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Introduction

The aim of this thesis is to study the problem of continuous congested
optimal transport in the Heisenberg group, equipped with a sub-Riemannian
metric. We will introduce three equivalent problems: one of them will give
rise to a quasilinear PDE in divergence form.

The classical Monge-Kantorovich formulation of the optimal transport

problem

in /X el p)dr () 1)

yE(p,v)

has been widely studied in literature in general metric spaces (X, d): here the
set II(p, v) consists of probability measures v on the product space X x X
with prescribed marginals p, v and the cost function ¢ > 0 is typically a power
of the distance d. See [87] for an overview on this topic. This formulation
depends only on the amount of mass «(z,y) transiting between two points
x,1, but not on the paths followed by it. The problem of congested optimal
transport is a variant of the problem (1), which take into account congestion
over paths. The first contribution in this direction was given by Wardrop
in 94|, where he introduced a concept of equilibrium for a traffic problem
on a network. Let us consider two discrete probability measures p and v
on it, representing the distributions of agents and destinations, respectively.
For any pair of nodes x and y, v(z,y) represents the amount of agents that
have to go from the node x to the node y. Wardrop supposed that each path,
connecting z to y, has a cost that depends on the portion of y(x, y) transiting
through it. Of course, on the network there is an equilibrium if and only if

all the actually used paths, connecting the nodes x and y, provide a cost
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that is less than, or equal to, the one provided by any other path between
the same nodes. Later in [14], Beckmann et al. showed that an equilibrium
is a solution to a convex minimization problem, taking into account the total
congestion over the whole network. See for instance [87, Section 4.4 and [44]
for an overview on this topic.

In [43] Carlier et al. proposed a continuous version of the previous model,
by replacing the network with a domain € in R? and the edges of the network
with the space £ of Lipschitz curves. The ways in which traffic is distributed
over €) are modelled through traffic plans, i.e. probability measures () over
L, which connect ;1 to v. Each traffic plan generates a traffic intensity i,
whose action over a set A C ) describes how much traffic there is over the

curves corresponding to the traffic plan ) and passing through the subregion

§ | etydiofa) = [ / ()|dtdQ(o), YoeC@).  (2)

If at every point = there is an amount of traffic ig(z), and the congestion
effects are described by a function g > 0, then the total cost of passing
through = will be G(ig(x)) = ig(x)g(ig(x)) and a Wardrop equilibrium is a

minimum of the overall transport cost, i.e. a solution to

i /Q Glio(x))dz, o)

whenever the composition G o ig exists. In this configuration nobody is
interested to change its path, since everyone is paying the least.
In [30] Brasco et al. proved that the problem (W) is equivalent to a

minimization problem over vector fields with prescribed divergence

weLlpnfflRQ {/g ))dz : divw = ,u—y} (B)

where G(w) := G(|w|). The previous problem admits the following dual
formulation, as a minimization of a classical functional in Calculus of Varia-

tions,

sw{ [t =)~ [ (w0 pe Wi}, (D)
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where G* is the Legendre transform of G and q = p%l; the corresponding

Euler-Lagrange equation is
div(VG*(Vy)) =p—v, in Q.

It turns out to be the Laplace or g-Laplace equation, in the simplest cases,
but it may be much more degenerate in a more realistic traffic model, see
[30], [89], [49], [23], [28] and [88]. See also [45], [32] and [44] for more details
about the equivalence between the problems (W),(B) and (D).

This thesis deals with the problem of continuous congested optimal trans-
port in the Heisenberg Group H". This is the simplest non commutative Lie
group: it coincides with R?"*! with a totally degenerate metric defined on a
sub-bundle of the tangent bundle. This subbundle is called horizontal bun-
dle and it can be assigned through a family X,..., X5, of horizontal vector
fields: all the differential calculus in this setting is expressed in terms of these

vector fields, for which the following non-trivial bracket relation holds
X2n+1 = [Xi7Xn+i] 7£ 0, Vi € {]_,,TL}

In particular, displacement is allowed only along horizontal curves, i.e. inte-
gral curves of the vector fields (X;)?;: the sub-Riemannian distance between

two points x,y € H" is given by

1
dsg(z,y) := inf {/ |6(t)|gdt : o horizontal curve, o(0) = z,0(1) = y} )
0

where |- | is the norm associated with the metric on the horizontal bundle.
See for instance [1], [19], [35], [36] and [69] for a general overview on this type
of spaces.
The Monge-Kantorovich problem in the Heisenberg group
in / dsn(, y)*d(x, ). (3)
Hn xHP

yEIl(p,v)

was first studied in [5], where L. Ambrosio and S. Rigot proved the existence

and the uniqueness of the solution to (3) for @ = 2; this result was extended
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to more general non-homogeneous settings in [58]. The first work on the
problem (3) for o = 1 is [52], where the authors proved the existence of
solutions induced by maps. Afterwards the analogous result was proven in
more general measure metric spaces, see for instance [16] and [46].

In this direction, we introduced the horizontal transport density a- defined

[ ewan = [ ([ clotsmsttlnit) i),

for any ¢ continuous, where « is a solution to (3) with @ = 1, and o, is

as

a minimizing geodesic between the points x and y. In (4) the exterior inte-
gral is computed over the product space H"™ x H", while in the definition of
traffic intensity it runs over curves: in this sense the traffic intensity can be
interpreted as a dynamic version of the transport density. We adapted some
summability results contained in [44] (which are specific to the Euclidean set-
ting) to H", paying attention to the fact that in H" the geodesic dimension
does not coincide neither with the topological dimension, nor with the ho-
mogeneous one (see [66]). Passing through a vector version of the transport
density, we showed that the Monge-Kantorovich problem for e = 1 can also

be formulated as a minimization problem with horizontal divergence-type

inf {/ |w|de : divgw = p — 1/} ; (5)

where divy is defined in duality with the horizontal gradient

Vup = 212:1 XipX;, with ¢ € C*. Its dual formulation is the well-known

constraint

Kantorovich duality formula

am{/ﬁau—uwHmems1}. (6)

The congested optimal transport problem in this setting was still an open
problem. In order to to take into account the geometry of the Heisenberg
group we have significantly reduced the set of admissible paths, allowing
the agents to move only along horizontal curves. If 2 C H", a horizontal

traffic plan is a probability measure over the space of horizontal curves with



value in €2, which connect p to v. Any horizontal traffic plan @) induces a
horizontal traffic intensity iq, defined as (2), where the integral w.r.t. @ is
computed over the horizontal curves, and the Euclidean norm is replaced by
the horizontal one | - |g.

Given any two points z,y € 2 and a horizontal traffic plan @, we will

denote by dg the horizontal length weighted with g oig

dQ<x,y>ﬁ:inf{:/£ 9(io(o ()] (1)t :
o horizontal, 0(0) = z,0(1) = y}; (7)

then, a horizontal Wardrop equilibrium, analogous to the one introduced in

[94], is a horizontal traffic plan ) such that

1. @ is concentrated on the geodesics w.r.t. the metric dg, i.e.

/O 9lig(a(t))|o(t)|mdt = dg(o(0),a(1))

for (-a.e. horizontal curve o;

2. @ induces a measure vo = (eg,e1)xQ € II(u,v) which solves the
Monge-Kantorovich problem

inf do(x,y)dvy(z,y), 8

[ dglepiney) ©

associated with the cost dg, depending on @) itself.

If the congestion function g(i) ~ *~!, a horizontal traffic plan @ turns out
to be a Wardrop equilibrium if and only if it solves

inf G(ig(x))dz, w
ot [ Glig(o) W)

where Q% (u, V) is the set of horizontal traffic plans @) such that ig € LP(Q).
In the last chapter of this thesis, we get a necessary and sufficient condition
for the non emptiness of this set; in particular, if one assume that g and v

are p-summable, then the set Q% (u, ) is not empty.
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In the limit case p = 1, the problem (W) reads as

inf / Lon(0)dQ(o), ()

QEQH (1Y)
which turns out to be equivalent to the Monge-Kantorovich problem for
a =1, and hence to (5) and (6).
In the spirit of [30], under the p-summability assumption for both p and v,
one can also prove that the minimization problem over p-summable horizontal
vector fields, with prescribed horizontal divergence,

wt { /Q G(w(z))dz : divew = 11 — y} (By)

weLP(QHQ

admits a solution. Here G(w) := G(|w|g), H is the restriction of HH" to
the set Q2. Moreover, it holds that (Wg) = (By) and there is a way to find a
solution to one problem, starting from a solution to the other one, and vice
versa: in order to find a solution to (Wy), starting from a solution to (By), we
passed through a sequence of approximating Riemannian manifolds, where
the non-horizontal direction is increasingly penalized. In the spirit [88], one
actually can prove that to get the existence of solutions to (By) it is enough

/

that p and v belong to the more general dual space (HW(2))". Here
HW4(Q) is the space of function ¢ € L%(2), whose horizontal gradient (in
the weak sense) Vyp € LI(2, HQ2). In addition, under this hypothesis on

and v, the problem

swp{= [ oiu=0)~ [ ¢Fue)pemmin@} 0w

admits solutions and its value equals (By). Moreover, if w is the solution
to (Bg) and u € HW'P(Q) is a solution to (Dg), then the relation between
them is

w = VG*"(Vyu).

In particular, the function u solves in the weak sense the the Euler-Lagrange
equation

divg (VG (Vup)) =p—v in Q. (10)
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The main difficult in studying regularity for PDEs in this setting is due to
the fact that derivatives do not commute: [X;, X;,,] = Xo,.1; hence, when
we derive the equation and we switch derivatives (in order to get higher
regularity estimates for solutions), we get a derivative of solutions in the

direction Xy, 1, which has to be managed.

If the congestion function g has the standard form g(i) = !, then
G*(z) = %]z\q and (10) becomes the degenerate ¢-Laplace equation in H".
This equation has been widely studied in literature, both in homogeneous
and non-homogeneous case. In both case, the optimal regularity for solutions
is the Holder continuity of the horizontal derivatives: it has been established
in [95], for 2 < ¢ < oo, and in [75] for 1 < ¢ < 2, in homogeneous case; see
also |79] for an alternative proof in H', for ¢ > 4. For the analogous result in
non-homogeneous case see [74]. See [80| and references therein for a general

overview on this topic.

In the spirit of [9] and [29], we study the equivalence of the three prob-
lems (Wy), (Bg) and (Dp) in the orthotropic case: more precisely, if w =

2 . . . .
> w; X; is a horizontal vector field, we consider a function

Gw) = 3" G(lwi)

having p-growth in each horizontal direction. This gives rise to a function G*
that has g-growth in each horizontal direction. See [7], [22], [24], [25], [26],
[27], [29], [31], [67] and [81] for regularity results of this type of equations
in the FEuclidean setting. Here we prove the local Lipschitz regularity for
solutions to (10) for such a function G*, assuming that i-th eigenvalue of the
Hessian of G* is comparable with the n + i-th one. The model function is
" q .
G*(2) = 25 (27 +22,5)°

=1

it has g-growth in the horizontal directions of the complexified tangent bun-
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dle, according to [90, Chapters XII and XIII|, and it leads to the equation

n

> [ (Xl + X0 i)

=1

q—2
+ Xnti <(\Xlu]2 + [ Xpaul?) 2 XnJriU) } =0.

As is common in the study of regularity theory for PDEs, we first ap-
proximated the equation in order to make it non-degenerate; then, in the
spirit of [39], [38], [40] and [41], we introduced a Riemannian approximation
of the non-degenerate equation, in order to have the smoothness of solu-
tions. Adapting the technique introduced by X. Zhong in [95], we obtained a
Caccioppoli-type inequality similar to that for solutions to Riemannian ellip-
tic equations, where the derivative of the solution in the direction X, has
disappeared. Using the well-known Moser iteration scheme, a uniform (with
respect to the approximating parameters) bound for the L norm of the
gradient of solutions to the approximating equation follows: passing to the
limit, we get a bound on the L* norm of the horizontal gradient of solutions

to the starting equation and hence the local Lipschitz continuity follows.
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The thesis is organized as follows.

Chapter 1 contains an overview of existing results: first, we recall the
definition and the main properties of the Heisenberg group. Then, we recall
some known results about the optimal transport theory in this setting.

The aim of Chapter 2 is twofold: on the one hand, we prove the existence
of horizontal transport densities that are LP functions, for some particular p’s.
On the other, we prove that even the Monge-Kantorovich problem, associated
with the sub-Riemannian distance, admits a divergence-type formulation. In
order to do this, we introduce a vector version of the horizontal transport
density and we prove the differentiability of the Kantorovich potential. In the
end we show that the same problem can be also formulated as a minimization
problem over measures on curves.

In Chapter 3 we define the problem of continuous congested optimal trans-
port in the Heisenberg group. First, we give the definition of traffic plans and
associated traffic intensities, and we collect some of their properties. Second,
we rigorously define the congested metric. In the end, we introduce the con-
gested optimal transport problem as a minimization problem over a suitable
set of horizontal traffic plans. We show that it admits a solution, which turns
out to be an equilibrium configuration.

Chapter 4 deals with the equivalent formulations of the continuous con-
gested optimal transport problem in the Heisenberg group. We introduce
the divergence-type problem and we show that it admits a solution. More-
over we introduce its dual formulation and we show that two problems are
actually equivalent. In the end, under some additional hypothesis, we show
that the divergence-type problem is equivalent to the minimization problem
introduced in Chapter 3.

Chapter 5 is devoted to the three problems in the orthotropic case. We
investigate the equivalence of these problems, by using techniques that are
different from those of the previous two chapters. In the end, we study
the local Lipschitz regularity for solutions to a PDE arising from the dual

formulation of the problem. This result holds true in the homogeneous case.
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Chapter 1
Preliminaries

The first chapter of this thesis deals with some preliminary results that
will be useful later on. In the first section we introduce the setting of the
Heisenberg group, while in the second one we recall some well-known results
about the optimal transport theory in this setting.

Given a locally compact and separable metric space (M, d), we denote by
B(M) its Borel o-algebra. A (Borel) measure A on M is a o-additive function
A B(M) — R. We denote by

e M(M) the set of finite Radon measures on M,

M_(M) the subset of M(M) consisting of finite Radon measures on
M with compact support;

M (M) the subset of M (M) consisting of positive and finite Radon

measures on M;

P(M) the subset of M (M) consisting of probability measures on M;

P.(M) the subset of P(M) consisting of probability measures on M

with compact support.

Given a sequence of measures (A, ),eny on M, we say that A\, weakly converges

to A, we write A\, — A, if

fdh, — fdu,
M

M n—oo

5



6 1. Preliminaries

for any bounded continuous function f € Cy(M). If (M,d) is a compact
metric space, then the Riesz Theorem implies that the weak convergence of
measure is nothing but the weak* convergence.

Let (Mi,dy) and (Ms,ds) be two locally compact and separable metric
spaces, f : My — M5 be a Borel map and A be a measure on M;. Then, the

push-forward of A is the measure on My defined as

FA(A) = A(f71(A)),

for any A € B(Ms). If ¢ : My — [0, +00] is any Borel function, then

/Mde(f#A)Z/Ml(Wf)du.

1.1 The Heisenberg group H"

In this section we introduce the Heisenberg Group and we equip it with a
natural intrinsic sub-Riemannian distance, which makes it a polish, geodesic
and non-branching metric space and a doubling metric measure space, when
equipped with its Haar measure.

Givenn > 1, the n-th Heisenberg group H" is the simplest non-commutative

Carnot group’. Its Lie algebra h™ is stratified of step 2

b" = by by,

LGiven a Lie group (G, x), we denote by X'(G) the vector space of smooth vector fields
and by g the Lie algebra of G, that is the subset of X'(G) of smooth left-invariant vector
fields. We say that (G, *) is a Carnot group if it is connected, simply connected and its

Lie algebra g admits a stratification, that is

90=01Dg2D---Dgr,
with
[glvgi] = gi+1, V1 S 1 S T, 9r 7é 07 Or4+1 = 07

where [g1, g;] = span{[X, Y] | X € g1, YV € gi},
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where b7 = span{ Xy, ..., X,,, Xoi1, ..., Xon}, by = span{ Xy, 1} and the

only non-trivial bracket-relation is
[Xjaxn—i-j] :X2n+1, \V/] == ]_,TL (11)

The subspace b is called horizontal layer. We recall that the Lie algebra
h™ is isomorphic to the tangent space at the origin T.H" through the vector
space isomorphism

X — X(e) € T,H".

See for instance [92, Chapter 4]. Hence, the horizontal layer b7 of the algebra

is isomorphic to a linear subspace V' of T.H". The disjoint union of

HH" := |_| (dEQ)e(V) = U <Qa (CMQ)e(V))? (1'2>

geH™ geH™

defines a sub-bundle of the tangent bundle that we will call horizontal bundle,

where dl, is the differential of the left translation
l,:G—=G, l(9)=q*g, ¢€G.

The vector fields Xi, ..., X, defines a global frame for HH", and at each
q € H"™ the fiber is generated by these vector fields evaluated at ¢

HH" = span{X;(q), ..., Xon(q)}.

A horizontal vector field is a section of the horizontal bundle ¢ : H* — HH",

2n
6= ¢,X;.
j=1

Since the horizontal bundle HH" admits a global trivialization, we will some-
times identify a section of HH"™ with its canonical coordinate w.r.t. the
moving frame {Xi,..., Xs,}. In this way a section will be identified with a

function

¢=(d1,..., o) : H" — R™™.
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We fix an inner product § on the horizontal layer b7 = H.H" such that
{X1,...,X5,} is an orthonormal basis: this induces a left-invariant Rieman-

nian metric b on HH"
H" 5 g~ by = ((;18), - HH" x HH" - R, q€H",
where f;_l B is the pullback of 8 by the left translation £,-1,

(6-48), (w.w) = B ((dly1), (0), (dly1), (w)) , Vo, w € HH",

From now on, we will drop the index ¢ for the metric and we will use the
notation (-,-)y to denote both # and b,. We adopt the same notational
convention for the norm
| =V (1.3)

associated to the scalar product /3, which makes { X1, ..., X5,} an orthonor-
mal basis for h7 and hence a global orthonormal frame for AH".

The triple (H", HH™, (-,-)y) is the simplest example of sub-Riemannian
manifold: it plays the role of R" in Riemannian geometry. See [35] and [58].

Given a smooth vector field X € X (H") and ¢y € H", we denote by
exp(tX)(qo) the integral curve of the vector field X, passing trough ¢ at
time ¢t = 0, that is the map o : [ C R — H", such that

o(t) = X(a(t)),
a(0) = qo.

This map is well-defined for all whole R, see for instance [19, Proposition
2.1.53] or |76, Appendix|. Moreover, for any ¢y € H" and any X € h" it
holds that

exp(tX)(qo) = qo * exp(tX)(e).

The exponential map of the Heisenberg group H™ is the map
Exp:p" — H"

defined as
Exp(X) := exp(X)(e). (1.4)
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Since H" is a Carnot group, in particular it is connected and simply con-
nected, hence the exponential map is a global diffeomorphism between §h™
(equipped with its trivial manifold structure of finite dimensional vector

space) and H": hence every ¢ € H™ can be written in an unique way as
q= EXp(lel +-+ :L‘an + xn+1Xn+1 + ... xZnXQn + x2n+1X2n+1)7 (15)

with (z1,...,Zons1) € R?"TL. Through the Campbell-Hausdorff formula (see

[19, Theorem 2.2.18]) in this system of coordinates the group law reads as
2n
Ty = <951 +Y1, - Tont+Yon, Tont1 +y2n+1+§ Z(ﬂijnﬂ—ﬂ?nﬂyj)), (1.6)
j=1

the unit element is Ogzn+1 and the center of the group is
L= {(0,22,41) € R*™; 29,11 € R}

The stratification of the algebra h™ induces a family of dilations d, on H =
R2n+1

ds((x1, ...y Tans1)) i= (821, ..., STop, 82x2n+1).

The vector fields X, ..., X5,11 € h™ in coordinates read as

T4 .
Xj=0p, — 500, J=1,...,n,

2
X; .
Xn—"_] = awn+j + 5]855271,4—1? j = 17 e 7n;
X2n+1 = am2n+1 .

Moreover, the (2n + 1)-dimensional Lebesgue measure £ is the left-
Haar measure (up to multiplicative constants) of the Carnot group (R***1,.),
and its push-forward through the inverse of the map (1.4) is the left-Haar
measure (up to multiplicative constants) of the Carnot group (H",*). The

homogeneous dimension of the group is

2
N :=> idimb} = 2n +2 (1.7)
=1
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and it holds that
£2n+1(55(B)) — 8N£2n+1(B)

for all Borel set B and all s > 0. From now on we will always work in
coordinates: with an abuse of notation, we denote by H" the group (R?*! .)

and we will write x = (z1,...,29,41) € H" to indicate a generic point H".

1.1.1 Horizontal curves and Carnot-Caratheodory dis-

tance

We denote by C([a, b], R*"™!) the set of continuous curves on R?*"*! and

by Lip([a, b], R*"*1) its subset of Lipschitz curves.

Definition 1.1 (Horizontal curves). A horizontal curve is a curve o €
Lip([a, b], R?"™1) such that

o(t) € HypyH", for a.e. t € [a,bl.
We denote by
H([a,b),R*") := {0 € C([a,b], R**™") : ¢ is horizontal}
and by
H*([a, 0], R**™) := {0 € H([a,b],R*"™) : 5(a) = z,0(b) = y}

for any two points x,y € H".
We recall the following important result that enable us to define a natural

intrinsic sub-Riemannian distance on H".

Theorem 1.1.1 (Chow-Rashevsky’s Theorem). For any two points in H"

there exists a horizontal curve between them.

See [35, Chapter 3] for the proof of the previous result.
Given a horizontal curve o € H([a,b], R*"™!), one can define its sub-

Riemannian length

lsp(o) == / 16(8) | et (1.8)



1.1 The Heisenberg group H" 11

where | - |y is defined in (1.3). Let us remark that any horizontal curve has
finite sub-Riemannian length.
Given two points x,y € H", one can define the sub-Riemannian distance

or Carnot-Caratheodory distance dgg between them as
dsr(z,y) :=inf {lsr(0) : 0 € H"Y([a,b], R*"*1)}. (1.9)
Theorem 1.1.1 implies that the distance
dsg : H" x H" — [0, +00)

is well-defined.
Given z € H™ and r > 0 the sub-Riemannian ball B(z,r) centred at z

with radius r is the set
B(z,r):={y e H" : dsr(z,y) <r}.

