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Abstract
This PhD thesis focuses on studying the classical scattering of massive/massless particles
toward black holes, and investigating double copy relations between classical observables in
gauge theories and gravity. This is done in the Post-Minkowskian (PM) approximation i.e.
a perturbative expansion of observables controlled by the gravitational coupling constant
κ =

√
32πGN , with GN being the Newtonian coupling constant. The investigation is

performed by using the path integral formulation of the exact QFT amplitude describing
such processes, then extracting the classical limit. This leads to the Worldline Quantum
Field Theory (WQFT) formulation, displaying a worldline path integral describing the
scattering objects and a QFT path integral in the Born approximation, describing the
intermediate bosons exchanged in the scattering event by the massive/massless particles.

We first start by studying how to propagate a bi-adjoint scalar on the worldline. Such
theory is at the basis of the quantum and classical double copy, since it encodes the
locality structure of amplitudes, and will be used to study the classical double copy in the
subsequent analysis. We describe two equivalent formulations of the worldline theory which
use a matrix-valued action and the introduction of auxiliary variables on the worldline,
taking care of the color indices of the scalar particle. Next we build up a worldline path
integral for such theory on the circle. This allows us to study the one loop effective action
for the bi-adjoint and multi-adjoint scalar. As an application we recover the beta function
and the self-energy of the theory from a worldline path integral view point.

Next we introduce the WQFT, by explicitly deriving a relation between the classical
limit of a scattering amplitudes for scalar particles in gauge/gravity background and a
WQFT path integral. We derive such relation for the case of off-shell tree-level currents,
for a two-fold reason. Firstly it makes easier to derive a relation between the Kosower-
Maybee-O’Connell (KMOC) limit of amplitudes and the WQFT, then, we want to use the
path integral representation of the current to study the classical Compton amplitude and
higher point amplitudes. We also present a nice application of our formulation to the case
of Hard Thermal Loops (HTL), by explicitly evaluating hard thermal currents in gauge
theory and gravity.

Next we move to the investigation of the classical double copy (CDC), which is
a powerful tool to generate integrands for classical observables related to the binary
inspiralling problem in General Relativity. In order to use a Bern-Carrasco-Johansson
(BCJ) like prescription, straight at the classical level, one has to identify a double copy
(DC) kernel, encoding the locality structure of the classical amplitude. Such kernel is
evaluated by using a theory where scalar particles interacts through bi-adjoint scalars.
We show here how to push forward the classical double copy so to account for spinning
particles, in the framework of the WQFT. Here the quantization procedure on the worldline
allows us to fully reconstruct the quantum theory on the gravitational side. To test our
double copy prescription, we evaluate the 2PM eikonal phase for three worldlines and
the leading gravitational bremsstrahlung for two worldlines, by using our double copy
prescription, finding agreement with a direct calculation from the gravitational theory.

Finally we investigate the case where light scatters off a black hole, in the optical
regime. In this case we show how, starting from a quantum field theoretical formulation of
the problem allows us to cleanly derive a WQFT path integral, suitable to extract the
classical and optical limit of the observables related to the scattering event, particularly
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the impulse and the deflection angle of the light ray. Ultimately, this allows us to show
that the light ray turns out to be a massless scalar in the optical limit, as stated by the
Equivalence Principle. This efficiently allows us to evaluate classical observables.

Acknowledgments
First, I would like to express my gratitude to my supervisor Fiorenzo Bastianelli and
Olindo Corradini for the help and support during part of time of the PhD. I would also
like to thank Dr. Leonardo de la Cruz, which introduced me to the field of amplitudes and
the classical limit and also for spending lots of time teaching me modern amplitude stuffs.
Next, I would also like to thank Prof.Dr. Jan Plefka, Dr. Canxin Shi and Dr. Roberto
Bonezzi for their hospitality and kindness during my period abroad in Berlin. Particularly
Dr. Bonezzi who, beside teaching me lots of quantum aspects on worldlines, was my guide
in Berlin, during the summer. Last but not least, I would like to thank my parents,
Rossella, Pietro and my girlfriend Luana, for their constant support during all of the years
of my PhD in Bologna. They have been crucial to help me in facing all of the difficulties
one could undergo during such times, allowing me to realize such a hard task.

3



Contents

1 Introduction 6

2 Worldline description of a Bi-Adjoint scalar 11
2.1 Effective action in the matrix valued approach . . . . . . . . . . . . . . . . 12

2.1.1 Beta function for bi-adjoint scalar in D = 6 . . . . . . . . . . . . . 15
2.1.2 Beta function for the multi-adjoint particle . . . . . . . . . . . . . . 16
2.1.3 Beta function for symmetric multi-adjoint scalar . . . . . . . . . . . 17

2.2 Effective action in the color variables approach . . . . . . . . . . . . . . . . 18
2.2.1 Bi-adjoint scalar self-energy . . . . . . . . . . . . . . . . . . . . . . 24
2.2.2 Multi-adjoint scalar self-energy and effective vertices . . . . . . . . 27
2.2.3 Coupling to gauge fields and double copy of vertex operators . . . . 28

3 WQFT from off-shell currents in the classical limit 31
3.1 Worldline quantum field theory . . . . . . . . . . . . . . . . . . . . . . . . 32

3.1.1 From Green functions to the WQFT . . . . . . . . . . . . . . . . . 34
3.1.2 WQFT Feynman rules . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.2 WQFTs for colored scalar particles . . . . . . . . . . . . . . . . . . . . . . 41
3.2.1 Bi-adjoint scalar . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.2.2 Scalar QCD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.2.3 Higher point off-shell current in sQED . . . . . . . . . . . . . . . . 44
3.2.4 Classical Compton amplitude from currents . . . . . . . . . . . . . 45

3.3 HTL and off-shell currents . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.3.1 Bi-adjoint . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.3.2 Gauge and gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4 Classical double copy for spinning particles 51
4.1 Classical double copy of sQCD . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.2 QCD on the worldline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.2.1 Feynman rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.2.2 Yang-Mills eikonal phase . . . . . . . . . . . . . . . . . . . . . . . . 60
4.2.3 Leading Yang Mills radiation . . . . . . . . . . . . . . . . . . . . . 62

4.3 Susy in the sky with dilatons . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.3.1 WQFT expansion and Feynman rules . . . . . . . . . . . . . . . . . 67
4.3.2 Double copy of the eikonal phase . . . . . . . . . . . . . . . . . . . 69
4.3.3 Double copy of the radiation . . . . . . . . . . . . . . . . . . . . . . 72
4.3.4 B-field in the double copy spectrum . . . . . . . . . . . . . . . . . . 72

4



4.4 Double copy of the spinning YM Compton . . . . . . . . . . . . . . . . . . 74

5 Light bending from eikonal in the WQFT 77
5.1 Derivation of the gravitationally dressed photon propagator . . . . . . . . . 78
5.2 Partition function and derivation of Feynman rules . . . . . . . . . . . . . 81

5.2.1 Massless limit vs photon worldline in WQFT . . . . . . . . . . . . . 84
5.3 Eikonal phase and deflection angle . . . . . . . . . . . . . . . . . . . . . . 85

5.3.1 Spinning massive particle . . . . . . . . . . . . . . . . . . . . . . . . 89

6 Summary and Outlook 91

A Seeley-DeWitt coefficients 94

B SUSY algebra and DG background 96

C 2PM photon impulse 98

5



Chapter 1

Introduction

The direct observation of gravitational wave signal on earth [1, 2, 3, 4, 5] required for
higher precision theoretical predictions, so to account for data comparison and particularly
for the calculation of waveform templates. Part of the LIGO-VIRGO collaboration follows
binary systems of compact objects during their evolution, measuring the radiation emitted
during the encounter. The complete evolution is made up by the inspiral, merger and
ring-down phase. In the former, the two objects starts orbiting around each other at high
angular frequency, the merger refers to the actual collision, while the ring-down phase
is where the final black hole recovers from the titanic event from which it was formed.
This experimental success increased the developments of theoretical methods so to tackle
this new events. Particularly, the so called Post-Newtonian (PN) approach is well suited
to describe the inspiral phase. Assuming r is the black hole separation and M the total
mass of the system, one has by the viral theorem that GNM/c2r ∼ v2/c2 << 1, where v
is the relative velocity of the two bodies, resulting that the PN expansion is an expansion
in the Newtonian coupling constant GN and in the relative velocity of the two bodies,
w.r.t the speed of light c in vacuum. A different approximation, also recovering the PN
result, is the Post-Minkowskian (PM) approximation, which is an expansion of classical
quantities w.r.t. the gravitational coupling constant κ =

√
32πGN . It is applied for the

unbound scattering problem in the limit of large impact parameter and small deviation
angles. In contrast to the PN, in the PM expansion, the velocity of the particle is not
taken to be small w.r.t. the speed of light. Both the above approximations are performed
by assuming one can describe the compact objects encounter, in the inspiral phase, by
using an effective field theory treating the objects as point particle interacting through
gravitons. This was proposed by Goldberger and Rothstein in [6]. In this approach a
worldline action is used to describe the compact objects, while gravity is described by the
Einstein-Hilbert action, treated perturbatively in the gravitational coupling constant. This
boils down to write down the equations of motion for the point particle and the Einstein
field equations, solving them perturbatively so to get classical observables. It was then
extended to include spin and finite size effects [7, 8].

An alternative route to attack the two body problem consists in using an interacting
quantum EFT, as initiated by Donoghue [9]. In such a framework one introduces matter
fields interacting through gravity, treated perturbatively at low energies, identifying the
quanta of such matter fields with the compact objects. Then, scattering amplitudes from
such theory can be used to generate classical results, once taking the large mass limit.
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Later on this process has been systematized and various formalisms are nowaday used to
tackle the problem (see [10, 11, 12] for reviews of amplitude methods to PM scattering).
The advantage in using amplitudes lies in that one can use on-shell techniques (BCFW,
unitarity cuts for instance)[13] and mostly integration methods for Feynman integrals
(IBP relations, differential equations for instance) [14], so to generate classical quantities.

Among these framework, it was proposed recently by Mogull, Plefka and Steinhoff,
the worldline quantum field theory (WQFT) [15] further upgraded so to include spin
and radiation reaction effects in [16, 17]. The WQFT allows for the extraction of the
classical limit of amplitudes, by using the path integral approach to QFT. Particularly, as
investigated in a collaboration of the author [18] and then also studied in [19], by starting
from scattering amplitudes dressed with coherent wavefunctions of Poincarè [20], one can
rephrase the classical limit of a gauge-invariant quantum observable as an insertion of a
phase space function of some worldline variables inside a path integral, thus showing a
direct relation between the classical limit of scattering amplitudes and the WQFT. The
WQFT path integral is the product of a QFT functional integral and a worldline path
integral. The effective theory so obtained describes the interaction between two worldlines
through gauge bosons, in the Born approximation i.e. neglecting the propagation of gauge
and mixed gauge-matter loops among the interacting worldlines. The main advantage
results in that the WQFT bypasses the ℏ → 0 limit, and, through the use of a Feynman
diagrammatic expansion of the WQFT action, fastly delivers the classical result.

The QFT-like component of the WQFT functional integral is widely recognized,
involving a functional integral over a gauge field, treated perturbatively in the coupling
constant. This gauge field describes the intermediate particles exchanged between two
or more massive external particles. The latter are implemented by the use of a worldline
theory, whose quantization propagates the massive external states. The worldline-like
component of the WQFT functional integral does correspond to a particular representation
of a two point Green function known as the dressed propagator, describing the sub-set of
1PI Feynman diagrams related to the field theory realized once quantizing the worldline
theory. As already stressed above, the dressed propagator is introduced in the WQFT
context when considering the classical limit of the four point amplitude with massive
external states, at the level of functional integrals, so to neglect intermediate loops of
matter field and mixed gauge bosons matter field. Let us briefly describe how to reconstruct
a field theory by starting by the simple case of a massive point particle of charge Q, and
mass m, interacting with an abelian gauge field Aµ. The worldline phase space action for
such a theory can be easily written

S[x, p; (e, A)] = −
ˆ 1

0

dτ(ẋµp
µ − e(τ)

1

2
(p−QA−m)2︸ ︷︷ ︸

H

)) (1.1)

once introducing the einbein e(τ) so to gauge translational invariance whose generator is
represented by the point particle Hamiltonian H. The phase space action allows to read
out the Poisson brackets between canonical coordinates {xµ, pν} = δµ

ν , while the equation
on motion for the einbein δS

δe(τ)
= H = 0 imposes a constraint on the particle phase space.

Such a worldline particle is trivially of first class i.e. the constraint algebra can be easily
check to be {H,H} = 0. In order to reconstruct the quantum theory implemented by the
worldline particle, we proceed by quantizing the model promoting the Poisson brackets
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to commutator, namely {•, •} → −i[•, •]. The equation of motion for the einbein then is
interpreted as a constraint selecting physical states |Φ⟩ of the quantum theory

δS

δe(τ)
= (p−QA)2 −m2 = 0 →

(
D2 +m2

)
|Φ⟩ = 0 (1.2)

where Dµ = ∂µ − iQAµ is the covariant derivative. This reveals that, in such a case, the
physical states propagated by the worldline theory do represent massive charged scalar
fields, once projecting the state into the configuration space. Thus we see how from
the quantization of a simple worldline particle, a field theory emerges. Particularly, the
construction of the path integral on the line, for the worldline particle, allows to evaluate
a sub-set of Feynman diagrams related to the charged scalar field minimally coupled to
Maxwell. For the path integral quantization, we send the reader to Chapter 3, where also
the case of gravity is taken into account.

Not only the amplitude or worldline based approach are useful for the calculation of
classical observables, but they also allow to investigate gauge-gravity duality. Such duality
was first found to hold between tree amplitudes of closed and open strings by Kawai,
Lewellen, and Tye (KLT)[21]. Particularly, such relation was found to hold for closed
and Type II strings. Later on, Bern, Carrasco and Johansson (BCJ) [22, 23] investigated
the above relation at the level of scattering amplitudes between Yang-Mills and SUGRA,
finding that duality can be realized by rearranging the numerators of the Yang-Mills
amplitude so to obey the Jacobi identity, as the related color factors The latter feature
is the so called color-kinematics duality, and, leads to the double copy relation (see [24]
for recent reviews on the double copy). More precisely, the full color-dressed n-point tree
amplitude in Yang-Mills theory can be organized in terms of trivalent diagrams as

Atree
n =

∑
i∈trivalent

cini

Di

, (1.3)

where ci denotes the color factors, while ni, Di are the corresponding kinematic numerator
and propagator, respectively. In the case where the color factors satisfy the Jacoby identity
ci + cj + ck = 0, one can always arrange the kinematical numerators ni to obey the same
algebraic equations ni + nj + nk = 0. This is termed “color-kinematics duality” (CKD).
Once such relations are satisfied, the color factors can be replaced with the corresponding
kinematic numerators,

Mtree
n =

∑
i∈trivalent

nini

Di

(1.4)

yielding an amplitude of a gravitational theory. This is the so-called double copy relation.
More specifically, the resulting theory is the N = 0 supergravity (SUGRA or NS-NS
gravity), which describes Einstein-Hilbert gravity coupled to the dilaton field ϕ and the
Kalb-Ramond two-form B. In the Einstein frame, the action1 in D dimensions is given as
[25]:

SN=0 =
2

κ2

ˆ
dDx

√
−g(x)

(
−R +

4

D − 2
∂µϕ∂

µϕ+
1

12
e−8ϕ/(D−2)HλµνH

λµν

)
, (1.5)

1We use the mostly minus convention for the metric.
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where Hλµν = ∂λBµν + ∂µBνλ + ∂νBλµ is the field strength related to Bµν . A relation of
this kind was expected since, in the low energy limit, the closed string propagates the
N = 0 supergravity (SUGRA) which is Einstein-Hilbert action coupled to the dilaton
scalar and the Kalb-Ramond field, while the Type IIB contains the Yang-Mills field, thus,
the KLT relations must hold from these quantum field theories. Color-kinematics was
proven at tree level [26, 27] and, although it is not striktly demonstradet at loop level,
there are evidences of color-kinematics duality between loop amplitudes integrands [23].
Double copy relations have also been investigated for a great variety of theories including
scalar [28, 29, 24, 30, 31] and spinning external matter particles [32, 33, 34, 35]. This line
of research, not only shades light on gauge-gravity duality, but makes the double copy an
efficient tool to generates amplitudes needed for applications to black hole scattering, in
the classical limit. Particularly, as obtained by following the upper arrow in Fig. 1.1, one
evaluates the amplitude with external massive particles of spin s in Yang-Mills, then uses
the double copy to get the SUGRA partner (after projecting out Kalb-Ramond and dilaton
[36]), yielding in the classical limit to the result needed to extract classical observables.

An interesting question is how we can apply the BCJ perturbative double copy relation
straight at the classical level, leading to the so called classical double copy (CDC). It
should be noted that differing from amplitudes where the locality structure is encoded by
the poles in the Feynman propagators, classical integrands do not enjoy such a feature,
making it difficult to recast the amplitude in a BCJ form. It is well-known that some
exact solutions of YM theory can be related to general relativity. This was first discovered
by Monteiro, O’Connell, and White, and is known as the Kerr-Schild double copy [37],
which was then developed to a great extent [38, 39, 40, 41, 42, 43, 44, 45, 46, 36, 47, 48].
However what one is also interested in, is described by following the bottom arrow in Fig.
1.1 i.e. starting from the classical Yang-Mills amplitude with external spinning particles,
reaching directly the classical SUGRA amplitude, thus bypassing the ℏ → 0 limit. In
addition, a worth question would be whether, starting from the classical amplitude, we
could get informations about the quantum theory generating such result in the ℏ → 0
limit, corresponding to follow backward the rightmost (leftmost) arrow in the diagram in
Fig.1.1.

CDC was first studied in [49], and later on extended to bound states [50], as well as
to incorporate spin effects [51, 52]. Specifically, in these approaches, the basic idea is to
iteratively solve the equations of motion (Wong’s equations in the case of a charged particle
in YM field [53]) to obtain classical observables such as the radiation. Then, by adopting
appropriate replacement rules of the color factors, they recover the corresponding quantities
in dilaton-gravity from YM theory. However such replacement rules are not suited to hold
to higher orders, and, moreover, do not make manifest any color-kinematics relation at the
classical level. A way to tackle such a question was provided by Shen [54], who showed that
the double copy at the classical level could be realized in an analogous way to the BCJ one
from amplitudes by identifying the so-called “double copy kernel”, encoding locality of the
classical integrands. This kernel can be evaluated by considering the scattering of massive
scalar particles interacting with bi-adjoint scalars, whose worldline theory and quantization
is fully described in [55]. This was realized by solving perturbatively the Wong equations
[53], obtaining the classical integrands in both gauge and gravity theories, then checking
that the CDC of the gauge observables would match the ones evaluated directly in gravity.
Although the above approaches gives prescriptions on how to implement the CDC, they
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As
YM Ms′

SUGRA

Ās
YM M̄s′

SUGRA

DC

ℏ→0 ℏ→0

CDC

Figure 1.1: Diagrammatic path showing the calculation of classical amplitudes through
double copy. Here As

YM, Ās
YM are respectively the quantum Yang-Mills amplitudes with

external massive spin s particle and its classical limit, while Ms′
SUGRA,M̄s′

SUGRA represents
respectively the quantum SUGRA amplitude with external massive s′ particles and its
classical limit.

only work for scalar particles and does not tell us anything about the quantum theory
generating the classical integrands used for the double copy. Recently it was shown by
Plefka and Shi in [56] that this prescription can be implemented nicely in the WQFT. In
particular, the authors double copied the eikonal and leading radiation for massive scalar
particles interacting through gluons into the same matter content interacting through
the dilaton-gravity sector of the supergravity. This gave room to use the WQFT as a
framework to investigate the CDC for spinning particles, as done in a collaboration of
the author in [57], showing that the one can move freely in the diagram from Fig.1.1,
for the case s = 1/2, s′ = 1. Particularly, the quantization of the worldline sector of
the WQFT gives crucial informations about the quantum theory describing the double
copied integrands, allowing to write down the lagrangian propagating the matter particles
entering as external lines in the double copied amplitude. As a last remark, we stress
that the text in such a thesis closely follows the published work of the author in various
collaborations [55, 58, 18, 57].
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Chapter 2

Worldline description of a Bi-Adjoint
scalar

The duality between color and kinematics [59, 23] reveals a deep structure relating
amplitudes of gauge and gravity theories, see [24] for a review. An interesting model, used
for studying color/kinematic relations, is that of a bi-adjoint scalar [60, 61]. Its basic
structure is that of a ϕ3 theory, a standard QFT toy model which is super-renormalizable
in 4 dimensions and renormalizable in 6 dimensions (where it becomes asymptotically
free), but with the scalar field extended to be symmetric under the action of a compact
group of the form G × G̃. In particular, the scalar is taken to transform in the adjoint
representation for each factor, so that its Feynman rules carry corresponding symmetry
factors (named color factors). The latter may be substituted by kinematical factors having
the same symmetries, thus producing Feynman rules and amplitudes of non-abelian gauge
fields and gravity.

In a purely classical setting, the bi-adjoint scalar has also served as the basis to
find maps between classical solutions in gauge and gravity at both non-perturbative
[37, 47, 36, 62] and perturbative [49, 63, 50, 54] levels. The perturbative solutions of
the bi-adjoint scalar theory coupled with point sources (parametrized by their worldline
coordinates) are obtained by iteratively solving the equations of motion. The kinematic
structure of these solutions is crucial for a systematic amplitude-like implementation of
the double copy [54]. At classical perturbative level, the form of the action leading to
equations of motion is unimportant as long as it reproduces the proper equations of motion,
but its precise form is central to undertake quantization.

Seeds of color/kinematic relations, and corresponding double copy structure that
reproduces gravity amplitudes from the gauge ones, can be traced back to the origin of
string theory, when it was noticed that the Veneziano amplitude (an open-string scattering
amplitude) could be related in a simple way to the Virasoro-Shapiro amplitude (a closed-
string amplitude). Open strings give rise to gauge fields while closed strings give rise to
gravitons, so one notices a signal of the gauge/gravity relations [21]. The string results
were obtained and interpreted in a first quantized picture. Similarly, in this paper we wish
to investigate the color/kinematic relations using a first quantized approach to particle
theory [64].

Motivated by the above reasons we construct a worldline particle which in first quanti-
zation allows us to propagate a bi-adjoint a scalar. To accomplish this we introduce color
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variables on the worldline, using the set-up described in [65, 66, 67], where color variables
are coupled to a worldline U(1) gauge field which carries an additional Chern-Simons term.
The gauge field implements a projection to the desired representation of the symmetry
group assigned to the particle. The choice of the representation is obtained by tuning
the Chern-Simons coupling to a suitable discrete value. A form of this projection was
described also in [68], and later recognized to arise from the coupling to a U(1) gauge field.
The projection mechanism was seen at work in the worldline path integral treatments of
differential forms [69, 70, 71], and extended shortly afterwards to color degrees of freedom
[65]. Further extensions have been discussed in [72, 73]. On the other hand, worldline
color variables had been introduced originally much earlier [74, 75].

After having identified the correct worldline action for the bi-adjoint particle, we use it
to build up a path integral representation of the one-loop effective action of the bi-adjoint
scalar field. Then, we evaluate the bi-adjoint and multi-adjoint self-energy diagram and
extract the one-loop beta function of the theory in 6 dimensions, which was recently
shown to vanish [76]. We also study the one-loop self-energy correction to the bi-adjoint
propagator. Eventually, we indicate how our model can be extended to that of a particle
carrying an arbitrary representation of direct products of global symmetry groups, and
compute the one-loop beta function of a multi-adjoint scalar particle in six dimensions.
After this, we highlight a double copy relation holding at the level of the vertex operators
on the worldline, for the bi-adjoint scalar, Yang-Mills and Einstein-Hilbert theory.

2.1 Effective action in the matrix valued approach
Let us start by using a pure QFT approach to derive the worldline action for a scalar
particle coupled to the bi-adjoint scalar Φaα. We consider directly the special case of a
particle interpreted as the quantum of the bi-adjoint scalar field itself. For that purpose, we
start from the QFT of a bi-adjoint scalar field Φaα, charged under a G×G̃ global symmetry
group and transforming in the adjoint for each factor1. The Euclidean Lagrangian of the
model is [47, 62]

L =
1

2
∂µΦ

aα∂µΦaα +
m2

2
ΦaαΦaα +

y

3!
fabcf̃αβγΦaαΦbβΦcγ , (2.1)

where m is the mass and y the coupling constant. This model is the massive version of
a massless one, whose amplitudes in the Cachazo-He-Yuan (CHY) representation were
considered in [60, 61]. The massive generalization of these amplitudes was considered
e.g., in [77, 78, 79]. In a quantum/background split (Φaα → ϕaα + Φaα) one finds, after a
partial integration, a quadratic action for the quantum field ϕaα

L(2)
q =

1

2
ϕaα
(
δabδαβ(−∂2 +m2) + yfabcf̃αβγΦcγ

)
ϕbβ , (2.2)

1The Lie algebra for each factor has the form [T a, T b] = ifab
cT

c and the adjoint representation is
given by the structure constants (T a

A)
b
c = −ifab

c = −ifabc. The Killing metric is normalized to δab, so
that upper and lower adjoint indices are equivalent. We use greek indices to label generators of the second
group G̃.
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which is coupled to the background Φaα. It contains a quadratic differential operator of
the form (setting p2 = −∂2)

2H = δabδαβ(p2 +m2) + yfabcf̃αβγΦcγ , (2.3)

which is interpreted as a particle Hamiltonian H— the factor 2 being conventional —
which acts on wave functions ϕaα(x) that carry indices of the bi-adjoint. The inverse of this
Hamiltonian gives the bi-adjoint propagator in the Φaα background, and the functional
trace of the corresponding heat kernel is related to the one-loop effective action [80]. As it
stands, this Hamiltonian has a matrix-valued potential, and it produces a matrix-valued
action. In a path integral, a path ordering must be used to properly define its exponential.

To present the particle Hamiltonian in a more compact way, let us introduce a matrix
notation to cast (2.2) in the form

L(2)
q =

1

2
ϕT
(
−∂2 +m2 + yΦ̂

)
ϕ , (2.4)

where ϕ = ϕA = ϕaα has to be considered as a column vector with components labeled by
the multi-index A = (a, α), while Φ̂ is a matrix-valued background potential

Φ̂ = Φ̂A,B = Φ̂aα,bβ = fabcf̃αβγΦcγ . (2.5)

The matrix Φ̂ is symmetric in the indices A and B. The corresponding matrix-valued
Hamiltonian, eq. (2.3), is then cast as

2H = p2 +m2 + yΦ̂(x) . (2.6)

It acts on wave functions of the form ϕ(x) = ϕA(x), which have components labeled by the
multi-index A. The Hamiltonian leads classically to an action that is also matrix-valued.
The latter, after some simple redefinitions, can be written in the form

S[x] =

ˆ 1

0

dτ
[ 1

4T
ẋ2 + Tm2 + TyΦ̂(x)

]
, (2.7)

where T is the Fock-Schwinger proper-time. The corresponding path integral needs a time
ordering prescription, that makes sure that it solves the correct Schrödinger equation (just
as for time dependent Hamiltonians). Then, following Schwinger [80], we find that the
worldline path integral for the effective action takes the form

Γ[Φ] = −1

2

ˆ ∞

0

dT

T
e−m2T tr

ˆ
P
DxT e−S[x] , (2.8)

where T denotes the time ordering, ‘tr’ the additional trace on the finite color degrees of
freedom, and with the constant mass term explicitly taken out of the worldline action S.
The symbol P indicates that the coordinates x must have periodic boundary conditions in
order to produce the trace in the corresponding Hilbert space.

As already discussed above, the matrix-valued action requires a path ordering pre-
scription to define properly the corresponding path integral. The Schwinger proper-time
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representation of the one-loop effective action of the bi-adjoint field has already been
anticipated in (2.8), where the trace of the heat kernel is computed by the path integral
with periodic boundary conditions. The periodic paths xµ(τ) with xµ(0) = xµ(1) can be
split as

xµ(τ) = xµ0 + qµ(τ) , (2.9)

where xµ0 is any point on the loop traced by xµ(τ), while qµ(τ) are the remaining fluctuations
that must satisfy vanishing Dirichlet boundary conditions (i.e. qµ(0) = qµ(1) = 0). Then,
one integrates over xµ0 and qµ(τ) separately, and the effective action takes the form

Γ[Φ] = −1

2

ˆ ∞

0

dT

T
e−m2T

ˆ
dDx0 tr

ˆ
D
DqT e−S[x] , (2.10)

where S[x] is the action in (2.7), and D indicates the Dirichlet boundary conditions on
qµ(τ) mentioned above. Other methods for extracting the constant x0 are possible, and
will be discussed in the next section.

The effective action (2.10) may now be computed perturbatively in terms of the Wick
contractions of the q-propagators (see appendix A for further details)

Γ[Φ] =

ˆ
dDx0

[
−1

2

ˆ ∞

0

dT

T

e−m2T

(4πT )
D
2

tr ⟨T e−Sint⟩

]
(2.11)

with

Sint = Ty

ˆ 1

0

dτ Φ̂(x(τ)) . (2.12)

The perturbative computation gives an answer of the form

tr ⟨Te−Sint⟩ =
∞∑
n=0

tr an(x0)T
n , (2.13)

where an(x0) are the so-called Seeley-DeWitt (or heat kernel) coefficients. Inserting this
expansion in (2.11), and renaming x0 → x, gives

Γ[Φ] =

ˆ
dDx

[
−1

2

∞∑
n=0

tr an(x)

(4π)
D
2

ˆ ∞

0

dT

T
e−m2TT n−D

2

]

=

ˆ
dDx

[
−1

2

∞∑
n=0

tr an(x)

(4π)
D
2

1

(m2)n−
D
2

ˆ ∞

0

dT

T
e−TT n−D

2

]

=

ˆ
dDx

[
−1

2

∞∑
n=0

tr an(x)

(4π)
D
2

Γ[n− D
2
]

(m2)n−
D
2

]
.

