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Abstract

The study carried out in this thesis is devoted to spectral analysis of systems
of PDEs related also with quantum physics models. Namely, the research
deals with classes of systems that contain certain quantum optics models
such as Jaynes-Cummings, Rabi and their generalizations that describe light-
matter interaction.

First we investigate the spectral Weyl asymptotics for a class of semiregu-
lar systems, extending to the vector-valued case results of Helffer and Robert
[18], and more recently of Doll, Gannot and Wunsch [I1]. Actually, the
asymptotics by Doll, Gannot and Wunsch is more precise (that is why we
call it refined) than the classical result by Helffer and Robert, but deals with
a less general class of systems, since the authors make an hypothesis on the
measure of the subset of the unit sphere on which the tangential derivatives
of the X-Ray transform of the semiprincipal symbol vanish to infinity order.

Next, we give a meromorphic continuation of the spectral zeta function
for semiregular differential systems with polynomial coefficients, generalizing
the results by Ichinose and Wakayama [30] and Parmeggiani [15].

Finally, we state and prove a quasi-clustering result for a class of systems
including the aforementioned quantum optics models and we conclude the

thesis by showing a Weyl law result for the Rabi model and its generalizations.






Sommario

Lo studio condotto in questa tesi ¢ dedicato all’analisi spettrale di sistemi
di PDE legati a modelli di fisica quantistica. In particolare, la ricerca si
occupa di classi di sistemi che contengono alcuni modelli di ottica quantistica
tra i quali i sistemi di Jaynes-Cummings, di Rabi e le loro generalizzazioni
che descrivono 'interazione luce-materia.

In primo luogo, studiamo ’asintotica spettrale di Weyl per una classe
di sistemi semiregolari, estendendo al caso vettoriale i risultati di Helffer e
Robert [18] e, pit recentemente, di Doll, Gannot e Wunsch [11]. In vero,
asintotica di Doll, Gannot e Wunsch & piu precisa (per questo la chiamiamo
raffinata) del risultato classico di Helffer e Robert, ma tratta una classe di
sistemi meno generale, poiché viene fatta un’ipotesi sulla misura del sottoin-
sieme della sfera unitaria su cui le derivate tangenziali della trasformata a
raggi X del simbolo semiprincipale si annullano all’ordine infinito.

Forniamo, poi, una continuazione meromorfa della funzione zeta spettrale
per sistemi differenziali semiregolari a coefficienti polinomiali, generalizzando
i risultati di Ichinose e Wakayama [30] e Parmeggiani [15].

Infine enunciamo e dimostriamo un risultato di quasi-clustering per una
classe di sistemi che include i modelli di ottica quantistica sopra citati e
concludiamo la tesi provando una formula di Weyl per il modello di Rabi e

le sue generalizzazioni.
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Introduction

In this thesis we deal with asymptotic spectral properties of a class of pseu-
dodifferential systems containing models which are relevant in Quantum Op-
tics like the Jaynes-Cummings model (see Subsection 2.1.1) and the Rabi
model (see Chapter 10). The main class analyzed consists of Semiregu-
lar Metric Global Elliptic Systems (SMGES). Namely, we are considering
those global semiregular systems (see Section 1.2) with scalar elliptic prin-
cipal symbol such that there is not only a positively homogeneous of order
0 unitary matrix-valued function whose conjugation diagonalizes both the
principal and semiprincipal symbol, but also separation of the eigenvalues
for the semiprincipal symbol.

First of all, we will establish a result about the asymptotics of the spec-
tral Weyl spectral counting function of a class of semiregular globally elliptic
pseudodifferential N x N systems (of order 2) which is a subclass of the
SMGES class and contains the important model of Jaynes-Cummings that
describes the interaction of light and matter (see |57]). The class we con-
sider extends to a semiregular case (with scalar principal symbol) that of
Non-Commutative Harmonic Oscillators (NCHOs) introduced by Parmeg-
giani and Wakayama in [17, 18] (see also [15, 16]). Namely, while the pseu-
dodifferential class considered in [15] had a step —2j in the homogeneity of
the jth-term in the asymptotic expansion of the symbol, we consider here a
step —7. An example of such a scaling in homogeneity is, in fact, the sym-
bol of the Jaynes-Cummings Hamiltonian (we call semiregular this kind of
classical symbols).

In the scalar case, this kind of asymptotics for global operators was ini-

tially established by Chazarain 8] (in a semiclassical setting) and then gen-
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eralized by Shubin [58] (see also Hérmander [25]), and Helffer and Robert
[18] (see also [52] and Helffer’s book [20], and references therein), and, more
recently, made more precise by Doll, Gannot and Wunsch in [11] (see also
Doll and Zelditch [12] for a precise study of the singularities of the trace of
the Schrédinger propagator).

The asymptotics of the Weyl spectral counting function will be given in
terms of the symbol of the system, and, more precisely, in terms of the prin-
cipal part, the semiprincipal part and the subprincipal part (respectively, the
terms of order 2, 1 and 0 in the asymptotic expansion of the symbol). We
will show that one can blockwise diagonalize (through a decoupling theo-
rem) the system, so as to be able to implement the scalar results mentioned
above. This is, however, not straightforward, since we have to compose cer-
tain Fourier integral operators and ¢dos in the Weyl calculus keeping track
of the (matrix) symbols.

We will be retaining the notation relative to the Hormander-Weyl pseudod-
ifferential calculus (also in the semiclassical case) as in Parmeggiani [15] (see
also [12] and [16]).

Next, we will study the spectral zeta function associated to a second order
differential operator with polynomial coefficients (which contains the Jaynes-
Cummings and Rabi models). The spectral zeta function of an operator is
an import invariant of the point spectrum of an operator. In fact, when the
spectrum of a linear operator P : H — H (H being an Hilbert space) is

discrete, we can define the spectral zeta function of P as

Cp(s) = D> A7

A€Spec P

for any given complex number s for which it makes sense. In particular, if
P is an elliptic, self-adjoint and positive global pseudodifferential operator
of order > 0 on R", then s +— (p(s) is holomorphic for Res > 2n/u, since
there the defining series is absolutely convergent. Actually, to have more
precise information on the spectrum of P and since, as we will recall, the
spectral zeta function of the scalar (and fundamental) harmonic oscillator

is deeply connected with the Riemann zeta function: we want to extend it
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meromorphically. That is why we will state and prove a result of continuation
of the spectral zeta function to obtain a meromorphic function whose poles
are real and accumulate at —oo. Namely, we will give the continuation as
a linear combination of meromorphic functions modulo a function that is
holomorphic on a complex half-plane.

Once obtained fundamental properties on the asymptotics of the spec-
trum and behavior of its observables, we will provide a more precise prop-
erty of the spectrum of a subclass of the SMGES containing again the afore-
mentioned quantum optics models. Namely, we will determine a spectral
quasi-clustering result, that is, the concentration of the spectrum of a posi-
tive self-adjoint 1do within the union of certain intervals with centers on a
sequence determined through invariants of the symbol and width decreasing
as the centers go to infinity.

Finally, we will complete this thesis by stating and proving a refined
Weyl law for the Rabi model and a classical (two-coefficient) Weyl law for its
generalizations. It describes the interaction of a 2-level atom and one cavity-
mode electromagnetic field for a bigger class of quantum systems with respect
to the Jaynes-Cummings model. In fact, it provides a good description of the
quantum system even when the field is not near resonance with the atomic
transition and the coupling strength is not weak. Actually, it can be seen
as the model which leads to the Jaynes-Cummings model after the rotating
waves approximation, which is valid if the field is near resonance with the
atomic transition and the coupling strength is weak.

The plan of this thesis is the following. First of all we briefly recall in
Chapter 1 the concepts of NCHOs, of the class of semiregular symbols and
their main properties that we will be using in this work. We then define the
class of systems we will be concerned in the sequel.

In Chapter 2, we recall the Jaynes-Cummings model and its variants, to
encompass also atoms with several energy levels. We show that it is possible
to associate with such systems coming from physics, geometrical models re-
lated to complexes of vector-valued differential forms. This is interesting in
our opinion, for it shows that, very likely, higher Lie groups of symmetries

are allowed in the theory.
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In Chapter 3, we state and prove the decoupling theorem, which shows
that, for the class we consider here, it is possible to obtain a pseudodiffer-
ential block-reduction of the system. This is fundamental in the study of
a parametrix of the Schrodinger flow associated with our system, which, in
turn, is the basic object to study for obtaining the Weyl asymptotics we
are interested in. The decoupling theorem will be stated both in the semi-
classical case as well as in the semiregular case, and the proof will be given
in the semiclassical setting (in fact, it will be useful, for future projects, to
have also the semiclassical version). Since the subprincipal part enters the
picture, we discuss in Chapter 4 the transformation properties of the subprin-
cipal symbol of the system, along with its transformation law when changing
the “gauge” (that is, when changing the unitary symbol which diagonalizes
the semiprincipal part).

In Chapter 5 we investigate, for the sake of completeness, also the struc-
ture and the transformation laws of the semi-subprincipal symbol under dif-
ferent diagonalizers for the semiprincipal part.

In Chapter 6 we study conditions that are necessary and/or sufficient
for having that the X-ray transform R()\ff_l
semiprincipal part a,_; are Morse-Bott functions (see Proposition 6.2.1).

) of the eigenvalues )\ff_l of the

In Chapter 7 (Section 7.1), we will state and prove the Weyl asymptotic
results, the first one extending to our class of systems the asymptotics due
to Helffer and Robert [18], and the second one presenting a better error
term when the zero-set of the determinant of the semiprincipal part has
small dimension (see Theorems 7.1.7 and 7.1.8). The results are based on
the construction of a reduced propagator, following the approach of Doll,
Gannot and Wunsch [11], and it is here that the diagonalization theorem
plays a fundamental role. The extension to systems, however, is not for free,
for we have to control the conjugation of the Fourier integral operators (FIOs)
with quadratic phases by the pseudodifferential diagonalizers, without losing
the symbol-calculus properties. This point is very delicate and we follow
here the approach of Doll and Zelditch [12], having, however, to adapt it
to our case. Then, in Section 7.2, we shall show the resulting asymptotics

in the 2 x 2 Jaynes-Cummings system, and of a perturbation of the 3 x 3
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Jaynes-Cummings system and its 6 X 6 geometric counterpart.

In Chapter 8 we will give a meromorphic continuation of the spectral zeta
function for semiregular differential systems with polynomial coefficients. As
an application of our results, we first compute the meromorphic continuation
of the Jaynes-Cummings model (JC-model) spectral zeta function. Next,
we compute the spectral zeta function of the JC-model generalization to a
3-level atom and a 2 cavity-mode electromagnetic field. For both of them we
show that it has only one pole in s = 1.

In Chapter 9 we will provide a spectral quasi-clustering spectral estimate
for a subclass of the SMGES class. At first, we consider systems with prin-
cipal symbol given by the harmonic oscillator p,, semiprincipal symbol with
matrix invariants that are functions of the harmonic oscillator and subprin-
cipal symbol of its diagonalized which is constant on the bicharacteristics of
po. This is a relevant case, since the Jaynes-Cummings model and its gener-
alizations in Chapter 2.1 with «; = o for all k satisfy this property for all N.
Then, we extend the result to be able to include also the case with oy # ay
for some k # k.

Finally, in Chapter 10 we will study the asymptotics of the counting
function of the Rabi model and we will obtain a refined Weyl law for it
(since the Rabi Hamiltonian operator for a 2-level atom with one cavity-
mode of the electromagnetic field is a SMGES) and a (classical) two-term
Weyl law for its generalization to an N-levels atom (N > 3) with N — 1
cavity-modes of the electromagnetic field by a perturbation argument and

operator inequalities.
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Chapter 1

Mathematics and physics settings

In this chapter we provide the mathematical an physical prerequisites to de-
scribe and analyze the quantum optical Jaynes-Cummings model (JC-model)
and give a mathematical formulation of the spectral problems we are going
to treat.

More in detail, in Section 1.1 we introduce the class of the Non-Commutative
Harmonic Oscillators and in Section 1.2 the one of the semiregular symbols
and SMGES that will be central in the study that follows. Then, we present
and treat the JC-model from a mathematical and physical point of view in
Section 1.3.



2 1. Mathematics and physics settings

1.1 Non-Commutative Harmonic Oscillators
(NCHOs)

A Non-Commutative Harmonic Oscillator (NCHO) is the
Weyl-quantization a"(z, D) of an N x N system of the form

a(x,&) = as(x,&) +ag, (z,§) € R" xR" =T"R",

where ag(z,€) is an N x N matrix whose entries are homogeneous
polynomials of degree 2 in the (x, &) variables, and ag is a constant N x
N matrix. (These systems have been introduced by A. Parmeggiani
and M. Wakayama in [17, 18].)

It can also be said that an NCHO comes from the Weyl-quantization of a

matrix-valued quadratic form in (z,&) adding a constant matrix term.

Remark. A. Parmeggiani and M. Wakayama choose the name NCHO for
two main reasons:

— the fact that a scalar harmonic oscillator is a single quadratic form in

(x’ g)?’
— the two levels of non-commutativity that we have to deal with when
studying these systems: one due to the matriz-valued nature of the symbol of

the system, and the other to the Weyl-quantization rule

w1&j <> (vpDy; + Dy,wi) /2, (where D = —i0),
reflected through symplectic geometry by the Poisson-bracket relations

{&, 20} =05, 1<j,k<n.

Definition. A NCHO a“(x, D) is said to be elliptic when

as is a N x N matrix and det ay(z, ) behaves exactly like (|z|* + |¢*)V

for |(z,€)| large.
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When as and ag are Hermitian matrices, the operator o™ (x, D) is “form-
ally self-adjoint” (i.e. symmetric on #(R™;CY)). Moreover, if in addi-
tion a%(x, D) is positive elliptic (i.e. the matrix as(x,€) is positive def-
inite for (z,&) # (0,0)), then it is self-adjoint as an unbounded operator
A:D(A) C L*(RY;CN) — L2(R™;CN) with a discrete real spectrum, where

D(A) :={u € L*(R"); Au=a"(z,D)u c L*(R")} = B*(R"),

with B?(R") the Shubin space of order 2.

Remark 1.1.1. We note that, while scalar harmonic oscillators have been
deeply studied, very little has been investigated about the spectral properties
of selfadjoint elliptic systems, even in the basic case of NCHO:s.

The system written below is an especially important example of NCHO:

a(-Z+2) — (20, + 1
Qt (1, D) = ( 2 2) ( )

m@x—i-% 6(_%2+%2> , reR, apeC.
This is the Weyl-quantization of the matrix
Q@ (#) —1xé
Qap)(@,§) = it 8 (#) , (z,§) eRxR,

introduced by A Parmeggiani and M.Wakayama|17, 18]. When «, 5 > 0 with
af > 1, the system s positive elliptic, self-adjoint, and so it has a discrete
spectrum in L?(R; C?), and a very rich and remarkable structure.

It is worth remarking that in [18] the eigenvalues are described in terms
of a scalar three-term recurrence, that is, in terms of a continued fraction
(nevertheless, it is very difficult to get a direct and explicit expression of
them).

In addition we mention that when o = g > 1, Q‘(’Lm(:p,D) is unitarily
equivalent [17, 18] to a scalar harmonic oscillator times the identity 2 x 2
matrix. Hence, its spectral properties are governed by the tensor product of

the oscillator representation and the 2-dimensional trivial representation of
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slo(R) [24], i.e. one has matrix-valued creation/annihilation operators that
can be used to “construct” the spectrum.

Therefore, when «, 8 > 0 and a3 > 1, we have that szaﬂ)(a:, D) can be seen

as a matriz-valued deformation of the scalar harmonic oscillator. In the case

a # B and «, > 0 it was proved by Parmeggiani in [12] (Theorem 4.4, pp.
351-353) that QY 5 (z, D) does not admit creation/annihilation operators.

Finally, we remark that a motivation for investigating systems like Q[ 5, (z, D)

originates from PDEs, that is, from the study of a-priori lower bound estim-
ates, such as Melin’s or Hérmander’s or Fefferman-Phong’s, for pseudodiffer-

ential systems (see [39], and also [13, 44| and the references therein).

1.2 Semiregular symbols and our class

We give in this section the definition of semiregular symbols that we will be
considering in the sequel, their basic properties and then introduce the class
of systems we consider here.

In order to prepare the ground also to the study of extensions of this kind
of systems to more general classes of systems, we will be using the following
notation for the Hormander metric and admissible weight (see Hormander
[26]): with X = (z,§), Y = (y,n), etc., belonging to the phase-space R™ x
R™, and m(X) := (X) = (1 + |X|>)"/? the usual "Japanese bracket", we
consider the Hormander metric gx = |dX|?/m(X)?. Then, m is an admissible
function (and so is m* for any given p € R), and we may exploit the full
power of the Weyl-Hormander pseudodifferential calculus. We will also write
R2" for R™ x R™ \ {(0,0)}.

Definition 1.2.1. Let My denote the algebra of N x N complex matrices. A
symbol a € S(m*, g; My) is said to be classical (see Remark 3.2.4 of [15]) if it
possesses an asymptotic expansion ijo a,—o; in isotropic (i.e. positively ho-
mogenous and smooth outside the origin) terms a,_s; positively homogeneous
of degree p— 2j. We write a € Sq(m*, g; My).

We say that a € S(m*, g;My) is semireqular (see Remark 3.2.4 of [/5])
if a = a9 + aM, where a® € Sy(m#, g;My) and a'V € Sq(m*~t, g;My).
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We write a € Sgeg(m*, g; My). In other words, a symbol a is semireqular if
it possesses an asymptolic expansion ijo a,—; in 1sotropic terms, that is,
a,—; s positively homogeneous of degree (1 — j and smooth outside the origin,
Jj=0.

Equivalently, a matriz-symbol a of order u is semiregular if a = a® 4+ o,
where a® € Sy(m#, g;My) and a®) € Sy(m+F, g;:My). In such chase, we
write a € Sgeg(MH, g; M),

The terms a,, a,—1 and a,—o are called the principal symbol, the semiprin-
cipal symbol and the subprincipal symbol, respectively, of the operator a“ =
a“(xz,D).

More explicitly, a € Sgeg(m#, g; My) if and only if there exists a sequence
(au_j)j>0 C C=(R?>*;My) where a,_; is positively homogeneous of degree

i — 7 in X and, for an excision function Y,

N
a— Xzau—j € S(m“_(NH),g; My), VN E€Z,.

=0

As usual, in such case we write

a ~ E Qp—j-

>0

Now we are going to prove that a semiregular pseudodifferential system,
i.e. the Weyl-quantization of a symbol in Sg.es(m*, g; My), has a two-sided
parametrix if it is elliptic. One consequence of this result is that the un-
bounded operator defined by the pseudodifferential operator on its maximal
domain is self-adjoint and, if the domain is compactly embedded into L2,
with discrete spectrum which is semibounded from below when the main el-
liptical part is positive. According to Proposition 3.2.15 in [15], a preliminary
result to prove the existence of a two-sided parametrix is the following one

giving a symbol with prescribed WKB expansion.

Proposition 1.2.2. Let pu; ~\, —o0, t; > pjt1, j € N, be a monotone strictly

decreasing sequence of real numbers. Let a; € S(m*,g), j € N. Then, there
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erists a € S(m™, g) such that
Y
Jj=1

that is, for all r € N we have

a— Zaj e S(m' 1 g).

J=1

If another a’ has the same property, then a — a’ € . (R*™).

Proof. Let x be an excision function, namely, x € C*°(R?*"), 0 < x < 1, such
that x(X) =01if | X| < 1/2 and x(X) = 1if | X| > 1. In the first place, we
show that we can choose a monotone strictly increasing sequence of positive
numbers ; — +oo0, increasing so quickly as j — 400 that, for any given
j > 2 and for all @ € Z3" with |a| < 7,

0% (X(X/R;)a;(X))| < 27Im(X)rst1-lel, (1.2.1)
To see this, note that
0% (\(X/R))| < Com(X)7l for R > 1. (1.2.2)

In fact,
0% (X(X/R)) = RI(9%x)(X/R),

and
laf 2 1, X € supp(9xx)(-/R) = R/2 < |X| <R,

from which (1.2.2) follows, and shows that y(-/R) € S(1,¢) uniformly in
R > 1. Then, for all a € Z2",

0% (X(X/R)a;(X))| < Cjam(X)m71e, (1.2.3)
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if R > 1, whence
X(-/R)a; € S(m",g), jeN, R>L
Of course, this is seen also by noting that x(X/R)a;(X) = a;(X) for X large,

for
supp (x(-/R)a;) C {X € R*;|X| > R/2}, VjeN, (1.2.4)

Now, given any j > 1, if R > and |a| < j we have
0% (X(X/R)a;(X)] < max{Cjq} m(X sl = Cym(X) el (1.2.5)
On the other hand,
m(X>uj—\a| < 6m(X),U»j+1_|O‘"

where X is such that

—_

m(X) = (1+|XP)12 >
So, to satisfy (1.2.1), it suffices to choose ¢ = 1/(2/C}), and take
1+ R4 >2C;, j=>2
That is, it suffices to take
R; >2171Cy, j > 2.
Hence, we may choose
Ri=1, Rj=2"C;+ 1)+ Rj—1, j=>2.

Now, (1.2.4) and R;  +oo yield that the sum

a(X) =Y x(X/R))a;(X)

jz1
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is locally finite, hence a € C'"™°. On the other hand, given any r € N and any
o € 22", we may find N € N so large that |o] < N+ 1 and pyy1 +1 < .

Hence

o0

o (> X(X/Rj)aj(X))‘ (1:26)

0% (a(x) - inX/Rj)aj(X))' -

<2 N (X )Hr=lel (1.2.7)
(recall that p; > p;41 and p; — —oo). Therefore, by choosing r = 1 we
obtain that for any given a € Z2" (with N large depending on « as above)
N N
Oa(X) = 0% (a(X) = 32X/ Rp)as (X)) + 0% (D2 X(X/Ry)ay (),
7=1

j=1
whence, by (1.2.3) and (1.2.6),
N
o 1 m—lal N i—lad
0% a(X)] < grm(X) 7+ Cram(X)i < Cam(X)1,
that is, a € S(m/", g).
On the other hand, we also obtain from (1.2.6) that for any given r € N

and any given o € Z3" with N > r + 1 so large depending on « and r that
la] < N +1and pyi +1 < ppy,

<8§2a Z a;( >

( iXX/R Ja;( ))‘

3

J=1

05 (1= X(X/Ry))a; (X))

X (X(X/Rj)aj(X))’

j=r+1
Sca,'l‘m<X)ur+1_|a‘
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for we have

(1_X<'/Rj))aj € S(m—oo7g)7 vj €N>

and
X(-/Rj)a; € S(m" ™+, g), Vj>r+1.

This shows that a ~ 3. a;.
Finally, if @’ € S(m#*, g) has this last property, then, for all r € N,

T T

a—ad = (a—Zaj> — (a’—Zaj> € S(mh . g),

Jj=1 Jj=1

that is, a — a’ € S(m~*>,g) = (R*"), which concludes the proof.

Moreover, we give a notion of ellipticity for systems.
Definition 1.2.3. A symbol a € Sgeq(m*, g; My ) is said to be globally elliptic
when its principal part a, satisfies
|det(a, (X)) = | X|"N, VX e R?",
When a is globally elliptic, we will say that the corresponding v¥do a%(x, D)
s globally elliptic.

Now, we are ready to prove the existence of a two-sided parametrix for

an elliptic semiregular pseudodifferential system.

Theorem 1.2.4. Let A € Syeg(mt, g; M) be elliptic. Then, there exists
B € Sgeg(m™, g; My) such that

A"BY =1+ R, BYAY =T+ R/,

where R, S are smoothing operators and I :=id ® Iy.

Proof. In the first place, it suffices to see that BYAY = I + R and AYBY =
I+ R, for some B and B. In fact, we then have

BYAYBY = BY(I + R) = (I + R)B",
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that is, BY = BY + (RBY — B¥R) and RB" — B"R is smoothing. We hence
prove that we may find BY as in the statement, such that BYAY =1 + R
(i.e. BY is a left-parametrix). The construction of a right-parametrix is
completely analogous.

Let x be an excision function. Let

b—ﬂ = 1 € Ssreg(m_uag; MN)
Ay,
Then
oY AV =1 + 17,

where 71 € Sgeg(m ™, g; My). We hence “Neumann-invert” I+ r} as follows.

For any given N € Z, we have

(Z(—TXV)J) oLAY =1 — (—r¥)N+,

J=0

If we denote by ri”) the symbol of (r¥)7, that is, r\” = 1, and ri¥) =
ri# ...#r1, where # denotes the symbol composition, then by the sym-
Ht./_/

j times

bol calculus (see also Proposition 3.2.15 of [15]) there is a symbol s €

N

Sereg(1, g; My ) such that s ~ Z(—l)jrgj). Hence, sV0¥ AV = I + R with R
§=0

smoothing. We conclude the proof by setting B := s#b_,.

O
Comment on the notation. Helffer in [20] and the authors of [I1] and
of [12] use Iy for the set of semiregular symbols. We decided to adopt our

notation Sy, because the natural homogeneity of the Poisson bracket of ho-
mogeneous symbols is the sum of the orders minus 2. Whence, it is natural
in the global calculus to call “regular” those symbols whose asymptotic ex-
pansion is made of homogeneous symbols for which the j-th term has order
it — 27 where g is the order of the principal term. This is indeed parallel to
the use of “semiregular” appearing in the paper by Boutet De Monvel on the

hypoellipticity of the O operator.
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Remark 1.2.5. It is clear that composition of semireqular symbols yields a

semireqular symbol.

Of course, when the symbol a € S(m*, g; My) is Hermitian, then the cor-
responding pseudodifferential operator a%(z, D), obtained by Weyl-quantizing
a(X), is formally self-adjoint. We write U(m#, g; My), respectively Wge.(m*, g; My ),
for the 1)dos obtained by Weyl-quantization of symbols in S(m*, g; My), resp.
Ssreg(m'', g; My).

As usual, for A, B > 0, we write A < B when there is C' > 0 such that
A < OB, and write A = B when there are C,C’" > 0 such that CA < B <
C'A.

When g > 0 and a = a* € Sgeg(m*, g; My) is globally elliptic (hence,
a;,_; = a,—j for all 7 > 0 and a, is globally elliptic), the existence of a
(semiregular) two-sided parametrix yields that a%(x, D), realized as an un-
bounded operator on L?(R"; C") with maximal domain the Shubin Sobolev
space BH(R™; CN) (see [8], or [20] or |41]), is self-adjoint with a discrete
spectrum. When furthermore a,, > 0 (as a Hermitian matrix), then a“(z, D)
is semibounded and hence has a spectrum bounded from below.

We are now in the position to introduce the class of systems we are

interested in.

Definition 1.2.6. We say that an N x N symbol a € Sgeg(m*, g;My) is a
semiregular metric globally elliptic system (SMGES for short) of order

[, when
a(X) = a(X)" = pu(X) In+a,-1(X)+au-2(X)+Sgeg ("2, g;My), X #0,

where:

® p, € C’OO(RQ";R) s positively homogeneous of degree p and such that
| X|* ~ pu(X) for all X # 0;

® a, 1 = aj,_; is such that there exists v > 1 and e € C>=(R?"; My)

unitary and positively homogeneous of degree O such that

eo(X) ay—1(X)eo(X) = diag(Ay1;(X)In;1<j<7r), X #0
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where N = Ny + Ny + ...+ N, and \,_1; € COO(RQ”; R) are positively

homogeneous of degree u — 1 and such that

j <k—=— /\#_1’]'(X> < )\,u—l,k(X); vX 7é 0.

1.3 The Jaynes-Cummings model

The JC-model is a fully solvable quantum mechanical model of an atom in a
field. The JC-model, introduced in 1963 [1], has served as a theoretical de-
scription of the light-matter interaction and has continued to fulfil in unanti-
cipated ways the objectives of its originators, making it possible to examine
the basic properties of quantum electrodynamics. The relative simplicity of
the JC-model and the ease with which it can be extended through analytic

expressions or numerical computations continue to motivate attention.

More in detail, the JC-model was first introduced to study the classical
aspects of spontaneous emission (SE) and to reveal the existence of Rabi
oscillations'in atomic excitation probabilities for fields with sharply defined
energy (or photon number). In case of fields with a statistical distribution of
photon numbers, the oscillations collapse to an expected steady value. In the
original formulation [1], the Jaynes-Cummings model (JC-model) considered
a single two-state atom (molecule) interacting with a single near-
resonant quantized cavity mode of the electromagnetic field (Fig. 1).
Thus, it can be stated that:

If light interacts with a two-level system (e.g. an atom or ion with a ground state and
an excited state), this can lead to a periodic exchange of energy between the light field
and the two-level system. These oscillations are called Rabi oscillations (with reference
to the Nobel Prize winner Isidor Isaac Rabi). They are associated with oscillations of
the quantum mechanical expectation values of level populations and photon numbers.
They can be interpreted as a periodic change between absorption and stimulated emission
of photons. A competing process, which can prevent these oscillations, is spontaneous
emission.
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The Jaynes-Cummings model consists of a single two-level atom coupled to
a quantized single-mode field, represented as a harmonic oscillator (HO).
The coupling between atom and field is characterized by a Rabi frequency

Q1. Loss of excitation in the atom appears as a gain in excitation of the

oscillator.

Atom Field

Fig. 1

In 1980 it was found that, under appropriate initial conditions (e.g. a
near-classical field), the Rabi oscillations would eventually revive, only to
collapse and revive repeatedly in a complicated pattern. Indeed, in JC-
model analytic solutions these revivals are present. Their existence provided
proof of the truly quantum nature of radiation, as it gave direct evidence for

discreteness of field excitation (photons).

Further non-classical properties of the JC-model field, such as a tendency
of the photons to antibunch (see Section 1.3.1.1), was revealed by subsequent

studies.

In the early 90s it has been discovered the existence of the atom and field
in a macroscopic superposition state (a Schrodinger cat) during the quiescent
intervals of collapsed Rabi oscillations. This provided the opportunity to
use the JC-model to enlighten the basic properties of quantum correlation
(entanglement) and, indeed, to investigate in further depth the relationship

between classical and quantum physics.

As reported in [57], during the years there has arisen a strong scientific

effort aimed at exploiting and extending the JC-model. A first significant
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motivation of this great interest lies in the discovery of many relevant prop-
erties of the model, dealing with the possibility of finding solutions (often
exact) to fundamental models of a quantum theory of interacting fields and
atoms. A second notable motivation stays in the considerable advance in
cavity quantum electrodynamics (QED) experiments involving single atoms
(usually Rydberg atoms) within single-mode cavities (the micromaser). As
a matter of fact, through this the theory has turned from an academic curi-
osity into a testable enterprise. All the reasons mentioned above, combined
with a considerable ease of computational implementation, are at the bases
of the still alive strong interest in extension and generalization of the original

formulation of the Jaynes-Cummings model.

The JC-model Hamailtonian operator is:

N A A h A A
H = hwdTCAL + E1511 + EQSQQ + 591(6“512 + dSQl) (131)

where:
e w is the frequency of the mono-modal field,
e [} is the energy of the atomic state iy,
e (2 is the atom-field coupling constant,

. gjk is a transition operator acting on atomic states (Section 1.3.2.2).

Now, we introduce some notions that constitute the basis of the theor-
etical foundation for the JC-model (Section 1.3.1): the harmonic oscillator
(bosonic states), the two-level system (fermionic states), coherent coupling.

Then, we present the mathematical formulation of the JC-model building
the Hamiltonian (Section 1.3.2).

1.3.1 JC-model theoretical foundation

In this section we introduce some basic concepts that we will follow in the
rest of our work: the quantum harmonic oscillator (HO), the two-level system
(2LS), coherent coupling.

The approach in Subsection 1.3.1.1 will be based on the works [50, 10], while
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the one in Subsections 1.3.1.2 and 1.3.1.3 will be based on the work [10].

1.3.1.1 Harmonic Oscillator (HO) - Bosonic states

Light-matter interaction can be satisfactorily described through the semi-
classical approach. Nevertheless, not all important effects can be explained
by such approach. For instance, that is not possible for emission of excited
atom, despite it lies in the fundamentals of many physical systems. For un-
derstanding this and other purely quantum effects, it is necessary to quantize
the field, which requires introducing photons, that is, a quantum of electro-

magnetic field.

» The Hamiltonian of a bosonic quantum field as a sum of HOs
In this section we present a first step in the direction of electromagnetic
field quantization. Namely, we show that, starting from the wave nature
of electromagnetic field, its Hamiltonian can be represented as a sum of
harmonic oscillators energies.
Let us recall that, in the absence of charges and currents, the Mazwell

equations in vacuum have the form

rotE:—%a%,

rotﬂzig,

W E 0 (1.3.2)
ivE =0,

divH =

We will deal with the vector potential A, which can be defined as follows:

H =rot A, (1.3.3)
10A

E=— -~ _ 1.3.4

E o Ve (1.3.4)

where ¢ is the scalar electric potential, that is, a smooth function which could

be smoothly extended to the whole space R? for any fixed time ¢ > 0.
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Note that the vector and scalar potential can be defined in non-unique
way up to the gradient of an arbitrary real function and time derivative of
the same function, often called gauge freedom. We eliminate this uncertainty

in A and ¢ by applying an additional restriction (Lorentz gauge):
div A = 0. (1.3.5)

Now, by replacing the electric field expression into the second equation
of (1.3.2), we have

10°A  1_0p
and, since
rot rot A = graddiv A —divgrad A = —A A, (1.3.7)

we get the Helmholtz equation for the vector potential:

10°A  1_0p
AA—-———5=-V—. 1.3.8
2 Ot? c Ot ( )
Through applying the divergence operation to both sides of (1.3.4), we obtain

the equation for the scalar potential:

i —_10 ' _ —
divE =—-2 divA Ap = Ap=0. (1.3.9)
=0 by (1.3.2) =0 by (1.3.5)

Hence, ¢ is an harmonic function satisfying periodic boundary conditions
which could be smoothly extended to R? for any fixed time ¢ > 0. Therefore,

@ is constant, which means that
Ve =0. (1.3.10)

Thus, in a free space, we can simplify the conditions for A into

82A
AA_C%at2_O7 ( 3 )
1V .
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Now, having set the equation for the vector potential, we can determine
its solution for a very simple, yet very important, case. Let us consider a
cube box with edge length L, with periodic boundary conditions and take a
wave with wave vector k. Such a box can figure a free space when L — oo.

We may write the solution of (1.3.11) as a sum of all eigensolutions, which
are the plane waves in Cartesian system. Considering periodic boundary and
calling r the position vector in the box, we get the following expression for

the solution

K
4 2Ny
Alrt) =Y e™PAl), k= |k |, k="t na €L a=a,y.z
k
k.

(1.3.12)
where:
— the vector potential A(r,t) is real valued and this provides the condi-

tion

Ak(t) = A_k(t); (1313)

— defining

ko=k[, wx=ck=cy/kZ+kZ+Fk2

the temporal dependence of the vector potential is described, thanks

to condition (1.3.13), by two oscillating terms

Ax(t) = Ay (e ey + e™*'eZx),  where Ay €R; (1.3.14)

— the Lorentz gauge leads to the fact that the waves are transverse, that
is
divA=0 < Y (kA1) ™ =0 < (k Ag(t)) =0.
k
(1.3.15)

Since, by Maxwell equations, there are two independent polarizations, we

introduce two transverse polarization vectors ey, exo. Note that the three
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vectors (ex:; exo; k/k) form a right-handed orthonormal basis which implies®:

<k, eks> = 0,
e X e = k/k,  where 5,5 € {1,2}. (1.3.16)

<ek87 eks’> - 555’ .

In addition, for suitably chosen terms ¢y, we have

Ckx = chseks, (1317)
k

since Ak(t) is a plane wave with wave vector k.

Therefore, we can rewrite the decomposition of A as follows

A(r,t) = Z Akei<k’r>(6_i“’ktckseks + MR B e k) (1.3.18)

k,s

= Z Apetorleminte, o 4 Z A, e glnte—— g — (1.3.19)
k,s k,s

= Z Akei<k’r>6_iwktckseks+z Aye 1 kr) vkl — g (1.3.20)

(1.3.14) ks ks

_ A i(k,r) —i(k,r) 1\

= > A uy(ter, + e Uies (1) €5s), (1.3.21)
k,s

where uy,(t) = e “kley,.

Now we can write the fields E and H as follows

10A ' ~ . ,
2= Z Akwk(el<k’r>uks(t>eks - €_l<k’r>uks(t)eks), (1.3.22)
k,s

cot ¢

2In this work the notations (-, -) and - x - stand, respectively, for the scalar product and
the vector product for complex valued vectors. Moreover, denoting by (-,-)p and - xg -,
respectively, the scalar product and the vector product for real valued vectors, one has
that

<V7W> = <V7W>R7

VXW=V XRW.
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H=rotA =i Z A (% up (H)[k X exs] — e Sy (1) [k X exs]). (1.3.23)

k,s

This plane-wave expansion let us get a simple picture of the electromag-

netic field as an ensemble of oscillators.