One can prove that the topology induced by dsr coincides with the original
topology of H”, i.e. the Euclidean one. In particular, dgg : H" x H* — R is
continuous, see [1, Theorem 3.31| and [58, Proposition 1.16], and this in turn
implies that the metric space (H", dgsg) is locally compact, see |70, Proposi-
tion 1.4.3]. More precisely, (H", dgg, £L2"*!) is a locally compact Polish, i.e.
a complete and separable, metric measure space. Let us just remark that
completeness and separability can be lifted from the metric (H", dgsg) to the
metric space (C([a,b], R*"™), d..), where

doo(01,09) = sup ||o1(t) — oa(t)||gensr, Vou, 09 € C([a,b], R*HH).
tela,b]
The topology induced by this distance on C/([a, b], R*"™1) is called topology
of uniform convergence.
On the metric space (H", dsg) one can consider the length structure in-
duced by the distance dgg, see [34, Chapter 2|: one can consider the func-
tional

1:C ([a, b],RQ”“) — [0, 400,
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where

k
I(0) := sup { > dsr(o(tio), oft)) :
=1
l{?EN,a:to <t < ... <tp1 <tk:b} S [0,00], (110)

for any continuous curve o € C([a, b], R*"™). We denote by
R ([a, 0], R***) := {0 € C([a,b], R*"*") : I(0) < +o0}

the subspace of the rectifiable curves. Let us just recall that any o €
R ([a, b], R?"™1) can be parametrized proportionally to the arc-length.

In particular, the previous functional is lower semicontinuous on the space
R ([a,b],R?*"™1) with respect to the topology of the uniform convergence,
since it is the supremum of lower semicontinuous functions. The definition

of length in (1.10) extends the definition (1.8) in the following sense.
Lemma 1.1.2. If o € H ([a,b], R*"*1), then
l(o) = lsr(0).

See [70, Theorem 1.3.5| for the proof.

Geodesics in H"

A minimizing horizontal curve between two points z,y € H" is a hori-

zontal curve o € H*Y([a,b], R*"1) such that

dsr(x,y) = lsr(0).

As for Riemannian manifolds, a minimizing horizontal path ¢ with con-
stant speed, i.e. such that |¢(t)|x is constant, minimizes the sub-Riemannian

enerqy functional

£ : H([a,b],R*") = R,

defined as )
&) = [ (o)
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Let us denote by
esr(z,y) :=inf {E(0) : 0 € H"Y([a,b],R*"1)}

the sub-Riemannian energy between two points x,y € H".

We call geodesic any horizontal curve o € H([a, b], R*"™) such that

esr(o(a),o(b)) = E(0).

One can prove that o is a geodesic if and only if it is a minimizing horizontal

curve with constant speed, see |58, Proposition 2.2].

Theorem 1.1.3 (Hopf-Rinow’s theorem). [58, Theorem 2.4] Let us consider

the complete metric space (H",dgg), then

1. any bounded and closed subset is compact;

2. for any x,y € H" there exists a geodesic between them. In this case we

say that (H", dsr) is a geodesic space.
We denote by
Geo(H") := {0 € H([0,1],R*"") : 0 is a geodesic }
the set of geodesics parametrized on [0, 1]. Notice that
o € Geo(H") <= dsr(o(t),o(t) = |t — t'|dsr(c(0),0(1)), Vt, t' €]0,1]

and this implies that Geo(H") is a closed subset of C'([0, 1], R***1)  equipped
with the topology of uniform convergence.

Minimizing horizontal curves in H", and more generally in any sub-
Riemannian manifold, can be founded solving the following system of Hamil-

tonian equations

= o
e (1.11)
p= 8(3:,10)’

with Hamiltonian

[\Dlr—t

n 2 2
L+ ZT;
((p% jpx2n+1) + (p:vn+j + Ejpﬂcznﬂ) )7
1

J:
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where (p,x) are the canonical coordinates on T*H". See for instance [1] for
more details about this topic.
In the case of the Heisenberg group, one can compute explicitly the equa-

tions of geodesics. We set
E:={(z,y) cH" xH"; 27" -y ¢ L}, (1.12)

then it holds the following characterization for minimizing geodesics parametrized

on [0,1].

Theorem 1.1.4. (Geodesics parametrized on [0,1]) A non trivial geodesic

starting from 0 is the restriction to [0,1] of the curve

ovo(t) = (z1(t), ..., T2ny1(2))

either of the form
Xy sin(0t) — X (1 — cos(0t))

z;(t) J . j=1...,n (1.13)

Ty () = Xn+j sin(6t) +;<j (1-— cos((%))7 io1m (1.14)
_ IxP .

Toni1(t) = 207 (0t — sin(6t)) (1.15)

for some x € R*™\ {0} and 0 € [—27,2x] \ {0}, or of the form

(x1(t), ..., xon11(t)) = (x1t, - - -, Xant, 0),
for some x € R*™\ {0} and 6 = 0. In particular, it holds
IX|r2n = [6]ar = dsr(0,0(1)).
Moreover it holds:

1. For all (x,y) € E, there is a unique geodesic x - 0,9 parametrized on

0, 1] between x and y, for some x € R*"\ {0} and some ¢ € (—2m,2m).

2. If (w,y) € E, then z7' -y = (0,...,0, z0pn41) for some 29,11 € R\ {0}.
Hence, there are infinitely many geodesics parametrized on |0, 1] between

x and y: they are all the curves of the form x - 0y ox, if 2ont1 > 0,
T 0y —an, if 20041 < 0, for any x € R* such that |x|gen = \/47|22041].
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See for instance [5] and [71].

Remark 1. By definition of geodesics, the graph of the multi-valued map
S H" x H" — C([0, 1], R***1),

that associates with any pair of points (z,y) € H" x H" the set of geodesics
S(z,y) C Geo(H") between z and y, is closed in H" x H" x C([0, 1], R***1).
Hence, from the theory of Souslin sets and general theorems about measur-
able selections, see for instance [18, Theorem 6.9.2 and Theorem 7.4.1], it

follows that there exists a selection of geodesics, i.e. a map
S H" x H" — Geo(H")

such that S(z,y) = o0,, € S(z,y), that is - measurable for any Borel
measure v on H" x H". Moreover S is continuous, hence Borel, on the set
E, defined in (1.12).

If e, is the evaluation map at time ¢t € [0, 1], that is the map e;(o) := o(t)

for all o € C ([0, 1], R**1), then one can consider the map
S;:=e 08 :H" x H" — H",

that associates with any two points z,y € H" the point Sy(z,y) = 0,,(%)
of H™ at distance t dggr(z,y) from z, on the selected geodesic o, between x

and y.
From [93, Theorem 7.29| it follows that (H",dsg) is a non-branching

metric space: any two minimizing geodesics which coincide on a non trivial

interval coincide on the whole intersection of their intervals of definition.

1.1.2 Measure contraction property MCP(0,2n + 3) in
H’n

Let S : H" x H" — Geo(H") be a selection of geodesics, let e; be the

evaluation map, for ¢ € [0, 1], and let us consider the map

St::etoS;anHn—)Hn.
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If we fixy € H" and t € (0, 1), then the function S;(-,7) is C* on H"\ (y- L),
see |5] or |71]. Moreover it holds that

det D, (S,(z,7)) > (1 — t)2+? (1.16)

for all z € H™\(y-L). Hence, for any y € H" and any Borel set A C H"\(y - L)
it holds that

1
2n+1 <
£ (4) < (1 —t)2+3

LSy (A, ). (1.17)
For the proof of the previous inequalities see [66, Section 2|. Instead of the
exponent 2n + 3 one would expect the topological dimension 2n + 1, as in
the Euclidean setting, or at most the homogeneous dimension N = 2n + 2.
However the author in [66, Remark 2.3] shows that this exponent is sharp.
Roughly speaking, inequality (1.17) means that the metric measure space
(H", dgg, £L>"1) satisfies the Measure Contraction Property M CP(0,2n+3):
this is a generalization to metric measure spaces of the concept of Ricci
curvature bounded by below. This notion was introduced by Otha in [77]:
it controls the distortion of measures along geodesics. Recently in [8] the
authors proved that every two-step compact sub-Riemannian manifold and
every Lipschitz Carnot group satisfy M CP(0, R), for some R > 0. See also

[12], [82], [84] and references therein for further results in this direction.

1.1.3 Intrinsic differentiability

We start by saying that a group homomorphism F' : H"” — R is homoge-
neous if F(ds(x)) = s F(z) for all x € H"” and all s > 0. From now on, in
this section, €2 will be an open subset of H". Now we give the definition of

Lie derivative in the direction of left-invariant vector fields.

Definition 1.2 (Derivative along vector fields). Let ¢ : 2 — R, we call Lie
Derivative of ¢ at € Q in the direction X;, 7 =1,...,2n+1

Xiple) = Gy PE()0)
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if it exists. Moreover we denote by Vyp(z) := 2311 Xip(x)X;(x) € H Q.
We say that ¢ € C§(Q), for k > 1, if X]’:go € C(Q), forany j =1,...,2n, for
any 1 = 1,..., k.

In the previous definition H) denotes the restriction of H{2 to the open

set (2, whose horizontal fibers H,() are restricted to all points x € (2.

A simple computation based on the classical chain rule shows that

%(W’”)\t:s =D Xiplo(s))ds(s), (1.18)

provided o € H([a,b], R*"™!) is differentiable at s € [a,b], ¢ € C=(Q).

Definition 1.3. A map ¢ : 2 — R is Pansu-differentiable at x € H" if there
exists an homogeneous group homomorphism F': H" — R such that

iy $W) — (@) = L(z™" - y)

= 0.
y—rx dS’R(xa y)

If the map L exists, it is unique and will be denoted by Dy p(x).

If p: @ — R is Pansu-differentiable at z € 2 then ¢ is differentiable at
x in the directions X;,Vj =1,...,2n and

Dye(x)(y) = Z i Xje(x),

see |60, Proposition 5.6|.

Theorem 1.1.5 (Pansu-differentiability theorem [78]). Let ¢ € Lip(Q, dsgr)
be a C-Lipschitz function. Then, for L™ -a.e. x € Q, the function ¢ is
Pansu-differentiable at x and |Vyp(z)|g < C.

For every 1 < ¢ < oo, the space
HW™(Q) :={p: Q= R:pec LIQ),Vyp € LY, HQ)}, (1.19)

where the derivatives X ¢ has to be understood in the sense of distributions,

is a Banach space equipped with the norm

lell awra) = llellLaq) + IVaellLao,mo)-
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If 1 < g < oo, we denote by

HW,(Q) := C=(Q) :

while we denote by
HW='?(Q) := (HWy(Q))',

Wherep:qfqlandlgq<oo.

Poincaré-Sobolev inequalities

Let us suppose that €2 is a Poincaré-Sobolev domain in H", i.e. an open
bounded subset of H" such that there exists a covering of sub-Riemannian
balls (B)per and numbers L > 0 «, f > 1:

1. for every z € H"

> Tans(e) < Lla(x);
BeF

2. there exists a ball By € F such that for any B € F one may find a chain
B(], Bl, R 7Bs(B) = B such that Bl N BH—I 7é Q) and L?n-&-l(Bi N Bi—l—l) Z
Lfl max (£2n+1<Bi)’ £2n+1 (Bi+1)) :

3. for any ¢ =0, ...,s(B) it holds

B C 8B;.

Let us just remark that the class of PS-domains in H" is very large: in
particular sub-Riemannian balls and any bounded domain with C'*! bound-
ary (in Euclidean sense) are PS-domains. See [61] and references therein for
a detailed overview on this topic. These sets support a ¢-Poincaré inequality,

i.e. there exists ¢ = ¢(n, ¢, Q) > 0 such that

/ o(a) — palide < c / Vaola)|'de, Vo HWM(Q)  (1.20)
Q Q

for any 1 < ¢ < +o00. See |64] and [61].

Moreover, the following Sobolev inequality holds true.
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Theorem 1.1.6. Let 1 < ¢ < N. For any o € HW,Y(B(z,r)), B(x,7) C
H"™, it holds that

N—q
N

Ng q %
(][ |90|qum) <ecr (][ |VH<,0|‘}{dx) ,
B(z,r) B(z,r)

where ¢ = ¢(n, q).

1.1.4 Horizontal vector measures in HH"

Here we recall the notion of horizontal vector measure in HH", see [10]
and [50].

Let @ C H". We denote by C.(2, HQ2) the class of continuous horizontal
vector fields with compact support in 2, and by Cy(Q2, HSY) its completion

with respect to the uniform norm

[6]|cc = sup [¢(2)]n,
z€eQ

where ¢ : Q@ — HQ is a horizontal vector field. The space Cy(§2, H?)
equipped with the norm || - || is a Banach space.

Let A € M(Q2) and o : Q@ — H be a locally bounded A-measurable
horizontal vector field. Hence, one can define the following bounded linear

functional T,y on C.(§2, HQ?), w.r.t. || - ||o-nOTm,

CL(Q, HY) 5 6 Tor(9) = / (6, o) .

As a consequence, one can define a notion of vector measure aX in HS)
by setting
CLHD) 3 65 [ 6+ d(aN) i=Tua(0).
Q

By density, this functional can be extended in a unique way to a contin-
uous linear functional on Cy (2, HQ?).

We denote by M(§2, HQ) the space of all vector measures in H2 in the
previous sense.
Since the vector field a can be written as a = 22221 «o; X;, where the

components «; : 2 — R w.r.t. the horizontal frame are locally bounded
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A-measurable functions, then the vector measure w = a\ can be also written
in components as W = (Wy,..., Wa,) = (1A, ..., a2, \), where this notation

means that «a; is the density of the measure w; w.r.t. A\. That is

Tu(6) = / b dw = Z / 1) dwi(z) = Z / 61(w) ()N,

One may endow the space M (2, HQ)) with the norm
Wl me,m0) = [W|(2) < 400,

where the variation measure |w| € M, () is defined as

i) i=sup{ [ 0w 6 € C.(0 HR)supp 6 € Aol < 1
’ (1.21)
for any Borel set A C ().
Since the horizontal bundle H{2 has a global trivialization, one can always
argue component-wise. Hence from classical results, see for instance [4], any

T € Cy(Q2, HQ)' can be represented by a vector measure w in H) as

T($) = /Q b-dw, Vo€ Co(Q HO),

and
IWllam.m0) = 1Tl cow.mo)y-
The identification between the space M (2, HQ?) of finite Radom vector

measures and (Co(€2, HS2))’ can be proved using the map © : M(Q, HQ) —
(Co(Q, HRY))" defined by

O(w)(0) = [ 6-dw=Tu(e) Vo€ Cu(0,HO).

Let us just remark that, if Q is compact, then C.(2, HQ) = Cy(£2, HQ2) =
C(Q, HQ) and
M(Q, HQ) = (C(Q, HQ))'.
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1.1.5 Mollification in H"

Let us consider a mollifier for the group structure, i.e. a function p €
C>(H"), such that p > 0, supp p C B(0,1) and [y, p(z)dz = 1; for any
e > 0 we denote by

pe(x) =N p (d1/:(2)) -
If p € L},., then
pe * p(x) = / plzy™)e(y)dy,

is smooth. Due to the non-commutativity nature one may also define a

different convolution

procla) = [ pluloly o).

The mollified functions p. *x ¢ and p * p. enjoy many standard properties, see
for instance [59], [50, Subsection 2.3] and references therein.

More generally, one may also mollify Radon measures: given a finite
Radon measure A\ € M(H"), resp. a finite vector Radon measure w =
(W1,...,Wa,) € M(H", HH"), then the mollified functions \* € C*°(H"),
resp. w& € C°(H", HH"), are defined as

V(@) = e Ma) = [ pula-y )

n

and )
w® = ZW?X],
j=1
where w5 () 1= p. * w;(x), for any j =1,...,2n.

1.1.6 Riemannian approximation of the sub-Riemannian
Heisenberg group
The Heisenberg group (H", dsg) arises as the pointed Hausdorff-Gromov

limit of a sequence of Riemannian manifolds, in which the non-horizontal

direction is increasingly penalized.
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One can equip H" with a left-invariant Riemannian metric: for any ¢ > 0,

one can consider the metric tensor b, that has at any point x € H"
Xl(x)a s 7X2n(x)a €X2n+l(x)

as orthonormal basis for 7T, H".
We relabel

Xi=X;,Vi=1,...,2n and X3 | = eXopq1,

1

and we denote by || := 1/bc(+, -) the norm associated to the metric b, and by
d. the associated control distance: this distance turns out to be left-invariant
with respect to (1.6), since X{,..., X5, X5, | are themselves left invariant.

For any z,y € H"
de(z,y) < do(z,y) < dsr(z,y),

where 0 < ¢ < ¢, hence Va,y € H"
dSR(xa Z/) = 11_1;% d€<x7 y)7

and the convergence is uniform on compact subsets of H" x H", see [53,
Lemma 2.7|. In particular the balls B, — B, in the Hausdorff-Gromov sense.

Moreover, one can consider a regularized gauge function

2n 2
.=
G*(x) :== E 2] +m1n{‘ 22;1‘ 7|962n+1|}, x € H",
i=1

and [37, Lemma 2.13] implies that the distance function dg (z,y) := G (y -

x) is equivalent to d., i.e. there exists a constant A > 0 such that Ve > 0 and
Vz,y € M,
A_ldG,e(xay) S de(xa y) S AdG,e(xa y)

This implies that the doubling property
LY B (x,2r)) < CL™ (B (2, 7)),

holds uniformly in €, with a constant C' > 1 independent of e.
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If 2 C H" is an open set and ¢ : 2 — R is a measurable function, the
gradient associated with the Riemannian metric b, is

2n+1 2n

Vepi= Y XipXi = XipXi+ € Xon1uXani,

i=1 i=1

which has to be understood in the sense of distributions. It is obvious that
Vep — Vg, ase — 0

and, if we denote by | - | the norm associated to the scalar product b, then

2n

|Ve¢|g = Z (Xz‘SO)Z + ¢ (X2n+1s0)2 — |VH90|%{, as € — 0.

=1

For every 1 < ¢ < oo, one can define the Banach space
Wh(Q) ={p: Q= R:pec LYN),Vp € LU, TQ)}, (1.22)

equipped with the norm

lellwiay = lellza@ + IVepllLa@ray.

In the end let us recall that Sobolev’s inequalities hold with constants inde-

pendent of €, see for instance [37] and [53].

Theorem 1.1.7. Let 1 < g < N. For any p € WY(B.(z,r)), B(z,7) C
H"™, it holds that

N—q S

Ng_ Na i
Foogelfan) <o (£ (Vplan)
Be(z,r) Be(z,r)

where ¢ = ¢(n, q), independent of €.

1.2 Optimal transport theory in H"

In this section we collect some known results about optimal transport
theory in the Heisenberg Group. We are interested in particular in the Monge
problem associated with the sub-Riemannian distance: hence, most of the

following results are taken from [52]. See also [16] and [46].
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1.2.1 The Monge-Kantorovich problem with generic cost

In this subsection we write down in H" some classical results about op-
timal transport theory, which hold in the more general structure of Polish
metric spaces. See for instance [3] and [87].

Let us denote by P(H"), resp. P(H" x H"), the set of Borel probability
measures on H", resp. on H" x H".

Let pu,v € P(H™), we denote by

(p,v) = {y € P(H" x H") : (m1) 4y =, (m2)yy = v}

the set of transport plans between p and v, where m; and 7y are the projection
on the first and second factor, respectively. Let us just remark that I1(u, v)
is compact w.r.t. the weak convergence of measures.

Given a lower semicontinuous cost function & : H" x H" — [0, 4+o00], the
Monge-Kantorovich transport problem between p and v associated with the

cost k
[ ke die) (1.23)
H™ x H™

YE(p,v)
admits solutions, see [87, Theorem 1.7].
We denote by

i (p,v) == {y € U(u,v) : v solves (1.23)}

the set of optimal transport plan for the generic cost function k: it is a closed
subset of the compact set II(u,v), w.r.t. the weak convergence of measures.

Moreover, if v € I (u, v) and

/ kdy < +o0,
H™ xH"™

then ~ is concentrated on a k-cyclically monotone o-compact set I' C H" xH",

1.e.
N N

Z k(i y:) < Z k(it1,yi)

i=1 i=1

whenever N > 2 and (x1,41),..., (xn,yn) €T, see [3, Theorem 4.1].
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Transport Plans and Transport Maps

We say that a transport plan v € TI(u,v) is induced by a transport map

if there exists a Borel map
T :H" — H" such that (I ® T)gp =7,

where (I ® T)(z) := (z,T(x)). We will refer to such a map 7" : H" — H"
solving the following Monge problem

inf /n k(z, T (x))du(z), (1.24)

Typ=v

as an optimal transport map for the cost function k.

In the end let us just remark that, if an optimal transport plan v €
Iy (u, v) is induced by a transport map 7', then T is an optimal transport
map for the cost k. Moreover, if any optimal transport plan v € IIj(u,v)
is induced by a transport map, then there exists a unique optimal transport

map. Hence, v € TIx(u, v) is unique.

1.2.2 The Monge-Kantorovich problem with cost de-

pending on the sub-Riemannian distance

From now on we consider two compactly supported Borel probability

measures j, v € P.(H") and a cost functions k of the type
k = hodsg,

where h : [0, 00] — [0, 0] is a strictly convex function.
The following uniqueness result holds. See [47, Theorem 5.3 and Corollary
5.4] for the proof.

Theorem 1.2.1. Let us suppose that p < L>"1. Then, for any optimal
transport plan v € M (u, v) there exists a Borel map T : H" — H"™ such that
Typ = v. Hence, both the optimal transport map and the optimal transport

plan are unique.



26 1. Preliminaries

Remark 2. If h(s) = s2, the optimal transport problem reads as

inf / dsp(z,y)’dy(z,y).
H™ x H™

yEl(p,v)

This problem was first investigated in 5], where the authors prove the Heisen-
berg version of the well known Brenier Theorem, see [87, Theorem 1.22|. This
result was first extended to the H-type Carnot groups in [83], and then to
a sub-Riemannian manifold for which the distance is locally Lipschitz (or
locally semi-concave) outside of the diagonal, in [58].

Theorem 5.3 and Corollary 5.4 in [47] extend the previous result to non-
branching metric measure spaces satisfying the Measure Contraction Prop-
erty, without an explicit form of the optimal map. Recently, in [48] the
authors replaced the non-branching hypothesis with the weaker essentially

non-branching hypothesis, see [48, Definition 2.2].
The Monge problem with k(z,y) = dsgr(z,y)
Let us suppose that
k(x,y) = dsgr(x,y), V(r,y)€ H" x H".

From the arguments in Subsection 1.2.1 it follows that the Monge-Kantorovich

transport problem

YEI(p,v)

inf / dsr(z,y) dvy(z,y), (1.25)
H™ xH"

admits solutions: any solution to (1.25) is concentrated on a dgg-cyclically
monotone set.

From now on we denote by
Iy (p, v) == {y € II(p,v) : v solves (1.25)}
and by

Lipl(Hn> dSR) = {U, H* - R: |U($) - U(y)| S dsR(fE,y),v{L’, Yy € Hn} .
(1.26)
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The problem (1.25) is equivalent to the following Kantorovich dual problem:

sup {/ ud(p — v) : u € Lip, (H", dSR)} . (1.27)
Moreover, (1.27) admits a solution and the following theorem holds.

Theorem 1.2.2. There exists a function u € Lip,(H", dsg) such that

vE(p,v)

win [ dsale) dr(e) = [ ute)auto) = [ ul)dvty)

and vy € I(p,v) is optimal if and only if
u(z) —u(y) = dsr(x,y) v — a.e. in H" x H".