(2.14)

We have integrated the proper time to obtain the usual gamma function. At D = 6, we
see divergences for n = 0, 1, 2, 3 in the effective action, as captured by the poles of the
gamma function. The one for n = 3 is mass independent and corresponds to the usual
logarithmic divergence seen in dimensional regularization. The specific calculation of the
coefficients in (2.13) can be done as in [81, 82, 83, 84], and gives the answer

a0 = 1 , a1 = −yΦ̂ , a2 =
y2

2
Φ̂2 , a3 = −y

2

6
Φ̂3 +

y2

12
Φ̂∂2Φ̂ , (2.15)
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which we have simplified by adding total derivatives, and neglecting matrix orderings that
are inconsequential under the trace. The calculation of these coefficients is briefly outlined
in appendix A.

2.1.1 Beta function for bi-adjoint scalar in D = 6

The n = 3 pole in the effective Lagrangian at D = 6− ϵ is

Leff, div = −1

2

tr a3(x)

(4π)3
Γ[ ϵ

2
] = −tr a3(x)

(4π)3
1

ϵ
, (2.16)

Then, using (2.15) the diverging part of the effective Lagrangian (2.16) becomes

Leff, div =
1

(4π)3
1

ϵ

(
y3

6
tr Φ̂3 − y2

12
tr Φ̂∂2Φ̂

)
. (2.17)

Let us now relate the terms in (2.17) to the one in (2.1), and recognize the counterterms
needed to renormalize the theory at one-loop. We find

tr Φ̂2 = T (A)T̃ (A)(Φaα)2

tr Φ̂3 =
1

4
T (A)T̃ (A)fabcf̃αβγΦaαΦbβΦcγ ,

(2.18)

where T (A) indicates the index in the adjoint representation2. These divergences ask for
wave function and coupling constant renormalizations, obtained by adding to (2.1) the
counterterms

Lct = (ZΦ − 1)1
2
Φaα(−∂2)Φaα + (Zy − 1) y

3!
fabcf̃αβγΦaαΦbβΦcγ (2.19)

with

ZΦ − 1 = −1

6
T (A)T̃ (A)

y2

(4π)3
1

ϵ
, Zy − 1 = −1

4
T (A)T̃ (A)

y2

(4π)3
1

ϵ
. (2.20)

These counterterms produce a vanishing one-loop beta function, as recently discovered in
[76]. In more details, parameterizing the counterterms with coefficients a1 and c1 as

ZΦ − 1 = a1
y2

(4π)3
1

ϵ
, a1 = −1

6
T (A)T̃ (A) ,

Zy − 1 = c1
y2

(4π)3
1

ϵ
, c1 = −1

4
T (A)T̃ (A) ,

(2.21)

the one-loop beta function is computed by

β(y) =

(
c1 −

3

2
a1

)
y3

(4π)3
= 0 . (2.22)

2The index T (R) of a representation R is defined by tr(T a
RT

b
R) = T (R) δab. It coincides with its

quadratic Casimir if R is the adjoint representation. In particular, one has T (A) = C2(A) = N for the
adjoint representation of SU(N).
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In [76] the calculation of the beta function has been pushed to four loops (and actually to
five loops in [85]), with the two-loop result indicating the asymptotic freedom of the theory.
The latter would furnish a nice test on the structure of worldline methods at higher loops
[86, 64].

There is also a mass renormalization that we have ignored so far. To complete the one-
loop renormalization of the theory, let us identify the counterterm needed for renormalizing
the mass. To achieve that, we have to treat the mass perturbatively in (2.11). Expanding
the term e−m2T we find (up to total derivatives and up to a constant that renormalizes
the vacuum energy) an extra contribution to tr a3(x) of the form

∆tr a3(x) = −1

2
m2y2tr Φ̂2 = −1

2
m2y2T (A)T̃ (A)(Φaα)2 (2.23)

giving an extra divergence of the effective Lagrangian

∆Leff, div = −∆tr a3(x)

(4π)3
1

ϵ
=

1

(4π)3
1

ϵ

(
y2m2

2
T (A)T̃ (A)(Φaα)2

)
. (2.24)

This is canceled by adding to (2.1) the additional counterterm

∆Lct = (Zm − 1)1
2
m2(Φaα)2 (2.25)

with
Zm − 1 = −T (A)T̃ (A) y2

(4π)3
1

ϵ
, (2.26)

which leads to the mass anomalous dimension γm (defined as usual by γm = 1
m

dm
d lnµ

)

γm(y) = − 5

12
T (A)T̃ (A)

y2

(4π)3
. (2.27)

2.1.2 Beta function for the multi-adjoint particle

As an extension, one may consider the n-adjoint scalar particle, quantum of the n-adjoint
scalar field ΦA = Φa1a2···an where the multi-index A contains an adjoint index ai for each
factor of the symmetry group G1 ×G2 · · · ×Gn. A suitable interacting QFT Lagrangian
is given by

L =
1

2
ΦA(−∂2 +m2)ΦA +

y

3!
FABCΦAΦBΦC , (2.28)

where
FABC = fa1b1c1fa2b2c2 · · · fanbncn . (2.29)

The theory is nontrivial for n even, otherwise the potential vanishes as the FABC are then
completely antisymmetric. In a quantum-background split Φ → ϕ + Φ, the quadratic
part of the quantum field Lagrangian takes the same form of (2.4), but with a matrix-like
background potential

Φ̂AB = FABCΦC . (2.30)
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The formula for the one-loop logarithmic divergences (2.17) still applies, now with

tr Φ̂2 = αΦAΦA

tr Φ̂3 =
α

2n
FABCΦAΦBΦC ,

(2.31)

where

α =
n∏

i=1

Ti(A) (2.32)

is the product of the indices of the adjoint representation for each factor Gi. Here we have
taken n to be an even integer. Note that α is always a positive number. These divergences
are renormalized by adding to the Lagrangian (2.28) the counterterms

Lct = (ZΦ − 1)1
2
ΦA(−∂2)ΦA + (Zy − 1) y

3!
FABCΦAΦBΦC (2.33)

with
ZΦ − 1 = −α

6

y2

(4π)3
1

ϵ
, Zy − 1 = − α

2n
y2

(4π)3
1

ϵ
, (2.34)

producing the one-loop beta function

β(y) =
α

4

(
1− 1

2n−2

)
y3

(4π)3
. (2.35)

Evidently, the beta function for n > 2 is positive, while it vanishes for n = 2, and it is
negative for n = 0 (setting α = 1 in such a case), consistently with the asymptotic freedom
of the latter case. These results are in agreement with those of ref. [76].

2.1.3 Beta function for symmetric multi-adjoint scalar

As a final example, let us consider a different theory for the n-adjoint scalar by taking
only groups of the type SU(N) with N ≥ 3, which admit the completely symmetric
invariant tensor dabc. Models for a single symmetric tensor were introduced long time ago
to study critical phenomena in condensed matter physics, see, e.g., refs. [87, 88] and refs.
[89, 90, 85] for more recent discussions. Thus, let us consider the replacement in (2.28)

FABC → DABC = da1b1c1da2b2c2 · · · danbncn , (2.36)

which is consistent for all integers n ∈ N, as DABC is now always totally symmetric. The
corresponding one-loop effective action is again represented as in (2.8), but now with

Φ̂AB = DABCΦC (2.37)

which produces
tr Φ̂2 = x1δ

ABΦAΦB ,

tr Φ̂3 = x2D
ABCΦAΦBΦC ,

(2.38)

with coefficients x1 and x2 that depend on the chosen groups. They are computed by

x1 =
n∏

i=1

N2
i − 4

Ni

, x2 =
n∏

i=1

N2
i − 12

2Ni

, (2.39)
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with Ni being the dimension of the fundamental representation of each copy of the SU(Ni)
group, see [91] whose normalization for the dabc tensor we adopt. From the one-loop
logarithmic divergences of the effective action (2.17) we extract the counterterms

Lct = (ZΦ − 1)1
2
ΦA(−∂2)ΦA + (Zy − 1) y

3!
DABCΦAΦBΦC (2.40)

with
ZΦ − 1 = −x1

6

y2

(4π)3
1

ϵ
, Zy − 1 = −x2

y2

(4π)3
1

ϵ
, (2.41)

producing the one-loop beta function

β(y) =
y3

(4π)3

(x1
4

− x2

)
(2.42)

that is

β(y) =
y3

(4π)3

{
1

4

(
n∏

i=1

N2
i − 4

Ni

)[
1− 1

2n−2

n∏
i=1

N2
i − 12

N2
i − 4

]}
. (2.43)

This formula includes the well-known asymptotic freedom case for n = 0 (with x1 = x2 = 1),
while for n = 1 the result is consistent with [89] upon mapping different conventions,
showing a positive beta function for N ≤ 4, and a negative beta function (and thus
asymptotic freedom) for N ≥ 5. Further, the bi-adjoint particle (n = 2) has beta function

β(y) =
y3

(4π)3
2

N1N2

(
N2

1 +N2
2 − 16

)
, (2.44)

which is non-vanishing and always positive, independently of the dimension of the SU(N)
groups (Ni ≥ 3, as otherwise the dabc symbols would vanish). Quite generally, the one-loop
beta function is positive for n ≥ 2 in these models.

2.2 Effective action in the color variables approach
As we have seen above, starting from the QFT lagrangian, identifying the dressed kinetic
term with the background field method, and then, finding a path integral representation
for the inverse kinetic term, generates a matrix valued path integral. Then, in order to
preserve gauge invariance, the construction of the path integral requires a path ordering
prescription of the exponentiated action appearing inside the path integral. However the
path ordering prescription might be cumbersome if one need to identify Feynman rules for
the worldline theory. As we will see the derivation of such rules is a crucial part of the
WQFT, thus, with an eye on classical applications, we need to find a different approach to
build up the worldline bi-adjoint theory.

A way to get rid of path ordering it to use color variables. The quantization of the
latter gives rise to creation/annihilation operators that create color degrees of freedom in
the Hilbert space of the particle. At the same time their worldline propagator reconstructs
the path ordering. Eventually, a projection on a fixed occupation number of the color
degrees of freedom selects the precise representation of the symmetry group (the color
charge) that one is willing to assign to the particle. This last step is achieved by coupling
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the color variables to a U(1) worldline gauge field with an additional discrete Chern-Simons
coupling, that fixes the chosen color occupation number in the Hilbert space [65]. Thus,
recalling that for a relativistic particle the Hamiltonian must be gauged3, one is led to the
following worldline action in phase space (subscript ‘ps’) for the bi-adjoint scalar in real
time τ

S =

ˆ
dτ
[
pµẋ

µ + ic̄aċ
a + id̄αḋ

α − eH − aJ − ãJ̃
]
, (2.45)

where H, J, J̃ denote first class constraints

H =
1

2
(p2 +m2 − y QaΦaα(x)Q̃α) , Qa = −ifabcc̄bcc , Q̃α = −if̃αβγ d̄βdγ , (2.46)

J = c̄ac
a − s , (2.47)

J̃ = d̄αd
α − s̃ , (2.48)

gauged by the fields e, a, ã, i.e. the einbein and the two independent worldline U(1) gauge
fields, respectively, while the constants s and s̃ are suitable Chern-Simons couplings. The
color variables can be taken to be either commuting or anticommuting. Here we choose the
first option, which as a bonus may allow to study a classical limit of the color charge, as
described by Wong’s equations [53]. The kinetic term defines the phase space symplectic
form, leading to the Poisson brackets. The nonvanishing Poisson brackets are given by
{xµ, pν} = δµν , {ca, c̄b} = −iδab , {dα, d̄β} = −iδαβ , and used to verify that the constraints
are indeed first class

{H, J} = {H, J̃} = {J, J̃} = 0 . (2.49)

Thus, the constraints can be gauged consistently. Notice also the following Poisson brackets

{Qa, Qb} = fabcQc , {Q̃α, Q̃β} = f̃αβγQ̃γ , {Qa, Q̃α} = 0 , {J,Qa} = 0 , etc.
(2.50)

Notice how the generator Qa, Q̃α obeys the gauge group color algebra, and, in addition,
by studying its equation of motions, it is easy to see that it is the color charge of point
particle. This will be important later on in the studying of the classical limit of observables
related to colored particles. The precise value of the Chern-Simons couplings s and s̃ will
be specified after transition to the quantum theory, which we discuss next using canonical
quantization.

The quantum theory of the particle has an associated Hilbert space of “wave-functions”
on which the fundamental quantum operators act. These operators are the particle position
and momentum, x̂µ, p̂µ, and two pairs of color variables, ĉa, ĉ†a and d̂α, d̂†α. The latter act as
sets of creation and annihilation operators. Considering only the first set of color variables,
ĉa, ĉ†a, they satisfy

[ĉa, ĉ†b] = δab , [ĉa, ĉb] = 0 = [ĉ†a, ĉ
†
b] (2.51)

with indices running up to NA = dimG, the dimension of the adjoint representation. They
are naturally represented by ĉ†a ∼ c̄a and ĉa ∼ ∂/∂c̄a when acting on wave-functions of the
form ϕ(x, c̄). The Taylor expansion of the latter reads

ϕ(x, c̄) = ϕ(x) + ϕa(x)c̄a +
1

2!
ϕab(x)c̄ac̄b + . . . , (2.52)

3The corresponding gauge field (the einbein) will eventually lead to the Fock-Schwinger proper time of
the previous section.

19



and exposes sectors with different occupation numbers for the color variables, as measured
by the number operator N̂ = ĉ†aĉ

a ∼ c̄a∂/∂c̄a. If one is interested only on wave-functions
transforming in the adjoint, and not on tensor products of the adjoint, one must impose a
constraint that fixes the occupation number to 1, i.e.,

(N̂ − 1)ϕ(x, c̄) =
(
c̄a

∂

∂c̄a
− 1
)
ϕ(x, c̄) = 0 . (2.53)

This is precisely the restriction that the quantum version of the first class constraint (2.47)
should impose for meeting our purposes. The quantization of this constraint must resolve
ordering ambiguities, which we fix as in the harmonic oscillator by requiring a symmetric
ordering

J = c̄ac
a − s =

1

2
(c̄ac

a + cac̄a)− s , (2.54)

leading to

Ĵ =
1

2
(ĉ†aĉ

a + ĉaĉ†a)− s = ĉ†aĉ
a +

NA

2
− s = c̄a

∂

∂c̄a
+
NA

2
− s . (2.55)

It is now simple to fix the Chern-Simons coupling s to achieve occupation number 1

NA

2
− s = −1 → s = 1 +

NA

2
. (2.56)

A similar coupling with s̃ = 1 + ÑA

2
must be used for the other color sector as well, so to

have physical wave-functions transforming in the bi-adjoint, as desired. Thus, the particle
wave-function ϕ(x, c̄, d̄) that satisfies the quantum constraints corresponding to J and J̃
has the form

ϕ(x, c̄, d̄) = ϕaα(x)c̄ad̄α (2.57)

and describes a wave-function carrying indices of the bi-adjoint. The remaining quantum
constraint is the one corresponding to the Hamiltonian H in (2.46), whose operator version
takes the form

Ĥ =
1

2

(
− ∂2 +m2 + yΦaα(x)fabcc̄b

∂

∂c̄c
f̃αβγ d̄β

∂

∂d̄γ

)
. (2.58)

The constraint equation Ĥϕ(x, c̄, d̄) = 0 reproduces precisely the equations of motion of
the bi-adjoint field obtained from the usual Lagrangian (2.1). Note that simple Lie groups
have traceless generators, so that in this case the ordering of the color operators in the
quantum version of Ca and C̃α is inconsequential. We have thus completed the derivation
of the worldline model for the bi-adjoint field theory.

In order for the theory to be used to perform calculations we must gauge fix the worldline
gauge fields. A covariant gauge fixing can be imposed by setting (e(τ), a(τ), ã(τ)) =
(2T, θ, ϕ), with T identified with the usual Fock-Schwinger proper time, and (θ, ϕ) two
additional moduli, corresponding to two angles, related to the projection on occupation
number 1 for each color sector. This gauge fixing is valid both for worldlines with the
topology of a circle, as appropriate for the one-loop effective action, and for worldlines
with the topology of an interval, as appropriate for the propagator. The difference is just
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on the measure on the moduli space. After going in configuration space, by inverting the
momenta in the phase space action we finally get the gauge fixed Euclidean worldline
action

SE = Tm2−isθ−is̃ϕ+
ˆ 1

0

dτ
[ 1

4T
ẋ2+c̄a(∂τ+iθ)ca+d̄α(∂τ+iϕ)dα−TyQaΦaα(x)Q̃α

]
. (2.59)

where, using reparametrization invariance, we allowed the worldline parameter τ to move
in the interval [0, 1].

For completeness, let us consider again the case of a particle symmetric under the
product of an arbitrary number of simple Lie groups, G1 × G2 × · · · × Gn, with the
wave-function transforming in an arbitrary representation Ri with generators (T ai

Ri
)αi

βi

for each factor Gi. To propagate such particle on the worldline, using the color variables
formulation, we introduce a set of color variables cαi

i (τ) and complex conjugate c̄iαi
(τ),

with i = 1, . . . , n, and indices that match those of the chosen representation, to construct
the color charges (no sum over the index i)

Qai
i (τ) = c̄iαi

(τ)(T ai
Ri
)αi

βi
cβi

i (τ) (2.60)

and write down the action for the phase space coordinates (x, p, ci, c̄i) and worldline gauge
variables (e, ai) as follows

S =

ˆ 1

0

dτ
[
pµẋ

µ − e

2
(p2 +m2 + U(Φ(x), Qi)) +

n∑
i=1

(ic̄iαi
(∂τ + iai)c

αi
i + siai)

]
. (2.61)

The potential U(Φ(x), Qi) is taken to depend on suitable scalar background fields, col-
lectively denoted by Φ, and color charges Qi as given above. Of course, the potential
is required to be invariant under the global symmetry group. Our previous bi-adjoint
particle (2.45) is a special case of this more general model with n = 2, color variables ci, c̄i
transforming in the adjoint representation of the corresponding group, and scalar potential
U(Φ(x), Qi) taken as in (2.46).

Let us now come back to the case of the bi-adjoint scalar, moving to the construction
of the path integral on the loop, from the above action. The general structure of the
one-loop effective action is

Γ[Φ] =

ˆ
S1

DxDeDaDãDcDc̄DdDd̄

Vol(Gauge)
e−SE (2.62)

with SE given in eq. (2.59), with τ ∈ [0, 1] describing the circle. To bring it in a computable
form, we must gauge-fix it. Let us review the main steps adapted to the circle S1.

As anticipated, on the circle one may fix the worldline gauge fields to constants
(e(τ), a(τ), ã(τ)) = (2T, θ, ϕ), with the latter playing the role of moduli, i.e. gauge
invariant configurations that must be integrated over a suitable moduli space [69]. The
measure on the moduli space is given by Faddeev-Popov determinants, which are constant
in our case (i.e. they do not depend on the moduli), except that there is a factor 1

T
that

takes into account the symmetry generated by constant translations on the circle: this
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factor avoids relative overcountings of paths with different proper time T . Then, fixing
the overall normalization to match that of a real scalar, we have

Γ[Φ] = −1

2

ˆ ∞

0

dT

T

ˆ 2π

0

dθ

2π

ˆ 2π

0

dϕ

2π

ˆ
P
DxDcDc̄DdDd̄ e−SE , (2.63)

where P denotes periodic boundary conditions for the remaining path integration variables.
The integration over the moduli space is set to cover the moduli space only once. The
remaining path integral is normalized to that of a free particle, arising when the interactions
are set to vanish (more on this later).

Let us further manipulate the remaining path integral to unearth the zero modes that
may be present on the circle. Let us first address the zero modes of the coordinates xµ.
They are present when the potential is treated perturbatively. These zero modes satisfy
∂2τ x

µ(τ) = 0 and are therefore constant configurations. Their separation is generically
achieved by splitting

xµ(τ) = xµ0 + qµ(τ) , (2.64)

where xµ0 are the constant zero modes, and qµ(τ) are the remaining quantum fluctuations
without the zero modes. There is a variety of ways of achieving this split, with the
most common ones corresponding to setting Dirichlet boundary conditions on qµ(τ) (i.e.
imposing q(0) = q(1) = 0) or using the “string-inspired” boundary conditions (that is
requiring

´ 1
0
dτ qµ(τ) = 0). They give equivalent results, see [84] for a recent application

and comparison of the two methods. The integration of the zero modes factorizes, as
perturbatively there is no action for them, and there remains the path integral over the
quantum fluctuations qµ. At this stage, we may extract the zero modes x0 to rewrite the
path integral (2.63) as

Γ[Φ] = −1

2

ˆ ∞

0

dT

T

ˆ 2π

0

dθ

2π

ˆ 2π

0

dϕ

2π

ˆ
dDx0

ˆ
P̄
Dq

ˆ
P
DcDc̄DdDd̄ e−SE , (2.65)

where now P̄ denotes periodic boundary conditions with a constraint that eliminates the
zero modes (it depends on the chosen method). We have considered arbitrary dimensions
D, also in view of the application of dimensional regularization, though the case D = 6 is
the most interesting one as in such dimensions the model is renormalizable.

Let us now address the color variables c and d. For non-vanishing constant gauge fields
θ and ϕ, and periodic boundary conditions, the color variables do not have any zero mode.
Indeed, θ and ϕ act as a kind of mass term, i.e. a Wick rotated frequency-squared term
for these harmonic-like oscillators, see their action in (2.59). Zero modes appear only for
θ = 0 and ϕ = 0, and we will consider their effect later on. It is also possible to remove
the couplings to θ and ϕ by shifting those couplings to the boundary conditions by field
redefinitions

c(τ) → e−iθτc(τ), c̄(τ) → eiθτ c̄(τ) , d(τ) → e−iϕτd(τ), d̄(τ) → eiϕτ d̄(τ) , (2.66)

which implies that the new fields c and d thus obtained satisfy twisted boundary conditions
(which we denote by T )

c(1) = eiθc(0), c̄(1) = e−iθc̄(0) , d(1) = eiϕd(0), d̄(1) = e−iϕd̄(0) . (2.67)

22



The effective action then takes the form

Γ[Φ] = −1

2

ˆ ∞

0

dT

T
e−m2T

ˆ 2π

0

dθ

2π
eisθ̂

2π

0

dϕ

2π
eis̃ϕ̂ dDx0

ˆ
P̄
Dq

ˆ
T
DcDc̄DdDd̄ e−S0 ,

(2.68)

where the worldline action S0 now reads

S0 =

ˆ 1

0

dτ
[ 1

4T
q̇2 + c̄aċ

a + d̄αḋ
α − TyQaΦaα(x)Q̃α

]
(2.69)

since we have extracted the mass term e−m2T and the Chern-Simons couplings eisθ+is̃ϕ.
From this expression we see that in a perturbative expansion we may treat the potential

as a perturbation, while recognizing from the kinetic term the free propagators of the
particle coordinates qµ and auxiliary color variables c, c̄, d, d̄. Extracting the normalization
due to the free path integral we find

Γ[Φ] =

ˆ
dDx0

−1

2

ˆ ∞

0

dT

T

e−m2T

(4πT )
D
2

ˆ 2π

0

dθ

2π

eisθ(
2i sin θ

2

)NA

ˆ 2π

0

dϕ

2π

eis̃ϕ(
2i sin ϕ

2

)ÑA
⟨e−Sint⟩


(2.70)

with the term in square bracket representing the QFT one-loop effective Lagrangian Leff

(that, of course, must be renormalized, as for example by treating the arbitrary dimension
D as in dimensional regularization). The perturbation is here given by

Sint = −Ty
ˆ 1

0

dτ QaΦaα(x)Q̃α . (2.71)

The free propagators that go along with this representation, and needed to compute the
average ⟨e−Sint⟩ by Wick contractions, take into account the boundary conditions. They
are given by

⟨qµ(τ)qν(σ)⟩ = −2Tδµν∆(τ, σ) ,

⟨ca(τ)c̄b(σ)⟩ = δab∆T (τ, σ; θ) ,

⟨dα(τ)d̄β(σ)⟩ = δαβ∆T (τ, σ;ϕ) ,

(2.72)

where4

∆(τ, σ) =
1

2
|τ − σ| − 1

2
(τ − σ)2 − 1

12
,

∆T (τ, σ; θ) =
1

2i sin θ
2

[
ei

θ
2Θ(τ − σ) + e−i θ

2Θ(σ − τ)
]
,

(2.73)

where Θ(x) is the standard Heaviside step-function with Θ(0) = 1
2
.

Eq. (2.70) is our final form of the worldline representation of the one-loop effective
action of the bi-adjoint scalar, with the additional color variables. It is readily calculable
in perturbation theory.

4We use the string inspired method to factor out the zero modes from q. The constant term − 1
12

could also be dropped from the propagator ∆(τ, σ) [64]. As for the propagator ∆T (τ, σ; θ), one may
check that it satisfies the Green’s equation ∂τ∆T (τ, σ; θ) = δ(τ − σ), and the twisted boundary conditions
∆T (1, σ; θ) = eiθ∆T (0, σ; θ) and ∆T (τ, 1; θ) = e−iθ∆T (τ, 0; θ).
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2.2.1 Bi-adjoint scalar self-energy

It is easy to see that the color variables formulation can be equivalently used to reproduce
the beta functions computed in the previous section, thus here we move to a different
application of (2.70): the calculation of the self-energy of the bi-adjoint scalar, as described
by Fig. 2.1.

p1, a1α1 p2, a2α2

Figure 2.1: Self-energy contribution to the bi-adjoint propagator at one-loop.

To start with, let us first check the normalization of the effective action (2.70), by
setting Sint to vanish, and verifying that it contains the correct number of degrees of
freedom circulating in the loop. To do that, and to perform in a more convenient way
the integration over the angular moduli, we change variables from θ and ϕ to the Wilson
loop variables z = e−iθ = e−i

´ 1
0 dτ a(τ) and w = e−iϕ = e−i

´ 1
0 dτ ã(τ), so that the original

integration is mapped to a contour integration, the unit circle γ of the complex plane for
each variable, e.g. for θˆ 2π

0

dθ

2π
=

ffi
γ

dz

2πiz
, 2i sin θ

2
=

1− z√
z

,

ˆ 2π

0

dθ

2π

eisθ(
2i sin θ

2

)NA
=

ffi
γ

dz

2πi

1

z2
1

(1− z)NA
,

(2.74)
where we used the value of the Chern-Simons coupling s = 1+ NA

2
. One may notice that at

θ = 0 the auxiliary color variables c, c̄ develop zero modes, which correspond to the pole at
z = 1. This divergence is due to the determinant of the free path integral that vanishes at
such a point because of the zero modes. Previously we postponed the discussion of these
zero modes, but now we see their effect and the way we should treat them. They cause
a singularity on the integration contour at z = 1, which we push out of the integration
contour (indicated by γ−, see Fig. 2.2). This prescription gives the expected answer. With
it, only the poles at z = 0 are responsible for the projection and we getffi

γ−

dz

2πi

1

z2
1

(1− z)NA
=

d

dz
(1− z)−NA

∣∣∣
z=0

= NA , (2.75)

which is the expected number.
Note that inclusion of the pole z = 1 inside the contour would give a total vanishing

result, which means that the previous answer can be obtained also by viewing the complex
plane as the Riemann sphere, and considering only the poles outside the contour γ−.
This fact is related to a redefinition of the Wilson loop variable z → z′ = 1

z
= eiθ, (or

equivalently to a different gauge fixing for a(τ), namely θ → −θ), that must give equivalent
results. This change of variables maps the contour γ− of the z-plane to the contour γ+ of
the z′-plane, which now includes the pole at z′ = 1, see Fig. 2.3 (a change of sign has been
taken care of by reversing the orientation of the contour).

Then eq. (2.70) reduces to

Γ[Φ] = −1

2

ˆ
dDx0

ˆ ∞

0

dT

T

e−m2T

(4πT )
D
2

(
NAÑA + . . .

)
, (2.76)
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Re (z)

Im (z)

Figure 2.2: Integration contour γ− in
z-plane. Pole at z = 1 is excluded.

