"? Ru},

as desired.
To see (4.70)), let w be the minimizer in the definition (4.23)) of || - [|. Then, by arguing
exactly as in (4.69), we find |w| < 2v/R. We deduce that

R > |¢ — tw| > €] — 2R™,

from which (4.70]) follows. This concludes the proof. O

4.7.2 Understanding (z,v) in O
Proof of Lemmal[{.5.5. By the symmetry of y_ and v, we immediately see that
R
xy < 10 max{—vy, 3v/%/10} (4.71)

since dist(R x v_, (0, z,v)) < y/%/10; see Lemma m This is useful in the sequel.
If —vy > \/%/2, then we find

3R :
7 if — v <34y/Fho,

10%/2/1/2

[or] £ if —uv; > 34/Bho.
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Hence,
T R
T S )
’1)1’ 5
and the proof is finished in this case.
Next consider when
|v1] = —v1 < /Bfa. (4.72)
In view of (4.71)), this yields
3R? R

By definition, we find
diSt(R X Y-, (073371})) = \% /2.
Letting
C= (4 (== §o,0), (-01,0)

we have that z o ( € R x v_ and, hence,

i<l = v/

Taking w = 0 in the definition (4.23) of || - ||, we find
max {|%|1/2a {1’1 + %‘1/3 ) |0|7 |Ul - 0|} > V Rfa.
By (4.72)), it follows that
<R>3/2 < " R?Jl
— r1+ —|.
2/ — |77 4

If the term in the absolute value is negative, we find

R R
x <—ﬂz |111|

4 4

from which the conclusion follows. If the term in absolute value is nonnegative, we find

(R>3/2 N R|vy| <1

2 4

This contradicts (4.73)). The proof is concluded. m
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4.7.3 Understanding (z,v) in Ny

Proof of Lemmal[{.4.2. Fix € > 0 to be chosen. Let us first consider the case where |v;| >
ev/R. Applying Lemma 4.6.1] we see that

Ty >

(4.74)
If 1 > |v1|® then, by (4.2)),
Pla,v) =2/ 2 RV
We used (4.74)) in the last inequality.
If z; < |v1]?, then, applying the assumption v; > 0 and, by (4.2,
B, v) ~ i 2 R
This finishes the proof in this case.
Now we consider the case |v;] < ev/R. Recall from (#.28)), that

dist(R, x OH? x R? (0, 2,v)) > £

Let
C: (7—757 0) = (R/207 <_x1 - TU1,0>,0),

and notice that 0 = xy + & + 7v;. Hence,

VE < dist(R, x O x RY, (0,2,0)) < ]l
Taking w = 0 in the definition (4.23)) of || - ||, we find

VB < maX{]R/%’l/?, w1 + 11|72, 10|, 0]}

\/% < |z + TU1|1/3.

R3
TR
Using that |v;| < ev/R and possibly decreasing e, we deduce that

3

It follows that

Rearranging this, we find

— < 7.

10t =

Further decreasing ¢, if necessary, we see that |v1|> < 1, whence
Glx,v) 2" 2 R

Here, we once again used the asymptotics of ¢ given in (4.2)). This concludes the proof. [J
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4.8 The whole space case: Corollary

The proof of Theorem follows exactly the outline of the proof of Proposition |4.5.2]
The only modification to be made is to take the cutoff function ¢ in — to be
supported on B. As such, we omit the proof.

In this section, we provide a brief outline of the proof of the whole-space time decay. The

work here is similar to, but much simpler than, the proof of Theorem |4.1.1}

Proof of Corollary[4.1.3 Let us note that
d
a/fdxdv = /(V-(avvf) —v-V,f)drdv=0.

Hence, the L'-norm is conserved:

||f(t7 ° ')||L1(R2d) = /fin dx dv. (475)

The main step is obtaining an L' — L? bound on the solution operator S; fi, = f(t). We
do this by combining the Nash inequality with the energy equality.

Let us begin with the energy equality. Multiplying by f, integrating, and then
integrating by parts, we obtain, for any 0 < ¢/ <t,

/D )ds < E(t //v faV,fdz < E(t), (4.76)

where we borrow the notation for £ and D from the proof of Theorem [1.1.1] (see (4.33)).
Let us point out that, as a result of (4.76)), £ is decreasing in time.
As in the proof of Theorem [4.1.1] we note that

t
/t, D(s) ds ~ [f% oapensn
(recall (4.19)).