We call such a u € Lip,(H", dsg) a Kantorovich potential.
If the measure p is absolutely continuous with respect to the Haar measure
of the group, from the explicit representation of minimizing geodesics (1.1.4)
it follows that any optimal transport plan v € II;(u,v) is concentrated on
the set
E:={(r,y) eM"xH"; ' -y &L}, (1.28)
of pairs of points connected by a unique minimizing geodesic, see [52, Lemma

4.1].

Proposition 1.2.3. Let p < L£* 1. Given v € TIy(u,v), then for vy-a.e.

(x,y) € H" x H", there ezists a unique minimizing geodesic between x and

Y, 1.e.
v(H" x H* \ E) = 0.

If w € Lip,(H",dsg) is a Kantorovich potential and v € II;(u, v) is an
optimal transport plan concentrated on some set I' C H"” x H", then for any
(z,y) € I' it holds that

u(z) —u(y) = dsr(v,y),

see Theorem 1.2.2.
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Let (z,y) € H" x H" and 0,, be a geodesic between = and y, the Lips-

chitzianity of u implies

w(0,4(t) = w(x) —dsgr (z,0,,4(t)), V0, 1].

In this way one can define an order relation on the minimizing geodesic o,

in the following way: let ¢1,t2 € [0,1], 2’ = 0,,(t1) and 2" := 0, (t2), then
¥ <2’ s u(r) > ulx"). (1.29)

Following the existence literature for the Riemannian setting, see [87,
Chapter 3] and [56, Section 2|, we fix a Kantorovic potential u € Lip, (H", dsg)
and we use it to check the optimality of transport plans. In this way one can
select some optimal transport plans that satisfy a monotonicity condition,
according to (1.29).

More precisely, we denote by IIa(u, ) the set of transport plans solving

the secondary variational problem

inf / dsp(x,y)* dy(x,y). (1.30)
H"™ xH™

yEI (p,v)

This problem admits solutions since the functional
H(,u, V) > Y — dS’R(xay)Q d’)/(l',y)
H™ xH"”

is continuous w.r.t. the weak convergence of measures and I (p, V) is com-
pact w.r.t. the same convergence. Again from Theorem 1.2.2, we can

rephrase problem (1.30) as a classical Kantorovich transport problem

yel(p,v)

wt [ s
H™ xH"™
where the cost G(z,y) is defined in the following way

Blo.y) = dsr(z,y)? if u(z) —u(y) = dsr(z,y),

+00 otherwise.
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Since [ is lower semicontinuous and [y, . (2, y) dy(z,y) < +oo for all
v € Iy(p, v), it follows that any v € Ily(p, v) C Iy (p, v) is concentrated on

a [-cyclically monotone set T, i.e.

u(z) —u(y) = dsr(z,y), ¥Y(x,y)eTl, (1.31)

and

Bz, y) + (2", y) < Bz, y) + B y), Y(x,y), @, y)el.  (1.32)

Using the non-branching property of (H", dsg) one can prove that geodesics
used by optimal transport plans cannot bifurcate. Moreover, if an optimal
plan solves also (1.30) then, using (1.31) and (1.32), one can get a one-
dimensional monotonicity condition along minimizing geodesics. More pre-

cisely, the following result holds [52, Lemma 4.2 and Lemma 4.3]:

Proposition 1.2.4. Let v € TI;(p,v). Then 7 is concentrated on a set T
such that for all (x,y), (2',y') € T such that x #y and x # 2', if «’ lies on
a geodesic between x and y then all points x, x', y and y' lie on the same

geodesic. Moreover if v € Ily(u, v), then
<1 =y<y. (1.33)

As far as we know, in the Heisenberg Group has not been proven that
any v € Ia(u,v) is induced by a transport map, and hence v € Ily(p,v)
is unique. See [87, Theorem 3.18] and [56, Theorem 28| for the analogous
result in the Euclidean and Riemannian setting, respectively. Anyway in [52]
the authors proved that some particular transport plans in Ily(p,v), more
precisely the ones that can be selected through the variational approximation

below, are induced by transport maps.

Variational approximation and existence of optimal maps

Let K be a compact subset of H™ such that

supp(p) Usupp(v) C K,
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and let us denote by

II:={yePMH" xH"): (m)gy = p, supp((m2)xy) C K}.

For any ¢ € R*, we can consider the family of minimization problems

min{C.(v) : v € 11}, (P.)

where

C.00) = Willmalgr) + [ dslop) drlo,y)

H"™ xH"™

te / dsn(,y)? dy(z, y) + 5 Scard (supp((m2) 47)),
H" x H"™

where Wi ((mg)x7,v) denotes the I-Wasserstein distance between the two

measures (m)xy and v,

Wi((m2) 47, v) := min {/H dsr(x,y)dy(z,y) : v € II((ma) 47, 1/)} .

n x H "

One can prove that, for any £ > 0 the minimization problem P. admits at

least one finite solution. Moreover it holds the following result:

Lemma 1.2.5. Let (g)reny C RT be a sequence such that ey, k—) 0 and
— 00

Ve, be a solution to (P.,) Vk, such that v, — v € P(H" x H"). Then
Ve, = (o) uYe, — v and v € Ha(p, v).

In particular, if the measure u is absolutely continuous w.r.t. the Haar
measure of the group, the optimal transport plans that are weak limits of
solutions (e, )ken to (P, )ken, for some g, — 0 as k — oo, turn out to be
induced by maps. Hence, the problem
inf / dsr(z,y)dy(x,y)

Hn xHr

Typ=v

admits a solution. Moreover, these optimal plans are monotone in the sense

of (1.33).
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Theorem 1.2.6 (Theorem 8.1 in [52]). Assume that p < L**1. Then there
exists an optimal transport map T : H* — H" such that vy = (Id @ T)xp €

Iy (p, v).

We preferred to treat the existence of solutions to (1.24) following [52]
because in the next chapter we will need the monotonicity property (1.33).
Anyhow more recent existence results are also available in [16] and [46] in
the more general setting of non -branching geodesic metric measure spaces,

satisfying the Measure Contraction Property.



32

1. Preliminaries



Chapter 2

Equivalent formulations of

optimal transport problem in H"

The aim of this chapter is twofold: first we introduce the concept of
horizontal transport density in H"™; second, we introduce some equivalent
formulations of the Monge-Kantorovich problem

min / dsr(z,y)dy(z,y),
H"™ x H"™

yEIl(p,v)

where p, v € P.(H"™). These reformulations will turn out to be the limit cases
of two other problems we will introduce in the next two chapters.

We first prove some geometric properties of the transport rays: we will
use them both to introduce in Section 2.3 the Beckmann formulation of the
aforementioned Monge-Kantorovich problem and to prove some summability
results about horizontal transport densities. In the end, in Section 2.4 we

show that this problem also admits a Lagrangian reformulation.

2.1 Geometric properties of transport rays

In the spirit of [87, Chapter 3] and [56, Section 2|, we collect some proper-
ties of the transport rays and the transport set, see Definition 2.1 and (2.9) for

rigorous definitions. We also show a differentiability result for Kantorovich

33
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potentials.
Let us consider u, v € P.(H") and a Kantorovich potential u € Lip, (H", dsg).
Let us just remark that if z € supp () and y € supp(v) are such that

u(z) —u(y) = dsr(z,y), (2.1)

then

u(0,y(t) = u(x) — dsr (x,04,4(t)),  Vt[0,1],
where o, is a geodesic between x and y. This means that o, , is a curve
along which an optimal transport may occur, see Theorem 1.2.2.

We will call transport ray any non-trivial geodesic along which an optimal

transport may occur.

Definition 2.1. A transport ray is a non-trivial geodesic o : [0,1] — H"
such that

1. 0(0) € supp(p) and o(1) € supp(v);

2. u(o(0)) —u(o(1)) = dsr(c(0),0(1));

2.1.1 Pansu differentiability of the Kantorovich poten-
tial

Following [56, Lemma 10|, one can prove that the Kantorovich potential

u is Pansu differentiable in the interior of transport rays.

Proposition 2.1.1. Let u € Lip,(H",dgg) and z,y € H",x # y such that
u(z) —u(y) = dsr(z,y). Let o :[0,1] — H" be a geodesic between x and y,
starting from x, then u is Pansu differentiable in o(t), for all t €]0,1], and

Viulo(t)) = —% (2.2)

For the proof of this result we need the following two lemmas. The next

one collects a differentiability property of the Carnot-
Charatheodory distance function from a fixed point y € H". Let L, :=y- L.
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Lemma 2.1.2. The function d,(-) := dsg(-,y) is of class C* in the eu-
clidean sense on H"\L,. In particular d, is Pansu differentiable on H™\L,,.
Moreover, if v € H* \ L, and o : [0,1] — H" is the geodesic between = and
y, starting from y, then

a(1)

|

Proof. Let us set ®(x,¢) := y - o(1), where o : [0,1] — H" is a geodesic

starting from 0, as in Theorem 1.1.4. This map is a C*°-diffeomorphism

from R** \ {0} x (—2m,27) onto H" \ L, in the usual euclidean sense, see

e.g. |71], [6], [66]. In particular it is Pansu differentiable and, from the fact

that d, € Lip,(£2,dgsgr), it holds |Vyd,(z)| < 1,Vx € H"\ L,. Let us denote

by x := o(1) € H"\ L,: since dggr(o(t)) = tdsr(z,y) for all t € [0,1], and
o(t) e H"\ L, for all ¢ €]0,1], we can differentiate w.r.t. ¢:

2n

dsn(e,) = (o) = 32 X,(d,(0(0)5,(0)

=1

< |Vudy(o(t)|ulo)|n < dsr(z,y), (2.3)

where we used the fact that o is a geodesic, then |6(t)|g = dsr(z,y). Hence,

all the inequalities in (2.3) are equalities: in particular we get that

Vid,(o(t) = —2D vy o, 1),
L]

Lemma 2.1.3. Lef f,g,h : H" — R three functions such that f(z) < g(x) <
h(x), for all x € H". Let y € H" such that f(y) = g(y) = h(y) and f,h
are Pansu differentiable at y, with Vyf(y) = Vgh(y). Then, g is Pansu

differentiable in y and Vgg(y) = Vuf(y) = Vyh(y).

Proof. From [60, Proposition 5.6] it follows that,

Dy f(y)(z) = <VHf(?/)a7Ty(x)>H = <VHh(y>77Ty<x)>H = Dgh(y)(),



36 2. Equivalent formulations of optimal transport problem in H"

where the map y — m,(z) is the smooth section of HH" defined as

my(x) = Z 2, X (y). (2.4)
Then

f@) = f(y) = Dufy)y™" - 2) < g(x) = g(y) = Duf W)y - z) <

~~

=Duh(y)(y~—1-xz)

) —1.
< h(z) — h(y) — Duh(y)(y~" - ).

If we divide the previous inequalities by dgg(z,y) and we let x tend to y, by
using Pansu differentiability of f and g and [60, Proposition 5.6] again, we
get the thesis. O]

Proof of Proposition 2.1.1. Let ty €]0,1[ and a, b € o([0, 1]) such that u(a) >
u(o(tp)) > w(b). From Lemma 2.1.2 it follows that the functions d,(-) and
dy(+) are smooth in a neighborhood of o(ty). Since u € Lip,(H", dsg), it
holds that

u(a) —u(z) <d,(z), VzeH"

Moreover a and b lie on the geodesic between z and y, then u(a) = u(b) +

dsr(a,b), and hence

dy(2) > u(z) — u(b) > dsn(a,b) — dy(2), ¥z € H,

where equalities hold if z = o (ty), since o is a geodesic. Moreover, from The-

orem 2.1.2 again, it follows that Vyd,(o(ty)) = —Vud.(o(to)) = —|‘.TEE§§3‘)H.
Hence, from Lemma 2.1.3, it follows that u is Pansu differentiable in o(ty)
and (t0)
o(to
Vgu(o(ty)) = ——
H ( (0)) |U(t0)|H

2.1.2 Disjointness of transport rays

We now introduce the following lemma, which guarantees that transport

rays cannot intersect at points that are in the interior of both of them.
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Lemma 2.1.4. Let v € IIy(u,v). Then vy is concentrated on a set I such
that ¥(x,y), (', y) € T" with (x,y) # (2',y'), if two transport rays between
these two pairs of points intersect at an interior point z € H", then all points
x, @, y, y and z lie on the same transport ray. Moreover if v € Tla(u,v),
then either x < o' < z<y<y ora’' <z <z<y <uy.

Proof. We first recall that (1.2.1) reads as

dsr(z,y) + dsr(2',y') < dsr(x,y') + dsr(2',y), (2.5)

V(x,y), (2',y) € T. Let 0 : [0,dsr(x,y)] — H™ be a geodesic between x and
y, 0 :[0,dsr(2’,y")] = H" a geodesic between 2’ and v/, z € ¢(0,dsgr(z,y))N
7(0,dsr(2',y')), so z = o(dsr(x, 2)) = 6(dsr(2’,2)). We denote by « the
curve between x and y’ defined in the following way:

o($220e), i te [0, ds(e’,2)],

a(t), if t € (dsr(’, 2),dsr(2’,y')].

a(t) ==

o(t), if t€0,dsr(x,2)],

5'(t), if te [dSR(:U,Z),dSR(m’,y’)].
We will prove that « is geodesic between x and y’. Indeed, otherwise we

would have

dsr(z,y") < l(a) = Ua0dsp ) + U dsp(a,2).dspa v)
= dsp(z,2) + dsr(z,9). (2.6)

Since z lies on both the geodesic between x and y and the geodesic between

2’ and 7/, it follows that

dsr(z,y) = dsr(z, 2) + dsr(z,v);
dsr(2',y") = dsr(2', 2) + dsr(2, V).

(2.7)

By replacing (2.7) in (2.6), we obtain:

dsr(z,y') + dsr(z,y) + dsr(2, 2) < dsr(z,y) + dsr(2',y). (2.8)
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By the triangle inequality follows that:
dsr(',y) < dsgr(2',2) + dsr(2,y),
and then, by replacing this last inequality in (2.8), we obtain
dsr(r,y') + dsr(r’,y) < dsr(z,y) + dsr(z’,y'),

and this contraddicts (2.5). It follows that & and « are geodesics that coincide
on the non-trivial interval [dsg(2', 2), dsr(2’,y')]. Since H™ is non-branching,
this implies that ¢ and « are sub-arcs of the same geodesic, namely « if
dsr(2,z) < dgsgr(z, z) and & otherwise, on which all points x, 2, z, 3/ lie.

The thesis follows from Proposition 1.2.4. O

2.1.3 Compactness of the transport set

We denote by 77 the set of all points which lie on transport rays
Ti = U {z € 0 ([0,1]) : o is transport ray},
and by Ty the complementary set of rays of length zero
To += {= € supp(u) Nsupp(v) : [u(z) — u(z)| < dsn(z.2).
V2" € supp(u) Usupp(v), z # z’}.
We will call transport set the set
T :=T1U7T. (2.9)

We observe that
supp(p) Usupp(v) € T (2.10)

Moreover, as in [56, Lemma 8| the following result holds.

Theorem 2.1.5. The transport set T is compact.



2.1 Geometric properties of transport rays 39

Proof. Thanks to Hopf-Rinow theorem it is enough to prove that 7 is a
closed and bounded set. Let us consider the function v : H" x H" — R,
v(z,y) = u(x) — u(y). Since v is continuous, it attains a maximum L < oo
on supp(u) x supp(v), which is a compact set. Let us prove that L > 0. If
supp(p) Nsupp(v) # 0, then Va € supp(u) Nsupp(v) we have that (z,z) €
supp(u) x supp(v) and v(z,z) = 0. Otherwise, from (2.10) it follows that
T1 # (), hence there exists at least one transport ray o. If z = ¢(0) and
y = o(1), then v(z,y) = dsr(x,y) > 0. Hence L > 0.

We can suppose that A := T \ supp(u) Usupp(v) # 0; otherwise, from the
previous theorem it follows that 7 = supp(u) U supp(v), which is compact.
Hence, any z € A lies on a transport ray o,. Let us denote by a = ¢,(0) and
b=0,(1), then

dsgr(a,z) + dsr(b, 2) = dsgr(a,b) = v(a,b) < L.

Hence, A lies in the union of the L-neighborhoods of the compact sets supp(u)
and supp(v), thus 7 is bounded.

Let us prove that T is closed. Let us consider (z,)neny C 7T, converging
to some z, we prove that z € T. If there exists a subsequence (z,, )ren C
supp(p) U supp(v), then z € supp(u) U supp(v) by compactness of supp(u)
and supp(v). Let us suppose that z, € A,Vn € N: there exists a transport
ray o,, whose endpoints we denote by a, = 0,(0) and b, := 0,(1). There

exist two subsequences
an, — a € supp(y) and b,, — b € supp(v), when j — oo. (2.11)
Since
dsr(2n;s an;) + dsr(2n;, bn;) = dsr(an;, by;) = u(an;) —u(bn,), Vny,
we have that
dsr(z,a) + dsgr(z,b) = dsr(a,b) = u(a) — u(b). (2.12)

Hence there are two possibilities
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l.a=b= z=a=b€eT;
(2.12)

2.a#b = z€eT.
(2.11)+(2.12)

2.2 Horizontal transport densities

The notion of transport density has been introduced in the Euclidean
setting by Bouchitté and Buttazzo in [20], [21] and by Evans and Gangbo
in [55]. In [20], [21] it was connected to some shape optimization-problems.
In [55] it was used to get the existence of optimal maps for the Monge-
Kantorovich probem associated with the Euclidean distance (see for instance
[87, Section 3.1] for more details about this topic). In [57] and [86] for
instance, the authors gave some sufficient conditions to get, respectively,
results of uniqueness and summability for the transport density.

In this section we introduce the notion of horizontal transport density,
adapting to the Heisenberg group setting the presentation provided in [44].
A horizontal transport density is a measure representing the density of trans-
port along horizontal curves and it is computed using geodesics of the space.
Then, we will investigate conditions under which the transport density is
Lebesgue absolutely continuous, with LP density for some particular p’s.

Let p, v € P.(H") be two compactly supported Borel probability measures

over H". From now on, we fix a selection of geodesics
S H" x H* — Geo(H"),

S(x,y) = 04, € Geo(H"), that is y-measurable for any v € II(y,v). See
Remark 1.
According to the terminology used in literature, we can give the following

definition.

Definition 2.2 (Horizontal transport density). Given an optimal transport

plan v € II; (11, v), one can define a positive and finite Radon measure a, €
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M (H"),

[ e = [ ([ ool )it @13

for any function ¢ € Co(H").

Here Cy(H") denotes the completion of the space of continuous function

with compact support C.(H"), with respect to the norm

[¢lloo := sup [p(z)].
zeH”

This measure represents the amount of transport taking place in each
region of H". If we look at the action of a, on sets, we have that for every
Borel set A,

)= [ AN (0.

One can define a, € M (H") as in (2.13), for any transport plan v €
II(u, v), not necessarily optimal: in particular, if ¢ € Cy(H") then

/ o(@)dar (@)] < ¢l /H  dsule, (@) = Clll,

where C' > 0 is a finite constant because p and v have compact support.
Moreover, if v € II;(i, v), then a. is supported on the compact set T, see
(2.9) and Theorem 2.1.5, and its total mass satisfies

a,(H") < min / dsr(z, y)dv(z, y).
H" x H"™

Y€ (1)

This in turn implies that one can define the transport densities a, € M, (H")
in duality with the continuous functions C'(H").

In the end, let us remark that if p < £>"*! and v € II;(u,v), then
y(H" x H" \ E) = 0, see Proposition 1.2.3, and therefore the definition of a,

is independent of the choice of the selection S.
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2.2.1 Absolute continuity of horizontal transport densi-
ties

The first goal is to prove the existence of at least one horizontal transport
density, absolutely continuous w.r.t. the Haar measure of the group.
Given an optimal transport plan v € I1;(u, v), we consider the interpola-

tion measures between p and v

(,ut)te[o,u = ((St)#’Y)te[O,lﬁ

hence, the horizontal transport density a, may be written as

0y = / (S0 (i)t

where dgg7y is a positive measure on H" x H". Since v has compact support,
then there exists C' > 0 such that dgsg(x,y) < C for any (z,y) € supp(y)

and hence

1
a, < C/O Ledt. (2.14)

In order to prove that a., is absolutely continuous w.r.t. £2"*1 it is sufficient
to prove that p, is absolutely continuous w.r.t. £2"*! for almost every t €
0,1]. In this way we get that, whenever £2""1(A) = 0, then

0. (A) < c/l He(A)dt = 0. (2.15)

In particular if v € Iy (p, ) is induced by a transport map, i.e. is of the
form v := (Id @ T)xp € II(p,v), where T : H* — H" is a measurable map,

we denote by
Ty = Sio(IdeT): H" — H", Vte|[0,1].

Here Ti(x) is the point at distance tdgg(x,T(z)) from z, on the selected
geodesic S(z,T(x)) between x and T'(z). Then

pe = (T1) g -
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Also in this case, if 4 < £2"!, then all the above quantities are independent
of the choice of the selection S.

If p < L™ we are able to find at least an optimal transport plan
v € 11 (i, v), such that the interpolation measures i, constructed from ~ are

absolutely continuous for ¢ < 1.

Proposition 2.2.1. Suppose that p < L2 then, there exists v € 11, (u, v)
such that
e o= (Sp)py < L2 vt e [0,1). (2.16)

Proof. First we suppose that v is finitely atomic, with atoms (y*)M,. Let

v € Ia(p, v) C Iy (p, v), as in Theorem 1.2.6, which is monotone in the sense
of (1.29) and induced by a transport map 7'. Let us denote by I' C H" x H"
the set v is concentrated on and (1.31) and (1.32) hold.

We denote by Q; := T ({y*}) N7 (T): obviously these sets are mutually
disjoint and p(€2) = 1, where €2 := Uf‘il Q.

Now we denote by €;(t) := T3(§2;): if we fix t € [0, 1], then Q;(t)NQ;(t) =
0 for every i,j =1,..., M. Indeed, if 3 z € Q;(¢t) N Q;(¢) then I 2’ € Q; and
z! € Q; such that (2,y"), (27,9?) € T, (2", y") # (27,4’) and the geodesics
between these two pairs of points intersect at z. Since v € Ily(u,v), by
Theorem 2.1.4 we can suppose that z°,y?, 27, ¢/, 2 belong to the same unit-
speed geodesic and 2! < 2/ < z < y* < /. In particular this means, on
the one hand, that tdsg(z’,y’) = dsr(xi,2) > dsr(2?,2) = tdsr(x?,37),
hence dggr(z',y") > dsr(2?,y’). On the other hand (1 — t)dsg(z’,y") =
dsr(z,yi) < dsr(z,y7) = (1 — t)dsg(a?,y?), hence dgp(a’,y") < dsg(a?,y’).
It follows that dsg(z’,vy") = dsgr(2?,y’) and hence dsgr(z%,z) = dsp(a?, 2)
and dsp(z,9") = dsr(z,y’), which in turn implies that 2/ = 2 and 3" = ¢’
and gives a contradiction. However it may happen that ' = y* or 27/ = ¢7.
Let us suppose that 2! = y* = 2: the same computation above implies that
dsr(27,y7) = 0, which in turns implies that y* = 3’ and gives a contradiction.