Moreover, it is very explanatory and relevant to consider the energy of

electromagnetic field inside the box, which is

1
H = o /(||H||2 + |E||?) dV. (1.3.24)

This can be further simplified by using a pair of important relations:

— the first is the orthogonality of the modes, that is
/ ) gy = 135, (1.3.25)
3
feature that makes the terms
AkAk/wkwer(t)uk/S(t)ukfs(t)ei<k,7k’r> (exs,ey,) k # K

vanishing;

— the second is
<ek57eks/> —= (5 ’oy (1326)

SS

which implies

<k X eks>k X e_ks> = <k7 k> <ek57 eks/> - kz(sss"

Hence, we have

L3 -2 | wi
A =3 A | FluOF + K w0 | (1.3.27)
7 ko ;/_/ N——

from ||H||?
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Then, since k? = ‘2—52‘ is true for each mode, one can write
= S A1) (1.3.28)
= — Uu s > ..
27 o k )

which shows that the electric and magnetic counterparts give equal contribu-

tion to the total electromagnetic energy.

Now let us split the real and imaginary parts of the mode amplitude

|ugs(t)| by introducing the new variables

qks(t) = uks(t) + uks<t)u (1329)
Dis(t) = —twi (ks (t) — uks(t)). (1.3.30)

It is clear that
s (1) = 51 (1) — 5 Ps(t) = s (D) = 17 (Pres(£)? + wiiues (£)?)

Moreover, substituting this last relation in (1.3.28), one gets the following

expression for the energy

I3 5 2 2 2
# =23 A (p‘“ | it (1) ) . (1.3.31)

42 - 2 2

,S

Finally, assuming Ay = +/47c2/L3, we obtain the following important

result

2 2 2
Prs” | Wilks(?
H = (“2 + k';()), (1.3.32)

k,s

which, indeed, represents the Hamiltonian of the electromagnetic field as
a sum of harmonic oscillators energies, as stated at the beginning of this

section.



1.3 The Jaynes-Cummings model 21

» Harmonic Oscillator (HO)

The quantum harmonic oscillator (HO) is the most fitting repres-
entation of field excitations: it consists in the ceaseless possibility to create
particles through a creation (or ladder) operator a', that means that it is the

perfect match for bosons:

bosons are particles, quasi-particles or composite particles that have

an integer total spin and are allowed to occupy the same state.

HO ezactly models the electromagnetic field, composed of photons.

Let us have a look at the basic properties of the HO and its possible
realizations. We remark that in this section we focus on a singe mode of the

electromagnetic field.

To start with, the 1-PARTICLE STATE is simply defined as the application

of a creation operator a' on the vacuum,
1) = a'|o),

and lies in the Hilbert space L? and the m-PARTICLE STATE (or FOCk

STATE) is obtained through recursive creations

atyn
my = ()

=77 10), (1.3.33)

where 1/ v/nl is a normalization prefactor depending on the state of the field.
It must be remarked that(|n)), .y provides an orthonormal basis of the Hil-

bert space of the photons states. From a mathematical point of view.

The Hermitian conjugate a of a' annihilates a particle, hence these oper-

ators act on the number states |n) (with n particles, n an integer), as:

aln) =+vnn—1), (1.3.34)
a'ln) =vn+1|n+1), (1.3.35)
ata|n) =n|n). (1.3.36)

The composition a'a is named number operator.
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Hence, the most compact expression of Hamiltonian operator of a

free, single-mode, field is

H, = hw,a'a, (1.3.37)

where w, is the frequency of the monomodal field.

Remark. Comparing equation (1.3.37) with equation (1.3.1), it follows that
(1.8.37) is the first term in the right-hand side of (1.3.1).

We deal here with the Schridinger picture, where states carry the temporal
dynamics and operators are time-independent®. In this description, from the

commutation rules of bosons
[a,a"] =1

additional relations result, as the ones concerning the operators normal or-

dering (for which the moving of all creation operators to the left is needed):

aa™ = a'"a + na™! (1.3.38)
" patt (1.3.39)

To deeper analyse HO interesting states, one can think of an ideal detector

absorbing field particles of all frequencies one by one.

Remark. With “absorption” we mean removing one particle from the initial
field state |i) to get the final state a|i).

As outlined by Glauber |11] (1963), the probability per unit time of ab-
sorbing a particle regardless of the final state |f), is given by

Probability(1) = Y _ |(flalé)[*, (1.3.40)
f

3Heisenberg picture, where operators (and not states) evolve with time, is more suitable
when we deal with two-time correlations.



1.3 The Jaynes-Cummings model 23

which, under the assumption that the final states forms a complete system,

is equal to the mean number of particles
(na) = (i]a'al i),

as
[(Flala)l” = (ila’

Summing over f we get the result and obtain that the probability of counting

a particle per unit of time is proportional to the intensity of the field.

This idea can be generalized to the probability of counting M photons at the

same time getting the following relation

Probability(M) = > [( fla™]i)|” = (i]a"™aM|d) . (1.3.41)
f

This enlightens the importance of normal ordering and how it is related
to observable quantities when photon counting experiments are performed.
Among these the most celebrated one is the two-particle coincidence exper-
iment developed by Hanbury Brown and Twiss [I7] with photons: taken
at zero delay with photons, the two photons detection probability gives in-
formation about the statistics of the particle number distribution, that is an
outstanding property of the quantum state of the field. As a matter of fact,
a broadly considered quantity is the degree of second-order coherence

(or second-order correlation function at zero delay)

2) _ <6<LT&T_5>L§L>, (1.3.42)

This is related to the variance (or second cumulant) And = ((n, — <na>)2>

of the particles distribution:

(1.3.43)
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In general, the degree of M -order coherence can be written as

(M) _ <dTMdZ> _ (na(na —1)(na — 2>}»}‘ (o = M+1)) (1.3.44)
(ata) (a)

9

The Fock state already introduced has a completely determined zero vari-

ance around the mean number of particles n. This turns into

=

@ B n=1
g9 =1-1/n=
,  n = 2 (corresponding to a two-photon observable),

N |—

from which it follows that ¢ is always below 1:
g(2) < 1.

This property of g is linked to some kind of quantum behaviour (i.e. anti-

bunching).

Remark. Note that |n) is a very “quantum” stale, in the sense that each
quantum counts: the change in number results some strong effect, contrary
to what happens in a classical continuous field, where a photon would be a
minemal contribution, whose subtraction or addition has no impact, as we

will see soon.

In the case of detection of one photon from an initial state |i) = [1), no
further photon can be expected as it gets projected into vacuum |f) = |0)
when measuring the first. With reference to the number states, as photons
are detected the probability of emission decreases: at high numbers, one
particle less or more does not result in a relevant difference (n ~ n + 1).
At this point a classical description and insights of the state starts to be
effective, since ¢ tends to 1. One can find similar behaviour for higher
orders of coherence

m n!
g — Ty (1.3.45)

The probability of p particles present in the field can be stated as a Kronecker
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delta
‘@p = |(p|n>|2 = Onp-

The COHERENT STATE |c), determined for the first time in 1926 by
Schrodinger, but fully developed in its quantum optical context in 1963 by
Glauber [15], is another interesting state. It has the peculiarity of being the

eigenstate of the annihilator operator a:

ala) =ala), (1.3.46)

with complex number eigenvalue

a = |ale™.

Equation (1.3.46) shows that
the removed particle does not change the coherent state.

This is a basically classical property, where all detections are statistically
independent, and it is in harsh contrast to the case of the number state. It
follows that for the classical monochromatic wave the coherent state provide
a good quantum description.

Let us take one mode of a transversal free electromagnetic field as an
illustrative example of this point. The electric field operator E is composed
of photons (bosons) and, at some point in space, one can write it (omitting

constants) as a sum of two contributes

1 ) .
E=E® 4+ FEC) = §(ae-W + afeet). (1.3.47)

This can be also regarded as the expression of a general bosonic field. The
expectation value of the electric field, the intensity operator and the field

variance in a coherent state, respectively, are

(E) = (a|E|a) = |a] cos(w,t — ¢), (1.3.48)
(E?) = (a|E®|a) = (B)* + i, (1.3.49)
AE? = (E*) — (E)* = i. (1.3.50)

This mainly states that
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the quantum fluctuations of the field AE are independent of its
intensity (E) and become negligible at large ||, since the amp-

litude of oscillations of (E) becomes really bigger than AE?.

In this regime the coherent state can be considered a classical wave.

However, in the case of number states the situation is deeply different:

(E) =0, (1.3.51)
<E2> = ; ; +n), (1.3.52)
= (E?), (1.3.53)

since one has no electric mean field but quantum fluctuations.
In a coherent state, the variance of the particle number distribution is

equal to the mean number
(ng) = An2 = |a|?. (1.3.54)

Indeed, at all orders all cumulants of the distribution converge to this value

and the state is coherent (in Glauber’s sense):
g™ =1, for all M.

This can be verified by obtaining the explicit expression of the coherent state

in terms of number states, namely

o) = e ' /QZ \/_ In), (1.3.55)

and, through the analysis of the distribution of the particle number, we obtain

2, = I(pla)? = et 2 (1.3.56)

which is a Poissonian distribution (see Fig. 2). If ¢ < 1, as in the case of
the number state, the distribution is called subpoissonian, while if ¢® > 1,

the distribution is named superpoissonian.
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I n=1
goz h=10 s
oL .—,FLJHHHHHHHHHHH;LJ; e,

Number of photons

Fig. 2: The Probability distribution of photons in the coherent
states for different average number of photons n, by [50].

Note that |n) and |a) are completely described by a wavefunction (one
ket): this kind of states are known as PURE STATES. They provide a good
description for a field in some limit cases where it has good isolation from the
environment, and it experiences only coherent dynamics given by a Hamilto-

nian. For instance, a wavefunction
|€7zwata>

always completely determines the evolution of |a) through the free Hamilto-
nian (1.3.37) (a phase rotation in its complex parameter).
In general, anyway, we should consider the contamination of this dynamics

imputable to the field as it is hopelessly in contact with the external world.

Remark. Ideally, one could take into account a more complete Hamiltonian,
inclusive of the sum of all processes affecting the field a, to model the totality
of possible interactions with the environment. Obuviously, this task would
be impossible (implying the modelling of the whole universe ...), extremely
difficult even in case of strong approximations. It is neither possible nor
willing to take into account all the degrees of freedom which affect the field.
Such a low level of interest in the outside world outcomes in decoherence for

our system.
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In the previous example of a coherent state evolution, the field states
can be thought of as influenced by an incoherent process that ceases their
coherent free evolution (e.g. a measuring process that randomizes its phase).
Actually, concerning this process we are interested only in preserving its effect
on our system, that means the rate at which the perturbation occurs. After
some time t., when the probability that a first event has happened is &2,

the state of the system is no longer given by
‘e_i”“tea> .

What is known is only that the state of the system is

le”™@aleq)  with probability 1 — ., (1.357)

o) with probability ..
Hence, a mizture of two wavefunctions is required instead of only one as
for the pure state. According to this idea, the dynamics of the system can
be seen as a sequence of coherent periods and incoherent random (from our
"physiological" ignorant perspective) events, that drive the wavefunction into
a given state. These are the quantum jumps. It may be guessed that, after
a while and a mixture of quantum trajectories, one completely loses track of
the state phase. The meaning of this is that the steady state (SS) of this
system is supposed to be a mizture of coherent states with equal probability

for all possible phases. Explicitly,
P(¢)d¢ = 1/(2m).

This situation, and the most general description of the state of the system,
can be consistently expressed by the use of the density matrixz operator
p. As a rule, the density matrix can always be diagonalized as a linear

superposition of projectors?,

YA rank 1 projector is an operator such as |¥) (¥|, that, when applied to |€), gives back
the state |¥) with its weight in |£). This is zero if |€) and |¥) are orthogonal.
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p= Z P |0 (] (1.3.58)

where {Z;} stand for the probabilities for the field to be in the states of a
given basis {|¥;)} in the Hilbert space.
The PURE STATE is a particular case where
o p=[W) (¥,
e all eigenvalues of p are zero except one () =1 and &4 =0).

In this case, it easily follows that
p* = p
Conversely, a MIXED STATE is characterized by
P’ #p = Tr(p?) <Tr(p) = 1.

These properties do not depend on the choice of base. The same is true for
other properties such as Tr(p) = 1 (normalization) or p = p' (Hermiticity).

Considering any basis other than the one of the eigenstates, the off-diagonal
elements of p give an account of the interplay or coherence between each pair
of pure states. For instance, all off-diagonal terms of the density matrix of a

coherent state

= |a) (o] = eI’ Z m (n) (1.3.59)

are in the number state basis. On the other hand, in the case above of
a mixture of coherent states with a random phase (see (1.3.57)), we can

construct the SS density matrix as follows:

2w 1
Pl :/o — ‘|a|e’¢> {|ale| dg. (1.3.60)

Now, applying (1.3.59) to |||’ {|a]e’|, we have

+mpi(n m)¢

[lalei®) (|ale®| = e~lol* 3 ‘O‘lnm im) (n] .

m,n
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Therefore, since fo% =My = 276, ,, , We get
f=e ey Jaf™ n) (n] (1.3.61)

Note that in each basis we can see two aspects of the decoherence that the
coherent state of (1.3.59) has suffered.

— In the first basis, the most direct consequence of the phase randomiza-
tion results in the lack of off-diagonal elements between states with different
phases.

— The second basis of number states shows that the particle number
distribution is still Poissonian but also that the off-diagonal elements between
number states have become zero. As it is the case for any mixture diagonal

in the number state basis, the average of the field is zero, that is

and its intensity is time independent,

() -

It can be noted that these results are closer to those of a number state (1.3.51)

(= + (na). (1.3.62)

N =
N| —

than of a coherent state (1.3.48). Anyway, the state still results coherent at
all orders.

Finally, the THERMAL MIXTURE is a further important state to discuss:
the bosonic excitations (the particles of the field) of this state are thermally
spread among the energy levels.

In this state, given a mode w,, the density matriz can be derived from the

Bose-FEinstein statistics as

__H _hwaaTa
e FBT e kT
a —
Pth = H - hwq ) (1'3'63)

where:

e kp is the Boltzmann constant,
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e the denominator is the partition function.
In addition, the thermal density matrix is diagonal in the number basis

a <na>n n (n
= X g ) (1369

(na))"""
and the average occupation is the Bose-FEinstein distribution

(na) = % (1.3.65)

eksT — 1

M. Planck suggested this formula in 1900 to match the experiments on
blackbody radiation. Later, Bose derived it from a statistical argument for
photons, requiring only the particles to be indistinguishable. Indeed, as the
system is in thermal equilibrium with a bosonic bath, their average occupa-

tion at the frequency w, are the same:

(ng) = fir. (1.3.66)

Remark. Indeed in the basic picture, analysed in this section, also matter
excitations, such as excitons in semiconductors (that are composite bosons
in the regime agd < 1, where ag denotes the exciton Bohr radius and d
the density of excitons), can be well described. In fact, in very low density
case their energy levels are far from saturation and one can neglect the Pauli
effects due to the fermionic components (electrons and holes). How to deal
with matter excitations in presence of important fermionic effects is shown

m next section.

1.3.1.2 Two-Level System (2LS) - Fermionic states

HO cannot describe excitons in all regimes. If density is high enough to push
together multiple electrons or holes in the same state, the Pauli Fxclusion

Principle comes into play. It is then the perfect match for fermions.
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Fermions are particles or composite particles that follow Fermi—
Dirac statistics, so they obey the Pauli exclusion principle, and gen-
erally have half odd integer spin (1/2, 3/2, etc.).

In these cases, the system can only populate a finite number of levels with a
maximum of one excitation. The most appropriate description is in terms of

the projector operators (see footnote 4 on p. 29)

[9i) (il (1.3.67)

for each level (with corresponding energy FE;) and their ladder counterparts,

Sji = |v) (Wil , (1.3.68)

the raising (if £; < Ej;) and lowering (if E; > E}) operators. Relation (1.3.68)
describes the promotion from state i to j # i by the creation of a matter
field excitation, similarly to the action of a' in case of bosonic field. The

difference is mainly that, since only one excitation is allowed in each level,

Sji cannot be applied twice 5

(Wils) = 0y (1.3.69)
For these levels the free Hamiltonian operator is simply

F[levels = ZEZ |77ZJ2> <1/JZ| : (1370)

Counsider

— two of these levels with an energy difference

hwel - EQ - El) (1371)

5Operator a' had implicit in its expression

0" => " Vn+1ln+1)(n]

the possibility of being repeatedly applicable.
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— operators of creation and annihilation Sy and 312, respectively.

This two-level system (2LS) covers the Fermi statistics in the similar
way as the HO covers Bose statistics. Together, they not only describe a
great deal of physical situations but also, most relevantly, they constitute
the reference model for the study of light-matter interaction. For our work,
the 2LS provides a good approximation for an exciton in a small quantum
dot. The two levels involved are:

— the ground state |11), in the absence of an exciton,

— the excited state |1)9) = S Y1), in presence of an exciton.

The S'ij—operators

So1 = [ta) (1], S12 = |th1) (Wl , S21S12 = |tha) (o] , S128e1 = [t1) (1]
(1.3.72)

can be writtem in terms of the pseudo-spin operators or Pauli matrices,

01,02,03:
01 2312 + g21; (1.3.73)
03 =i(S12 — Sa1), (1.3.74)
03 =521512 — S129 = [5”21, 5*12} ; (1.3.75)

used in case of 1/2-spin dynamics.

Remark. The fermionic properties of the 2LS algebra are summarised by

anti-commutation rule

[Sm,Su} — L. (1.3.76)

The Hamiltonian operator in equation (1.3.70) can be written as

Hy = hwe 89151 = hwaSe. (1.3.77)
——

=:899

Remark. Actually, condition (1.3.71) is equivalent to assuming 0 the enerqy
of ground state and hw,; the energy of the excited state, i.e considering E1 = 0
and Ey = hwe. By (1.3.70), equation (1.3.77) comes from the general form
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Of [:[el
Hy=E, S;1 +E5Sy, (1.3.78)
~
:=512521

Hence comparing equation (1.3.78) with equation (1.3.1), it follows that (1.3.77)
is the second and third term in the right-hand side of (1.5.1).

A GENERAL STATE, namely a quantum state that can also be non-pure,
is described by the 2-dimensional density matrix that is is characterized by

two numbers:
— the excitation probability, which is also the average occupation
P = <5’21S12> = <nel>;
— the coherence between the two levels, pSh.

This matrix is

o _ 1— <nel> pil2
P _< i (nel>>. (1.3.79)

For a PURE STATE of the form

\/ 1 — <nel> |¢l> ‘|’ €i¢1\/ <nel> |¢2> )

we have

099 = v/ (na) (1 — (ng))e ™.

Conversely, for a system in THERMAL EQUILIBRIUM with some bath at
temperature T, we have a thermal mixture as it was the case with bosons.
Now, to computing the density matrix of equation (1.3.63), the Fermi-Dirac

statistics should be considered:

_ hwe 891812
kgT
el €
pth - 7ﬁwel

1+e *B7

= (L= (na)) [¥1) Wn] + (ner) [2) (Wa], (1.3.80)

where (ng) is the Fermi-Dirac distribution
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(1.3.81)

Remark. For infinite temperature, the maximum value that this probability
can take is 1/2.

1.3.1.3 Coherent Coupling

The processes that can be written as a Hamiltonian operator H (al-

ways Hermitian) and included in the Schriodinger equation

% _ % 05| (1.3.82)

are called coherent processes.

The free evolution of the bosonic and fermionic fields has already been present
in equations (1.3.37) and (1.3.77). In the same point of space two fields a

and b can interact linearly with a Hamiltonian operator that has the form

H,y = g(alb + abl). (1.3.83)

Remark. Comparing equation (1.3.83) with equation (1.5.1), it follows that
(1.5.88) is third term in the right-hand side of (1.3.1) for

h o A N N
92591, 525127 bTZSZl-

During the dynamics of Hy,, in case of detuning between the modes
A= w, — wyp (1.3.84)

small as compared to the coupling, an a-particle is annihilated while a 0-
particle is created and vice-versa.
It is assumed

Wa,b >>97A7
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i.e. the frequencies are considered to be much larger than the coupling
and detuning between the modes so that the Rotating Wave Approzimation®
holds.

It must be emphasized that the number of particles ¢ and b are not

conserved separately by the Hamiltonian operator
ﬁ:Ha+ﬁb+Haba

since they experience a mutual conversion in the form of Rabi oscillations:
the particles whose number is conserved are the eigenstates of H. However,
we must specify the nature of the fields in order to diagonalize H.

It is also worth remarking:

— about field a: in this work we assume it to be an electromagnetic field
instde a cavity, where one mode with frequency w, is selected;

— about field b: it represents what we call emitter and, depending on the
model for the material excitation, it is described by, typically, another HO,
giving rise to the linear model (LM) developed by Hopfield [23], or by a 2LS,
giving rise to the JC-model. These are the most fundamental cases since they
describe material fields with Bose and Ferma statistics, respectively. Possible
extensions are a collection of HOs or of many 2LS or three-level system, etc..

The parameter g deals with the properties of both the cavity and the
emitter. More in detail, it depends on

— the effective cavity volume V,

— the oscillator strength of the emitter f,

since for g one has
g~ (f/V)2

Hence, to achieve strong coupling experimentally, the cavity must have a

small effective volume V and a high quality factor @ [19]. One has that

Qil ~ Yas

6Tn this context the Rotating Wave Approximation allows to neglect the energy non-
conserving terms ab and afbf, i.e. to write the coupling as equation (1.3.83), since these
term are related to processes with a much greater energy than detuning.
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where 7, is the effective rate of excitations loss of the system: v, = kq(14+7r),

with k, spontaneous emission rate at 17" = 0.

1.3.2 JC-model mathematical formulation

In this section first we present how the JC-model can be derived from the
model describing an atom interacting with a EM-field. Than we introduced
the analytical study of both the JC-model Hamiltonian and Atomic JC-model
Hamiltonian.

The approach in Subsection 1.3.2.1 will be based on the work [34] while in
Subsections 1.3.2.2 and 1.3.2.3 it will be based on the paper [57].

1.3.2.1 JC-model derivation

This section is devoted to finding the correct Hamiltonian to describe the
dynamics of a single atom interacting with the field inside the cavity. Here,
the most simple conditions are assumed, that is they are taken into account:

— just one atomic transition,

— a single quantized mode of the cavity field 7.

We underline that in this study we assume the difference between the

energies of the two atomic states to be equal to
he2. (1.3.85)

The full Hamiltonian operator describing an atom interacting with a EM-
field is

A

~ 2 1 ~
i, (b 0d(@)] + U@ + o (a*a " 5) FHy (13.86)

1
7 om
where:

e ¢, m are the charge and the mass of the atom, respectively,

e p, T = x are the operators, respectively, of the momentum and the

"The deep procedure of quantization of the field is omitted for the sake of brevity, as
it can be found in any book on quantum optics.
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position of the atom,

e w is the frequency of the mono-modal field,

e al and a are the symbols of the creation and annihilation operators for
the field mode,

e U is the external atomic potential,

e H,. is the Hamultonian describing the electronic states of the atom.

Moreover, the vector potential operator is given by

~ —_—

Al) = Ag(ef (@) + & Fl@)al), (1.3.87)

where:
e ¢ is the polarization vector,
o f(z)is a complex-valued function that describes the field along the mode
in the cavity,

e A is a constant whose expression is

h
Ay =1/ ——
07V 250V

where V' is the effective mode volume as

V—/ |f (@)|? da1dwydas. (1.3.88)
R3

Remark. Under the assumption that only one atomic transition couples to
the mode, the electronic states may be labelled |¢) and |¢)) since there are

only two states®.

Thus, the free electron Hamiltonian in (1.3.86) can be written as

-
Hy = 5 os, (1.3.89)

where Q is the transition frequency and o3 is the Pauli z-operator (or 374-
operator):

03 Wz) = (5i,2 - 5i,1) Wz)

8We underline that, in general, we will use natural numbers starting from 0 for the
ground state.
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(where § is the Kronecker Delta) and the free choice of initial energy level is

showed in Fig. 3.

| ¥.>
he
2
.................... S
ne
2
| ¥,

Fig. 3: A free choice of initial energy level.

Now, by neglecting multi-photon processes (leave out the A%-term) and as-

suming the external atomic potential to be zero (U = 0), we get that the

Hamiltonian operators becomes

Ha—f = f{at + f{field + f{inta

where
2
. D h$2
H, =2 + =
at m + 92 03,
. 1
Hpicg = hw (a*a + 5) : (1.3.90)
q A N P .
Hint = _EAO [(p 5)f<x)a + (p € )f(.flf) aT] :

Adopting matrix representation within the atomic basis states, the interac-

tion Hamiltonian operator can be written [38]

A

Hmt = g(x)(dTglg + &ggl), (1391)
where:
° 5‘127 Sgl are, respectively, the raising and lowering operators for the

atom,
e g(z) has the form
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@) = =L (sl ) S0y 5

Remark. In deriving (1.3.91) we adopted the rotating wave approzimation,

that means neglected the fast oscillating terms corresponding to virtual pro-
cesses (for correction terms, see [3]), and we adjusted the phases of the states
|11) and |1)9) such that g(x) is real valued.

Further, assuming that g(z) is to a good approximation independent of
x, the atomic kinetic energy operator is a constant of motion and can be
omitted, as may the constant vacuum term hw/2.

The resulting JC-model Hamiltonian operator is

2 h2 . .

which defines the Jaynes-Cummings model with the free choice of initial energy
level showed in Fig. 3. For the general form see (1.3.1) and the discussion in
Section 1.3.1.2.

1.3.2.2 JC-model Hamiltonian analytical study

In the most general case the original JC-model Hamiltonian operator

can be expressed in the form (1.3.1) that we recall here
. . . N PNV
H = hwa'a -+ E1511 + EQSQQ + 591(@ 512 -+ CLSQl) (1393)

where
e w is the is the frequency of the mono-modal field,
e I, is the energy of atomic state 1y,
e (2 is the atom-field coupling constant i.e. the vacuum (or single-photon)
Rabi coupling,

e Sj; are transition operators acting on atomic states defined as

St [Un) = G [03) 0 Si1Spm = GnSm- (1.3.94)
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In case of restriction to two states, as in JC-model, these atomic operators

are commonly express in terms of Pauli (spin) matrices:
o1 = S12+ S, 02 =i(S12 — Sm), 03 = Sz — Sy, (1.3.95)

in order to highlight the close association between a two-state atom and a
spin—% system.
The photon creation and annihilation operators &' and @, with commut-
ator
[a,a'] =1, (1.3.96)

act on photon number states |n), eigenstates of the photon number operator

ata:
alaln) =nn), a'ln)y=vn+1n+1), aln)=+vnn—1). (1.3.97)

Remark. Indeed, in the theory, the field frequency w, the atomic energies
Ex, and the (vacuum) Rabi frequency 0, appear as arbitrary parameters,
even if in applications they are fized by physical considerations (as, e.qg., it
happens for the cavity volume V' and the atomic transition moment d in the

relation | |> = 4d*w/hVe).

Remark. In the JC-model Hamiltonian of equation (1.3.1) are not included
such effects as cavity loss, multiple cavity modes, atomic sublevel degeneracy

and atomic polarizability (leading to dynamic Stark shifts).

1.3.2.3 Atomic JC-model Hamiltonian analytical study

The JC-model Hamiltonian operator is constructed so that each photon
creation accompanies an atomic de-excitation, and each photon annihilation
accompanies atomic excitation. Hence, in addition to the terms related to

conservation of atomic probability,

<&Q+<$»:L (1.3.98)

there occurs a term related to conservation of excitation
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(a'a) + <S22> = constant. (1.3.99)

Remark. It follows, as pointed out by Jaynes and Cummings, that in this
case the problem arises of having an infinite set of uncoupled two-state Schrodinger
equations, each pair identified by the number of photons that are present when
the atom is in the lowest-enerqgy state. In this sense, the JC-model is closely

related to the classic Lee model of quantum field theory [/].
We underline that in the study that will be developed in the following part

of this section we chose

(Ey — E1)/2 =: hwy

as reference point for the scale of energy, i.e. Ey = —gwo and Fy = ng mn
(1.3.1). Moreover, we consider the evolution of the creation/annihilation op-

erators to be fixed by the unperturbed electromagnetic radiation Hamiltonian
. o1
Hr =hvwla'a—+ 7))

Therefore, the JC-model Hamiltonian becomes

- 1 h 4 h 4 h . .
H = hw (&Td + 5) — 5&10511 + 50)0522 + 591(6”512 + &521>. (13100)

Now, to study how the atom-field states evolve in time we can consider
an atom-field state-vector. It describes the evolution in time of a the
state of a system once given the initial state in which the system is. Note
that, for specified photon number, the atom-field state-vector can be written
as a combination of two basis states. Namely, the state-vector we take into
account is the one that describes the time evolution of a system where the
atom is initially in the state |¢1) and the field is in the state |n). In fact, this
state-vector is the time-dependent Schrodinger equation solution of a system
with Hamiltonian operator H (see (1.3.100)) and initial state |n) ® [¢,), and

U(n,t) = e FDtHl (G (n 1)d1(n) + Co(n, t)ga(n)], (1.3.101)
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where ¢, (n) is the atom-field product state

¢1(n) = [n) @), da(n) = |n—1) @ [¢hs). (1.3.102)

We can observe that from a physical point of view, by the definitions of
¢1 and ¢o, the coefficient Cy(n,t) and Cy(n,t) (to be determined) are linked,

respectively, to

— the probability of finding at time ¢ an electron in the ground state and

n photons,

— the probability of finding at time ¢ an electron in the excited state and

n — 1 photons.

Now we are going to prove that the 2 x 2 Hamiltonian matriz of such a pair

has the form
h| 2nw—A  Q/n
2

H — )
) Qvn 2nw+ A

(1.3.103)

involving as parameters the cavity-atom detuning A and, in the case of A = 0,
the n-photon Rabi frequency Q(n) := Q14/n (we will see later in this section
that ©Q;4/n is indeed the n-photon Rabi frequency for A = 0)

First of all, ¥ could be rewritten in the basis given by {¢1, ¢} as

W(n,t) =e inthwttiot (1.3.105)

and using this last equation we compute, in the same basis, the matriz-form
of the JC-model Hamiltonian
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~

H\I’(TL, t) _ o i(nt Dwt+iwot |:h (n + %) wC, (TL, t)¢1 (n)
— ZCiln, 061(0)
+ ngCQ(n, t)v/ne1(n) + h(n — %)wgbg(n)C’g(n, t)

—l—gwoCz(n, t)p2(n) + ngCl(n, t)\/ﬁ@(n)] ;

i.e. in vector form

h
hnw — 5(@00 —w) PO/

5 Ci(n,t

N _n _ ‘ n

HY (’I’L, t) = 2 n e—l(n-‘rl)wt—i-zwot Cl )
ng\/ﬁ hnw + 5(&]0 - w) 2(n’t

——
—hA
- 2 i
:E 2nw — A Ql\/ﬁ —i(n+1)wt+iwot Gy (n7 t)
2 Qvn 2nw+ A Cy(n,t) |

Thus, we have

2nw — A Q/n

Hn) ="
2 WWm 2w+ A

as we asserted previously.

Now, we have all the elements to show the Rabi oscillations in a system,
described by JC-model, in which one photon carries enough energy to make
the electron transit from the ground state to the excited state, that means
having £y — E; — hw = 0 i.e. A =0 since Fy — By — hw = hA.

First of all, we take into account the Schrodinger equation for ¥, using

the JC-model Hamiltonian operator,

L0 A
Zha\ll(n,t) = HY(n,t)
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and we look for its solution with initial condition ¥(n,0) = ¢1(n), i.e.

Ol(ﬂ,O) =1,
Cg(ﬂ,O) =0

under the assumption A = 0.

The expression in the left-hand side term of the Schrodinger equation is

ih%‘l’(n, t) =ih(—i(n + Dw + iwp)e IO (n, 1)y (n)

+Co(n, t)pe(n)] + ihe~i(ntlwidiwol | &y (n,t)é1(n)

+Caln, )a(n)]

i.e. in vector form

ih%\ll(n, t) =ihe it hwttivot ((—i(n + 1)w + dwp) [ (;EZ’ ] )

e*l’(n+1)wt+iwot

+ Z-he—i(n+1)wt+iw0t (

while the expression in the right-hand side is

2nw — A Q/n

- h
H¥(n,t) ==
21 Ovn 2nw+ A

n+1)wt+iwot

After the simplification of e~ and by isolating the terms C,

and Cs to the left in the Schrodinger equation for ¥, we get

ihCy(n, t)d1(n) + ihCy(n, t)pa(n) = g\/ﬁfh (Ca(n, t)p1(n) + Ci(n, t)pa(n))
+ RACy(n, t)p2(n),
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i.e. in vector form

th Cl (n7 t) _ E\/ﬁﬁl 02 (n7 t)
8t 2(71, t) 2 Cl (TL, t)
+ hA ,
2(”7 t) ]
which implies
Zhg Cl(n,t) . 7_:L 0 \/ﬁQl Og(n,t)
Ot | Coy(n,t) | 2| /24 Ci(n,t) |

Hence, recalling that we assumed A = 0, we get

0
Zha

0 A
Jai 0

Thus C}(n,t) and Csy(n,t) satisfy

Co(n,t) | 2 Ci(n,t)

Ci(n, t) ] h

Co(n,t) ]

C"l(n,t) = —%ﬁQng(n,t),
CQ(nvt) _%\/59101(”,15)-

Now, let us remark that we are considering as initial condition of the
Cauchy problem ¥(n,0) = ¢1(n), i.e.

leading to the solutions

Ci(n,t) = cos(5y/nht), (1.3.106)
Cs(n, t) = —isin( /).

(Note that any other admissible condition would give the same solution with

a different phase factor or amplitudes multiplied by i.)

Remark. The squared amplitudes of the coefficients (|Cy(n,t)|* and |Cy(n,t)|?)
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have the real physical meaning of the probability of occupation on ground and

excited states respectively.

Therefore, from (1.3.106), it follows that there is a oscillatory phenomenon
at the base of the transformation of ¢;(n) into ¢2(n) and vice versa: this phe-
nomenon is called Rabi oscillations.

Finally, we have to calculate the frequency of Rabi oscillations. We note
that the period of sin(¢)? and of cos(¢)? is 7 and

1
|C1(n, 1) :005(5\/591@2,
1
’02(77/7 t) ’2 = SiH(ﬁ\/ﬁQlt)Q.
(See Fig. 4.) Hence, the period of the Rabi oscillations is

T B 27
sV /ny

i.e. the Rabi frequency for a system of n photons with detuning A = 0 is

/ny, as we claimed earlier.

IC.

0.5
2
IC.|

27 4

Qt

Fig. 4
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Chapter 2

Generalizations of the JC-model

by semiregular NCHOs

In this chapter, we introduce a new mathematical formulation of JC-model
by the use of semiregular NCHOs and extend it to related models. We then
show that they can indeed be set within a geometric framework, giving rise
to connections on the trivial bundle R x CY — R" which are in general
non-flat.

Namely, in Section 2.1 we introduce the mathematical formulation of the
classical JC-model and its extension to systems of a N > 3 energy level atom
and N — 1 cavity-modes of the electromagnetic field. Next, in Section 2.2 we
describe the geometrical setting in which these model can be studied. This
is quite an interesting point of view, since it shows that, very likely, higher

Lie groups of symmetries are allowed in the theory.

2.1 JC-model by semiregular NCHOs and gen-

eralizations

We give here a few examples of semiregular NCHOs in the class SMGES,
relevant to Quantum Optics (see [57]), that serve as a model of the class
we consider in this work. Then it will be proved that actually there is a

geometric framework enclosing them: such geometric setting will be defined

49
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through in general non-flat connections on the trivial bundle R” x CV — R™.

It will be convenient to use the following notation. We denote by o},

7 =0,...,3, the Pauli-matrices, i.e.

01 0 —i 1 0
go=hy or=1 gl g2= s T

oL = 5(0'1 +ios).

and

Let (-,-) be the canonical scalar Hermitian product in CV, and ey, ..., ey be
the canonical basis of CV. Let

Eg =e.®ej, 1<7 k<N,
be the basis of My(C) = gl(N, C), where Ej;, acts on CV as

Ejw = (w,er)ej, we CN.

Hence, we have the relation
EjiEpm = (€, ® €;) (e, @ en) = exlen)(en, @ €;) = {en, ex)(ey, @ €;) = O Ejm.
We also let, for X = (z,£) € R* x R" = R?",

M) 1<j<n,

V2
so that ¢ (x, D) is the annihilation operator and ¢¥ (x, D)* = (¢;)"(z, D) is
the creation operator, with respect to the j-th variable. Hence, with py(X) =
| X |?/2 being the (standard) harmonic oscillator,

P;i(X) =

n

S0 (@ D)0 (e D) = i (@, D) - 5.
j=1

We will also have to consider 2N x 2N matrices of the form o; ® Ej, in
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which case the product is given by
(O’j (%9} Ehk)(a'j/ X Eh’k’) =00 X Ehk:Eh’k:’7

and the action on a vector w € C?V, written as

is given by

(O'm & Ehk)w = Z(O’m

J=1

[ e (Enkej).

U)Qj

We next list a few important models due to Jaynes and Cummings.

2.1.1 The JC-model by semiregular NCHOs

This is the model of a two-level atom in one cavity, given by the 2 x 2 system

in one real variable xr € R
A¥(z, D) = p¥ (2, D) I+ <0'+1/1W(x, DY to_ 4™ (z, D))+wg, v>0,acR,
where the atom levels are given by +.