Now we introduce the Nash inequality to control the quantities in (4.76)). Indeed, applying

Theorem with the choices sg = /#/1, s = Vet for € € (0,1/4) to be chosen,
Oy = [t t] x R* Qy = [t/a,t] x R* and B ={z¢€ (0,1] x R* : dist(2,0) < 1},

we deduce that

[t E(s)ds < %t t D(s)ds + 5/t E(s)ds + #;(/fm dxdv)Q, (4.77)

t/a
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where § > 0 is a parameter to be chosen and where we applied (4.75)).
Fix @ > 0 to be chosen and let

a= &(/fm dwdv>2.

to = sup {t L E(s) < % for all s € (O,t]}.
s

Define

Up to approximation, we may assume that f;, is smooth and compactly supported, whence
to > 0. Our goal is to show that t; = co. Hence, we argue by contradiction assuming that
to is finite.

Clearly E(ty) = aty® and E(s) < as ¢ for all s < ty. Using this in and recalling

that F is decreasing in time yields

Q ety [0 oo «

—— =toE(ty) < — D(s)d :

(4.78)

Using (4.76) and the definition of t,, we have

to 42d04
D(s)ds < E(to/s) < o
to/a 0
Including this in (4.78]), we find
a _& « Yol Q@

— T+ + :
t(2)d—1 ~ 5t(2)d_1 t(Z)d—l d€2d+1(€t0)2d_1

This is clearly a contradiction after choosing, in order, § and € small and @ large. It follows
that ty = oo.
The rest of the proof is simple functional analysis. From the fact that t; = oo, we deduce
that
1
f(t,z,v)*dxdv < 2 fin dz dv.

R2d

This can be rephrased as
1

IS0 S -

Of course, the same inequality follows for the solution operator S, adjoint equation

(@ —U- Vz)f = Vv . (a/vvf) n R+ X de.
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Hence, the operator gf : L* — L*>, which is again a solution operator of (4.9), satisfies

15 e < o
Writing f(t) = Nt*/Q Nt*/Q fin, we deduce
~ 1 11
[f () Lo m2ey = 152552 finl| Lo moey S t—d”St/zfinHm(R%) S t—dt—d||finHL1(R2d),
which concludes the proof. O

4.A A kinetic version of Young’s convolution inequal-
ity

Let us note that the main inequality in the following lemma is well-known. Indeed, it
is known as Young’s convolution inequality for integrals with respect to the bi-invariant
Haar measure associated to a locally compact group. In our case, the group is (R?**! o).
We include it here for completeness and, importantly, because the change in domain of

integration is crucial to our results above.

Lemma 4.A.1. Fiz any measurable sets A, B C R**!. Let g and 1 be measurable functions,

and let the indices r,p,q € [1,00] satisfy

1 1 1
T
r p q
If suppy C B, then
lg * Yllrcay < gl ocaon—) ¥l Lacs).-

We recall the definition (4.22) of Ao B~! and the definition ([4.26) of the kinetic convolution.

Proof. Fix any z € A. Let us note that

1 r— r— 1 1 1
S St R )
T rp rq P q T

Hence, applying the generalized Holder inequality to the suitably re-written convolution, we
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have
(-0 < [ lofzozuE] &
= [latzoz @t
/’9 DT @) gz 0 Z Y W(E) T dF
_/B(|9(Z°Z DPR(E)9) " |g(z 0 )T W (E) T dE

L I e

ﬁ
S|
(I}

g :
L7=4(B)

We simplify two of the norms above. First, we clearly have

e

= ¥l acm -

Additionally, by using that z o0 B~! C Ao B~!, we see that

_ rT—p _ r—p r-p r—p
llaCzo 117 = lg(= 0l rimy = 9z © Mipsry < N9l ppiaosry  (4AD)

pr
L7=P(B)

Here, we used that the Jacobian associated to Z — z~! is one.

In summary, we have arrived at, for any fixed z € A,

1/r . req
(g )(2)] < ( / rg<zoz-1>rw<a\qd5) 957 rory [0l -

We now integrate over all z € A, use the Fubini-Tonelli theorem, and enlarge the domains

as we did in (4.A.1)) to find:

g+ 15y < 1915w, 15l / ( /B |g<zoz-1>|p|¢<5>|w2) dz

< 1915 s VOl [ 10 ( [ lazoz P az) a2
< olistamn 05t [ 101 ([ laopac) a2

= l9llzr (a0 191 (s

The proof is complete after taking each side to the 1/r power.
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