Remember also that p is absolutely continuous and hence there exists a

correspondence ¢ — § = §(¢) such that

L2THA) < 6(e) = p(A) < e.
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Let A C H" be a Borel set, t € [0,1), then u; := (T})xp is concentrated
on T;(supp(y)) and

M M M
pe(A) =D (A1) = Y w(T7HANQ(1)) = p (U(Tfl(A N Qﬁ)))) :
i=1 i=1 i=1
since the sets T, ' (A N Q;(t)) C € are disjoint. We observe that for any
z € Q;, Ty(x) = Si(z,y"), hence by (1.17) follows that

1

2n+1 <
L (U) - (1 _ t)2n+3

LU T,(U)),
for any U C €2;. This in turn implies that

2T (AN (1)) €

< mﬁ%ﬂ@‘l NQi(1)),

and so
M
e (U(TH(A n m(t)))) < e £ (A)
=
Hence, it is sufficient to suppose that £2"T1(A) < (1 — ¢)*"*3§(e) to get
ui(A) < e. This proves that u; < L2,

Now, if v is not finitely atomic, we can take a sequence (v4)xen of atomic
measures weakly converging to v. For any £ € N we consider optimal plan ~;,
as in the first part of the proof. In particular (74)ren is & sequence of optimal
transport plans weakly converging to an optimal transport plan ~; moreover
the sequence (uf)reny weakly converges to the corresponding p; = (S;)47,
thanks to Proposition 1.2.3 and [52, Lemma 7.3]. Take a set A such that
L2T(A) < (1 —t)*>*35(e). Since the Lebesgue measure is regular,A is
included in an open set B such that £*"*1(B) < (1 — t)*"*3§(¢). Hence
ur(B) < &,Vk € N. Passing to the limit and using Portmanteau’s Theorem,
see [17, Theorem 2.1], we get

pe(A) < py(B) < limkinf py(B) <e.

This proves that p, < £ O
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Theorem 2.2.2. Suppose that p < L*T1 then there exists v € 1 (u,v)
such that a,, < L>"1

Proof. Let v € TI;(u, v) satisfying (2.16). Then, the thesis follows immedi-
ately from (2.15) applied to a,. O

Obviously the previous argument depends only on one of the two marginals
and it is completely symmetric: if v < £2"!, again one can get the existence
of an optimal transport plan v € I1; (u, ) such that the associated horizontal
transport density a. is absolute continuous w.r.t. the (2n + 1)-dimensional
Lebesgue measure.

Let us just remark that, in the Riemannian setting, if one between u
and v is absolutely continuous w.r.t. the volume measure, then the trasport
density does not depend on the choice of the transport plan, see [56]. See

also [57] and [2] for the analogous result in R™.

2.2.2 Summability of horizontal transport densities

The next step is to prove, under some suitable assumptions, the exis-
tence of at least one optimal plan v € II;(u, v), whose associated horizontal
transport density belongs to LP, for some p € [1,00]. From now on, given
A € M(H") we will write that A € LP if X < £2""! with density p € LP.
We will denote by || All, == ||pllze-

Let v € I1;(p, v) be an optimal transport plan as in Theorem 2.2.2; using
Minkowski inequality in (2.14) it holds

1
lasll, < © / el . (2.17)

In order to prove p-summability of a.,, for some v € II; (i, v), it is sufficient
to prove that almost every measure y; is in L” and to estimate their L” norms,
choosing a posteriori p such that the integral above converges.

In the following theorem we will estimate for all ¢ € (0, 1) the LP norm of
the interpolation measures i, associated with transport plans v € Iy (p, v)

that satisfy the thesis of Theorem 2.2.2.
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Proposition 2.2.3. If u € LP, then there exists v € Ily(u,v) such that
e = (St) w7y satisfies

lpaellp < (1 =)~/ ], vt € (0,1), (2.18)

where q := p%l is the conjugate exponent of p.

Proof. Let us denote by p the density of u w.r.t. £2"*!. Consider first the
discrete case: let us assume that the target measure v is finitely atomic and
let us denote by ()1

an optimal transport plan v € Ily(p,v), as in Theorem 1.2.6, concentrated

M its atoms, as in the previous proof. Let us consider

77777

on a set I'. As before, since v is induced by a map T, we denote by €2; :=
Ty HNm (D), fori € {1,..., M}, so that for y-a.e. (z,y) € Q; x H", we
have y = y;. Let us consider the corresponding interpolation measures ;.
As in the proof of Theorem 2.2.1 we get that p; < £2"! for every t € [0,1);
moreover, for all ¢ € C'(H"), by the definition of push-forward we get that

/ ©)dpy(x Z/ (St(w, yi))dy(w, i) =
=Z / AT )dn(a)

Let us fix¢ € {1,..., M} and let us denote by p; the density of y; w.r.t. £+
and by pj := py|,. Let us take the change of variable z = Sy (z, y;) = Ti|q,(2).
We know, from Lemma 2.1.4 and disjointness of the sets ;(¢), that this map
is injective. Then, for all ¢ € C'(H"), we get

/Qisfi(x)dﬂi(af) I/Q o(Ty(x))pla)ds =

- / o(2)p(T; 1 (2)) | det Dy (1 y'))| 2.
Q;(t)

Hence, we have that

pi(z) = p(T7 1 (2))| det Dy (Sy(x,y"))| ",  for ae. z € Qy(t).



2.2 Horizontal transport densities 47

Consequently, we get

il = [ oUTE G)P1det DAS (o) 7z =
(T

= [ ployldec Du(Sia )
Hence from (1.16) it follows that
1y < (1= HIPCD e i e (1, M},
Then, we have
lpelly < (1 =)~ ], Ve € (0,1), (2.19)

where ¢ = . As in the proof of Proposition 2.2.1, if v is not finitely atomic,
we can take a sequence (Vg )ren Of atomic measures weakly converging to v.
As in Theorem 2.2.2, we consider the sequence (vx)ren of optimal plans
satisfying (2.19): this sequence weakly converges to an optimal plan v and

ur weakly converge to the corresponding ji; := (S;)47. Hence, we get that

lpally < Timind [Jf], < (1= £) o9/ ),

Now we are able to prove the following theorem:
: . 2n+3
Theorem 2.2.4. If p € LP for some p € [1,00], it holds: if p < 55
then there exists v € Ili(p,v) such that a, € LP; otherwise there exists

v € i (p, v) such that a, € L® for s < g;lf;

Proof. Let v € Iy (u, v) satisfying (2.18). Then, it follows from (2.17) applied
to a, that

1 1
ool < € [ Nl < Claly [ (1= 1)+,
0 0

The last integral is finite whenever ¢ > 2n + 3, i.e. p < gﬁg
If p > 2043 the thesis follows from the fact that any density in L? also

n+2
belongs to any L* space for s < p. O
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By symmetry, if also v € L? then one can find 5 € I1; (i, v), possibly dif-
ferent from the optimal transport plan v € II; (i, v) obtained in Proposition
2.2.3, such that fi, := (S;), 7 satisfies

lFiell, < ¢4, Ve € (0,1). (2.20)

Hence, one cannot glue together (2.18) and (2.20) and deduce anything

about the p-summability of transport densities.

2.3 Beckmann’s formulation of the optimal

transport problem in H"

In this section we introduce another formulation of the Monge-Kantorovich

problem

min {/anHn dSR(%y)dV(%Z/)}a (MKP)

yE(p,v)
known in literature as Beckmann problem, see [13] and [87, Section 4.2|. This
new formulation is set on the space of compactly supported horizontal vector

measures in HH", subjected to a horizontal divergence-type constraint
min {HWHM(H”,HH”) W € MC(Hn, HH”),

Vygp-dw = — /n wd(p—v), Yy € COO(H”)}. (2.21)

Hn

We will show that the values of (MKP) and (2.21) are the same and how

to construct a solution to (2.21) starting from a solution to (MKP).

2.3.1 Vector horizontal transport densities

Given an optimal transport plan 7, one can also define a vector version
of the horizontal transport density a,, i.e. a vector measure in HH" that we

will call vector horizontal transport density.
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Definition 2.3 (Vector horizontal transport density). Given an optimal
transport plan v € II;(u, v), one can define the measure w, € M(H", HH")
defined as

[ovaswi= [ ([ 0uitn suntint) ire), 22
for any ¢ € Co(H", HH").

Even in this case, the measure w,, is well-defined and compactly supported
for any v € (p,v). If v € II;(u, v), then w,, is compactly supported on the
transport set 7 and it holds that

W [ pan, gy < (MKP). (2.23)

Hence, as for the scalar horizontal transport density, we can define the
vector measure w, in duality with the continuous horizontal vector fields
C(H™, HH").

2.3.2 Absolute continuity and summability of vector hor-

izontal transport densities

There is a deep relation between the vector horizontal transport density
and the scalar one, introduced in Section 2.2. First, we observe that given

v € II(i, v), by definition it follows that
w,| < a,

as measures. Indeed, let A C H" be a Borel set and let ¢ € C.(H", HH")
such that supp ¢ C A and |||/, < 1, then

(b ’ dW,Y <
Hn

< /n |¢luda, < a,(A).

¢ - dw,
H’ﬂ

Taking the sup among all the admissible ¢ on the left hand side and having
in mind (1.21), one get

|w,|(A) <ay(A), VA CH" Borel set.
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If in addition v € Iy (u, V), using Proposition 2.1.1 we may write

Tuy(t)
102,y (0) |1

where u € Lip(H",dsg) is a Kantorovich potential. The previous equality

dz,y(t) = ’O-m,y(t)‘H = _dSR(x}y)vHu(aI,y(t)):

holds for every t €]0, 1] and for v-almost every (z,y), with x # y (otherwise

both expressions vanish). This allows us to write

¢-dw,

Hn

[ ( [ s, y) (Va2 (£)). 600y () dt) ()
. / 1 ( /H (a0 ¢<om,y<t>>>Hdsmwdv(w)) d
= [ ([ 7o) e 5ot (a) )

for every ¢ € C(H", HH"). With the same kind of computation one gets
that

da, = d(Sy)x(d dt,¥v C(H"™).
[ vdn= [ ([ ensostasn) anve e o
Then,

ngb-dwﬂ,:—/n (6, V) day, = — n¢~d(VHu)a7,

for every ¢ € C(H", HH"). Since by definition w., and a., are concentrated
on the set of differentiability points of the Kantorovich potential u, it follows

that —V yu is the density of the measure |w, | w.r.t. a,
w, = —(Vyu)a,. (2.24)
Since |Vyu|g < 1in the points where it exists, this confirms that |w,| < a,.

Theorem 2.3.1. If u < L' then there erists v € Wy(pu,v) such that
w., € L'(H", HH").

: . 2n+3

If pe LP for some p € [1,00], it holds: if p < 3155

Iy (g, v) such that w., € LP (H", HH"); otherwise there exists v € Iy (u,v)

such that w., € L* (H", HH") for s < 2043

then there exists v €
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Proof. The thesis follows from the argument above, Theorem 2.2.2 and The-

orem 2.2.4. OJ

2.3.3 The Beckmann problem in H"

Let v € II (i, v) be an optimal transport plan: we can test the vector

horizontal transport density w, against ¢ = Vo, for any ¢ € C*

H X Hr (/01 (Vire (0aq(2) dx’y(t»Hdt) dvy(z,y)

-[ (] AEE)) i) dr (o)

[ e et = [ edla-), @25)

VHQO-dW,y:/

Hn

see (1.18).
Now, given a compactly supported vector measure w € M, (H", HH")

we can define its distributional horizontal divergence divygw by the rule
(divgw, @) == — /n Vup(r)-dw, Ve C™.
With this definition in mind we can rewrite (2.25) in the following way:
divgw, = pu — v,

for any v € II; (i, v), i.e. the horizontal divergence of the measure w, is the

signed Radon measure p — v.

Remark 3. Obviously, (2.25) is independent of the optimality of the transport
plan. It holds for any transport plan v € II(y, v).

In [13] the author introduced a wide class of problems in the euclidean
setting, called continuous models of transportation. The Heisenberg version

of the simplest case of these problems reads as

min {HWHM(HTL,HH,L) :w e M (H", HH"), divgw = p — 1/} , (BP)



52 2. Equivalent formulations of optimal transport problem in H"

while we will give a more general formulation in Section 4.2. The aim of the
next theorem is to prove that (BP) admits the following dual reformulation

up { [ wdtn =) 1l < 1}. (DP)

ue HW 10
In order to do this, we will prove that (BP) is equivalent to the Monge-
Kantorovic problem (MKP), whose dual formulation is precisely the well-
known Kantorovich duality formula (DP). The equivalence between (BP)
and (DP) was first investigated in the euclidean setting in [91].

Theorem 2.3.2. The problem (BP) admits a solution. Moreover,
(BP) = (MKP) (2.26)

where
(MKP) = min / dSR(x7 y)dV(% y))
H"™ x H"™

Y (p,v)
and a solution to (BP) can be built from a solution to (MKP).

Proof. First we prove the equality between (MKP) and (BP). We start
by proving that (BP)>(MKP). Take an arbitrary function ¢ € C*° N
Lip,(H",dsg). Theorem 1.1.5 implies that [|[Vyp|l.c < 1; hence, for any
w admissible we get
Il arzey = IwAE) = [ (V) dw = [ g -v),
n Hn

Now we take ¢° = p. * u, where u is a Kantorovich potential and p. is a
mollifier for the group structure. It follows that ¢° € C° N Lip,(H", dgg)
and converges uniformly on compact sets to the Kantorovich potential u, see
[50, Proposition 2.14]. By letting ¢ tend to 0 we get that

W A, mmy > / ud(p — v) = (MKP), (2.27)
Hn

where we used Theorem 1.2.2 in the last equality. Since the previous in-
equality holds for any admissible w, we may take the minimum in the left
hand-side and get

(BP) > (MKP).
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Now we will prove the converse inequality: given v € II;(u, v), we know
that the vector horizontal transport density w., defined in (2.22), is com-
pactly supported and it satisfies the divergence constraint thanks to (2.25).

Moreover from (2.23) we know that
| W | pmem, gy < (MKP).

Hence

]

Corollary 2.3.3. If p < L2, either v < L*F] then there exists w €
L(H", HH") that solves (BP).

Proof. The thesis follows from Theorem 2.3.1 and Theorem 2.3.2. m

Remark 4. For any v € II; (i, v) and any Kantorovich potential u, the pair

(a,,u) solves the Monge-Kantorovich system

dive(Vau)ay) = p—v,
\Vaulg =1, a,—a.e.,

The second condition holds because |V yu|y = 1 on the transport set and a,

is supported on it.

2.4 Lagrangian formulation of the optimal trans-

port problem in H"

In this section we introduce a Lagrangian formulation of the Monge-

Kantorovich problem (MKP), following [3, Lecture 9, section 3|.



54 2. Equivalent formulations of optimal transport problem in H"

Let u,v € P.(H"), we consider the problem

inf (oNdO(a) -
{/C<[o,1],Rzn+1) (0)dQ()
Q € P(C(0, 1, R, (e0)4Q = 1, (¢1)4Q = } (225)

where the functional [ is defined in (1.10).

Theorem 2.4.1. If u,v € P.(H"), then (2.28) admits a solution.

Moreover, it holds

(2.28) = min {/HRXHndSR(a:,y)dv(x,y)}

ye(p,v)

and @ € P (C ([0,1], R*T1)) solves (2.28) if, and only if, Q is concentrated

on the set of minimizing horizontal curves and g = (eq, e1)xQ € I (u, v).

Proof. Let Q € P(C([0,1], R*"™!)) be admissible, then

/ l0)dQ(0) > | dsnlo(0), 7(1)dQ(7) =
C([0,1],R2n+1)

C([0,1],R2n+1)

YE(p,v)

/Hn = dsr(z,y)d(eo, e1)4Q(z,y) > min {/Hn . dSR(x,y)dy(x,y)},
X X (2.29)

where the first inequality follows from the definition of [ and the triangle
inequality, the second equality follows from the definition of push-forward
and the last inequality from the fact that (e, e;)x@Q € II(, v) is admissible.

Let us prove the converse inequality. If v € I1;(u, /), then the measure
Q := Syy € P(C([0, 1], R*™*))

and it is supported on Geo(H") by construction. Hence

min {/ dSR(az,y)d’y(x,y)} :/ dsr(z,y)dy(z,y)
yell(py) | JHn xHr Hn» xH"

— [ dsnlo(©).0(0)dQl0) = [ 1o)iQ(e). (230)
Geo(H™)

Geo(H™)
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Moreover Q € P(C([0,1], R***1)) is optimal for (2.28) if and only if (2.29)
holds with equalities, that happens if and only if () is supported on the set

of minimizing horizontal curves and ¢ := (eg, €1)xQ € 11 (p, v). O

Remark 5. This theorem is independent of the compactness of supports and

on the ambient space: it holds in more general metric space (M,d) with
i, v € P(M) such that

/M d(z,0)dju(z) + / 4(0, ) (y)dv(y) < +oo,

M

and [ is the length induced by the distance d as in (1.10). Pay attention
to the fact that in (2.30) the key point is that for horizontal curves o the

quantities {(o) and lgr(o) coincide.

Remark 6. Let us just remark that, a posteriori, due to the second part of

the statement in Theorem 2.4.1 we can restate (2.28) as

inf { / lsr(0)dQ(o) : Q € P(C([0,1], R*")), (e0)»Q = p,
C([0,1],R2n+1)
(€1)#Q = v, @ is concentrated on H ([0, 1],]1-]1”)}.

In the next chapter we will call such Q)’s horizontal traffic plans.
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Chapter 3

Congested optimal transport

problem in H"

We consider a bounded domain Q C H", with regular C*! boundary,
which models the geographical area on which the dynamic takes place, and
two probability measures pu,v € P(Q), which represent, for instance, the
distributions of moving agents and destinations, respectively.

From a traffic point of view the classical Monge-Kantorovich problem is
not suitable to take into account congestion effects, because it depends only
on the initial and final position of the mass, but not on the paths followed
by it.

In the spirit of [43], in order to take into account congestion and to
describe how agents i choose paths to reach destinations v, we introduce the
concepts of horizontal traffic plans and horizontal traffic intensities: we will

prove the existence of equilibrium configurations of Wardrop-type, through

the minimization of a convex functional.

3.1 Weighted length of horizontal curves

Let Q be a bounded domain of H", with regular C*! boundary, i.e. it

is a C'! manifold (in the Euclidean sense) and it has a well-defined tangent

57
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space at each point. We consider the set of continuous curves C([0, 1], ),
equipped with the topology of uniform convergence.

We denote by

H:= {0 € AC([0,1],Q) : o is horizontal }

the subspace of horizontal curves, where AC(|0, 1], 2) denotes the subspace

of absolutely continuous curves with values in Q. Let z,y € Q and
H*Y :={ceH: o(0)==x, (1) =y}

the set of horizontal curves connecting x and y.

Remark 7. Let us remark that the set
He 40,

for any z,y € Q. Indeed, if z,y € , since § is open and connected, then
the statement follows from the Chow-Rashevsky Theorem applied to the
manifold €2, equipped with the sub-Riemannian structure inherited from H",
see [35, Chapter 3].

Let us denote by C(0f2) the set of characteristic points of OS2, that is

C(0N) :={xe€d:T,00=HH"},

and let us remark that at a non-characteristic point z the fiber H,H" can be

represented as

H.H" = H,0Q & span{ng(z)}.

Here, H,0Q) = T,02 N H,H"™ denotes the horizontal tangent space to 0f) at
the point z, and ng(2) is the horizontal normal at the point z € 99, that is
the orthogonal projection of the Euclidean normal to 2 at z on H.H". Then,
for any horizontal vector field Z, the vector Z(z) € H,H" admits an unique
projection m(Z(z)) on the space H,0f). One can consider the horizontal
vector field m(Z) : Q — H),

2 (2)(2) = m(2(2),
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where m(Z)(z) = Z(z) if z is a characteristic point.

Let us consider the case x € 02 and y € Q. If x € 00 is a non-
characteristic point, then the horizontal normal ny at the point x does not
vanish. As aresult, if ny(z) := 322", n; X;(z), one can consider the horizontal

vector field Z := 327" n;X; € b7, 6 > 0 and the horizontal curve
o(t) :=exp(—tZ)(x), (3.1)

such that o ([0, 6]) C Qand z := ¢(8) € Q. Now one can consider a horizontal
curve between z and y, fully contained in €2.

If x € C(09) is a characteristic point, from [11, Theorem 1.2] it follows
that the Hausdorff dimension w.r.t. the Euclidean metric is dimg C(092) <
2n. Then, there exists v = 21221 v; X;(x) € T,00 = H,H" and 6 > 0 such

that the horizontal curve
2n
o(t) = exp (t 3 U,.W(Xi)> () (3.2)
i=1

is well-defined, it belongs to J€2 and it is non-characteristic for all ¢ € (0, d].
Hence, one can find a horizontal curve between z = o(J) and y € 2, using
the argument above.

If z,y € 0F2, using the previous arguments one can connect them with
',y € Q and then find a horizontal curve between z’ and y’, which is

contained in 2.

Given o € H we will denote by & its constant-speed reparametrization:
hence, |5(t)|g = lsr(0) = lgr(d) for a.e. t € [0,1]. We denote by

H:={6:0€H},

and by
H™ .= {5:0¢€ H™}.

Given ¢ € O(Q) and o € H, we denote by

Lo(o) = / (o (1) |6 (1)t = Lsp(o) / pG(M)d,  (33)
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the weighted horizontal length of o, with weight . This quantity is well
define since the curvilinear integral does not depend on the parametrization.

Let us notice that, if ¢ =1 and ¢ € H, then
Ll(O') = ls}g(O’).

Following [43, Lemma 2.7], if ¢ € C(Q), ¢ > 0, one can define the
weighted sub-Riemannian length also for curves o € C([0,1],Q) \ H. We
denote by

L, :C([0,1],9Q) — [0, +<]
the function

= sup { zk: ( inf (poa ) dsp(o(t), o(tin)) :

ti,t
i=1 (2] z+1

([t1, tis1])s is a subdivision of [0, 1]}. (3.4)

The space where f¢ is well-defined, with real values, is the space R ([0, 1],5)
of rectifiable curves. Moreover, o + L, (o) is lower semi-continuous, hence
Borel, on R([0,1],Q) w.r.t. the topology of uniform convergence, since it is
the supremum of a family of l.s.c. functions.

Definition (3.4) extends (3.3): indeed, the following result holds.
Lemma 3.1.1. For any ¢ € C(Q), ¢ >0, and any o € H, it holds that

L

S
5
I
i
S
S

Proof. For any subdivision ([t;, t;+1])i=1,.x, we have

tir1 tit1
> f ) >
Z/ t)|o(t)|w dt Z[tln (poo /t lo(t)| g dt >

7 tH—l]

> Z inf (poo)dsp(o(ts),o(tiv1)),

[t terl]
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where the last inequality follows from the definition of dsr and the fact that
¢ > 0. Taking the supremum over all such divisions one get

k
Lo(o) = sup{ Y Jnf (0 0)dsa(o(t), otin)) :
i=1 15bi+1
([ti,tit1]): is a subdivision of [0, 1]}
Let us prove the converse inequality. Let € > 0, the Heine-Cantor theorem

implies that ¢ oo is uniformly continuous, hence there exists § > 0 such that
Vet € (0.1t = €] < 8= (o) - plot)] < 5.