Re (z′)

Im (z′)

Figure 2.3: Integration contour γ+ in
z′-plane. Pole at z′ = 1 is included.

which reproduces the expected degrees of freedom of the bi-adjoint scalar5.
After this check, we are ready to study the self-energy of Fig. 2.1. For that we consider

a background given by the sum of two-plane waves with quantum numbers a1, α1, p1 and
a2, α2, p2

Φaα(x) = δaa1δαα1eip1·x(τ) + δaa2δαα2eip2·x(τ) . (2.77)
Expanding Sint in (2.70) and keeping the contribution linear in each plane wave, we find
the contribution to the self-energy is given by the vacuum expectation value

⟨e−Sint⟩ → y2T 2⟨V (p1, a1, α1)V (p2, a2, α2)⟩ , (2.78)

with the vertex operator on the worldline given by

V (p1, a1, α1) = y

ˆ 1

0

dτ Qa1(τ)Q̃α1(τ) eip1·q(τ). (2.79)

The integration over the zero modes produce a delta function for momentum conservation
and one finds the self-energy correction

Γ[Φ] → (2π)DδD(p1 + p2)Π
a1α1,a2α2(p) , (2.80)

where p ≡ p1 = −p2 and

Πa1α1,a2α2(p) =− y2

2

ˆ ∞

0

dT
e−m2TT

(4πT )
D
2

ffi
γ−

dz

2πi

z−2

(1− z)NA

ffi
γ−

dw

2πi

w−2

(1− w)ÑA
(2.81)

× ⟨Vq(p, a1, α1)Vq(−p, a2, α2)⟩

with the vertex operators Vq depending only on the q coordinates without the zero modes.
Carrying out the Wick contractions, one finds

⟨Vq(p, a1, α1)Vq(−p, a2, α2)⟩

=

ˆ 1

0

dτ

ˆ 1

0

dσ ⟨Qa1(τ)Qa2(σ)⟩⟨Q̃α1(τ)Q̃α2(σ)⟩⟨eip·q(τ) e−ip·q(σ)⟩

= fa1bcfa2bcf̃α1βγ f̃α2βγ
zw

(1− z)2(1− w)2

ˆ 1

0

dτ

ˆ 1

0

dσ e−2Tp2∆0(τ,σ)

= δa1a2δα1α2T (A)T̃ (A)
zw

(1− z)2(1− w)2

ˆ 1

0

dτ e−Tp2(τ−τ2) ,

(2.82)

5A factor of 1 instead of NAÑA corresponds to a free real scalar.
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where ∆0(τ, σ) = ∆(τ, σ) − ∆(τ, τ), and we used translational invariance of the string
inspired propagator to get the last line. Next, using that the complex integration gives
one, we find that the proper time integration yields

Πa1α1,a2α2(p) = − y2

2(4π)
D
2

δa1a2δα1α2T (A)T̃ (A) (P 2)
D
2
−2 Γ

(
2− D

2

)
, (2.83)

where we defined

(P 2)x ≡
ˆ 1

0

dτ
(
m2 + p2(τ − τ 2)

)x
. (2.84)

This is the unrenormalized contribution to the self-energy. As a check, one may extract
the UV divergences related to wave-function and mass renormalizations using dimensional
regularization, which are easily seen to match the ones calculated in the previous Section.

We have used the Chern-Simons couplings to select occupation number 1 in each colored
sector, thus making sure that there is precisely a bi-adjoint scalar particle circulating in
the loop. However, one could modify our worldline theory by selecting different occupation
numbers, say r and r̃, for the color variables. This corresponds to a differently charged
particle circulating in the loop, but coupled to the same background bi-adjoint field Φaα,
see Fig. 2.4.

p1, a1α1 p2, a2α2

Figure 2.4: Self-energy contribution to the bi-adjoint propagator at one-loop due to a
virtual scalar particle. The charge of the particle in the loop is specified by occupation
numbers r and r̃.

This is achieved by setting the Chern-Simons couplings to

s = r +
NA

2
, s̃ = r̃ +

ÑA

2
, (2.85)

as compared to our previous eq. (2.56). For example, setting (r, r̃) = (0, 0) gives an
uncharged particle that should decouple from the loop, setting (r, r̃) = (2, 0) would give
a particle that transforms in the symmetric products of two adjoints for the group G
and scalar under G̃, which should also decouple, while setting (r, r̃) = (2, 1) would give
a particle that transforms in the symmetric products of two adjoints for the group G
and in the adjoint for G̃, which should give a nontrivial contribution to the self-energy,
as depicted in Fig. 2.4. Thus, using the above Chern-Simons couplings, which modify
eq. (2.74), we find the following contribution to the self-energy

Πa1α1,a2α2

rr̃ (p) = − y2rr̃

2(4π)
D
2

δa1a2δα1α2T (A)T̃ (A)

(
NA + r

NA + 1

)(
ÑA + r̃

ÑA + 1

)
(P 2)

D
2
−2 Γ

(
2− D

2

)
,

(2.86)
where we have denoted by yrr̃ the coupling constant of the new particle to the bi-adjoint
field, and where the definition of (P 2)x in eq. (2.84) should contain a different mass mrr̃

instead of m. The binomial coefficients are defined to vanish for r = 0 and r̃ = 0, as usual,
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as one may check that in those cases there are no poles in the Cauchy integrals over the
moduli. The particle with charge r, r̃ corresponds to a scalar field φi,x of mass mrr̃ that
would couple to the bi-adjoint Φaα with a potential of the form

Lint = −yrr̃
2
(T a

r )
ij(T̃α

r̃ )
xyΦaαφixφjy , (2.87)

where by T a
r we indicate the generators in the symmetric tensor product of r adjoint

representations. Note that such a representation has an index T (r) = T (A)
(
NA+r
NA+1

)
, which

indeed is what appears in (2.86). For instance, in the case where the color group is SU(N)
we have that T (A) = N and NA = N2 − 1.

2.2.2 Multi-adjoint scalar self-energy and effective vertices

One can now repeat the exercise of Section 2.2.1, and calculate the one-loop self-energy
correction to the propagator of the n-adjoint scalar due to particles that sits in the ri
representation (meaning the symmetric tensor product of ri copies of the adjoint) of the
group Gi. Denoting by NA,i the dimension of the group Gi, we can write the self-energy as

ΠBC
r (p) = − y2r

2(4π)
D
2

δBC(P 2)
D
2
−2Γ

(
2− D

2

) n∏
i=1

Ti(A)

(
NA,i + ri
NA,i + 1

)
, (2.88)

where by r we indicate the vector with components ri. The definition of (P 2)x given in
eq. (2.84) now depends on a new mass mr. The case of the pure n-adjoint field propagating
in the loop is obtained by setting ri = 1 for all i. Again, the group theory factor∏n

i=1 Ti(A)
(
NA,i+ri
NA,i+1

)
can be rewritten as the product of the indices of the ri representations,

namely
∏n

i=1 Ti(ri). Similarly one could proceed as before to compute the beta functions
for the couplings y and yr, showing in this case a nontrivial mixing.

The methods we have developed in this section can be generalized to higher point
correlation functions at 1-loop, taking (2.70) as starting point. Let us now discuss briefly
how to get a general formula for the 1PI higher-point correlation functions at one-loop in
momentum space, by taking (2.70) as starting point. The generalization of the plane wave
expansion of the scalar field (2.77) is given by

Φaα(x0 + q) =
N∑
ℓ=1

δaaℓδααℓeipℓ·x0eipℓ·q(τ) , (2.89)

which can be inserted in (2.70), with the constraint that each plane wave should appear
only once. The integration over the loop base point produces a momentum conservation
delta function which enables us to rewrite the 1-loop effective action as

Γ[Φ] = (2π)DδD

(
N∑
ℓ=1

pℓ

)
Γa1α1···aNαN
rr̃ (p1 · · · pn) . (2.90)

Stripping off the momentum conservation Dirac delta function we define the 1PI N -point
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function as

Γa1α1...aNαN
rr̃ (p1 . . . pn) = −1

2
yNrr̃

ffi
γ−

dz

2πi

1

zr+1(1− z)NA

ffi
γ−

dw

2πi

1

wr̃+1(1− w)ÑA

ˆ ∞

0

dT

T

e−m2
rr̃T

(4πT )
D
2

TN

(
N∏
ℓ=1

ˆ 1

0

dτℓ

)〈
ei

∑N
k=1 pkq(τk)

〉〈 N∏
k=1

Qak(τk)
〉〈 N∏

ℓ=1

Q̃αℓ(τℓ)
〉
,

(2.91)

where we also switched to the Wilson loop variables defined in (2.74). The v.e.v of the
kinematical part of the vertex operator can be evaluated using the identity〈

ei
∑N

k=1 pk·q(τk)
〉
= eT

∑N
k,ℓ=1 pk·pℓ∆(τk,τℓ). (2.92)

The integral over proper time T can the be performed exactly
ˆ ∞

0

dT e−T(m2
rr̃−

∑N
k,ℓ=1 pk·pℓ∆(τk,τℓ))TN−D

2
−1 (2.93)

= Γ
(
N − D

2

)(
m2

rr̃ −
N∑

k,ℓ=1

pk · pℓ∆(τk, τℓ)

)D
2
−N

.

Finally, putting all of the pieces together we get our desired master formula

Γa1α1···aNαN
rr̃ (p1, p2, . . . , pN) = −1

2

yNrr̃

(4π)
D
2

ffi
γ−

dz

2πi

1

zr+1(1− z)NA

ffi
γ−

dw

2πi

1

wr̃+1(1− w)ÑA

Γ(N − D
2
)

(
N∏
ℓ=1

ˆ 1

0

dτℓ

)(
m2

rr̃ −
N∑

k,ℓ=1

pk · pℓ ∆(τk, τℓ)

)D
2
−N〈 N∏

k=1

Qak(τk)
〉〈 N∏

ℓ=1

Q̃αℓ(τℓ)
〉
,

(2.94)
which holds in the case where the particle propagating in the loop has charge r, r̃ with
respect to both Lie groups. The (amputated) external lines correspond instead to the
plane waves of the bi-adjoint field Φaα.

2.2.3 Coupling to gauge fields and double copy of vertex operators

Introducing gauge fields to the theory is straightforward. Starting with the phase space
action (2.61) we add gauge field interactions by the minimal substitution

pµ → pµ −
∑
i

giA
i
µ (2.95)

in the constraint, with the non-abelian gauge fields Ai
µ now given by (no sum over i)

Ai
µ = Aai,i

µ (x)Qai
i = Aai,i

µ (x) c̄iαi
(τ)(T ai

Ri
)αi

βi
cβi

i (τ) , (2.96)

which also uses the composite color charge (2.60). In order to gauge only a subset of the
symmetry groups one may simply set the remaining gauge couplings to zero. For instance,
considering again the bi-adjoint case given by the action (2.61) with n = 2 and generators
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in the adjoint, the coupling to a single gauge field can be implemented by, say, setting
g1 ≡ g and g2 = 0. Eliminating the momenta through their equations of motion, using
(T a

A)
b
c = −ifabc, and Wick rotating, produces the action

S[x, c, c̄, d, d̄, e, a, ã; Φ, Aµ] =

ˆ 1

0

dτ

[
1

2
e−1ẋ2 − gfabcẋµA

µa(x)c̄bcc +
e

2
(m2 − yQaΦaα(x)Q̃α)

+ c̄a(∂τ + ia)ca + d̄α(∂τ + iã)dα − is(a+ ã)

]
,

(2.97)
where we used again the notation of previous sections. It is easy to see that the action
(2.97) leads to two types of vertices, namely the spin one vertex

V (1)[k, ε, A;x, c, c̄] =

ˆ 1

0

dτ ε · ẋ(τ) c̄a′(τ)(T a)a
′
b′ c

b′(τ) eik·x(τ) , (2.98)

representing the insertion of an external gluon on the worldline of a massive scalar particle,
and the vertex operator (2.79), inserting a bi-adjoint scalar on the worldline. Such vertex
operators must be considered separately. Using dimensional reduction, similar types of
interactions and corresponding amplitudes have been considered in the context of the
CHY representation [92] and the double copy for supersymmetric theories [93, 94]. There,
quartic scalar potentials are also included. Starting from our general approach these
potentials may be easily added to the theory.

An interesting feature of the action (2.97) lies in a double copy relation holding at
the level of vertex operators in different worldline theories. In the spirit of the double
copy, we may define the kinematic factor K(τ) = ε · ẋ(τ) and the color factor Qa(τ) =
c̄a′(τ)(T

a)a
′
b′ c

b′(τ), and consider in (2.98) the replacement

Qa(τ) → K̃(τ) , (2.99)

where the tilde indicates dependence on another polarization vector ε̃. We obtain the
following vertex operator

V (2)[k, ε;x] =

ˆ 1

0

dτ ε · ẋ(τ) ε̃ · ẋ(τ) eik·x(τ) , (2.100)

which should correspond to a vertex operator for the emission/absorption of a graviton
[95]. This is indeed correct, after identifying the graviton polarization by εµε̃ν → εµν , and
eventually taking into account prescriptions for regulating UV ambiguities on the worldline
(this is typical for the coupling of a particle to gravity [96, 97]).

Now, inspired by the zeroth copy, let us consider instead the replacement

K(τ) → Q̃α(τ) , (2.101)

with a color factor associated to a different symmetry group G̃, carrying its own color
variables dα′

(τ) and d̄α′(τ) taken in the fundamental and antifundamental representation,
respectively. This replacement produces the vertex operator (2.79), clearly confirming a
double copy structure at the level of vertex operators on the worldline.
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In the case of scattering amplitudes it is well-known that the replacement of kinematic
numerators by color ones leads to the bi-adjoint scalar theory [98, 99]. Here, we see that
this replacement produces a vertex operator for the coupling of the particle to the plane
wave of a bi-adjoint scalar, reminding the classical double copy of [37]. This vertex operator
can be used to obtain an effective actions of the form given in the previous sections, for a
particle coupled to a background bi-adjoint scalar field Ψ(0) ∼ Φaα.
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Chapter 3

WQFT from off-shell currents in the
classical limit

The WQFT formalism has been introduced recently by Mogull, Plefka and Steinhoff in
[15]. It is designated to model classical scatterings of compact objects in general relativity,
and it has been successfully extended to incorporate spin and finite-size effects [16]. More
recently the authors extended the WQFT formalism so to include radiation-reaction effects
due to the recoil of the compact objects, once emitting gravitons [17], further reaching a
high level of precision in the PM calculations [100, 101, 102, 103]. The WQFT has also
served as a framework to understand gauge-gravity duality in the classical limit, in the
case where the external matter, exchanging gluons-gravitons, has also spinning degrees of
freedom [56, 57].

WQFT is based on a relation between elastic (or inelastic) scattering amplitudes in
the absence of matter loops and a worldline path integral representation of the dressed
Feynman propagator.1 The relation between the S-matrix, and dressed propagators
requires a procedure to put the latter on-shell after having removed the external legs.
The prescription for obtaining such propagator was pioneered by Fradkin long time ago
[109], and applied in [110] to study high energy scattering in gravity. Once the worldline
path integral is under control and the correspondence to the S-matrix made explicit,
expectation values can be computed from a partition function expressed as a worldline
path integral. One can then derive Feynman rules of the theory which allow the calculation
of these expectation values directly. This is the WQFT approach to classical scattering
observables. WQFT shares some similarities with the Effective Field Theory (EFT)
approach to gravitational dynamics [6, 111, 112] with the important difference that in
WQFT worldine degrees of freedom are also quantized.

In this chapter we start by discussing the basic aspects of the WQFT and particularly
its relation to scattering amplitudes, considering the case of a scalar point particle coupled
to gravity. To derive the WQFT from amplitudes we consider the case of a single matter
line scattering in a gravitational background, and study the classical limit of the related
off-shell current. The reason why we will consider currents here is twofold. They allow
for an easy and clean derivation of the WQFT path integral from QFT, also highlighting

1Roughly speaking, in perturbation theory, a dressed propagator represents a resummation of tree-level
Feynman diagrams of a particle propagating in a background (see Fig.3.1). Dressed propagators have
been developed in a worldline representation for a variety of models, see e.g. [104, 105, 67, 106, 107, 108].
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a direct relation between the KMOC formalism and the WQFT. Particularly, as we will
see, they can also be applied in the context of Thermal field theory, for the calculations
of Hard Thermal Loops (HTL), delivering higher point results in a very efficient way.
Secondly, currents in the classical limit encode solutions to the classical equation of motion
for the point particle in a gauge/gravity background thus they are relevant in classical
context. In addition, the case of the two point current with spinning external particles
is particularly important since related to ongoing discussion on the classical limit of the
Compton amplitude, the latter is known to give details on the structure of interactions in
massive higher spin theory [113, 34, 114, 115, 116, 117, 118, 119, 120, 121, 122, 123].

3.1 Worldline quantum field theory
In order to introduce our notation and conventions, let us consider first the case of scalar
massive particle of mass m interacting through gravitons. We will use the mostly minus
signature for the Minkowski metric ηµν = diag(1,−1,−1,−1) and set the gravitational
coupling to κ2 = 32πGN , where GN is the Newton constant. The gravitational action is
given by the usual Einstein-Hilbert action

SEH = − 2

κ2

ˆ
d4x

√
−gR , (3.1)

whereas the action for the massive scalar field including a non-minimal coupling of the
scalar field to the background curvature is given by

Sm =

ˆ
d4x

√
−g
[
gµν∂µφ

∗∂νφ+ (ξR−m2)φ∗φ
]
. (3.2)

Here ξ is a free dimensionless coupling. Requiring Weyl invariance in the massless case
fixes this coupling to ξ = 1

6
(ξ = d−2

4(d−1)
in arbitrary dimensions), but here we shall keep

it arbitrary. The Einstein-Hilbert action is treated perturbatively in the gravitational
coupling constant κ. by expanding the exact metric as gµν = ηµν + κhµν , with hµν being
the graviton field. Then, we add to the Einstein-Hilbert action the gauge-fixing term

Sgf =

ˆ
d4x (∂νhµν − 1/2∂µh

ν
ν)

2 , (3.3)

which imposes a weighted version of the de Donder gauge ∂νhµν = 1/2∂µh
ν
ν . The full

action2 is then

Sg = SEH + Sgf (3.4)

while in de Donder gauge, the momentum space graviton propagator in D = 4 reads as

q

hµν hρσ =
i

q2
Pµνρσ, Pµνρσ =

1

2
(ηµρηνσ + ηµσηρν − ηµνηρσ) . (3.5)

2We neglect the BRST ghost interaction in the full action, since interested in classical applications
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being flexible about the iϵ prescription: either write the denominator as q2 + iϵ, making it
a time-symmetric Feynman propagator, or (q0 ± iϵ)2 − q⃗2, making it retarded/advanced.

A crucial object for the WQFT is the dressed propagator3, which, in such a case is
defined as

G(x, y; g) =

ˆ
DφDφ∗eiSm[φ,φ∗,h]φ(x)φ∗(y) (3.6)

which, in momentum space, delivers Feynman diagrams with two external off-shell scalars
in a graviton background. In order to relate scattering amplitudes and path integrals,
we first rewrite the scalar propagator in an external gravitational field in a proper time
representation

iG(x, y; g) = ⟨y| 1

Ĥ − iϵ
|x⟩ = i

ˆ ∞

0

dT ⟨y|e−iT (Ĥ−iϵ)|x⟩, (3.7)

where T is the Schwinger proper time. The Hamiltonian operator Ĥ corresponds to the
Klein-Gordon operator fixed by the action (3.2) and is given by

Ĥ = gµν∇µ∇ν +m2 − ξR =
1√
−g

∂µ
√
−ggµν∂ν +m2 − ξR . (3.8)

It can be viewed as arising from a classical particle Hamiltonian obtained by setting
∂µ → −ipµ in the last expression, finding H = −gµνpµpν +m2 − ξR. The particle action
in hamiltonian form can be written as

Sp =

ˆ 1

0

dτ(pµẋ
µ − eH), (3.9)

where e is the einbein that gauges translations on the worldline, leading to a reparametriza-
tion invariant description of the worldline. The einbein reproduces the effect of the proper
time T upon gauge fixing e(τ) = T . Then, rescaling the proper time τ to range in the
interval [0, T ], we obtain the particle action in configuration space

Sp =

ˆ T

0

dτ

[
−1

4
gµν ẋ

µẋν −m2 + ξR

]
. (3.10)

In order to define a path integral free of spurious UV divergences and of regularization
ambiguities, one must introduce auxiliary worldline ghost variables and a finite counterterm
to the worldline action (3.10). Let us mention that these issues are only related with the
one-dimensional worldline theory, and are not related with regularization of spacetime.
The case of UV divergences on the worldline can be addressed by defining the path integral
measure as follows

Dx := Dx
∏

0<τ<T

√
−g(x(τ)) = Dx

ˆ
DaDb̃Dc exp

[
−i
ˆ T

0

dτ
1

4
gµν(a

µaν + b̃µcν)

]
,

(3.11)
3Normalization constant in the definition of the dressed propagator have been absorbed in the path

integral measure
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Figure 3.1: Dressed propagator with external massive particles off-shell

where the final form contains the standard translationally invariant measures, indicated
by the symbol D as opposed to the symbol D. In the second equality we introduced the
Lee-Yang ghosts (a, b̃, c), so to exponentiate the determinant factor, making the measure
translational invariant, leading to the standard perturbation theory on the worldline. As
regularization ambiguities play no role in the upcoming discussion, let us just mention
that three options to fix such ambiguities are known, and correspond to the time slicing
(TS) regularization, mode regularization (MR), and worldline dimensional regularization
(DR) [96]. The appropriate counterterms in these schemes can be written as follows

SCT =

ˆ T

0

dτ

(
−1

4
R− VTS/MR/DR

)
, (3.12)

where the additional terms VTS/MR/DR are scheme dependent4. The path integral in
configuration space associated with the propagator is finally given by (see Fig.3.1).

G(x, y; g) =

ˆ ∞

0

dTe−im2T

ˆ x(T )=y

x(0)=x

Dx

ˆ
DaDb̃Dc (3.13)

exp

{
−i
ˆ T

0

dτ

[
1

4
gµν

(
ẋµẋν + aµaν + b̃µcν

)
+

(
1

4
− ξ

)
R + VTS/MR/DR

]}
.

It can be solved in perturbation theory with standard gaussian integration [95, 64],
delivering tree level Feynman diagrams with two off-shell massive particle, in a gravitational
background.

3.1.1 From Green functions to the WQFT

Let us now see how to derive the WQFT formulation of a scattering event, by starting
from its amplitude formulation. For the sake of simplicity in the derivation, we consider
the case where one spinless particle is moving in a background of off-shell gravitons. The
case where two pairs of different flavored scalar particles scatter by exchanging gravitons,
can be obtained by following the same steps discussed below, with slight modifications, as
discussed in [19].

Let p = (p1, p2) and k = (k1, · · · , kn) denote respectively the momenta of the massive
scalars, and the external gravitons, all of them assumed to be outgoing. Then, the natural
quantum object associated to such a process is the n+ 2 off-shell current

AI1,...,In
n (p, k) := δ̂4(p1 + p2 +

n∑
i=1

ki)A
I1,...,In
n (p, k), (3.14)

4They are given by VTS = −1/4 gµνΓβ
µαΓ

α
νβ , VMR = 1/12 gµνgαβgρσΓ

ρ
µαΓ

σ
νβ , and VDR = 0. Countert-

erms for supersymmetric versions of the nonlinear sigma model can be found in [97].
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where, without loss of generality the massive scalars obey p2i = m2, while for the massless
particles k2i ̸= 0. We have introduced the notation δ̂n(x) := (2π)nδn(x) and for later use we
define d̂nx := (2π)ndnx. The upper indices denote collectively Lorentz indices associated
with the massless particles.

We are interested in the classical limit of Eq.(3.14) understood as the limit ℏ → 0 or
more precisely as a Laurent expansion in powers of some dimensionless parameter ξ. In
the spirit of the KMOC one would restore ℏ into the current and perform dimensional
analysis. One should also distinguish the momenta of massive scalar particles and massless
gauge bosons. The latter being described by wavenumbers through the rescaling k → ℏk,
while the former obeys pµi = miu

µ
i , where u2i = 1. To achieve definite classical momenta

the initial states must be dressed with appropriate coherent5 wavefunctions, giving us the
notion of sharply peaked position and momenta. The most general coherent relativistic
wavefunctions associated with the restricted Poincare group have the form [125]

fz(p) := ⟨ez|f⟩ =
ˆ

dΦ(p)e−iz·pf(p) , (3.15)

where dΦ(p) := (2π)d−1ddpδ(p2 −m2)Θ(p0) and ⟨ez|p⟩ := Cze−ip·z. Here z = x − iy is a
complex vector, which in general is time-dependent. The classical phase space is obtained
by setting t = 0 [126]. The normalization of states can be derived from

⟨ez|ew⟩ =
ˆ

dΦ(p)e−ip·(z−w̄) = CzC∗
w

(
m

2πη

)d/2−1

Kd/2−1(ηm), (3.16)

where η =
√

−(z − w̄)2 and Kν(x) is the modified Bessel function. For z = w, η = 2|y|,
one obtains

Cz =

[(
4π|y|
m

)d/2−1
1

Kd/2−1(2m|y|)

]1/2
. (3.17)

Wavefunctions employed by KMOC correspond to the case where one chooses the complex
vector to be

zµi = −bµi + i
uµi
mξ

, (3.18)

where ξ is a dimensionless parameter, which can be thought as the square of the ratio of
the Compton wavelength to the intrinsic spread of the wavepacket. Here ui is the classical
four velocity of the particle of mass mi. Therefore, it is natural to consider the current6

weighted with coherent wavefunctions as

Cn(p, k) :=
ˆ

dΦ(p1, p2)ϕz1(p1)ϕz2(p2)An(p1, p2, k1, . . . , kn) , (3.19)

5Here we think of coherent states in the sense of Perelemov [124]. We refer the interested reader to
[20] for details of the Perelomov formalism.

6We will keep the indices explicit for calculations but otherwise suppress them to avoid cluttered
expressions.
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where dΦ(p1, p2) := dΦ(p1)dΦ(p2). Now the classical limit of the current can be computed
from a Laurent expansion of the formal expression

Cn(p, k) =
ˆ

dΦ(p1, p2)ϕ(p1)ϕ(p2)e
ib·

∑n
i=1 kiAn(p1, p2, ℏk1, . . . , ℏkn) , (3.20)

where we have used momentum conservation, k → ℏk and b → b/ℏ. The rescaling has
an important effect into the structure of (3.20). Indeed writing explicitly the momentum
conservation Dirac-delta we have

Cn(p, k) =
ˆ

dΦ(p1, p2)ϕ(p1)ϕ(p2)e
ib·

∑n
i=1 ki δ̂4(p1 + p2 + ℏ

n∑
i=1

ki)An(p, ℏk) (3.21)

=

ˆ
dΦ(p1) ϕ(p1)ϕ(−p1 − ℏ

n∑
i=1

ki)δ̂(ℏ2
n∑

i,j=1

ki · kj + 2ℏp1 ·
n∑

i=1

ki)e
ib·

∑n
i=1 kiAn(p, ℏk),

where we have used the momentum conservation Dirac-delta to perform the phase-space
integral over p2. Making the identifications q →

∑n
i=1 ki the remaining integral has the

form ˆ
dΦ(p)ϕ(p)ϕ(−p− ℏq)δ̂(2ℏp · q + ℏ2q2)f(p, q), (3.22)

which is sharply peaked around pµ = muµ, where uµ is the classical velocity of the particle
with mass m. The analysis of the above integral by KMOC (see Appendix B of Ref.[127])
does not depend on the on-shell properties of q, which plays the role of the momentum
mismatch in KMOC, so we can apply it here as well. The current then simplifies to

Cn(p, k) =
1

2
δ̂

(
p ·

n∑
i=1

ki

)
eib·

∑n
i=1 kiĀn(p, k) , (3.23)

where Ā(p, k) denotes the non-vanishing term in the Laurent expansion, where by abuse of
notation we have set p1 = p. From a practical point of view we are done. We can already
perform calculations following the KMOC algorithm and reach Eq.(3.23) for the theory
under study.

A few comments are in order. Strictly speaking Eq.(3.23) should be understood as
the average of the RHS over wavefunction of p, which in KMOC is denoted by a double
bracket. The net effect of weighting over coherent wavefunctions is producing an overall
factor depending on the external soft momenta, which is analogous to the momentum
mismatch in classical observables. The attentive reader might ask about the presence of
singular terms produced by the series expansion. The current is not an observable so one
might expect such terms. However, the current is an off-shell tree-level object so we may
safely ignore Feynman’s iϵ prescription in calculations, thus leading to cancellation of those
singular terms. In QED we have checked this up to 7-points. In the worldline formulation
of the current the absence of those singular terms will become clear as we discuss now.

As it stands, (3.23) does not display any relation with the WQFT. To derive that we
need to find a functional representation for Ān(p, k). Let us see how it arises, by starting
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from a field theory path integral definition of the off-shell current in momentum space

Pm
n (p, k) =

1

N

ˆ
Dh eiSg [h]

ˆ
DφDφ†eiSm[φ,φ†,h] (3.24)

ik21 · · · ik2n φ(p1)φ†(p2)hµ1ν1(k1) · · ·hµnνn(kn)
∣∣∣
k2 ̸=0

.

Before LSZ reduce the external scalar let us consider the classical limit of Eq.(3.24). In
the classical approximation we can neglect loops mediated by scalars and replace the
path integral over scalar fields by the graviton-dressed scalar propagator, after using the
definition (3.6). Going in momentum space, we can write the dressed propagator as

G(x, y; g) → δ̂

(
p1 + p2 +

n∑
i=1

ki

)
G(p, k) (3.25)

whose explicit form is not required for our purposes. Now, we need to amputate the dressed
propagator w.r.t. the external massive legs. At the level of the worldline integral we can
achieve the LSZ reduction by Fradkin’s prescription of exchanging the limit of integration
in the worldline action to (−∞,+∞) as a consequence of performing the Schwinger proper
time integration after amputating the external scalar propagators. Thus, once plugging it
in (3.24) we obtain

An(p, k) =
1

Ñ
δ̂4

(
p1 + p2 +

n∑
i=1

ki

)
(3.26)

ˆ
Dh eiSg [h]G(p, k) ik21 · · · ik2n hµ1ν1(k1) · · ·hµnνn(kn)

∣∣∣trees
k2 ̸=0

,

which is a path integral representation for the off-shell current (3.14) in the classical limit.
Particularly, stripping off the momentum conservation delta function we get the classical
limit of Ān(p, k) in (3.23).