2.1.2 The JC-model for one atom with N levels and one

cavity-mode in the =-configuration

In this case we consider, for aq,...,any_1 € R\ {0}, 7,...7v € R with
Y1 <72 <...<7n, the N x N system in R given by

=2

-1

ay, (¢W($, D) Ey 1 + ¥ (z, D)Ek+17k>

1

AW(IvD) :pg](xv D)IN +

DN | —
B
Il

N
+ Z Vi Lk
=1
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Here, the atom levels are given by the .

2.1.3 The JC-model for an N-level atom and n =N — 1

cavity-modes in the =-configuration

In this case, for ay,...an_1 € R\ {0}, 71,...7v-1 € Rwith 3 < < ... <

Yn_1, we consider the N x N system in R", n = N — 1, given by

A (x, D) = py(z,D)Iy

N1 N-1
+ ) ax (¢ZV(I7 D)* Eyjev1 + ¥y (2, D)Ek+1,k> +> Bt
k=1 k=1

Here, the levels of the atom are given by 0 and the ~;.

In this configuration, through the absorbtion (or emission) of a single
photon in the cavity, the electron can move from an energy level to the next
higher (or the next lower) one. Namely, the electron can move from the k-th
energy level to the k+1-st or k—1-st one by, respectively, absorbing a photon
of the k-th mode (as represented by the annihilation operator ¢} (z, D)) or
emitting a photon of the & — 1-th mode (as represented by the creation
operator ¢} ,(z, D)*).

2.1.4 The JC-model for an N-level atom and n =N — 1

cavity-modes in the A-configuration

In this case, for ay,...an_1 € R\ {0}, 71,...7v-1 € Rwith 3 < < ... <
Yn_1, we consider the N x N system in R", n = N — 1, given by

A%(z, D) = py (x, D)In

=

-1 N-1

+ ) ak (1/175(1’, D)*Ern + ¥ (=, D)EN,k:> + > Btk
1 k=1

i

Here, the levels of the atom are given by 0 and the ~;.

In this configuration, through the absorbtion (or emission) of a single
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photon in the cavity, the electron can move from an energy level to the
highest energy level (and viceversa). Namely, the electron can move from the
k-th energy level to the N-th or viceversa, respectively, absorbing a photon
of the k-th mode (as represented by the annihilation operator ¢} (z, D)) or

emitting a photon of the k-th mode (as represented by the creation operator

vy (2, D)").

2.1.5 The JC-model for an N-level atom and n =N — 1

cavity-modes in the so-called \/-configuration

IA

In this case, for ay,...an_1 € R\ {0}, 71,...7nv-1 € R with 5 < v, <
YN_1, we consider the N x N system in R", n = N — 1, given by

Aw(x7 D) - p‘év(xv D)]N

N—-1 N-1
+ oy (%g x, D) By 1 + ) (2, D) B, 1) + Z Yoyt kv1-
k=1 k=1

Here, the levels of the atom are given by 0 and the .

In this configuration, through the absorbtion (or emission) of only one
photon in the cavity, the electron can move from an energy level to the
lowest energy level (and viceversa). Namely, the electron can move from the
k-th energy level to the 1-st or viceversa, respectively, absorbing a photon
of the kth mode (as represented by the annihilation operator ¥} (x, D)) or

emitting a photon of the kth mode (as represented by the creation operator

oy (2, D)7).

2.1.6 The diagonalizability of the first-order part in the

above JC-models

We next show that the first-order part of the above JC-models may be di-
agonalized, so that the Jaynes-Cummings models all belong to the class of
systems we consider in this work. The result of the 2 x 2 system is straight-

forward. We consider therefore only the 3 x 3 and the N x N cases..
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Lemma 2.1.1. The JC-model for a 3-level atom and 2 cavity-modes in
the ZE-configuration, for a N-level atom and N — 1 cavity-modes in the -

configuration and in the \/-configuration may all be smoothly diagonalized.

Proof. Let A;(X) for the first order part of the system. We compute the
characteristic polynomial p(X\; X) = det(A — A;(X)) for each of the models
in the statement, that we call for short JC-3-Z, JC-/ and JC-\/ respectively.

e As for JC-3-= we have
P X) = A(N = (@a(X) + adlen(X)D)), X € R

This follows by computing the determinant by Laplace’s expansion. We start
from the first column: deleting the first row and column and multiplying by
the (1,1) entry (i.e. \) we get the term X\ (A% — |¢o(X)|?), and deleting the
second row and first column and multiplying by the (2, 1) entry (i.e. —t;(X))

we get the term 11 (X)(—¢1(X)A). Therefore, adding the terms one get the

expression for p(A\; X). Hence, there are three eigenvalues

M(X) =0, Ae(X) = £4/adfr (0 + adlvn(X),
that may be ordered as
A_(X) < X(X) < A_(X), X eRY

Since their pairwise differences in absolute value are bounded from below by

| X|, the diagonalization Theorem 3.1.1 below can be applied.
e As for JC-A we have

N-1

p(\; X)) = \V2 ()\2 -> a§|¢j(X)|2> , X e R*™,

J=1

In fact, the expression above for p(\; X)) can be obtained by induction on
(the number of atomic levels) N. The formula holds for N = 2 by a direct
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computation of the determinant of

[ A —w1<X>]
—(X) A '

Now, by the inductive hypothesis the characteristic polynomial of an (N —1)-

level system with N — 2 cavity-modes in the A configuration is
N-2

(A X) = AV (/\2 - M(X)IQ) , X eR™
j=1

We wish to show that the formula for characteristic polynomial of an N-level

system with N — 1 cavity-modes in the A configuration is
N-1
p(\; X) = AN2 <A2 -> |¢j(X)|2> , X eR™
j=1

We use Laplace’s expansion, starting from the N — 1-st column. On the
one hand, deleting the N — 1-st row and column and multiplying by the
(N —1,N —1) entry (i.e. \) we get the term Adet B;(X; X) where

0 - 0 — (X))
0 A 0 —a(X)
Bi(\ X) = : : : : :
0 0 - A —n(X)
L —1(X) —(X) - —Yn—2(X) A

Note that det By(\; X) is the characteristic polynomial of the JC-model for
an (N — 1)-level atom and N — 2 cavity-modes in the A configuration since
My — Bi(A; X) is the first-order matrix term of the JC-model for an (N —1)-

level atom and N — 2 cavity-modes in the A configuration.

On the other hand, deleting the N-th row and N — 1-st column, multiplying
by the (N, N — 1) entry (i.e. —t¢ny_1(X)) and taking into account the sign
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of (—1)N+N=1 = _1 we get the term ¥n_1(X) det By(\; X) where

A0 o 0 —i(X)
00X - 0 —iy(X)
BinX)=| 0 1o '
00 - A —dya(X)
(00 - 0 “dna(X) |

Therefore, det By(A\; X) = AV=2(—yy_1(X)) since Bi(); X) is triangular.

Thus, adding the terms just computed one gets

p(N; X) = Adet Bi(\; X) — AV 2|1 (X)) (2.1.1)

N—2
Now, by the inductive hypothesis one has det By (\; X) = AV 72 ()\2 — Z |@Z1j(X)|2>
j=1

whence by (2.1.1) we obtain

N—-1
p(\; X) = AN2 <>\2 -> |¢j(X)|2> . X eR™
Jj=1

Hence, there are N eigenvalues

N-1

1/2
N(X) =0, Ae(X) = £ a2y(0))
j=1
that we may order as
A_(X) < M(X) = ... = Ayv_a(X) = M(X) < A (X), X eR™

Thus, Theorem 3.1.3 can be applied with respect to the blockwise diagonal-

ization with blocks

Ao 0
)\1’1 = ON_2 and )\271 = [ 0 )\+ ] .
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e As for JC-\/, Theorem 3.1.3 can be applied because the blockwise di-
agonalization is the same as in the previous case, since the characteristic
polynomial of this model is the same as that of JC-/A above, and have the
same structure. Moreover, we can get the characteristic polynomial of this
model in a similar way to the computation for JC-A above, and we have
the same result p(\; X) = AV 2 </\2 - Zj\;l |¢j(X)|2>, that can be proved

again by induction on (the number of atomic levels) N.
The formula holds for N = 2 by direct computation of the determinant of

[ A —wl(X>]
—(X) A '

Now, by the inductive hypothesis we have that the characteristic polynomial

of an (N —1)-level system with N — 2 cavity-modes in the A configuration is

N-2

pr( A X) = A\V73 (V -> |¢j(X)|2) , X eR™. (2.1.2)

=1

On the one hand, deleting the second row and column and multiplying by
the (2,2) entry (i.e. \) we get the term A det By(\; X) where

A _¢2(X) e _z/}N—l(X)
Bnx) = | E .
Cexa(X) 0 A

Note, also in the present case, that det B;(A; X) is the characteristic polyno-
mial of the JC-model for an (N —1)-level atom and N —2 cavity-modes in the
V configuration with annihilation operators symbols ¢; with j =2,..., N —1
since Ay — By(\; X) is the first-order matrix term of the JC-model for an
(N — 1)-level atom and N — 2 cavity-modes in the V' configuration with
annihilation operator symbols v; with j =2,..., N — 1.

On the other hand, deleting the first row and the second column, multiply-
ing by the (1,2) entry (i.e. —t1(X)*) and taking into account the sign of
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(—1)"*2 = —1 we get the term ¥n_1(X) det By(\; X) where

[ (X)) 0 - 0 0]
—ao(X) A
Bi(A X) = : : :
—tn_2(X) O A0
i —n_1(X) 0 - 0 ]

Therefore, det By (\; X) = AN=2(—); (X)) since By (\; X) is triangular. Thus,

adding the terms just computed one gets

p(X; X) = Adet By (A; X) — AN 2|y (X)) (2.1.3)

N-1

As before, by the inductive hypothesis det B (\; X) = AN ™3 (AQ — Z |; (X)]Q)
=2

(this is, indeed, (2.1.2) by relabeling the annihilation operator symbols)

whence, by using (2.1.1), we have
N-1
p(A; X) = AN <A2 ->. |wj(X>|2> , XeR™
j=1

Therefore p(\; X) = AV 2 ()\2 - Z;V:_ll |9, (X)|2), whence there are N eigen-
values that we may order as \_(X) < A\(X) = ... = Ay_2(X) = M(X) <
AL (X), for all X € R*™\ {0}, where

1/2

A(X) = —(g 0,001) " M) =0, A (x) = (NZ 4,(X)P)

Thus, Theorem 3.1.3 below can be applied with respect to the blockwise

diagonalization with blocks

Ao O
M1=0n_2 and My = )
1,1 N—2 2,1 [ 0 A, ]
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2.1.7 Possible extensions

In this case, for ay,...ay_1 € R\ {0}, 71,...,79v € Rwith 33 < < ... <
vn, we consider the following 2N x 2N systems in R”, with n = N — 1, given
by

Aw(xa D) = p;’(éﬂ, D)IQN

N n N
+ Z Z a, <¢;V(SU, D)'o_ @ Ew + ¢ (z, D)o @ Ekk) + 2%0'3 ® Eg,
k=1

k=1 j=1 —

and by

AW(:L.7 D) = p;/(xa D)]QN

=z

-1

N
+ ) ak (i/fkw(% D)'o_ ® Egpr1 + ¥y (2, D)oy @ Ek+1,k) +) o5 @ B
1 k=1

>
Il

2.2 Geometric examples generalizing the JC-
model for an N-level atom and n = N — 1

cavity-modes

Let Q%(R") be the space of smooth (C*) k-differential forms over R™. We
will denote by QF(R"; CY) = QF(R") ® CV. Consider the exterior derivative
operator dj, acting on k-forms, and its adjoint dj acting on k& + 1-forms which
has the expression dj = (—1)""! x dx, where * is the Hodge-x operator

induced by the Euclidean metric. We may hence define the operators
. 1 - . Qk n Qk+1 n
D=Dy— E(dk +3 " aden ) (R") — QS LRY),  (2.2.1)
j=1

and its x-adjoint

1

V2 (d,ﬁ + Y wjiogon, ) : QFFL(R™) — QF(R™).

Jj=1

D* =D, :=
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One has
Oy := DDy + Dy D, = <pg(x, D)+ k— g) 1 QFR™Y) — QF(R™),

where 1, stands for the identity operator on A*(R"™). We consider ordered
multiindices of length &k, I = (i1, 49, ...,1;) where 1 < iy < iy < ... <ip <n.
The set of all such multiindices is denoted by I(n, k). We say that j € I if j
appears as one of the entries of /. We also put dx; = dx;, Adx;, A... ANdx;,,
so that the dxy, for I € I(n, k), form a basis of A"(R™). We have the following

set of formulae.
Proposition 2.2.1. Let w = wrdry € QF(R"), I € I(n, k). We have:

1. For1<j<n,

Di—1(ig/00,w) = Z Yy (2, D)wrdzy Nigjoe, (der);

h=1

2. For1<j5<n,

dr; N Dj_jw = Z Uy (@, D) 'wrdxj Nigjag,(dr);
h=1

3. For1<j<n,

i0/00,(Dhw) = ¥} (x, D)wydzy — Y W} (, D)wrdzy, Adgjo, (dar);
h=1

4. For1 <j5<n,

Di(dzj Aw) = 3 (z, D)wrdrr — Z Uy (z, D) wrdx; N oo, (der).

h=1
Proof. The proof is based on the following elementary formula

*(dzy, A *(dzy A drr)) = (—1)"ip/00, (dz; A dzr). (2.2.2)
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Since d(dz;) = 0 we have

1 <~/0
Dk,l(ia/a:ﬂjw) = E ; (a_(;)idxh A Z'8/89@ (dzl) + zpwrdxy A ia/az]- (dxl))

= Z '(ﬁ:(l‘, D)w[dZL‘h A i@/azj (d.T]),
h=1

and this prove 1..

Next, using once more the fact that dx; is closed and using (2.2.2) gives

% 1 _ n(k— &u[ .
da; AD}_w = E hz;«_l) (k 1)+1a_xhdzj/\*(dxh/\*dz[)+$hw1da:j/\za/axh(dx;))

n

1 Ow , .
= E Z <_8_l’2d$j N19/0ay, (de[) + l‘hwjdxj N 199y, (dx;))
h=1

= Z ¢ZV($, D)*U.)]dl'j VAN ia/azj (diﬂ[),

h=1
which proves 2..

To prove 3., we just note that

i@/(’)xj (Dkw) = Z @Z)}vf(l’, D)u}]ia/axj (dl‘h A dl’])
h=1

= ¢y (¢, D)wrdry — > Wf (x, D)wrdan Aigjo, (dar).

h=1

Finally, to prove 4., we compute

n

)
((—1)”’““ﬂ*(dxh/\*(dxj/\d:v;))—l—xhwﬂa/axh (dg;jAde))

1
Di(dz;Aw) = —=
k( IE]/\W) \/5 o 8.Th

(by (2.2.2))

n

Uy (w, D)*w; (5jhdx1 —dz; A /axh(dxl)>,

h=1
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which completes the proof. O]
Remark 2.2.2. By convenlion, if w is a 0-form then igjo,,w = 0, for every
7.

2.2.1 The geometric N-level atom in the =-configuration

Next, let N > 2 be a fixed positive integer and let n = N — 1. We define,

for aq,...,ay_1 € R\ {0}, the following connection D on the trivial bundle
R" x CN — R™
N-1
D:=D X IN -+ Z Oéj(dl‘j/\ ) X Ej,jJrl'
j=1

The connection D extends to the following covariant exterior operator and

adjoint covariant exterior operator

N-1
Dk =D, ® Iy + Z O./j(dl'j/\ ) & Ej,j-{—l: Qk(Rn, (CN) — Q]H—l(]Rn, CN),
7=1
N-1
D]: = DZ X ]N + Z Oéji@/@xj & Ej+17jf Qk—H(Rn, CN) — Qk(Rn, CN),
j=1

where D), was defined in (2.2.1).

The connection D is non-flat, as the following lemma shows.

Lemma 2.2.3. For the curvature Fp = D* € Q*(R"; My) of the covariant

extertor operator D we have

N-2
Fp = Z ajajii(de; AdzjaN ) @ Ejjyo.

=1

(We put by definition E; y+1 =0, for every j.)

Proof. We have

=z

-1
D2 = D2 &® [N + ap, (Dk+1(dl’h/\ ) + diEh VAN D) & Eh,thl
1

>
Il
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N-1
+ Z ajop(de; ANdepN ) @ Ej i1 Epp1 = Fp,
j,h=1 R
=0j+1,h 5, h+1

for the first and second term vanish. In fact, D? = 0 and for w = w;dzy,

N-1
D(dzp \w)+dxpNDw = Z V¥ (x, D)w; (d:vh/\dxj/\d:}:1+dxj/\da:h/\dx1> = 0.

Jj=1

This concludes the proof.
]

Corollary 2.2.4. In particular, for k = 0, Dy defines a connection on the

trivial bundle R x CN — R™ whose curvature is the vector-valued 2-form

N-2
Foo = Y ajajpa(da; Adwji) @ Ejjpo.

j=1
(Recall that, by convention, if w is a 0-form then iy)g,,w = 0, for every j.)
We next consider the associated Laplacian
Oy = D;Dy + D1 Dj_y - QF(R™; CY) — QF(R™; CV).

Lemma 2.2.5. We have

O _ <pg(:c, D)+ k— g) 1,€®IN+NZ_1 a (zp}”(x, D) 1, @, 1+ (x, D)1,€®Ej+1,j)
j=1
N-1 N—-1
+ > L ® By + ) afda; Niojos 1k @ (Bjj — Ejia ).
s j=1
Proof. One has
N—-1 N—-1

00" = (Df Dyt Dy 1 D} )@In+ Y o Di(da\ )RE; jia+ Y ajigjon, Dk®Ej 41

j=1 j=1
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N-1 N-1
+ Z ;Dy1i9/02; © Ej1; + Z ajdry A Di_y ® Ejjn
j=1 J=1
N-1
+ ) ajo (ia/azh(dﬂé’j/\ ) ® EppinEjj + dej Niojow, © EJ'JHEHM)’
h,j=1

from which the lemma follows by virtue of the formulae of Proposition 2.2.1.

[
Corollary 2.2.6. When k = 0 we have
n
08" = (b (@. D) = 5) @ I
N-1
—i—Zoz]( (2, D) ®E; 1+ (x, D)®EJ+U)+Za 10®0F;41,541-
7j=1

Hence the JO-Z model is related to the Laplacian DéN).

Lemma 2.2.7. The term of order 1 of D§3) can be blockwise-diagonalized
with three blocks.

Proof. Fix the basis {dz; ® €;};—12.j=123. We have that the semiprincipal
symbol A;(X) of O,

X) =3 (U7 (2, D) 14 @ Ejjia + 6 (2, D)1 @ Eyjpa ),

i=1

can be rewritten in the above basis as

02 A (X) 02
A(X) = | Ap(X)| 0, |ApX) |,
02 App(X) 02

Yi(X) 0
0 ¥(X)

2 zero-matrix. Now, we compute the characteristic polynomial p(\; X) =

where Ay;(X) = a; [ ] , 7 = 1,2, and where 05 is the 2 x
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det(A — A;(X)) of A;(X) following the scheme below where the pairs of
numbers in the underbrackets indicate the position of that element in the
matrix A3 — A;(X).

p(A; X) :\é,\é,\);,()\g + (_042¢2(X))(‘A(—Oéz%(X))))
11) (22) (3.3) ©1)
(X)) (- (Cata ) 07 — faata(X)P)
RO (35)
+ A (cantn(X)) (= (=ann(X))) A (A" = [asta(X)[7)
@ ) (2.4) (6.6)
+£—a1¢1(X>Z(—S—a1¢1(X )J)\/\/ £A3 - (|041¢1(X)|2 + |042¢2(X)|2))‘2
(3.0) (13) (5:5) A —a1th (X) 0
=det | —a1; (X) A —app(X)
0 —a1ha(X) A

=22 (A = Jagta(X)A%) = azta(X) (N2 = Jaztia(X)P)
~ ot ()P ~ Jagtis(X)[?)
— o (X) P2 = (ot (O + fasta(X)[) )

=22((A2 = Jastia (X)) = Jaata (X) [ = ozt (X))
— o (X) PO = Jarin (X = lasia(X)[))

=X (X = (Jants (X + o (X)P))

Hence, the zeros of p(\; X) are given by

0, Ae(X) =t /adfun (I + adln(X)[2,

with multiplicity 2 each (recall that ay,ay € R\ {0}).

Thus, Theorem 3.1.3 can be applied with respect to the blockwise diag-
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onalization with three blocks

A0 A0
Ma=02 |, Aoy = and A3, = .
1,1 = 02 2,1 [ 0 A ] 3.1 [ 0 ]

]

2.2.2 The geometric N-level atom in the /-configuration

Next, let N > 2 be a fixed positive integer and let n = N — 1. We define,

for ay,...,ay_1 € R\ {0}, the following connection D on the trivial bundle
R™ x CV — R
N-1
D = D ® IN -+ Z Oéj(dl’j/\ ) ® Ej,N'
j=1

The connection D extends to the following covariant exterior operator and

adjoint covariant exterior operator

N-1
Dr:=D,®Iy+ Z a;(dziN ) @ By QFR™CYN) — QMR CY),
j=1
N—-1
D; = D; @ Iy + Y _ ajigjon, ® Eny: QR CY) — QF(R™CV).
j=1

The connection D is flat as the following lemma shows.

Lemma 2.2.8. The operators Dy, form a complex. Hence the curvature of D

vanishes.

Proof. We have to to prove that DyDy.1 = 0. We have

N-1
Dk+1Dk = Dk+1Dk ® Iy + Z Qap, (Dk+1(dIh/\ ) + dxp, A Dk> ® Eh,N
h=1
N-1
+ Z ajap(de; NdepN\ )@ EjnEpn =0,
jh=1 Y

:5h,NEj,N:0
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for the first and second term, as before, vanish. This concludes the proof.
]

We next consider the associated Laplacian
Oy = D;Dy + D1 Dj_y - QF(R™; CY) — QF(R™; CV).

Lemma 2.2.9. We have

N—-1
n * w
O — <p;v<x, D)+ k— 5) LIt a (¢y(x, D) 1L, @B n 4+ (x, D)1,€®ENJ>

j=1

N-1 N-1 N—-1
+ Z ajzlk@EN,N_Z Oéidl’j/\ia/alek(gEN,N—i- Z ijahdl’j/\ia/axhlk(@Ej’h.
Proof. One has

N-1 N-1
DIEN) = (Dsz+Dk—1Dz_1)®IN+Z osz,’;(dxj/\ )®Ej7N+Z ajia/aijk®EN7j

j=1 j=1

N-1 N-1
+ Z Dy _1i9/0:; ® Enj+ Z a;dr; NDy_ @ Ejn
i=1 j=1
N—1
+ Z a;Qp <Z'3/a$h (dZCj/\ ) ® EnnEjn +dzi Nigoz, @ Ej,NEN,h>7
h,j=1
from which the lemma follows by virtue of the formulae of Proposition 2.2.1.
[

Corollary 2.2.10. When k =0 we have

n

N w
0fY = (i (@, D) = 3

>®IN

=z

—1 —1
+ 3 (67 (2 DY @ v+ (3, D)@ Eny )+ (D 0 1@ B,

J=1 Jj=1

=z

Hence the JC-\ model is related to the Laplacian D(()N).
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2.2.3 The geometric N-level atom in the

\/-configuration

Next, let N > 2 be a fixed positive integer and let n = N — 1. We define,
for ay,...,ay_1 € R\ {0}, the following connection D on the trivial bundle
R” x CN — R

N-1
D=D X [N + Z Oéj(dﬂ?j/\ ) X E17j+1.
j=1
The connection D extends to the following covariant exterior operator and

adjoint covariant exterior operator

N-1
Di =Dy @ Iy + Y aj(dejA ) @ By jyr: QFR™ CV) — QFH(R™ CY),
j=1
N-1
D; = D ® Iy + Y jigjon, ® Ejyry: QT (RY CY) — QF(R™CY).
j=1

The connection D is flat, by the following Lemma 2.2.11.

Lemma 2.2.11. The operators Dy, form a complex. Hence the curvature of

D vanishes.

Proof. We have to to prove that DyDy.1 = 0. We have

N-1

Di41Dy = D1 Dy @ Iy + Z ap, (Dk+1(d$h/\ )+ dxp, A Dk) ® Fij
h=1

N-1
+ Z ozjah(dxj AdrpA\ ) ® BB p =0,
jh=1 ;

=0j41,1E1 h4+1=0

for the first and second term, once more, vanish. This concludes the proof.
]
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We next consider the associated Laplacian

OM) = DDy, + Dy_1D}_, : QF(R™; CY) — QF(R™; CV).

Lemma 2.2.12. We have

N-1

n
DIE:N) — <p§v(x, D)+ k — 5) 1k®IN+Z aj (1/1;”(%, D) 1ti®Ey ja+¢5 (z, D)1k®Ej+1,1>
=1
N-1 N-1 N-1
+ Z @?1k®Ej+17j+1—|—( Od?dl’j/\ia/azjlk> ®E171— Z OéjOéhdwj/\Z'a/axh@)Eh+1yh+1.
=1 =1 jh=1
Proof. In fact,
N-1 N-1
D](CN) = (D]:Dk+Dk—1D]:71)®IN+Z OéjDZ(dl‘j/\ )®E1’j+1+z Oéjia/aijk@EjJ,-l,l
=1 =1
N-1 N—-1
+ Z o Dy—119/00; @ Eji1,1 + Z ajdr; N Dy_y @ By
Jj=1 Jj=1
N-1
+ ) ajo (ia/axh(d%‘/\ ) @ Ens11E1 11+ dxj Agjor, ® El,j-{-lEh—f—l,l)a
hj=1

from which the lemma follows once more by virtue of the formulae of Propo-
sition 2.2.1.
[

Corollary 2.2.13. When k =0 we have

n

N w
08" = (p3 (@, D) - 5

>®]N
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N-1 N-1
+> (W(% D) ®En j+¢5 (z, D)®Ej+1,1> +> 0 10®Ej 141
j=1 J=1

Hence the JC-\/ model is related to the Laplacian D((]N).

Remark 2.2.14. Note that, therefore, the JC-models possess extensions to
states that are vector-valued k-forms. Loosely speaking, one may think of
this mathematical generalization as a transposition to a fermionic, or more

generally supersymmelric, picture.

Lemma 2.2.15. The semiprincipal term of Df’) can be blockwise-diagonalized
with three blocks.

Proof. Fix the basis {dz; ® €;}i—12,-123. We have for the semiprincipal
symbol A;(X) of Df’),

A(X) =)y (%‘(X)lk: ® By ji + (X)) 1 @ Ej+1,1>,

J=1

that it may be rewritten in the above basis as

02 Alg(X) A13<X>
A(X) = | An(X) 09 02 ,
App(X) 09 02

a;1;(X) 0

where A;;(X) = [ 0 0 5,(X)
i¥i

],j:1,2, and where 05 is the 2 x 2

zero-matrix.
Now, we compute the characteristic polynomial p(\; X) = det(A — A;(X))
of A;(X) following the scheme below where the pairs of numbers in the un-

derbrackets indicate the position of that element in the matrix A3 — A;(X).
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We have, starting from the first column,

P(ASX): A <)\ )\4+(—0617/J1(X>)(_ )‘) A ()\(—Oélwl(X)))
o \ea 5 0% em

(- am(X))(—\g,)(—g/)(—x—aw?(x»)

|

=\ <A4—’041¢1(X)\2/\2—’0427/12()()’2)\2—\041%()()’2()\2—\042%()(”2)

+|a1w1(X)!2\0421/12(X)!2—Iazwz(X)\z(V—!Oézwz(X)\2)+!041¢1(X)|2|a2¢z(X)!2)

=\ <>\4 - 2(|0111/11<X)|2 + |0411/11(X)|2)>‘2 + (|041¢1(X)|2 + |041¢1(X)|2)2>'

Hence, the zeros of p(\; X) are given by

0, Ae(X) = £/l (X)[ + adlua(X)P,
each with constant multiplicity 2 (for X # 0).

Thus, the diagonalization Theorem 3.1.3 (see the next section) can be
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applied to obtain a blockwise diagonalization with three blocks

/\171 = 02 s )\271 = /\+]2, and )\371 = )\_]2.



Chapter 3
The Decoupling Theorem

In this chapter we prove a decoupling theorem for classes of semiregular global
pseudodifferential systems from our class SMGES (that is, of the Jaynes-
Cummings kind). For future purposes, we prove the theorem in the semi-
classical case (hence f;, will denote the semiclassical composition of symbols
in the semiclassical setting, see [15]) and then state the corresponding version
valid for the semiregular case. The proof follows the lines of the decoupling
theorem in [15], but it has a main twist due to the fact that the terms a,
and a,_; may interact in the composition formula due to the conjugation of
the symbol of the diagonalizer, but can be simultaneously blockwise diago-
nalized. Recall that ngd(m“,g; My ) stands for the set of polyhomogeneous
semiclassical symbols (see Point 2 of Definition 9.1.9 of [15]), that is, they
are h-dependent symbols that admit an asymptotic expansion in half-powers
of h, with the h’-coefficient which is an h-independent symbol of order equal
to the order of a decreased by 2j. A semiclassical symbol A then belongs
£0 5§ ee (M*, g; My) if it can be written in the form A, + hY/2A, ;, where

0,sreg
Ay € S0 a(m*, g;My) and A,y € 5§ 4(m*~, g; My).

3.1 Statement of the theorem and proof

Below the decoupling theorem is stated and proved following the approach
of Theorem 9.2.1 in [15].

73
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Theorem 3.1.1. Let p1 > 0 and let A = A* = A, +h'?A, 1 € 5§ ., (m", g;My)

where

A, ~ Z Wa, o5 € Sga(m*, g;My),  Au_y ~ Z W a,_1-9; € S0 a(m*", g: M),

520 >0

with a_y, = a*,, € S(m™*,g,My). Moreover, suppose a, = p, Iy with p, €
S(mH, g), and that a,_1, for some ey € S(1,9;My) such that epel = efeq =

Iy, can be written as

Au— 0
au—]_ = eobu_]_e?;’ whe/re bu—]_ — b* [ pn—1,1 ‘ ] ’

L0 [ e
where the \;,—1 € S(m* 1, g; My,), j = 1,2 and N = N1+ Na, are such that

Ay e (X) Zm(X)* !, VX e R*™, (3.1.1)

~

with
dx, 2, (X) = inf{|¢1 — Gof5 ¢ € Spec(A,—1;(X)), j=1,2}.

Then, there exists E € S o,(1,9; M) with B~ 3. h'%e_; (with e_y, €
S(m=*, g,My)) and principal symbol ey such that

EY(z,hD)*EY(x,hD)— 1, E“(x,hD)EY(x,hD)*—1 € S~ °(m~ >, g;My),
(3.1.2)

and
EY(x,hD)*AY(x, hD)EY (x,hD) — B¥(x,hD) € S™*(m~>,¢g; My), (3.1.3)

where the symbol B ~ .- hil2b,_; € S geg(M”, g; My) is blockwise diago-

nal, with

sreg

. VX €R*™.Vj >0,
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the blocks b,,_; i being of sizes N x Ny, k = 1,2, with

N, 0
by = a, = puly, bul—[ # 1’1‘ ]

0 | At

Remark 3.1.2. We shall call B an h*-(blockwise)diagonalization of A. No-
tice that B depends on A and ey.

Proof. We immediately observe that once EV(x, hD) has been constructed

with the property that
E¥(z,hD)"E™(x,hD) = I + 1" (z,hD), with r € S™°(m~°, g; My),

then by the ellipticity of E¥(x, hD)* (namely, the existence of a parametrix)

we also get
EY(x,hD)EY(xz,hD)* = I + s (x,hD), with s € S™*(m~>, g; My).

Hence it suffices to prove the existence of F and B with the required prop-

erties. We show that for every integer Ny € Z, there exist
e_kES(m_k,g;l\/lN), OSkSN()u

and
bur; € SM'* g;M;), j=1,2, 0<k< Ny,

such that, with Ey,(X) := .00 h*%e_ (X)),
ENO#hENo =1+ h (No+D) /250( ~(o+1) 7g7 MN)7

and

By, #nA#nEn, = Zh’“/zb + RO G (= (ot D) g M),
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buwi| 0
0 | by

where b,_j = [ ] . We shall then take £~ >, ., h¥/2e_,.

First of all, we have that ey € S(1, g; M) is such that eja,eq and eja,_1eo
are diagonal matrices and e, satisfies the unitarity condition (note that a,,

and a,_; commute since q,, is a scalar matrix).

We proceed by induction on Ny, and start by proving that the assertion
is true for Ny = 1 and for Ny = 2. (We will omit the dependence on (x, hD)
and write e} in place of €} (z, hD).) Hence, we look for e_; € S(m™!, g; My)
such that

(eo + h'%e_1 ) #n(eg + ' %e_y) — I € hSY(m™2, g;My). (3.1.4)

Now, the coefficient s_; of h'/? in es#neq is zero (because of the step-decrease

of the global calculus), whence for the coefficient of h'/2 in (3.1.4) we have

s_1+eje_1+eep =epe—1 + e e9 = 0. (3.1.5)

Equation (3.1.5) has a general solution

€_1 = €pl_q, (316)

where a_; € S(m™!, g;My) and

We next look for a_; in such a way that b,_; is blockwise diagonal. Hence,

we write

(65 + W26, A(Ef + BV26,) = ()" Avey + W2 ()" Aep + (e§) A™e, ) 4+ i,

where 7,_5 € SY(m* 2, g, My).
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Now, recalling the definition of A, we have
(60 + h1/2€_1)*#h14#h(60 + h1/26_1)

= ep#nauFtneot+ht/? <€i1#hau#h€0+€8#h%#h€f1 +eqFEnay—1 #h€o> +hr, 9,

with 7, € S§(m*~2, g, My).
It follows that, since a, is a scalar matrix and hence it commutes with

every other matrix, we look for e_; such that

Qu—1 + au(eeo + ege—1) + egau—1eo (3.1.8)

is diagonal, where g, ; is the coefficient of h'/2 in ej#, A, #neo and in this
case q,—1 = 0. We have that e* ey + ege_1 = 0 and that eja,_ieq is already
diagonal by the hypothesis on eg. Hence (3.1.8) is blockwise diagonal without
any further conditions on «_y, which is therefore only required to be skew-
hermitian. However, further constraints on it will arise in the next step.
This completes the case Ny = 1.
Next we look for e_5 € S(m™2, g; My) such that

(eo + hY%e_y + he_y)*#n(e0 + h%e_1 + he_s) — I € B*2S3(m ™3, g; My).
Hence, since
eottneo — I =hs_ o, 5.5 =155 € S)(m™ 2 g;My),
we require that e_, be a solution of

S_o+epe_g+eqeg+e e =0. (3.1.9)

Equation (3.1.9) has as a general solution

1
€_o = —=€ (8_2 + 6*_16_1) + eoX_9,
2 ——

:aila—l

where a_y € S(m™2,g; My) and
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aty+a_y=0. (3.1.10)

We next determine a_y so as to have b,_, in blockwise diagonal form
with the diagonal blocks b;,, 9, j = 1,2. Write

(60 -+ h1/2€,1 -+ h€,2>*#hz4#h(€0 + h1/2€,1 + h€,2)
= ejttnAttneo+h'/2 (el b Adtnco+ et Adtne 1 )

+h(€8#h14u#h672 + el o nAuFtneo + egFnAu—1#ne—1 + el Fr A1 #neo

+€i1#h14u#h671) + h3/258(m“*3, g, MN>

Because of the form of A, we have

(eo + h'%e_; + he_o)*#nA#n(eo + h%e_y + he_s)
= es#nauFtneo + h'/? (6*_1#hau#h€0 + egF#na,FHre_1 + GS#hGM—l#h(io)
+h<68#hau#h6—2 + eoFtna—1#Fne—1 + egFnau—2#neo + el Fra, Fne_

+€*_1#hay—l#hGO‘i‘eiQ#hau#heO)+h3/27”u737 Tp—3 € Sg(m“’?’,g, My).

Hence, we look for e_y such that the coefficient of A in
(eo + h'%e_y + he_o)*#, A#p(eo + h%e_y + he_s),
given by
Qu—2 + egaue_o + ega,—1e_1 + € jae_y + el ja,1e0 + € ya,e0,  (3.1.11)
is diagonal. Now, (3.1.11) can be rewritten, by using (3.1.5), as

Qu—2ta,(ege_ate’ se0)+(egau—1e0)a_1+a,0” a1+’ (efau—1€9). (3.1.12)
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Since by (3.1.9) and (3.1.6)
epe_g +eloeg = —5_9 — a0,
we obtain that (3.1.12) becomes
Qu—2 — ays_o + (epau—1e0)a—1 + a*(ega,—1eo). (3.1.13)

We now split (3.1.13) into two (Hermitian) parts (note that ¢, » = ¢;_, and
s_o9 = s*,). The first part is given by

*

u
Qu-2 — QuS_9 = [ L ] : (3.1.14)
7| U2

where u; = u} are blocks of sizes N; x N;. The second part is given by
* * * %
(ega—1€0)a—1 + o (egau—1€0) = [egau—1€0, 1]

(recall that a_; is skew-Hermitian by (3.1.7)). We therefore look for a_; in

the form

0 |0
a_y = [ — 10 ] . (3.1.15)

Using the fact that eja,—ie¢ is blockwise diagonal with blocks A\,_;; and

Au—1,2, in order to make (3.1.13) blockwise diagonal, we are led to the equa-

tion

Aﬂ—lylé - (5)\#_1’2 = -, (3116)

which imposes a condition on ;. By Lemma 9.2.2 in [15], equation (3.1.16)

has a solution and this completes the case Ny = 2.