For any subdivision ([t;,t;+1])i=1,.x, we know that 3t. € [t;,t;41] such that
infpy, 4,.,)(p o) > (o(t:)) — 5. If we choose ([t;,ti1])i—1,..x such that [t; —
t.

inf (po0)>p(0(t)) — = = p(a(t.)) — p(o(t) + p(o(t)) —

>
[tistis1] 2

wlm

Z gO(O'(t)) — &, Vt - [tiati—i—l]-

Thus, using Lemma 1.1.2 we get

k tit1
gz_: tlgi poo) +5)L 6 (t)| g dt =

—Z ( inf (poo)+e SUP{ZdSR 7;),0(Tj+1)) -

[t terl]

([Tj, Tj—i—l])j is a subdivision of [tz, ti+1]}

<sup{zz inf (9o 0) +2)dsp(o(ry), 0(ry4)) :

[TJ Tj+1]

([Tj, Tj—|—1])j is a subdivision of [tz, tl‘+1]}

Mw

_ sup{ [tI?f ] poo)+e)dsr(o(t;),o(tiz1)) :
=1 i+l

([ti, tit1])i is a subdivision of [0, 1]}

As this last inequality is true for any ¢ > 0 we get (3.4). ]
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If o € C(), one can define

L, : R ([0,1],Q) — [0, +00]

as L, := Ly, — L, , where ¢, := max{0, p} and ¢_ := max{0, —p}. With
an abuse of notation we will keep the symbol L, to denote the function
defined on the whole space C' ([0,1],Q). Moreoever, the function o +— Ly(o)

is Borel.

3.2 Horizontal traffic plans and horizontal traf-

fic intensities

Let u,v € P(Q) be two probability measures on . We want to recover
an optimal mass transport problem,

inf / c(z,y)dy(z,y),
) Jaxa

ye(p,v

in which the cost function ¢ : @ x Q@ — R, depends on how the agents s
use paths in H to get destinations v. In order to do this one can consider
Borel probability measures Q@ € P(C([0,1],9Q)): roughly speaking, if A a
Borel set in C([0,1],9Q), Q(A) is the proportion of agents that are using a
path o € A. In addition we want to take into account the sub-Riemannian
structure of H": to this aim we consider measures () concentrated on the set
of horizontal curves, which we will call horizontal traffic plan, according to

the terminology introduced in [94].

Definition 3.1 (Horizontal traffic plan). A horizontal traffic plan is a

probability measure @ € P(C([0,1],€)) such that Q(H) =1 and
/ Lon(0)dQ (o) < +oo. (3.5)
C([0,1],92)

A horizontal traffic plan Q € P(C([0,1],Q)) is admissible between u and v
if (eg)#Q = p and (e1)xQ = v.
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We denote by
Qpy (1, v) = {horizontal traffic plans admissible between p and v} .

In order to take into account congestion effects one can associate to any
horizontal traffic plan Q@ € Qg (i, v) a positive and finite Radon measure on

Q, which we will call horizontal traffic intensity.

Definition 3.2 (Horizontal traffic intensity). Let Q € Qg (u,v). One
can associate with Q a positive and finite Radon measure ig € M ()
defined as

/go(x)diQ(a:) ::/ _ Ly(0)dQ(o), Vye C(Q).
Q C([0,1,)

We will call this measure ig horizontal traffic intensity induced by ). More-

over, its total mass is

io(@) = /C o lsel)dQ(o). (3.6)

3.2.1 Some properties of traffic intensities

Let us denote by R : R([0,1],9) — R([0,1],9) the map o + &, where &
is a constant-speed reparametrization of o.
If Q € Qu(p,v) is a horizontal traffic plan, we define the measure Q €

P(C([0,1],€2)) as the push-forward of @) through the map R,
Q = R#Q
By definition Q(H) = 1 and ig = iq, since Ly(0) = Ly(o) for any ¢ € C(Q).

Hence, the horizontal traffic intensity is invariant under reparametrization.

We introduce an important property of horizontal traffic intensities.

Lemma 3.2.1. Let us consider (Qn)nen € P(C([0,1],92) such that Q,,(H) =
1, Vn € N. Let us suppose that there exists M > 0 such that

sup/ _lsr(0) dQn(o) < M.
C([0,1],Q2)

neN

Then, (Qn)neN admits a subsequence weakly converging to some

Q € P(C([0,1],Q)) such that Q(H) = 1.
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Proof. We will prove the tightness of (Qn)neN by using the Prokhorov theo-

rem, see for instance [3, Theorem 2.8|. Let us consider the sets
Hyi:={oce€ H:|6(t)lg <K} CC([0,1],9),

for any K > 0. The Ascoli-Arzela Theorem implies that this sets are compact

w.r.t. the uniform convergence. Indeed, the equi-boundedness follows from

Isp(o) = /0 |6(t) |t < K,

and the equi-continuity from
t/
dsr(o(t),o(t)) < / |o(7)|pdr < K|t —t'|, Vo€ Hg,Vt, t' €10,1].
t

Hence, using the fact that Q,(H) = 1, ¥n € N, and the Markov inequality,
it follows that

Qn(C(10,1), )\ {o € H : [6]n < K})
= Q,(C([0,1],Q)\ {0 € H : lsg(0) < K})

=Q.({o € H:lsp(0) > K}) < % Isr(0) dQy(0). (3.7)
C(10,1],9)

By Prokhorov’s Theorem there exists a subsequence weakly converging to
some @ € P(C([0,1],9). It remains to show that Q(H) = 1 From (3.7), the
fact that the measures Q,, are concentrated on H and the previous argument,
it follows that

sup QTL(H \ HK) = Sup Qn(]:]\HK) <

neN neN

)

==

for any K > 0, which in turn implies

1 = limsup Q,,(H) < limsup Q,,(Hg) + limsup Q,(H \ Hg)

n—oo n—oo n—o0

< Q(Hg) + %

If K — 400, we get that Q(H) > 1. Since Q € P(C([0,1],Q)), then
Q(H) =1. O
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Lemma 3.2.2. Let (Qn)neny € Qp (i, v) such that Q, — Q € Qu(u,v). If
there exists i € M (ﬁ) such that ig, — i, then ig < i as measures.

Proof. Let us consider ¢ € C(€,R,), then by definition of ig, and weak
convergence it follows that

/gp(m)dz’(m): lim o(x)dig, () = lim L,(0)dQn(0). (3.8)
Q n—=+too Jo n=+%0 Jo([0,1],Q)

From Lemma 3.1.1, we know that for any ¢ € C(Q2), ¢ > 0 the function L, is
l.s.c. for the topology of uniform convergence: hence, from the Portmanteau
Theorem, see for instance [17], and (3.8) it follows that

n—-4o0o

/ () dig(x) = / ' L,(0)dQ(0) < limnf / L (0)dQu(0)
Q C([0,1],92) C([0,1],Q2)

= /an($)di(x), Vi € C(Q), ¢ > 0.

]

3.3 Congested optimal transport problem in H"

The aim of this section is to introduce the congested optimal transport
problem in H" and to prove the existence of equilibrium configurations.

The first step is to define the weighted sub-Riemannian length for non-
negative g-summable functions, in order to define the congested metric. The
second step is to introduce a convex minimization problem over the set of
the horizontal traffic plans. Afterwards we will see why one can refer to this
problem as the congested optimal transport problem: in particular, following
[43, Section 3| we will see that solutions to the aforementioned minimization
problem are equilibrium configurations.

Given a horizontal traffic plan @ € Qg (u, v), the congestion effects should
be captured by a metric associated with the traffic plan itself. Hence, we

consider a non-decreasing congestion function

g R+ — R+, (39)
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such that
lim g(i) = +o0.

i——+00

We denote by

glig(x)),  ifiq < LM,
palt) = (3.10)
—+00, otherwise,
where, with abuse of notation, ig(x) is the density of the measure ig with

respect to the Lebesgue measure.

Remark 8. The hypotheses on the congestion function g are quite natural
from a modeling viewpoint: the quantity g(i(x)) is the cost to be paid for
passing through o € €, where there is an amount of traffic i(x). Hence, we
want that the cost increases as traffic increases; moreover, the hypothesis
lim; o, g(7) = 400 models the fact that, if there is too much traffic, one gets

stuck in it and won’t pass through the point x.

Remark 9. We remark that it is not very restrictive to suppose the existence
of Q € Qp(u,v) such that ig < L£2". For instance, if either p < £L***! or
v < L2 and the transport set 7 (which is compact) is such that

T CQ; (3.11)

we know from Theorem 2.2.2 that there exists v € II;(u, v) such that a, <

L2+ Hence, if we consider the horizontal traffic plan

Q = Suvy € Qu(p,v),

its horizontal traffic intensity ig is exactly a,: indeed, if ¢ € C(Q2)
| etaiow) = [ Lioysie) = [ LSy
Q C([Ovl]aﬂ) QxQ
- / olx)da(z). (3.12)

Q
The hypothesis (3.11) replaces the more classical geodesically convexity hy-
pothesis on the set 2, since non-trivial geodesically convex subsets of H" do

not exist, see [72].



3.3 Congested optimal transport problem in H" 67

Let Q € Qp(u,v) such that ig < L2, hence the quantity

| catwigla)ds

represents the total cost paid by the agents i to get destinations v, given the
traffic assignment (). In an optimal scenario one is interested in minimizing

the total cost

in /Q ol)io(z)dr. (3.13)

QEQH(MVV)
One can also express (3.13) in terms of transport plans between the two
probability measures p and v. Any travel from x to y, which is performed

along a path o € H"Y, costs

1
Loa(®) = [ alialo®)s(®lundt. (3.14)
Again in an optimal scenario, one wants to minimize the previous cost
Coo(x,y) =inf { Ly, (0) 10 € H Y}, (3.15)
hence the congested optimal transport problem in H" is

T AR I (3.16)
Let us remark that both (3.14) and (3.15) are formal because we defined the
weighted sub-Riemannian length only for continuous functions. The aim of
the next subsection is to define both these quantities for non-negative ¢ €

L9(Q2), where ¢ = ﬁ and p is the exponent that will appear in Subsection
3.3.2.

3.3.1 Weighted sub-Riemannian length and transport

cost for non-negative L¢ functions

Let p € C(Q), » > 0 be a non-negative continuous function. Let us
define

co(z,y) :==inf{L,(0) : 0 € H*}, V(z,y) € QxQ. (3.17)
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Proposition 3.3.1. If ¢ > N, then there exists C' > 0 such that for any

e C(Q), ¢ >0 and any (z,y), (2',y') € Q x Q, it holds

[eo(z,y) = co(2', ¥ < CllelLae) (dsr(z, )" + dsrly, y)*) . (3.18)

where o : =1 — %.

Proof. Let ¢ € C(Q), ¢ >0 and z,y € Q. For k > 0 let 0, € H™Y be such

that X 1
/0 PlorO)Ior(t)|ndt < cplw,y) + .

In order to study the regularity of ¢, with respect to the second variable y,
we choose a point 2. that can be connected to y by a horizontal segment: i.e.
we fix a horizontal vector field Z € b7, such that |Z|y = 1, and we choose

for all € > 0 the points
z. == exp (e2) (y),

such that z. € ). Now we modify the curve o}, into a curve oy, € H**: we

choose ¢y € (0,1) and define

O'k(io) ift € [O,to]

i
ooy (1252)  ift €lto, 1],
where
G.y(t) =exp(t(e2))(y), tel0,1].
We then have, for all £k > 0
1
col,2) < [ plonsn () b)ndt =

:/0 @(Uk(t))|dk(t)|Hdt+/o (G ())]0ey () rdt <

1 1
<o)+ g +e [ p (0N
0

Now, if k — +o00, we get

"6 (.50 () (1) = eule )] < [ (o, ()i
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and, by similar argument:

1

~leola) = s (rexp (2) )] < [ (6,1 = )

Integrating with respect to y, raising to the power ¢ and using the fact
that the function y — &.,(t) has Jacobian determinant 1, we get that, for
any fixed x, Zcy(x,-) € L. (), and || Zcy(, )| ra) < Cll¢llza@). Since
this holds for every Z € h7 we have c,(z,-) € HW(Q) and

1V seo . Moy < ol Ve € (3.19)
By symmetry we also get that

Ve )llzae) < l@llraey, Yy € Q. (3.20)

Since ¢ > N, then if follows from (3.19), (3.20) and [61, Theorem 1.11], that
there exists C' > 0 such that

leo(z,y) — colz, y)| < Cllellradsr(y, v),  Va,y,y € Q,
lco(x,y) — co(@, y)| < Cllo|poydsr(z, '), Vo', y € Q,

with a =1 — . This proves (3.18). O

Proposition 3.3.2. If ¢ > N, then for any ¢ € C(2), ¢ > 0, the function

¢, defined in (3.17) admits a unique continuous extension as a function
CSD : ﬁ X ﬁ — R+,

with the same modulus of continuity. Moreover the definition at (3.17) ex-

tends to all pairs (z,y) € Q x Q.

Proof. The first part of the proof easily follows from (3.18).
Let now consider ¢ € C(Q), ¢ > 0, ¢ > 0 and the continuous function
p+e0>0. Given (z,y) € Qx Q and (Tn, Yn),ey C QX Q, (@0, y) — (2,9),

we have

Copteg (fE: y) = ngrfoo Coteo (mn» yn)-
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It means that Ve > 0, there exists n = n(e) such that

|C<P+€o (l‘, y) — Coteg (xmyn” <g, Vn > n((—j)

By definition of ¢,¢,(n, yn) and by the invariance of L., under reparametriza-

tion, there exists o,, € H*"¥» such that
|Cw+€o<xn=yn)'_-Lw+fo(gn>|<:5~
Hence, for any n > n(e) it holds that
go0lonli = €olsr(0n) < Lptey(00) < Cpeg(@Tn,Yn) +6 < M + ¢,

where M > 0. Then, the Ascoli-Arzela Theorem implies that (o)

admits a subsequence o,, — ¢ uniformly as & — +o0o0, with 0 € H*Y and

n>n(eo) cH
Lyieo(0) < Hminfyyoo Loyey(On,) = Cpie(2,y), see [1, Theorem 3.41] and
Lemma 3.1.1. Then, we can conclude that Veo > 0, V(z,y) € Q x Q, there
exists o € H™Y, such that

ch—f—ao (0) < Coteg (x, y)

Moreover,

Lo(0) + 2ols(0) = Lotey(0) < oy (2,9)

= lm cCpiey(Tn,yn) < Hm cp(@n, yn) + O(e0),

n—+00 n—r+00
hence, letting ey — 0, Ly(0) < cy(z,y).

It remains to prove that c,(x,y) < L,(0), for any o € H™Y.

Let us suppose that x € ) and y € 92, all the other cases can be deduced
from this one. Let us consider an arbitrary horizontal curve o € H*Y and, for
any n € N, we take y, € B (y, %) N Q. From Remark 7 it follows that there
exists a horizontal curve o,, € H¥Y" such that lsg(0,) < 2dsr(y,y,). Hence,
L,(0,) < 2[|¢|lcdsr(Y, yn). Given tg € [0,1], we denote by &, € H*¥" the

horizontal curve defined as

(%), if t € [0, ),
. (;jg) L if t e [to, 1].

_ g
Un,to (t) =
g



3.3 Congested optimal transport problem in H" 71

From the invariance of the weighted sub-Riemannian length under reparametriza-
tion, it follows that

co(z,y) == lim cy(z,y,) < liminf L,(6,4,) = liminf (L, (o) + L,(0n)) = Ly(0).

n—oo n—oo n—o0

Since o € H™Y is arbitrary, the thesis follows. m

Corollary 3.3.3. Let (¢n)neny € C(R2), ¢, > 0Vn € N, bounded in L9, then

(¢p)nen admits a subsequence that converges in C(Q x €0).

Proof. The existence of a subsequence of (¢, ),en that converges in C'(Q2x Q)
follows from Ascoli-Arzela’s theorem. Indeed, equicontinuity follows from
Proposition 3.3.2, while the pointwise boundness is a consequence of the
identity c,, (2, ) = 0 and (3.18). O

Let us suppose that ¢ > N. For a non-negative function ¢ € L(Q2) we
then define

Co(w,y) = sup {c(z,y) : c€ A(p)}, (3.21)

for any (z,y) € Q x Q, where

n—-+o0o

A(p) = { lim c,, in C(QxQ) : (pn)nen € C(LRL), 0, — ¢ in Lq} :

Remark 10. Let us consider (z,y) € Q x Q. Then, for any k& > 0 there exists

cx € A(p) such that
1

|E<P($7y) - Ck(xay)| < E

Moreover, by definition there exists (cp’,fL)n N CC (Q), ¢t >0 for any n € N,

such that <pr LGN ¢ and lim, o cor = ¢ in C (ﬁ X ﬁ) Hence, one can
n——+oo m

find n = n(k) large enough, such that the sequence (@Z(k)> is bounded

. keN
in L9 and

oo

Etp(xa y) - Capfl(k)(xa y)‘ <

Corollary 3.3.3 implies that <C¢k(k)> (or at least a subsequence) converges
n(k) /) keN

in C(Q x Q), as k — +00. Moreover, ¢,(z,y) = limy_ cwk%)(:v,y), and

therefore the supremum at (3.21) is a maximum.
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Moreover, the following lemma holds.

Lemma 3.3.4. If p € LY(2), ¢ >0
A (p) == { ET Cy, in C’(g X ﬁ) . (¢n)nen C C’(ﬁ, Ry), on — ¢ in Lq}
and
Co(w,y) :=sup{c(r,y) :c€ A*(p)}.

=
Then, ¢, = C,.

Proof. The inequality ¢, < ¢, is obvious by definition of weak convergence.

Let us prove the converse inequality. Suppose that ¢, — ¢ in L? and
also that c,,, converges to ¢ in C(Q x Q). Hence, using Mazur’s Lemma there
exists a function N : N — N and real numbers {a p } p=n, . n(n) With oy, >0
and ZQ/:(Z) ay.n = 1 and such that the sequence

T = Z Ak nPk, Vn € N7
k=n

converges strongly (i.e. in L?) to . Since, for fixed (x,7) € Q x €, the func-
tion ¢ > c,(x,y) is concave, then Vn € N there exists m, € {n,...,N(n)}
such that ¢, (x,y) > ¢, (¢,y) and hence

c(x,y) = nh_}rrolo Com, (,y) < limsup ¢y, (z,y) < Cp(x,y). (3.22)

n—oo

Taking the sup of the left-hand side over A*(¢) we obtain that ¢}, <¢,. [

Remark 11. Note that, if we have a constant coefficient unitary horizontal
vector Wy i= a1 X1+. . .40, X+ 1 Xni1+. . . +a2,Xo, € bi, it is possible to
perform a change of variables which sends the vector W to the first element
of the canonical orthonormal basis. Indeed, if we denote by Wy, ... Wy, a
basis of the orthogonal complement Wj- in hi with respect to (-, -),;, and by

x a point, we can consider the change of variables ¥ : R*"1 — H",

2n

\P(elv ce €2n+1) = eXP(€1W1) €xp (Z eiW; + €2n+1X2n+1> (I) (323)

i=2
The pullback of the vector field Wy by ¥ is U, W; = 3J,,, and the point z will

be the origin in the new coordinate system.
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Remark 12. Any function ¢ € A(¢p) satisfies the triangular inequality. Indeed,
if ¢ is a continuous function, then c, is a distance, so given three points

x,y, z € , it follows that

C<p(3$, Z) S Cso(xay) + Cw(yv Z)

Hence, passing to the limit in the definition of ¢ we obtain

o(z,z) = nl—l}—{loo Con (2, 2)

<l (e (2,) + ¢4 (49,2)) = cla,y) + ey, 2). (3.24)

n—-4o00

Now we prove that if ¢ is continuous, then the two functions ¢, and c,

coincide.
Proposition 3.3.5. If o € C(Q),¢ > 0, then ¢, = c,.

Proof. First we consider the constant sequence ¢, := ¢, Vn € N. Then
¢, € A(p) and we get that ¢, > c,.

Let us prove the converse inequality. Let z,y € Q, k > 0 and o € H>Y
such that L,(0) < c,(x,y) + 1/k. Let us fix a sequence ¢, — ¢ in L? such
that c,, converges uniformly to some ¢, we want to prove that ¢ < ¢,. From
density of simple functions and continuity of ¢ we can assume that there
exists a finite decomposition {t¢, ¢, -ty } of the interval [0, 1] such that &

is constant and horizontal on the interval [¢;_1,%;]; in particular

Lolo) =3 [ eulot)la(oludt.

Let us consider a single interval [t; 1,¢;]: up to a change of coordinates,
we can also assume that |7|y = 1 on this interval. For this reason, in the
change of coordinates ¥; : R*"*1 — H" introduced in (3.23), we can choose
®;(o(ti—1)) = (ti—1,0) so that ®;(o(t;)) = (¢;,0), and

Q00 [ti1,t;] = R*™ (®;00)(t) = (t,0),

where ®; := ¥; ! : H" — R>+1,
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We now consider, for every 6 > 0 and for every ¢, cylindrical neighbor-
hoods C;5 = {(t,é) € R*" . ¢ € [t;_1,t:], |é|rn < &}, of the curve ®; o o,
with basis S; 1 = {(t;_1,¢) : |é|gzn < }. For every é € R*™, with |é|gen < 9,
we call 0.(t) = V,;(t,é). By definition

o (Wilti-1,8), Wilt1,0)) < L, (0. 0 6))

where 6; is a change of coordinate which sends [0, 1] to [t;—1,t;]. Note that
t;
LSDn (Ue o 01) - L@no\Ili((I)i O 0¢ O 9@) = / ((pn o \Iji)(ta é)dt (325>
ti—1

Hence, integrating on S;_; we get

/ o, (Wilticr,€). W1, 6) ) AL (¢ / / (om0 ) (t, &)dtd L2 ().
Si,1 S 1 Jti—

(3.26)
For n — oo using the uniform convergence of c,, to ¢ and the L? convergence

of ¢, to ¢ we get that

C;

/&1 c(ﬁ/i(ti—l,é), \I}i<ti,é>>dﬁ2n( ) < / (0 0 T;)(t, &)L (L, ).

Now we divide by the measure of S;_; and pass to the limit as § — 0F.