Now, the last step needed to fully get a path integral representation of the current
(3.23), in the classical limit, is encoded in the functional relation

Σ(b, p, h)

Σ0

= eib·
∑n

j=1 kj δ̂

(
p ·

n∑
j=1

kj

)
G(p, k) , (3.27)

which was explicitly demonstrated for the graviton-dressed scalar propagator in [15]. Here
Σ0 is some overall factor that we can absorb into the normalization of the correlation
function. Notice that both sides depend only on p1 = p on the support of the Dirac-delta
in (3.26). The left hand side of (3.27) is given by the worldline path integral

Σ(b, p;h) =

ˆ
Dx exp

[
−i
ˆ ∞

−∞
dτ

1

2
gµν(x(τ))

(
ẋµ(τ)ẋν(τ) + aµ(τ)aν(τ) + b̃µ(τ)cν(τ)

)]
(3.28)

where b and p arise from the background expansion xµ(τ) = bµ + pµτ + qµ(τ). Notice how,
the effect of the b, c−ghost field in the dressed propagator has been neglected since they
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do not contribute to classical calculations, as we will see in the next applications. Finally,
gathering all of the informations we arrive at the WQFT representation of the off-shell
current

Cn(p, k) =
1

Z

ˆ
Dh eiSg [h]

ˆ
Dx e−i

´∞
−∞ dτ 1

2
gµν(ẋµẋν+aµaν+bµcν) ik21hµ1ν1(k1) · · · ik2nhµnν1(kn),

(3.29)

which concludes our derivation7. The factor Z ensures that the current is normalized to
one when there are no gauge fields in the path integral and defines the WQFT partition
function

Z =

ˆ
Dh eiSg [h]

ˆ
Dxe−i

´∞
−∞ dτ 1

2
gµν(ẋµẋν+aµaν+bµcν) . (3.30)

Collecting all of the integration constants into Z the classical off-shell current in WQFT
can be succinctly written as

Cn(p, k) = ik21 · · · ik2n ⟨hµ1ν1(k1) . . . hµnνn(kn)⟩WQFT (3.31)

which turns our current in a vacuum expectation value (vev) of fields inside the WQFT
partition function.

Let us conclude this section by extending the above results to the case of the scattering
of two different flavoured worldlines. The derivation of the WQFT partition function from
the 2 → 2 amplitude follows exactly the same steps as above, with slight modifications
due to the choice of the wave-packets. At the end of the day the partition function is
written as the product of two single lines partition function, namely

ZWQFT =

ˆ
Dh eiSg [h]Z1Z2 (3.32)

with the single line partition functions Zi, i = 1, 2 defined in (3.30) and labeled by the
subscript i running over the flavour of the worldlines. This easily generalizes to the case
of n different flavour lines, exactly as it happens in thermodynamics, where the partition
function for a canonical system made up of different species of particles, is simply the
product of single species partition functions.

3.1.2 WQFT Feynman rules

Let us now move to the perturbative evaluation of the path integral (3.29). In de Donder
gauge the propagator for the theory is given by (3.5), thus we move to graviton interactions
vertices. As known the Feynman diagrammatic expansion of the Einstein-Hilbert action is
involved, given that gauge invariance, represented in such a case by the difeomorphism
on a Riemanian manifold, generates an infinite tower of graviton self-interactions. Lower
points graviton vertices have been evaluated by various authors [9, 128, 129, 130] and
higher point vertices can be efficiently derived by using Mathematica, with the recently
developed package FeynGrav [131], an extension of the usual FeynCalc [132, 133, 134], the
latter often used for Standard Model calculations.

7Another alternative to generate graviton insertions inside the path integral, is to consider the functional
with a factor exp(Jh) and take derivatives over J , thought as a source field.
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Let us now move to the derivation of Feynman rules from the worldline action in
(3.30). After having introduced the graviton field as in the previous section, we background
expand the configuration space worldline variables as

xµ(τ) = bµ + pµ(τ) + zµ(τ) (3.33)

with pµ = muµ, where uµ is the point particle four velocity. For the case of a single line we
interpret b as the asymphtotic position of the particle, however for the elastic scattering b
will be interpreted later on as the impact parameter i.e. the asymphtotic distance between
the two scattering bodies The terms zµ(τ) are quantum fluctuations around the straight
line, treated perturbatively inside the path integral, thus they are path integrated over the
free theory. We refer to them as kinematic fluctuations since related to the configuration
space variables. The background expansion relies on translational invariance of the path
integral measure, which holds in such a case, given the introduction of the b̃, c variables on
the worldline. Once using the background expansion in the action from (3.30), the kinetic
and interacting action turns out to be

SKin[z] = −
ˆ ∞

−∞
dτ

1

2
ż2 Sint[z;h] = −κ

2

ˆ ∞

−∞
dτ hµν(x(τ))

(
pµpν + 2p(µżν)(τ) + żµ(τ)żν(τ)

)
(3.34)

with the symmetrization prescription a(µbν) = 1
2
(aµbν + aνbµ). In order to derive Feynman

rules we move to momentum and energy space for the graviton and the fluctuations, by
defining the related Fourier transforms as

hµν(x) =

ˆ
k

e−iℓ·xhµν(ℓ), zµ(τ) =

ˆ
ω

e−iωτzµ(ω) (3.35)

where, for convenience, we defined the short-hand notation
ˆ
ω

:=

ˆ
d̂ω

ˆ
k

:=

ˆ
d̂4k (3.36)

so to avoid proliferation of π factors. The first object we are interested in to set-up the
perturbative expansion, is the worldline propagator for the quantum fluctuations. It is
defined by the Green equation

ηµν
d2

dτ 2
∆να(τ − σ) = δµ αδ(τ − σ) (3.37)

which, one solves in energy space, by choosing a iϵ prescription on the energy poles
of the solution. The choice of the of the iϵ prescription also determines the physical
interpretation of the background parameters b, p. This is understood from that one has
to pick up boundary conditions on the fluctuations so to solve the Green equation. Such
conditions are of the form zµ(τ0) = żµ(τ0) = 0. Here on we fix τ0 = −∞, fixing then
retarded boundary conditions on the worldline variables, so to identify the straight line as
the exact trajectory of the particle in the past-infinity. As a consequence this forces us
to pick up retarded worldline propagators and to interpret b, p as the far past distance
between the two black holes and the initial momentum of the particle. Recently it has been
shown by the WQFT collaboration [17] that this choice corresponds to the so called “in-in”
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formalism (or Schwinger-Keldysh formulation) and is suitable to include back-reaction
effects in classical integrands. Thus, from here on, we pick up the retarded worldline
propagator for the worldline fluctuations. In energy space the worldline propagator reads
as

zµ zν
ω

= −iηµν
ω2

(3.38)

where we dropped the iϵ prescription, understood as the retarded one.
Let us now move to interactions. To derive worldline interaction vertices we need to

expand the interacting action in (3.34) wrt the quantum fluctuations. To accomplish that
we first expand the graviton field on the worldline

hµν(x(τ)) =

ˆ
k

eik·(b+pτ+z(τ))hµν(−k) =
∞∑
n=0

in

n!

ˆ
k

eik·(b+pτ)(k · z(τ))nhµν(−k)

=
∞∑
n=0

in

n!

ˆ
k,ω1,··· ,ωn

eik·b eiτ(k·p+
∑n

i=1 ωi)

(
n∏

i=1

k · z(−ωi)

)
hµν(−k).

(3.39)

Once plugged into the interacting action (3.34), the expansion of the graviton field in
powers of the fluctuations yielding to the interacting action

Sint[z;h] = −κ
∞∑
n=0

in

n!

ˆ
k,ω1,··· ,ωn

eik·bδ̂

(
k · p+

n∑
i=1

ωi

)
hµν(−k)

(
n∏

i=1

zρi(−ωi)

)
×

1

2

((
n∏

i=1

kρi

)
pµpν +

n∑
i=1

ωi

(
n∏

j ̸=i

kρj

)
p(µδν)ρi +

∑
i<j

ωiωj

(
n∏

l ̸=i,j

kρl

)
δ(µρi δ

ν)
ρl

)
(3.40)

which is ready to be used to derive Feynman rules with a fixed number of quantum
fluctuations. Vertices can be easily obtained by differentiation from the above action, once
stripped off the gravtion in the interacting action Sint[z;h] = Sint

µν [z]h
µν , namely

Vµνρ1...ρn(k, ω1, . . . , ωn) =
δSint

µν [z]

δzρ1(−ω1) . . . δzρn(−ωn)
(3.41)

which is equivalent to use the Wick theorem to evaluate the time ordered correlation
function ⟨Ω|T

∏n
i=1 zρi(−ωi)|Ω⟩ and then amputating the worldline propagators generated

by Wick contractions. We implemented this procedure in Mathematica. In such a case
the simplicity of the interaction vertices in the worldline action allows us to write down a
quite compact expression for the n−fluctuations vertex

zαn(ωn)
zα2(ω2)
zα1(ω1)

hµν(k)

k = in−1κ eik·bδ̂

(
k · p+

n∑
i=1

ωi

)
×

1

2

((
n∏

i=1

kρi

)
pµpν +

n∑
i=1

ωi

(
n∏

j ̸=i

kρj

)
p(µδν)ρi +

∑
i<j

ωiωj

(
n∏

l ̸=i,j

kρl

)
δ(µρi δ

ν)
ρl

)
(3.42)
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completing the derivation of Feynman rules from the WQFT action.
The algorithm used above, to generate Feynman rules from the worldline action, is

general and can be applied independently of the worldline variables used to build up the
theory. As we will see in the next sections, the same treatment can be used in the case
where the particle has color or spin degrees of freedom. To deal with that, one has to use
different background expansions of such worldline variables, generating new propagators
in the theory, with a different pole structure and, moreover, different interaction vertices
which are a consequence of gauge invariance at the level of the worldline action, as we will
see.

3.2 WQFTs for colored scalar particles
Let us move to the construction of the WQFT and the derivation of the Feynman rules
for various theories, which then will be used to evaluate off-shell currents, relevant for
classical calculations.

As we have seen from the analysis in Sec.3.1.1, the crucial step to move to the WQFT
action is to shift the boundary of the off-shell worldline action to (−∞,∞). However,
in the case of the bi-adjoint we also have color dofs, generating, after the gauge fixing
procedure on the worldline, a gauge moduli integration (see (2.74) for instance). Thus one
need to deal with that, in order to fully take the classical limit of the color dofs. A direct
calculation [28], then proved in [18] shows that one can get ride of the moduli integration,
in the classical limit. Formally, the moduli integration appears once fixing the Chern-
Simmons coupling so to project on a specific color representation for the scalar particle.
Thus getting rid of that means that one is propagating all of the color representations,
encoded in the spectrum of the worldline particle. This results in a higher value of the
representation index of the color, implicitly taking the large color limit. Thus explaining
why one can get rid of the moduli integration for classical applications. This is equivalente
to the amplitude procedure developed in [135] using the KMOC, and then also applied in
the context of the EFT in [136].

3.2.1 Bi-adjoint scalar

Based on the above reasoning, starting from the action (2.69), the worldline sector of the
WQFT action for the bi-adjoint scalar can be written as

SBW [X;φ] = −
ˆ ∞

−∞
dσ

(
1

2
ẋ2 + c̄ac

a + d̄αḋ
α − y

2
QaφaαQ̃α

)
(3.43)

with X = (x, c, d, c̄, d̄) denoting a vector of worldline variables. Once in hand the action,
we can easily write down the partition function for the theory as

Z =

ˆ
Dφ eiSBS [φ]

ˆ
DX eiSBW [X;φ] (3.44)

where, as usual, normalization constants are absorbed inside the path integral measure.
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In order to derive Feynman rules we need to background expand the color variables,
beside the configuration space ones, expanded using (3.33). For such a task, we expand
the color variables as

c̄a(τ) =ūa + λ̄a(τ), ca(τ) = ua + λa(τ), (3.45)
d̄α(τ) =v̄α + γ̄α(τ), dα(τ) = vα + γα(τ). (3.46)

picking retarded boundary conditions for the fluctuations λ, ω. The background expansion
allows us to identify the far-past8 value of the color charge for the point particle, namely

Ca = ū · T a · u, C̃a = v̄ · T̃ a · v (3.47)

which will appear in classical integrands. Once going in energy space this generates the
color propagator9

ω
λα λ̄β =

i

ω
δαβ (3.48)

with the variables γ having exactly a copy of the same propagator above. Proceeding as
in Sec.3.1.2, we get the n−kinematic fluctuation vertex

zαn(ωn)
zα2(ω2)
zα1(ω1)

φaα

k =
y

2
Ca C̃α(i)n+1eib·kδ̂

(
k · p+

n∑
j=1

ωj

)
n∏

i=1

kµi (3.49)

alongside with vertices propagating fluctuations of the color variables, namely

λµ(ω)

φaα(k)

k = i
y

2
C̃αeib·k δ̂ (k · p+ ω) (ū · T a)µ. (3.50)

The the rule for the vertex propagating γ(ω) is the same as the above one once using the
generator of the tilded color group, while the rule for λ̄µ(ω)/γ̄µ(ω) is obtained by reversing
the arrow and replacing (ū · T a)µ → (T a · u)µ. The same holds for the vertex propagating
η̄µ(ω), after exchanging u→ v. The above Feynman rules are enough for the calculations
we are interested in.

3.2.2 Scalar QCD

Let us now move to the WQFT for a massive scalar particle coupled to a Yang-Mills
field, the so called scalar chromodynamis (sQCD). For such a task we use the worldline

8We are picking up retarded boundary conditions also for the color variables
9To distinguish between λ, γ fluctuations, when drawing diagrams, we use red and blue lines respectively
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formulation developed in (2.97), switching off the bi-adjoint scalar coupling10. This yeilds
to the worldline action

SsQCD [X;A] = −
ˆ ∞

−∞
dτ

(
1

2
ẋ2 + ic̄ · ċ+ gẋ · AaQa

)
, (3.51)

where now X = (x, c, c̄), while here we explicitly fix our gauge group G = SU(N). The
action can now be used to build up the partition function

Z =

ˆ
DAeiS

gf
YM[A]

ˆ
DX eiSsQCD [x;A] (3.52)

where Sgf
YM[A] is the Yang-Mills field theory action11

SYM[A] = −1

4

ˆ
dDxF a

µν(x)F
aµν(x) (3.53)

with the Yang-Mills field strength defined as F a
µν = 2∂[µA

a
ν] − igfabcAb

µA
c
ν , gauge fixed by

including the term

Sgf = −1

2

ˆ
dDx(∂µA

a
ν)

2 (3.54)

corresponding to the Feynman gauge choice. This delivers the gluon propagator

q

Aa
µ Ab

ν = − i

q2
ηµνδ

ab . (3.55)

Feynman rules can be obtained analogously as for the bi-adjoint, using the background
expansion (3.33), (3.45) for the configuration space and color variables respectively, de-
livering the same propagators as above. This allows us to write down the n−fluctuation
vertex for the kinematical fluctuations

zαn(ωn)
zα2(ω2)
zα1(ω1)

Aµ(k)

k = g in−1Caeib·kδ̂

(
k · p+

n∑
i=1

ωi

)(
pµ

n∏
i=1

kαi +
n∑

i=1

ωiη
µαi

n∏
j ̸=i

kαj

)
,

(3.56)
We will also need fluctuations of the background color variables, which we require in QCD,

10From here we adapt to the conventions in [57]
11In our convention, we choose the commutator of the generators as [T a, T b] = fabcT c. While the

adjoint representation is given by (T a
Adj)

b
c = −fabc.
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namely

λσ(ω)

Aa
µ(k)

k =− igeib·k δ̂ (k · p+ ω) (pµ) (ū · T a)σ, (3.57)

λσ(ω2)

zρ(ω1)

Aa
µ(k)

k
=geib·kδ̂(k · p+ ω1 + ω2) (p

µkρ + ω1η
µρ) (ū · T a)σ, (3.58)

where the second mixes kinematic and color fluctuations. The vertices propagating
fluctuations of λ̄σ(ω) can be obtained by reversing the arrows and replacing (ū · T a)σ →
(T a · u)σ in the above ones.

From the above formulation it is straightforward to get a WQFT formulation for sQED.
In such a case, the gauge group generator turns out to be (T a)α

β = (T 1)α
β = δα

β. The
color charge then turns out to be Q = c̄ · c, which we set to unity given that in sQED
it is conserved along the worldline. This further implies that the kinetic term for the
color variables vanishes, thus, all of the Feynman rules are encoded in (3.56), once setting
C → 1, g → e, with e being the electron charge.

3.2.3 Higher point off-shell current in sQED

Let us consider the n = 2 off-shell current for scalar electrodynamics. Two equivalent
diagrams with symmetry factor 1

2
are generated by the wordline path integration. Hence

it is enough to consider the following diagram

k1 k2 = −ie2
(
ηµ1µ2 − k1 · k2pµ1pµ2

(p · k1) 2
+
kµ1

2 p
µ2

p · k1
− kµ2

1 p
µ1

p · k1

)
(3.59)

with symmetry factor equals unity. An easy calculation then gives

Cµν
sQED(p, k) = e2 eib·(k1+k2)δ̂ (p · (k1 + k2)) Ā

µν
sQED(k1, k2)

= e2 eib·(k1+k2)δ̂ (p · (k1 + k2)) i

(
ηµν +

kµ2p
ν

p · k1
− kν1p

µ

p · k1
− k1 · k2pµpν

(p · k1)2

)
,

(3.60)

which satisfies the Ward identity ki,µCµν
sQED(p, k) = 0 and matches what one calculates

using Eq.(3.23).
The case of the two and three point current can be trivially accounted without any

particular technique for the generation of diagrams in the WQFT. Thus we move straight
to the non trivial case of the five point current, corresponding to the classical limit of seven
point tree level amplitude with two external on-shell scalars and five off-shell photons. The
Feynman diagrammatic calculation requires 450 diagrams which then, must be Laurent
expanded once having reintroduced all the ℏ factors, while our WQFT formulation requires
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Aµ1

k1

Aµ2

k2

Aµ3

k3

Aµ4

k4

Aµ5

k5

(a) S = 4!

Aµ1

k1

Aµ2

k2

Aµ3

k3

Aµ4

k4

Aµ5

k5

(b) S = 3!

Aµ1

k1

Aµ2

k2

Aµ3

k3

Aµ4

k4

Aµ5

k5

(c) S = 2× 3!

Figure 3.2: Examples of worldline topologies required for the calculation of 7-point sQED
current and their symmetry factors S.

only 12 diagrams, summed over the permutations of the external photons. Particularly,
the most time consuming step, in the amplitude approach is the Laurent expansion,
which, in the WQFT is completely bypassed by the use of the WQFT Feynman rules. To
generate the Feynman diagrams for the amplitude calculation we used Feyncalc, while
for the generation of the WQFT diagrams we used a Wick theorem implementation of
the worldline contractions in Mathematica, generating all of the topologies needed for the
calculation (see Fig.3.2). Schematically the result12 can written as

Cµ1...µ5

sQED = e5 eib·(k1+···+k5)δ̂

(
p ·

5∑
i=1

ki

)
Āµ1...µ5

sQED = e5 eib·(k1+···+k5)δ̂

(
p ·

5∑
i=1

ki

)
2451∑
i=1

aiT
µ1...µ5

i ,

(3.61)

where the sum runs over independent tensor structures. We have compared this result
against the Feynman diagram calculation and found agreement. Such higher point
calculation also reveals that there are no any singular terms of the form ℏ−n in the
expansion of the current, confirming the classical nature of our formulation.

3.2.4 Classical Compton amplitude from currents

A further interesting application of our WQFT representation for the off-shell current
is the calculation of the classical limit of Compton amplitude in gravity. The physical
situation consists in studying the scattering of gravitational waves off a black hole, in the
limit where the graviton wavelength λW ≫ RS, where RS is the Schwarzschild radius of
the black hole, being the characteristic scale of the black hole. In such a limit we are
allowed to treat the black hole as a massive point particle, since it is delocalized in the
gravitational wave, thus we can use the WQFT to model such a scattering event.

12The Mathematica file with the full result has been attached to the published version of [18] on the
arXiv
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hµν

k1

hαβ

k2

(a)

hµν
k1

hαβ
k2

(b)

Figure 3.3: Worldline diagrams contributing to the on-shell Compton amplitude.

By using (3.23) for the two point current we get that

Cµναβ
2 (p, k1, k2) =

1

2
κ2eib·(k1+k2)δ̂(p · (k1 + k2))M̄

µναβ
2 (p, k1, k2) (3.62)

where now, we take the external gravitons to be on-shell.
The relation (3.23) then tells us that M̄µναβ

GR (p, k1, k2) is the classical on-shell Compton
current, thus to get an amplitude we just need to contract with graviton polarization
tensors

Mh1h2(p, k1, k2) = M̄µναβ
2 (p, k1, k2)ϵ

h1
µν(k1)ϵ

h2
αβ(k2)

∣∣∣
k2i=0

, (3.63)

where hi is the helicty of the external graviton. A direct calculation of the current, from
the diagrams in Fig.3.3 shows that it can be recast in a Kawai-Lewellen-Tye [21] (KLT)
fashion

Cµ1ν1,µ2ν2
2 = −κ2i eib·(k1+k2)δ̂(p · (k1 + k2))

k1 · p k2 · p
k1 · k2

Āµ1µ2

sQEDĀ
ν1ν2
sQED , (3.64)

with the QED current given in (3.60), after replacing e2 → κ2/4. This is remarkable since
the same holds for the quantum version of the above current. It is the first example of
double copy relation appearing straight at the classical level. We will came back on that
in the next chapter.

In order to fuse the full current into the amplitude (3.63), we use physical polarization
tensors εµν±±(ki) = εµ±(ki)ε

ν
±(ki) written as a product of null transverse photon polarizations.

We set k1 as incoming momentum and k2 as outgoing and choose the rest frame of the
worldline, i.e.,

pµ = muµ = (m, 0, 0, 0), kµ1 = E(1, 0, 0, 1), kµ2 = E(1, sin θ, 0, cos θ), (3.65)

where E is the energy of the graviton.
Explicit polarization vectors εµ± follow from the transversality and traceless condi-

tions. Therefore, we can evaluate (3.63) for the independent set of helicity configurations
(++), (+−) yielding to

|M++|0 = |M−−|0 =
κ2m2

4

cos4 θ
2

sin2 θ
2

, |M+−|0 = |M−+|0 =
κ2m2

4
sin2 θ

2
. (3.66)

The above helicity amplitudes are enough to evaluate the unpolarized differential cross
section for the classical scattering of gravitational waves off spinless black holes, at leading
order in perturbation theory

dσ

dΩ
=
G2m2

sin4 θ
2

(
cos8

θ

2
+ sin8 θ

2

)
(3.67)
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Figure 3.4: Unpolarized differential cross section for the scattering of gravitational waves
off a black hole at O(G2). The blue line is the unpolarized differential cross section for a
supermassive black hole m = 107M⊙ while the yellow line for an intermediate mass black
hole m = 105M⊙. Here M⊙ is the sun mass.

confirming that helicity is not preserved in gravitational waves scattering. Further our
calculation is in agreement with the well known results in [137, 138, 139, 140] recently
reproduced by [114, 115] using amplitudes.

3.3 HTL and off-shell currents
A nice application of the ideas presented in the past sections is the case of Hard Thermal
Loops (HTLs). These are currents in the high temperature limit which can be resumed and
incorporated into an effective theory known as HTL effective theory [141, 142, 143, 144, 145].
It is well known that the high temperature regime is equivalent to a classical regime. Using
a KMOC-like approach this was explicitly demonstrated in Ref.[146], where HTLs were
computed as the limit ℏ → 0. Schematically HTL currents can be written as

Πn(k) =

ˆ
dΦ(p)f(p0)Ān(p, k) , (3.68)

where f(p0) is a distribution function at equilibrium and Ān(p, k) is the classical limit
of the current in the regularized forward limit. The regularization is required since the
same diagrams that contribute to the currents contribute to amplitudes so in general the
forward limit is singular. Let F be the set of all Feynman diagrams contributing to the
current (3.14). Diagrammatically the regularization consists on dropping the set of all
diagrams producing zero momentum internal edges X in the forward limit13. It is defined
by

An(p, k) :=
∑

G∈F\X

d(G) , (3.69)

13These problematic diagrams appear e.g., Eq.(3.31) so the regularization should also be implemented
in the worldline formalism.
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where d(G) is a rational expression of the form N(G)/D(G). In the forward limit p1 = −p2
so momentum conservation becomes

n∑
i=1

ki = 0. (3.70)

The classical limit of Eq.(3.69) is obtained through Eq.(3.23). These currents have been
considered in Refs.[146, 147]. The WQFT approach gives us a new way of obtaining these
currents. In QED the equivalence between (3.23) and (3.31) implies that the n−point
HTL can be read off from

δ̂

(
p ·

n∑
i=1

ki

)
1

2
Ān(p, k) = ik21ik

2
2 · · · ik2n⟨Aµ1(k1)Aµ2(k2) · · ·Aµn(kn)⟩WQFT, (3.71)

where the regularization is understood in both sides. Since we are interested in Ān(p, k)
we will strip-off the Dirac-delta produced by WQFT. Inserting the RHS of this equation
side into Eq.(3.68) gives and alternative worldline path integral representation of the HTL
resumed current. A similar matching can be used to obtain HTLs in other theories.

When classical color factors are recovered, thermal currents are obtained after phase-
space integration over color. Phase space integration over classical color factor is defined
by

dC :=d8C cRδ(C
aCbδab − q2)δ(d

abcCaCbCc − q3), (3.72)

where q2 and q3 are Casimir invariants. The factor cR ensure that the color measure is
normalized to unity and we have set the gauge group to be SU(3). For bi-adjoint scalars
we will take two copies of the phase-space integration measure.

3.3.1 Bi-adjoint

Let us start by the simple calculation of the two point HTL for a bi-adjoint scalar. Given
the presence of a three point scalar vertex, one should use the regularization (3.69) to get
rid of that. Thus contributions to the current arises from two diagrams: one related to
the kinematic fluctuations of the worldline, with a symmetry factor of 1/2 to account for
Bose-Einstein symmetry, namely

k1 k2 = i
y2

4
Ca1Ca2C̃α1C̃α2

k1 · k2
(k1 · p)2

, (3.73)

and the remaining ones related to the color fluctuations on the worldline

k1 k2 + k2 k1 = i
y2

4

C̃α1C̃α2

k1 · p
ū · (T a1 · T a2 − T a2 · T a1) · u ,

(3.74)

k1 k2 + k2 k1 = i
y2

4

Ca1Ca2

k1 · p
v̄ · (T̃α1 · T̃α2 − T̃α2 · T̃α1) · v .

(3.75)
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It should be noticed how adding up the two topologies in each of Eq.(3.74) and (3.75)
generates the structure constants of the Lie algebra

ū · (T a1 · T a2 − T a2T a1) · u = fa1a2a3Ca3 . (3.76)

Then, the current simplifies to

Āa1α1,a2α2

2 =
y2

2

(
Ca1Ca2C̃α1C̃α2

k21
(k1 · p)2

+
C̃α1C̃α2fa1a2a3Ca3 + Ca1ca2 f̃α1α2α3C̃α3

k1 · p

)
.

(3.77)

The phase-space integration over color can be done using the identitiesˆ
dC Ca = 0,

ˆ
dC CaCb = δab, (3.78)

which follow from Eq.(3.72). Hence after some relabeling

Πa1α1,a2α2(k) = δa1a2δα1α2
q22y

2

2

ˆ
dΦ(p)

k2

(k · p)2
, (3.79)

which is in agreement with kinetic theory of [147].

3.3.2 Gauge and gravity

Let us now move to sQCD, for the calculation of the three point HTL. After using the
regularization (3.69), we need to evaluate two diagrams, plus permutations of the external
gluons. For example, for the permutation σ = (1, 2, 3) for the external gluons one has

k1 k2 k3 = g3 ū · T a1 · T a3u Ca2
pµ3

p · k3
Āµ2µ1

sQED(k2, k1) , (3.80)

k1 k2 k3 = −g3 ū · T a3 · T a1u Ca2
pµ3

p · k3
Āµ2µ1

sQED(k2, k1) , (3.81)

which generate the SU(N) structure constants as in Eq.(3.76). Performing the phase space
integration (3.78) and summing over all permutations the final answer can be written as

Āµ1µ2µ3
a1a2a3

= −2g3
∑
σ∈S3

faσ1aσ2aσ3
pµσ3

p · kσ3

Ā
µσ2µσ1
sQED (kσ2 , kσ1) (3.82)

where S3 is the set of all permutations of {1, 2, 3}. The above result satisfies the identity

k3µ3 Ā
µ1µ2µ3
a1a2a3

= 2g3fa1a2a3
(
Āµ1µ2

sQED(k1,−k1)− Āµ1µ2

sQED(k2,−k2)
)

(3.83)

and can be straightforwardly brought into the form given in Ref.[146]. The form of
Eq.(3.82) shows the direct connection between QED and QCD in the high temperature
regime.
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Let us now move to the evaluation of the two point HTL in gravity, suing the results in
the previous section. Here the situation goes similar to the bi-adjoint scalar and Yang-Mills
case, where the regularization introduced in (3.69) given the three point graviton diagram
is divergent in the forward limit. The contribution can be easily computed by the following
diagram after taking the forward limit

hµν

k1

hαβ

k2 =
1

2
Āµναβ

2 =
1

4
ipβpνηαµ +

1

4
ipαpνηβµ +

1

4
ipβpµηαν +

1

4
ipαpµηβν

−ik
α
1 p

βpµpν

4p · k1
− ikβ1 p

αpµpν

4p · k1
− ikµ1p

αpβpν

4p · k1
− ikν1p

αpβpµ

4p · k1
+
ik21p

αpβpµpν

4 (p · k1) 2
.