It is important to note at this point that the only condition that a_o

must satisfy by now is that it be skew-Hermitian, that is s + a*, = 0.

Now, we proceed by induction. So, suppose we have already constructed

the symbols ey, e_1,...,e_n, , and b,,b,_1, ..., b,—n,, independent of h, with
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the required properties. Moreover, suppose that we have constructed

1
—5¢0 (3—1\/0 +e e (np-1) + 6*_(N0_1)6_1> + epa_ny, (3.1.17)

€_Np

where s_y, = s* v, € Sp(m~", g, My) is the coefficient of RNo/2in Eny _o#tn Eng—o,

and the only condition that a_y, must satisfy is

a_n, +a’y, =0. (3.1.18)

Proceeding as in the case Ny = 2, we look for e_(y,41) such that

No+2

Ngo+1 * Ng+1
<ENo + hOT@—(NoH)) #n (ENo + hOTG—(NoH)) = I+h" 7 Sg(m~"oF) g:My).

Thus, using the symbol-composition formula #; and (part of) the inductive
hypothesis, that is, Ex, #rEn, = I +hMN0T/250 (m =N+ g-My) (the other
part of the inductive hypothesis being relative to the diagonal form of the

conjugated operator), we are led to the equation

S_(No+1) T €0e—(No+1) T €5 (nps1)€0 +€lqe-n, +elye1 =0,  (3.1.19)

where s_(ny11) = 8"y, 1) is the coefficient of R(No+1)/2 iy By, 1#1hEng-1.

Equation (3.1.19) has as a general solution

C—(Not+1) = —560(5,%“) +elieny +€lnpe1) + o (Not),

where a_(ny 1) € S(m~MF g:My) and

Oéi(No—‘rl) + O{*(N0+1) = O (3120)

Since
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(ENO + h(NO+1)/2€*(No+1))* H#FnA#n (ENO + h(N0+1)/26*(N0+1))

No
_ Z hk/Qb,u_k + h(N0+1)/25’8(m“_(N0+1),g; MN),
k=0

with b, diagonal, we next look for e_(x, +1) such that the A(*+D/2_coefficient

in the symbol composition Ey, ,#nA#EN,11, given by

Qu—(No+1) T 38%6—(1\/0+1) + e*—(No+1)%€0

* * * *
+egu—16-N, + €7 N, ap-160 + € ae N, + €5y a6 1, (3.1.21)

is diagonal. Now, we rewrite (3.1.21) as

* * * *
Qu—(No+1) + Qu€GE—(No+1) T aue’ (v, 41)€0 + (€5au—1€0) €06 Ny

+ e” yyeo(€gau—1€0) + aue’ ey, +aue’ y e, (3.1.22)
so that (3.1.22) becomes (using the fact that a, is scalar)

Qu—(No+1) + ul€ge—(No+1) + e*—(Noﬂ)eo +elien, +elye-t)

- /

=—$_(Np+1) by (3.1.19)

+ (epau—1€0)epe—n, + € n,co(€gau—1€0)- (3.1.23)

Next, using (3.1.17), we write

1
efe_N, = —=S_N, tOa_nN, = T +
0%—No 2°—No No No>
X _ (3.1.24)
e’ Ny€0 = T — Q_Ny,
where
_ 1 _ * . *
T=—Z8S_Nyo =T, O{_NO——Oé_NO.

2
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Hence, (3.1.23) can be rewritten as
G (No+1) @S —(No+1) +(€90u—1€0) T+T (€0, —1€0) +(€gau—1€0) - No +07 v (€0u-1€0)-

As before, we next split (3.1.13) into two (Hermitian) parts, where the first
part is given by

: : uy |y
Qu—(No+1) — AuS—(No+1) + (€gau—1€0)T + T(€gay—1€0) = [ — | = ] ,
v U2
where u; = u; are blocks of sizes N; x N;, and the second one by

(€0u-1€0)a—n, + Xy, (€5au-1€0) = [€5a,-1€0, N ]

(recall that o, is skew-Hermitian by (3.1.18)). Hence, we look for a_p, in

a_y, = [ 0 5] , (3.1.25)

the form

—0* | 0
and, using as before the fact that eja,_1eg is blockwise diagonal with blocks

Au—1,1 and A, 2, we are therefore led to the equation
Auo110 — 0N, 10 = —7. (3.1.26)

As before, the equation has a solution and we complete the proof by induc-
tion. Once more, it is important to note that the only condition that a_n,41)
must satisfy in the Ny + 1-st step of the induction is a_(n,41) + oz’j(NOH) =0.

m

We state (omitting the proof, since it follows the lines of the foregoing one)

the blockwise diagonalization theorem in the case of semiregular symbols.

Theorem 3.1.3. Let i > 0, and let A = A* ~ ijo Au—j € Ssreg(mH, g; My).
Suppose a,, = p,Iy with p, € Sa(m",g), and that a,_1, for some ey €
C>(R?"\ {0}; My) positively homogeneous of degree 0 and such that epef, =
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ejeo = In, X # 0, can be written as

*
au—1 = egb,—1€y, where b,_1 =0b

* [ )\H—l,l ‘ 0

p—1 =
0 | A1

]7 X#Oa

where \,—1; € C(R*\ {0}; My,), j = 1,2 and N = Ny + Ny, are positively

homogeneous of degree u — 1, and are such that

Spec(A,—11(X)) NSpec(N,_12(X)) =0, VX e R™, |X|=1.

Then there ezists E € Syeg(1, 9; My ) with B ~ 3~ .~ e_; and principal symbol
eo (hence e_j, € C°(R?" \ {0}; My) is positively homogeneous of degree —k)
such that

EY(z,D)"E*(x,D)—I, E"“(x,D)E"(x,D)*—I € S(m~>,g;My), (3.1.27)
and
E(x,D)*A%(z, D)E¥(x,D) — B*(z,D) € S(m~>°,g; My), (3.1.28)

where the symbol B ~ Ejzo bu—j € Ssreg(mt, g; My) is blockwise diagonal,
with
bufj,1<X) ‘ 0

0 ‘ bu—j,2(X)

the blocks b,,_; i being of sizes N X Ny, k = 1,2, with

buy(X) = [ ],VX#O,WEO,

Necta| 0
0 | Auio

b, = a, = pu.lIn, bulzl ],X#O.
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Chapter 4
The subprincipal symbol

In spectral asymptotics, the subprincipal symbol of a pseudodifferential sys-
tem plays an important role. In this chapter we study its structure and
the transformation laws under different diagonalizers for the semiprincipal
part. From the decoupling theorems (semiclassical case as well as semireg-
ular one) we obtain the following general form for the subprincipal term of

the diagonalized symbol.

Proposition 4.0.1. For the subprincipal part b,,_o of the h*°-diagonalization
given in Theorem 3.1.1, or in the semiregular case by Theorem 3.1.3, one has,
by (3.1.22), the formula (recall that a,, = p,1s):

7
bu—o =€’ ,e0b, + buege_o + eha,_seg — 3 (eg {au, e} +{e5, auen})

* * *
+elae1 +by_1ege—1 + e’ egby1,

where

e 9 = Zeo {e5, e0} — 56004_104—1 + epa_o,

with o y = —a_y and o | = —a_y determined by (3.1.25) and (3.1.26).

Remark 4.0.2. It is important to note in e_o the presence of the term
—eoa™ yav_1 /2 which depends on the symbol of order p—1 (i.e. the semiprin-

cipal part) of our system.
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To study the structure of the subprincipal term, for the sake of clarity we
will be considering in the first place the case N = 2 and afterwards the case
of a general N.

All of the results below hold also true in the semireqular case of Theo-
rem 3.1.3 above, the only change being that where in the case of the h*>-

diagonalization we have X € R?", in the semiregular case we have X # 0.

4.1 The case N =2

Suppose hence that N = 2, that a, = a;, = puls, p, € S(m*, g) scalar,

and that a,_y = a’_,. Let (by slightly changing notation) A7 ;, A\, €

S(m#~1, g) be the eigenvalues of a,_1, and suppose that

A () = A (X)] 2 m(X)P VX € B2, (4.1.1)

whence the existence of a smooth unitary matrix ey such that

A (X 0
eo(X)*a,_1(X)eo(X) = w1(X) - , VX e R*™
0 A1 (X)
We have the following corollary.
Corollary 4.1.1. Suppose that a, = a;, = p,ly is a scalar matriz and

that a1 = ay,_, possesses smooth eigenvalues )\il satisfying (4.1.1). Let

1
that for the semiprincipal symbol b,_q of the (h™-)diagonalization we have

by1(X)wy = )\/f_l(X)wi, +-respectively, for all X € R®*™. Then for the
by o O

0 b,

n—2

1 0
wy,w_} be the canonical basis of C?, namely w, = , W = S0
’ 0

subprincipal symbol b,_o =

] we have with j = +
by = (bu—swj, w;)

= (epau—2e0wj, wj) + glm (({eq: puteows, wy)) + glm ({eo{pus eotw;, wy)) -
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In addition, as for the term 6 determined by equation (3.1.16), one has

1
AT A

p—=1 "

o =— ((€5a2¢0 — i€} (P, o} w_,w,). (4.1.2)

Proof. Recall that b, = a, = p,l>. We write the subprincipal term b,_, as

bu—2 = b;—Q + bZ—Qa

where
;L—Q = e”ye0b, + buege—a + €5a,—2eo — ) (e {pm o} + {60727#60}) )

and

/! . * * *
-2 = 10,61 + bu,leoe,l -+ 6_1€Qbufl.

As for b, _, we have, by Corollary 9.2.6 in [15] (used to deal with the terms
coming from the “regular” step in the order of the symbols), that for j = £,

respectively,

* 1 *
(b, _owj, w;) = (egau—2eow;, w;) + 5tm ({{ep, puteow;, wj))

1 * *
+5lm ({eo{pus eotwj, wy)) — pula’ ja_ywj, wj)

€ last term 1in € above expression 1S due to € 10rm oI €_o, See hemar
the last term in the ab ion is due to the form of Remark
4.0.2).

As for b _,, on the other hand, we have (since e_; = egar_1)
<671au6—1wjij> = <Oz,1b#o¢_1wj,wj> = pu (awy, aqwy) = <pu04710‘—1w17w1>=
and

((bu-rege—1 + €Zyeobu1) wy,w;) = ((bu-r0-1 + @2 ybu) wy,w;) =0,

because b,_ja_jwy = rwg with 7 € C®(R?*";C) (the same happens for
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a* b, for a different ) and (w,wy) = 0 (£-respectively). It follows that
(0 _owj, wi) = pua® o qwj,wy), j==.

Therefore, adding the expressions for (b, ,w;,w;) and for (b ,w;, w;), we
obtain the formula for the subprincipal part b,_.
We finally prove (4.1.2). By (3.1.16) we have that d = —v/(Af_; = A, ).

Therefore we have to compute v by means of equation (3.1.14). Hence,

0
recalling that a_; = 0 and that e_; = ega_1, we have

—0*

v <(€o%—2€0 3 (eg {ap, o} + {eg, aueo}) — Pu(—i{em eo})w,,w+>

= <(€8au7260 - ieé{pua eo})w_, wy),

which gives (4.1.2) and concludes the proof.
[

We must now study (still remaining in the 2 x 2 case) the transformation
properties of the subprincipal term depending on the choice of ¢y. We have

the following proposition.

Proposition 4.1.2. Suppose that a, = ay, = p, 15 is a scalar matriz and that
au-1 = a;,_; possesses smooth eigenvalues )\:71 and \,_, satisfying (4.1.1).

Let eq and éy be smooth, unitary 2 x 2 matrices in S(1, g; My) such that

M0
0 A,

* ~% ~
eolu—1€0 = €ou—1€9 = by_1 = [

Denote by b, and INDH,Q, respectively, the subprincipal terms given in Corol-
lary 4.1.1, associated respectively with ey and éy. Let hence f € S(1,g;My)

be the unitary matriz such that eq = éof, so that (since i | # A, 1)

[0
f‘[@f—]
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with f; € S(1,g) and |f;(X)| = 1, for all X € R*, j = £. Then, with

{wy,w_} the canonical basis of C* as before,

bgl2 = (by_owj, wj) = <bu_2wj,wj> +Im (fj {fj,pu}) j==+.  (4.1.3)

Moreover, one has

6= fifo (4.1.4)

where & is determined by equation (3.1.16) with éy in place of eg.

Proof. By Corollary 4.1.1 and by the proof of Proposition 9.2.7 in [15] we
have (4.1.3). Hence, we only need to show that § = fifob.
On the one hand,

(ep{au eotw_,wy) = fr ({au, éof}w_, éqwy)

= fof- ({pw G} w—, éowy) + fr ({pu, f-} éow—, épwy)
(4.1.5)

= f+f— <é[>; {p/u éO} w—, ’LU_|_> + f-i- <{pu7 f—} éow_, é0w+> :

On the other hand, again from the proof of Proposition 9.2.7 in [15],

fr ({pu: f-} eow—, Eqwy) = f+{pu> f-}(€ow-, éqwy) = 0. (4.1.6)

Now, by (4.1.5) and (4.1.6)

1 * - %
0= —m«eo%ﬂeo — ieg{ppu, o })w—, wy)
H—= H—=
fT f* ~% ~ .~k ~
= —ﬁ«@o%—ﬁo — i€{pu, €o})w-, wy)
n— H—



90 4. The subprincipal symbol

which concludes the proof. O

4.2 The case of blockwise matrices

We pass in this subsection to the study of the subprincipal symbol in the
more general case of a diagonalization into 2 blocks, with N > 2.

Suppose now that:
(i) a, = a}, = p,Iy > 0 is a scalar matrix with > 0, p, € S(m*, g);

(ii) au,—1 = a;_, is such that (as in Theorem 3.1.1) there exists a smooth

unitary matrix ey € S(1,g; My) such that

MN(X)| 0

0 | A(X)

eo(X)*a,1(X)eo(X) = [ ] . VX e R™,

(4.2.1)
where, writing N = N, + N_, we have that +-respectively )\ff_l €
S(m+1 g, My, ), with

inf {|¢1 — Gal; ¢1 € Spec(N)_)), ¢ € Spec(X,_1)} 2 m(X)" VX € R*™
(4.2.2)

We have the following corollary.

Corollary 4.2.1. Suppose that a, and a,_y satisfy the conditions (1) and
(ii) above. Consider, d=-respectively, the orthogonal projectors my: CN —
CN = CN+ @ CN- onto CN+ @ {0} and {0} ® CN- respectively (that is, T, =
[In |On_] and m_ = [On_|IN,]), so that for the semiprincipal symbol b,_1 of
the h*-diagonalization we have m1b,_1 (X))} = /\ZEA(X); +-respectively, for
we

=

n—2

all X € R*. Then, for the subprincipal symbol b, o =

have, with j = =+,
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G) _ *
{ i
_ * * * * * *
—Wjeoaufgeoﬂ'j — éﬂj{eo, au}eoﬂ'j - 57'(']'60{@#, 60}7'(']-

_ * * . * *
=Tjeo0y,—2€0T; — iTjeo{ Py, €0} 7}

In addition, for ¢ (see (8.1.16)) one has X} 0 — 0\, | = — where

v =7 (epau—2e0 — teg{pu, €0}) 7. (4.2.3)

Proof. By Proposition 4.0.1, the terms in 7;b, o7} for j = & are (recall that
bu =a, = p,u]N)
(1st)

mj (eZaeoby + buege—2) i =4 (b {€q: e} — {eg, 0} b))

1 * * * 1 * *
+7; —§a_1a_1+04_2 bum;+m;b, —504_104_1—1-04_2 T

(since {ej, €0} = —{€§, €0} and oy = —a_9)

1
= 5 (bulen, eo}) 75 — bumjaly s,

(2nd) mi{es, apeoym; = mi{eq, eo}pumy + mi{eq, puteor;,
(3rd) Tl ja e T = pmial T,
and finally

(4th) 7 (by_1ege—1 + e_1eqby—1) T = Tibyam; + mal b, =0,

since b,_1c_; is blockwise anti-diagonal. Summing the above terms gives the
expression of bfﬁZ.
We next show (4.2.3). By (3.1.16) we have that A} 0 — 0\, | = —7.

pn—1
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Therefore, we just need to compute v by means of equation (3.1.14). Hence,
0

recalling that a_; = [ p

] and that e_; = ega_1, we have

Y=T4 (eoa“_geo ) (e {aw eo} + {607 au€0}) - au(_§{€07 60})) T_
= 7+ (egau—2e0 — ieg{pu, co})m”

which gives (4.2.3) and concludes the proof.
[

As before, we must now study the transformation properties of the sub-
principal terms depending on the choice of eq (still remaining in the N x N

case, N > 2, with 2 blocks). We have the following proposition.

Proposition 4.2.2. Suppose that a, and a,_1 satisfy the above conditions

(i) and (i1). Let eq and éy be smooth, unitary N x N matrices in S(1,g; My)

such that
)\:71 0
0 |\ ’

€SCLH,1€0 = éz‘)au,léo = bN*1 = —
pn—1

with the blocks )\ff_l satisfying (4.2.2). Denote by b,_o and BM,Q, respectively,

the subprincipal terms given in Corollary 4.1.1, associated respectively with e

and €y. Let hence f € S(1,g;My) be the unitary matriz such that eg = éyf,

so that (by the spacing property of the spectra of )\i_l)

I [ﬂ%}
0| f
with the fi € S(1,9;Mp,) being themselves unitary matrices. As before,

consider w1 the projectors of CV = CN+ & CN- respectively onto CM+ @ {0}
and {0} & CN=. Then, for j = =+,

j * *__ 7 * i * *
bEQQ = MWjbu—om; = f;mWibu—om; f; — B (fj {pur fi} = Ao 151 5) - (4.2.4)
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— f;ﬂjgu_gﬂ;fj + Im(f;{puafj})

(where, for a matriz A, we put 2ilm(A) = A — A* for its skew-Hermitian

part). Moreover,
A6 =N = fr (N0 —0M) £ (4.2.5)

where 0 is determined by equation (3.1.16) with &y in place of €.

Proof. We prove (4.2.4) by following the scheme of proof of Corollary 9.2.6
in [15]. One has

* * . ko o~k ~ * * "“’* ~ * .
Tieou—2e0T; = ;" €qa,—2€o fm; = [imi€qa,—2€0T; [},

:f]i‘ T :ﬂ-;‘ fj

Wj{eéu a/t}eoﬂ—; :Wj{f*éaapu}éo.fﬂ;
=fimi{eq: putéomifi + {f] . pu} mi€som; f;
—_—— ——

=fimi{€s, puteom; f — {pu: Fi} 15,

Tieolau, €0} =7 f Eo{ Py, €of I}
:f;ﬂ'jéé{pm éo}ﬂ';fj + f; Wjéééoﬂ-;{pua f]}
———

In;

=fimieo{pu, €otm; fi + fi{pu fi}-

Hence, Corollary 4.2.1 implies (4.2.4).
We next prove (4.2.5). By (3.1.16) we have that A7 ;0 —dA, | = —y and
by (4.2.3) that

v =7y (epau—2e0 — teg{pu, e0}) 7.



94 4. The subprincipal symbol

We have therefore to study the transformation properties of 7. By (4.2.3)

one has
v =Ty (f*éga,b—ﬁof —if*eg{pp, éof})ﬂ'i
= fimy(€gau—260 — i€i{pu, €o}) " fo —if i my€seon {pu, f-} = [T,
-0

whence (4.2.5). This concludes the proof.



Chapter 5
The semi-subprincipal symbol

In this chapter we will study the structure and the transformation laws of the
semi-subprincipal symbol of a pseudodifferential system (that is, the term of
homogeneity p — 3 of the asymptotics of the total symbol where p is the
order of the ¥do) under different diagonalizers for the semiprincipal part.
From the decoupling theorem we will obtain the following general form

for the semi-subprincipal term of the diagonalized symbol.

Proposition 5.0.1. For the semi-subprincipal part b,_s of the h*°-diagonalization
gwen in Theorem 3.1.1, recalling that a, = p,l>, one has, by (3.1.22), the

formula:

bu—3 =€’ se0b, + byege_s + € epbeqe_o + € ye0beqe—1 + eXegb,—1epe—q
* * * * *
+ bu_160€_2 + 6_260bu_1 + €_1G,-2€0 + €olp—2€-1 + €oau—3€0
7

= 5 (e o o) + e amsen) + eca (o) + (i)

i) + (G i})
where

1 1
e_3=—ep ({eg, e_1}+{e", eo}) ~ 5 (a’iloz_g + a’i2a_1) + ega_s,

4

with oy = —a_y and o | = —a_; determined by equations (3.1.25) and
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(5.1.26), and a_3 skew-Hermitian.
Remark 5.0.2. [t is important to note in e_g the presence of the term
eo (@ ja s +at o) /2,

which depends on the symbol of order pu — 2 of our system.

5.1 The case N =2

Suppose hence that N = 2 and that the hypotheses of 4.1 are verified.

To study the structure of the semi-subprincipal term, for the sake of
clarity we will be considering in the first place the case N = 2 and afterwards
the case of a general N.

All of the results below hold also true in the classical semireqular case of
Theorem 3.1.3 above.

Then, we have the following corollary.

Corollary 5.1.1. Under the hypothesis and notations of Corollary 4.1.1, for
bt 0
n—3

0 b,

n—3

the semi-subprincipal symbol b,_3 = [ ] we have

by = (byu—swj, w;)
= (eay—seow;, w;)
1 . (i 1 .
+5Im <<{60, /\lel}eowj7wj>> +5Im ({eo{au—1, eopwy, w)))
PR 1 <
+ <AL—J1) - )‘/(szl) |0]* — 5lm (pu5j ({en, eo}wj,w,j))
+ 2Re (3 (ehau-seowy, w-y) ) +2im (3 ({ei pyeowssw-y) ), j ==
(5.1.1)

where §; =
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Proof. Recall that b, = a,, = p,I>. We write the semi-subprincipal term b,_3

as
Y Ui
where
/ % * * i * *
b5 =9 9e0bu—1 + by_1€59-2 + eja—seo — = (e {au—1, €0} + {€f, au—1€0}) ,
" 2
and
" % * * * * *
b,_3 :=eZzeoby, + buege—_s3 + €Zeobyepe o + eZyeqbuepe 1
* * *
+ a_lb#,la,l — §bM710é_1Ol,1 — 5047106_1611,1
+ e’ a,0e0 + epa,—se_q
i
* * * *
- 5 (671{(1“, 60} + {6717 GMBO} + eo{aw 6—1} + {607 aue—l}) )
with

i *
g9 = Zleo {60, 60} + €g0_9.

Then, following the scheme of the proof of Corollary 9.2.6 in [15] (used
to deal with the terms coming from the “regular” step in the order of the

symbols) we have for j = +

/ * 1 * j
<b#_3wj, wj> = (eja,—3eow;, w;) + §|m (<{eo, )\gzl}eowj, wj>>

1
+5Im ((eo{an-1, eofwy, wy)) .

1"
Now we compute <bﬂ_3wj, wj>.

First of all, we rewrite the terms in <b;173wj,wj> for j = + using 5j.

Recalling that a, = b, = p,I>, we have
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(i)

((buege—s + e ze0b,) wy, wy) :2£ (Pufen, e-1}w;, w))
+ 27 ({et, colpy, wj)

1
+ 2Re (—5 ((a* s + a*ya ) paw;, wj>>

+ 2Re < (0573 + Oéig) puwy, wj> )
7

=0
(5.1.2)
(ii)
——56_1{au,eg}ug,ug ZZ“§<{puv€0}“Uae—1UU>

i .
=—3 <{Pm €o fwj, 5j€0wfj>

1E o,
= —59; {eo{pu: eojuwy, wy), (5.1.3)

=({efputeow;w—)
(iii)

((eZ1eobucie—2 + € seabyeie 1) wy, wy) = ((a”y0 2 + a01) pawy, wy)

:—ZRe(—%<(a*_10¢_2+o¢*_2a_1)buwj,wj>)
i * * 1 * *
+ 2Re < (Za—l {es, €0} — Ea—la/—la—l) PpWs, wj>
1 * *
= — 2Re ——5<(a_1a_2%—a_Qa_l)puug,ug>

Im <C¥i1 {66, eo}puwja wj>
~-

=pud; ({68:60}%:%]‘>

—Re | —p,|0]0; (wj,w_;) |,
—_———

=0

(5.1.4)



5.1 The case N = 2 99

(iv)

1 1 o
<(—§bu_1a*_1a_1 — 504*_1a—15u—1 + oz*_lbu_loz_l) wj, wj> = ()\,S_jl) - )\,(21> 62,
(5.1.5)

(v)
_5{6717 aueofw;i, wj ) = — B} <{€717 €0 tPutW;, wj> + 3 <{e,1,pﬂ}eowj,wj>
7: *
9 <{€71a €0 } Py, wj>

- % <(O‘*—1{637PN}60 + {a*_l,pu}) wj, wj>

7 N 1 /= .
=5 (et eodpawywy) = 5 (8 (ep pudeows wy)

(.

-~

:—Q(i <{€i1160}puwjvw.i>)

=0

(vi)

<(e*_1au_260 + epay—se_1)wy, wj> =2Re (& (efau—2e0w_j, wj>> . (5.1.7)

(vii)

<—%€3{aua el}wj,wj> == % <(€3{Pm €o}d; + €5 {pus 53'}60) W—j wi>
=— % <(6E§{pw eo}d; + es{pu, 5j}60) w-j, wj>
= - %J (eo{pu, eotw—j, w;)
- % <€3{pw5j}€ow—j»wj>: (5.1.8)

-~

:{pu,gj} <e(’§eow,j,wj>:()
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(viii)

<—§{60a aue—l}wjij> =~ 5 Heo Pucoa—1}wj, wj)

[ *
== 5% ({eg: puteow—j, wy)

J/

-~

={eg{pueotw_jw;)

i *
—3 (Puieq, e—1}wj, wy) . (5.1.9)

We then sum all the above terms and get

(egau—seow;, wj) + %Im (<{€E§, )‘Z—l}eowj’ wj>)

+ %'m ((ep{au-1, eo}wj, w;)) 4 2Re (5J (€0au—260w—j, wj))
Re (M2 =2, ) 167) = i (i (e o} wy, )
—id; ({e5, puteows, w_;) — i; (e {pun o}y wj) , j = £,

Finally, by unitarity of ey,

—i6; (e5{Pu eow—j, wj) =id;(w—;, —{ef, pu}eow;)

= —i0; ({€}, puteow;, w—j)

means that

—i0; ({e}, puteow;, w_;)—id; (es{py, eohw_j, w;) = 2Im (57 <{68=pu}60wjvw—j>>

which completes the proof of the statement.
0

We must now study the transformation properties of the semi-subprincipal
terms depending on the choice of eq. More precisely, we have the following

proposition.

Proposition 5.1.2. Suppose that a, = aj, = p,la > 0 is a positive scalar
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. _ * . :t . .
matriz and that a, 1 = ay_, possesses smooth eigenvalues A, satisfying

(4.1.1). Let ey and &y be smooth, unitary 2 x 2 matrices in S(1, g; Ms) such

that
ANo0 ] |
O )\;_1

* ~% ~
€ou—1€0 = €50,u—1€0 = by_1 = [

Denote by b,—3 and l;u,g the semi-subprincipal terms given in Corollary 4.1.1,
associated, respectively, with eq and éy. Let hence f € S(1,g;Ms) be the

unitary matrixc

f:[er 0 ],suchthatf*fsz*zfz and ey = € f,
0 fr

so that the f; € C=(R*";C) belong to S(1,9) and |f;(X)| =1, for all X €
R?", j = +. Then, with {w,,w_} the canonical basis of C* as before,

by = (bu_sw;, w;)

— <i)“_3wj,wj> +Im <fj {fﬂ’ /\/(LjZ })

+ %Im (pugjfj ({éo, fi} éowy, w—j>)

U

—_
(=)

+ =Im (puf—j i (€ {f—jjéo}wj>w—j>> , J=+

(\V]

Proof. Recall that b, = a, = p,I>. In Corollary 5.1.1 we already wrote the

semi-subprincipal term b,_3 as

Then, following the scheme of the proof of Proposition 9.2.7 in [15] (p. 137)

we have for j = +

<b;73wj,wj> = <5M,3wj,wj> + Im (fj {fj, )‘szl}) )

where B;_S is defined as b;_3 with €y in place of eg. Moreover, by (4.1.4)
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(which means §; = f_jgjfj)

Re <5 (efa— geow],w,j)) =Re (9, <€8(LH,2€0’U),J',U)J'>)

(

=Re (Aj <€E§au—260w—j’ wj))
(
(

I

J
2. _
—Re (5] <€Oa#_260wj, w_j>

N——

" and ()\ —) _ 20

where §; = p—1

) |62 = (A,ﬂ ) )\,(f 1) 16]2,

since |f1]| = 1.

Moreover,

Orml

Im (pugj ({0, eo} wj, w—j) 'm( freg,eof} wj#”j))
=Im (pﬂf_ 0 fi (L f e, énf} wj,w_j))

szl

=Im (p#f i S fi <wj,wj>>
=0

+Im (puf— gff—jfj <{é(*)aéo}wj7w—j>>
+ Im (p,uf—jgjf i (L€ fi} 60w37w—]>>

+|m( g i (& {fj,éo}wj’wﬁ)

i (5, <{éz;,éo}wj,wj>)

+1m (puf—jgj (€ {f—jaéo}wmw—D) )
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and

S

Im (53‘ <{€6,pu}€0wj,w_j>> =Im (f—j i i <{f*éi§apu}éofwj>w—j>)

=Im (f—j

+Im f—jgjfjfj{f—japu} <é(>§éowj’ w—j>
=0

bRl

>

jﬁﬂﬁﬂﬁamﬁw%wﬁg

bRl

>

=Im (5j <{é87pu}é0wj,wj‘>> ;

whence the result.

5.2 The case of blockwise matrices

In this section we move to the study of the semi-subprincipal symbol in the
more general case of a diagonalization into 2 blocks, with N > 2.
With the same hypotheses on a, and a,—; which we have in Section 4.2,

we get the following corollary.

Corollary 5.2.1. Under the hypotheses of Corollary 4.2.1, for the semi-
6;3 0
-

n—3

subprincipal symbol b, _3 = we have

() *
b3 =Tjbu—3m;
i

4

=mjeqau-seom; + 77 (bu—1{eg, eo} — {eg, €o}bu—1) 7;

+ §7Tj€0{€0, b‘ufl}ﬂ'j - 571']‘60{(1/“,1, Go}ﬂ'j
1 Sk © N SNAY] *7(—J) ¢

— 5 (02,0585 + 50,62, — 2870205, )
1 A

* * N * *
— —Im (p, jﬂ_j{eo,eo}wj> + 2Re <(Sjﬂ'_j€0a#_2€oﬂ'j>

+ 2Im ( TP 60}7?;-‘> , J ==, (5.2.1)
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where, for a matriz A, we pul 2Re(A) = A + A* for its Hermitian part,
. . o _5* ) j = +7
2Im(A) = A— A* for its skew-Hermitian part, and set §; :=

0 ) .] = -

Proof. Recall that b, = a, = p,Iy. First of all, we rewrite the terms in
m;by—3m; for j = & using 5j. When adding all the terms, those underbraced

by the bullets will cancel respectively out. We have, in the first place,

75 (bu-rege—s + €lgeobu ) m; =775 (Buafeg, eo} + {ef, eo}bu1) 75

1 1
* * * *
—3 b0, Q1T —3 SO a_lbu_mj
N e N = N~
_3(J) £« ok R 8% . I j
_builéj T _7r7j6] —6j T :”ijajbffll
* * *
+ Tibu 1 _om; + Ml 4by, 7, (5.2.2)
N TV N TV -
’ e gl P
=M 7T‘77T,j =M 7T]7T7j
=0 =0

where M', M" € C™(R*"; My, ). Next, we have
(i)

T (eilau,geo + 6861#,26,1) 7T; =T; (aileaau,geo + 6861#,26006,1) 7'(';'<
zgjﬂ,jegau,Qeoﬂj + Wje[’;au,geoﬂijgj,
(5.2.3)
(i)
1 1
—57ic (a1, €0} +leg qureo}) 1 = — g7je{au, e}

el 0eo=—(0ef)eo

7
— 57t Co}bu;

l

T3

miep{ €0, bu-1}7;,

(5.2.4)
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(iif)

7 (buege—s + e seqby,) mh = %ﬂ_j (bufe . eo}) 5

(o)

2

~ J/ ~

1 1
+ —Wj{e?p eo}a—lpuﬁ; - §7Tj€3{€o7 O‘—l}plﬂr;

J/

(o0) (esee)

* * *
— T (Oé_la_g + a_2a_1) PuT;

N

(s00)

+ 7; (of“_3 + a_g) PuT;

=0

7 )
—5™ (e*_l{au, 60}) Ty = —§7rje*_1{pu, €o}7;

i N * *
= _553 W,jeo{pu, 60}71']-,

7Tj (ailbu—la—l) 7'(';< :5ij:J1)5j,

(vi)

* * * * * . * * *
j (e_leobueoe_g + e_Qeobueoe_l) T, =T, (a_loz_g + 04_2(1_1) PuT;

(5.2.5)

(5.2.6)

(5.2.7)

+ 7, (Za_l{eo, e} — 504_10z_104_1) PuT;

+ 7, 1{60760}04—1—504—104710‘*1 PuTj

I * * *
=T, (ozfloz_g + oz,za_l) PuT;

(o0s)

?

/l: A* * *
+ Zpu5j7r,j{eo, eo}m; + 1

pumifes, 6()}Wijgj’

(5.2.8)
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(vii)

— 5mitely, aueo}m; = —gmidely, eodpumy — gmidely, puteor;
= —gmitely, eobpumy — gmali{ey, puteomy — omi{aly, put;
i i S N *
- ipuwj{eil, eo}7; —iéjﬂ,j{eg,pu}eoﬂ; + {07, puym_jms, (5.2.9)
K —~ , \_/—/
(®) -0
(viii)
/l; * * 7: * * N * * I
_gﬁjeo{aua e1}m; = — Qﬂjeo{pw eo}m” ;05 + m; egeo ©° i {py, 05}
I
=iN

v * * 3 * N
= — 571']'60{]?#,60}71'_]-(5]' —|—7rj7r_j{pu,(5j}, (5210)
——

=0

(ix)

{ {
—éwj{eg, aue,l}ﬂ'; = — 57'(']'{68, 60]9“05,1}71';-(

1
_ * *
= §7Tj{60> 60}19“04717%’

~ J/

(oe)

7 ~
— 5milen, Puteom 0,

2
) . N
+ 5mipueo{ o, a1} (5.2.11)
(o::o)

Then, by summing all the terms and simplifying (we used the dots to

point at the terms that semplify one another in the sum), we find
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bELJES :iju_gﬂ';
=mjet—scomj + 7 7 (bu-11€p, o} + {5, €o}bu—1) 7;

i
5Ti€0 1, €0} T;

Z *
——Wj{emeo}b —1T; +27Tg€o{€o, — 1}7T 5

2

1 A S fx j Sx1(—7)
—5 (5,2]215—3'57‘ + 8507 b)) + 5jb£t—]1)5j>

i .
_puﬂj{egv eO}Wij(sj

v NG * *
+ —puéw_j{eo,eg}ﬂj + 1

i .
5* —i€o{pus e} — Smiep{pu, eodm” ;6;

2

*
+<5 T j€ayu—2€0T; + Tjeql, —2eoT" ;0;
i
5 i m—i{e6, puteoms — 27T]{607pﬂ}607r—]5

Finally, we note that

* Z *
(5 T_jeoiPu o }m; = —3 ({pu,eo} e (5) i

*

1 A
=5 |- {eg, puteo ;05 | 7
—_————

:68 {pu,eo}

Z’ * * N :
= (_5 jeo{pu,eo}w_ﬁj) g

7 A
5* mjeo Pweo} T = —50m—j1€0 Puteon],
v ——(Oe*

:_{607]7;4}

1 A i
—5j€o {Pus €0} 7Tij5j Wj{e()vpﬂ}eﬁﬂlj(s
———

2

:_{607pﬂ}

which gives (5.2.1). The proof is complete.
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Chapter 6
The X-ray transform

In this chapter we study conditions that are necessary and/or sufficient for

having that the X-ray transform R()\il

semiprincipal part a,—; are Morse-Bott functions. Recall that in this chap-

of the eigenvalues \* | of the
) g pn—1

ter the X-ray transform of a functions is the integral of the function on the
bicharacteristics of a, = p, /2, hence of p,, that will be supposed all periodic
with constant period T > 0 (e.g., the case of 4 = 2 and p, the quantum

scalar harmonic oscillator).