Using the fact that c is continuous
I 1 / (Wilti1, ), Wilts, )) )dL>(0)
1 —— e\ Wilti—1,€), Willy, € €
6—0t d£2”(5i,1) Si1 !
= C(\Iji(ti_l, 0), \I/z<tz, 0)) = C((L’i_17 l’i>,

where z° = o(t;), Analogously the integral over C; = [t;_y,;] x S;_; divided
by the measure of S;_; converges to the integral on [t;_1,¢;], which is the

integral along the curve ®; o o(t)

1 A 2n+1 A
52%5_ d£2n<Si71) /CZ(()O o \Ijz)(ta e)dﬁ (ta 6)

:/t‘i (QOO\Ili)(t,O)dt:/t.i SD(O'( ))lo.( )|Hdt
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Then, using (3.26), we get that
t;
c(z' 2" < / e(o(t)|o(t)|gdt, Yi=1,..., M,
t.

and then, from (3.24),

o) <Y ela L) <Y [ eloO)lo )l = L(o)

t

This gives
1
C('T7y) S Ccp(xay) + %
for the choice of o and, since k is arbitrary, it follows that c(z,y) < c,(x,v).

]

Lemma 3.3.6. Let ¢ > N, p € L1(QQ), p > 0, then there exists a sequence
(Pn)neny € C(LRY), ¢, — ¢ in LY(Q), such that c,, converges to T, in
C(QxQ).
Proof. From the Remark 10 it follows that for every (x,7) € Q x Q there
exists a sequence (¢,)nen C C(Q,R,) converging to ¢ in L4(Q), such that
¢,,, converges uniformly in Q x Q and ¢,(z,y) = lim,,_,« ¢, (7, 7).

Let I be a finite set, (z;,1;) € Q x Q for all i € I, and for every i let (¢!)
be a sequence of non-negative continuous functions converging to ¢ in L9({2)
such that ¢,(x;, ;) = limy, cgi (75, 1;). Let us set ¢, := max;e; @', then we

have a sequence (@, )nen that converges to ¢ in L9(2), and
Co(xi,y) <liminf ¢, (2, y;) <limsup ¢y, (T, vi) < Cp(z4, yi).

We thus have ¢,(z;, y;) = lim,, ¢, (x;,y;) for every i € I.
Let (25, y;)ien be a dense sequence of points of Q x . From the previous

argument, ¥n € N there exists ¢, € C(Q, R, ) such that

1 1
ln — @llLa) < - and [Co(Thy Yi) — Co (T, i) | < — Vk<n.

As in Corollary 3.3.3, we may assume that c,, converges in uniformly in QxQ
to some ¢, up to a subsequence. Since it holds that c(zx, yx) = (2, yi) for

all k, and (zy, Yx)ren is dense in Q x Q, then ¢ =¢,,. ]
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Now we can extend L, to the functions ¢ > 0 that are only g-summable.
Moreover this L, behaves as if ¢ were a continuous function.

Let p = —5 and let us denote by
QU (1) = {Q € Quv) : i € L)}

Lemma 3.3.7. If¢ > N, Q € Q% (u,v) and p € L1(Q), ¢ > 0. Let (©n)nen,
wn >0, Vn € N converging to ¢ in L9, it holds that:

(i) (Ly, )nen converges strongly in L*(C([0,1],Q),Q) to some limit, inde-
pendent of the approzimating sequence (@ )nen, which will be denoted

by L.

(i) The following equality holds:
[ etaiotaids = [ L@)dQ) (3.27)
Q C([0,1],2)
(iii) The following inequality holds for Q-a.e. o € C([0,1],Q):
Ly(0) 2 T,(0(0),0(1)). (3.28)
Proof. For all n and m in N we have:
[ ILlo) = Lo (o) dQ0) =
C([0,1],9)

/[0119 /(son( () =pm(a(t))) [0(t)|a dt| dQ(o)

| leu@) = pu@ligle) do

< llen — @mHLQ(Q)HZQHL”(Q)

IN

Hence (L, )nen is a Cauchy sequence in L(C([0,1],Q), Q), then it converges
to some limit that we denote by L.

Let us suppose that (¢),),en is another sequence of non negative functions

converging to ¢ in L9(Q). Let us denote by L{, the limit of the sequence
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(Lyr Jnen in LY(C([0,1],9), Q), then
[ ILelo) - Lo)ldQ(e)
C(]0,1],92)

< [ oy 5@~ BN+ [ (2, (0) = Lufo)ldQ(o

C(0,1,Q)

+ (lln = @llra@ + 116}, — @llza@)) lioll @)

Letting n tend to 400 in the right hand side, we get that L, = L:O Q-a.e.,
hence the L'(C([0,1],9Q),Q) limit does not depend on the approximating
sequence (¢, )nen-

The proof of (ii) follows from ():

/Q P@igle) do = lim [ g (@igle) do = lim L. (o) dQ(o)

[ L) Qo).
C([0,1],Q2)

Finally, let (¢,)neny be an approximating sequence as in Lemma 3.3.6;

from the definition of c,,, it follows that for any o € H

Ly, (0) 2 ¢p,(0(0),0(1)).

Integrating against () and letting n — oo in the previous inequality, we get
(vi1). O

3.3.2 The optimization problem

We consider the following optimization problem

inf  Flig), 3.29
oed (iQ) (3.29)

where

Jo G(i(z))d, if ¢ < L2

~+00, otherwise,
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and the function G : R, — R, is convex, non-decreasing with p-growth
at? < G(i) <biP+1, VieR,, (3.30)
for some p € (1, 00) and such that
G(0) = 0. (3.31)
Moreover, if we suppose that

Qy(uv) ={Q € Qu(u,v) : iq € L(Q)} #10, (3.32)

then the problem (3.29) reads as

inf /Q Glio(x))dz. (3.33)

QeQ} (1)

Remark 13. Let us just remark that, if for instance p,v € LP(Q), then
O (u,v) # 0, see Corollary 5.1.6.

At this point, one can prove that the problem (3.33) admits a solution.

Theorem 3.3.8. Let us suppose that

Qi (nv) # 0,
then (3.33) admits a solution.

Proof. First of all, from (3.30) and (3.32) it follows that (3.33) is finite.

Let (Qn)nen be a minimizing sequence for (3.33). Since we are interested
in the sequence of the associated horizontal traffic intensities, which are in-
variant under reparametrization, we may assume that Q,, = Q,, for alln € N.

We may assume that there exists C' > 0 such that
/ G(ig,(x))dz < C, VneN,
Q

since (Qn)nen is a minimizing sequence. Hence, from (3.30) it follows that
(g, )nen is uniformly bounded in LP(£2), which in turn implies uniform bound-

edness in L'(Q), i.e. there is a constant M > 0 such that

| lsnl0)dQu(o) = [ i, (a)dr < 1.
C([0,1],2) Q
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We are in the hypotheses of Lemma 3.2.1, hence we can assume that the
minimizing sequence (@, )nen (up to subsequences) weakly converges to some
horizontal traffic plan @ € Q% (u,v). Moreover, since the uniform bound-
edness of (ig, )nen in LP(€2) holds, we can assume that this sequence (up to
subsequences) weakly converges to some ¢ € LP(€2). By lemma 3.2.2 it fol-
lows that ig <4, that in turn implies that ig € LP(€2). Now one can use the
monotonicity and convexity properties of G' to get

/Q Glio(x))dz < /Q G(i(x))dz < liminf /Q Glig, (x))dz,

n—-+o0o

which proves that @ is a solution to (3.33). ]

If in addition G is strictly convex, and @); and @), are solutions to (3.33),
then it follows that i, = ig,. Hence the optimal traffic intensity is unique
but this doesn’t imply that Q)1 = Q.

3.3.3 Variational inequalities

We suppose in addition that G is differentiable and that there exists a

positive constant ¢ such that
0<G'(i)<ci”'+1, pe(l,00).

Recall that ¢ is the conjugate exponent of p, given by ¢ = ]%.
The variational inequalities characterizing solutions of the convex problem

(3.33) can be expressed as follows.

Proposition 3.3.9. Q € Q% (i, v) solves (3.33) if and only if
[ wtriglorts =int{ [ wioite s Qe Gun}, (331
Q Q

with  := Q' (ig) € L9(%),

Proof. Let us prove the first implication. If Q € Q% (u, v) solves (3.33), then
for any Q € QF,(11,v) and any & > 0, it holds that Q +(Q — Q) € QY (1, v).
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In particular ig, . o_g) = ig + cliq — ig) € LP(2). Hence,

0< lim * [f (i@ﬁ@f@) _ ]—"(ié)] _

e—0t €
= lim - [Flig + eliq — ig)) — Flig)] =
= [ Gligla))liata) ~ igla)ds = [ Fa)igle) ~ igla)de

We have just proven that
| Plaliglalde < [ Gwyig)ds, ¥Q € %),
Q Q

which proves (3.34).
Conversely, if Q € QF, (11, v) satisfies (3.34), then for every Q € QY (u,v),

one has
Fli) - Flig) > / B(2) (ig(x) — ig(x))dz > 0,

where we used the convexity assumption on G, in the first inequality, and

the fact that Q solves (3.34), in the second one. ]

3.3.4 Characterization of minimizers

The aim of this subsection is to characterize minima of (3.29): the first
step consists in relating the optimality condition (3.34) with the Monge-
Kantorovich problem with cost ¢, where 3 = G'(ig) € L(Q) for some
optimal @ € QY (u1,v) optimal for (3.33). In order to do this, we need the
following preliminary lemma.

Every A € M (Q) we will consider is supposed to be defined on the whole
H", extended by 0 outside Q.

Lemma 3.3.10. Let us consider p € CZ(H"), p > 0 such that [, p(x)dz =

1 and consider the problem

inf G(p*ig(x))dx, 3.35
Lnt / Gpial) (3.35)

where x is the convolution tn H™. Then, this problem admits a solution.
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Moreover, Q € Qu(u1,v) solves (3.35) if and only if

G'(p*ig)(pxig)dr = inf / G'(p*iz)(p*ig)dx. 3.36

| Glorigloxigrs= _int [ Gloxigiprion.  (336)

Proof. First of all we observe that (3.35) is finite: this follows from the fact
that p xig € C°(H") and from (3.30). Moreover, for every @ € Qp(u,v)

the L' norm of p xig equals the total mass of ig: indeed

[ prigaiis= [ [ ol -a)diatds = [ dioly) =i (@) (337)
Let (Qn)nen C Qu(p, v) be a minimizing sequence, i.e.

Glpxip (x))de — inf Glpx*1 dx.
[ Glorigonite = it [ Gloriglor

Since ig = iy, for any Q € Qu(i,v), we can assume that @, = Qn,Vn € N.
From the fact that (Q,)nen is @ minimizing sequence, the fact that (3.35) is
finite and (3.30) it follows that (p * ig, )nen is bounded in LP, hence in L'
Thanks to (3.37) we get a uniform bound on (ig, (Q))nen S0, using Banach-
Alaoglu’s Theorem and the compactness of Q, we can assume that (ig, Jnen
weakly converges to some finite measure i € M_ (). Moreover

sup/ lsr(0)dQy, (o) = sup/ dig, () < 400, (3.38)
C([0,1],9) Q

neN neN

hence form Lemma 3.2.1 it follows that @, — Q € Qg (u,v). Lemma 3.2.2

implies that iz < 4. From the monotonicity and the convexity of G we have

/n G(p *ig(z))dx < /n G(p=*i(x))dr <lim inf/n G(p*ig,(z))dx,

n—o0

which proves that @ solves (3.35).
As for the second part of the statement, as in Proposition 3.3.9, suppose
that Q € Qp(u,v) solves (3.33), then for any Q € Qg (u, v)

1 . .
o<tim_ [ (Glo+igiaig) — Glorig)) de

- / G (p * ia)(p*iQ — p* z'@)d:v.
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Conversely, if @ € Qp(u,v) satisfies (3.36), then by convexity of G

/n (G(p*iQ)—G(p*iQ))de/ G'(p*ig) (prig—pxig)dr >0,

n

for any Q € Qg (u,v). H

We can do this under the additional hypothesis of strict convexity for the
function

Proposition 3.3.11. Let ¢ > N and G strictly conver. If Q solves (3.33)

and @ = G'(ig) € LY(Q) then

/@(:c)iQ(:c)d:c: inf /@(x)z’Q(a:)da:: inf / tx(x,y)dy(z,y).
Q Q

Qe (u.v) Yel(pw,v) JOxq
(3.39)

Proof. The first equality follows from (3.34).
Let us prove the second one. Let ¢ € L1(§2), > 0and Q € QY (u,v). Us-
ing Lemma 3.3.7, the definition of push-forward measure and ¢ = (eg, €1)£Q €

Iy, v)

/Q o (@)ig(z)dz = /C g Le(0)Q0) 2 / 2,(0(0)), 0(1))dQ(0)

C([0,1],9)

:/ o, y)dyo(z,y) > inf/ o, y)dy(z,y).

OxQ yEIl(w,v)

axQ

Then we get

inf x)ip(x)dx >  inf Co(x,y)dy(x,y), Ve e LYQ),p>0.
QEQ;;{(M,V)/QSO( ) Q( ) ~E(u,v) /QXQ <p( y) ’Y( y) ¥ ( ) ®
(3.40)

By a similar argument, if ¢ € C(2), > 0 and Q € Qg (u, V), using Lemma
3.3.5, the fact that @) is an admissible traffic plan between u,v again, and
(3.17)

/Q (@) dig(r) = / o L)) 2 /C o o0, 0(1)d0(0) =
_ /  Z,(0(0),0(1))dQ(a) > inf / oz, y)dvy(z,y).
C([0,11,92)

vEll(w,v) JOxa
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Then we get

inf »Y\x dZQ ) > n Cp\ T, d Z, ’ \VIQO € C Q ; > 0.
QEQH(,LL,V)/ Q ( ) ( ) vell(p,v) />< 50( y) 7( y) ( ) ®

Let ¢ € C(Q), ¢ > ¢ > 0, and £ > 0. For any z and y in Q there exists
o5, € H"Y such that

L,(05,) < cole,y) +2 = 2,(a,y) + e, (3.42)

x?y

where we used Proposition 3.3.2 and Proposition 3.3.5. The set

KoY = {05, € H" : L,(03,) < cy(z,y) +e}

is a closed subset of C([0,1],€2). Indeed, let (0,), .y € K™Y that converges
uniformly to o € C([0,1],9Q). The bound ¢ > &y implies the bound

colsr(om) < cu(z,y) +e.
——
<M<+o0
Hence 0 € H*Y, see |1, Theorem 3.41|, and L,(0) < ¢,(x,y) + ¢, thanks to
Lemma 3.1.1. This implies the closedness of the graph of the multivalued
map
S.:QxQ—C(0,1],9),
(z,y) = o5, € K¥, in Q x Q x 0([0,1],9Q). Then, for any v € II(u,v),
there exists a map S. : Q x Q — H, S.(z,y) = o5, € K®, which is v-
measurable (see for instance [18, Theorem 6.9.13]). One can consider the

measure Q. = (S.)gy € P (C([0,1],9)), concentrated on the set H by

construction. Moreover,

/ ~ lsr(0)dQ:(0) :/ Isr(og,)dy(z,y) < +oo,
€(0,1],0) axa

thanks to the bound on ¢. Hence Q. € Qp(u,v) and

QxQ

/QsO(fIf)diQE(w)ZLXQLw(SE(x,y))dv(x,y) S/ Cy(, y)dy(z,y) +¢.
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If © is an arbitrary continuous function on €, without any strictly positive

lower bound, one can consider the function ¢ + 9 > ¢¢ > 0 and get

|+ e0) @i @ = [ Love(Siay)driz,n)

Q QxQ

< /  CoeolT,y)dy(z,y) + €

QxQ
Letting €y tend to 0, since iq, is a finite measure and c, ., uniformly con-

verges to ¢, = C,, then

/QSO(@diQs(x) < / Co(z,y)dy(x,y) +e.

ax0

Taking the inf over the set Qy (1, ) on the left-hand side and using the fact

that v and e are abitrary and (3.41) we get

oed /Q p(x)dig(x) = ot /Q Xﬁ@(x,y)dv(x,y), Vi € C(Q),¢ > 0.
(3.43)

Now, let (pn)nen be a sequence of even mollifiers for the group structure, see

[59]. Lemma 3.3.10 implies that, for any n € N\ {0}, the regularized problem

inf G(pn *ip(z))dx 3.44
Lot / Gpn wiglo)) (3.44)

admits a solution Q,,.
Define j,, 1= pn *ig , on = G'(Jn), N := pn * pn. From the Fubini’s The-
orem, changes of variables formula and the fact that p, is an even function,

we get that

G'(pn i, (2)) o g, (@)do = [ pul@in(ade = [ ma(o)dig, (o)

n n

Hn
Moreover, Lemma (3.3.10) implies that
n(2)dis (x) =  Inf () dip(x). 3.45
[ m@iq @)= it [ w@diola) (3.45)
Combining (3.43) and (3.45), we then get:
[ m@iig @ = [ e@in@ie = i [, o)

Yell(pv) Jaxn
(3.46)
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From the minimality of @, the convexity of G, the Fubini’s Theorem and
the fact that G(0) = 0, it follows that

/n G(Jn(x))dx < /n G (pn *ig(r))dr < / pn* Gig)(z)dr < 00 (3.47)

n

and hence that j, is bounded in LP. Passing to subsequences, we may assume

that

Jn— 7 in LP ¢, — ¢ in L9 n, — @ in L9, (3.48)

Moreover, as in the proof of Lemma 3.3.10, we can get a uniform bound on

(ig, (1) )nen because the total mass of i is the same of j, and jj, is bounded

in L”, and hence in L'. Hence, we may assume that
Q, = Qin M (C([0,1],9)), ig —iin M (Q). (3.49)

It follows that ¢ = j£**! and Lemma 3.2.2 implies j£*"*1 > ig. Using the
monotonicity of GG, the weak lower semicontinuity of convex functions and
(3.47) we get

/ G(ig(z))dx < / G(j(z))dx < lim inf/ G(jn(z))dx < / G(ig(z))dz.
Q Q n—=+00 Jpyn Q

(3.50)
Since @ is optimal and the strictly convexity of G implies the uniqueness of

minimum, it follows that

ig=1iqg=j € L”(§2) and liminf/” G(jn(z))dx = /n G(ig(r))ds. (3.51)

n—-+00

From (3.51), from j, — j in LP(Q2) and the fact that p = G'(ig) € LI(Q) it

follows that, up to some subsequence,
G(jn) — Glig) — P(jn — ig) — 0 a.e. and in L

and sine G is strictly convex, we get that j, converges a.e. to ig. This implies

that ¢, converges a.e. to p = G'(ig) and that ¢ = . It follows from Fatou’s



86 3. Congested optimal transport problem in H"
Lemma and (3.46), that:
/Qﬁ(x)iQ(x)dx = / G'(ig(w))ig(r)ds

< liminf/ on () jn(z)dx

n—-4o00

= liminf inf ¢, (x,y)dvy(z,y).
iminf inf ) (@ p)dy(@y)

Since 7, — ¥ in L9(2), using Lemma 3.3.4 we get that ¢,, uniformly con-
verges to ¢ < ¢z. On sets of finite measure the uniform convergence implies
L' convergence, hence
O(z)ig(r)de < inf / Cs(x,y)dy(x,y).
/Qso( Jiglr)de < nf | (@ y)dy(e,y)

The thesis follows from the last inequality together with (3.34) and (3.40). O

Theorem 3.3.12. Let ¢ > N and G strictly conver. Then Q € Q% (u,v)

solves (3.33) if, and only if, 7 = (eg,e1)2Q € I(p,v) solves the Monge-
Kantorovich problem

inf oz, y)dvy(x,y), 3.52

| e (352

with @ 1= G'(ig) € LY(Q), and

Qo € H: Ly(o) = ex(0(0),0(1)}) = 1. (3.53)
Proof. Let Q € QY (u,v) that solves (3.33). Let p := G'(ig) and 7 :=
(eo,e1)2Q € TI(u,v), then from the definition of push-forward measure,
Lemma 3.3.7 and Proposition 3.3.11 it follows that

| st = [ elo0).00)d00)
QxQ

C([0,1],2)

9)

Ls(0)dQ(o) = | B(x)is(z)d
</ o L) | #@igoyis
= veinr%fm /Q Xﬁ%(x,y)dv(fc,y)

which proves that 7 solves (3.52). It also follows that all the above inequalities
are equalities and then (3.53) follows from (3.28).
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Conversely, let Q € QY (u1,v) be a horizontal traffic plan satisfying the
conditions (3.52) and (3.53). First of all, (3.27) and (3.53) imply

[ﬁm%mm=/ memwzﬁmm@wwdmﬁmz

C([0,1],9)
= / 7E¢($,y)dﬁ(l‘7y)
QxQ

On the other hand, for any Q € Q% (u,v), if v := (eo,€1)xQ € (g, v) it
holds that

[ﬁ@m@m-é@mfwwmwz/ 25(0(0), 0(1))dQ(0) =
=/Q@mwM@m

and hence

/@(x)iQ(x)dx < /@(:U)iQ(x)da:, vQ € Y (u,v),
Q Q
since 7 solves (3.52). Then Proposition 3.3.3 implies that @ solves (3.33). [

Remark 14. All the arguments in this Chapter still work if the function
G : Q xR, — R, also depends on x € Q. It is enough to replace the
convexity hypotheses on G with the convexity for the function i — G(x,1)

for any x € ; moreover, one has to suppose that
1. G(x,0) =0, for any x € (;
2. there exist a function h € L'(Q) and two constants a,b > 0 such that
at? < G(z,i) < bi? + h(zx),

for any (z,i) € 2 x R,.

3.3.5 Existence of Wardrop equilibria

The aim of this subsection is to relate the previous results with the exis-
tence of equilibrium configurations for the congested optimal transport prob-

lem in H"™. These equilibria are known as Wardrop equilibria.
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Let us consider a congestion function

as in (3.9). Let us suppose that g is continuous, strictly increasing and there

exist non-negative constants a and b such that
ai?™t < g(i) < bt 41

for all i« € R, and some p € (1, ﬁ)
Recall that, given Q € Q% (i, v), we denote by g := goig € L1(Q2) and

by ¢, the function defined as (3.21).

Definition 3.3. A Wardrop equilibrium is a horizontal traffic plan @ €
Q% (, v) such that

1. Q({o € H: Ly,(0) =Cu,(0(0),0(1)}) =1;

2. vg := (eo, 1) 2@ € I(u, v) solves the Monge-Kantorovich problem

inf Cop (X, y)dy(x,y).
ot /Q . eo (T, y)dy(7,y)

The first condition in Definition 3.3 is an equilibrium condition of Wardrop
type: given such a configuration () no agent is interested in changing its path,
since everyone is paying the least. This equilibrium condition can be seen as
a particular case of Nash equilibrium, in a game where the players are the
agents and their goal is to minimize travelling costs. On the other hand, the
second condition means that the transport plan 7¢ is optimal for a Monge-
Kantorovic problem associated with a cost depending on @) itself. Hence,
Definition 3.3 can be viewed as a generalization of the notion of Wardrop

equilibrium to the case where no transport plan is given a priori.
Theorems 3.3.8 and 3.3.12 guarantee the existence of Wardrop equilibria.

Theorem 3.3.13. If Q% (u,v) # 0, there exists a Wardrop equilibrium.
Moreover Q € Q% (i1,v) is a Wardrop equilibrium if, and only if, it solves

inf /Q G(ig(z))dx, (3.54)

QeQ} (1)
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where G : Ry — Ry is a differentiable function such that G'(i) := g(i), Vi €
R and G(0) = 0.