(3.84)
which is in complete agreement with a simple amplitude calculation [146] and the literature
on HTL [148].
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Chapter 4

Classical double copy for spinning
particles

Gauge theories and gravity features many differences at the quantum level, from the
renormalizability to the Feynman diagrammatic expansion, the latter under control in
a gauge theory, while more involved in gravity, given that diffeomorphism invariance
generates an infinite tower of graviton self-interactions. However Bern, Carrasco and
Johansson (BCJ) showed that, perturbatively one can relate scattering amplitudes in
quantum gravity to that in gauge theories [22, 23], as the low energy field theory version of
the Kawai, Lewellen, and Tye (KLT) relation for open and closed string amplitudes [149].
More specifically, the resulting theory is the N = 0 supergravity [25] (SUGRA or NS-NS
gravity), which describes Einstein-Hilbert gravity coupled to the dilaton field ϕ and the
Kalb-Ramond two-form B. Such investigation has then been pushed forward for a great
variety of theories including scalar [28, 29, 24, 30, 31] and spinning external matter particles
[32, 33, 34, 35]. This line of research, not only shades light on gauge-gravity duality, but
makes the double copy an efficient tool to generates amplitudes needed for applications to
black hole scattering, in the classical limit.

All these lines of research study the double copy at the level of quantum amplitudes,
however, the question we are asking in this chapter is whether double copy relations
appears also at the classical level, and if so, how can we sistematize perturbatively double
copy, so to use that as a tool to generate integrands related to black hole scattering. More
importantly we also wonder if, from the knowledge of the perturbative classical double
copy, it is possible to gain informations on the quantum theory, which, in the classical limit
generates the related classical results. Thus, we aks ourselfs if there exists a classical double
copy, relating amplitudes/observables related to black hole scattering in gauge theory,
to the corresponding partner in gravity (or SUGRA). A first study of such double copy
relation was performed by Plefka et. al [150, 151], using the EFT formalims, at the level of
the effective action describing the full classical theory of a point particle in gauge/gravity
background. However, such double copy turns out to breakdown at next-to-leading order
due to the gauge dependence and off-shell nature of the effective action. Seeds of such
classical double copy relations working at the level of on-shell solutions to the point particle
equation of motions (EOMs) have appeared in the works of Goldberger et. al [49, 51, 52],
however, they are based on a set of replacements rules between color and kinematics,
working specifically at leading order in perturbation theory, thus it is not obvious that
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they would also work at higher orders.
The difficulty of implementing a classical double copy for scalar particles, mainly lies

in that, differing from amplitudes, the locality structure of classical observables is not
manifest. This can be explained in that moving from quantum to classical, Feynman
propagators undergo a soft expansion (Laurent expansion in ℏ → 0), generating also
numerator structures, making ambiguous the identification of propagators. A way to
tackle such a question was provided by Shen [54], who showed that the double copy at the
classical level could be realized in an analogous way to the BCJ one from amplitudes by
identifying the so-called “double copy kernel”, arising from a theory where scalar particles
interact through bi-adjoint scalar. This was shown by perturbatively solving the EOMs for
a point particle in gauge and gravity backgrounds. Recently Plefka and Shi [56] showed
that Shen’s prescpription can be nicely implemented in the WQFT, double copying the
eikonal and the radiation sourced by scalar particles.

Inspired from such results here we show how to extend them to the case of spinning par-
ticles, using the WQFT. Particularly we will show how to double copy classical integrands
related to classical observables at linear order in spin, into the corresponding gravitational
ones, at quadratic order in spin! From an amplitude view point this corresponds to the
double copy of fermionic amplitudes interacting through gluons into scattering amplitudes
of massive vector fields [152] interacting through the dilaton-gravity (DG) sector of the
SUGRA. Not only we will be able to show that the classical double copy can be extended
also to spinning particle, but, exploiting the quantization procedure on the worldline, we
will also reconstruct the full quantum theory behind the gravitational integrands obtained
with our double copy prescription.

We start by reviewing the classical double copy and then we move to the inclusion
of spin on the worldline by coupling the N = 1 susy model to a Yang-Mills background,
writing down the WQFT action. We then compute the NLO eikonal and LO radiation
sourced by a spinning particle, capturing only the spin-orbit terms. We show that the
related integrands can be recasted so to make manifest CKD at the classical level. Then,
we move to the N = 2 model and work out the coupling with dilaton-gravity, which we
anticipate is the double copied theory of the N = 1 coupled to YM. We study how to
double copy integrands from the latter and show how our DC prescription generates, from
the N = 1, integrands from the N = 2. In addition, we quantize the latter, gaining
informations about the quantum theory behind the double copy. In addition, we use our
DC and the WQFT formulation of currents in the previous chapter, so to evaluate the
gravitational Compton amplitude, capturing quadratic in spin contributions.

4.1 Classical double copy of sQCD
Let us start by reviewing some of the salient aspects of the classical double copy and
how it has been implemented in the WQFT framework in [56]. Particularly we will focus
on the double copy of the eikonal phase [153, 153] and the radiation sourced by scalar
particle. To study the classical double copy we consider the scattering of two different
flavoured scalar particles interacting through the Yang-Mills(YM) field. The WQFT has
been developed in Sec.3.2.2. In such a case, it is known that the double copy of classical
observables for sQCD leads to observables in a theory where the scalar particle is coupled
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to the dilaton-gravity sector of the SUGRA action

SN=0 =
2

κ2

ˆ
dDx

√
−g(x)

(
−R +

4

D − 2
∂µϕ∂

µϕ+
1

12
e−8ϕ/(D−2)HλµνH

λµν

)
. (4.1)

where ϕ is the dilaton scalar, while Hλµν = ∂λBµν + ∂µBνλ + ∂νBλµ is the field strength
related to Bµν . The worldline action for the scalar coupled to dilaton gravity is

Spm =

ˆ ∞

−∞
dτ
(
−m

2
e2κϕgµν ẋ

µẋν
)
, (4.2)

where ϕ denotes the dilaton scalar. A crucial observation for the study of the classical
double copy is that at higher orders perturbation theory, some of the color factors in YM
theory will be vanishing due to the anti-symmetry of the structure constant, whereas the
corresponding numerators are required for the double copy. To avoid this problem, we will
use as many different worldlines as worldline- field interactions occur. For example, at
leading order of the eikonal phase, two worldlines are sufficient, but at next-to-leading
order, we will use three worldlines.

The WQFT partition function for such a scattering can be easily written as explained
in the previous chapter. A useful relation that we will use later on lies in that the WQFT
partition function is related to the so called eikonal phase χ by exponentiation, namely

ZWQFT = eiχ =

ˆ
q

eiq·b δ̂(q · p1)δ̂(q · p2) lim
ℏ→0

Mϕ1ϕ
′
1→ϕ1ϕ

′
1
(q) (4.3)

meaning that connected diagrams arising from the partition function do contributes to
the eikonal. Physically, the latter represent the classical limit of the scattering amplitude
Mϕ1ϕ

′
1→ϕ1ϕ

′
1
(q) between two different flavoured scalars in the impact parameter space.

Let us now see how to double copy the eikonal and radiation in the YM theory. The
double copy relation between the eikonal of Yang-Mills theory χYM and dilaton-gravity
χDG at N(n−1)LO can be expressed as

χYM
n =− (ig)2n

ˆ
dµ1,2,...,(n+1)(0)

∑
i,j

Ci Kij Nj, (4.4a)

χDG
n =−

(κ
2

)2n ˆ
dµ1,2,...,(n+1)(0)

∑
i,j

Ni Kij Nj, (4.4b)

where Ci,Nj are the arrays of color factors and kinematic numerators, respectively, which
should be arranged to satisfy color-kinematic duality. Kij is the BCJ double copy kernel
that are derived from bi-adjoint scalar theory coupled to spinless worldlines, which, for
brevity, will not be presented here. We have also defined the integral measure as

dµ1,2,...,n(k) =
n∏

i=1

(
d4qi
(2π)4

eiqi·bi δ̂ (qi ·pi)
)
δ̂(4)
( n∑

i=1

qµi − kµ
)
, (4.5)

with pµi = miv
µ
i being the kinetic momentum, and qi is the total outgoing momentum of

gluons or gravitons attached to a worldline. Relation (4.4a) exemplifies color-kinematics
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duality at the classical level i.e. if a classical observable obeys color kinematics duality
at the classical level, it means that it can be recasted in a form like (4.4a). Once the
observable is written in a color-kinematic satisfying fashion, as stated by (4.4b), it can be
double copied into its gravitational partner by replacing the color vector with the related
vector of BCJ numerators.

Let us now move to calculations in gauge theory. At LO, the double copy structure is
simple since there is only one color factor. We now present the calculation at NLO as an
example to show how WQFT double copy works. The color factors can be arranged as

C(123)
i =

{
(C1 ·C2)(C1 ·C3), (Cab

1 C
a
2C

b
3), (Cba

1 C
a
2C

b
3)
}

C(0)
i = fabcCa

1C
b
2C

c
3, (4.6)

where we have used Cab
1 = ūα(T

a)αβ(T
b)βγu

γ , and fabc is the structure constant. Note that
there are also C(231)

i , C(312)
i which can be obtained by simply rotating the indices (1, 2, 3)

in C(123)
i . Together, they compose a 10-dimensional array of color factors. Due to the

commutation relation of the group generators, the color factors satisfy

Cab
1 C

a
2C

b
3 − Cba

1 C
a
2C

b
3 = fabcCc

1C
a
2C

b
3. (4.7)

The BCJ kernel Kij is block-diagonal, and the blocks corresponding to the color factors in
(4.6) are

K(123)
ij =

1

q22q
2
3

 q2·q3
ω2
1

1
ω1

− 1
ω1

1
ω1

0 0

− 1
ω1

0 0

 , K(0)
ij =

2

q21q
2
2q

2
3

. (4.8)

For further convenience, we define1

ω1 = p1 · q2, ω2 = p2 · q3, ω3 = p3 · q1. (4.9)

Explicit calculations shows that both the eikonal phases in YM and dilaton-gravity can be
expressed in terms of the same numerators

N (123)
j =

{
n0 ,

n1

2
,
−n1

2

}
N (0)

j = n1, (4.10)

n0 = p1 ·p2 p1 ·p3 n1 = q2 ·p3 p1 ·p2 − q3 ·p2 p1 ·p3 − q2 ·p1 p2 ·p3. (4.11)

Obviously, they satisfy the color-kinematic duality since n1

2
− −n1

2
= n1. Similarly, we can

obtain the other two blocks of the kernel K(231)
ij ,K(312)

ij and the corresponding numerators
N (231)

j ,N (312)
j by relabeling the labels (1, 2, 3). Thus the eikonals can be decomposed as

χYM
2 =− g4

ˆ
dµ1,2,3(0)

∑
i,j

(
C(0)
i K(0)

ij N (0)
j +

(
C(123)
i K(123)

ij N (123)
j + cyclic

))
(4.12)

χDG
2 =− κ4

16

ˆ
dµ1,2,3(0)

∑
i,j

(
N (0)

i K(0)
ij N (0)

j +
(
N (123)

i K(123)
ij N (123)

j + cyclic
))
.

1Note that due to different convention, the off-diagonal components of the BCJ kernel are different by
a minus sign from [56].
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This prescription agrees with the double copy of scattering amplitudes in scalar QCD, given
that the eikonal is directly related to the classical limit of the 6-scalar amplitude [28]. This
completes the story of the double copy of eikonal phase at NLO in the WQFT formalism.

We note that the 10-dimensional BCJ kernel is actually reducible, as a consequence of
the fact that the color factors form a over-completed basis. Specifically, from C(123)

i and
K(123)

ij we see that the contributions to the YM eikonal from the color factors Cab
1 C

a
2C

b
3

and Cba
1 C

a
2C

b
3 are different only by a minus sign. We can thus use the Jacobi identity (4.7)

to simplify their contributions to χYM
2

Cab
1 C

a
2C

b
3

n0

q22q
2
3ω1

+ Cba
1 C

a
2C

b
3

−n0

q22q
2
3ω1

= fabcCc
1C

a
2C

b
3

n0

q22q
2
3ω1

. (4.13)

This is guaranteed by the fact that Cab
1 , C

ba
1 do not appear in the classical equations of

motion, so they must be removed in the final solutions [53]. After the reduction, the YM
eikonal can be rewritten as

χYM
2 = −g4

ˆ
dµ1,2,3(0)

{
fabcCc

1C
a
2C

b
3

(( n0

q22q
2
3ω1

+ cyclic
)
+

2n1

q21q
2
2q

2
3

)
+

(
(C1 ·C2)(C1 ·C3)

(q2 ·q3 n0

q22q
2
3ω

2
1

+
n1

q21q
2
2ω1

)
+ cyclic

)
.

}
(4.14)

We can reduce the full 10-dimensional BCJ double copy kernel to 4 dimensions

Kij =


q2·q3
q22q

2
3ω

2
1

0 0 1
q22q

2
3ω1

0 q1·q3
q21q

2
3ω

2
2

0 1
q21q

2
3ω2

0 0 q1·q2
q21q

2
2ω

2
3

1
q21q

2
2ω3

1
q22q

2
3ω1

1
q21q

2
3ω2

1
q21q

2
2ω3

2
q21q

2
2q

2
3

 , (4.15)

The associated arrays of color factors and numerators are

Ci =
{
(C1 ·C2)(C1 ·C3), (C1 ·C2)(C2 ·C3), (C1 ·C3)(C2 ·C3), fabcCa

1C
b
2C

c
3

}
(4.16)

Nj =
{
n0, n′

0, n′′
0, n1

}
, (4.17)

where n′
0 = p1 ·p2 p2 ·p3 and n′′

0 = p1 ·p3 p2 ·p3 are obtained by relabeling (1, 2, 3) in n0.
In this new basis of the color factors, we no longer explicitly have the Jacobi identities,

whereas the color-kinematics duality is hidden in that such a decomposition is possible.
The number of independent color factors also agrees with that of the 6-quark amplitude in
QCD in the Melia basis [154]. It is straightforward to check that the double copy relation
(4.4) still works.

The advantage of the reduced BCJ kernel is not only the lower dimension, but, more
importantly, that it is invertible. Therefore, one can easily do the KLT-like double copy
by inverting the BCJ kernel, as we will show later on. However, this is not true for the
radiation kernel, which is degenerate. As we will see in the next sections, this has to do
with gauge invariance.
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4.2 QCD on the worldline
Let us start by including spin on the worldline. With an eye on double copy applications,
we are interested in a worldline theory propagating a massive spin half fermion, coupled
to a Yang-Mills background. The proper worldline model needed for such a purpose is
known as the N = 1 susy particle. The free theory was originally formulated in [155],
then coupled to gravity on the loop in [156] for computing gravitational anomalies, and
recently used to compute Feynman diagrams in QED in [108] where a path integral on the
line has been implemented to accomplish such a task.

The model can be formulated by introducing a set of real Grassmann variables ψM =
(ψµ, θ) alongside the usual bosonic variables xM = (xµ, x5), P

M
= (Pµ, P5), with µ being a

Lorentz index while the raising and lowering procedure is done by η
MN

= diag (ηµν ,−1).
As we will see, the Grassmann variables will take care of the spinning degrees of freedom
of the particle propagated in first quantization by the worldline model, while the auxiliary
fifth component has been introduced so to be able to give a mass to such a particle by the
Kaluza-Klein dimensional reduction. We consider the following phase space action

Sph = −
ˆ 1

0

dτ

(
ẋMPM +

i

2
ψM ψ̇

M + ic̄αċ
α − eH − iχQ

)
, (4.18)

where we gauge the reparametrization invariance through the gauge field e, known as the
einbein, and its generator H representing the point particle Hamiltonian. Further, we also
gauge the worldline supersymmetry through the Grassmann-valued gauge field χ, known
as the gravitino, and the correspondent generator Q which is the SUSY charge, i.e., the
conserved charge under supersymmetry transformation of the worldline variables.

One could even gauge a U(1) worldline symmetry on the color sector, including a
Chern-Simmons like we did prevously for the case of the bi-adjoint scalar, so to project
on a specific field that has s indices of the fundamental representation of the color group.
However, as already explained in the previous chapter, such a gauging is not necessary
for classical applications, meaning that propagating all of the color representations in the
WQFT consistently implements the classical limit for the color degrees of freedom.

The phase space action (4.18) allows us to read out Poisson brackets between canonical
coordinates, namely

{xµ, Pν} = δµν , {ψµ, ψν} = −iδµν , {θ, θ} = i, {cα, c̄β} = −iδαβ (4.19)

with all of the remaining Poisson brackets vanishing. The Kaluza-Klein reduction here is
simply implemented by fixing P5 = m and gauge away x5 since, even after coupling to
background fields, it will appear as a total derivative.

In order to couple to a Yang-Mills background we define the SUSY charge as

Q = ψµ
(
Pµ − gAa

µqa
)
−mθ, (4.20)

such that, by using the SUSY algebra we can fix the point particle Hamiltonian

{Q,Q} = −2iH = −2i

(
1

2

(
π2 −m2

)
− g

2
SµνF a

µνqa

)
, (4.21)
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where πµ = Pµ − gAa
µqa is the covariant momentum of the particle while, F a

µν = 2∂[µA
a
ν] −

igfabcAb
µA

c
ν is the Yang-Mills field strength. We have also defined the spin tensor as

Sµν = −iψµψν , (4.22)

which is the conserved current under the Lorentz symmetry on the fermionic sector of
the worldline i.e. ψ → eωµνJµν

ψ with ωµν and Jµν being respectively the Lorentz group
parameters and the generators in the fundamental representation. One can check that the
Possion bracket {Sµν , Sρσ} agrees with the Lorentz algebra.

Let us now turn to the quantization of the model, so to explicitly see which is the
particle propagated by the worldline in first quantization. In order to recover unitarity at
the quantum level, we need to check that the constraint algebra is first class, namely that

{Q,Q} = −2iH, {Q,H} = 0, (4.23)

which is straightforward in such a case and holds by construction. Then we move to
the quantization by promoting the Poisson brackets to graded commutators as {•, •} →
−i[•, •}. This allows us to get the quantum algebra

[x̂µ, P̂ν ] = iδµν , {ψ̂µ, ψ̂ν} = ηµν , {θ̂, θ̂} = −1, [ĉα, ĉ†β] = δαβ . (4.24)

We represent P̂µ = −i∂µ and x̂µ acting as a multiplication on states, further, once rescaling
ψµ → 1√

2
ψµ, θ → i√

2
θ we can realize the Grassmann variables as ψ̂µ = γµ, θ̂ = iγ5,

generating then the Clifford algebra {γµ, γν} = 2ηµν alongside with {γµ, γ5} = 0. Instead,
the color variables can be naturally realized at the quantum level as ĉ† = c̄, ĉ = ∂/∂c̄,
thus being creation and annihilation operators for a set of oscillators. Then, one can
use the coherent state basis related to such operators, to expand a generic wave function
propagated by the worldline as

Φ(x, c̄) =
∞∑
n=0

1

n!
Φα1α2···αn(x)c̄

α1 c̄α2 · · · c̄αn . (4.25)

Recalling the color variables are charged under the SU(N) global symmetry, as said
previously, implies that the worldline particle is propagating totally symmetric tensor
products of the fundamental representation. To project out on a s-tensor product, we use
the gauged U(1) constraint2 at the quantum level(

c̄α
∂

∂c̄α
− s

)
Φ(x, c̄) = 0, (4.26)

uniquely selecting the component of the wave function with s indices in the fundamental
representation of the color group

Φs(x, c̄) =
1

s!
Φα1α2···αs(x)c̄

α1 c̄α2 · · · c̄αs . (4.27)

2We use normal ordering to solve the ordering ambiguities arising when writing quantum constraints
from classical ones.
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Then, we impose the equations of motion of the worldline gauge fields (e, χ) as operator
constraints on the above wave function. In particular, the equation of motion for the
gravitino delivers

δSph

δχ
= 0 → Q̂Φs(x) = 0 →

(
γ5 /D +m

)
Φs(x, c̄) = 0 (4.28)

with the gauge covariant derivative Dµ = ∂µ − igAa
µqa acting in the s representation.

Particularly, choosing s = 1, allows us to project on a colored Dirac Fermion, as stressed
by the above equation of motion. The latter can be recast as the standard Dirac equation
from textbooks, by performing a change of basis in the spinor space, keeping invariant the
Clifford algebra, namely defining iγ̃µ = −γ5γµ.

This analysis reveals that the worldline supersymmetric N = 1 model, with the
SUSY charge deformation (4.20), allows to propagate a colored Dirac spinor in the
fundamental representation of SU(N). Thus, the path integral quantization allows to
resum Feynman diagrams with two external spin-half particles in a non-Abelian gauge
background. Noticeably, recalling that the expansion of classical observables at linear order
in the spin tensor is reproduced by scattering amplitudes of Dirac fermions [32, 157, 33, 158],
the above analysis makes it clear why one must use the N = 1 SUSY model to compute
classical observables at linear order in spin.

After this digression we can come back to the action principle needed for our classical
applications. Now we can plug the Hamiltonian and the supercharge (4.21) inside the
phase space action (4.18). Then, eliminating the momentum, by using its equation of
motion

δSph

δPµ

= 0 → Pµ = e−1
(
ẋµ + egAa

µqa − iχψµ

)
(4.29)

and plugging it back in the phase space action (4.18), we can write down the worldline
action for a color-charged point particle in configuration space as follows

Spc =

ˆ 1

0

dτ
(
− 1

2
e−1
(
ẋ2 + e2m2

)
− i

2
ψ · ψ̇ +

i

2
θθ̇ − ic̄ · ċ

− gẋ · Aaqa −
eg

2
SµνF a

µνqa + ie−1χẋ · ψ + imχθ
)
.

(4.30)

Then, following [16], imposing the constraints θ = 0, χ = 0 yields ẋ · ψ = 0, which implies
the spin supplementary condition (SSC), ẋµSµν = 0. Furthermore, we gauge fix e = 1/m,
then we change the integration boundaries to (−∞,∞) as a consequence of the LSZ
reduction procedure on the external legs [15, 55]. Further, we rescale τ → mτ such that
the worldline action, ready to be used to perform classical calculations, reads as

Spc = −
ˆ ∞

−∞
dτ

(
1

2
ẋ2 +

i

2
ψ · ψ̇ + ic̄ · ċ+ gẋ · Aaqa +

g

2
SµνF a

µνqa

)
. (4.31)

We note that due to the rescaling of the integration variable, ẋµ has the dimension of
momentum, so that in perturbative calculations of the WQFT, it is easier to make contact
with integrands arising from the classical limit of scattering amplitudes.

Before ending this subsection, let us give some comments on the supersymmetry on
the worldline and the double copy. The action (4.31) is in agreement with the one used by
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Goldberger, Li and Prabhu in [51] to study the double copy of classical spinning particles
at linear order in spin. In such a case they showed that, in order to have a double copy
radiation satisfying the linearized Ward identities for gravity, one must fix the coupling
of the Pauli interaction SµνF

µν to be minus one half (in such conventions). However,
in our consideration we get such a coupling, very surprisingly, completely by the SUSY
algebra on the worldline, thus implying that SUSY, at linear level in spin, allows for a
consistent double copy of spinning worldlines! This may also be tracked back to the fact
that the constraint algebra is of first class, thus the model can be consistently quantized,
propagating a Dirac spinor coupled to Yang-Mills, which leads to consistent double copy
of amplitudes in four dimensions at the quantum level as shown in [33, 34].

4.2.1 Feynman rules

Let us now move to the derivation of the vertices arising from the above action. The
configuration space and color variables are expanded as already discussed in the previous
chapter, the new variables to deal with here are the fermionic ψµ. We background expand
them as

ψµ(τ) = ζµ +Ψµ(τ) (4.32)

picking as usual retarded boundary conditions on the fermionic fluctuations Ψµ(τ). Partic-
ularly these expansions allows us to identify the classical values of the spin tensor of the
worldline particle, namely Sµν = −iζµζν , which, squares to zero. This is expected since
the N = 1 particle propagates a spin half fermion, whose amplitudes in the classical limit
only encode spin-orbit terms. As for the color variables, even the spin variables propagator
only contains a simple pole in the enrgy of the particle

ω
Ψµ Ψν = i

ηµν
ω
. (4.33)

Here we list only the interactions needed for the calculations of the next section

Aa
µ(q)

q
= −igCaeiq·bδ̂(q · p) (pµ + i(q · S)µ)

zα(ω)

Aa
µ(q)

q

ω

= gCaeiq·bδ̂(q · p+ ω) (pµqα + ωηµα + i(q · S)µqα)

(4.34)

where (q · S)µ = qνSνµ. One can notice that, up to on-shell terms, the first vertex above
corresponds to the classical piece in the three point amplitude for two spin half fermions
emitting a gluon, as expected by the previous quantization procedure. Differing from the
scalar particle, here, the use of SUSY on the worldline introduces vertices propagating
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fluctuations of the Grassman variables

Ψν(ω)

Aa
µ(q)

q
= −2igCaeiq·bδ̂(q · p+ ω)ζρq[ρην]µ

λα(ω)

Aa
µ(q)

q
= −igeiq·bδ̂(q · p+ ω) (pµ + i(q · S)µ) ūβ(T a)βα

λ̄α(ω)

Aa
µ(q)

q
= −igeiq·bδ̂(q · p− ω) (pµ + i(q · S)µ) (T a)αβu

β

(4.35)

along side with the usual color vertices modified by the spin structure. Lastly, we also get
a vertex with the emission of two gluons from the worldline, namely

Ab
µ(q1) Ac

ν(q2)
= −g2 f bcdCdei(q1+q2)·bδ̂((q1 + q2) · p)Sµν , (4.36)

as a direct consequence of SUSY and non-abelianity of the gluon. In the calculation of
Feynman diagrams, we follow the arrow of (Ψ, λ) propagators to combine the vertices.

4.2.2 Yang-Mills eikonal phase

For a model with n worldlines described by the action (4.31), the partition function reads
as

ZYM =

ˆ
DAeiS

gf
YM [A]

ˆ n∏
k=1

DXk e
iS[Xk;A], (4.37)

where we collected all of the worldline variables in X = (x, ψ, c, c̄). Let us recall that the
partiction function is related to the eikonal phase through (4.3). With the background
expansion of the worldline variables and the Feynman rules provided in the previous
subsection, the eikonal can be calculated perturbatively.

Leading order eikonal: At leading order (LO), only one diagram contributes to the
eikonal. Using the vertex in (4.34), we obtain

iχYM
1 =

1

2

q2 = ig2C1 · C2

ˆ
dµ1,2(0)

q22

(
γ − iq2 · S1 · p2

+ iq2 · S2 · p1 − q2 · S1 · S2 · q2
)
, (4.38)

where we have defined γ = p1 · p2, and used the notation a · Si · Sj · b = aµ(Si)
µν(Sj)νρb

ρ

for arbitrary vectors aµ, bµ. We can recover the scalar WQFT result by simply setting
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Figure 4.1: The diagrams for the NLO eikonal with three worldlines. For diagrams involving
the propagators of Ψ (4.1b) and λ (4.1c), we also need to include the crossed diagrams that
can be obtained by simply reversing the arrows on the worldline. We only display diagrams
with worldline propagator and contact interaction of particle 1.

the spin to zero, and it agrees with the result in [56]. In the spirit of the double copy, we
identify the color factor, the double copy kernel and the numerator in the form (4.4) as

C = C1 · C2, K =
1

q22
, (4.39)

N = γ − i
(
q2 · S1 · p2 − q2 · S2 · p1

)
− q2 · S1 · S2 · q2. (4.40)

Next-to-leading order eikonal: For next-to-leading order (NLO) eikonal of two
worldlines, some of the color factors will be vanishing due to the anti-symmetry of
structure constant, whereas the corresponding numerators are needed in the double copy.
To circumvent this problem, we will consider three bodies at NLO. One can easily retrieve
the binary system by identifying two of the three worldlines.

The diagrams with three worldlines are collected in Fig.4.1. The full result can be
formally expressed as

χYM
2 = −g4

ˆ
dµ1,2,3(0)

(
fabcCa

1C
b
2C

c
3 A(0) +

(
C1 ·C2C1 ·C3A(1) + cyclic

) )
, (4.41)

where A(i) are gauge-invariant “partial eikonals” akin to color-ordered amplitudes at the
quantum level. Explicitly, they can be written as

A(0) =
( 2

q21q
2
2q

2
3

n(0) +
1

q22q
2
3ω1

n(123) +
1

q21q
2
3ω2

n(231) +
1

q21q
2
2ω3

n(312)

)
(4.42)

A(1) =
( 1

q22q
2
3ω1

n(0) +
q2 ·q3
q22q

2
3ω

2
1

n(123)
)

(4.43)
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where ωi is defined in the same way as the spinless case (4.9), and the numerators read

n(123)=1
2
p1 · p2 p1 · p3 + i

(
p1 · p3 (q2 · S2 · p1 − q2 · S1 · p2) + 1

2
q3 · p1 p2 · S1 · p3

)
+ q2 ·S2 ·p1

(
q3 ·S1 ·p3 − 1

2
q3 ·S3 ·p1

)
− p1 ·p3 q2 ·S1 ·S2 ·q2 − q3 ·p1 q2 ·S2 ·S1 ·p3

+ i
(
1
2
q3 · p1 q2 · S2 · S1 · S3 · q3 − q2 · S1 · S2 · q2 q3 · S3 · p1

)
+ (2 ↔ 3) (4.44)

n(0)=p1 · p2 q2 · p3 − i (p2 · p3 q3 · S1 · q1 + q1 · p3 q1 · S1 · p2 + q3 · p2 q1 · S1 · p3)
+ q2 · p3 q1 · S1 · S2 · q2 + q2 · S1 · q3 q2 · S2 · p3 + q2 · S2 · q3 q1 · S1 · p3
− iq1 · S3 · q2 q1 · S1 · S2 · q2 + cyclic, (4.45)

and n(231) and n(312) are obtained by relabeling (1, 2, 3) in (4.44). We stress that the N = 1
model captures only linear terms in spin, so the numerators are truncated up to linear
order in each of the spin tensor.