6.1 Homogeneity property

We start by considering the following slightly more general setup.
Let p,, € C"’O(R2”; R, ) be positively homogeneous of degree 11 > 1. Note then
that the bicharacteristic flow associated with p, is globally defined (since
pu — 00 as | X| — 400 all the energy hypersurfaces are compact, whence
the flow is globally defined on each of them). Let ®: R x R*" 3 (¢, X) —
d,(X) e R2" be the bicharacteristic flow associated with Dy

Suppose that the following condition holds:

(H) For all X € R2" the flow is periodic with minimal period Tx > 0 and
the map X — T'x 1s C*°.

Recall that we therefore have that ®,(X) # X for all 0 < t < T, for all
X € R™,

109



110 6. The X-ray transform

First of all, we prove the following proposition about homogeneity of the

X-ray transform.

Proposition 6.1.1. Suppose condition (H) above holds. Letp, , € C™(R*"; C)
be positively homogeneous of degree p — 1. Consider the X-ray transform of

Pu—1, denoted by

R 5 X s R(p1)(X) = /0 T P (By(X))dt.

Then, R(p,—1) is positively homogeneous of degree 1.

Proof. First of all, for any s > 0 and any X € R2" we have, by homogeneity

of p,,
pu(sX) = s'pu(X), s>0, X #0.

Moreover, since the Hamiltonian field associated with p,, is

"L/ dp 0 dp 0
Hy () = 3 ()5 - 0052 ).
j; 05] 0@ 8x]~ ('35]
we have that H, (sX) = s*"'H, (X) for s > 0 and X # 0, that is, H,, is
homogeneous of order p — 1.

Hence, denoting by ® the flow associated with H, ,

d
SOUX) = H,, (X))
:(X)],p= X,

for s > 0 consider ®;(X) := s®u2,(X). Then,

d ~ 5 d _
%th(X) = ss 2%(1){()() a2y §8" 2 H, (P gu-24(X))
= H,, (5P —24(X))
= Hpu(ét(X)>7
ét(X”t:O = S)(7

so that
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®y(sX) = sPgu-2(X), Vs>0, VX #£0.

Since Tx is minimal, using periodicity and homogeneity we obtain

P2y (sX) = $Pgu—2g2-u7, (X) = 5D, (X) = sX,

whence

T.x = s> "Tx, Vs>0, VX #0.

Now, recall that p,_; is positively homogeneous of degree u—1. Consider

the X-ray transform

R )(X) = [ Oipa (Xt = [ s 0 @0(X) .

Thus,

R(pu-1)(sX) = /0 B (Pu—1 0 ®¢)(sX) dt = /Os X Pu-1(sPgn-24(X)) dt

SQ_MTX Tx
_ / 1 (B (X)) dlt s / Pt (@(X)) dr
0 0

—

= sR(pu-1)(X).

Therefore,

R(p,1)(sX) = sR(p,1)(X), Vs >0, VX £0.

6.2 The zero-set of the X-ray transform

We are interested to focus on the case p = 2 because of the study that we
will carry out in Section 7.1. We next wish to understand when R(p) is a
Morse-Bott function (that is, a smooth function whose critical set is a smooth

manifold at which the Hessian is nondegenerate in normal directions).
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Proposition 6.2.1. Suppose condition (H) above holds. Let p; be smooth,
positively homogeneous of degree 1, and let C., denote the critical set of R(py).
Then, Ce is a conic set contained in the zero-set of R(py).

Moreover, any given X € R belongs to Ker Hess(R(p1))(X). Hence
Hess(R(p1))(X) is always degenerate for every X e R*".

Proof. The property of C, follows immediately from the homogeneity of p;,
the homogeneity of R(p;) (see Proposition 6.1.1), and Euler’s relation.

Next we consider the Hessian

(V3% R(p1)(X))
Hess(R(p1))(X) = . X e R™,
(Vx g R(p) (X))
where %R(pl), 1 < j < 2n, are positively homogeneous of degree 0 since

R(py) is positively homogeneous of degree 1. Therefore, for every X € R?"

(now seen as a tangent vector to R?*") we have

0

<aninR(pu1)(X)aX> ~ 055 Rl )(X) =0,

for 1 < j < 2n, once more by Euler’s relation. Thus,

(VxR (X). X)
Hess(R(p,—1)) (X)X = ; -0,

(Vx72Rpu1)(X), X)

This concludes the proof.
m

Remark 6.2.2. VR(p,_1) vanishes to infinite order on a set of nonzero
measure if and only if it vanishes on some open set since R(p,—1) is smooth.
Now, from Proposition 6.2.1, we then have that VR(p,—1) vanishes on an
open set if and only if R(p,—1) vanishes on an open set. By homogeneity,
we hence have that if there is a relatively open set V. C S* ! at which
VR(pﬂ_l)‘V: 0, then Hess(R(p,_1))(X) is degenerate at all X € R®* of the
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form X =rw, w €V and r > 0.

Howewver, the critical set C.. in Proposition 6.1.1 is a smooth manifold
(necessarily conic) of R2" if there is a smooth submanifold S of S**~' such
that Cop, = {rw; r > 0, w € S}. The normal directions of Ce, at some X =
rw € Co (hence w € S) are exactly given by tangent vectors at w to the
sphere that are normal to S within the sphere. In fact, for all rw € C.. we
have that T,,Co. = T,,Cop = T,,S & N,S*™ ' where T,,S & N,S = T,
and @ denotes orthogonal sum in R*" (here we consider, as customary, the

sphere S*"1 as embedded in R*", with the induced Riemannian metric).
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Chapter 7

The Weyl law for semiregular

systems

7.1 The Weyl law computation

In this section, we prove for a system A € Sgeg(m?, g; My), a semiregular
metric globally elliptic system of the kind introduced in Definition 1.2.6 (i.e.,
an SMGES), a “classical Weyl law” and a “refined Weyl law” result of the
kind proved for scalar semiregular operators, respectively, by Helffer and
Robert [18] and by Doll, Gannot and Wunsch [11]. We follow the approach
in [11] for both the results. As is classical situations, the approach is based
on the construction of an FIO (Fourier integral operator) parametrix of the
Schrodinger unitary group generated by AY. We will hence have to exploit
our diagonalization result (in the semiregular setting) developed in the previ-
ous chapters. In fact, we construct a parametrix for the diagonalized system
and thus obtain a parametrix by conjugating with the operator EV(x, D)
constructed in Chapter 3. However, because of that conjugation we need to
have a better control on the compositions occurring in conjugations. Hence,
it will be convenient to construct a parametrix following the idea of Doll and
Zelditch in [12], that is, by exploiting the fact that the parametrix FIO can
in fact be written as a Weyl-quantization. Having the parametrix for e=#4"

we then follow the classical approach, in that we will be able to consider
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the trace of its Schwartz distribution kernel and obtain our results through
the asymptotics of the convolution of the counting function with a suitable
scalar function (with compactly supported Fourier transform) and classical
Tauberian arguments.

Throughout the section ds denotes the Riemannian metric induced on
{ps = 1} or on {py = A} (it will be clear from the context) by the Euclidean
one with A > 0, and ds/|Vps| denotes the associated Leray-Liouville measure.

In the proof of Proposition 7.1.2 and Theorem 7.1.7 will be fundamental
that the tangential derivatives of order 1 of the X-ray transform of the eigen-
values of the semiprincipal symbol vanish to infinity order on a subset of zero
measure of the sphere S?"~!. Namely, if we denote by 9% (o € N?"~1\ ()
the S*"~!-tangential derivatives of order |a| and by A\y; (1 < j < r) the
eigenvalues of the semiprincipal symbol of the SMGES under study, the cor-
responding subset of S?"71,

e Condition DGW:

Iy = {w € "% 92(R(A1))(w) =0, Va € N**7'\ 0} has zero measure, Vj
(7.1.1)

Remark 7.1.1. We notice that to impose Condition DGW (7.1.1) we need
the explicit knowledge of the eigenvalues of the semiprincipal symbol of the
SMGES under study. Hence, we need a way to determine explicitly those
eigenvalues to make Condition DGW a useful condition when studying a
concrete example of SMGES. It can be done in the following way by relying
on the Rouché Theorem. In fact, by the Definition 1.2.6 of SMGES, for all
wo € S and all 1 < j < r, there is a disc on the complex plane B,
containing \j(wo) and no Ay (wo) with j # j. Hence, by Rouché Theorem,
there is an (relatively) open neighbourhood U,,, of wy on the sphere S*"~! such
that

1 O\P(w; \)

Ni(w) = A
(@) 2miNj Jop,,, Plw;A)

)\, Yw € Uy, V7, (7.1.2)

where 0B, ; denotes the boundary of B, j, N; is the multiplicity of \; and
P(w; A) :=det(ar(w)—Ay) (a1 being the semiprincipal symbol of the SMGES
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under study). Thus, we can give a local representation of \; around every
w € §*"7 1 and, therefore, by compactness of S**~1, there is a finite open cover
{Us tre1. i of S**71 such that on every open set of the cover (7.1.2) holds.
Finally, a partition of unity argument gives S*~! 3 w + \;(w) for all j.

Hence, the Condition DGW (7.1.1) can be imposed as a condition on
the logarithmic derivative of the characteristic polynomial P of the semiprin-
cipal symbol of the SMGES studied.

For clarity of exposition, we first prove a result in the fully diagonal case
which serves as a guide to guess what the result should look like in the more

general, nondiagonal case.

Proposition 7.1.2. Let B = B* ~ 3" by j € Sieg(m?, g;My) be a diag-
onal SMGES symbol. Hence, in particular, by = poIy with po € S(m?, g) the
scalar harmonic oscillator. Let R 5 A —— N(X) denote the spectral counting

function associated with BY. We have the following asymptotics

N(A) = ((2]:)” /m<1 dX) p- ((27‘()_”/]02:1 Tr (by) |Vd;|) A2 o,
(7.1.3)

as A — +o0.
Furthermore, if Condition DGW (7.1.1) is satisfied, then (7.1.8) can be
refined to

N(A) = (2m)7" <Z ( / L dx) [ T |Vd—p|> o),

(7.1.4)

as A — +oo, where by ; is the j-th term of the diagonal of by, j =1,...,N.
Proof. Of course, we may write the counting function as
N
R3A— N = N;(N),

J=1

where N; is the counting function given by the jth diagonal term of BY.
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Applying then the scalar results by Doll, Gannot and Wunsch [11] to get the
asymptotics of each of the contributions in the two cases of the statement, we

sum up the asymptotics of all contributions to get the asymptotics of N(\).

To obtain (7.1.3) for each 1 < j < N, let p € #(R) such that p has
compact support in (—¢,¢) for a sufficiently small ¢ > 0 and p = 1 on a
neighborhood of 0. We have, by [11], Proposition 6.1,

(N p)(A) = (2m)™" </ o dX — / T (bo) |Vd—;2]> O,

(7.1.5)
as A — +o0. Since
Vol({ps + b1y < A}) = A"Vol({pz + A2 ; < 1),
a Taylor-expansion in powers of A™'/2 and Lemma IV.7 of [18] give the asymp-

totics

N, (A) = (27) <</p2s1 ax) X - (/ bUNd 2|>/\” 1/2)+O()\” D, A +oo.

Therefore, as A — +o0,

N
) =2 N

J=1

i (< (27)" /qux) - ((2@ / blj‘vdp2’) - 1/2) Lo
N

j=1

~( [ %) 0= (7 [ g ) w00,

which gives (7.1.3).
We next prove (7.1.4). In fact, the assumption of Condition DGW (7.1.1)

S,
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implies that we may apply Theorem 1.2 of [11] to each diagonal term of B
to obtain that for 1 < j < N,

N, (M) = (2m) " / X —/ b ) 4 o(A"1), A — oo,
p2+b1 ;<A p2a=\ |Vp2’

whence

N
ds
=(2m) " g / dX—/ Tr(by) —— —l—o/\"_l,)\—>+oo,
20 < p2+b1, ;<A p2=\ (bo) |Vp2|> ( )

j=1

which concludes the proof.
O

As already mentioned, the fundamental tool to obtain the Weyl law for
the class of semiregular vdo systems we are interested in, is a parametrix
of the unitary group ¢t — e 4", In our vector-valued situation, by the
diagonalization result Theorem 3.1.3, this goes through the construction of
the parametrix in the case of a semiregular system with scalar principal part,
blockwise scalar semiprincipal part, and a full blockwise subprincipal part.

For the parametrix construction in the diagonal case, we will first con-
struct a parametrix of the reduced propagator (see Lemma 7.1.3 below) and
will then compose the latter with the unitary group of the harmonic oscillator
(which is the Weyl-quantization of an exponential, see Hérmander in [28]).
The main advantage of such a construction is that, following the approach of
Doll and Zelditch [12], the parametrix is a Weyl-quantization. This is crucial,
for we have to compose the FIOs by the diagonalizers to obtain a parametrix

for ¢t — e~ 4

", and this is a delicate point.
We next follow the approach as in the scalar case by Doll, Gannot and
Waunsch [11] (which is in turn inspired by Hormander [27]), which gives a

result that generalizes their Proposition 6.1, hence yielding an asymptotics
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for N % p for a suitable localizing function p (belonging to .’(R) such that
p has compact support in (—¢,¢) for a sufficiently small ¢ > 0 and p =1 in
a neighborhood of 0). The refined Weyl law estimate will then follow by a

Tauberian argument.

We consider at first the construction of the reduced propagator in the case
of a system B with scalar principal and semiprincipal symbols (note that we
allow a matrix-valued subprincipal symbol and lower order terms).

Note that we will have to consider Weyl-quantizations of the kind (e «)",
where a € Sgeg(1, 9;My) and ¢y is an isotropic symbol of order 1. This is
done according to the Weyl-Hérmander calculus with metric |dX|*> whose

Planck constant is 1.

Lemma 7.1.3. Let B = B* ~ Y. by j € Sieg(m?, g;My), where the

bj = b} are positively homogeneous of degree j and by and by are scalar:

by = poly and by = piIy, where py is the harmonic oscillator and py s

homogeneous of degree 1. For t € R consider
P(t) := "2 (BY — py)e P2

Let H,, be the Hamilton field of ps and t — exp (tH,,) (X) be its bicharac-

teristic flow. Consider the phase-function
R t

R, x B2 5 (£, X) > éu(t, X) := —/ proexp(si,) (X)ds.  (7.1.6)
0

Then, there is & € C®(Ry; Ssreg(1, 9;My)) such that R 5 t +— F(t) =
(eir & (t))™ solves

(i0, — P)F € C*(Ry; Z(,.7) @ My), Fli—o = Iy + R,

where R is smoothing.

Proof. As usual, we make a WKB construction, the main point being that
the eikonal equation and the transport equations are globally solvable in

time. Note that in the transport equations we have a matrix term of order
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zero (generated by the in general non-scalar subprincipal part by), but this

is harmless in solving them.

Observe that, since H,, is linear, X — exp(tH,,)(X) is a global linear dif-
feomorphism for all ¢, so that, by Egorov’s Theorem (or Hérmander’s theorem
on the invariance of the Weyl calculus through linear symplectomorphisms),
we have that the Weyl symbol of P(t) is given by (B — p2) o exp (tH,,).
Therefore, the principal part of P(t) is

Di(t) :=pi1oexp(tH,,), teR,

and the semiprincipal one is

bo(t) :== by o exp(tH,,), teR.

The eikonal equation is
Osby + P =0,
ngl|t:0 = 07
and it is solved for all t and X by ¢; given in (7.1.6).

As for the terms of the WKB expansion of & ~ Zd_j, we have a sequence
j=>0
of transport equations, the first of which has the form

O = (bo — 3{P1, o1 M) d,

Qple=o = In.

Since the characteristics are straight lines, the solution exists for all times, the
matrix-valued term by being, as already mentioned, harmless. One proceeds
similarly for the other transport equations (which have the same structure,
with initial condition the zero-matrix and source terms depending on the
a_;s already constructed, as usual). Observe that bo — %{]31, gzgl}IN is homo-
geneous of degree 0 and that the higher transport equations for &_; preserve
homogeneity (&_; is homogeneous of degree —j). The characteristics being

straight lines, the a_;(t) exist for all times. Taking & ~ Zd_j concludes
Jj=0
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the proof. O

Next, we need a composition result for quadratic phase functions (analo-

gous to Proposition 4.2 in [12]).

Proposition 7.1.4. Let A € My, be a real symmetric matriz and a,b €
S (R*). We have

() () = 7 X [ (XX TAX ) Y,

R4n
Y A 5 : o
where Y = v e R, X € R*", the 4n x 4n matriz () is given by
2
—A|l-J
= , 7.1.7
Q= | ] (7.L.7)

0 |1
and where J = [ 710 15 the standard 2n x 2n symplectic matriz, # being

the composition operator in the Weyl calculus.

Proof. The proof follows by the integral representation for the composition
of Schwartz symbols (see Zworski [61]) and a change of coordinates in the
integral. In fact, by [61] Theorem 4.11,

(e agtb)(X)

:71_—4n€i(AX,X> / 6—2iU(Y17Y2)+’i<A(X+Y1),X+Yl>a(X + }/l)b(X + }/2) d}/l d}/g
R4n

> |

(7.1.8)

where
Y]

Y,

Y
Y,

)

1 0 —J
U(Y1,Y2)3_§<[J 0

Now, the change of coordinates in (7.1.8)

Vi=Y, Yo=Y,+ JAX,
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leads to (using Y7, Y> again)

(") agtb) (X)

=g ingiAXX) / e MY (X + Y)b(X 4+ JAX +Y3) dYi dYs.
R4n

In fact,

20(V1,Ys) = <[ o

w> b (ax, 77 + (a7, x),

J 0
. Y
where Y := 5 € R*. Hence, —20(V1,Ys2) + (A(X +Y1), X + V) =
2
—(QY,Y) and the proof is complete. ]

By Proposition 7.1.4 we may compute how quadratic exponentials act on

oscillating functions.

Proposition 7.1.5. Let ¢ be real, homogeneous of degree 1 and smooth on
R**\ {0}. Let a € S(m*", g;My), and b € S(m"2,g; My). For any given real
symmetric and positive-definite (resp. negative-definite) matriz A € Mg, we

have
(ei(A-,~>a#ei¢1b)(X> _ ei(AX,X)-f—z‘(bl(X-f—JAX)C’

where X € R*™ and ¢ € S(m"F2 g; My).

Proof. Since the linear map defined by @ (see (7.1.7)) is injective we may
use the usual approximation argument and a non-stationary phase argument
to extend the previous approach to semiregular symbols. In fact, let x €
S (R*) with x(0) = 1 and let x. be the function R? 5 Y +— x(¢Y) with
e > 0. Thus, y.a, x-€"%'b € . and we can apply Proposition 7.1.4. We may

hence consider

(ei(A.,.>an€i¢lb) (X) = A G (AXX)+ig (X +TAX) o

(7.1.9)

></ €—i<QY7Y>a(X+Yl)ei(¢1(X+JAX+Y2)—¢1(X+JAX))[)(X_|_JAX_F}/'Q)dyldYQ‘
R4n
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Now we follow an argument similar to the one of the proof of Lemma 4.2 in
[L1] to show that the integral in the right-hand side of (7.1.9) is a symbol
c € S(mrtH2 g:My). Note that, when A > 0 (resp. A <0), then I, + JA
is invertible. We next define, for A > 0,

C (X) ) / 6—i<QY,Y>a(\/XX+}/1)ei(¢1(\/X([2n+JA)X+Y2)—qbl(\/X(]Qn_A,_JA)X)) v
R4n

Xb(VA(Iyy + JA)X + Y3)dY1dYs,

X € R?", In order to prove that c is a symbol it suffices to show that there
is A\g > 1 such that, for all A > Xy and all 1 < |X| < 2, we have

0% en(X)| < CAPtr2)/2, (7.1.10)

where C,, is independent of A (and X). In fact, if (7.1.10) holds, then, for any
given X € R?" with | X| > Ao, we may find A > ), for which VA < |X| < 2V/A
and hence may find a unique X with 1 < ]f(| < 2 such that X = VA X.

Therefore,
0% c(X)] = A1 Z[ager(X)| < Gl trarlal/2,
for A > \g and with C?, > C,,. Since 1|X| < VA < |X|, we hence have that
0% e(X)] < Cp (X rerlel,

for | X| > A\g and with C” > C,, that is, ¢ € S(m#*T#2 g: My).

Now, for A > Ag, let
S RE X RE 5 (X,Y) — a(VAX + Y))D(VA((Inn + JA)X + Y3)).

Note that, for any fixed constant C' with 0 < C' < Ciyy := min |[(Io, +

1<|X[<2
JA)X]|, one has
0% FA(X,Y)| < CuAbtr2)/2) (7.1.11)

uniformly in 1 < |X| <2 and |Y| < C, because a and b are symbols.
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For i € R, define
Du(X,Y) =~ (QY, V) + 161 ((Ton + TA)X +Y3) — 161((Ion + TA)X),

and
e p(X) = qin / ePPXY) £ (X Y)dY. (7.1.12)

By using the homogeneity of the phase and the dilation Y — Y/v/), we have
that

C\ = C)W\—l/z.

We next study ¢y, as A — +oo and p lies in a neighborhood of zero (1 <
|X| <2and |Y] <C).
Let C, = {Y # 0; dy®, = 0} denote the set of stationary points. Thus,
Y €C, iff

—AY; — JY, =0,

JY) 4+ uVoi((Ion + JA)X +Y5) = 0.

By the Implicit Function Theorem, we may parametrize Y by (u, X) near
any fixed Xy with 1 < |Xy| < 2 for |u sufficiently small. In fact, the Jacobian
of dy®,with respect to Y is

—A —J
J (0, Vi ((Ion + JA)X +Y3))

Y

which is invertible when p = 0. Hence, we obtain that |Y (, X)| < C’'|u|. In
particular, |Y (u, X)| < C < Cpin for |p| sufficiently small, and 1 < |X| < 2,
whence the bounds (7.1.11) for f\. Moreover, note that (lo, +JA)X +Y2 # 0
by taking C' small enough, since |Y(u, X)| < Cif 1 < |X| < 2 when p is

sufficiently small.

Next, without loss of generality we may assume that f, vanishes on the
complement of {(X,Y); 1 < |X| < 2, Y| < C/2}. In fact, we wish to
prove (7.1.10) for 1 < |X| < 2 and ®,, is stationary only if |Y| < C/2 (by
taking |u| even smaller), so that the contribution to the integral c, ,(X)
when |Y]| > C/2 (and 1 < |X| < 2) is O(A™*), by a non-stationary phase
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argument.
We may now estimate (7.1.12) and its derivatives, by initially thinking of
p as a parameter. Consider d}.cy . It is a sum of terms, where those with

¢ < || derivatives landing on the exponential factor can be written as

A ()’ / PN (97 [(X,Y)) S V(X Y, pdY,  (T113)
|B|=¢

for some smooth functions hs and |y/| = |y| — £. In fact, expanding ¢; at
(Iy, + JA)X, with |Y| < C/2 and 1 < | X| < 2, we have

O1((Lon + JA)X +Ys) =0((1o, + JA)X) + (Y2, V1 ((1o, + JA) X))
+ Y Yha(X, Ya),

|af=2

for some smooth functions v,. Hence, for any given pu € R,

P (X,Y):=—(QY,Y) + puor((Lon + JA)X + Y2) — 1 ((Izn + JA)X)
= — (QY,Y) + u((Ya, Vo ((Izn + JAX)) + 1 Y Y50a(X, Y2)).

=2

Now, by the stationary-phase method, recalling the bounds (7.1.11), we have
that at the critical set C, each term Yy hz(X,Y, 1) in (7.1.13) gives an ad-
ditional factor of order O(|u|?), since Y (u, X) = O(|u|). Hence, this cancels
the factor of A2 in front of the integral in (7.1.13). The stationary-phase

formula eliminates the prefactor A** and setting © = A\~'/? gives
D% en(X)| < Conlirtrl2,

in a neighborhood of Xy (for A large). Since {X € R*; 1 < |X| < 2} is
compact, this implies the symbol estimates (7.1.10), and the proof is com-
plete. O]

We are now ready to use the previous results to obtain a parametrix of
the unitary group of BY (still in the case where the principal and semiprin-

cipal parts are scalar) by composing the parametrix of the unitary group
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of the harmonic oscillator obtained by Hérmander with that of the reduced

propagator.

Lemma 7.1.6. Let B = B* be as in Lemma 7.1.3. Then, for all k € Z and
for e > 0 sufficiently small, setting I.(k) := (2km — &,2km +¢€) C Ry, there
are functions

¢; € OF(I.(k) x R*™R), j=1,2,

homogeneous of degree j in X # 0 and
a € C™(Ry; S(1, s My)),

such that
U—-UeC®I.(k); Z(7,.7) @ My),

where U is the unitary group of BY and U := (el02+01))¥ = UE. with
Up(t) := cos(t/2) (el D)™

the unitary group of the harmonic oscillator with t ¢ m + 277, ¢9(t) =
—2tan(t/2)ps, and F = (e'&)™ the reduced parametriz obtained in Lemma
7.1.3. In addition,

Go: I(k) x R3¥ 3 (t, X) — —2tan(t/2)py(X),
¢1: I(k) x RY > (t, X) — &1((1271 — 2tan(t/2)J)(X)).
Proof. The main idea of the proof is to compose by Proposition 7.1.5 the

parametrix computed in Lemma 7.1.3 with the one obtained by Hérmander

(see p. 427 of |28]) for the unitary group of the harmonic oscillator i.e.
Up(t) := cos(t/2) " (e?>D)v,

with ¢ & 7+ 277 and ¢o(t) :== —2tan(t/2)p,. Hence, one has that U := Uy F



128 7. The Weyl law for semiregular systems

is a parametrix on I.(k) because

(i0, — BY)UF = ((i0, — py)Us) F + Up(i0,F) — (B" — py U, F,
N

€0®(L(k);:Z(S",7))

and

Up(id,F) — (B™ — p§ \UoF = Up(id,F — Uy ' (BY — p§)UpF).
With P the reduced propagator, as
P — Uy (B" = py)Us € C*(L(k); £(F,.7) ® My),
we have
i0,F — Uy (BY — pUoF € C®(I.(k); Z(., ) @ My),

and (UgF)|,—o = In + R, which shows that U is a parametrix of e " on
I.(k). By Proposition 7.1.5, we finally have ¢;(t) = b1 0 (I — 2tan(t/2)J).
O

We next consider a general ¢)do system A™ whose symbol belongs to the
class SMGES (see Definition 1.2.6). As already anticipated, we determine an
asymptotic expansion of N x p with a suitable p € .(R), which leads imme-
diately to the Weyl law (see (7.1.15) below). We exploit the construction of
the parametrix in the blockwise diagonal case to obtain a parametrix of the

Schrodinger group e~#4",

Theorem 7.1.7 (Weyl law). Let A = A*, with A ~ 37 .. as_j € Saeg(m?, g; My),
be a second-order SMGES, with principal symbol poIy, ps being the harmonic
oscillator. Adopting the notation used in Definition 1.2.6, we hence denote

by A1, (with multiplicity N;), 1 < j <r, the eigenvalues of the semiprinci-

pal part. Then, if p € Z(R) is chosen such that p has compact support in
(—e, ) for a sufficiently small e > 0 and p =1 on a neighborhood of 0,
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oo = (33 (@ o) e [ e )

(7.1.14)
+ O\,
as A — +oo (recall that Tr is the matriz trace).
Therefore
N ds
N(A) = —/ dX)A”—(%"/ Tr(a ))\"1/2
=y L. e T
(7.1.15)
4 O()\”_l),
as A\ — +oo.

Proof. In the first place we obtain a parametrix U4 (t) of the unitary group
t = e 4" of AV by a parametrix of the unitary group of its diagonalization
BY. Then we study the distribution pTr(Ua) where Tr(Us) = TraTr(Uy)
denotes the trace of the Schwartz kernel of Uy (where Tra denotes the re-
striction to the diagonal). Since N’ p = F Y pTr(U4)}, modulo a rapidly
decreasing term, we finally get the result.

e The parametrix U,. Recall that the decoupling Theorem 3.1.3 of Sec-
tion 3 diagonalizes A" (modulo smoothing operators), so that the principal
symbol by of the blockwise diagonal operator BY is p, while the semiprincipal
symbol by = diag(AyjIn,; 1 < j < r) is blockwise scalar. Hence, there is an
operator S with Schwartz kernel Kg € O (Ry; . (R2")) such that

e A = EVe PN (EY) + S(t), VteR

(see, for instance, Lemma 5.2 of [11]).
For notational simplicity, we suppose that the number r of blocks is 2 (the

proof extends to the case r > 3 with no difficulties). Hence, consider the
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symbols in blockwise form

By 0
0 | By

Y

where B; is an N; x N, block (j = 1,2), and

Eq | Exo
Eo1 | Eo

FE =

)

where Ej; is an Ny x N; block (j7,k =1,2).
Since for j = 1,2 the semiprincipal term \;; of B; is scalar, we obtain a

parametrix Up; of the unitary group of B by Lemma 7.1.6. Thus,

Us,(t)| 0
0 | Us(t)

Ua(t) := EV (E™)

is a parametrix of the unitary group Uga, and its entries on the principal

diagonal are given by
EV Up, () (EN) +ENRUp, ()(EY)" and  E5\Us, (1) (E3))"+E5Us, (1) (E3)"
e Use of the parametrix. Recall that
(FaouN)(t) = Tr(e 4",
where Tr(e~"4") is well defined as a tempered distribution. Hence,
FossedN' 5 p}(t) = p(t) Tr(e™™ ),
and we may consider the distribution
K(t) = p(t) Tr(Ua)(t)

= p(0)Tx (BN U, (0B} + B U, (0(BY) + BAUs, (0(E3) + EUs, (1(E3)°),
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for t € (—e,e). Next, for j,k=1,2 let
Ky (t) == p(t)Tr (E,:?Ugj(t)(E,Z?)*) = p(t)TraTr (E,ZV]»UBj(t)(E,g)*) .

Denote by gz~§1,j , aj, o and ¢y 5, j = 1,2, respectively, the (51, a, a and ¢

constructed in Lemmas 7.1.3 and 7.1.6 when B = B;. Now,
Ey;Us, (0)(Eg5)" = EgUo () F5(8) (Exj)",

where Fj(t) is the parametrix of the reduced propagator "% (B} —py)e™ "%,

Hence,

*

B Us, (O)(E) = Up(t) By 0 exp(tHyg))™ (B Fy(t))

where Fj(t)* = (e*iéld(t)dj(t)*)w. By Proposition 4.1 of [12] and Lemma
7.1.6, we have

Ky (t) == (2m)7"p(2) / e @20X)+01, (X)) e (2, X) dX

(which makes sense since p has support on the interval where Up, is well
defined). Now, by construction of ¢ and ¢, j, we have ¢5(0, X)+¢1 (0, X) =
0, which yields by a Taylor’s expansion

¢2(t7 ) + ¢1,j(t> ) = t%(t, ')7
where 1, is given to leading order in ¢ by
t
Vi(t ) = =2+ M) + 5 (= HpAug) +£75(8, ).

Following Hormander [27], Lemma 29.1.3, we define

Qui(t,\) == (2m) ™ /{ e e (t, X)p(t) dX.

For sufficiently small |¢], the function (¢, ) is elliptic in Sgeg(m?, g; My),



132 7. The Weyl law for semiregular systems

and by the above mentioned lemma by Hérmander, @);; is a Kohn-Nirenberg

symbol in S™(R,) for |¢| sufficiently small. Furthermore,

Kij(t) = /R e O\Quj(t, N) dA.

Thus, Kj;(t) is a conormal distribution, which can be written as the Fourier

transform of a symbol independent of ¢ (see [20], Lemma 18.2.1). Defining
Qij(N) = e PP2Qy;(0, ) (7.1.16)
and recalling the definition of K;(?),
Fo (AT Us, (0(B)) ) () = 93 Qrs (V).
From (7.1.16) we have
Qij(A) = Qij(0,A) = i0,0:Qk;(0,A) + Rij(A), Rij € S™*(Ry). (7.1.17)

e The expansion Qy;. For the first term in (7.1.17) we have

Qi (0,\) = (27r)‘"/ cri (0, X) dX.

{p2+A1,; <A}

Now,
crj(t, X) =Tr (e_i(‘bﬁd’l’f)(Ekj#(ei(¢2+¢l’f)ozj)#EZj)) (t,X), t € (—¢,¢),
whence

(0, X) = Tr (Eg#Ey;) (X)), (7.1.18)

since Uy(0) = I and F;(0) = Iy, by construction.
As for the next term in the expansion (7.1.17), with (-|-) denoting the distri-
butional duality in the X variables, and recalling that
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Qi (t, A) = (2m) 7" (H (5(¢, ) + Mleje(t, ) p(t)),

we have

—1(0:Qk;)(0, A) =(2m) ™" (H (¥ + M) — i0c) |,
—1(2m) 7" (0(¢5 + Ml Ons) g
= — (27T)_n <H()\ - p2)|i3tckj>|t:0 + fkj(/\), (7119)
where 7; € S""Y2(Ry), and H and § are the Heaviside and Delta distribu-
tions. Therefore, we need to compute d;cy;(0,-). Put ho(t,-) for the (Weyl)

symbol of Uy(t), and for j = 1,2 denote by h;(t,-) and by f;(¢,-) those of
Up,(t) and of Fj(t), respectively. We then have

0rexs(0.7) = OTr (e 00100 By 15 |
t=0
=Tr (e~ @O O B # ) |

+ Tr (e 12000 O) [ k0, ho#t [ Er;)

t=0

+ Tr (7O B i 0 fi# B |

t=

=Tr (ip2 Ex;#E;;) + Tr (idj Eg#Er) + Tr (—iBg#pa#Er)
+ Tr (—iEg#\ #E;) 4 Tr (—iEy#bo ;#Ey) -

Recalling that bo; is the subprincipal term of B} and denoting by eqx; the

principal symbol of £}, we therefore have

1 . X
Orci(0,7) = = Tr <€o,kj{p27 €0kt + {eo,kj’p2}€8,kj> —iTr (eo.x;b0,5€6 ;) + Sk
(7.1.20)
where si; € S(m™t,g). By taking 9y of (9,Qx;)(0,-) in (7.1.19) we hence
have

—i(O\D1 Q1) (0, ) = —i(27) ™" (6(A\ — p2)|Frcri)| g + ON*2), X = +o0.
(7.1.21)
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e The asymptotics of N’ x p. To obtain the result we have to integrate the
following equation, which holds for any given real exponent v > 0 (see [18],
Lemma IV.1):

(N5 p)(N) = Fioby (PT(e™™) ) ()

= F (T (BYUs, (BY)" + BYUs, (E3s)" + EjUs, (B3)' + E3Us, (E3))) (V)

)= QN + 0.

k,j=1

2

Hence, to obtain (7.1.14) we need to compute Z O\Qr;(N). In the first place
kyj=1
we note that, by (7.1.18), one has

clj(O, ) + CQJ'(O, ) =Tr (Elj#E;(j + EQj#Eékj) s j = 1, 2.

Hence, with e_; j; denoting the semiprincipal symbol of E}};, for 7 a suitable

symbol in Sgeq(m ™2, g), we have

2

(Clj + CQj)(O, ) = Z Tr (GO,kjeg,kj + 671,163‘687@- + 607;@'6}117]{]») +7
k=1
2

= Z Tr (eg,kj‘fO,kj + €04 C—1kj T 6*71,/@-60,@) +7  (7.1.22)
k=1

=Tr (]Nj) + 7 = Nj‘F?ﬁ

where the third equality follows from the symbolic identity EF*#FE = Iy.
Hence, by (7.1.21) we get

3002 = (- [ )] ou
- (7.1.23)
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as A — 4o00. By (7.1.22) and (7.1.23), we have

DD Q) =D Qi (0, A) — i0,:03Qi;i (0, A) + Rig(N)

j=1 k=1 j=1 k=1

2 2
= (2m)™" N. dX —i(270) " S(\— OhCr +0O )\n—3/2 ’
( ) ; ’ /{p2+/\1,]§/\} ( ) < ( p2)‘ Z ! kj> t=0 ( )

k,j=1

(7.1.24)
as A — —+o0, and, by (7.1.20),

2

2 .
—1 E Orcj(0) = — Tr(eoboé’o - 5(60{172, ept + {607p2}60)> + g Skj

k,j=1 k,j=1

(7.1.25)

. 2
1 % *
= — Tr(bo + 5(60{272, eo} + {607192}@0)) + Z Skj
k,j=1
2

= — Tr(ao) —+ Z Skj,

k=1

where the third equality follows from Corollary 4.2.1.
Hence, (7.1.14) is obtained by substituting (7.1.25) into (7.1.24) and by re-
calling that 6(A — pz) = ds/|Vpy| |p2:/\.

From (7.1.14) one immediately gets the asymptotics (7.1.15), using the
well-known polynomial growth of N, by writing the volume of {ps+A;; < A}
as A" times the volume of {ps + A"%/2);; < 1} and expanding the latter in
powers of \~1/2. O

We finally prove the refined asymptotics of N(\) for a positive ¥do sys-
tem AV satisfying the hypotheses of Theorem 7.1.7 and Condition DGW
(7.1.1). The proof goes through comparing N with N x p by a Tauberian ar-
gument whose hypotheses will be verified thanks to (7.1.14) and Condition
DGW (7.1.1).
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Theorem 7.1.8 (Refined Weyl law). Let A = A* € Syee(m?,g;My) be a
second-order SMGES satisfying the hypotheses of Theorem 7.1.7. If Condz-
tion DGW (7.1.1) is satisfied, then

N(A) =(2m)™" (Z <Nj/ e dX> - / R Tr (ap) |g—;2|> +o(A"1), A = +oo.

j=1
(7.1.26)
In particular, as A\ — +00,
N(A) = (27?)’”<N>\” / e / Tr(ar) =
p2<1 p2=1 |VP2|
(7.1.27)
n ds
+)\"1/ —Tr(a?)=Tr(ag) ) = ) +o(A"1).
[ (§Trtad)=Trlan)) ) +ox ™)

Proof. Fix an even and positive cutoff function p € .(R?") in the time

variable such that p = 1 on (—¢,¢) for some ¢ € (0,7/2) and suppp C
(—m/2,7/2).