Remark 15. If not only the marginal ;1 and v are given, but also the transport
plan 7 € II(u, v) is, equilibria consist in the set of @)’s that satisfies the first
condition of definition 3.3. As before, if

Q%(’Y) = {Q S P(C([Ov 1]75)) : Q(H> = 17 (eo,el)ﬁQ =7

/ lsr(0)dQ(0) < +o0 and ig € Lq(Q)} #0
C([0,1),9)

then all the previous arguments can be adapted to this new situation and

one can get the existence of equilibria; moreover, () is a Wardrop equilibrium

if, and only if, it solves

f /Q Glio(x))dz.

QeQl,
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Chapter 4

Equivalent formulations of
congested optimal transport

problem in H"

In this chapter we want to model the transport activities of Chapter 3
through horizontal vector fields.

In order to do this we consider a regular bounded domain €2 in H", with
C™!' boundary, and p, v € P(Q) two probability measures over the closure of

). Moreover, we consider a total cost function
G:R™ 5 R,,

of the form

G:=Gol-|m, (4.1)

where the function G is as in Chapter 3.
Given a horizontal vector field w : Q — H(Q, the quantity G(w(z)) gives

the total cost to let an amount of mass |w(x)|y to transit with direction
w(x)
Iw(@)|u

with w has total cost

through the point x. In this way the transportation process associated

/QQ(W(:U))dx. (4.2)

91
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Moreover the vector field w turns out to satisfy a divergence-type constraint
divgw = p — v, (4.3)

for a suitable notion of divergence.

Since we are dealing with a cost function G with p-growth, we will be
interested in minimizing (4.2) over the set of p-summable horizontal vector
fields, subjected to the constraint (4.3)

inf {/ﬂ G(w(x))dz : divgw = p — y} . (B)

weLP(Q,HQ)

First, we show under which assumptions this problem admits solutions. Sec-
ond, under the same assumptions we will show that (8) admits the following

dual formulation

@@1%},2(9){—/ﬂcpd(u—u)—/QQ*(VHsD(x))dx}, (D)

where G* is the Legendre transform of G. If in addition G is strictly convex,
then G* is C'(R?") and the unique solution w to the problem (B) is of the

form

where D denotes the Euclidean gradient and ¢ € HW™(Q) is a solution
to (D). Moreover, we will show that the problem (B) is equivalent to the

problem

in /Q Glio(x))dz, o)

QEQ (k)
defined in (3.33).

The main theorem of this Chapter is the following one.

Theorem 4.0.1. If
(1, v) # 0,
then. (W), (B) and (D) admit solutions and
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Moreover, any solution to (W) corresponds to a solution to (B); vice versa,
one can find a solution to (W) starting from a solution to (B); if (w,p) is

a pair of optimizers for (B) and (D), they are linked by the relation
VHQD = Dg(W)

In the limit case p = 1, (B) reads as

weLl(Q,HQ)

inf { /Q w(z)|dz : divyw = 1 — V} | (4.4)

which looks like the problem (BP) in Subsection 2.3.3.

As observed in [87, Subsection 4.2.2] this problem is not well-posed a
priori: due to the non reflexivity of L!, there may not exist any L' hori-
zontal vector field minimizing the L! norm under the divergence constraint.
This is why in Subsection 2.3.3 we stated the problem (4.4) in the space
of the compactly supported vector measures whose horizontal divergence is
the signed Radon measure p — v. We proved in Theorem 2.3.2 that its dual

reformulation is

sup {/ ud(pp —v)  |Vaul|eo < 1}
u€ HW1,00 Q

and its Lagrangian reformulation is

inf lg(o)dQ (o).
QeQn (V) /c([o,”,g) H( ) Q( )

The equivalence between these three problems is the core of Chapter 2: we
studied the equivalence on the whole H", because otherwise the geodesically
convexity hypothesis on €2 would be necessary: as we already observed in

Remark 9, non-trivial geodesically convex subsets of H" do not exist.

4.1 Vector horizontal traffic intensities

Let Q be a regular bounded domain in H", with C'! boundary, and
w,v € P(Q).
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As for transport plans v € TI(u, ), one can associate with any horizontal
traffic plan Q) € Qg (i, v) both a scalar and a vector measures. The scalar
measure is the traffic intensity i € M4 (ﬁ) we introduced in Definition 3.2.

As for the vector measure we can give the following definition.

Definition 4.1 (Vector horizontal traffic intensity). Let @ € Qu(p, V) be a
horizontal traffic plan admissible between p and v. One can associate with

Q the finite vector Radon measure wg € M(Q, HQ)) defined as

[owrawa= [ ([ ttotn.on, i) o

for any continuous horizontal vector field ¢ € C(Q, HQ). We will call this

measure vector horizontal traffic intensity induced by Q).

Even in this case, the variation measure |wg| satisfies
(Wl <iq (4.5)

for any Q € Qpu(u,v). Indeed, given Q € Qu(u,v), A C Q Borel set and
¢ € C.(Q, HQ), such that supp ¢ C A, and ||| < 1, it follows

L¢dmﬁ%é¢dmﬂ§£@h@ﬁﬁdm.

Hence, taking the sup among all the admissible ¢ on the left hand side and
having in mind (1.21), we get the desired result. The finitness of the vector

measure w¢ immediately follows from the definition of horizontal traffic plan:
indeed it holds

IWmemnSme#%@M@®<+m’

for any Q € Qu(u,v).

Remark 16. In general the previous inequality is not an equality because
curves of () may produce cancellations: this is due to the fact that w¢ takes
into account the orientation of the curves, while i does not. Following [32,

Example 4.1], we can consider the two measures

p =6, and v :=§,, for some x € H" and some y € H" \ L,
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and a bounded domain €2, with regular C'! boundary, such that z,y € Q
and ¢([0,1]) € Q. Then, the horizontal traffic plan

1 1
Q = _50 + _56 € QH(MJ V>7

2 2
where o : [0,1] — H" is the geodesic between = and y, as in Theorem 1.11,
and 6 (t) := o(—t), satisfies

iq =H'Lo(o);
while

wgo = 0.

As for the vector horizontal transport density, see Definition 2.3, one
can recover the signed Radon measure o — v, by testing the vector measure
w( against the horizontal gradient ¢ = V¢ of some ¢ € C>(Q). More
explicitly, let ¢ € C=(Q)

[ Vie(w) - dwe - W( (Virgp(o >c‘r<t>>Hdt)dQ<a>

/0(0119 </01% )dQ(U)

:/mw p(a(1)) — p(a(0))] dQ(o)
= [ edl(e)sQ - @)@ =~ [ pitn-1). (10

Hence,

| Virpla) - dwg == [ edu=v). veeC>@.
According to Subsection 2.3.3, this means that for any horizontal traffic plan
Q € Qu(u,v), the divergence of the vector measure wy is the signed Radon

measure [t — V

divgwg = p —v.

Following [88], if in addition w € LP(Q2, H(2) for some p € (1, 00), we can

define the distributional horizontal divergence as a functional

divyw : HWH(Q) — R
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defined by the rule

<diVHW, (p) = _/<W7 VH90>de7 VQO S HWL(](Q)7
Q

where ¢ = -5, This is an element of (HW'4(Q))" since
(divew, 0)] < [Wlzo@nollelmae), Yo € HWH(Q).
Moreover [|divgw||(mwra@)y < [[W||Lr@,m0)-
Lemma 4.1.1. Let p € (1,00). If
Qh(uv) ={Q € Qu(n,v) : iq € L ()} # 0,

then
{we LP(Q,HQ) : divgw = p — v} # 0. (4.7)

Moreover ju — v € (HWH(Q))".
Proof. Let Q € Q% (p,v). Then, (4.5) and (4.6) imply that wg € LP(Q, HQ)

and divgwg = p — v. Moreover

+ 00 > HWQHLP(Q,HQ)

:sup{ /Q(qb,wQ)de
zsup{ /Q<VH90>WQ>de

o[

r¢ € LYQ, HQ), [[¢] La,ma) < 1}

o € HWH(Q), ([l awia@) < 1}

cp € HWH(Q), [[ellawra@) < 1}
= [l = vl (Ewra@)y-
O

Remark 17. Let us remark that the non emptiness assumption on Q% (u, v)

fails for p > % when p — v is a discrete measure: indeed, in this case

u—ye(Hleq(Q))’@q>N<:>p<N_1.

See [61, Theorem 1.11].
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4.2 The Beckmann-type problem in (HW4),(Q)

The aim of this section is to study the Beckmann-type problem (B) in its
natural functional analytic setting, following [30] and [88]: we show that (B)
is well-posed if and only if the right-hand side of (4.3) belongs to the dual of
some Sobolev space, whose elements are not measures in general.

In the rest of the section we will deal with a particular closed subspace
(HWh),(Q) of the space (HW4(Q)Y,

(HW')L(Q) == {f € (HW"(Q)) : (f,1) =0} .
Let f € (HW'9).(Q) then its norm

[ larwray, ) = [[f [l rwragy-

If w € LP(Q, HS), its distributional horizontal divergence divgyw € (HW(Q))’.

Moreover it is trivial to prove that (divgyw, 1) = 0, hence

diviyw € (HW),(Q).

4.2.1 Characterization of the space (HW),(Q)

In the spirit of [88, Section 2|, if 2 C H" is a regular bounded domain
with C'! boundary, then (1.20) holds on € and one can characterize the
space (HW14)L(Q).

Proposition 4.2.1. Let Q C H" be a regular bounded domain with C*!
boundary. Given f € (HW').(Q), then there exists a wvector field w €
LP(Q, HQ) such that

diVHW = f
Moreover || Wl zro,a0) < c(n, ¢, Q)| fll(zwra@)y -

Proof. Consider the following minimization problem

. F ’
@EHI%IPQ(Q) (90)
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where .
o F() = / IV alYyde + (f, ).

This problem admits at least a solution. Indeed, we restrict the minimization

to the subspace
HW} () := {so e HW(Q) : / p(x)de = 0} ) (4.8)
Q

which is a convex subset and closed w.r.t. weak topology of HW14(2). The
functional F is lower semicontinuous w.r.t. the weak topology of HW¢(Q)
and it is coercive on HW2)%(Q): indeed, if ¢ € HW4(Q), then from (1.20)

it follows the existence of a constant ¢ = ¢(n, ¢, 2) > 0 such that
1 q
[F ()| = 5HVH90HM(Q) — (c+ DIflawra@y VaelLae

1 1
~ [Vl (19l = e+ Dl lanwracoy )

Hence, the existence of minimizers follows.
Computing Euler Lagrange equations, a solution ¢ of the problem above

turns out to satisfy

—/<|VH90|q_2VHS0,VH¢>Hd$ = (f, ), Ve HWhH,
Q

This means that there exists w = |[Vy|92Vye € LP(Q, HQ) such that

divgw = f. Moreover, testing f against ¢ we get

T / wityde = / Vaelhde = —(f, )

< [ fllawra@y Il awraq) < cllfllawra@y IV aellLio,po)

= ||l awra@y W15, m0)

as desired. O

4.2.2 The Beckmann-type problem

Following [88] we show how the Beckmann-type problem (B) reads if the
right hand side of (4.3) belongs to (HW ()’
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Let
G:R™ SR,

be a convex function such that
G(0) =0, (4.9)

and it has p-growth
alwl’ < G(w) < blw|P + 1, (4.10)

for some p € (1, 00) and some positive constants a, b.

Given a horizontal vector field w : Q — H(), we identify the horizontal
vector field w = ZZ | W; X; with its canonical coordinates w.r.t. the moving
frame {X1,..., Xo,}

W= (Wi,...,Wa,): Q — R*™

We are interested in the Beckmann-type problem

JRYIRT LSRN

where for the moment f is any element of (HW(Q)), with ¢ = g

One can prove that the previous problem is well-posed if and only if f €

(HW9),(2).

Theorem 4.2.2. The problem (B') admits a minimizer, with finite value, if
and only if f € (HWH),(Q).

Proof. Let f € (HW'9).(Q), then Proposition 4.2.1 implies that there ex-
ists at least one vector field w € LP(2, HQ?) such that divgyw = f: hence
(4.10) implies that (B') < +o0. Let (w,)nen € LP(2, H2) be a minimizing
sequence. From (4.10) it follows that this sequence is bounded in LP(§2, HQ):
hence, up to a subsequence, it is weakly convergent to some w € LP(§2, H().
This vector field is still admissible: indeed, by the weak convergence it follows
that
—/ (W, Vgp)yde=—lim [ (w,,Vge),de=(f ), Yoe& HW(Q).
Q

n—oo 0
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Since G is convex, the integral functional is convex, as well, and lower semi-
continuous; this implies the lower semicontinuity of the integral functional

w.r.t. the weak convergence in L”(Q2, HQ2), hence

n—-+o0o

/Qg(vv)da: < liminf/ﬂg(wn)dx = (B) < +00.

This proves that w is a minimum.
Conversely, if f & (HW19) (Q) there are no admissible vector fields,

hence the problem is not well-posed. O]

Let us just remark that , if we suppose in addition that G is strictly

convex, then (B') admits a unique minimizer.

Corollary 4.2.3. Let p € (1,00). If

Qi (nv) # 0,
then u— v € (HW9), (). Moreover (B')< 400 and it admits solutions.

Proof. Lemma 4.1.1 and a simple computation imply that u—v € (HW9) (Q).

The existence of solutions follows from Theorem 4.2.2. OJ

4.3 Dual formulation of the Beckmann-type prob-

lem in H"

The aim of this section is to prove that the Beckmann-type problem (B')
admits the dual formulation

sp =i~ [ G*(Tupte)ic), ()

pEHWL4(Q)

where f € (HW"(Q))" and G* is the Legendre transform of the convex
function G, see Theorem 4.3.1 for its definition. For the proof of this result,
we follow the strategy in [30]. We recall the following important theorem in

convex analysis.
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Theorem 4.3.1 (Convex duality). [54, Proposition 5/ Let F :' Y — R a
convex and lower semicontinuous functional on a reflexive Banach space Y .
Let X be another reflexive Banach space and A : X — Y a bounded linear

operator, with adjoint operator A’ : Y’ — X'. Then we have

sup(z’, ) — F(Az) = inf {F*(y): Ay =2"}, o' €X' (4.11)

zeX y'ey’

where F* 1 Y" — R denotes the Legendre-Fenchel transform of F.
Moreover, if the supremum in (4.11) is attained at some xo € X, then

infimum in (4.11) is attained at some y, € Y’ such that
Yo € OF (Axy), (4.12)
where OF denotes the subdifferential.

Theorem 4.3.2. If f € (HW'),(Q), then the problem (D) admits a solu-

tion and

o { [ gtwlaas s v = 1
= s A= [ @umani - 0} @)

peHWLa(

Moreover, if wo € LP(Q, HQ) in an optimizer for (B') and oo € HW1(Q)
is an optimizer for (D'), then we have the following primal-dual optimality

condition

wo € 0G" (Vo) a.e. in L (4.14)

Proof. First we observe that the existence of a minimizer for the problem
(B') follows from Theorem 4.2.2. Thanks to the Direct method in calculus
of variations also (D') admits solutions belonging the space HW}(Q2) of
Sobolev functions with zero mean. First of all (4.10) implies the following
growth condition on G* holds

1 . 1
Gl 1S ) < el (4.15)
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Moreover, the convexity of G* implies that the functional
HW'() 3 s Fp) = [ G'(Tupla))dn+ (1.)

is lower semicontinuous with respect to the weak topology of HW14(();
moreover it is coercive on HW4(Q): let ¢ € HWL(Q) from (4.15) and
(1.20)

Flp) >

bq AVl aoma) — I lawra@y el awrag) — L7H(Q)

IV allfao.me) — (€ + DIl awra@y IVael ioao) — £27H(Q)

S 1
- qbq_l

> [Vl (sl Vel o — (e DI lamvinayy ) ~£4(0),

where ¢ = ¢(n, q,) is the constant appearing in (1.20). The existence of
solutions follows from the fact that minimizing F or maximizing —F is the
same.

Let now X = HW™4(Q), Y = L, HQ) and let us consider the operator
A: X =Y, Alp)=Vup, VpelX.
This operator is linear; moreover it is bounded since

Ay = IVaelr@ua < lellawiao)-

We denote by F : Y — R the functional

- / G*(¢(x))dz

By the convexity and the lower semicontinuity of G it follows that F* :

LP(Q, HQ) - R
:/Qg**(w(m))dm:/ﬂg(w x))dz

We only miss to compute A" : Y’ — X’. We define the operator ¥ :
LP(Q, HQ) — (HW19(Q))', defined by the following role

(Vw).) = = [ (% Fughuds, Ve < HIWH(Q)
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We observe that W is a linear operator whose image is contained in (H W)’ (2)
by construction and by Lemma 4.2.1. Moreover if we take ¢ € HW'?(Q)
and w € LP(Q2, HR"), then

(A(p), w) = / (W, Vi) dz = (~U(w), o).

This proves that —W = A" : LP(Q, HQ) — (HW19) (Q) C (HW1(Q))'.
The rest of the thesis follows from the primal-dual optimality condition
(4.12). 0

Remark 18. Let us just remark that, in the Euclidean setting, another proof
of (4.13) is available in [88]. The latter proof still works in H™ and we will
use it in Chapter 5 for the proof of the analogous result in the orthotropic

case, see Theorem 5.1.2.

Remark 19. If the function G* € C*(R?*"), then the subgradient set 9G*
consists of a unique element DG*. If o, € HW14(Q) is a solution to (D’),

then it solves the following Euler Lagrange equation
divg(DG*(Vue)) = f, in Q.

Moreover, if wy is a minimizer for (B') and ¢ is a maximizer for (D’), then

wo(z) = DG* (Vreo(x ZD G (Vipo(2))X;, for L2 —a.ex € Q.

7j=1

Corollary 4.3.3. Let us suppose that

Q(p,v) # 0

and G is strictly convex. Then,

min {/g ))dx : divgw = /L—l/}
weLP(Q,HQ)

:wefglﬁﬁfi(ﬂ){—/gzwd(ﬂ—V) —/QQ*(VHsO(x))dx}-
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Moreover, if wog € LP(Q, HQ) is the unique minimizer of (B) and py €
HWY(Q) is an optimizer for (D), we have that

wo = DG*(Vyp) a.e. inQ,
where g 1s a weak solution to
divg(DG* (Vue)) =p—v, in .

Proof. The strict convexity and the superlinearity of G imply that G* €
C'(R?"). The thesis follows from Remark 19. O

4.3.1 Beckmann potential

Following [33], a Beckmann potential in H" is a function ¢, € HW4(Q)
satisfying (D). Let us denote by d.,, the sub-Riemannian distance associated

with |Vypo|g: given z,y € Q,

dp,(x,y) = inf {/0 IVae(ot)|glo(t)|gdt: 0 € Ho(0) =z,0(1) = y} :

Since

/0 [V apo(o(t))|ulo(t)|mdt 2/0 (Vipo(a(t)), o(t))mdt
= wo(o(1)) — wo(c(0)),

we get
dgo(z,y) = $o(y) — wo(z),
and the equality holds if and only if ¢ is an integral curve of V gpg connecting

x and y. This means that g acts as a Kantorovich potential for the optimal

transport problem

min {/ o (@, y)dy(z,y) 1y € H(p, V)}

QxQ

associated with the metric d, induced by ¢y itself.
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Let G = Go|-|g, where G : Ry — R, is as in Chapter 3. The condition
(4.14) implies that the distance d,, is induced by

IVueo(2)|a = |DG(Wo(z))|r = G'(|wo(2)|m),

where wy is the solution to (B) (remember that this equality must be under-
stood as an equality a.e., even because G is not differentiable in 0), in the
same way in which the equilibrium metric in Wardrop’s problem is induced
by G'(ig,(x)) for an optimal Qo € Q% (u,v). This suggests a connection
between this two problems and that one can prove the existence of Wardrop
equilibria by looking at the problem (B). The aim of the next Section is to

investigate the connection between this two problems.

4.4 Beckmann-type problem and congested op-

timal transport problem in H"

Following [30], in this section we investigate the relation between the two
problems (B) and (W). Moreover we will show how to pass from a solution

to (W) to a solution to (B), and vice versa.

4.4.1 The equivalence between the two problems

Let us consider the function G = G o | - |z and the two optimization
problems (W) and (B). We know that for any @ € Q% (i, v), it holds that

(wol <ig,

as measures; hence wg € LP(Q), HQ2), see Lemma 4.1.1. Since the function

G is non decreasing and wy, is admissible for (B), it follows that
(B) < (W).

Hence, the equivalence between the two problems is reduced to the converse
inequality. In order to do this we have to pass through the well-known

superposition principle in Riemannian setting.
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Superposition principle in H” in Riemannian approximation

Let € > 0 and let us consider a vector field w, € LP(Q,T), where T
is the restriction to the domain 2 of the tangent bundle generated by the
vector fields { X}, see Subsection 1.1.6. We define its distributional
e-divergence by the rule

(divew,, ) = — / be (We, Vep)dx, Vo€ Wel’q(Q). (4.16)
Q

It follows that divew, € (Wh9(Q))'.
If instead we consider a horizontal vector field w € LP(§2, H(?), in partic-

ular w € LP(Q,T); hence, its distributional divergence div.w in the sense
of (4.16) is well-defined.
On the other hand, since |[¢||rwia@) < [l We get

W) < HW9(Q),
and divgw € (W1(Q))".
Hence, given ¢ € Wh4(Q),

o) = |

be (W, V) dr = —/(W,VH@de = (divgw, p).
0

Q

This means that, if w € LP(Q2, HQY), then
leEW = divHWle’lI(Q). (4.].7)

We write down the Superposition principle for the Riemannian manifolds
(H™, ).

Theorem 4.4.1. [15, Theorem 5.8] Let V : [0,1] x H* — TH" be a Borel
time dependent vector fields. For every probability measure A on [0, 1] x H"
that solves

A + div (AV) =0

in the sense of distributions and satisfies

/ Vi)l dh(x) < +oc.
[0,1] xH™
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there exists a probability measure Q € P(C([0,1],R*™ 1)) such that N\, =
(e))Q,Vt € [0,1] and Q-a.e. o € C([0,1],R**1) is an absolutely continuous
integral curve of the vector field V.

Theorem 4.4.2. Let us suppose that

Qi v) # 0.

If u,v € LP(Q) and they are bounded by below then

Moreover, Q € Q% (u,v) solves (W) <= wq solves (B) and |wq|g =ig.

Proof. The non-emptiness of the set QF (i, ) implies the finiteness of the
infima of both problems and the existence of minimizers, otherwise there is
nothing to prove.

Now let us take a minimizer w of (B) and let us consider the time-

depending horizontal vector field

o W)
W) = ) + @)

(4.18)

where we use the fact that p and v are p-summable functions bounded by
below.

Since w € LP(Q), HQ), in particular w € LP(Q,TQ) and (4.17) implies
that divew = p — v. Then the linear interpolating curve @, = (1 — t)u + tv
is a positive distributional solution to the following initial value problem for

the Riemannian continuity equation
O\ + div (WA) =0,
)\0 = M.