In (4.41) we have arranged the numerators to satisfy color-kinematic duality, in the
sense that the eikonal can be decomposed into form (4.4a). At NLO, the BCJ double copy
kernel and the corresponding array of color factors are the same as the spinless case given
in (4.15) and (4.16), respectively, whereas the array of numerators read

Nj =
(
n(123) n(231) n(312) n(0)

)
. (4.46)

As stated in subsection 4.1, such a decomposition is always possible since the double copy
kernel (4.15) is invertible. Moreover, we note that the kinematic numerators are uniquely
fixed by the “partial eikonals” A(i),

A(i) = KijNj ⇒ Nj = (K−1)jiA(i) (4.47)

exactly as it happens to its quantum counterpart - the 6-point amplitude for 3 distinguish-
able quark-antiquark pairs in QCD [154].

4.2.3 Leading Yang Mills radiation

Let us now use the Feynman rules to evaluate the leading order (O(g3)) Yang-Mills
radiation emitted in the process of the scattering of two colored and spinning particles. In
the WQFT we define the radiation as

Ra
µ (σ) = ⟨ik2Aa

µ(k)⟩WQFT
∣∣
k2=0

= Z−1
YM

ˆ
DAeiSYM

ˆ ( 2∏
j=1

DXj e
iS[Xj ;A]

)
ik2Aa

µ(k)

(4.48)
where the external gluon has to be considered on-shell while σ = (k, b1,2, p1,2,S1,2) packages
all of the scattering data, including the external momentum of the radiated gluon. The
diagrams contributing at the leading order to the radiation are shown in Fig.4.2. The
diagram contributing the the leading radiation are displayed in Fig 4.2. After performing
simple shifts in the numerators of the partial amplitudes, preserving gauge invariance
of the partial amplitudes, we can rearrange the radiation so that the it satisfies color
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Figure 4.2: Topologies contributing to the leading Yang-Mills radiation for spinning
worldlines. For (4.2c), we also need to include the crossed diagrams that can be obtained
by simply reversing the arrows on the worldline. For (4.2a)-(4.2d), we also need to include
diagrams with 1 and 2 exchanged.

kinematics duality

Raµ (σ) = ig3
ˆ

dµ1,2(k)

(
C̃a

1

(
−k · q2
q22ω

2
1

nµ
0 +

1

q22ω1

nµ
1

)
+ C̃a

2

(
−k · q1
q21ω

2
2

n̄µ
0 +

1

q21ω2

nµ
1

)

+C̃a
3

(
1

q22ω1

nµ
0 +

1

q21ω2

n̄µ
0 +

2

q21q
2
2

nµ
1

))
,

(4.49)
where in this case, we have ω1 = p1 · q2, and ω2 = −p2 · k, which are consistent with (4.9)
upon identifying k → −q3. For convenience, we also define the color factors as

C̃a
1 = C1 · C2C

a
1 , C̃a

2 = C1 · C2C
a
2 , C̃a

3 = fabcCb
1C

c
2, (4.50)

and the numerators as

nµ
0 =γ pµ1 + iγ (k · S1)

µ − ipµ1(q2 · S1 · p2 − q2 · S2 · p1)− ip1 · q2(p2 · S1)
µ

− q2 · S2 · p1(k · S1)
µ − q2 · S1 · S2 · q2 pµ1 + p1 · q2(q2 · S2 · S1)

µ

nµ
1 =γqµ2 − p1 · q2 pµ2 + p2 · q1 pµ1 + q1 · S1 · S2 · q2 qµ2 +

[
ip1 · S2 · q2 qµ1

− iq1 · S2 · q2 pµ1 + ip1 · q2(q2 · S2)
µ + q1 · S2 · q2(q1 · S1)

µ − (1 ↔ 2)
] (4.51)

with n̄0 = n0|1↔2. We can see that the leading-order radiation can be obtained from the
NLO eikonal (4.41) by cutting off worldline 3 and putting the external gluon on shell.
Specifically, we send q3 → −k,S3 → 0, strip off Ca

3 and pµ3 , multiply the result by −ik2/g,
and finally set the outgoing momentum kµ on-shell. We stress that in (4.49), we have
already arranged the numerators to satisfy color-kinematics duality, in the sense that the
Yang-Mills radiation can be written in a similar form as (4.4a),

Raµ (σ) = ig3
ˆ

dµ1,2(k)
∑
i,j

C̃a
i KijN µ

j , (4.52)
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where the array of numerators is

N µ = (nµ
0 n̄µ

0 nµ
1) (4.53)

and the double copy kernel for the LO radiation reads

Kij =

− k·q2
q22ω

2
1

0 1
q22ω1

0 − k·q1
q21ω

2
2

1
q21ω2

1
q22ω1

1
q21ω2

2
q21q

2
2

 , (4.54)

which is obtained by considering the same diagrams as in Fig 4.2 but in a theory of
scalar worldlines interacting through the bi-adjoint scalar field [56, 55]. Noticeably, gauge
invariance implies the Ward idnetity Kij(kµN µ

j ) = 0, such that the double copy kernel has
zero determinant, i.e., it is not an invertible matrix in the usual algebraic sense.3

4.3 Susy in the sky with dilatons
Let us now move to the gravitational case. We anticipate that our classical double copy
prescription on integrands generated by the N = 1 susy particle will lead to integrands
produced by using the so called N = 2 susy particle coupled to the dilaton-gravity sector
of the SUGRA. Thus, here we work out the coupling of the N = 2 particle to DG. The
free model was first proposed by [155], then, it was consistently coupled to gravity by
Bastianelli, Benincasa, and Giombi in [69, 160] and used by Mogull, Jakobsen, Plefka and
Steinhoff in [16] for application to the scattering of compact objects. The construction we
will perform later on will allow us to reproduce such results while extending them with
the inclusion of the dilaton.

We start by describing the free theory, building on the results from the N = 1 model.
Let us consider two independent free SUSY charges from two copies of the N = 1 model.
We label the SUSY charges as

QL = ψµ
LPµ −mθL, QR = ψµ

RPµ −mθR (4.55)

with their related real fermionic variables carrying the same label. What we see is that,
upon defining complex Grassmann variables

ψµ =
1√
2
(ψµ

L − iψµ
R), θµ =

1√
2
(θµL − iθµR) (4.56)

we are able to identify a new SUSY charge Q = 1√
2
(QL − iQR) = ψµPµ −mθ alongside

with its complex conjugate. We can gauge the charges so to write the free N = 2 phase
space action as

Sph = −
ˆ 1

0

dτ
(
ẋµPµ + iψ̄µψ̇

µ − iθ̄θ̇ − e

2
P 2 − iχ̄Q− iχQ̄+ a(J − s)

)
, (4.57)

3Instead the kernel can be inverted in the sense of pseudo-inverse matrices [159], so to allow for a
KLT-like double copy.
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where χ, χ̄ are Grassmann-valued Lagrange multipliers gauging the supersymmetry. We
also gauge a U(1) symmetry of the complex Grassmann variable through the gauge field
a(τ) and the current J = ψ̄µψ

µ − θ̄θ, with s being the Chern-Simons integer parameter.
This way we have a R-symmetry on the worldline, under which the Grassmann variables
and the U(1) gauge field transform as follows

δψµ = −iαψµ, δψν = iαψ̄ν , δa = α̇ (4.58)

with α being a gauge parameter. The Poisson brackets between worldline variables are
defined as

{xµ, Pν} = δµν , {ψµ, ψ̄ν} = −iδµν , {θ, θ̄} = i. (4.59)

Let us for a moment focus on the quantization of such a free particle. Firstly one has that
the algebra is of first class, namely

{Q, Q̄} = −2iH, {Q, J} = iQ, {Q̄, J} = −iQ̄ (4.60)

with all of the remaining brackets vanishing. This allows to use the equations of motion
for the gauge fields as constraints at the quantum level. From the above Poisson brackets,
we can implement ψ ∼ ψ̂, ψ̄ ∼ ∂/∂ψ , θ ∼ θ̂, θ̄ ∼ −∂/∂θ and use a coherent state basis to
expand a generic wavefunction of the Hilbert space as

Φ(x, ψ, θ) = F (x) + Fµψ
µ +

1

2
Fµν(x)ψ

µψν + . . .
1

D!
Fµ1···µD

(x)ψµ1 . . . ψµD

+ imθ

(
W (x) +Wµ(x)ψ

µ + . . .
1

D!
Wµ1···µD

(x)ψµ1 . . . ψµD

)
.

(4.61)

Thus, we clearly see that the worldline model is propagating totally antisymmetric tensor
fields that, once worked out the first class algebra at the quantum level will be identified as
p−forms. However, in this way, the model is propagating all of the p−forms. To project on
a specific sub-space we need to use the equation of motion of a(τ) as a quantum constraint
on the wave function

δSph

δa
= 0 →

(
Ĵ − s

)
Φ(x, ψ, θ) =

(
ψµ ∂

∂ψµ
+ θ

∂

∂θ
− s

)
Φ(x, ψ, θ) = 0 (4.62)

such that picking an arbitrary value of s, allows to project on a s-form and the related
(s−1)−form gauge field, namely

Φs(x, ϕ, θ) =
1

s!
Fµ1···µs(x)ψ

µ1 · · ·ψµs +
imθ

(s− 1)!
Wµ1···µs−1(x)ψ

µ1 · · ·ψµs−1 . (4.63)

Then, acting with the Hamiltonian H = i/2{Q, Q̄} = p2/2 on the selected wave function
gives the mass-shell condition on each component of the wave function, while the SUSY
charges Q̂, ˆ̄Q|Φs⟩ = 0 constraints give Bianchi identity on the field strength, transversality
condition on the (s−1)−form, alongside with the Proca equation of motions for the s−form.
Particularly, in D = 4 one can see that the model is propagating a massive vector boson
and a scalar field (after dualization of the massive forms), exactly as observed in [34]
from a field theory viewpoint, when studying the double copy of QCD. On the classical

65



side, this is in agreement with that the classical double copy of QCD amplitudes leads
to quadratic effects in the black hole spin [32, 157] which, on the worldline, can only be
accounted by a model having at least two pairs of real Grassmann variables.

Let us now move to the coupling with the dilaton-gravity background. From a field
theory viewpoint we expect such a worldline model to describe p−forms in a curved space
coupled to the dilaton. Inspired by the results in [161], where the N = 4 worldline SUSY
model has been used to propagate the supergravity spectrum after quantization, we deform
the SUSY charges as

Q = e−κϕeµaψ
a
(
Pµ − iΣµcdψ̄

cψd
)
−mθ

Q̄ = e−κϕeµaψ̄
a
(
Pµ − iΣµcdψ̄

cψd
)
−mθ̄.

(4.64)

Since now we are in a curve space, it is necessary to differentiate the local flat tangent
space, denoted by the Latin indices a, b, c, . . . , from the usual covariant curve space
denoted by the Greek indices µ, ν, ρ, . . . . They are related via the vielbein eaµ defined as
ηabe

a
µe

b
ν = gµν . For example, we have ψµ = eµaψ

a. Due to the presence of the dilaton, we use
Σµab = ωµab−2κ∂[aϕ eb]µ as a modification of the spin connection ωµ

ab = eaν(∂µe
νb+Γν

µρe
ρb).

Let us now go through this deformation. The Poisson bracket {Q,Q} identically vanishes
when requiring our manifold to be torsionless and upon invoking Bianchi identity on the
Riemann tensor. Indeed, the deformation is designed such that this Poisson bracket would
deliver the torsion and the Riemann tensor in what is known as the Einstein frame. The
same happens for the bracket {Q̄, Q̄}. More details on this can be seen in Appendix A.
This means that our coupling preserves supersymmetry, thus allowing for a consistent
quantization of the model.

Let us inspect the quantum theory implemented by the worldline particle using the
SUSY charges as constraints on the wave function (4.61). Choosing the Chern-Simons
parameter s = 2 so to propagate a massive vector boson and its related field strength

Φ2(x, ψ, θ) =
1

2
Fµν(x)ψ

µψν + imθWµ(x)ψ
µ (4.65)

and acting on such a state with the SUSY charges (4.64) one gets

Q̂†|Φ2⟩ = 0 →

{
∇µFµν = m2eκϕWν

∇µW
µ = 0

Q̂|Φ2⟩ = 0 →

{
∇[µFνρ] = 0

eκϕFµν = 2∇[µWν]

(4.66)

in agreement with the equations of motion from the D = 4 limit of the theory 1
2
⊗ 1

2
in

[33], where the dilaton is only sourced to the mass term for the vector boson. Working
out the SUSY algebra from the SUSY charges in (4.64), whose details can be found in
Appendix B, one is able to write down the following WQFT action for a massive point
particle coupled to dilaton-gravity

Spm =

ˆ ∞

−∞
dτ

(
−1

2
e2κϕgµν ẋ

µẋν − iψ̄aψ̇
a +

1

2
Σµ

abẋµSab +
1

8
e−2κϕRabcdS

abScd

)
(4.67)

where in this N = 2 case the spin tensor is defined as Sab = −2iψ̄[aψb], and the deformed
Riemann tensor in the flat space is

Rabcd =e
µ
ae

ν
b

(
eρce

σ
dRµνρσ − 4κ∇[µ∇[cϕed]ν] + 2κ2

(
2∂[cϕ∂[µϕeν]d] − ∂2ϕe[c[µeν]d]

))
. (4.68)
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Let us conclude this section by giving some comment on the above results. First, one can
notice that the action (4.67) is really a Weyl rescaling gµν → e2κϕgµν of the action of a
N = 2 particle coupled to pure gravity used in [16]. This is a direct consequence of that
even the deformation of the SUSY charges (4.64) is a Weyl rescaling of the one used in
[160, 16] to couple the model to gravity. This nice property implies that the dilaton can be
completely disentangled from the worldline by reversing the Weyl transformation, yielding
an action in the string frame. As we will see in the next subsection, the Feynman rules
will be much simpler and less Feynman diagrams will be needed to compute the eikonal
and the radiation.

4.3.1 WQFT expansion and Feynman rules

As explained before, in order to simplify as much as possible the perturbative expansion,
we move back to the string frame by performing the Weyl rescaling

gµν = e−2κϕg̃µν , (4.69)

which allows to rewrite the worldline action (4.67) as

Spm =

ˆ ∞

−∞
dτ

(
−1

2
g̃µν ẋ

µẋν − iψ̄aψ̇
a +

1

2
ẋµω̃µ

abSab +
1

8
R̃abcdS

abScd

)
, (4.70)

where objects in the string frame are tilded. The spin connection and the Riemann tensor
are given in terms of the tilded quantities,

ω̃µ
ab = ẽaν(∂µẽ

νb + Γν
µρẽ

ρb) (4.71)

R̃abcd = 2ẽµc ẽ
ν
d

(
∂[µω̃ν]ab + ω̃[µa

f ω̃ν]fb

)
. (4.72)

In the bulk, we expect to probe the dilaton-gravity sector of the N = 0 supergravity,
known to arise from the double copy of pure Yang-Mills, and the action reads

Sdg = − 2

κ2

ˆ
dDx

√
−g̃(x)e−2ϕ

(
R̃ + 4g̃µν∂µϕ∂νϕ

)
. (4.73)

We find it convenient to expand the metric as

g̃µν = eκhµν = ηµν + κhµν +
κ2

2
hµρh

ρ
ν + . . . , (4.74)

where for perturbative quantities such as hµν the Greek indices are now raised and lowered
by the flat metric ηµν . In this expansion, to decouple the kinetic terms of ϕ and hµν , we
perform a field redefinition ϕ→ ϕ̃+ 1

4
hµ

µ, and add to the bulk action the following gauge
fixing term

Sgf =

ˆ
dDx

(
∂νh

µν + 2∂µϕ̃
)(

∂νhµ
ν + 2∂µϕ̃

)
. (4.75)

In the end, the gauge-fixed dilaton-gravity action simply reads

Sdg =

ˆ
dDx

(
1

2
∂ρhµν∂

ρhµν − 4∂µϕ̃∂
µϕ̃

− κ
(1
2
hµν∂µh

ρσ∂νhρσ − hµν∂νhρσ∂
σhµ

ρ
))

+O(κ2), (4.76)
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where we have neglected interaction terms involving the dilaton ϕ̃. Thus, we can write
down the WQFT partition function for n worldlines as follows

Zdg =

ˆ
D[hµν , ϕ̃] e

iSdg[h,ϕ̃]

ˆ n∏
k=1

DXk e
iSpm[Xk;h] (4.77)

with the worldline variables Xk = (xk, ψk, ψ̄k) and the path integral measure defined as
DXk = DxkDψkDψ̄k, where we implicitly included the Lee-Yang ghost term as introduced
in (3.11). Let us move now to the Feynman rules needed for our calculations. In this way,
the Feynman graviton propagator turns out to be

q

hµν hρσ =
i

2q2
(ηµρηνσ + ηµσηνρ) . (4.78)

From the second line in (4.76), we can extract the three-point graviton vertex, which turns
out to be extremely simple and can be written as

hµν(q1)

hρσ(q2) hαβ(q3)

=
iκ

2
qα1 q

β
2 η

ρµησν − iκqβ1 q
ν
2η

µσηρα + S3(1, 2, 3),

where S3(1, 2, 3) is the set of all of the permutations of the list (1, 2, 3) labeling the Lorentz
indices and momenta of the external gravitons. We have also implicitly symmetrize in
(µ, ν), (ρ, σ), (α, β), separately. Moving on to the worldline action, we see that, in the
string frame, the leading PM expansion of the action generates the same Feynman rules
given in [16], as a consequence of (4.74). The sub-leading expansion reads as

Spm =

ˆ
dDx

(
− ẋ2

2
+ κ
(
−1

2
hµν ẋ

µẋν +
1

2
Sνρẋµ∂ρhµν −

1

4
SµνSρσ∂σ∂νhµρ

)
+ κ2

(
−1

4
hµ

ρhνρẋ
µẋν − 1

8
hνρSν

σẋµ∂µhρσ +
1

4
hνρSν

σẋµ∂ρhµσ +
1

4
hµ

νSρσẋµ∂σhνρ

− 1

8
SµνSρσ∂ρhµ

λ∂σhνλ −
1

8
SµνSρσ∂νhµ

λ∂σhρλ −
1

4
hµνSµ

ρSσλ∂λ∂νhρσ

+
1

4
SµνSρσ∂σhνλ∂

λhµρ −
1

16
SµνSρσ∂λhνσ∂

λhµρ

))
+O(κ3). (4.79)

which allows to write down the vertex with the emission of two gravitons from the worldline

hµν(q1) hρσ(q2)

= − 1

16
iκ2
(
4pµpρηνσ − 4iqν2p

ρSµσ + 4ipµ(q2 · S)σηνρ (4.80)

+ 2i(p · q2)Sµσηνρ + 4qν2S
µρ((q1+q2)·S)σ − (q1 ·q2)SµρSνσ

− 2Sµρ(q1 · S · q2)ηνσ − 2(q1 · S)µ(q2 · S)ρηνσ
)
+ (1 ↔ 2).
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where, again, we need to symmetrize the indices (µ, ν) and (ρ, σ), separately. Thus, what
we see is that our field redefinition combined with the gauge fixing term (4.75) allows to
disentangle the dilaton from the graviton kinetic term, to drastically simplify the three
graviton vertex, and to decouple the dilaton from the worldline action, such that, for our
purposes, we should only focus on the interaction concerning the graviton.

4.3.2 Double copy of the eikonal phase

Let us start by considering the simplest case of the leading order eikonal for the scattering
of two spinning worldlines in a gauge background. Firstly, let us clarify how to identify
the spin tensor after the double copy. Given that we expect to probe quadrupole, the
underlying WQFT should be constructed with complex Grassmann variables, related to
the real ones from the N = 1 model, by (4.56). This is already selecting the N = 2 model
as a free theory. In particular, using (4.56) and (4.32) this also fixes the background
expansion of the complex Grassmann variables of the N = 2 model as

ψµ(τ) =
1√
2
(ψµ

L(τ)− iψµ
R(τ))

=
1√
2
(ζµL − iζµR) +

1√
2
(Ψµ

L(τ)− iΨµ
R(τ)) = ζµ +Ψµ(τ),

(4.81)

further implying that the Grassmann variables from the two copies should be treated
differently, so that we have two real Grassmann variables at the gravity side. For conve-
nience, we label them as L and R. We thus propose the following relation between the
spin tensor in the gravity and the YM side,

Sab = Sab
L + Sab

R , (4.82)

with Sab
L,R = −iζaL,RζbL,R, so that when written in terms of the complex Grassmann variables

in (4.81), the spin tensor is Sab = −2iζ [aζ̄b]. This is also consistent with the fact that the
Lorentz generator for spin-s particles is basically the sum of s vector representations in
the spinor-helicity formalism [157].

Let us now move to studying the double copy of the leading eikonal phase. At LO, it
has been calculated in (4.38). We take two copies of the numerators, and label the spins
by L and R, interpreted as labeling the left and a right copy of the N = 1 theory. For
example, if both particles are labeled with L, the numerator reads

NL1L2 = γ − i
(
q2 · S1,L · p2 − q2 · S2,L · p1

)
− q2 · S1,L · S2,L · q2 . (4.83)

In such a case, following (4.4), the naive double copy procedure yields

χDC
1 ∼ NL1L2 NR1R2

q22
. (4.84)

The question now is how to select a worldline theory generating such numerator and
whether it enjoys supersymmetry or R-symmetry, the former being crucial to fix all of the
interactions on the wordline, while the latter, allowing to propagate a specific particle
among the worldline spectrum. Let us now discuss the consequences of R-symmetry at
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the level of classical integrands from the WQFT. After gauge fixing the U(1) gauge field
a(τ) on the worldline, the theory enjoys the global version of the symmetry (4.58) on the
background parameters ζ, ζ̄, which can be used to check global U(1) invariance of the
double copy integrand. This amounts to check that the integrand can be expressed entirely
in terms of global R-invariant objects i.e. in terms of the spin tensor Sab.

Then, this is signaling that (4.84), cannot be generated by a R-invariant theory! To
keep U(1) invariance, we perform the replacement above, then symmetrizing over the left
and right indices, such that, the double copied eikonal turns out to be

χDC
1 = −κ

2

4

ˆ
dµ1,2(0)

NL ⊗NR

q22
(4.85)

where ⊗ defines symmetrization over L1, R1 and L2, R2 separately. This yields to the
double copied numerator

NL ⊗NR =γ2 − iγ q2 · S1 · p2 + iγ q2 · S2 · p1

− 1

2
(q2 · S1 · p2) 2 − 1

2
(q2 · S2 · p1) 2 − 1

2
i q2 · S1 · S2 · q2 q2 · S2 · p1

+
1

2
i q2 · S1 · S2 · q2 q2 · S1 · p2 +

1

2
q2 · S1 · p2 q2 · S2 · p1

− 1

2
γ q2 · S1 · S2 · q2 +

1

4
(q2 · S1 · S2 · q2) 2

(4.86)

which is manifestly background R-invariant, given that it can be recast in terms of the
N = 2 spin tensor. We stress that a crucial role in obtaining the above numerator from
the double copy of the N = 1 model, is played by the real Grassmann variables ψµ

L,R.
Indeed, some of the terms one gets vanish once using that ψ2

L,R = 0 and anti-symmetry of
the string ψµ

L,Rψ
ν
L,R. For instance, a factor quadratic in S1 will be simplified as

(q2 · S1,L)
µ (q2 · S1,R)

ν + (q2 · S1,R)
µ (q2 · S1,L)

ν (4.87)
=(q2 · S1,L)

µ (q2 · S1,L)
ν + (q2 · S1,L)

µ (q2 · S1,R)
ν

+(q2 · S1,R)
µ (q2 · S1,L)

ν + (q2 · S1,R)
µ (q2 · S1,R)

ν

=(q2 · S1)
µ (q2 · S1)

ν ,

where we have used the fact that (q2 · S1,L)
µ (q2 · S1,L)

ν ∼ q2αq2βζ
α
Lζ

β
Lζ

µ
Lζ

ν
L = 0 due to the

anti-symmetry of the Grassmann variables. The same holds for the right copy of such term.
By inspection, it can be seen that the double copied numerator (4.86) is in agreement
with the one extracted from the leading eikonal evaluated using the Feynman rules in
subsection 4.3.1, thus automatically checking SUSY invariance of the double copied eikonal
phase. We note that the Grassmann nature of the spin tensor is critical in matching the
double copy eikonal to the direct calculation from dilaton gravity.

Let us now proceed to the NLO. At this order, again, the double copy multiplication
rule is the same as the spinless case, with the numerators given in (4.46). Written with
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Figure 4.3: The diagrams needed for the DG eikonal at NLO with three worldlines. For
diagrams involving the propagators of Ψ (4.3b), we also need to include the crossed diagrams
that can be obtained by simply reversing the arrows on the worldline. We only display
diagrams with worldline propagator and contact interaction of particle 1.

the ⊗ symmetrization prescription, the double copy eikonal (4.4b) can be expressed as

χDC
2 =− κ4

16

ˆ
dµ1,2,3(0)

∑
i,j

KijNi,L ⊗Nj,L

=− κ4

16

ˆ
dµ1,2,3(0)

[( 2

q22q
2
3ω1

n
(123)
L ⊗ n

(0)
R +

q2 ·q3
q22q

2
3ω

2
1

n
(123)
L ⊗ n

(123)
R + cyclic

)
+

2

q21q
2
2q

2
3

n
(0)
L ⊗ n

(0)
R

]
. (4.88)

One can check that, with the symmetrization of Li and Ri labels, this agrees with the
direct computation of the Feynman diagrams (see Fig. 4.3) from DG using the Feynman
rules in subsection 4.3.1. The final double copy numerators of the NLO eikonal (as well
as the radiation) are too lengthy to fit into this article, instead they are provided in an
attached ancillary file.

As stated in subsection 4.1, the double copy kernel for the NLO eikonal is invertible,
so alternatively we can easily perform the double copy in a KLT-like fashion. Specifically,
according to the relation between the “partial eikonals” and the kinematic numerators
(4.47), the eikonal phase at the gravity side of the double copy theory can be re-expressed
as

χDC
2 = −κ

4

16

ˆ
dµ1,2,3(0)

∑
i,j

(K−1)ijA(i)
L ⊗A(j)

R , (4.89)

where again, the ⊗ denotes the symmetrization of the L and R labels for each individual
worldline. We have checked that this yields exactly the same result as the BCJ double
copy.
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Figure 4.4: Topologies contributing to the leading-order gravitational radiation for spinning
worldlines. For diagrams (4.4b), we also need to include the crossed diagrams that can be
obtained by simply reversing the arrows on the worldline. For (4.4a)-(4.4c), we also need to
include diagrams with 1 and 2 exchanged.

4.3.3 Double copy of the radiation

Let us now move to the double copy of the leading radiation. We have seen that the
radiation can be recasted in a manifest color-kinematic fashion, from the analysis in
Sec.(4.2.3). Then, the double copy procedure would require us to replace the color factors
C̃a

i → N µ
iR, the latter being the numerator computed from the right copy of the N = 1

model. However, as pointed out previously, this procedure does not preserve R-symmetry.
Then, as for the eikonal phase, we perform the above replacement, then using the ⊗
symmetrization prescription on the labels of the two independent copies of the N = 1
particle. This yields the double copied radiation

Rµν(σ) = i
κ3

8

ˆ
dµ1,2(k)

∑
i,j

Kij N µ
iL ⊗N µ

jR

= i
κ3

8

ˆ
dµ1,2(k)

(
− k · q2
q22ω

2
1

nµ
0L ⊗ nν

0R +
2

q22ω1

n
(µ
1L ⊗ n

ν)
0R − k · q1

q21ω
2
2

n̄µ
0L ⊗ n̄ν

0R

+
2

q21ω2

n
(µ
1L ⊗ n̄

ν)
0R +

2

q21q
2
2

nµ
1L ⊗ nν

1R

) (4.90)

with the shorthand notation L = L1, L2, R = R1, R2. As for the eikonal, so to rewrite the
above result in terms of the spin tensor (5.3.1) one needs to use anti-symmetry of the real
Grassmann variables belonging to the left and right copy. One can check that the above
radiation correctly reproduces the result obtained by evaluating the diagrams in Fig.4.4
on the gravitational side.