We have to show that, under our assumptions, (N % p)(A) = N(\) modulo
an error which is o(A"™1), so that the result follows from the asymptotics
(7.1.14) by using the following Tauberian theorem (see [55], Theorem B.5.1)

which allows the required comparison between N and N x p.

Lemma 7.1.9. Let p be fixed as above. If there is a real number v such that
(N % p)(A) = O(NY) and (N" % x)(\) = o(\Y) for all x satisfying x € C°(R),
supp X C (0, +00), then N(A) = (N % p)(A) + o(A\7) as A — +oc.

We have therefore to prove that

]-";_1/\ (X(t)Tr e_itAw)(/\) =o(A"1), (7.1.28)

for any given y € C°(R) with supp x C (0,00) (here y is playing the role of

X in Lemma 7.1.9). Since Theorem 7.1.7, in particular, shows that

(N" % p)(A) = O(X" ™),
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it follows that if we have (7.1.28) then the hypotheses of Lemma 7.1.9 are
fulfilled.

Now, by Proposition 1.1 and Section 3 in |1 1| we have that sing supp Tr U(t) C
277, whence we need to check (7.1.28) only for x € C°(R) with supp x C
(2rk — e,2mk + ) where k € Z \ {0} and ¢ € (0,7/2). Now, for all real v

(again, we suppose without loss of generality r = 2), we have

F O e ) () =F b (YT (B U, (B2 + U, (B)'

+E3Up, (E3)" + EBa(E3)) ) () + 007,
(see Lemma 4.7 in [11]) and for all j, k

FoL (KT (B Us, (BL))) (V) = / (GO X) 491,05 (4ot X) dt dX,
where ¢ is a suitable amplitude and ¢9, ¢;; are given as in the proof of
Theorem 7.1.7. Hence, we are in a position to use Proposition 5.1 of [11],
with 1), := ¢ and ¢y 1= ¢y ;. Since ¢y := —2tan(t/2)p, and x is supported
close to 27k, the hypotheses of that proposition for the phases 1, ¥; and
amplitude ¢ are satisfied (in the notation of that proposition, we take tq =
21k and rg = \/5)

Now, since ¢4 j(2km, X) = —kR(A1;)(X), Condition DGW (7.1.1) yields
that the set of the w € S*! at which 0%, ;(2k7m,w), |a|] = 1, vanish to in-
finite order (j = 1,...,r) has measure zero for all k € Z \ {0}. Thus,
Proposition 5.1 in [11] shows that

Fon W (B Us, (B))) = o),

forall j,k=1, .., rforall k=1, .., r.

The final formula (7.1.27) is obtained by Taylor-expanding the volume
term in (7.1.26).

The proof is complete. [
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7.2 Some examples.

In this section we will provide the calculation of the Weyl-asymptotics in the
case of the JC-model and of Refined Weyl-asymptotics in the case of bigger

size systems.

7.2.1 Refined Weyl-asymptotics for the JC-model 2.1.1
(n=1, N =2).

1 0
In this case we have that Ay (X) = *|o||v(X)], and ag(X) =~ 0 1 ],

where o # 0 and 7 are real numbers. Since the eigenvalues of a; are constant
on the level sets of py(X) = |X|?/2, Condition DGW does not hold and

we may only have the classical Weyl law

N()\) = (27?)12)\/ dX +0(1) =2X+ O(1), A — +oc.

7.2.2 Refined Weyl-asymptotics for bigger size systems.

Note that in the JC-models with n = N — 1 atom levels (and their geometric
generalizations) we have that an eigenvalue of the semiprincipal term is 0
with a fixed multiplicity. In this case II,, = S?*"~for the eigenvalue 0 and
we cannot achieve a refined Weyl-law. However, let us consider the following
deformation of the JC-model in the =-configuration (2.1.3). Let n = 2 and
N = 3. Recall that 1;(X) = (z; +i¢;)/+/2 is the symbol of the annihilation
operator in the z; variable, ;7 = 1,2. For aj,ay # 0 real, we put ayp :=
(111, agtpy) and consider the functions f;(X) = a;9;(X)/|ay(X)|, X # 0,

which are homogeneous of degree 0, 7 = 1,2. Let
Ay, A, g€ CF(R*™;R)
be homogeneous of degree 1, such that

A(X) < Ap(X), A (X) = A(X) & |X], Pe(X) — p(X)] ~ X], X £0,
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with
either p(X) € (A_(X), A (X)), or u(X) & (A_(X), (X)), VX #0.

We consider then

plfol? + 2251112 222 F (—p+ X229 A6

Ary = %fl % M;/\*fz
(—p+ )\+;)\_)flf2 %fz plfil? + %\fﬁ
[ VY
=e | 0 Ay 0 |ep,
0 0 A

where
—f(X) AX)/V2 A(X)/V2
eo(X) = 0 1/v/2 -1/v2 |,
h(X)  £X)/VZ L(X)/V2
is smooth and unitary for X € R* X # 0, and homogeneous of degree 0.
Then, if we require that the sets

{weS? 0%u(w) =0, Ya € N>\ {0}},
{weS’ Ai(w) =0, Yo € N1\ {0}}

have measure zero, we have a refined Weyl-law

ds
N(\) = (27) 2 383)\2—)\3/2/ A+ A+ p)——
() = (27)72(3/8° o B ]
ds
+>\/ NN+ 12— (4 +0(1)), A = +o0.
p21(+ (m a)wm 1)

In particular, in the case of Subsection 2.1.3 we have Ay = +|at)|, and a

computation shows that in coordinates

w = (sin O3 sin Oy cos 01, sin O3 sin O sin Oy, sin O3 cos O, cos O3),
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with 91 S [O, 27'('] and 62,93 S [O,Tl’],

1
A (w)? = 3 (a% + sin? @3 sin” B (o — a%)).

Therefore, when of # o3, the sets Ily, + have measure zero. Hence, consid-
ering
u(X) = kA (X) + (1 — k)A_(X), for some x € (0,1),

vields that for a? # a3 and x # 1/2, the system with the semiprincipal part

1l f2]? /\+;A_ S —ufife

Ay, = %ﬁ 0 %fz

—pfifs M= f plfif?
satisfies the hypoteses of the refined Weyl-law and we therefore have

ds
1
=1 |Vp2‘

N(A) = (27) 2 (3|S3])\2 - )\3/2/

ds
+A/ MNP —(n472) ) =— Fo(1)), A = 4oc.

By tensorizing the symbols with I, one readily obtains, in the same hypothe-

ses on i, the refined Weyl-law for the 6 x 6 Laplacian D§3) (see Subsection

2.2.1) with semiprincipal term A; , ® I5.



Chapter 8

The spectral zeta function:

meromophic continuation

In this chapter we give a meromorphic continuation of the spectral zeta
function associated with a class of elliptic semireqular differential systems,
including models of semiregular NCHOs in the class SMGES, relevant to
Quantum Optics, as those introduced in Section 2.1. As an application of
our results, we first compute the meromorphic continuation of the JC-model
spectral zeta function. Then we compute the spectral zeta function of the
JC-model generalization to a 3-level atom in a cavity in the Z-configuration.

For both of them we show that it has only one pole in s = 1.

8.1 Statement of the problem

One of the most important observables of the spectrum of an elliptic operator
is the spectral zeta function. For a complex Hilbert space H and a densely
defined linear operator P : D(P) C H — H, we denote the set of the eigen-
values (repeated by multiplicity) of P by Spec P. When Spec P is discrete

we can define the spectral zeta function of P as

Cp(s) = Z A%

AESpec P

141
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for any given complex number s for which it makes sense. In particular, if P
is an elliptic, self-adjoint and positive global pseudodifferential operator of
order ;> 0 on R™, then s — (p(s) is holomorphic for Res > 2n/u since the
defining series is absolutely convergent there (see Corollary 4.4.4. in [15]).
For instance, if we denote by P = @ the harmonic oscillator defined as
the maximal operator in L*(R), then Spec P = {k + 1/2; k € Z,} with
multiplicity 1, and

Cr(s) = (k+1/2)7" = (2° = 1)¢(s),

k>0

where ((s) denotes the Riemann zeta function. Note that (p is holomorphic
for Re(s) > 1, and has a meromorphic continuation to the whole complex
plane. Furthermore, (p has the only pole at s = 1, and we have (p(s) =0
for s = —2k, k € Z, which are, thus, called trivial zeros. Moreover, the
spectral zeta function entangles information about the spectrum of P in its
analytical properties. For instance, the residues of the zeta function at its
poles gives the coefficients of the Weyl law for P by the Ikehara Tauberian
theorem (see Section 14 of Shubin [58]. See also Proposition (IV.6) in [18]

and the references in Ivrii [31]).

The notion of spectral zeta function was introduced for the first time for
the Laplacian on a two-dimensional Euclidean domains © by Carleman [8],

who studied the Dirichlet-type series

Z ¢Aj(l’1)¢kj(x2)7 21,29 € Q, (8.1.1)

A8
AjESpec A J

where ¢,; is the eigenfunction of A associated with the eigenvalue \;. Later,
in the case of a bounded Euclidean domain V of arbitrary dimension N,
Minakshisundaram [36] showed, through a method different from Carleman’s,

that (8.1.1) is an entire function of s with zeros at negative integers and that

dx, (71)°
>,

AjESpec A J
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can be continued as a meromorphic function of s with a unique simple pole
at N/2 and negative integer zeros. Next, the analytic continuation of the
spectral zeta function was studied by Minakshisundaram and Pleijel [37]
for the Laplacian on a general compact manifold by a method that is a
generalization of Carleman’s. Seeley [56] studied the spectral zeta function
of an elliptic ©do on a compact manifold without boundary through the trace
of complex powers of ¢)dos, furthermore giving the value of the zeta function
at 0.

Many different techniques have been used to obtain properties of the
spectral zeta function. Duistermaat and Guillemin [13]| (see also [16] and
the references in Hormander [28]) studied systematically the spectral zeta
function of ¢dos on compact boundaryless manifolds basing their approach
on the construction of a parametrix for the wave equation. Robert [51] (see
also Aramaki |2]) extended meromorphically the spectral zeta function of
an elliptic ¥»do on R™ to the whole complex plane with simple poles that
he computed along with the corresponding residues. He generalized to the
global setting the techniques by Seeley to construct the parametrix of the
resolvent by complex powers.

Moreover, we recall that a second order regular Non-Commutative Har-
monic Oscillators (NCHOs) is the class of the regular global partial differen-
tial systems of second order with polynomial coefficients. From now on we
will omit the expression “second order” since all the NCHOs considered will
be of second order.

Ichinose and Wakayama [30] obtained a meromorphic continuation of the
spectral zeta function of a subclass of regular NCHOs and determined some of
its special values. In addition, they showed that such a spectral zeta function
has only a simple pole at 1 and that the sequence of its trivial zeros coincides
with the one of the Riemann zeta function, the non-positive even integers.
Their approach is based on the Mellin transform of the heat-semigroup of the
operator in the approximation given by a parametrix which they computed
directly, without using the one for the resolvent, obtaining its asymptotic
expansion (see (15) and (16) in their paper). Later, Parmeggiani [15] gener-

alized that approach to obtain the meromorphic continuation of the spectral
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zeta function of all the regular NCHOs. Nevertheless, while gaining in gener-
ality, unfortunately his result did not explicitly locate the trivial zeros of the

continuation of the spectral zeta function as could Ichinose and Wakayama.

Ichinose and Wakayama’s and Parmeggiani’s papers deal with regular
systems. Regarding the semiregular systems, Sugiyama explored in [59] the
Hurwitz-type spectral zeta function for the quantum Rabi model which de-
scribes the interaction of light and matter of a two-level atom coupled with
a single quantized photon of the electromagnetic field even when the field is
not near resonance with the atomic transition and the coupling strength is
not weak. This model will be treated in Chapter 10.

In this chapter we study the properties of the spectral zeta function asso-
ciated with a positive elliptic semireqular positive partial differential systems
with polynomial coefficients, including also models of semiregular NCHOs
in the class SMGES. This class contains models relevant to Quantum Op-
tics, such as the Jaynes-Cummings model. Here we follow the construction
of the zeta function provided by Ichinose and Wakayama, in analogy to the

approach by Parmeggiani in Theorem 7.2.1 of [15].

We will prove a result about the continuation of the spectral zeta function
Caw which turns out to be a meromorphic function whose poles are real
and accumulate at —oo. Namely, we will give the continuation as a linear

1 : _
Py e ww Y >0and h =0,
1, modulo a function that is holomorphic on a complex half-plane. Notice

combination of the meromorphic functions s —

that even if in principle our extension can have poles in all the negative
semi-integers, unlike the results in [30], [15] and [59] (where the poles are all
positive), we prove that only the positive integers are poles for the spectral
zeta function of a differential operator with polynomial coefficients. The
meromorphic continuation is obtained by following the approach of Theorem
7.2.1 in [15] where the parametrix approximation U, (t) of the heat-semigroup
e "is used. More precisely, by the Mellin transform we can write (4w as

5 = F(ls) f0+oo t5=1Tr et dt for Res > 2n/2 = n and, at this point, the

asymptotic expansion Zb,j(t) (in the sense of Remark 6.1.5 at p. 83 of
720
[45]) of Ua(t) with t € R, becomes crucial. In fact, the approximation of
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s mig Jo T T e dt by s o w1l 74T T Ua(t) di leads to the

T'( T'(s)
study of integrals of the form

(27)" / XXV Tr (bsy n(t, X)) dX, jEN, h=0,1, (8.1.2)
]RQn

where x is a chosen excision function and Tr is the classical matrix trace.
In fact, the computation of (8.1.2) will give the coefficients of the linear
combination of the aforementioned meromorphic functions. These coefhi-
cients will contribute to determine the residues and zeros of the spectral
zeta function. Now one needs to go through a Taylor expansion argu-
ment as the time variable ¢ — 04 of the terms arising from the study of
v 1
Tr 714" — ZZTr B_5;_p(t), where B_j has principal symbol b_j (the
j=0 h=0
behavior of e™" as t — +00 does not affect the result).
This is a delicate argument since the behaviour of the coefficients of the
linear combination of the above meromorphic functions must be controlled

as t — 0+.

The plan of this chapter is the following. First of all, the notation adopted
will be introduced in Section 8.2, along with the parabolic ¢ differential calcu-
lus needed to define the heat-semigroup parametrix which will be constructed
directly in Section 8.3 by computing the terms of its asymptotic expansion
through the solution of eikonal and transport equations. After that, in Sec-
tion 8.4, we will control the behaviour of the coefficients. We will give the
proof of our theorem in Section 8.5. Actually, in Section 8.5 we will also
obtain a meromorphic continuation for the Hurwitz spectral zeta function
Cawy,y for all 7 > 0. Next, in Section 8.6, by using our results in the previ-
ous sections, we will compute the meromorphic continuation of the spectral
zeta function for the Hamiltonians of Jaynes-Cummings and its generaliza-
tion to a 3-level atom in one cavity. For these Hamiltonians we will show
that the meromorphic continuation has only a simple pole at s = 1 and no
other (even if, recall, the general formula allows all the negative semi-integer
as poles). Finally, in Section 8.7 we prove that the spectral zeta function of a

differential operator with polynomial coefficients does not have semi-integer
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poles as a corollary of the previous results of this chapter.

8.2 Parabolic calculus

In this section, similarly to what is done by Parenti and Parmeggiani in [10)]
(see also Section 6.1 of |15]), we will introduce a class of symbols suitable
for the construction of a pseudodifferential approximation of e *4". Let us
recall the notation R, = [0, +00). We will be using the following notation
for the Hormander metric and admissible weight (see Hormander [26]): with
X = (z,8), Y = (y,n), etc., belonging to the phase-space R” x R", and
m(X) = (X) = (1+|X|*)¥/2 the usual "Japanese bracket", we consider the
Hormander metric gx = |[dX|?/m(X)?. Then, m is an admissible function
(and so is m* for any given pu € R), and we may exploit the full power of the

Weyl-Hérmander pseudodifferential calculus.

Definition 8.2.1. Let My denote the algebra of N x N complex-values ma-
trices. A symbol a € S(mt, g;My) is said to be semiregular (see Remark
8.2.4 of [15]), and we write a € Sgeg(m?, g; My) if it possesses an asymptotic
erpansion ijo a,—j in isotropic (i.e. positively homogenous and smooth out-

side the origin) terms a,_; positively homogeneous of degree p — j.

Moreover, we define also a class of symbols depending on the time variable
t.

Definition 8.2.2. Let r € R. By S(u,r) we denote the set of all smooth
maps b : Ry x R® x R* — My satisfying the following estimates: for any
given o € Zi" and any given p, j €Z there exists C > 0 such that

d J
(4 v

For b € S(u,r) we then consider the pseudodifferential operator

sup < Cm(X)r~lal+G=pe, (8.2.1)

oY (t,x, D)u(z) = (2m)™" // e!@vSp <t, ’ ;— y,ﬁ) u(y)dydé, u € (R CN),
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and we shall say that B € OPS(u,r) if B = b¥(t,z,D) + R, where R is

smoothing. In this setting, a smoothing operator R is any continuous map
R: 'R CY) — Z(Ry;. 7R, CY)).

Then we introduce the “classical operators”. In this case, the key is to
take into account the correct homogeneity properties. The basic example to

keep in mind is the matrix e (@<

Definition 8.2.3. We say that the operator B € OPS(u,r), B =0+ R is
classical, and write B € OPS(u, 1), if there exists a sequence of functions
br_o; = b,_9j(t,X),7>0,t >0 and X # 0, such that:

1. One has the homogeneity
br_oj(t, 7X) = 7" Hb,_o;(7"t, X), V7 > 0, Vj > 0; (8.2.2)
2. The function
R\ {0} 2 X — b,_9;(-, X) € L (R ; My),

18 smooth for all 7 > 0;

3. Forallv>1

—_

v=

b(t, X) — Y x(X)b_g(t, X) € S(p, 7 — 2v), (8.2.3)

=0

<

where x 1s an excision function.
Remark 8.2.4. We call b, = 0,(B) the principal symbol of B.

Remark 8.2.5. Semairegular classical symbols are defined accordingly,
considering also terms with odd degree of homogeneity in the expansion for-
mula (8.2.3), and the class of pseudodifferential operators associated with
them is denoted by OP Sgreq(pt, 7).
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8.3 Parametrix of the heat-semigroup

In this section we will construct the parametrix of the heat-semigroup of a

semiregular positive elliptic pseudodifferential operator.

Lemma 8.3.1. Let A = A*, with A ~ ijo ay—j € Ssreg(Mt, g;My), be an
elliptic system such that A > 0. Then, there exists Uy € OPSgeq(pt,0) such
that

%UA + AU, : S (R CY) - 7 (R, ; Z(R™; CYY)

15 smoothing, and
Uilieo — In : .7 (R CN) — Z(R™; CN)
s smoothing. Moreover, the principal symbol of U, is

Ry x (R*\ {0}) > (, X) r e~ "X,

Proof. We will prove the lemma by constructing the terms of the expansion
of the symbol of U,4. In fact, we determine those terms by solving a sequence

of transport equations.

Let
R, x (R% \ {()}) 5 (6, X) > by(t, X) = e tanX),

and let By € OPSgee(pt,0) with principal symbol given by by. Hence, by
Lemma 6.1.3 at p. 81 of [15], we have that %Bo + AV By € OPSgeg(pt, pt — 1)
with principal symbol 7,1 := a,_1by. Moreover, By|;—o — Iy is a pseudodif-
ferential system with symbol in Sge(m ™!, g; My) and we denote its principal
symbol by p_;.

Next, we look for a symbol b_;(t, X), positively homogeneous of degree
—1 (in the sense of (8.2.2)), such that

4h  fab oy = 1,1,
arm—h T e et (8.3.1)

b—l|t:0 = —pP-1-
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The solution of (8.3.1),
t / ’ /
b_l(t,X) = —etan(X )p 1(X) / et )a”(X)TM_l(t ,X) dt ,
0

is easily seen to be smooth and have the required homogeneity properties

since
t / / !
boy(t,7X) = —e 'y (1 X) — / e~ =X (1, 7X) dt

= — e Mtau(X) -1 p_1( / e (- ) )T“_lr#_l(r“t/,X) dt
0

—r1 (_e‘r“tau / —(THt— t aM(X) (t/,X) dtl)
0

=7b_1 (7", X),

where the last equality follows from the change of variable ¢ — 77#¢ in the
integral. Taking B_; € OPSgee(pt, —1) with principal symbol given by b_;
gives

d
E(BO + B_l) + AW(BO + B_l) € OPSSIeg(,LL, n— 2)

Moreover, (By+ B_1)|t=0 — In is a pseudodifferential system with symbol
in Syeg(m ™2, g; My) and we denote its principal symbol by p_o.

Iterating the above procedure gives a formal series

> By, B_j € OPSyey(p. —k).

k>0

Hence, there exists an operator Uy € OP Sgeq(11,0) for which

v—1
Us—» By €OPS(u,—v), Vv > 1,

k=0

by an adaptation of Proposition 3.2.15 at p. 32 of [15], and therefore we
obtain the required parametrix.
O]
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Remark 8.3.2. In the applications of Lemma 8.3.1 we shall always consider

a parametriz approzimation of e~ where b_jlt—o = 0 for j > 1,
B—j = (Xb—j)w(t7 Z, Dr>>

for all t € Ry, where x is a chosen excision function. Hence, consider the
symbol ca(t, X) of Ua(t), i.e. Ua(t) = c%(t,x, D), given by

calt, X) =) x;(X)b_;(t, X), (8.3.2)
Jj=>0
where xo(X) = x(X) and x;(X) := x(X/R;), j > 1, with R; / 400, as
Jj — +oo, sufficiently fast (for instance, see the proof of Proposition 3.2.15
at p. 32 of [15]). Thus, the series (8.3.2) is locally finite in X and, hence,
ca(t,) € C*™ for allt € R,.

From now on we will write Uy ~ g B_; .
720

8.4 Vanishing property

Let AV be as in the previous section. In this section we prove the techni-
cal proposition that we need to control the behavior of the terms b_; con-
structed in Lemma 8.3.1 as t — 04, that is, its vanishing property, for a
class of positive and self-adjoint elliptic differential systems with symbol in
Ssreg(m?, g; My). Hence, we will suppose the symbol of A¥ to be as + a1 + ag
where a; is an N x N matrix-valued function on R*" with homogeneous

polynomial of degree j entries for all j =0, 1, 2.

Proposition 8.4.1. Let A = as + ay + ag be an elliptic symbol of second
order where a; is an N x N matriz-valued function on R** with homogeneous

polynomial of degree j entries for all j = 0,1,2. Let AY > 0, and let Uy

tA

be the heat-semigroup e~ 'Y parametriz constructed by Lemma 8.3.1. Then,

denoting again by ZB—j the expansion of Us constructed in the proof of
J=0
Lemma 8.3.1 and by b_; the principal symbol of B_;, we have, for all j > 0,
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and h =10, 1
booj n(t,w) =OFE™), t — 0+,

and for all o, B € 27, with || =2k + 1, k > 0 and |B| < 1 we have:
O s p(t,w) = O(FHFHIIBHYY g 5 04,
where the constants in O(+) do not depend on w € S*"~1.

Proof. We prove this theorem by induction taking into account the definition
of the terms b_;.

We won’t be writing the dependence on w, and we will write bg for a
generic 0%b_; with |a| = /.

First of all, we remind that, given two pseudodifferential operators with
symbol a and b, then by the composition law for pseudodifferential operators

(see, for instance, formula (3.3) at p. 19 of [15]), a“b™ has symbol

1 (=)’
a#tb ~ ab + Z i (?) {a, b},

j>1

where {-,-}1) = {-,-} is the Poisson bracket.
The terms r5_;, 7 > 1 obtained in the proof of Lemma 8.3.1 is

1[—i\?
To—j :aob_(j_g) + alb_(j_l) + 5 (7) {CLQ, b_(j_4)}(2) (841)

i 1 .
- 5{(127 b*(j*?)} - 5{@1, b*(j*3)}7 J Z 07
where we set b, = 0 for all k = 1,...,4 and we recall that aq is a constant

N x N Hermitian matrix. Therefore, by the construction in the proof of
Lemma 8.3.1,

bo(t, X) = e7t02(X),

¢ / : . (8.4.2)
boj(t,X) = — [y e ey (), X)dt, j > 1.

In fact, p_; = 0 for any j > 1 under our hypotheses.
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Denote by E(agz), b(f}), resp. E(ag), bg}), a generic expression obtained

by taking the (matrix) product of derivatives of order 2, resp. order 1, of as

with derivatives of order 2, resp. order 1, of b_;. Hence, for all j > 0,

{ag,b_;} = E(as”, 01, and {ay,b_;}@ = E(ay’,0).

J —Jj

Therefore, in {as,b_;}0) = E(af),b(_?) we have a constant coefficient

matrix (given by partial derivatives of order 2 of ay) times partial derivatives
of order 2 of b_;.

We proceed by induction. We start with the case j = 0 and h = 0. In

this case by is the solution of

Oybg + asbg = 0,
v (8.4.3)

b0|t:O = INa

whence by(t) = O(1) as t — 0+.
Next, by induction on ¢ we show that b((f) has the claimed property.

For ¢/ = 1 we take a lst-order partial derivative with respect to X of
(8.4.3) and find

by + ashy) = —a by,
b((]l) t=0 — 07

whence
t / ! !
(1) = — / e~ (t=Ia2gMp 'y at = O(t), t — 0+ (8.4.4)
0

For ¢ = 2 we take a lst-order partial derivative with respect to X of
(8.4.4) and find

t ! / ’ t 4 ’ /
B2 (t) = — / (e~ =))W Wpo ('Y dt’ — / e (=)a2 D () dt
0 0

t 4 / ’
— / e~ (-t maél)bo(t )(1) dt
0

=0t +0(t) +0(t*) =0(), t = 0+.
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Next, suppose b(()gk_l+é)(t) = O(t*) as t — 0+, for £ = 0,1 and k > 0.

We want to prove that bé%HM) (t) = O(t**1), as t — 0+, for £ =0, 1. Using

(8.4.3) and taking a 2k + 1-st partial derivative with respect to X we obtain

(recall that aép) = 0 for all p > 3 since ay has polynomial of degree 2 entries)

BT 4 PP = Ve — (@Y = O (k) + O(tF) = O(th),

bé%ﬂ) lieo = 0,

whence b7 (1) = O(t%+1) as t — 0+. Then, as before,

t / / — ! !
B () = /O (== D (@O (') + aP BTV (1) dt

t / ! / !
B / e 20y (0 6™ (1)) + a0y V() dt
0

=0(t"™) + O(tF™)y = O(t* ™), t — 0 +.

Hence, the result is proved for by.

Next, we prove the result for the case j = 0 and A = 1. In this case by
(8.4.2)

¢ ! ’ /
S / e ag, bt dt (8.4.5)
0 \,—/
=0(1),t =0+
=0(t), t - 0+.

By taking the derivative in X of (8.4.5)
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e~ (t=t)azg, bél)(t,) dt
——
=0(t'),t' =0+

=0(tH)+0(t)+0(t*) =0(t), t =+ 0+.

/
t ! ’ /
—/ et )“Qagl)bg(t)dt
0
/

By taking another derivative in X we obtain that b(a (t) = O(t?) (recall that

aﬁp) = 0 for all p > 2 since a; has polynomial of degree 1 entries).

Next, suppose b(_2f71+€)(t) = O(t"*), as t — 0+, for £ = 0,1 and k > 0.
We want to prove that b 9 (¢) = O(tF+4+1), as t — 0+, for £ = 0, 1. First
of all, we notice that, by (8.4.2), b_; is the solution of the Cauchy problem

3tb_1 + agb_l = -7 = —(llbg,
bflytzo = 07

(8.4.6)

By using (8.4.6) and taking a 2k + 1-st partial derivative with respect to X

BB | gD _ gl _ @ ek _ ek

O(t*1) + O(t*) + O(t*)

b(_2f:+l) t=0 — Oa

whence BV () = O(t%+1) as t — 0+. Then, as before,

/

t ! / — / !
DA (t) = — / (e~ a2y (P (") 1 a0V (1) 4+ aVbFE (1)) di
0
t / !/ — ! 1 !
- / e~ 929 (aMBPP (1) + oS 0ETV () + a6 (1)) dt
0

=0(t"*) + O(tF*2) = O(t*™2), t — 0 +.

Hence, the result has been proved for b_;.
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Next, suppose, by induction, that for all / = 0,1, all h = 0,1 and all
J <

by = O(F ), BT — O T+, r s 0+

We want to prove b_s(j+1) = O(#*!) and b 2k+r1rf) = Ot for £ = 0, 1,
as t — 0+, that is, the case h = 0 (after that, we will prove that b_(;11)—

O **1) and b 2k+r1rf) = O(F7FIHRHHL) for ¢ — 0+, i.e. the case h = 1).
To do it, we have to examine ry o1y (see (8.4.2)). In the first place we
have, from (8.4.1),

1/—i\? i
T2—2(j+1) :aObij + albejfl + 5 (7) {027 2(j— 1)}(2) - 5{027 bfzj}

;
- g{al, b_(2j-1)}

=0t + 0™ + o + o) + O )
=O(t'), t—0+.

Consider next, keeping into account that a(gp) = 0 for all p > ¢ + 1, since q,

has polynomial of degree ¢ = 1, 2 entries,

2k+1 2k+1) 2k+1 2k+3
T’é ;EJ‘)H) ob( + CL b( +)+E< (1) b(—2j) 1)+E( (2) b( (—5)1))

+ E(ag )’b(2k+2)> 4 E( (2) b(_2§;’1)) 4 E( b(zkgzl))
—O(FHEFL) 4 QL) 4 Q(ETRIFIRLY L (1LY
+ O(tj—l-k—l—l) + O(tj+k+1) + O<tj—1+k+1+1)

=0t =0+,
Taking an extra derivative, one immediately sees also that

2k+2 i
ey =0t 04

Hence, for all / = 0,1 and for &k > —1

i) =0t 04
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(when k = —1 we take £ = 1). Since b_5(;41) is the solution of the Cauchy

problem

Nhb_s(j41) + a2b_3(41) = —T2-2(+1), (8.4.7)
b_o(j+1)|t=0 = 0,

we obtain b_s;11)(t) = O(t'*!) as ¢t — 0+. As before, taking one partial

derivative with respect to X yields

1 ; .
atb 2(+1) T aQb 2(+1) —aj )b72(j+1) - Tg,)g(jﬂ) = Ot + Ot ),
(1)
b 541y lt=0 =0,

whence it follows that b' 2(3+1)(t) = O(t'*?), and, taking an extra derivative,

we also see that, as ¢ — 0+,

t
2 Ty a 1 .
b2 1) (8) = —0x (/O (=t )az (aé sy + 7500 ) dt) O(t'+2).

Supposing then by induction the estimates up to order 2k — 1 proved and

using

(2k+1) (2k+1) (1) (2k) 2) ,.(2k—1) (2k+1)
atb J+1)+ 2b 2(j+1) — —E(ay’, b2 J+1) E(ay b J+1))_T2—2(j+1)’

_ O(tj+1+k 1+1)+O(t]+1+k 1+1>+O(tj+k+1)’

b(,2f+1) |t:0 - 07

we obtain b iji)l)(t) = O(t9T1HH+1) "as t — 0+. By using

t
2%+2 —(t—t)a 2k) 2o B
b(,z(er‘+)1)(t) = —0x (/0 e (17t < ( b( 2(j+1) ) + E(ag g b(f2(j+)1)) + SQJJF )> dt) ’

we also see that
bR (1) = Ot — 04,

which proves the result for the case h = 0.

Now, to complete the proof of this proposition, we need to prove the
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result for the case h = 1, that is, for all £ =0, 1

boo(jsny—1 = O(F*2), bEEID = 0@ ) 5 0+

To do it, we have to examine 75_5(;41)—1 and its derivatives, that is,

;( ) {ag,baii-1-1}e —%{%b—%—l}

T2-2(j+1)—1 =0ob_2j_1 + a1b_(j41) +

- %{al, b72j}
=0 ™)+ o™ + oW Y o) + oY)
=0(t*h), t — 0+,

and

2k+1 2k+1 2%k-+1 1) 5 (2k 2) 5 (2k+3
ré—Q(j-)‘rl)—l :CLOb(—2j !+ b’ 205+ ))+ E(af”, b () 1) + Elay b 2(j—)1)—1)

2k+2) 241 1) 1 (2k+2
+ E(a”, %57 + B(as” 0%5) + B(al? 0%)
—O(HHRHL) f O(HFIFRHL) 4 O FIFh=IHL) L (i Ik
+O(tj+k+1+1) +O(tj+k+1) + O(tj+k+1)

=0(tF )t =0+ .
Taking an extra derivative, one immediately sees also that

réak;(_j-)‘rl)—l =O(*™?), t - 0+.

Hence, for all / = 0,1 and for all £k > —1

i = O, 5 0+
again, when kK = —1 we take £ = 1). dince b_9(;41y—1 1S the solution o e
in, when k = —1 we take £ = 1). Since b_s(j+1)_1 is the solution of th
Cauchy problem
3tb—2(j+1)—1 + a2b—2(j+1)—1 = —T2-2(j4+1)—1>

(8.4.8)
b 2(j+1)— |t O_O
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we obtain b_s(;11)-1(t) = O# 1) as t — 0+. As before, taking one partial

derivative with respect to X yields

1 1 1 1 ; ;
O¢b b %(j+1)—1 + a2b(—%(j+1)—1 = —aé )b—2(j+1)—1 - Té_)Q(j—&-l)—l = O<tj+2) + O(tﬁl)a
b =0,

2(541) 1’75 =0 —

whence it follows b'") () = O(#*?), and, taking an extra derivative, we

2(j+1)—
also see that, as t — 0+,

t
2) —(t—ta 1 1 , )
b(_2 G- () = —0x (/0 e~ tmt)m <CL§ a1 + ré_)Z(j—&-l)) dt) = O(F").

Supposing then by induction the estimates up to order 2k proved and making

use of

(2k+1) (2k+1) (1) ,(2k) (2k—1) (2k+1)
atb J+1) pta 2b 2(j+1)—1 — —E(ay’, b” (g+1)71)_E( b —2(j+1)— 1) = Ta g

_ O(tj+1+k71+1+1)+O(tj+1+k71+1+1)+O(tj+1+k+1)

b(}f—‘rl) |t=0 = 07

we obtain b(2k+}r)1)_1(t) = O(t***%) as t — 0+. Finally, using

t
2k+2 —(t—a 1 2k 2 2k—1
b(—2(—;+)1)—1(t) =—0Ox (/ e timt)m (E(aé)7b(_2()j+1) )"‘E( 5 b( g+)1 )) dt)
0

t !
— Ox (/o e~ (=t a2 (Té (]_)H ) dt)

we also see that

DO () = O g 0

which proves the proposition.

2-2(j+1)—1
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8.5 Meromorphic continuation of (4w

Let AY be as in the Section 8.3. In this section we will use the parametrix
approximation of the heat-semigroup constructed in Lemma 8.3.1 to prove
the result about the continuation of the spectral zeta function of the class
of positive and self-adjoint elliptic operators A" satisfying the hypotheses of
Proposition 8.4.1. Namely, (4w can be rewritten modulo a term holomor-
phic on a half plane of C as a linear complex combination of meromorphic
functions. Moreover, we will give explicit formulas for the coefficients of this

linear combination.

Theorem 8.5.1. Let A = as + a1 + ag be an elliptic system of second or-
der where a; is an N X N matriz-valued function on R** with homogeneous
polynomial of degree j entries for all j = 0,1,2. Moreover, suppose A¥ > 0.

Then, there exist constants c_gj_p, with 0 < 7 <n—1, h = 0,1, and
constants c_gj_1,, C_9j with j > n, such that, for any given integer v € Z

with v > n,

Cav(s) =

where I'(s) is the Fuler gamma function, and H, is holomorphic in the region
Res > (n —v) — 1. Consequently, the spectral zeta function (aw is meromor-
phic in the whole complex plane C with at most simple poles at s =n, n—1,

_ 1 3 5
n—2,...,1lands=n—5,n—5,n—5,.... One has

+oo
C_2j—hn = (27r)—n/ / Tr (b—2j—h(p27 w)) p2(n—])—1—h dw dp? (852)
0 §2n—1

where 0 < j<n—1,h=0,10rj>n, h=1. In (8.5.2) the b_y;_}, are the
terms in the symbol of the parametriz Uy € OPSqes(2,0) constructed in the
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proof of Lemma 8.8.1 and Remark 8.5.2,

UA ~ ZB_J‘.

Jj=0

Proof. The proof follows the idea to make use of the asymptotic expansion
given by Lemma 8.3.1 to obtain an asymptotic expansion for the continuation
of (4w.To do that, we write (4w by the Mellin transform, which gives it in
terms of the heat-semigroup of AY. Hence, via Lemma 8.3.1 we compute an

approximation of (4w whose asymptotic terms, given by integrals, are the

C_2j—h,n
s—(n—j)+h/2

we need the integrals defining the c_y;_5 , to converge. That is why we use

in (8.5.1), obtained by a Taylor expansion argument. Actually,

Proposition 8.4.1 to have a control on the vanishing of the asymptotic terms
of the parametrix of the heat-semigroup as t — 0+. Finally, we take into
account the residuals given by the approximations made and we sum their
contributes. Namely, we notice that they do not affect the values of the
c_9j_nn for j <n —1 and those for h = 1if 7 > n.

tA

By the properties of the heat semigroup 0 < ¢t — e~*", we may use the

Mellin transform and write

1
['(s)

+o00o
(A")™ = / t*te dt, Res > 2n/2 =n,
0
so that
s+ Caw(s) = Tr(AY) ™ = L /+OO 71T e tAY dt.
L'(s) Jo

Let hence Uy ~ ZB_j € OPSge(2,0) be the parametrix approximation of

j=>0
et constructed in Lemma 8.3.1. We write

1 +oo
(/ +/ ) 5T e 7MY dt =2 Zo(s) + Zoo(s).
0 1

In the first place, we claim that Z.(s) is holomorphic in C. In fact, notice
first that ¢t — TrR(¢) is rapidly decreasing for ¢t — +oo (where R(t) :=

(o) = 75
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e~ — Uy(t)), so we have that, for all p € N and for all ¢ > 1,

ITr R(t)| < 7.

Second, given any v > 0 and any symbol b € S(2, —2v), we have (by defini-
tion of the class S(u,v) at p. 79 of [15]) that for all ¢ > 1 and all p e N

+o00
‘(2#)" / Trb(t, X) dX’ = ’(27)" / / Tr b(t, pw)p** ! dw dp‘
R2n 0 §2n—1

—¢P

400
(2m)™" / /2 tPTrb(t, pw)p*™* dw dp’
0 §2n—1

400 2n—+1
<t—p/ 'O—dp
Sy T

<t

X
| X
S?=1 and dw is the induced Riemann measure on S**~1.) Tt thus follows
that for all p € N and for all t > 1

(Here, we uses the polar coordinates 0 # X = |X| with p € Ry, w €

|Tr Ua(t)] St7P.
In conclusion, since
Tre ™" = Tr Ua(t) + Tr R(t),
for every p > 1 there exists C},, > 0 such that
Tr e ™| < Cpt ™, WVt > 1,

which proves the claim, since the term 1/I7(s) is already holomorphic in C.
Therefore, the crucial point is the study of the function Zy(s). To this aim
we need a better understanding of the terms Tr B_y;_4, j > 0, h = 0, 1.
Hence, we recall that, by the homogeneity of the b_5;_4, for t > 0, j > 0,
and h =0,1,
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Tr By, / X(X)Tr (b_gj_n(t, X)) dX
R2n
+oo
/ / X(pw)Tr (b_g;n(t, pw)) p** " dw dp
0 S2n 1

+o0
/ / X(pw)Tr (b_gj_n(p°t,w)) p 2n=D)=1=h gy dp.
0 s2n—1
We consider

+00
C_2j—hn ‘= (27T)_n/ / Tr (b—2j—h(P27 W)) P2(n_j)_1_h dw dp,
0 S2n 1

and claim that
|C—2j—h,n| < 400, VjeZ,, h=0,1.

In fact, the integral is convergent at p = 400 for all j since Tr (b_g;_p(-,w)) is
a Schwartz function. It is clearly convergent at p = 0 for 0 < 2j+h < 2n—1.
Finally, it is convergent at p = 0 also when 25 + h > 2n, for the singularity
at 0 of the factor p*=)~1=" is compensated by Tr (b_o;_1(t,w)) = O(F+")
as t — 0+.

We define now the function

Foagn(®) =~ | 1 L A= T (gt ) 5 iy, € 2

Then, f_; € C>([0, +00); C), for all j' € Z., and by Proposition 8.4.1
fooin)=0@F™) t =0+, (8.5.3)

It follows that

TrB_gj 5(t) = c_gj put 24 f o w(t) = c_gj_pnt "TITHZL O,

(8.5.4)
as t — 0+, for all j > 0, h = 0,1, and that (by the proof of Proposition
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3.2.15 at p. 32 of [15] adapted to the present setting),

1 v
TrUa(t) = > Tr By p(t) = Tr Ryppa(t) = O(t"H), t — 0+,
h=0 j=0

Vv eZy, h=0,1.

However, the information contained in (8.5.4) alone is not yet sufficient to
obtain the continuation of (4w, and we need a better control of f_o;_ .
Notice that for all j,k € Z,, denoting OF f_o; 1(t) by f@j_h(t),

1
fSkQ)j—h(t) = _(27)—7@/ / (1 — x(pw))Tr (5’fb_2j_h(t,pw)) 0" dw dp,
0 Jsm-1

so that f@jfh(()) is finite and can be computed through (8.4.1), and, through
the differential equations (8.4.3), (8.4.6), (8.4.7), and (8.4.8), used to con-

struct the b_s;_5. Note, in particular, that

(k) — (—1)Etl (7)™ ' . N Tr (as(pw)®) p2 1 duw dp.
00 = 0en ™ [ 0T (o)) 7 dodp

We next apply Lemma 7.2.3 at p. 99 of [15] to the functions f_s;_, so that
for any given v € Z, we may write, by (8.5.3),

v j+h+k
FoER o) 1

1
Foj n(s) 12/ 7 fgjon(t) dt = Z 4 : +
0 —~ (j+h+k)ls+jt+h+tk

F—2j—h,u(3>7

where F_g;_p , is holomorphic for Res > —j —h —v — 1.

Using this in (8.5.4) we have that for each j > 0, h = 0,1, for any given
Ve Z+,

1
_ C_2i—hn
s | t57'Tr B_o; () dt = S
/| Ay

() 1
+ ; . + F i (),
<kz:;(]+h+k)!s+j+h+k 2j—hw(8)

where F_gy;_p , is holomorphic for Res > —j —h —v — 1.
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Analogously, since 0 < t — Tr R(t) € .(R,;C) and by Lemma 7.2.3 at
p. 99 of [15] we also have, with fg(t) := Tr R(t), that for any given v € Z,

1 v k)
/ v fpltyar =y 0 o Fa(s),
0 k=0 '

where Fr, is holomorphic for Res > —v — 1.

We therefore obtain that for any given v € Z,.

Zo(s [(ZZ/ " 1Tr B_y;_ ()d)

h=0 7=0

1 1
+ / t51Tr Ry, 4o(t) dt + / 51 Tr R(t) dt |.
0

0

Since the function s — fol t5" ' Tr Ry, 1 o(t) dt =: Fy,,5(s) is holomorphic for
Res > —v — 1, we thus obtain that, for any given v € Z, with v > n,

1 1 v Coin ]+h+k)(0) .
Z = —z) ,n

0(3) F(S) hZ:(Jj:()S_(n_] +h/2 <§;0J+h+k'8+j+h+k)

v fl(%k)(O) 1 1 v
N e kKl s+ k + Z - F—Qj—h,l/(s) + FRJ,(S) + F21/+2(5)
=0 h=0 j=0
_ 1 1 n-1 C_2j—h,n + zl/: C_2j_1n
F(S) h:ojzos_(n_j)+h/2 j:nS—(n—j)+1/2

with s — H,(s) holomorphic for Res > (n—v)—1. Since the function 1/I°(s)
is holomorphic in C and has zeros at the non-positive integers —k, k € Z,,

this proves the theorem.
O
Remark 8.5.2. An interesting problem can be to use in our setting the

asymptotics for resolvent erpansions and trace regularizations by [21] and

[22] to try to get an improvement of the result.
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Theorem 8.5.1 has the following corollary for the Hurwitz-type spectral

zeta function of AV.

Corollary 8.5.3. Let A = as + a1 + ag be an elliptic system of second
order where a; is an N x N matriz-valued function on R*" with homogeneous
polynomial of degree j entries for all j = 0,1,2. Moreover, suppose A¥ > 0.

For all 7 > 0 there exist constants c_gj_p, with 0 <j<n-—1,h=0,1,
and constants c_gj_1,, C_o; with 7 > n, such that, for any given integer
vely withv>n,

S C_2j—hmn - C—2j—1,n
(%j—o s—(n—j)+h/2> + (ZS—(n—j)—i-l/Q)

o (8.5.5)

1

<AW+TI(S) =

where I'(s) is the Euler gamma function, and H, is holomorphic in the region
Res > (n —v) — 1. Consequently, the spectral zeta function (awyr1 is mero-
morphic in the whole complex plane C with at most simple poles at s = n,

1 3

n—1,n-2,..,1lands=n—35,n—3,

n—g, ... One has
C_2j—hn (856)

+oo
= (27T>_n/ / Tr (b_j_n(p*,w)) 2D =h dy dp
0 S2n—1
too P 2/ ’ ; ’
- 7(27”_"/ / / P Tr(by iy (1, w)) PP A duw dp,
0 S2n—1 J0

where 0 < j<n—1,h=0,10rj>n, h=1. In (8.5.6) the b_y;_}, are the
terms in the symbol of the parametriz Uy € OPSqes(2,0) constructed in the
proof of Lemma 8.3.1 and Remark 8.53.2,

Us~ Y B,

320

where we set b, =0 for all k =1, 2.
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Proof. The proof follows from the one of Theorem 8.5.1. In fact, we use of
the equations in the proof of Lemma 8.3.1 and (8.4.2) to link the asymptotic
expansion of the parametrix of the heat semigroup of AY 4+ 71 to the one of
AY. Let b;, ro—; be the terms constructed in the proof of Lemma 8.3.1 (see
also (8.4.1) and (8.4.2)) for AV and b_;(7), ro—;(7) those for AV +71. Then,

bo(7)(t, X) = et

T)(t,X): JEemt=ap, (¢ X) di

Tt X) = — fle ey () X)dt —7 [Te tmp, (¢ X)dt| j>2,
(8.5.7)

since for all j > 2

0-3(7) + ab_y(1) = —ra_j(1) = —ry_j — Thyy,
b_5(r )l = 0.
Now, we apply Theorem 8.5.1 to (4w, obtaining (8.5.5) with coefficients
400 )
C-2j—hn( (2m)~ / / r (b_gjon(T)(p% w)) P 7M dw dp.
S2n—1
(8.5.8)

Actually, substituting in (8.5.8) the expressions for b_; given by (8.5.7), we
obtain (8.5.6) which completes the proof.

8.6 Examples
8.6.1 The meromorphic continuation of Jaynes-Cummings
model spectral zeta function (n =1, N = 2).

We recall from Section 2.1.1 that the JC-model is the model of a two-level

atom in one cavity, given by the 2 x 2 system in one real variable z € R

A¥(z, D) = p¥ (2, D) I+ (a+¢W(:c, D) +o_¢"(x, D))+wg, v>0,a€R,
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where ¢ (z, D) := %, oy = 3(oy £ioy) with o, j =0,...,3, the Pauli-

matrices, that is

01 0 —1 1 0
Og = -[2a o1 = 10 ) Oy = i 0 ) 03 = 0 —1 )

and the atom levels are given by ++.

To apply Theorem 8.5.1 we need to compute the terms b_; of the asymp-
totic expansion of the semigroup parametrix constructed in Lemma 8.3.1.
First of all, if A is a the Hamiltonian of the JC-model and, in the notation

of the previous sections, A = as + a1 + ag, then

ayag = —apay, ag = Iy, and a3 = py, (8.6.1)

where ps is the harmonic oscillator symbol. Hence, the product of any number
of factors equal to a; or ag can be rewritten as the multiple (by a function
in C°(Ry; C*(R?"))) of ay, ag,apa; or I, by using iteratively the identities
(8.6.1). This fact motivates the following definition.

Definition 8.6.1. Given a linear combinations of products of any number
of ag and ay, we say that it is written in irreducible form if it is a linear

combination of a1, ag, aga; and Iy with coefficients in C*°(Ry; C=(R™)).

We are going to prove a lemma determining the structure of the b; as
linear combination with coefficients in C*(R;; C*(R*")) of ay, ag, aga; and
L.

Lemma 8.6.2. Let A = as + a1 + ag be the Hamiltonian of the JC-model
with a; homogeneous of degree j. Then, the b_; can be written in irreducible

form. Moreover,

J odd = the coefficients of ag, Iz in the irreducible form of b_; are 0,
(8.6.2)
J even = the coefficients of a1, apa; in the irreducible form of b_; are 0.
(8.6.3)
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Proof. The proofis by induction. It follows the construction of the parametrix

in Lemma 8.3.1 and here we will use the same notations employed there. First
of all,
bO(th) = eitPQ(X)IQ, b_l(t,X) = —teitP?(X)al

(see also (8.4.2)). Hence, by and b_; are already written in irreducible form
and satisfy (8.6.2) and (8.6.3).

Now, we suppose that for all j° < 2j — 1 (j > 2) the claim holds true and
we want to prove the result for by; and bg; 1. By the construction in Lemma
8.3.1 and since A is a differential operator (that is, its expansion contains

only terms with degree of homogeneity > 0),

d
2025 + pab_oj = —apba_2; — a1by_oj,

b72j’t:0 = 0.

Hence, by inductive hypothesis

aopba—a; + a1bi_o; =ao(frao + folz) + a1(g1a1 + gaaoar)
=fiag + faao + 9105 + gaarapay

=fils + faao — g1p2la — gapaao,

where the third equality follows from (8.6.1) and where the f; and g; are
functions in C=(R;; C*=(R?")). Hence, the claim is true for b_,;. Repeating

the argument for b_s;_;, we have
%b—Zj—l + pab_gj_1 = —agba—2j—1 — ar1bi_g;_1,
b_gj_1l=0 =0,
which, since
agbi—2j + arb_y; :@o(flal + fzaoal) + a1(grao + G212)

= fragay + fzagm + graiag + G201

=fraoa; + foar — Graoay + Gaan,
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shows that the claim is true also for b_y;_; and completes the proof.
O

Remark 8.6.3. By Lemma 8.6.2 we have that Tr (b_g;_1) = 0 since it is a
linear combination of matrices with zeros on the principal diagonal. Hence,

by (8.6.2) and (8.5.2) we have that

+o0o 27
cata = (2m) / / Tr (b-2j-1(p*,w)) p ¥ dwdp =0, j > 0,
0 0

and

Therefore, if A is the JC-model Hamiltonian, by (8.5.1) the spectral zeta

function associated with A% is

2 N Oy
it (Z m) : HV@] ’

where v > 1, H, is holomorphic in the region Res > —v and the c_o1, C_y;

1
I'(s)

Caw(s) =

has been defined in Theorem 8.5.1. Consequently, the spectral zeta function
Caw 18 meromorphic in the whole complex plane C with a simple pole at s = 1.

Thus, (4w has a meromorphic continuation to C.

8.6.2 The JC-model for one atom with 3-level and one
cavity-mode in the so called =-configuration.
We recall from Section 2.1.3 (or, equivalently, see Section 3.2 in [35])) that the

generalization of the JC-model for one atom with 3-level and one cavity-mode

in the so called Z-configuration (that we will denote by JC-3-Z in this section)



170 8. The spectral zeta function: meromophic continuation

describes a 3-level atom in one cavity, given by the 3 x 3 system in one real
variable x € R? . In this configuration every level of energy can interact only
with the ones near to it, that is the electron can absorb (or emit) a photon
moving from the j-th level of energy to the j+ 1-st (or from the j+ 1-st level
of energy to the j-th) for 7 = 1, 2. That is mathematically represented by the
following Hamiltonian operator. For @ > 0, ay, a5 € R\ {0}, 71,72,73 € R
with 71 <72 <73,

2

> ay (lﬁw(x, D) Eg g1 + 9" (z, D)Ek+1,k)

k=1

AW(Ia D) :pg]({f, D)IB +

DN | —

3
+ > W B,
k=1

with
Ej =e,®e;, 1<5k<3

forming the basis of the 3 x 3 complex matrices, where Ej;, acts on C* as
Egw = (w,ex)e;, w € C?

and ¢($,D) = W

Lemma 8.6.4. Let A = as + a1 + ag be the Hamiltonian of the JC-3-Z with

a; homogeneous of degree j. Then,
j odd = the principal and secondary diagonal entries of b_; are 0, (8.6.4)

J even = the subdiagonal and superdiagonal entries of b_; are 0. (8.6.5)

Proof. Again, the proof is by induction, and follows the construction of the
parametrix in Lemma 8.3.1. Here we will use the same notation employed
there. First of all,

bo(t, X) = e 2Ly, by (t, X) = —te PN,

Hence, by and b_; satisfy (8.6.4) and (8.6.5). Now, we suppose that, for all
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j <2j—1(j > 2), the claim is verified and we want to prove the result for by;
and byj41. By the construction in Lemma 8.3.1 and since A is a differential

operator
d _
2025 + pab_oj = —agby_2; — a1by oy,

b_2jlt=0 = 0.

Therefore, by the inductive hypothesis, agbs_s; off-diagonal entries are 0 since
aop is a diagonal matrix. Moreover, a;b;_s; off-diagonal entries are 0 since the
principal and secondary diagonal entries of b;_o; are 0. Hence, the claim is

verified for b_,;. Repeating the argument for b_,;_;, we have

d _
S0 9j 1+ pab_gj 1 = —apby_2j_1 — arbyi_9j 1,

b—2j—1|t:0 = 0.

Thus, by the inductive hypothesis, agb;_2; has principal and secondary diag-
onal entries that are 0 since ag is diagonal. Moreover, a;b_5; principal and
secondary diagonal entries are 0 since b_,; diagonal entries are 0. Hence, the

claim is verified also for b_o;_;.

]

Remark 8.6.5. By Lemma 8.6.4 we have that Tr (b_gj_1) = 0 since b_g;_;
principal diagonal entries are 0. Hence, by (8.6.4) and (8.6.5) we have that

+00 2T
C_2j_12 = (277)_1/ / Tr (b_Qj_l(pz,W)) p ¥ dwdp=0,j>0,
0 0

and

+o00 2
€02 2(27r)_1/ / Tr (bo(p*,w)) pdw dp
" +o00 ’ 27 )
:3(27r)1/ / e pdwdp
0 0
+oo )
:3/ e ?pdp = 3.
0

Therefore, if A is the JC-3-Z Hamiltonian, by (8.5.1) the spectral zeta func-
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tion associated with AY s

1

Caw(s) = ()

3 Oy,
:‘i‘ <jzl—8—(1—j)> +Hy<5)] 3

where v > 1, H, is holomorphic in the region Res > —v and the c_9 1, C_y;
has been defined in Theorem 8.5.1. Consequently, the spectral zeta function
Caw 1s meromorphic in the whole complex plane C with a simple pole at s = 1.

Thus, Caw has a meromorphic continuation to C.

8.7 Non-existence of semi-integer poles

In this section we prove, as a corollary of Theorem 8.5.1, that for a differential
operator of order 2 with polynomial coefficients there are no semi-integer

poles.

Corollary 8.7.1. Let A = as + a1 + ag be an elliptic system of second
order where a; is an N x N matriz-valued function on R** with homogeneous
polynomial of degree 7 entries for all j = 0,1,2. Moreover, suppose AY > 0.
Then, c_j_1, =0 in (8.5.1) for all j > 0.

Proof. We prove this corollary by showing that for j > 0 the b_g;_; (re-
spectively, b_y;) in the construction of the parametrix in Lemma 8.3.1 are
odd (respectively, even) functions in the phase variable X, by an induction
argument on j. In fact, this completes the proof since in (8.5.1) Tr (b_g;_1)

is again an odd function of X and in the integral over S**~! is 0. First of all,
b()(t7 X) = e_th(X)IQ7 b—l(t7 X) = _te_tPZ(X)al

(see also (8.4.2)). Hence, by and b_; are, respectively, an even and odd
function of X since a; is an homogeneous polynomial of degree 1. Now, we
suppose that for all j° < 2§ — 1 (§ > 1) the claim holds true, and we want
to prove the result for b_,; and b_5;_1. By the construction in Lemma 8.3.1,

and since A is a differential operator (that is, its expansion contains only
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terms with degree of homogeneity > 0),

d
2i0—2j + p2b_oj = —apby_2j — a1by o5,

b_gjli—0 = 0.

Hence, by the inductive hypothesis, by_o; and b;_9; are, respectively, an even
and odd function of X. Therefore, the claim holds true for b_,;. Repeating

the argument for b_,;_;, we have

d
ab—%—l +p2b—2j—1 = —a0b2—2j—1 - Cl1b1—2j—1>

b72j71|t:0 =0,

which completes the proof since, by the inductive hypothesis, b;_5;_; and

ba_9;—1 are, respectively, an even and odd function of X.
]
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Chapter 9

Spectral quasi-clustering

estimates

In this chapter we prove a spectral quasi-clustering estimate for large eigen-
values of a class of systems in the SMGES class. At first, we consider systems
with principal symbol given by the harmonic oscillator p,, semiprincipal sym-
bol with matrix invariants that are functions of the harmonic oscillator and
subprincipal of its diagonalized which is constant on the bicharacteristics of
p2. This is a relevant case since the Jaynes-Cummings model and its gener-
alizations in Chapter 2.1 with «;, = « for all k satisfy this property for all N.
Then, we extend the result to be able to include also the case with oy, # oy
for some k # k.

Namely, by spectral quasi-clustering estimate we mean the concentration
of the spectrum of a positive self-adjoint ydo within the union of certain
intervals with centers on a sequence determined through invariants of the
symbol and width decreasing as the centers go to infinity. Moreover, the de-
termination of a clustering like that is interesting since it actually completes
the spectral asymptotic information given by the Weyl law asymptotics. In
fact, it gives a precise location of the spectrum for high eigenvalues in case
the intervals are disjoint when the centers are in an neighbourhood of +o00

on the real line.

Duistermaat and Guillemin [13] gave a clustering result for the p-th root

175
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of a scalar positive elliptic self-adjoint »do P of order p > 0 on a compact
smooth boundaryless manifold under the hypothesis that the bicharacteris-
tics of (/p are periodic, all with the same period, where p denotes the prin-
cipal symbol of P. Conversely, they showed that if that clustering occurs,
then the flow of ¢/p is periodic. Next, Weinstein [60] proved also a eigen-
vectors clustering result for the reduced Schrodinger operator (on a compact
Riemannian manifold) deepening the description of the asymptotic structure
of the clusters. We will later recall the arguments used in that paper since
they are relevant in our work. Later, Colin de Verdiére [9] gave an even
more precise result in the case of the square of a first order ¢)do with zero
subprincipal symbol and 27-periodic flux on a compact smooth manifold. In
fact, he also recovered the multiplicities of the eigenvalues in the disjoint in-
tervals. All these works treated scalar operators. Regarding systems, Helffer
[20] obtained a clustering result for the case of a second order global elliptic
reqular positive self-adjoint pseudodifferential operator under the hypothesis
that the X-ray transform of the subprincipal symbol is identically a scalar

constant.

We generalize to semiregular systems an idea proposed by Weinstein [60].
Namely, he studied ¥dos on a compact Riemannian manifold of the form
A2+ B with A a 1st-order, self-adjoint, positive, elliptic 1do, B a self-adjoint
do of order 0, and ™4 = cI for some constant c. His approach is based on
an averaging technique: the subprincipal symbol is X-ray transformed on the
bicharacteristics of the principal symbol by a unitary operator conjugation
and the new subprincipal part commutes with the principal one. Thus, the
spectrum of the sum of the principal and subprincipal term can be obtained
by studying the one of the two terms individually and it gives the sequence
at which the intervals are centered. The remainder, that is, the difference be-
tween the conjugated operator and the operator itself, is a compact operator
and gives the diameter of the intervals. In fact, the compactness of the re-
mainder leads to an operator inequality and the minimax principle completes

the analysis.

In Section 9.2 we prove that the blockwise diagonalization with scalar

semiprincipal blocks of a system of our class is equal, modulo a system of
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order —1, to a system whose principal, semiprincipal, and subprincipal terms
commute. Here, we take inspiration from the work by Weinstein. In fact, we
study the non-compact part of the operator obtaining an explicit expression
for its spectrum. Next, we recapture the spectrum of the whole operator
thanks to an operator inequality which leads to our estimate by using the
minimax principle.

Actually, the minimax principle alone is not sufficient to obtain the result.
In fact, we need to link the spectrum of an operator with the one of its
conjugation by the diagonalizing operator £ that appears in the inequality
of operators mentioned before. This is achieved by, at first, supposing that
E* can be made into an isometry, that is FE* = I, by adding a smoothing
term. Then, we prove the result without hypotheses on E by “doubling”
our N x N system, that is by studying a system 2N x 2N having decoupling
operator E such that £* can be made into an isometry. Hence, in Section 9.1
we carry out the task of proving that it is possible for a Fredholm operator
(with non positive index and parametrix given by its adjoint) to be made

into an isometry by adding a compact operator.

9.1 The “isometrization”

In this section we consider a quasi-unitary pseudodifferential system U.

Definition 9.1.1. We call quasi-unitary a system such that U*U = I 4+ F}
and UU* = I + I, where the F; are compact and I is the identity operator.

We show by Lemma 9.1.2 that we can perturb a quasi-unitary pseudod-
ifferential system U by an operator of the same order of F; to make it into
an isometry. This is fundamental for Section 9.2 since in Theorem 9.2.3 and
Theorem 9.2.5, as we stated, we will need to relate the spectrum of the di-
agonalization of the SMGES under study with the spectrum of the SMGES
itself. In fact, in the proofs of Theorem 9.2.3 and Theorem 9.2.5 we will see
that the conjugation by an isometry change the point spectrum of a positive
vdo by adding, at most, the eigenvalue 0. Hence, the conjugation by an

isometry conserve the spectrum asymptotic property of a positive SMGES.
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Lemma 9.1.2. Let u € Sgeg(1, g; My) such that U*U = I+ F,, UU* = I+ F,
and ind U < 0 where the I are ¢ dos with negative order and U := u". Then,
there is a v¥do K such that U+ K is an isometry (that is (U+ K)*(U+K) =

I). Moreover, K has the same order as F;.

Proof. First of all, we consider the case of a ¢do U such that U*U =1 + F
where F' has negative order and U is one-to-one (that is, —1 ¢ Spec(F’)). We
want to construct a 1»do R such that UR is an isometry where R = [ + K’
with K a ¢do with the same order as F. More precisely, R would (formally)
be the inverse of the squared root of I + F. To give a precise meaning to
R as a ¢do we follow the approach by Helffer in [20]. Tt is based on the
construction of an abstract linear operator (seen as a L? — L? bounded
operator) commuting with F' . Next, one shows that it can be approximated
by a ®»do H by using the inverse squared root series of Fy where Fj is the
projection of F on a finite codimension vector subspace of L? such that
1Foll oy 2 < 1/2.

After that, our aim is to show that U can be modified by a smoothing
operator to become one-to-one. Here we make use of the hypothesis ind U <
0. In fact, we construct a bijection ) : kerU — S C ker U* which, then,
we extend to L? by imposing Q|ertyr = 0. Finally, the claim is true since
R = I+ K’ where K has the same order as Fy and, hence, R(U+Q) = U+K
is an isometry with K := Q + K (U + Q) having the same order as F}.

First of all, we consider the orthonormal basis (¢j)j21 of L? given by
the eigenfunctions of F' (which is self-adjoint and compact, its order denoted
by —¢ for ¢ > 0). Hence, we can abstractly define the bounded operator
R:L?>— L% by

Ro; = (14 v;)" ¢, Vi > 1,
where v; is the eigenvalue of F' associated with the eigenfunction ¢;. R is

well defined since we supposed —1 ¢ Spec(F'). Now, we consider the »do H
such that

k
H - ¢;F is atpdo of order —((k+1), Vk >0, (9.1.1)

J=0
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where ¢; is the j-th Taylor coefficient of the expansion of ¢ +— (1 + ¢)71/2

at the origin. We want to prove that H approximates R, that is, H — R is
smoothing. To do that, we would like to write the inverse squared root series

chFj. However, this series is only formal since there could be v; such that
j=>0
|vj| > 1. Hence, to give meaning to it, we introduce the linear operator Fj

defined on the basis (¢;),., by

0, if|y]>1/2,

F0¢j =
F¢j, if |Vj| S ]_/2

Since F'is a compact operator, v; — 0 as j — oo and, hence, |v;| > 1/2 are

finitely many. Moreover, Fj is a ©do because
FJ — FJ is smoothing, Vj >0 (9.1.2)

since

(F = F)p = Z vi(d, ) r2dr, Vo € LA(R™),

k:|vg|>1/2
Thus, it is a L? — L? bounded operator with Schwartz kernel

B3 (2,9) = Kpy_py(0.9) = > voe)onlz) € S (B,

k:|vg|>1/2

In fact, ¢p € . when || > 1/2 by ellipticity of the 0-th order operator
F — v 1. Therefore, Ry := chFg is well-defined as bounded operator on

320
L? since || Fp|| 2, 2 < 1/2. In addition,
R — Ry is smoothing. (9.1.3)

In fact,

(R=Ro)p= Y (1+1)7(6,0))120;, ¥ € L*(R"),

gilvil>1/2
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and, hence, it is a L? — L? bounded operator with Schwartz kernel

R2n > (x,y) = KR—RO(:an) = Z (1 + Vj)_1/2m¢j(x) S ‘7<R2n)

J:lvi|>1/2

Now, we prove that H — R is smoothing by a telescoping sum argument.
Actually, by (9.1.3) it is sufficient to show that H — Ry is smoothing. We
start by writing

H — Ry = Ay + By, — C},

where for all K > 0

2% 2k 2k
Api=H =Y ¢;Fl, By = ¢;(F) — F]), Cy:= Ry — 3 ¢;F}
=0 =0 =0

are L? — L? bounded operators. Now, A;, is a 1do of order —¢(2k + 1) by
(9.1.1) and By is smoothing by (9.1.2) for all the k. We only need to study
Cy, that is

Com FEF S o ROR) _ g ( 5 chg—<k+l>> R

§>2k+1 G>k+1

which means that Oy is a B~% — B“*+1) bounded operator for all k. In

fact, Z chgf(%H) is a bounded operator on L? and FJ is a tpdo of order
j>k+1
—/{j for all j. Hence, H — Ry is smoothing, too.

Therefore, we complete the first part of the proof by denoting UR by
U and we have that U*U = R*U*UR = (I + F)R? = I since R and [ + F
commute because their eigenspaces coincide. We notice that R = I+ K with
K’ a1pdo of order —¢ by the definition of H. Hence, U = UI+K') =U+K
with K := UK" a 1do of order —¢. We highlight that R is invertible since
R? is, by construction, the inverse of I + F = U*U > 0.

Thus, we proved the theorem under the hypothesis —1 ¢ Spec(F).

Now we show that we can modify U by a smoothing operator () such that
U := U + Q is one-to-one.

We consider the orthonormal basis (qﬁj)jZl of L? given by the eigenfunc-
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tions of F} and we call v; the eigenvalue of F) corresponding to ¢;. We
denote by Z; the set of all j such that v; = —1. Z; is a finite set since F}
is compact. Then, we consider the orthonormal basis (1/)j)j21 of L? given by
the eigenfunctions of F, and we call 7; the eigenvalue of I corresponding to
1;. We denote by Z, the set of all j such that 7; = —1. Z, is a finite set

since F5 is compact. Next,

kerU = {¢ € L% U¢ = 0} = {¢ € L* U"U¢ = 0} (9.1.4)
= Span{¢;; U"U¢; = 0} = Span{¢;; j € Z1},

and

ker U* = {¢p € L*; Uy =0} = {o € L UU*Y = 0} (9.1.5)

= Span {¢;; UU; = 0} = Span {v;; j € Z»}.
Now we construct the one-to-one linear operator ) : L? — L? being non-zero
on ker U \ {0} and ranging on ker U*. First, there is a one-to-one function

p:Zy — Zy since ind U < 0 implies card Z; < card Z by (9.1.4) and (9.1.5).

Now, we define

Qb =Y (6, 05)120p), Yo € LAR™),

JEZ1

which is smoothing since it is a L? — L? bounded operator with Schwartz

kernel

R™ 5 (2,y) = Ko(z,9) = Y ;)b (x) € S (R™).

JEZL

Hence, U + @ is one-to-one. In fact, by denoting the range of U by Ran U

~—~
cRanU cker U*
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and, thus, RanU = (ker U*)L implies
Up=—Q¢ € (ker U*)* Nker U* = {0}.

Therefore, ¢ = 0 since ker QNker U = {0} by definition of ). This concludes
the proof.
[

Remark 9.1.3. If in Lemma 9.1.2ind U = 0 then p can be constructed to be
bijective and, hence, U + @Q is surjective, too. In fact, (U + Q)*¢ = 0 implies

U =—-Q¢.
~—~ ——
€RanU* cker U

Hence,

U'p=—Q*¢ € (kerU)" Nker U = {0},

which means ¢ = 0 since ker Q* Nker U* = {0} by bijectivity of p. Since
R*U*UR = I with R invertible, UR is unitary. In fact, it is invertible (U
and R are invertible) and the left inverse is unique.

In addition, if indU > 0 then ind U* < 0 and we can repeat the proof of
Lemma 9.1.2 with U* in place of U. Thus, there is K such that U* + K s
an isometry and K has the same order as Fs.

Moreover, if indU < 0 and Fy is smoothing (or indU > 0 and F, is

smoothing), then K is smoothing, too.

9.2 Spectral quasi-clustering theorems

In this section we are going to determine a quasi-clustering estimate for a
class of SMGES. First of all, we state and prove Theorem 9.2.3 where we
consider the class of SMGES having the semiprincipal matrix eigenvalues
that are function of the scalar harmonic oscillator and the subprincipal of
the diagonalized system that are constant on the bicharacteristics of the
harmonic oscillator. This is a relevant class since the Jaynes-Cummings

Hamiltonian operator and its generalizations in Chapter 2.1 with oy = « for
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all k satisfy this property for all V.

Actually, we look for a result for a more general class of SMGES which
includes at least the models with ay # a, for some k # k'. Therefore, we
state and prove Theorem 9.2.5 where we consider the class of SMGES which

have the semiprincipal matrix eigenvalues that are function of the polynomial
n
2 2
Do 1= E Qipak With pyp(X) 1= —I’“gg’“ for all X € R*™, o := (ay,...,q,) €

R", and a; # 0 for all j.

We recall that we use Lemma 9.1.2 and Remark 9.1.3 in the following
theorems to relate the spectrum of the diagonalization of a positive SMGES
with the SMGES itself.

In this section (and in the following chapter) we use this notation: letting
a be a semiregular symbol in Sges(m#, g; My), we denote by A (that is, by
using the corresponding capital letter) the unbounded densely defined and
closed operator D(A) C L? — L* which is the realization of the ¢do a%. If
a is elliptic and p > 0, D(A) = B*.

First of all, we prove a lemma that, actually, shows our result under the

hypothesis that the decoupling operator has non-negative index.

Lemma 9.2.1. Let a = a* ~ Y. gayj € SZ.,(m* g;My) be a 2nd-order
SMGES with principal symbol as = poly, such that the corresponding un-
bounded operator satisfies A > 0. Suppose that the coefficients of the charac-
teristic polynomial det(\ — a1 (X)) of the semiprincipal term ay are functions
of po and that there is a unitary diagonalizer ey for the semiprincipal symbol
such that, denoting by by := diag(byp; 1 < h <) the subprincipal symbol of

the resulting blockwise diagonalization of A, we have that
b() o exp(thz) = bo, bo o exp(thz,Q) = bo, vt € R.

In addition, suppose that ind Ey > 0.
Then, the eigenspaces of Py are invariant for By, for all h = 1,...,r.

Moreover, for each h = 1,... r, there is an orthonormal basis of L?(R"™; CMr)

{Onnjtrez, 1<j<n, C L (R";CM)
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such that
n .
Ker(P, ® Iy, — (k + 5))2 Span{¢nrj; 1 <j < N},

BO,h¢h,k,j = Mh,k,j(bh,k,j? with ‘,uh,k,j| S HBO,h”L2_>L2 ) Vku \V/] = 17 ey Nh7

and a smooth function pi2: Ry — R", positively homogeneous of degree
1/2, such that A\ = p1j2.n(D2,a), 1 < h <1, and M > 0 such that

Spec(A) C (j U LjAsm&j@4), (9.2.1)

h=1 k>0 j=1

where, for each h=1,... 7,

_\/k+n/2’ Vk+n/2
(9.2.2)

n
Shkj(A) = (k+ 5 + prjon(k +1/2) + pngy) + [

Remark 9.2.2. To assume that A > 0 in Lemma 9.2.1 (and in the theorems
and lemma that will follow in this section) is not a loss of generality since
this is true for a SMGES of second order modulo an additive positive scalar
constant. In fact, the principal symbol of a SMGES is always elliptic and
positive and, thus, there is C > 0 such that (A¢,¢)r2 > —C for all ¢ €
B2\{0} by the Sharp-Gdirding inequality (see [26] and its form as in Theorem.

3.3.22 of [5]).