4.3.4 B-field in the double copy spectrum

In the above derivation of the double copy of radiation and eikonal, we mostly relied on the
R-symmetry as a guideline. We found that, in this case, the ⊗ prescription preserves even
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SUSY in the double copied integrands. Here we wonder if this is not the case when the
R-symmetry is not preserved during the double copy. To investigate this, let us study the
consequences of the double copy replacement (4.84) which does not preserve R-symmetry
in the integrands. In such a case, given that we cannot use the R-symmetry as a guideline,
we study the double copy features of the three point worldline vertex from the first line
in (4.34). The replacement (4.84) can be implemented at this level by sending the color
factor to a right copy of the vertex, carrying a polarization ε̄(q). Then, we can introduce
the NS-NS spectrum by using the expansion

εµ(q)ε̄ν(q) = εhµν(q) + εBµν(q) + ε · ε̄
(
−ηµν +

2q(µrν)
r · q

)
(4.91)

with rµ being a arbitrary null vector. Separately contracting the double copied vertex
with the above expansion and using (5.3.1) with the SSC, we reproduce the graviton and
dilaton vertices which can be checked against (4.67), with, in addition, the contribution
from the B field, whose three point vertex can be reconstructed as

Bµν

q =
iκ

2
eiq·bδ̂(q · p)

(
ip[µq · (SL − SR)

ν] + (q · SL)
[µ(q · SR)

ν]
)

(4.92)

which manifestly breaks R-invariance, given the mixing of the left and right copies of the
spin tensor. By studying the structure of such vertex we can reproduce this interaction
by deforming the SUSY charges (4.64) as Q→ Q− 1

4
κeκϕeµaψ

aHµcdT
cd, with the twisted

Lorentz generator T ab = −iψa
Lψ

b
L + iψa

Rψ
b
R = Sab

L − Sab
R as coming from each copies of the

N = 1 model. As it can be checked by working out the SUSY algebra, this deformation
breaks supersymmetry, then showing in our case that, if R-symmetry is not preserved
neither SUSY is on the double copied theory. In addition, given the constraint algebra is
not of first class {Q,Q} ≠ 0 we cannot quantize the model as previously, and, particularly,
this does not allow to write down a path integral to access classical calculations. However,
using (4.67) as a base theory, one can write down an effective WQFT action, capturing
such effects, namely

S =

ˆ ∞

−∞
dτ

(
−1

2
e2κϕgµν ẋ

µẋν − iψ̄aψ̇
a +

1

2
Σµ

abẋµSab +
1

8
e−2κϕRabcdS

abScd

−1

4
κẋµHµabT

ab − 1

8
κ∇µHνabS

µνT ab

)
.

(4.93)

This theory agrees up to terms linear in spin with the action proposed by Goldberger
and Li in [162] to study the double copy of spinning worldlines by solving the classical
equation of motions. We check that (4.93) reproduces the leading binary radiation from
[162], confirming their string interpretation of the above action by extending these results
up to quadratic order in spin.
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Figure 4.5: Worldline diagrams contributing to the on-shell Compton amplitude up to
quadratic in spin. 4.5a,4.5b, with crossed topologies are associated with fluctuations of
kinematic and spin variables, respectively.

4.4 Double copy of the spinning YM Compton
Let us now use our double copy prescription to evaluate the classical limit of the gravita-
tional Compton amplitude up to quadratic in spin. As already explained in 3.2.4, such
amplitude can be used as an input to write down lagrangians for massive higher spin
particles interacting with gravity, which, in the classical limit, would allow to reproduce
Kerr black hole observables.

For such a task we use a current-like formulation of the N = 1 model coupled to YM.
It is easy then to recast the amplitude4 in a color-kinematic fashion as

Aab
YM

=
∑

(i,j)=(1,2)

Cab
i Ki,jNj, K =

(
− is

2ω2
i
ω

i
ω

−2i
s

)
(4.94)

with the color array Cab =
(
CaCb, fabℓCℓ

)
and the array of BCJ numerators N = (n1, n2)

whose components are given by.

n1 = ip · ε2k1 · S · ε1 + p · ε1p · ε2 + iωε1 · S · ε2

n2 = −isp · ε1k2 · S · ε2
2ω

− iε2 · k1k1 · S · ε1 + iε1 · k2k1 · S · ε2 − ie1 · e2k1 · S · k2

− iε2 · k1k2 · S · ε1 + iε1 · k2k2 · S · ε2 − k1 · ε2p · ε1 + k2 · ε1p · ε2 + ω ε1 · ε2

(4.95)

where we defined ω = p · k1, s = 2k1 · k2. As it also happens for the two body radiation,
the double copy kernel in (4.94) is degenerate, as a consequence of gauge invariance. Here
we could apply our double copy prescription obtaining the correct amplitude, as it is easy
to check. However, in order to make manifest KLT-like relations at the classical level let
us massage (4.94).

4The topologies for the YM Compton are the same as in Fig.4.5, with in addition a diagram like 4.5b,
propagating color fluctuations.
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The kernel is not invertible, but it is hermitian, thus we can diagonalize that. Exploiting
diagonalizability of the kernel we can recast the YM Compton as

Aab
YM

=
∑

(i,j)=(1,2)

Cab
i

(
P−1D

)
ij
(PN)j = −2i

s
f ℓab(−iωAQED) +

i

ω
CaCb(−iωAQED) (4.96)

where P and D are respectively the eigenvector and diagonal matrix related to the double
copy kernel, namely

P =

(
2ω
s

1
− s

2ω
1

)
D =

(
0 0

0 −
i
(

s2

ω2+4
)

2s

)
(4.97)

while we identified the new double copy kernel reads as

K′ = P−1D =

(
0 i

ω

0 −2i
s

)
. (4.98)

Notice how in such a basis, (4.96) only depends on the classical QED Compton amplitude

AQED =
iε1 · k2p · e2

ω
− iε2 · k1p · e1

ω
− isp · ε1p · e2

2ω2
+ iε1 · ε2

sp · ε2k1 · S · e1
2ω2

+
ε2 · k1k1 · S · ε1

ω
− ε1 · k2k1 · S · ε2

ω
+
sε1 · S · ε2

2ω
sp · ε1k2 · S · ε2

2ω2
+
ε1 · ε2k1 · S · k2

ω
+
e2 · k1k2 · S · ε1

ω
− ε1 · k2k2 · S · ε2

ω
.

(4.99)

Thus, we can further simplify (4.96) by recasting that as

Aab
YM

=
∑

(i,j)=(1,2)

Cab
i K′

i,jN
′
j (4.100)

where, we used the freedom in writing down (4.96) to choose the BCJ array as N ′ =(
0,−iωAQED

)
, so to make manifest gauge invariance. Now, using our double copy pre-

scription on the above result yields to

MDC =
2iω2

s
AL

QED
⊗AR

QED
(4.101)

which, by a direct calculation of the diagrams in Fig.4.5, with the Feynman rules from the
N = 2 susy particle coupled to gravity5, can be checked to be the gravitational Compton
amplitude, up to quadrupole. We also notice that (4.101) is a generalization of the classical
KLT-like relation (3.64), which is not known in the literature, as far as we are aware.

Using the polarization vectors (3.65) it is easy to evaluate the gravitational Compton,
for independent helicity configurations. The spinless contributions are listed in (3.66).

5The Feynman rules can be found in [16], or alternatively derived from (4.67), once switching off the
dilaton scalar
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Recalling that the spin tensor is related to the Pauli-Lubanski pseudovector by sa =
−1

2
εabcdpbScd, the spin-orbit terms can be recast as

|M++|O(S)
= |M++|0

∣∣∣s·(k1+k2) tan2 θ

2
+i

k1 · S · k2
mE cos2 θ

2

∣∣∣, |M+−|O(S)
= |M+−|0 |s·(k1−k2)| ,

(4.102)
while the quadratic in spin contributions can be recast in the suggestive way

|M++|O(S2)
=

1

2

|M++|2O(S)

|M++|0
, |M+−|O(S2)

=
1

2

|M+−|2O(S)

|M+−|0
. (4.103)

The remaining helicity configurations can be obtained by replacing Sab → −Sab, sa → −sa.
The above result is in agreement with [115] up to quadratic in spin upon matching with
our conventions. In addition, the classical amplitude (4.101) is in agreement with [163].
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Chapter 5

Light bending from eikonal in the
WQFT

The bending of light due to black holes (compact objects) is a well known test of General
relativity. Despite that, the studying about light deflection and null geodesics, is nowaday
ongoing, using both amplitudes and GR techniques (see [164, 165, 166] for instance).
Recently it was found, by using scattering amplitudes with external massless particles,
[9, 167, 168] that there are small quantum corrections differentiating the scattering of a
massless particle from that of light off a heavy mass object [169, 128, 170], thus testing the
equivalence principle [171]. Since these differences are absent in the classical limit, one can
recover deflection angles by taking the massless limit of the scattering of massive particles,
see e.g. [172]. In particular, as studied a long time ago by Amati, Ciafaloni and Veneziano
[153], one can employ the eikonal phase to extract classical deflection angles in gravity
through differentiation. More recently, this approach has received a renewed interest
[173, 174, 175, 176, 177, 178, 179, 180, 181, 182, 183, 184, 120, 185, 117, 136, 186, 187].
Another route to the problem was taken in Ref.[188], where the Kosower-Maybee-O’Connell
(KMOC) formalism [127, 32, 135] for classical observables was generalized to describe the
classical limit of massless particles. In one of the applications of Ref.[188], the geometric-
optics regime was used to extract the deflection angle from scattering amplitudes, since
it is in this limit in which the amplitude can be related to a beam of light through the
precise definition of the classical observable.

In this chapter we construct the appropriate WQFT to deal with photons with a first
goal of realizing the equivalence between the scattering of a photon and a massive scalar
with that of a massless and a massive scalar in the geometric-optics regime. The second
goal is a simplified approach to the calculation of the scattering angle. Unlike the case of a
matter particle propagating in a gravitational background, the dressed photon propagator
depends on a matrix-valued action and therefore the worldline path integral must include a
path ordering. As already seen in the previous chapters, the path ordering can be avoided
by rewriting the path integral in terms of auxiliary variables at the cost of introducing
additional integrals.

Once the dressed propagator is obtained and put on-shell, we can follow the WQFT
setup to derive its Feynman rules and compute the eikonal phase. The Feynman rules
that we find depend in general on the auxiliary variables. Building on the insights of
Ref.[188], we consider the geometric-optics regime, which leads to a great simplification of
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the calculations. As we shall see, this regime implies the vanishing of terms proportional
to the spin-tensor in the worldline action and serves as a check of our setup. This shows
how, in the optical regime, the worldline propagating the photon reduces to the one
for a massless scalar field, exactly as predicted by the equivalence principle. Then, the
calculation of the eikonal phase and derived quantities, such as the deflection angle and
the impulse, dramatically simplifies.

5.1 Derivation of the gravitationally dressed photon
propagator

In order to build up the WQFT for a photon in a gravitational background, we need
to derive the dressed propagator for such scattering even. Our starting point is the
Einstein-Maxwell action, consisting in Maxwell theory minimally coupled to gravity

Sγ = −1

4

ˆ
d4x

√
−g gµαgνβFµνFαβ . (5.1)

Its gauge symmetry, δAµ(x) = ∂µα(x), δgµν(x) = 0, can be covariantly gauge-fixed
using standard BRST methods. The procedure is as follows. One replaces the gauge
parameter α(x) by the anticommuting ghost c(x), and from the gauge algebra obtains
the anticommuting BRST variation s (the so-called Slavnov variation). It is required to
be nilpotent, and is then extended to the non-minimal fields needed for gauge fixing, the
antighost c̄(x) and auxiliary B(x), which are Graßmann odd and even, respectively. The
BRST symmetry is

sAµ = ∂µc , sc = 0 , sc̄ = B , sB = 0, (5.2)

and can be easily verified to be nilpotent (s2 = 0). It is used to obtain the gauge-fixed
total action by adding to the lagrangian contained in (5.1) the manifestly BRST invariant
term sΨξ, where Ψξ =

√
−g c̄

(
∇µAµ +

ξ
2
B
)

is the gauge fermion chosen to produce a Rξ

gauge in curved space. The fields c, c̄ and B are all taken to be scalars under change of
coordinates, so to keep covariance manifest. One finds

sΨξ =
√
−g
(
B∇µAµ +

ξ

2
B2 − c̄∇µ∂µc

)
∼

√
−g
(
− 1

2ξ
(∇µAµ)

2 − c̄∇µ∂µc

)
, (5.3)

where in the last step the auxiliary field B has been eliminated by its own algebraic
equations of motion. We choose the value ξ = 1, that implements the Feynman gauge.
The total gauge-fixed BRST invariant action, Stot = Sγ +

´
d4x sΨξ, contains a ghost

action that we disregard (at tree-level ghosts do not contribute) and terms that identify
the photon propagator reads

Sγ,gf =

ˆ
d4x

√
−g
[
−1

4
FµνF

µν − 1

2
(∇µAµ)

2

]
=

ˆ
d4x

√
−g
[
1

2
AµĤµ

νAν

]
, (5.4)

where the second form is obtained by performing partial integrations. It produces the
second order differential operator

Ĥµ
ν = δµ

ν∇2 −Rµ
ν , (5.5)
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whose inverse gives the photon propagator in a curved background, i.e. the dressed
propagator of our interest. The operator Ĥµ

ν may be interpreted as a first-quantized
Hamiltonian. For that purpose, we find it convenient to use flat indices by introducing a
vielbein eaµ(x), so the metric is given by gµν(x) = ηabe

a
µ(x)e

b
ν(x). This allows to present

the Hamiltonian as

Ĥa
b = δa

b∇2 −Ra
b, (5.6)

where the covariant derivative contains also the spin connection ωµa
b(x) (previously defined

in Sec.4.3), as it acts on vectors Aa(x) = eµa(x)Aµ(x) with flat indices, so the covariant
derivative is ∇µAa = ∂µAa + ωµa

bAb. On a more general Lorentz tensor, the covariant
derivative takes the form ∇µ = ∂µ − i

2
ωµ

abSab, with Sab the Lorentz generators in the
representation of the tensor. For the photon, the spin tensor in the spin-1 representation
is (Scd)a

b = i
(
ηcaδd

b − ηdaδc
b
)
. Now, for the purpose of constructing a WQFT, we prefer

to use auxiliary variables (c, c̄)1 on the worldline, taking care of the spin indices of the
Hamiltonian, entering in the phase space action as a first class constraint. The construction
follows the same steps as the ones used in Sec. 2.2 to introduce color variables. At the
end of the day, the gravitationally dressed photon propagator turns out to be

D(x0, y0, u, ū; g) =

˛
dz

2πi

ezū·u

z2

ˆ ∞

0

dT

ˆ x(1)=y0

x(0)=x0

Dx
ˆ λ̄(1)=0

λ(0)=0

DλDλ̄ eiS, (5.7)

where the auxiliary variables have been decomposed as

c̄a(τ) = zūa + λ̄a(τ), ca(τ) = ua + λa(τ) (5.8)

with λa and λ̄a denoting the quantum fluctuations, and with the remaining classical parts
ua and ūa describing the initial and final polarization of the photon depending on the
modulus z as indicated. It requires a worldline action that now reads

S =

ˆ 1

0

dτ
(
− 1

4T
gµν ẋ

µẋν + iλ̄aλ̇a −
1

2
ẋµωcd

µ (Scd)a
bc̄acb + TRa

bc̄acb −
3

4
TR
)
. (5.9)

where the last term arises once choosing DR to write down the path integral. The above
expression for the dressed propagator is purely quantum and off-shell for all of the external
lines, thus it can be used to evaluate Feynman diagrams propagating photons and gravitons
as external states, as we will see in the next paragraphs.

Free photon propagator The free photon propagator is obtained by switching off the
interactions in (5.9) and setting gµν = ηµν . Then, the worldline action reduces to

Sfree =

ˆ 1

0

dτ
(
− 1

4T
ηµν (ẋ

µẋν + aµaν + bµcν) + iλ̄aλ̇a

)
. (5.10)

Expanding the coordinates as x = x0+(y0−x0)τ +q(τ), the free path integral on quantum
fluctuations produces the measure (4πT )−2, while the classical trajectory has the simple
action Scl = −(x0 − y0)

2/4T , and we are left with
1We used the same symbol also for the fermionic Lee-Yang ghosts, since their difference is clear from

the context
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D(x0, y0, u, ū; g) =

˛
dz

2πi

ezu·ū

z2

ˆ ∞

0

dT

(4πT )2
e−i

(x0−y0)
2

4T = ūµ∆µν(x0 − y0)u
ν , (5.11)

which leads to the causal photon propagator in Feynman gauge once stripping off the
auxiliary variables, i.e.,

∆µν(x− y) = ηµν

ˆ ∞

0

dT

(4πT )2
e−i

(x−y)2

4T =

ˆ
d̂4p

iηµν
p2

eip·(x−y). (5.12)

Photon-photon-graviton vertex

Let us now consider the more interesting case of a single graviton. In this case we have to
take in to account quantum fluctuations, which we implement by performing a background
expansion of the metric tensor and the configuration space variables as

gµν(x(τ)) = ηµν + κεµν(ℓ)e
iℓ·x(τ), xµ(τ) = xµ0 + (y0 − x0)

µτ + qµ(τ) (5.13)

with the quantum fluctuations qµ(τ) acquiring DBC, i.e. qµ(0) = qµ(1) = 0. Notice that
we have Fourier expanded the graviton field as a unique plane wave to insert just one
graviton in a photon line. The contributions to the three point amplitude arise from the
interactions which we organize as follows:

Skin :=

ˆ 1

0

dτ
(
− 1

4T
hµν(x) (ẋ

µẋν + aµaν + bµcν)
)
, (5.14)

Sspin :=− 1

2

ˆ 1

0

dτ ẋµωcd
µ (Scd)a

bc̄acb, (5.15)

SRic :=T

ˆ 1

0

dτRa
bc̄acb, (5.16)

Sct :=− 3

4
T

ˆ 1

0

dτR. (5.17)

Except for Skin the remaining interactions have to be background-field expanded up to
O(κ) in order to give contributions to the three point amplitude. Next, we rewrite the
dressed propagator in momentum space introducing the external momenta of the photons
p1, p2, so that

D̃(p1, p2, u, ū) =

ˆ
ddx0d

dy0 e
ip1·x0e−ip2·y0D(x0, y0, u, ū; g)

= δ̂ (p1 − p2 + ℓ)

˛
dz

2πi

ezu·ū

z2

ˆ ∞

0

dT

(4πT )
d
2

e−
iξ2

4T

ˆ
ddξ e−iξ·p2

〈
ei(Skin+Sspin+SRic+Sct)

〉
,

(5.18)
where the expectation value evaluated on the free theory, i.e., w.r.t the action (5.10). In
the second equality we have performed the change of variables 2x+ = y0 + x0, ξ = y0 − x0
to factor out the momentum conservation delta function. We can now perform the
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perturbative expansion of the path integral2. After evaluating all the contributions from
each term we strip-off the auxiliary variables as in the free photon propagator example
and amputate the external legs (see also Ref.[67] for a similar treatment in the case of
Yang-Mills).

We list here the final results of the on-shell procedure for each contribution from the
perturbative expansion. For the kinetic term (including the regulating ghost interaction)
and the spin connection vertex we obtain

Aαβ
kin = −iκ

4
(p1 + p2)

µ (p1 + p2)
ν εµν(ℓ) η

αβ, Aαβ
spin =

iκ

2

(
pβ1η

α(µp
ν)
2 + pα2η

β(µp
ν)
1

)
εµν(ℓ),

(5.19)
respectively. The Ricci tensor vertex contribution reads

Aαβ
Ric =

iκ

2

[
−ηµν

(
pβ1p

α
2 + s12η

αβ
)
+ 2ηαβp

(µ
1 p

ν)
2

+pβ1η
α(µp

ν)
2 + pα2η

β(µp
ν)
1 − s12η

α(µην)β
]
εµν(ℓ),

(5.20)

where s12 = 2p1 · p2. Finally, the counter-term vertex generates

Aαβ
ct =

3iκ

4

(
s12η

µνηαβ − 2ηαβp
(µ
1 p

ν)
2

)
εµν(ℓ). (5.21)

In all of these contributions the free indices contract the external photon polarization
vectors. In this way, adding the above terms one obtains the three point vertex

1α

3µν

2β

=
iκ

2

(1
2
s12η

αβηµν − s12η
α(µην)β − 2ηαβp

(µ
1 p

ν)
2

+ 2pβ1p
(µ
2 η

ν)α + 2pα2p
(µ
1 η

ν)β − ηµνpβ1p
α
2

)
,

(5.22)

where the momentum conservation delta function has been stripped off. Higher point
examples follow a similar procedure but with a more involved structure. However it is
obvious already that the dressed propagator contains much more information than required
in the classical limit. Moreover, it raises the question of what is the role, if any, of the
auxiliary variables in the classical limit. Remember that they were introduced only to
keep track of time-ordering which is requirement forced upon us by the quantization via
path integrals.

5.2 Partition function and derivation of Feynman rules
Based on the results of the previous chapters, it is now easy to write down the WQFT
partition function for the scattering of a photon off a spinless black hole

Z[u, ū] =

˛
dz

2πi

ezū·u

z2

ˆ
Dgµν

ˆ
Dx1
ˆ

Dx2
ˆ
Dλ

ˆ
Dλ̄ eiS, (5.23)

2In order to perform such a task one need to use the DBC propagator ∆(τ, σ) = (τ − 1)σθ(τ − σ) +
(σ − 1)τθ(σ − τ) alongside with the two point function of the auxiliary variables ⟨λa(τ)λ̄

b(σ)⟩ = θ(τ − σ),
with θ(0) = 1/2.
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where the full action reads

S = Sg[g] + Sp1
[x1, λ, λ̄, z; g] + Sp2

[x2; g], (5.24)

and Sg was defined in Eq.(3.4). After rescaling the wordline parameter as τ → σ/m we
write the scalar massive point particle action as

Sp2
[x2; g] = −

ˆ +∞

−∞
dσ

1

2
gµν ẋ

µ
2 ẋ

ν
2. (5.25)

Now the point particle action can be read off from the dressed propagator of the photon
in a gravitational background and gives

Sp1
[x1, λ̄, λ; g] = −

ˆ +∞

−∞
dσ

(
1

2
gµν ẋ

µ
1 ẋ

ν
1 − iλ̄ · λ̇+

1

2
ẋµ1ω

cd
µ (Scd)a

bc̄acb

)
. (5.26)

We have also rescaled the worldline parameter of the photon action

τ =
σ

E
(5.27)

introducing a parameter E with dimension of energy, whose physical meaning will become
clear later on. For the photon worldline, we have neglected the Ra

b vertex both with
the counter-terms since they are sub-leading in the classical limit (see example below).
Notice here that the integration regions are now from σ ∈ (−∞,+∞) in agreement with
the procedure to set dressed propagators on-shell. Following the steps in the previous
chapters we can easily derive interaction vertices. The Feynman rules associated with the
photon worldline interactions read

hµν

k =
iκ

2
eik·bδ̂(k · p)

(
−pµpν + izkαp(νηµ)β(Sαβ)ρ

σūρuσ
)
, (5.28)

qρ(ω)

hµν

k =
κ

2
eik·bδ̂ (k · p+ ω)

[(
pµpνkρ + 2ωp(µδν)ρ

)
(5.29)

−izkα
(
ηβ(µ(pν)kρ + ωδν)ρ )

)
(Sαβ)λ

δūλuδ
]
,

where the solid photon line represents a fluctuation of the worldline photon line . At
this order we also have vertices related to the fluctuations of auxiliary variables which we
obtain by expanding the spin connection vertex in (5.26) as well, leading to

hµν

k

λσ(ω)

= −κ
2
eik·bδ̂(ω + k · p)z kαp(νηµ)β(Sαβ)ρ

σūρ, (5.30)

hµν

k
λ̄ρ(ω)

= −κ
2
eik·bδ̂(ω + k · p)kαp(νηµ)β(Sαβ)ρ

σuσ, (5.31)

82



where the arrow distinguishes between λ̄a and λa which scale differently with z. Other
rules can be easily derived, e.g., the rule for a 2-fluctuation reads

qρ(ω1)

qσ(ω2)

hµν

k
=
iκ

2
eik·bδ̂ (k · p+ ω1 + ω2)

[
1

2
pµpνℓρkσ + ω1kσp

(µδν)ρ + ω2kρp
(µδν)σ

+ω1ω2δ
(µ
ρ δ

ν)
σ − i

2
zkα(Sαβ)λ

δūλuδ
(
p(µην)βkρkσ + ω1η

β(νδµ)ρ kσ
)]
.

(5.32)
The above interactions still contains informations about the feature of the wave scattering
off the black hole. With an eye on the equivalence principle, this should not happen. As
it stands, (5.23) is yet semi-classical, in the above sense. To fully take the classical limit
we need to restrict the partition function to the optical regime. From the calculation of
the photon-graviton vertex we see that we can interpret the coherent variables u and ū as
spin-1 polarization vectors

uρūσ → ε∗ρ(p)εσ(p
′), (5.33)

this is consistent with the previous calculation of the photon-graviton vertex . Based on
this, to implement the optical regime at the level of integrands generated from (5.23) we
give the prescription

Zgeom-opt := −Z(u, ū)
∣∣∣
ū→u

, (5.34)

where the minus sign is due ū · u = −1, which is consistent with our metric signature. For
the moment (5.34) is just a prescription to fully achieve classical results from the photon
WQFT, however, we will give a diagrammatic proof showing that such prescription realizes
the equivalence principle at the level of worldlines, yielding to the proper classical results.

Example

In order to illustrate our methods let us give a simple example. The three-point amplitude
M(γγh) is formally vanishing in the optical regime so let us consider its off-shell version
Mµν(γγh) instead. Consider the 3-point vertex of (5.22) and suppose we are interested
in the limit where the graviton is soft. Let pµ2 = pµ1 + ℏq̄µ where q̄ is interpreted in the
classical limit as a wave-number related to the graviton. The polarization vector thus
satisfies εµ(p2) = εµ(p1) +O(ℏ). We also parameterize the incoming photon momentum
as p1 = Evµ = (E, 0, 0, E) where E is the energy of the photon. Then, up to terms
proportional of ℏ, we obtain

Mµν(p1, p2) = iκ pµ1p
ν
1 +O(ℏ) = iκE2vµvν +O(ℏ), (5.35)

where we have used the on-shell condition on the momenta p1 and p2 and the transversality
of the photon polarization vectors.
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The equivalent object in WQFT is obtained from the LO Feynman rule (5.28). The
partition function then simply reads

Z(z, u, ū) = −iκ
2

ˆ
d̂4q eiq·bδ̂(q · p) [pµpν + zpν(q · ū uµ − ūµ q · u)] . (5.36)

Clearly, in order to match this expression with the previous it must be that the extra
terms must vanish. To see that this is the case let us consider the integration of the kernel
over z. Exchanging the integration orders and using the identity

1

2πi

˛
dz
ezū·u

zk+1
=

{
(u·ū)k

k!
, k ≥ 0,

0, otherwise,
(5.37)

we obtain

Z(z, u, ū) = −iκ
2
uρūσ

ˆ
d̂4q eiq·bδ̂(q · p)pµ

[
pνηρσ − 2iqλ(S

λν)ρσ
]
. (5.38)

Notice that the dependence on (ū, u) on the first term appears due to this identity.
Furthermore, using the anti-symmetry of (Sλν) σ

ρ yields to the following relation

Zµν
geom-opt =

ˆ
d̂4q eiq·b δ̂(q · p)

(
−iκ

2
pµpµ

)
, (5.39)

where we stripped off the graviton polarization vector. Therefore, up to an irrelevant sign,
we see that in the geometric optics regime the leading order Feynman rule matches the
classical limit computed in Eq.(5.35) as expected.

5.2.1 Massless limit vs photon worldline in WQFT

On general grounds we expect that the contributions related with the spin-terms should
not contribute in the geometric optics regime since assuming the equivalence principle one
may replace the photon worldline by the worldline of a massless scalar. We had a taste
of this in the calculation of the lowest order partition function (5.39). For the general
case let us consider the diagram shown in Fig.5.1 which appears as a sub-topology of our
worldline diagrams. Let K denote the mathematical expression of this diagram and let ki
be the momenta associated with each graviton line which we will consider as outgoing.
The momentum of the photon worldline is labeled by pµ. This diagram is still to be

hµ1ν1
1

k1

hµ2µ2

2

k2

h
µn−1νn−1

n−1

kn−1

hµnνn
n

kn

Figure 5.1: WQFT current dressed with external photon lines on-shell

integrated over z and hence the identity (5.37) implies that after integration all terms
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proportional to zi vanish for i > 1. The same identity produces the factor u · ū, which gives
a non-vanishing contribution associated with the term independent of z. In other words
only the terms independent of z and proportional to z contribute. Now let us rewrite the
Feynman rule of a single vertex in the form

V µℓνℓ
ℓ (p, kℓ) :=

iκ

2
e−ikℓ·p(−pµℓpνℓ + zBµℓνℓ

ℓ ), (5.40)

where
Bµℓνℓ

ℓ := ikαℓ p
(νℓηµℓ)β(Sαβ)ρ

σūρuσ.

From the Feynman rules and on the support of the Dirac delta functions this diagram can
be organized as follows

Kµ1···µnν1...νn =
in

2n
κn

(
n∏

i=1

δ̂(ki · p)eiki·b
)
Kµ1···µnν1···νn , (5.41)

where the only non-vanishing contributions are proportional to z due to (5.37). Hence

Kµ1ν1···µnνn = (−1)npµ1pν1 · · · pµnpνn − z

n∑
i=1

pµ1pν1 · · · p̂µipνi · · · pµ1pν1Bµiνi
i , (5.42)

where the hat means that the factor should be excluded. Since the coefficient Bµiνi
i depends

on a single factor of the spin tensor we can use the anti-symmetry of (Sλν) σ
ρ and that

ū→ u thus concluding that all terms proportional to z vanish as expected by the geometric
optics regime. The same exercise can be done in the case where fluctuations on the photon
worldlines or auxiliary variables are considered obtaining the same result. A realization of
this will appear in the calculation of the 2PM eikonal in the next section.