Proof. The proof takes inspiration from the approach by Weinstein [60]
adapted to semiregular ¢)dos. The main idea is to investigate the spectrum
of A by studying the spectrum of the part of its blockwise diagonalization B
which has positive order as a 1do (the difference being a compact operator).
Of course, it will suffice to work for a single block of B, which is parametrized
by h =1,...,r. Hence, we may suppose that » = 1 and that by, b; are scalar
operators.

Let P be the self-adjoint L? realization of p* := py + py2(pY) + by with
D(P) = D(P,) = B%R"™;C"). Recall that, for the semiprincipal term b; of
B, we have that b,(X) = (p1/2 0 p2)(X) for X # 0, with p;/, smooth and
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positively homogeneous of degree 1/2, by virtue of the hypothesis (namely,
that the characteristic polynomial of a; have coefficients which are (smooth)
functions of py).

The first step in the proof is to show that 0¥ — p“ =: k" has order —1.
Since b = py + (p1/2 © p2)" + b modulo a term of order —1 and since, by
Theorem 1.11.2 in [20], (p1/20p2)Y — p1/2(py) has order —1, we obtain indeed
that k1 € Sgeg(m™, g; My).

We next show that the commutator [p¥, b)] = 0.

Since [py, by]| ,= [P2, Bol|,,
extend [Py, By]| , as a bounded linear operator [P, Bo]: L — L?. Hence,
if we show that [py,by] = 0, then also [P, By] = 0. Now, by o exp(tH,,) = by
for all ¢ by hypoyhesis. Hence by = R(by) and (on .%)

and [pY, by] has order 0, it follows that we may

—'l 27 ) '
(3, b5] = [P R(bo)"] = o B2y e 2 dt =
0

—1

[eZtPQ bge—ltpz}gﬁ — 0
27

Therefore, the eigenspaces of P, are invariant under B,. We may hence
choose an orthonormal system {¢y;; k € Z,, 1 < j < N} C L (R";CY) of
L*(R™; CY), made of eigenfunctions of both P and P, that also diagonalizes
BO|Wk on each space Wy, := Spanc{¢x;; 1 <j < N}, k € Zy. It follows that

the eigenvalue of P associated with the eigenfunctions ¢y ;, for 1 < j < N is
n :
k+§+p1/2(k’+n/2)+,uk,j, 1<j5<N,

where py, ; € R is such that Bogr ; = ik ;P ;-
Hence,
N
Spec(P) = U U Ch.js

k>0 j=1

where
n
Crji=k+ 5 + prj2(k +n/2) + pig .

We next wish to show that there is M > 0 such that

N M M
Spec(4) | J | (Ck,j + [— T \/k:+n/2D . (9.2.3)

k>0 j=1
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For that, we have to consider the chosen ¥do diagonalizer " (and hence
its L? bounded extension F) for a¥ (see Theorem 3.1.3 in [37]). Then,
ind £ = ind £y > 0 by hypothesis since the index of an operator is invariant
under compact perturbations. Thus, by the quasi-isometrization Theorem
9.1.2, we may assume that F*: L? — L? is an isometry (i.e. EE* = I).
Letting

= (V)" aveY — pt = ((eY)"ave™ = b%) + (b7 = p"),

which has order —1, and noting that (p¥)Y/* is a ¢do of order 1/2 with
principal symbol py/?, we have that (pY)/47(p¥)1/* can be extended to a
bounded operator in L?(R"; CV). Hence, there is M > 0 such that for all
b e SR CV)

—M[p|72 < ((5) 7 (p3) Y ", ) L < M|Y[7a, (9.2.4)

that we rewrite in terms of the L? realizations of the dos involved
~MJlh < (BRB 0.0) < Ml (925)

Now, recalling that P,’*: D(Py/*) ¢ L?* —» L? is the self-adjoint un-
bounded L? realization of (p¥)"/4 which is elliptic, we have that D(P)/*) =
BY2(R"; CV) (which is dense in L?) and P;’* is invertible with bounded in-
verse P2_1/4 . L? — B'Y? C L?. Therefore, by substituting P2_1/4E*q§ for 1 in
(9.2.5), we get that for all ¢ € .7

M (P7P0.0) < (Roo) <M (P'P6.0) .

Hence, for all ¢ € B2,

((P _ MP2_1/2> o, gb) <(P+B6.9),

L2
=FE*AE

< ((P+MP?)0.0)

2’
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which leads to (9.2.3) by minimax principle. In fact,

Spec (A) C Spec (E*AE),

since
Ay =Apr, oA #0
implies
(E"AE) E" gy = AE" ¢y, E"¢x # 0.
Moreover,
Spec (E*AFE) \ {0} C Spec (4),
since
E*AE¢W = mbm 7vZ)77 #0 (926)
implies
AEY, = nE,.

On the one hand, if ¢, ¢ ker E then n € Spec(A). On the other hand, if
Yy, € ker E then n =0 by (9.2.6) and 0 ¢ Spec (A) since A > 0. Therefore

Spec (E*AFE) \ {0} = Spec (A),

which concludes the proof of the lemma.
]

We want to generalize Lemma 9.2.1 by removing the hypothesis on the

non-negativity of the decoupling operator index.

Theorem 9.2.3. Let a = a* ~ Y gasj € SZ., be a 2nd-order SMGES
with principal symbol as = poly, such that the corresponding unbounded op-
erator A > 0 (this is no restriction, in view of the Sharp-Garding inequality).
Suppose that the coefficients of the characteristic polynomial det(A — a1 (X))

of the semiprincipal term ay are functions of ps and that there exist smooth

functions R x R¥ 3 (t, X) — f,(X) € My such that

{p2; fi} =0, egoexp(tHy,) = fieo, ao= f] (ap o exp(tHy,)) fi- (9.2.7)
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Then, with by = diag(bop; 1 < h < r) denoting the subprincipal symbol
of the blockwise diagonalization of a%, the eigenspaces of P, are invariant
for Boy, for all h = 1,...,r. Moreover, for each h = 1,...,r, there is
an orthonormal basis {¢n k. j ez, 1<j<n, C L (R" CNn) of LA(R™; CVr) such
that Ker(P2 ® In, — (k+ %)): Span{¢nr;; 1 <j < N}, and

Bon®nkj = tnkjPnkj. with |pnk;| < Bolljznye, Vk, Vi=1,..., Ny,

a smooth function pij2: Ry — R", positively homogeneous of degree 1/2,
such that A\ p, = p1jon(p2), 1 < h <, and M,c > 0 such that

r+1 Ny,
Spec(A) C U U U Shk,i(A), (9.2.8)

h=1k>0j=1

where, for each h=1,...,r,
n M M

Sy (A) = (k+ = + k+n/2)+ 1 ) )
s (4) = (k5 prya(k+n/2) + ) + | NCETYE \/k:—i-n/Q}
(9.2.9)

where Npy1 = N, prjo,41 =0 and pir41; = ¢ for all j.

Proof. The proof follows from an argument based on the construction of
a system A associated with A having a decoupling operator é, with non-
negative index. Namely, A is a block-diagonal system with two N x N
blocks, the first being A and the second being Py + P,

Po = — eo(e,geopg + pocpe_y — 5 (60 {%, 60} + {607 au%]’)
+ e_1pae’ | )eg + cly,
with ¢ > 0 a real constant such that Fy > 0, and

A On
On Pn+ Py
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Hence,
o B '
AR — +R On 7
ON (P2 -+ C)[N -+ R
~ € ON /. . 1 .
where € 1= 0 . |» R is smoothing and 7 € Sgeg(m ™", g; My) since, by
N €

Proposition 4.0.1 (or by a straightforward computation, using the composi-
tion formula for ¢)dos), the subprincipal symbol of E(PyIy + Py)E* is cIy by
definition of pg. Actually, A verifies the hypothesis of Lemma 9.2.1. In fact,
A >0, ind(E) = ind (E) + ind (E*) = 0 and, by Corollary 4.2.1,

bon = mh(egau—2e0 — ieg{a,, eo})mr.
Therefore by o exp(tH,,) = by for all ¢ since

eo o exp(tH,,) = fieo, ag = f] (ap o exp(tHy,)) fi, Vi,

by hypothesis. Hence, by Lemma 9.2.1, we have (9.2.1) for A, that is
R r+1 Ny,
Spec(A) C U U U Shiej(A),

h=1k>0j=1

where, for each h=1,...,r+1,

_ M M ]
VEk+n/2 \k+n/2

n
Sh,k,j(A) = (/{Z + E +p1/2,h(k5 + n/2) + Mh,k,j) + [

with N.y1 = N, pij2r41 = 0 and g 411 = c for all j. Moreover, Spec (fl) =
Spec (A) U Spec (PoIy + Py) since A is blockwise diagonal. (The disjoint
union symbol LI means that we are counting the eigenvalues with their mul-
tiplicities and summing them up.) Hence,
r+1 N
Spec(A) C U U U Shk.i(A),

h=1k>0j=1

which completes the proof.
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]

Now we want to extend Theorem 9.2.3 to the case in which oy, # ) for
n

, 2 ¢2 2 ¢2

some k # k. Hence, we define po (X)) := @ and po o(X) = g ak@
k=1

with X € R* and o € R" with a3 # 0 for all k& and state a generalization
of Lemma 9.2.1 to the case in which the coefficients of the characteristic

polynomial of the semiprincipal symbol are functions of ps ,.

Lemma 9.2.4. Leta=a"~} ;a2 € S2ee be a 2nd-order SMGES with
principal symbol ay = poly, such that the corresponding unbounded opera-
tor A > 0 (this is no restriction, in view of the Sharp-Garding inequality).
Suppose that the coefficients of the characteristic polynomial det(\ — a1 (X))
of the semiprincipal term ay are functions of pao and that there is a uni-
tary diagonalizer ey for the semiprincipal symbol such that, denoting by by :=
diag(bgp; 1 < h <) the subprincipal symbol of the resulting blockwise diag-

onalization of A, we have that
bo o exp(tHp,) = by, booexp(tHy, ) =by, VteR.

In addition, suppose that ind Eq > 0 and that there are mq, ..., m, € Z,\{0}
coprime such that
m_ =M (9.2.10)
o ap,
Then, the eigenspaces of Py are invariant for Py, and the eigenspaces of (Py+
Py ,) ® Iy, are invariant for By, for all h =1,...,r. Moreover, for each
h=1,...,r, there is an orthonormal basis {¢n~ ; brezn 1<j<n, C & (R"; CNr)
of L*(R™; C*v) such that Ker(P,® Iy, — (k+%))= Span{¢p~j; |7 =k, 1 <
Jj < Np}, and

Bondnrj = thpjPhgs With |phq il < | Bonll2es Vv, Vi=1,..., Na,

and a smooth function pij: Ry — R", positively homogeneous of degree
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1/2, such that A1 j, = prjan(P2,a), 1 < h <7, and M > 0 such that

Spec(A U Uy USMW (9.2.11)

h= 1k>OveZ
lv]=

where, for each h=1,...,r,

n M M
Shryi(A) = (k+=+ alv+1/2))+ T , ,
i 4) 1= (G puaalaCr1/2) i)+ [~ e~

(9.2.12)

where a(y 4+ 1/2) : Zoz] (v +1/2).

Proof. The proof takes inspiration from the approach by Weinstein [60] and
adapted to semiregular ¢»dos. The main idea is to investigate the spectrum
of A by studying the spectrum of the part of its blockwise diagonalization B
which has positive order as a 1do (the difference being a compact operator).
Of course, it will suffice to work for a single block of B, which is parametrized
by h =1,...,r. Hence, we may suppose that r = 1 and that by, b; are scalar
operators.

Let P be the self-adjoint L* realization of p¥ := p¥ + py/2(p¥,) + by with
D(P) = D(P,) = B*(R"%;C"). Recall that for the semiprincipal term b; of
B we have that b1(X) = (p1/2 © p2.o)(X) for X # 0 with p;/, smooth and
positively homogeneous of degree 1/2, by virtue of the hypothesis that the
characteristic polynomial of a; have coefficients which are (smooth) functions
of paq.

The first step in the proof is to show that 0¥ — p“ =: ki has order —1.
Since Y = py + (P12 © P2,a)™ + by modulo a term of order —1 and since,
by Theorem 1.11.2 in [20], (p1/2 0 p2,a)™ — p1/2(Py,) has order —1, we obtain
indeed that ki € Syee(m™", g; My).

For a later purpose, it is now convenient to prove that that e

+i2nLPs o — 1d

where 27L is the period of the bicharacteristics of p,,. In fact, for ¢ € .77,

:|:’527TLP2 a¢ ® +i2n Loy P, ’“qb ® +i2rmy Ps i, ¢ Qb

id
=i
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since the Pp; commute over . (R™; CY). The fact that 27L is an integer
multiple of the period of the bicharacteristics of p;, follows form the fact
that, as
Hy,, =305 (60, — 205, ).
j=1

the bicharacteristic flow is for all t € R and X € R} x R given by

exp(tHy, ) (X) = (Z(COS(%‘U%‘ +sin(a;)g;), Y (= sin(agt)z; + COS(%‘U&‘)) :

J=1 J=1

We now want to show that 27 L is indeed the period of the bicharacteristics
of P5,. Suppose, by contradiction, that there is 0 < L' < L such that
2rL = 2nL'm’ with 0 < m’ € Z, and exp(£2rL'H,, ) = id. Then, we must
have exp(£2nL'ayH),,) =id for all k = 1,...,n. Therefore, 27 L'a;, € 277Z,
which implies that m’ divides m;, for all k£, which is impossible. Hence, 27 L

is the period of the bicharacteristics of pg .
We next show that the commutator [py,, by] = 0.

Since [p¥,, by] |5,,: [P0, By |5,,
it follows that we may extend [P, By

and since [py,,,by] is a 1do of order 0,
Hy as a bounded linear operator
[P2,q, Bo|: L* — L. Hence, if we show that [p} ,, b}] = 0 then also [Ps,q, By| =
0. Now, b o exp(tHp, ) = by for all ¢ by hypoyhesis. Hence by = R, (by) (Ra
being the X-ray transform with respect to the bicharacteristics of ps,) and

(on .¥)

— 2nL

[p;/’a; bgv] — [p;im Ra(bO)W] _ ﬁ 0 8t<eitp2,ab8/efitP2,a> dt

2L
O — 0.

i . p
— [eltpla b\())ve ZtPQ’a:I
2L

In addition, by o exp(tH,,) = by for all ¢ by hypothesis. Hence, we have
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also that (on .¢)

2wL

—? 8t (eitPQ bgef’itPg) dt

:27TL 0

[e’itPQ b\OVe—itPQ]gﬂ' —_ O

[Py, b5] = [Py, R(bo)"]
_ =t
ol

Recall that the eigenspaces, made of Hermite functions, of P, are invariant
under P, , and viceversa. Therefore, the eigenspaces of P»+ P, , are invariant
under By;. We may hence choose an orthonormal system {¢,;; v € Z%}, 1 <
j < N} C LR CN) of L2(R™;CY), made of eigenfunctions of both P and
Py, that also diagonalizes BO}Wk on each space W, := Spanc{¢,;; |7| =
k,1<j <N} ke€Z,. It follows that the eigenvalue of P associated with
the eigenfunctions ¢, j, for |y| =k and 1 < j < N, are
n

k
T3

+prjp(aly +1/2)) + 1y, 1< <N,

where 1, ; € R is such that By, ; = 11y j0- ;-

Hence,
N
Spec(P) = U U U Chj»
k>0 yEZn j=1
[v|=Fk
where

n
Crog =k + 35 +prje(a(y +1/2)) + 1y 5.

We next wish to show that there is M > 0 such that

o M M
Spec(A) € gngul (C;m + [— N TN +n/2}> . (9.2.13)

For that, we have to consider the chosen ¥do diagonalizer e™ (and hence
its L? bounded extension E) for a% (see Theorem 3.1.3 in [37]). Then,
ind &/ = ind Ejy > 0 by hypothesis since the index of an operator is invariant
under compact perturbations. Thus, by the quasi-isometrization Theorem

9.1.2, we may assume that F*: L? — L? is an isometry (i.e., recall, EE* = I).
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Letting
P () e — = (€)' a"e — 1)+ (B — p).

which is a 1¢do of order —1, and noting that (py)!/* has order 1/2 with
principal symbol py*, we have that (p})/47(p¥)1/* can be extended to a
bounded operator in L?(R";CY). Hence, there is M > 0 such that for all
Y € S (R CN)

—M 9|72 < (P37 (05) "0, 9) o < M7, (9.2.14)

that we rewrite in terms of the L? realizations of the tdos involved:

~MplE < (BRR M. w) < M, (9.2.15)
Now, recalling that P,’*: D(Py’*) ¢ L?* —s L? is the self-adjoint un-
bounded L? realization of (py)/4, which is elliptic, we have that D(P,’*) =
BY2(R"; CN) (which is dense in L2) and P,’* is invertible with bounded in-
verse Py \/* : L* — BY2 C L. Therefore, by substituting P, /*E*¢ for ¢ in
(9.2.15), we get that for all ¢ € .7

—M (P 70,0) < (Ro.0) <M (P V0,0)
L2

L2 2’
Hence, for all ¢ € B2,

((P _ MP;”Z) &, <b> < (%@ ®) ..
< <<P + MP2‘1/2) 9, ¢>

2’

which leads to (9.2.13) by minimax principle. In fact,
Spec (A) C Spec (E*AE) ,

since

Agy =gy, ¢r#0
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implies
(E*AE) E" ¢y = AE" ¢y, E"¢x # 0.
Moreover,
Spec (E*AFE) \ {0} C Spec (4),
since
E*AEY, =0, ¢, #0 (9.2.16)
implies
AEY, = nE,.

On the one hand, if ¢, ¢ ker E then n € Spec (A). On the other hand, if
Y, € ker E then n =0 by (9.2.16), and 0 ¢ Spec (A) since A > 0. Therefore

Spec (E*AFE) \ {0} = Spec (A),

which concludes the proof of the lemma.
]

Now we want to generalize Lemma 9.2.4 by removing the hypothesis on

the non-negativity of the decoupling operator index.

Theorem 9.2.5. Let a = a* ~ Y, gas j € SZ,, be a 2nd-order SMGES
with principal symbol as = poly, such that the corresponding unbounded op-
erator A > 0 (this is no restriction, in view of the Sharp-Garding inequality).
Suppose that the coefficients of the characteristic polynomial det(A — a1(X))
of the semiprincipal term a; are functions of ps, and that there is a uni-
tary diagonalizer eq for the semiprincipal symbol such that, denoting by by :=
diag(bgp; 1 < h <) the subprincipal symbol of the resulting blockwise diag-

onalization of A, we have that

bo o exp(tHyp,) = by, by oexp(tH,, ) =0by, VteR. (9.2.17)
In addition, suppose there are my,...,my, € Z, \ {0} coprime such that
m_ = (9.2.18)

aq (079
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Then, the eigenspaces of Py are invariant for Py, and the eigenspaces of (Py+
P, ,) ® Iy, are invariant for By, for all h =1,...,r. Moreover, for each
h=1,...,r, there is an orthonormal basis {QZSh?%j},YGZi’lSjSNh C S (R"; CNw)
of L*(R™; C™v) such that Ker(P,® Iy, — (k+2%))= Span{¢p~j; |7 =k, 1 <
J < Np}, and

Bon®hri = hmiOhrgs With |phq i) < 1 Bolljezz, Vv, Vi=1,..., Ny,

a smooth function pi2: Ry — R", positively homogeneous of degree 1/2,
such that M\ p = p1/2n(P2.a), 1 < h <1, and M,c > 0 such that

r+1 Ny,

Spec(4) € [ J U U U Snras(A), (9.2.19)

h=1k>0~€Z? j=1
[v|=Fk

where, for each h=1,...,r,
n M M
S (A) = (k+—= 1/2 j -
niri(A) = (k45 +p1an(aly+1/ ))+/Lh»w)+[ \/k+n/2’\/k+n/2}
(9.2.20)

where a(y+1/2) = Zaj(’yj—i- 1/2), Nyy1 = N, prjari1 =0 and fiy41,4; = ¢
=1

for all v and j.

Proof. The proof follows from an argument based on the construction of
a system A associated with A having a decoupling operator ¢, with non-
negative index. Namely, A is a block-diagonal system with two N x N
blocks, the first being A and the second being P,Iy + P, where p, is the

harmonic oscillator,

Po ‘= — 60(6—260172 + p2eoe_y — 5 (60 {%7 60} + {60, a#eo})

+e_1pae’ )eg + cly,
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with ¢ > 0 a real constant such that Py > 0, and

- A On
On Py +Py|
Hence,
. Oy
E AE - )
ON (Pz + C)]N + R
~ e Oy 1 . .
where € := 0 . | and 7 € Sgeg(m™, g; My) since, by Proposition 4.0.1
N €

(or by a straightforward computation, using the composition formula for
1dos), the subprincipal symbol of E(PyIy + Fy)E* is c¢ly by definition of
po. Actually, A verifies the hypothesis of Lemma 9.2.4. In fact, A > 0,

ind (£) = ind (F) + ind (E*) = 0 by hypothesis. Hence, by Lemma 9.2.4, we
have (9.2.11) for A, that is

r—+1 Ny,

Spec(A) C U U U U Shkyi(A),

h=1k>0~€Z" j=1
lv|=k

where, for each h =1,...,r + 1,

M M }
VEk+n/2 \Jk+n/2

with N.y1 = N, pijop41 = 0 and p41,,; = c for all v and j. Moreover,
Spec(A) = Spec (A)USpec (PyIy + Py) since A is blockwise diagonal. Hence,

n
Sheryj(A) = (k+ 5 + 120 (a(Y+1/2)) +pingy,) + [

r+1 Nh

Spec(A) C U U U U Shokry,i(A),

h=1k>0~€Z" j=1
|v|=k

which completes the proof.
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9.3 Remarks on Theorem 9.2.3 and Theorem
9.2.5

We notice that condition (9.2.7) in Theorem 9.2.3 is used as a sufficient con-
dition for the subprincipal symbol to be constant on the bicharacteristics of
p2. Moreover, it is satisfied by the JC-model and many of its generaliza-
tions in Chapter 2.1 with o = « for all k. Namely, we have that for the
JC-model in Subsection 2.1.1 (where we take, for simplicity’s sake, a = 1) a

diagonalizer for the semiprincipal symbol is

1 1

V2 V2
R*\ {0} 3 (2,€) = eo(z,) := :pﬁg —(mfzg) )
V2(@%+€%)  \/2(22+€2)

and, hence, for (z,¢) € R?\ {0}

1 1

V2 V2
€o (eXp(thg)(xa 5)) = e " (x+if) —e~ " (x4if) = (fte[])(xa 5)7
V2(@%+€%)  \/2(2%+€2)

1 0
where f; = 0 . Moreover, ff(yo3)fi = vo3 (where v > 0) and

efzt

{p2, fi} = 0. Hence, condition (9.2.7) is verified the Jayne-Cummings model.

Furthermore, also generalizations of the JC-model satisfy the condition
(9.2.7). In fact, if we consider, for example, the JC-model for a 3-level atom
and 2 cavity-modes in the Z-configuration in Subsection 2.1.3 with a3 = ao,

we have that a diagonalizer for the semiprincipal symbol is

b2 0l U1

Wl V2lyl V2
R\ {0} 3 (z,8) = ep(z,€):=| 0 :/_% \% 7

— P2 ()

Wl V2lyl V20

where ¢;(X) = % j=1,2with X = (2,§) € R x R* = R?" and,
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hence, for (z,&) € R*\ {0}

€it% eita Eita

[ Vel V2l
et )@ ) = | 0 S L= (o)),

. e*itwl e*itqu 677,'t,[)[}2

I V2l V2l

et 0 0
where f;:= 1 0 1 0 |. Moreover,
0 0 e
N-1 N-1
I <Z%Ek+1,k+1> i = Z%Ekﬂ,kﬂ
k=1 k=1

(where vq,...vv € Rwith v <72 < ... <~n) and {ps, f;} = 0.

In the statement of Theorem 9.2.5 we can replace the condition (9.2.7) by
requiring that there exist smooth functions RxR?* 3 (¢, X) — fi(X), g:(X) €
My such that

{p2, fi} =0, egoexp(tH,, ) = fieo, ao= f; (aooexp(thm)>ft, (9.3.1)

{p2, 9t} =0, egoexp(tHy,) = gico, ao=g; (ao o eXp(th2)>gt- (9.3.2)

(The two conditions (9.3.1) and (9.3.2) are equivalent to (9.2.7) in the case
ap = ap for all k, k' by taking g, = f,.) Actually, even if (9.3.1) and
(9.3.2) are explicit conditions on eg, they are sufficient and non-necessary
condition for having (9.2.17) satisfied. On the one hand, they are suffi-
cient since by = eja,—2e0 — i{ef, a,}eq by Corollary 4.2.1 and, therefore,
bo o exp(tH,, ) = by by (9.3.1) and (9.3.2). On the other hand, they are
non-necessary because of the following example. We consider the JC-model
for a 3-level atom and 2 cavity-modes in the =-configuration in Subsection
2.1.3 (with 1 as coefficient of the principal term p¥(z, D)Iy) with oy # a9
and ¢;(X) := ajmj+i§j, j=1,2with X = (2,£) € R" x R® = R?". Then,

V2
again, a diagonalizer for the semiprincipal symbol is
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b2 Y1 U1
Wl V2lyl V2
4 _
R0} (08 s eole,€)i= | 0 =2 & |,
—1 2 P2
Wl Vel V2ly
and, hence, for (z,€) € R*\ {0} with a := (a1, a)
eiQQt% emlta ei"‘lta
] V2| V2[y|
eolexp(tH,) (@)= | 0 L L = (fen)(.0),
B 671a1t¢1 571a2t¢2 efza2t¢2
¥ V2| V2[y|
where
eia2t|1/)2|‘21:“gim1\¢1|2 0 (eital - 6ia2t)1|ﬁ12;|l;1
fi = 0 1 0
_ita i e—ia2t 2 e—ital 2
(6 tag e gt)ilb;}]gl 0 |¢2||;r|2 1]
N-1 N-1
Therefore, f; (Z’ykEkH,kH) fi # nykEkJrLkH (where 71,...7v € R
k=1 k=1

with 71 < 72 < ... < yn). However, recalling Corollary 4.2.1

bo(X) =diag(mjeqa,—2e0m; — imjep{pu, coms; 1 < j < 3)(X)

(v D[22+ (y3+1) |31 |2 0 0
[4]2
_ (AD[Y1 Py [P+ (1) 92
0 20 0
0 0 (v D)1 Pyl >4+ (y3—1) 2|
2[y|?

which means that by o exp(tH,

P2,

shown that there is a ey such that (9.3.1) is not satisfied, but (9.2.17) is.

) = bpoexp(tH,,) = by. Hence, we have just



Chapter 10

The Rabi model

In this chapter we determine a refined Weyl law result for the Rabi model.
The Rabi model is the model which describes the interaction of a 2-level
atom and one cavity-mode electromagnetic field even when the field is not
near resonance with the atomic transition and the coupling strength is not
weak. In fact, it can be seen as the model leading to the Jaynes-Cummings
model by rotating waves approximation, which is valid if the field is near
resonance with the atomic transition and the coupling strength is weak. For
a physical description of the model see the seminal papers [53] and [51] by
Rabi and also [6] by Braak.

The Hamiltonian operator describing this model is the Weyl-quantization

of the symbol

0 x

Xz

x? + &2

R2 > (l’,f) — CLRabi(I,f) = IQ+C

+

0
I , (10.0.1)
Y2

where C' and 7; < 7 are real numbers. We are going to give a spectral

asymptotics result for the counting function of the Rabi Hamiltonian.

The main problem that we face in the study of the asymptotics of the
counting function for (10.0.1) is the non-ellipticity of the semiprincipal term
and the non-separation of the eigenvalues of the semiprincipal symbol. In
fact, for a general model with non-elliptic semiprincipal symbol, one would

not be able to decouple the system as done in Chapter 3, since there would be

201



202 10. The Rabi model

no symbol ey € C*(R?"\ {0}; My) diagonalizing the semiprincipal symbol or
there would crossing of the eigenvalues of the semiprincipal symbol. Hence,
it would not be an SMGES. Actually, regarding the non-smooth diagonaliz-

ability of the semiprincipal, this is not the case of ar.y; since

11—
“TV2l1 1

0 01 1 0
diagonalizes - x , leading to the matrix z ,
x 0 10 0 —1

which is smooth as a function of X € R?", but it does not satisfies the
separation of the eigenvalues property. Hence, Theorem 3.1.3 does not give
a decoupling of the Hamiltonian operator describing the Rabi model. There-

fore, Theorem 7.1.8 does not lead to a Weyl Law result.

In this section, as in Section 9.2, we use the following notation: letting
a be a semiregular symbol in Sges(m*, g; My), we denote by A (that is, by
using the corresponding capital letter) the unbounded, densely defined and
closed operator D(A) C L? — L? which is the realization of the ¢do a%. If
a is elliptic and p > 0, D(A) = B".

10.1 The Rabi model generalizations by NCHOs

In this section we introduce classes of NCHOs which generalize the Rabi
model. For these classes is stated and proved a non-refined Weyl law result
in Section 10.2.

To formalize these generalized models mathematically we use the same

notations adopted in Section 2.1.
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10.1.1 The Rabi model for an N-level atom and n =

N — 1 cavity-modes in the =-configuration

In this case, for a > 0, a,...ay_1 € R\ {0}, 71,...7nv-1 € Rwith 73 <5 <
... < yn_1, we consider the N x N system in R", n = N — 1, given by

N-1 N-1
a"(x, D) = py (z, D)In + ) agwy (Ek,k-H + Ek:-i—l,k) + > WwEiir
h=1 k=1

In this case, the levels of the atom are given by 0 and the ~.

10.1.2 The Rabi model for an N-level atom and n =

N — 1 cavity-modes in the A -configuration

In this case, for a > 0, ay,...ay_1 € R\ {0}, 71,...7v-1 € R with ; <
Yo < ... < yn_1, we consider the N x N system in R", n = N — 1, given by

N-1 N-1
a"(x, D) = p3(z, D) Iy + ) (Ek,N + EN,k) + ) Bkt ks
k=1 k=1

In this case, the levels of the atom are given by 0 and the ~;.

10.1.3 The Rabi model for an N-level atom and n = N —

1 cavity-modes in the so-called \/-configuration

In this case, for @« > 0, ay,...an_1 € R\ {0}, 71,...7nv-1 € R with 1 <
Yo < ... < yn_1, we consider the N x N system in R", n = N — 1, given by

N-1 N-1
a"(x, D) = py (z, D)Ix + ) _ apax (El,k-H + Ek:+1,1> + ) Bk ki1
h=1 k=1

In this case, the levels of the atom are given by 0 and the ~.
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10.2 Non-refined Weyl law for the generalized
Rabi models

For the classes introduced in Section 10.1 we can state the following non-

refined Weyl law.

Theorem 10.2.1. Let a = a* = a9 + a1 with

y ~ Za272j € Scl(m27g; My),

Jj=0

ap ~ 2&1—2]‘ € Sa(m, g:My),
Jj=0
defined on the phase space R} x RE (n:= N — 1) where ay = aj, is positively
homogeneous of degree k and A > 0. Moreover, suppose that ay = poly with
pa2 the scalar harmonic oscillator and that there is a smooth on R*"\ {0} and
positively homogeneous of order 1 matriz-valued function b on R?"\ {0} such
that a. := a + b is an SMGES for all € € (0,1). Then, if R 3 A —— N(A)

denotes the spectral counting function associated with a“,

d
N() = (2m)™" (N)\” / dX — \"1/2 / Tr(ay) — ) + o(A"/?),
p2<1 p2=1 ’vP2|

as A — +o00.

Proof. To prove the theorem we use a perturbation argument. Namely, we
obtain an operator inequality between A, and A which, by minimax principle,
leads to a spectral inequality between A. and A. Next, we use Theorem 7.1.7
to have a Weyl law for A.. Finally, we can obtain a Weyl law for A by the
spectral inequality just proven. Actually, the Weyl law for the second order
operator A is not refined since the perturbation has order 1 and, hence, only
the first term after the leading term of the asymptotics can be determined
precisely.

Since A > 0, we can define A*'/* as the unbounded realization of the 1/do
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(a™)*Y/* and for all ¢ € .7

|(A—1/4(A8 . A)A_1/4¢, ¢)L2| :€|(A_1/4BA_1/4¢, ¢)L2|
<e A BATYY o 19l = C 11612
(10.2.1)

where C' := ||A_1/4BA_1/4HL2HL2. Now, by density of . in L? and L? — L?
boundedness of A=Y/4(A, — A)A='/4, (10.2.1) holds for all ¢ € L% Since
AYV4A L D(AY4) € L* — L? is an elliptic v»do, D(AY*) = BY/2. Hence, since
A% is surjective, we can substitute ¢ € L? with A% (1) € BY/?) in (10.2.1)
and we obtain for all ¢ € B> ¢ BY/?

(A, )2 — eC(VAY, ¥) 2 < (A, )12 < (A, )12 + £C(VAY, ) 2.
(10.2.2)
Let 0 < A\ < Ay < ... (respectively, A . < Ag. < ...) be the eigenvalues of A
(respectively A.), repeated according to multiplicities. By minimax principle
and (10.2.2)

which leads to an estimate for the counting function N4 of A and N4_ of A..

In fact, for € small enough

Na. (A) :=#{J; Nje <A}
>#{j; Aj+eCy/A <A}
=#{j; vo1 () <A} =Na(ve, s (V),

and

Na. (A) :=#{7; Nje <A}
<#{j; \j —eCV/A <A}
=#{j; v21(N) < A = Na(ve- (),



206 10. The Rabi model

where v, 4 : A — %(12 +AFeCy/EC2+ Nis a (g, +00) = (Ve +(cp), +00)
smooth function with ¢y > 0 a lower bound of Spec A which is increasing and

invertible for ¢ < g¢ := 2\(/15 and, namely, V;i : X — A+ eCV. Therefore,

for e < g9
Na (v22(N) < Na(A) < N (v 3 (V),

which is equivalent to

1
\-1/2 <NA6(VE,1()\)) — (2m)""A"N dX>
p2<1

1
SW (NA(A) — (27T)_nAnN dX)
p2<1

gﬁ (NAE(V;(A)) — (27)""A"N /mgl dX> . (10.2.3)

Now, we study the behavior of N,4_ o V;}r when A\ — 4+o00. By Theorem 7.1.7

and since the semiprincipal symbol of A, is a; + €b,

N (v () =(2m) " (N(u;iu))“ [ ax

ds

Vs

— (V;}F(A))"’l/z / By Tr(a; + &b)

—(2m) (A"N ( /p . dX)

— A2 (/ Tr(ay + gb)ﬁ —enCN dX)) + O\,
p2=1 Vol p2<1

) + O\ )

as A — 400, where the second equality follows from Newton’s generalized

binomial theorem. In a similar way, for N, o v L

Na. (v 1 (V) =(2m)7" (/\”N ( /p . dX)

d
/2 (/ Tr(ay + eb)—— + enCN dX)) oMY,
pa=1 |VP2| pa<l

as A\ — +oo.
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Hence, since we are looking for the behavior of N4 as A — 400, by (10.2.3)

—(2m)™ (/ Tr(a; + sb)ﬁ +enCN dX)
pa=1 V2| p2<1

s 1 —nyn
<lim inf (m (NA()\) — (2m)"A\"N - dX))

A—~+o00

1
p2<1

A—400
<—(2m)™" (/ Tr(ay + €b)
p2=1

ds

—enCN dX> ,
V2| p2<1

for all € < gy which implies, by computing the limit as ¢ — 0+,

1
—(2m)™ T <liminf [ —— [ N4(A\) — (27) "A"N dX
(2m) /pzzl r(al)wm < lim inf ()\"1/2 ( A(A) — (2m) o ))

: 1 —nyn
< lim sup (m (NA()\) — (2m)"A\"N - dX))
2>

A——+o00
ds

< —(27 _"/ Tr(a1) =,
( ) p2:1 ( 1)|vp2|

and completes the proof.

Remark 10.2.2. Theorem 10.2.1 can be used to obtain a non-refined Weyl
law for the models of Section 10.1. Namely, in the notation of Theorem
10.2.1, for the models of Subsection 10.1.1 we have that

N-1 N-1

a = poln + Z Ty, (Ek,k+1 + Ek+1,k> + Z YeFri1 ket
=1 =1

=

-1

b= ay, ((ifk)*Ek,kH + ikakH,k)-

1

e
Il



208 10. The Rabi model

In fact,

=

-1

a+eb=pIy+ )Y <¢Z,5Ek,k+1 + l/)k,aEkH,k)
1

£
Il

N-1

+ Z YeFry1k41,
=1

where Yy, . 1= %, 1 <j<n,isan SMGES for all € € (0,1).
In a similar way, for the models of Subsection 10.1.2, Theorem 10.2.1 can

be used to obtain a non-refined Weyl law with

N-1 N-1

a = paly+ Z QT (Ek,N + EN,k) + Z YeEri1,k41,
k=1 k=1
N-1
b= an((i&)" By + i€k B ).

£
Il

1
while for the models of Subsection 10.1.2, Theorem 10.2.1 can be used with

N-1 N—-1
a=paly+ Z LTy (El,k+1 + Ek+1,1) + Z YeEri1h41,
k=1 k=1

N—1

b= Z Ak <(ka)*EZk+1 + iSkEk+17k>-

k=1
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