Let us conclude by stressing that it is only the combination of the geometric optics
regime and the identity (5.37) that makes these terms vanishing. This provides an
alternative path to show the equivalence between the massless limit of scattering amplitudes
involving two massive particles and the amplitudes of photons and a single massive particle
in the classical limit, which in WQFT can be understood as disregarding the spin tensor.
Deviations from the geometric-optics regime are known as the gravitational spin Hall
effect3 of light and have been studied from first principles in Ref[190] for the case of
propagation of light and Ref.[191] for propagation of gravitational waves.

5.3 Eikonal phase and deflection angle
Let us now move to the evaluation of the light ray deflection angle once scattering off a
spinless black hole. The light ray deflection angle can be extracted by differentiation from
the eikonal phase, the latter evaluated as usual by considering the connected diagrams from
the optical regime of (5.23) i.e. Zgeom-opt = eiχ. Following [128] we define the deflection
angle in the small angle approximation at each order in perturbation theory by

θi = − 1

E

∂χi

∂|b|
. (5.43)

3See. Ref-[189] for a review and References therein.

85



where E is the energy of the light ray while |b| ≡
√
−b2 is the modulus of the space-like

impact parameter bµ. We will use the result of Sec.5.2.1 which implies that the spin tensor
plays no role in our computations. Therefore the integration over the modulus z is trivial
(see example in Sec.(5.2)) and produces the contraction of the auxiliary variables ū ·u = −1
in the geometric optics regime. For calculations of the Feynman one loop integrals we will
parametrize the momenta of the particles as p1 = Ev1 and p2 = mv2 where v21 = 0 and
v22 = 1. It would also be useful to choose the rest frame of the massive particle such that
v1 = (1, 0, 0, 1) and v2 = (1, 0, 0, 0).

At 1PM the calculation is pretty easy since there is only one diagram, namely

iχ1 = q = −iκ2 (p1 · p2)
2

4

ˆ
d̂4q δ̂(q · p1)δ̂(q · p2)

eiq·b

q2
. (5.44)

To regulate the divergent integral in this expression we find convenient to use a cut-off
regulator. The regulated integral then reads

I =

ˆ
d̂4q

δ̂(q · p1)δ̂(q · p2)
q2

eiq·b =
1

4πp1 · p2
log

(
|b|2

L2

)
. (5.45)

To obtain this result we have set up a differential equation for I such that the derivative
produces a finite expression following similar steps as in Ref.[135] with minor changes
related to the parametrization of momenta. Remember that in d = 4 we set p1 = E(1, 0, 0, 1)
and p2 = m(1, 0, 0, 0). Therefore we obtain

χ1 = −2GN(p1 · p2) log
(
|b|2

L2

)
, (5.46)

where we have used κ2 = 32πGN . Finally, using the rest frame of the heavy massive
particle we have

θ1 = − 1

E

∂χ1

∂|b|
=

4GNm

|b|
, (5.47)

which matches the result from general relativity.
Let us now move to the 2PM calculation, whose diagrams are shown in Fig.5.2. We

start with the diagrams involving the 3-graviton vertex4. Diagram 5.2a vanishes identically.
In order to see this first notice that this diagram contains as a subtopology the diagram in
Fig.5.1. Therefore, from Eq.(5.41) the integrand of this subtopology is proportional to

δ̂(p1 · q)δ̂(p1 · k)pµ1

1 p
µ2

1 p
ν1
1 p

ν2
1 . (5.48)

Upon using the 3-graviton vertex Feynman rule and p21 = 0, we obtain identically zero
due to the Dirac-delta constraints. This result is independent of the other subtopology

4We use the conventions of Ref.[130]. See also Ref.[150].
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k − qk

q

(a)

q

k k − q

(b)

k k − q

(c)

k k − q

(d)

Figure 5.2: 2PM diagrams

containing the matter worldline. Then, we move to the flipped topology 5.2b

q

k k − q
= −iκ

4m2

32

ˆ
d̂4q δ̂(q·p1)δ̂(q·p2)

eiq·b

q2

ˆ
d̂4k δ̂(k·p2)

N1(q, k, p1)

k2(k − q)2
,

(5.49)
where N1(q, k, p1) = (p1 · p2)2(k2 + (k− q)2) +m2(k · p1)2. The terms multiplying (p1 · p2)2
lead to tadpole integrals which are vanishing. Using our parametrization of momenta let
us focus on the integral

I1 =

ˆ
d̂4kδ̂(k · v2)

(k · v1)2

k2(k − q)2
= vµ1 v

ν
1

ˆ
d̂4k δ̂(k · v2)

kµkν
k2(k − q)2

. (5.50)

On the support of the Dirac-delta constraints δ̂(q · v1)δ̂(q · v2) this integral can be reduced
by performing a simple Passarino-Veltman reduction leading to

I1 =
vµ1 v

ν
1

8
(3qµqν + q2(v2µv2ν − ηµν))

ˆ
d̂4k

δ̂(k · v2)
k2(k − q)2

=
q2σ2

8

ˆ
d̂4k

δ̂(k · v2)
k2(k − q)2

, (5.51)

where we have defined σ = v1 · v2 to write the result in a Lorentz invariant form. Then we
are left to calculate the integral

I▷ :=

ˆ
d̂4q δ̂(q · v1)δ̂(q · v2)eiq·b

ˆ
d̂4k

δ̂(k · v2)
k2(k − q)2

, (5.52)

which can be computed following Ref.[172] adapted to our case. The result is

I▷ =
1

16π|b|
. (5.53)
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hµ1µ1

1

q1

hµ2ν2
2

q2

Figure 5.3: Subtopology of diagram with photon fluctuation

Let us now move on to diagrams with the topology of a box. 5.2c generates

k k − q = i
(p1 · p2)4κ4

32

ˆ
d̂4q δ̂(q·p1)δ̂(q·p2)eib·q

ˆ
d̂4k

δ̂(k · p1)k · (k − q)

(k · p2)2k2(k − q)2
.

(5.54)
The integral reduction produces integrals with double poles on the same side of the complex
plane. Following Ref.[192] these integrals vanish after closing the contour in the opposite
direction5.

Finally we have 5.2d. Let us first show that the spin tensor does not contribute in the
geometric optics regime. For that consider a simpler version of the exercise in Section
5.2.1 but now including a single fluctuation as shown in Fig.5.3. Focusing on the terms
proportional to z we find that the integrand is proportional to the tensor structures

ηµ1ν2pµ2

1 (S ν1
α )ρσuρūσq

α
i , p1

µ1p1
ν1qi

ν2(S µ2
α )ρσuρūσq

α
i , i = 1, 2, (5.55)

which vanish in the geometric optics regime. The other contributions simplify to

k k − q = i
κ4(p1 · p2)2

32

ˆ
d̂4qδ̂(q · p1)δ̂(q · p2)eiq·b

ˆ
d̂4k

δ̂(k · p2)N2(q, k, p1)

(k · p1)2k2(k − q)2
,

(5.56)

where N2 = (p1 · p2)2(k2 − k · q) + 2m2(k · p1)2. The integral reduction produces finite
integrals with double poles on the same side of the complex plane which we can set to
zero. Therefore the only surviving term is the one which cancels the double, which is
proportional to (5.52).

Therefore after adding up the contributing diagrams (b) and (d) the result of the
eikonal phase reads

χ2 = κ4
15

256
m(p1 · p2)

1

16π|b|
, (5.57)

and using our parametrization of momenta the scattering angle reads

θ2 = − 1

E

∂χ2

∂|b|
=

15π

4

G2
Nm

2

|b|2
, (5.58)

5For time symmetric propagators one simple applies this argument twice for each iϵ prescription.
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in agreement with the massless limit of the scattering angle of two massive objects in
which one of the masses goes to zero.

5.3.1 Spinning massive particle

The case of a spinning massive particle can be treated along the same lines. The description
in Ref.[16] is based on the inclusion of supersymmetry at the level of the the wordline
action. The WQFT thus constructed is valid at quadratic order in spin. Here we conform
ourselves with summarizing the LO Feynman rules for this case. Performing the same
rescaling as in the previous Section we have the Feynman rule

hµν

k = −iκ
2
eik·bδ̂(k · p)

(
pµpν + im(k · S)(µpν) − 1

2
m2(k · S)µ(k · S)ν

)
, (5.59)

where (k · S)µ := kνSνµ. Therefore at LO the eikonal phase is computed from a single
diagram obtaining

iχ1 = q = −iκ2 (p1 · p2)
2

4

ˆ
d̂4q δ̂(q · p1)δ̂(q · p2)

eiq·b(1 +NS)

q2
,

(5.60)
with the numerator NS is given by

NS = − im

p1 · p2
(p1 · S · q)− m2

2(p1 · p2)2
(p1 · S · q)2 . (5.61)

Specializing the spin tensor defined in Ref.[16] for the case at hand, let us parametrize it
as

Sµν =
2s

|b|
(
b[µ(v1 − σv2)

ν]
)
. (5.62)

Hence, after reintroducing the dimensionless velocities we can rewrite the numerator as

NS = −isb · q
|b|

− s2
1

2|b|2
(b · q)2 . (5.63)

To complete the calculation we need to evaluate the following type of integrals

Iµ1µ2...µn :=

ˆ
d̂4q δ̂(q · v1)δ̂(q · v2)eiq·b

qµ1 · · · qµn

q2
. (5.64)

The simplest case Iµ1 can be computed from (5.45). For the case Iµ1µ2 we adapt the
procedure of Ref.[32] to our case. Noting that the results must lie in the plane orthogonal
to the four velocities the integral Iµ1µ2 can be written as

Iµ1µ2 = c1b
µ1bµ2 + c2Π

µ1µ2 , (5.65)
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where Πµ1µ2 is a projector which explicitly reads

Πµ1µ2 = ηµ1µ2 + vµ1

1 v
µ2

1 − vµ1

2 v
µ2

1 − vµ1

1 v
µ2

2 (5.66)

Therefore employing the traceless property of Iµ1µ2 and (5.45) we obtain

Iµ1µ2 =
1

πb4σ

(
bµ1bµ2 − 1

2
b2Πµ1µ2

)
. (5.67)

After some algebra we compute

χ1 = κ2
p1 · p2
8π

(
−1

2
log

(
|b2|
L2

)
− s

|b|
+

s2

2|b|2

)
, (5.68)

which leads to the scattering angle

θ1 = 4

(
1

|b|
− s

|b|2
+

s2

|b|3

)
GNm, (5.69)

in agreement with the massless limit of the Kerr-result of Ref.[16] (See also Refs. [193, 194]).
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Chapter 6

Summary and Outlook

The use of double copy techniques can boost the calculations of perturbative observables
related to black hole scattering, both from the QFT and worldline like approaches. In
particular, the examination of the classical-level double copy proves to be an effective tool
for this purpose, although it has not yet been thoroughly explored. When the double
copy is studied at the classical level, two crucial questions must be addressed: how to
miantain locality manifest in calculations and how to get informations on the underlying
quantum theory, reproducing the classical integrands. The former can be rephrased by
asking if it is possible to have a BCJ-like representation of the classical amplitude. The
answer to that lies in using the bi-adjoint worldline, so to identify the propagator matrix
implementing locality at the classical level. The worldline particle implementing such
field theory has been built up in Chapter 2, where it has been showed how, starting from
the bi-adjoint scalar field and using the background field method, one can build up a
worldline action for a scalar particle interacting with the bi-adjoint scalar. For such a
worldline particle and also other theories, including spinning particles, the construction
of the WQFT action was performed in Chapter 3, where, in addition, we derived the
main Feynman rules needed for the calculations in the subsequent chapters. Next, in
Chapter 4, we addressed the investigation of the classical double copy for the case of a
Dirac fermion, showing that the worldline formalism, not only allows to easily maintain
locality manifest at the classical level, but, by exploiting the quantization procedure on
the worldline, it also allows to write down the lagrangian describing the double copied
theory. We found that, in D = 4, such theory is propagating a massive vector boson
interacting with the DG sector of the N = 0 supergravity, through the interactions read
out from (4.66). This was accomplished by using the quantized version of the susy charges
for the N = 2 susy particle coupled to DG, as a first class constraint on the sub-Hilbert
space of the worldline spectrum, propagating a massive vector boson. We showed also
how, the use of real Grassmann variables combined with a symmetrization procedure
on the copies of the classical integrands, allows to take care of the spinning d.o.f. when
double copying classical integrands. We stress that such procedure is general, it could
be used independently of the spin carried out by the worldline. Finally, in Chapter 5 we
have also seen that, starting from first principles, one can propagate a photon by using
worldline degrees of freedom and then, one can couple the photon to background gravity
so to study the scattering of electromagnetic waves off black holes. In such a case, the
WQFT Feynman rules are not enough to get classical results. This is expected since the
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worldline action arises from a gauge fixing procedure, introducing coupling between the
spin tensor of the worldline particle and the background gravity. Such interactions seems
to generate a tension with the Equivalence Principle i.e. they introduce spin contributions
to the well known deflection angle of light evaluated by using Einstein field equations. To
solve this tension, one need to implement the optical regime at the level of the WQFT
integrands. This finally generates classical results for massless particles consistent with
the literature.

There are many future directions one could investigate, starting from the results in
this thesis. The main one concerns the use of the classical double copy as a tool to detect
WQFT interaction vertices between massive higher spinning particles and background
gravity. Such theories are known to generate amplitudes which, once used in the classical
limit, do generate observables related to the scattering of Kerr black holes [195], making
them a worth line of investigation. On the amplitude side, massive higher spin theories are
known to violate tree level unitarity [196] at energy well below the Plank scale, however,
as it has been shown in [195, 113] only a suitable truncation of the related lagrangian is
needed to evaluate amplitudes related to Kerr black holes observables. On the worldline
side, the main issue to deal with higher spin particles is super-symmetry, since we would
expect a susy breaking even at low spin (it happens for instance in the case of the N = 2
particle coupled to Maxwell). In this regard we think that exploring further the relation
among Grassmann variables and massive spinor helicity variables [197] could help to
achieve some results on the higher spin side. Indeed, as seen in Chapter 4, to generate spin
one integrands, we defined a symmetrized product acting on the left and right copies of
spin half integrands. In such a case, the symmetrization symbol hits the real Grassmann
variables, generating new fermionic variables on the worldline having two flavours (L,R),
which we reorganized into complex fermionic variables on the worldline, making easier
the calculations and the identification of the double copied theory with the N = 2 susy
particle. This is similar to what happens on the amplitude side when using massive spinor
helicity variables to compute amplitudes [34]. This investigation might allow to study the
coupling of massive higher spin particles on the worldline, since the double copy could be
used as a tool to generate the WQFT vertices propagating massive higher spin worldlines
and gravitons. Next, it may be worthwhile to explore methods needed to remove the
dilaton scalar from the double copied integrands, to all order in perturbation theory. On
the amplitude side ghost fields were introduced to remove the dilaton [198], however, this
only seems to work at leading order in the gravitational coupling constant. An efficient
and more elegant way consists in using ad-hoc projectors to BCJ double copying gauge
theory amplitudes [199]. This allows to remove the dilaton from the intermediate states
exchanged during the double copy procedure, order by order in perturbation theory. The
latter seems to be on the same foot of the symmetrization procedure used in Chapter
4 to preserve the R−symmetry of the double copy worldline integrands. Indeed, using
worldline degrees of freedom, one could build up projectors, order by order in perturbation
theory, in the form of contour integrals, allowing to remove the dilaton contribution from
calculations.

Lastly, we think that, WQFT techniques, could be used to investigate the scattering
of massive particles on strong backgrounds, which has recently been studied in [200] and
reveals relevant to evaluate classical observables in the self-force expansion, meant as an
expansion of classical observables around a non-flat gravitational background. In this
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regard, we think that the background field method on the worldline and QFT action could
be used to introduce a non flat background in the calculations, generating Feynman rules
suitable to evaluate self-force observables, even in the case where the worldline particle
has spinning degrees of freedom.
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Appendix A

Seeley-DeWitt coefficients

Let us briefly review the perturbative calculation of the Seeley-DeWitt coefficients in
(2.15), starting from the representation of the effective action in (2.11), which contains
the time ordering. At the perturbative order needed to obtain eq. (2.15), the effect of the
time ordering is inconsequential, but it is important at higher orders.

Using the split (2.9), we Taylor expand the interaction term Sint in (2.12) around x0

Sint = Ty

ˆ 1

0

dτ
(
Φ̂(x0) + qµ(τ)∂µΦ̂(x0) + · · ·

)
, (A.1)

insert it into the exponential in (2.13), and expand the exponential. Then, collecting all
terms of the same power in T , and taking into account that the q-propagator with the
vanishing Dirichlet boundary conditions goes like T

⟨qµ(τ)qν(σ)⟩ = −2Tδµν
(
1

2
|τ − σ| − 1

2
(τ + σ) + τσ

)
, (A.2)

we easily find from the constant Φ̂(x0) term

a0 = 1 , a1 = −yΦ̂(x0) , a2 =
y2

2
Φ̂2(x0) , a3 = −y

2

6
Φ̂3(x0) + · · · (A.3)

where the dots denote three additional terms arising from using the q-propagator. They
are as follows. A first term is〈

T
1

2

(
Ty

ˆ 1

0

dτ qµ(τ)∂µΦ̂(x0)

)(
Ty

ˆ 1

0

dσ qν(σ)∂νΦ̂(x0)

)〉
=

1

2
T 2y2∂µΦ̂(x0)∂νΦ̂(x0)

ˆ 1

0

dτ

ˆ 1

0

dσ ⟨qµ(τ)qν(σ)⟩

=
1

12
T 3y2(∂µΦ̂(x0))

2

(A.4)

where the time ordering T is again inconsequential as the matrices at different times
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commute. A second term reads〈
T

1

2

(
TyΦ̂(x0)

)(
Ty

ˆ 1

0

dτ
1

2
qµ(τ)qν(τ)∂µ∂νΦ̂(x0)

)〉
=

1

4
T 2y2Φ̂(x0)

ˆ 1

0

dτ ⟨qµ(τ)qν(τ)⟩∂µ∂νΦ̂(x0)

=
1

12
T 3y2Φ̂(x0)∂

2Φ̂(x0) .

(A.5)

A third term is similar, but with the matrices Φ̂(x0) and ∂2Φ̂(x0) interchanged. These
matrices commute under the trace, so that this last term just doubles the previous one.
This completes the derivation of a3, which is equivalent to the one in (2.15) by adding a
total derivative, that anyway drops out from the effective action.
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Appendix B

SUSY algebra and DG background

Here we work out the coupling of the N = 2 SUSY model to the dilaton and gravity,
obtained by deforming the free SUSY charges as

Q = e−κϕeµaψ
a
(
Pµ − iΣµcdψ̄

cψd
)
−mθ = e−κϕψaπa −mθ

Q̄ = e−κϕeµaψ̄
a
(
Pµ − iΣµcdψ̄

cψd
)
−mθ̄ = e−κϕψ̄aπa −mθ̄

(B.1)

where ϕ is the dilaton field and Σµcd = ωµcd − 2κ∂[cϕed]µ. In the above lines we defined
the generalized momentum

πa = eµaπµ = eµa
(
Pµ − iΣµcdψ̄

cψd
)
, (B.2)

where the spin connection Σµcd introduced in the deformation, exactly corresponds to the
the spin connection written in the Einstein frame, the latter reached through the Weyl
rescaling

ẽµa = e−κϕeµa g̃µν = e2κϕgµν (B.3)

with tilded objects defined in the string frame. Next, so to consistently quantize the model
and write down a path integral, we need to ensure that the constraint algebra is of first
class, particularly that {Q,Q} = {Q̄, Q̄} = 0. To this aim we first list here the free theory
Poisson brackets

{xµ, Pν} = δµν {ψa, ψ̄b} = −iδab {θ, θ̄} = i, (B.4)

then, we can evaluate the bracket {Q,Q}, yielding

{Q,Q} =2e−κϕψa
(
{πa, e−κϕ}ψb + e−κϕ{πa, ψb}

)
eνbπν + e−2κϕψaψb{πa, πb}

=2e−2κϕ
(
ψa{πa, e−κϕ}ψbeνb + e−κϕψa{πa, ψb}eνb − ψaψbeµ[a∂µe

ν
b]

)
πν

+ e−2κϕeµae
ν
bψ

aψb{πµ, πν}

=2e−2κϕ
(
κ∂aϕψ

aψbeνb − ψaψdeνbω[ad]
b − κ∂aϕψ

aψbeνb − ψaψbeµ[a∂µe
ν
b]

)
πν

+ e−2κϕeµae
ν
bψ

aψb{πµ, πν}

=− 2e−2κϕ
(
ω[ab]

deνd + eµ[a∂µe
ν
b]

)
ψaψbπν + e−2κϕeµae

ν
bψ

aψb{πµ, πν} .

(B.5)

What we see is that, a direct consequence of our SUSY charge deformation is that, the
modification of the spin connection term in (B.1) allows us to generate the torsion tensor
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in the Einstein frame
T ν
[ab] = e−2κϕ

(
ω[ab]

deνd + eµ[a∂µe
ν
b]

)
(B.6)

which we set to zero assuming our connection is symmetric. This way, once evaluating the
last term in (B.5), we can recast the bracket as

{Q,Q} = iψµψνψ̄cψde−2κϕRµνcd (B.7)
with Rµνcd =

(
Rµνcd − 4κ∇[µ∇[cϕed]ν] + 2κ2

(
2∂[cϕ∂[µϕeν]d]−∂2ϕe[c[µeν]d]

))
(B.8)

where, from the last line, we can read out the Riemann tensor in the Einstein frame.
Thus, invoking Bianchi identity and assuming no torsion imply that the above bracket
must vanish. A similar calculation holds for {Q̄, Q̄}. Now one can evaluate the point
particle Hamiltonian by using that {Q, Q̄} = −2iH. The calculation delivers the following
Hamiltonian

H =
1

2
e−2κϕ

(
gµνπµπν −m2e2κϕ −Rabcdψ̄

aψbψ̄cψd
)

(B.9)

where the deformed Riemann tensor Rabcd is given in (4.68). Once switching off the dilaton
field, H reduces to the Hamiltonian in the pure gravity case [16]. Now we can write down
the worldline action in configuration space. We consider the phase space action gauging
the reparametrization invariance, supersymmetry, and R-symmetry

Sph = −
ˆ 1

0

dτ
(
ẋµPµ + iψ̄aψ̇

a − iθ̄θ̇ − eH − iχ̄Q− iχQ̄+ a(J − s)
)
. (B.10)

Then, we eliminate the momentum using the equation of motion
δSph

δPµ

= 0 → Pµ = e−1 e2κϕ
(
gµν ẋ

ν − iχe−κϕψ̄µ − iχ̄e−κϕψµ −
e

2
e−2κϕΣµabS

ab
)

(B.11)

once defining the spin tensor as Sab = −2iψ̄aψb. Plugging it back in the Hamiltonian and
the SUSY charges one is able to write down a configuration space action, ready to be
gauge fixed

S =

ˆ 1

0

dτ
(
− 1

2
e−1e2κϕ

(
gµν ẋ

µẋν − e2m2
)
− iψ̄aψ̇

a + iθ̄θ̇ +
1

2
ẋµΣµabS

ab

+
e

8
e−2κϕRabcdS

abScd + ie−1eκϕgµν ẋ
µ(χ̄ψν + χψ̄ν)

+ im(χθ̄ + χ̄θ)− χ̄χe−1ψ̄aψ
a − a(J − s)

) (B.12)

which should be gauge fixed according to the topology one would like to evaluate the path
integral. For our classical application, we set θ = θ̄ = 0, while using the equations of
motion for the gravitinos (χ, χ̄) and setting them to zero implement the spin supplementary
condition. In addition, the constraint arising from the gauge field a(τ) allows to recover
the normalization of the spin tensor SµνSµν = 2s2 through the condition ψ̄ · ψ = s.

Analogous to the YM case, we fix the einbein by choosing e = 1/m, then change the
integration boundaries to (−∞,∞) by the LSZ reduction procedure. Upon rescaling the
integration variable τ → mτ , we obtain the following N = 2 worldline action coupled to
dilaton-gravity

S =

ˆ ∞

−∞
dτ

(
−1

2
e2κϕgµν ẋ

µẋν − iψ̄aψ̇
a − iẋµΣµ

abψ̄aψb +
1

8
e−2κϕRabcdS

abScd

)
. (B.13)
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Appendix C

2PM photon impulse

In the WQFT one can define the observables related to the point particle mechanics, by
making use of Noether theorem which in such case is nothing else but Ehrenfest theorem.
Let us first define the impulse of the photon as

∆pµ =

ˆ +∞

−∞
dσ
〈d2qµ

dσ2

〉
=

ˆ +∞

−∞
d̂ω
(
−ω2δ̂(ω)⟨q̃µ(ω)⟩

)
. (C.1)

The leading order calculation is straightforward and can be obtained by the evaluation of
a solely diagram which unlike the eikonal phase has two kinematical fluctuations, namely

∆(0)pµ = q = −κ2 (p1 · p2)
2

4

∂I

∂bµ
= 4GN (p1 · p2)

bµ

|b|2
. (C.2)

where the tree level integral I has been evaluated in (5.45).
Let us move now to the next to leading (2PM) photon impulse. The topologies which

are vanishing for the eikonal phase do also vanish here in the same way. Particularly, the
diagram with the three-graviton vertex with the two gravitons starting from the photon
line is exactly zero once using momentum conservation and the delta constraints. Thus
the only non-vanishing contributions arise from

q

k k − q
= −im

2κ4

32

ˆ
d̂dq δ̂(q · p1)δ̂(q · p2)

eiq·b

q2

ˆ
d̂4k δ̂(k · p2)

N1(q, k, p)q
µ

k2(k − q)2

(C.3)
with the numerator N1 = (p1 · p2)2 (k2 + (k − q)2) + m2(k · p1)2, while the remaining
diagram contributing is

k k − q =
i(p1 · p2)2κ4

16

ˆ
d̂4q δ̂(q · p1)δ̂(q · p2)eiq·b

ˆ
d̂4k δ̂(k · p2)

N2(q, k, p) (q − k)µ

k2(k − q)2(k · p1)2
,

(C.4)
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where the numerator N2 = (p1 · p2)2k · (k − q) + 2m2(k · p1)2, exactly as for the eikonal
phase. Let us briefly review the integration procedure. We first focus on Eq.(C.3). For
this one we just need to evaluate the integral

I1 =

ˆ
d̂4q δ̂(q · v1)δ̂(q · v2)

eiq·b

q2

ˆ
d̂4k δ̂(k · v2)

(k · v1)2

k2(k − q)2
=

1

128π|b|
(C.5)

since we can rewrite the whole expression in the RHS of Eq.(C.3) as

−iEm
2κ4

32

1

i

∂

∂bµ
I1 = −1

4
πG2

Nm(p1 · p2)
bµ

|b|3
. (C.6)

Let us move now to the next diagram, which can be recast as follows

k k − q =
im2k4E2

16

ˆ
d̂4q δ̂(q · v1)δ̂(q · v2)eiq·b (2Iµ

2 + Iµ
3 ) , (C.7)

where we have defined the vector integrals

Iµ
2 =

ˆ
d̂4k

δ̂(k · v2)(q − k)µ

k2(q − k)2
, Iµ

3 =

ˆ
d̂4k

δ̂(k · v2)k · (k − q)(q − k)µ

k2(q − k)2(k · v1)2
. (C.8)

Let us start performing the tensor reduction of the above integrals. The first one can be
decomposed as Iµ

2 = Aqµ + Bvµ2 such that, using the delta constraint q · v1 = q · v2 = 0
one finds that B = 0 while contracting with qµ one finds that

A =
1

2

ˆ
d̂4k

δ̂(k · v2)
k2(k − q)2

. (C.9)

In this way one is able to evaluate the first contribution in (C.7) as

im2κ4E

8

ˆ
d̂4q δ̂(q · v1)δ̂(q · v2) eiq·bIµ

2 = 4πG2
Nm(p1 · p2)

bµ

|b|3
. (C.10)

Before proceeding further notice that adding up the two contributions just evaluated i.e.
(C.6) and (C.10) one obtains

15π

4
G2

Nm(p1 · p2)
bµ

|b|3
, (C.11)

which corresponds to the impulse obtained from the NLO eikonal phase, without any
iteration of the scattering data. However, the evaluation here is not finished yet since we
still need to evaluate the first piece in (C.7). For this task we first decompose the integral

Iµ
3 = Aqµ +Bvµ2 + Cvµ1 (C.12)

next, using that vµ2Mµ = 0 one gets that B = −σC which allows to rewrite Iµ
3 =

Aqµ + C (vµ1 − σvµ2 ). This way, after contracting with qµ one finds that the integral
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obtained are tadpoles, thus A = 0, while contracting with vµ1 and using integral reduction
allows to fix the remaining coefficients

C =
1

2
q2
ˆ

d̂4k
δ̂(k · v2)

(k2 + iϵ)((k − q)2 + iϵ)(k · v1 + iϵ)
= − i

2
q2
ˆ

d̂4k
δ̂(k · v1)δ̂(k · v2)
k2(k − q)2

(C.13)
where, in order to get the last equality, we performed the change of variables k − q → −k′
using then the Dirac delta representation

δ̂(x) = i

(
1

x+ iϵ
− 1

x− iϵ

)
, (C.14)

which enables us to rewrite the full contribution related ti I3 from (C.7), as the square of
I which has been evaluated previously (5.45).

Finally, putting all pieces together and performing the extra momentum integration,
one gets the next to leading order photon impulse

∆pµ = 4GN(p1 · p2)
bµ

|b|2
+G2

Nm
(p1 · p2)

|b|

(
15π

4

bµ

|b|2
− 8

|b|
(vµ1 − σvµ2 )

)
(C.15)

where we reintroduced σ = v1 · v2 delivering also the result in a Lorentz invariant form.
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