Indeed,
Oty + dive(wWyiy) = p — v + divew = 0.
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In the spirit of [65, Proposition 3.1|, we can apply Theorem 4.4.1 in the

setting of the continuity equation on the Riemannian manifold (H, b,) as far

//|Wt x)dt = /|W ) Hdx < +00;

let us just notice that this holds true because w is admissible for (5), hence

as

it is in LP(Q, HQ) for p > 1. Then, we can conclude that there exists a
probability measure @ € P(C([0,1],Q)), such that Q(AC([0,1],9Q)) = 1 and

fy = (er) 4@

such that ()-a.e. curve o is an integral curve of w,. Since W, is a horizontal

vector field, then Q-a.e. o is a horizontal curve and @ € Qg (u,v). Moreover

/g m)diqle //[01]Q t)|o(t)| rdQ(o)dt =
// )| Wi(2)|ndp(z)dt = // )| pdzdt,

for every ¢ € C(Q). This implies that ig = |w|g and thus Q € QY (u,v).
The monotonicity of G' implies that

Aammm=émmmmm=wmow

hence @ solves (W) and the previous inequality is an equality.
The rest of the thesis follows by noticing that, if @ € QY (u,v), then
|woln < ig a.e. in Q and wg is admissible for (B); hence the monotonicity

of G implies that
&S/ﬂdemmé/G%@Ww
Q Q
]

Remark 20. Let us just remark that the convexity assumption on the function
G : Ry — R, is made to get the existence of minimizers for both problems

but it plays no role in the proof of the equality
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Remark 21. In the proof of the Theorem 4.4.2 we started from a solution to
(B) and we get the existence of a solution to (W), by using the Superposition
Principle. In [29] the authors provide a different proof of the previous result
in the Euclidean setting: this proof is based on Moser’s flow argument, see
[51] and [73], together with a regularization procedure and it doesn’t require
any assumption on p and v. It also works in the Heisenberg setting and we
will use it to prove the analogous result in the orthotropic case, see Theorem
5.1.5.

Remark 22. All the arguments in this Chapter still work if the function
G:Q x R*™ — R, also depends on z € Q. It is enough to suppose that

1. w+ G(z,w) is convex for any x € §;

2. G(x,0) =0, for any = € Q;

3. there exist a function h € L'(€) and two constants a,b > 0 such that
alw|? < G(z,w) < blw|? + h(x),

for any (x,w) € Q x R*",
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Chapter 5

Congested optimal transport in

H" with orthotropic cost

The first part of this chapter is devoted to the study of the equivalence
between the three problems (W), (B) and (D), when the cost function has p-
growth in each direction. In this case, in the Euclidean setting, the problem
(W) is known as the orthotropic congested optimal transport problem: it
arises from the discrete model on networks introduced in [94] and [14], when
the network becomes very dense. See [9] for more details about this topic.

In the second part we will study the Lipschitz regularity for solutions of a
homogeneous quasi-linear equation, arising from this new formulation of the

problem.

5.1 The three equivalent formulations

As in the previous chapters, we consider a regular bounded domain 2 C
H", with C*! boundary.

First, we deal with the orthotropic Beckmann-type problem and its dual
formulation. Second, we treat the orthotropic congested optimal transport

problem and its relation with the Beckmann-type problem.

111
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5.1.1 Beckmann-type problem and dual formulation

Let u consider a non-decreasing and convex function G': Ry — R, such

that

2. there exist a,b € R, and p € (1,00) such that

ai? < G(i) < bi? +1, VieR,. (5.1)

In the remainder of the chapter we will consider a function G : R — R, of

the form ,
G(w) =Y G(lwil), weR™ (5.2)
i=1

Let us just observe that the convexity of the function G': Ry — R, implies
the convexity of the function G : R** — R,. Moreover (5.1) implies that

Gw) > 0y ul > a (Z(w»?) ~ afup, (53)

i=1
for some constant @ = @(n), which in turn implies coercivity of the integral

functional

[P(Q, HO) 5 w /Q > 6w (5.4)

where w = 37" w, X; = (Wy,..., Wy,) € LP(Q, HQ). Similarly

2n 2n
G(w) <> (Olwil” +1) =0 |wil” +2n < b(Jwf” +1), (5.5)
=1

i=1
for some constant b = b(n).

Let f € (HWY(Q)), the Beckmann-type problem reads as

WeLiI(léyHQ) {/Q ; G(|w;(x)])dz : divgw = f} : (5.6)

The coercivity of the functional (5.4) implies a bound on minimizing
sequences, hence, following the proof of Theorem 4.2.2, one can get the exis-

tence of solutions.
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Theorem 5.1.1. The problem (5.6) admits solutions, with finite value, if
and only if f € (HW19). ().

Dual Formulation

This problem admits the dual formulation

sup {—<f790>—/QZG*UXW(@DW}a (5.7)

PEHW4(Q)

where G* is the Legendre transform of GG: in particular it is a convex function
satisfying

1 1
o * o
qbqs 1<G*(s) < qaqs, Vs € Ry,

where ¢ = ]%.

As anticipated in Remark 18, in the next theorem we follow [88] to prove
that
(5.7) = (5.6);

the rest of the thesis follows as in Theorem 4.3.2 and Corollary 4.3.3.

Theorem 5.1.2. If f € (HWY) (Q), then

2n
wELrgl(g}HQ) {/S; ; G(’WZ(x)|)d$ / leHW B f}

= _max {— - | ;G*<|Xm<x>|>dx} .

If in addition G : R, — R, is strictly convex, then the unique solution wy
1s of the form

wo =D (Z G*(|Xi¢o(x)|)> ;

where g s a solution to (5.7) an it solves

divy (D (Z G*(|Xz<,0(x)|)>) =f, inf. (5.8)
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Proof. Let consider the functional
F:(HWH(Q)) - R

defined as

F(h) = weLIglngQ) {/ ZG |'w;(x)|)dx : divgw = f + h}

If h € (HWH) (Q), then F(h) is well-defined and real-valued thanks to (5.5),
the fact that we are minimizing over the set LP(£2, H(2) and Proposition 4.2.1.
Let us compute F* : HWH(Q) — R

F(p) = sup{ —F(h):he (HWl’q(Q))’}

= sup{ / ZG |w;(x)|)dx : h,w such that divgw = f + h}

_ sup{— / (W, Vi) ude — (f,0) — / ZG<|wi<a:>|>das}

~e+ [ 3G (Xl

By definition F**(0) = supge o) {—F ()}; moreover one can restrict
the minimization to the space HW!4(Q) of Sobolev functions with zero mean,

hence sup —F* < +00. By taking the sup on —¢ instead of ¢ we also have

FHO) = sup {—<f,so>— / ZG*<|Xiso<x>|>dx}.

PEHWL4(Q)

If F is convex and ls.c., then F**(0) = F(0) and the thesis follows.

Let us prove convexity: let hg,hy € (HWH),(Q) and set hy = (1 —
t)ho + thy. Let wy and wy optimal in the definition of F(hg) and F(hy), i.e
[o 37 G(|lwi|)dz = F(h;) and divyw; = f+h;. Let w, := (1 —t)wo+twy.

Of course we have divgyw; = f + h; and, by convexity of G we have

F(hy) < /th ))dx < ( 1—t/gwo dx—i—t/gwl

= (1 —t)F(ho) + tF(h1).
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Let us prove semicontinuity: let h, — h in (HW14)'(2). We can suppose
that F(h,) < C < 400, Vn € N, otherwise there is nothing to prove. Hence
h, € (HW19) (Q), ¥n € N. Take the corresponding optimal w,, Vn € N.

We can take a subsequence (hy, )gen such that

lim F(hy,) = liminf F(h,).

k—o0 n—o0

Moreover,
R / G(wn)dx = F(h) < C, Vn €N,
Q

where we have used (5.3) in the first inequality. Hence, up to an extra
subsequence extraction, we can assume that w,, — w in LP(Q, HQ). It
holds that divgw = f + h and, since G is convex, the integral functional is

lower semicontinuous w.r.t. the weak convergence in L”(Q2, H(2), hence

/g ))dx < hmmf/g Wy, (¢

= lim F(h,,) = liminf F(h,).

k—o0 n—00

]

5.1.2 Orthotropic congested optimal transport problem
in H"
As in Chapter 3 we consider i, € P(2). Remember that, given Q €
Qu (11, v), we can define a vector measure wg € M (£, H(Y) defined by

[or-awata= [ ([ totown.omn ) ace)

for any ¢ € C(Q, HQ).
We can think the measure as a vector wg = (Wg, ..., wg') € M(Q, HQ),
where wi, € M(Q) is given by

| e@iwiyo) = [ . ( / 1 @(U(t))di(t)dt) 1Q(0),



116 5. Orthotropic Congested OT in H"

for any ¢ € C(Q). Let us also define the following non-negative finite Radon
measures mb eML(Q),i=1,...,2n:

H>0— /ng(x)dmZQ(x) = /c([o,1],g) L (0)dQ(o),

£io) = / oo (8))]64(0) dt,

where

for any ¢ € C(Q).
For any ¢ = 22" ¢ Xi = (1, . .., ¢an) € C(Q, HQ), we denote by

H>0w Lylo ZLQ

and by mg the vector measure mqg = (mb, e ,mé") e M, (ﬁ, Hﬁ),

/QW) ~dma(r) = /52£¢<o>d62(a).

In particular, for any Borel set A C Q and any ¢ € C.(Q) such that
supp ¢ C A and ||¢]|s < 1 it holds that

] [ o)< [ ( / ool 5:0)at) dQlo)

_ / (@) dmiy (z) < miy(A),

hence

wg < |w22] gng, Vi=1,...,2n
as measures. Similarly, one can prove that

2n

wo < [wo| < mp,
=1

as 1mneasures.

Let us denote by

Qy(p,v) :={Q € Qulu,v) :my € LP(Q),Vi=1,...,2n}.
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Let us just remark that, by definition, given ¢ € C(Q,R.)

[t~ [ ( / o)t ) dQe)
/ . ( / s0lundt) dQ(o) (= [ elaltiole) )
<[ ( [ etow) (;\&ju)r) dt) d@(a)zé [ sty

Hence
2n
my, < ig SZmé, Vi=1,...,2n
j=1

as measures. This implies that

Q(p,v) #0 & Qp(p,v) # 0. (5.9)
Moreover, if Q € Q% (i, v) then wg € LP(Q, HQ) and for any i = 1,...,2n
[wi| < my, a.e. in €, (5.10)

and
2n

|wo| < Zmb a.e. in (0.

=1

The orthotropic congested optimal transport in H" reads as
2n
inf / G(mi(z))dz. (5.11)
Qe (1v) QZZI N
Existence of solutions

Arguing as in Chapter 3 and [43| one can get existence of solutions.

Theorem 5.1.3. Let us suppose that

Qy(,v) #10.

Then, the problem (5.11) admits solutions.
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Sketch of the proof. The proof goes exactly as the proof of Theorem 3.3.8.
Here we highlight the main steps.

Let (Qn)nen C @ (1, v) be a minimizing sequence. Since the measures
miQ are invariant by reparametrization, for any i = 1, ..., 2n, one may assume
that Q, = Q,, for any n € N. Let us consider the corresponding sequences
(Mm@, Jnen, for any ¢ = 1,...,2n: since (Qn)nen is a minimizing sequence,
(5.1) implies the boundedness in LP(Q) of the sequences (my, )nen, for any
1 =1,...,2n. Hence, up to subsequences, we may assume that miQn —~m'e
LP(Q). Since (mf, Jnen is bounded in LP(€), it is also bounded in L'(Q),
for any ¢ = 1,...,2n. As for the proofs of Lemma 3.2.1 and Lemma 3.2.2,
Ascoli-Arzela and Prokhorov’s theorems imply the existence of a measure
Q € P(C([0,1],9Q)) such that Q, — Q in M(C([0,1],R*"*!)) and it is
concentrated on H. Moreover le < m'forany i = 1,...,2n. Hence Q €
Q" (1, v) and thanks to the lower semi continuity of the integral functional

w.r.t. the weak convergence in LP(£)

2n 2n
/ZG(m@)dw < / ZG(mi)dx
Q=1 Q=1
2n

2n
< lim inf/ Z G(myg, )dz = inf / ZG(miQ)dx.
Qi Q

n—00 QEQH(“%V) i=1

]

Characterization of solutions

Arguing as in Chapter 3 and [43] one can characterize the solutions to
the problem (5.11).

If ¢ = 37 6 X = (b1,...,¢2,) € C(Q,HQ), ¢ > 0, for any i =
1,...,2n, we denote by

2n
cs(z,y) := inf {ZL’;(U) Lo € H:”’y} , V(z,y) € QxQ,
i=1

compare with (3.17).



5.1 The three equivalent formulations 119
Let p € (1, %), i.e. ¢ > N, then as in Lemma 3.3.3

|c¢(x1,y) _C¢($2,y)| < C||¢||Lq(Q,HQ)dSR($1,902)a, \V/(%;y), (902,59) € O x(,
and

lcg(z, 1) — co(@,y2)| < CllP||La,mydsr(yi, v2)",  Y(x,y1), (2,y2) € Q x €

for some constant C' > 0, where o := 1 — %.

Hence, if (¢, )nen is a bounded sequence in L9(2, HS?), then the sequence
(¢4, Jnen admits a subsequence that converges in C'(Q2 x Q).
For any horizontal vector field ¢ € L(Q), HQ2) such that ¢; > 0, for any

1=1,...,2n, one can define
¢s(x,y) =sup {c(z,y) :c € C(9)}, V(z,y) € AxQ,

where

C(p) = { lim ¢y, in C(Q2 % Q) : (¢n)nen C C(Q, HQ), ¢4, > 0,Yi,Vn

n—oo

b — ¢ in LI, HQ)}.

In particular, if ¢ € C(Q, HQ), ¢; > 0 for any i = 1,...,2n, then following
the proof of Proposition 3.3.5 one can prove that
Cp = E¢>'

Let now consider Q € Qp(u,v). Then, for any sequence (¢n)nen C
C(Q,HQ), ¢pin >0, for any i = 1,...,2n and Vn € N, which converges to ¢
in L4(Q, HQ), following the proof of Lemma 3.3.7, one can prove that:

(1) (L4, )nen converges strongly in L*(C([0,1],9), Q) to some limit, inde-
pendent of the approximating sequence (¢, ),en, which we denote by
L.

(ii> fg ¢<I> ) mQ(x)dx = fo([0,1]7§) £¢>(U)dQ(U)§
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(ili) Lg(o) > Ey(c(0),0(1)), for Q-a.e. o € H.

Let us suppose that G : R, — R, is such that G(0) = 0 and it satisfies
(5.1) for some p € (1, %) Let us suppose that in addition G is strictly

convex and differentiable, with
0<G'(i)<ciP'+1, Vi>0,
for some constant ¢ > 0.

Theorem 5.1.4. A horizontal traffic plan Q € Q5 (p,v) # 0 is optimal if,
and only if,

1. vg = (e, e1)xQ € II(p, v) solves

inf /  Coo (7, y)dy(z,y),
QxQ

YE (1)

where L1(2, HQ) 3 ¢ = Z% G'(m, ) i = (G’(mb), cee G’(mé"));

2. Q({o € H:L(0) =04,(c(0),0(1)}) = 1.
Proof. See Proposition 3.3.11 and Theorem 3.3.12 for the proof. m

Equivalence between Orthotropic Congested OT and the Beckmann-
type problem

As anticipated in Remark 21, following [29] and [85] we will use the
Dacorogna-Moser construction plus a regularization procedure to prove the
equivalence between the problems (5.11) and (5.6).

Theorem 5.1.5. If Q4 (u,v) # 0, then

2n

min /Q Z G(mg(z))dx

QeQ (1)
eLrglngQ {/ ZG |w;(z)|)dx : divgw = ,u—l/}

Moreover, Q@ € Qy(u,v) solves (5.11) <= wq solves (5.6) and wh| =
mi,¥i=1,...,2n.
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Proof. The non emptiness of the set Q% (u,v) implies that (5.11) < oo,
(5.6) < 400 and the existence of minimizers, otherwise there is nothing to
prove.
The inequality (5.10) and the monotonicity of G : R, — R, imply
2n

min / Z G(ij(x))dx

QeQy (nr) Ja i

> weLr?plQnHQ {/ ZG (lw;(z)|)dx : divgw = p — 1/}

Let us take a solution w = ZJQL w,;X,; € LP(Q, HQ) to (5.6) and let us find
a traffic plan Q € QY (i1, v) such that még < |wj| for any j = 1,...,2n, as
measures. Such a traffic plan will be a solution to (5.11).

We extend w by 0 outside €2 and we consider the horizontal vector field

we = 32" wiX; € CF° (., HQ.), where

wi(r) == pexwy(z), Vji=1,...,2n,

pe is a mollifier for the group structure of H" and Q. := Q- B(0,¢). A simple

computation implies that
divgw® = u° — 7,
where we are supposing that both p and v are extended by 0 outside €2 with
W=pexp+e, vV=p.xv4+eecC™
Let us introduce the non-autonomous horizontal vector field

e  wo(x) . —
wo(t,x) = =(0)’ V(t,x) € [0,1] x €,

where
wE(z) = (1 —t)p(x) +tr°(x) > e >0, (t,z)€]0,1],x0.. (5.12)

Let us notice that w*(t,-) € C§°(Q, HSY.), for any ¢ € [0,1], and, for any
€ > 0, it holds that

ue —v° =divgw® = divew®,
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where div. denotes the e-divergence, for a fixed € > 0, see (4.16).
In particular, this implies that the curve i satisfies the following initial

value problem for the Riemannian continuity equation

O\ + dive (W) = 0,
' (+°3) (5.13)
)\0 = [LE.

Since W* is smooth, the unique solution to (5.13) is given by (V=(¢,-)), p°,
where

W, :[0,1] x R#H — R+

is the flow of the vector field w° in the Riemannian sense,

LWe(t,x) = wo(t, U.(t, x)),
ve(0,2) = x,

with U¢ = id. Hence

[0,1] xR2n+1\ (Q,)

(W5 (t, )y =T, Vi€ [0,1]

If we denote by
P : 0. — (o, 1],55),

the trajectory map, i.e. ®°(x) := We(-, x), then the measure
Qe = (q)a)# NS M+<C([0> 1]755))7

satisfies

(€)y Qe = (610 @),y = (U5(t,-)) u p° =i, Yt €[0,1];
in particular,
(e0)y Qe =1 (e1), Qe =1~ (5.14)

By construction (). is supported on the integral curves of the horizontal

vector field w* and the definition of Q. = ®%p° and a change of variables
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imply

/ Isnlo)iQ.(0) = /(/ W twm»mdt) “(@)ds

) ( () ) ) o = /01(QE|W€(t,y)!Hﬂf(y)dy)dt

/ (W W)ludy < Wil @m0 < L0 )l/qHWHLP(Q,HQ) < +00,

because w is a solution to (5.6).

Hence, one can define the measures mjés e M, (ﬁa) associated with Q).

[ e @i= [ ([ statipiso) ao.o)

for any ¢ € C(£2.). Moreover, the definition of (). and a change of variables
imply

[ etartndy o) = [ ([ ot nwsio vl ) oy

- [ ([ ettty )ai= [ commiluds. 515

for any ¢ € C(£.); hence ngi = |w5| € C5°(§2) and again
I lrr .y = IW5llzren) < L)Y Wl om0y < +00. (5.16)

Analogously we may define and compute the measure wg_ € M(Q., HQ,)
associated with Q.: given ¢ € C(Q., HQ.)

[ oto)-awo. (o= [ ([ 00wt w0 o) o)
~ [ 0w W)y

hence wg. = w* € C§° (2., HQ.).
We may consider (Q:).>o as a sequence of measures in C'([0, 1],€), which
may not be probability measures, for some compact set ' C H", such

that Q C Q. C ', for any . Since both mg. and wg_ are invariant by
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reparametrization, we may suppose that (). is supported on curves parametrized

with constant speed, for any . Hence, the sequence (Q.).~0 C M (C([0, 1],€))

is tight. Indeed, the sets {o € H([0,1],) : |6|y < K}, for any K > 0 are

compact by Ascoli-Arzela Theorem. Moreover

Q. ({o € H([0,1],2) : |d|H > KY) = Q. ({o € H([0,1],) : lgp(o) > K)

m £2n+1 0 1/q
< b [ o dm<_z [ g (@) < P

thanks to (5.16). Hence, (Q.).>0 is tight, and thus admits a subsequence
that weakly converges to some @@ € M (C([0,1],€Y)). It is obvious that @

is concentrated on curves valued in Q. In particular
Q € P(C([0,1], ), (5.17)

since by definition it holds that
Q01,2 = [ weyto = [ pr(a)dn =1+

Letting € tend to 0 we have the desired result.

Moreover, following the same proof of [43, Lemma 2.8|, one can prove
that @ is concentrated on H ([0, 1], Q2'); hence, letting ¢ tend to 0 and using
(5.17), it follows that in particular @ is concentrated on H.

Since Q. — @, then (5.14) passes to the limit, hence

QE QH(M’V)'

In the end, mjég = |w5| converges to [w;| in LP(€Y'), hence it converges to the
same limit in M (€©'). Then, for any ¢ € C(H"),

/ () |w;( \d:c—hm/ 2)|da

i / oo <>>|erj<t>|dt) 10.(0)

> [ ([ i) ae) = [ et
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by the lower semicontinuity of the map @ — [ ([ ¢(o(t))|o(t)|ndt) dQ(o)
with respect to the weak convergence of measures. In particular this means
that

ng <|w;| € LP(), Vj=1,...,2n,

hence
Q€ Qylp.v).
By using the monotonicity of G

/QJZ:;G(még@))de/Q;Gﬂwj(mﬂ)dx: (5.6).

Hence, taking the infimum over the set Q5 (u,v) on the left hand-side, we
get (5.11) < (5.6) and hence the equality between the two minimal values
follows.

The rest of the thesis follows by noticing that, if Q) € @Z(M, v), then
|w’Q| < mé a.e. in Q, Vj =1,...,2n, and wg is admissible for (5.6); hence

the monotonicity of G implies

(5.6) gLZG(|wg(x)|)dxg/QZG(mg(x))dx.
]

Remark 23. The previous argument shows how to construct a minimizing
sequence for the problem (W), starting from a regularized solution w to
(B). In the Euclidean setting this regularization procedure is not needed if
the vector field w and pu,v are smooth enough: this is why one can define
the flow in the classical sense, if w is Lipschitz, or at least in the weaker
DiPerna-Lion sense, if w is in some Sobolev space, see [30, Section 3.3]. In
the Heisenberg setting this regularization procedure is necessary, since the

notion of flow is not well-posed, even if o € Lip(€2, dgg), see [68].

Corollary 5.1.6. Letp € (1,00) and q = z%’ then

Q% (1, v) # 0 = Qpy(p,v) # 0 = p—ve (HW) (Q).
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Proof. Thanks to Lemma 4.1.1 and (5.9) it is enough to prove that, if u—v €
(HW'9). (), then QY (u,v) # 0. This follows from the proof of Theorem
5.1.5: indeed, starting from a solution w € LP(Q2, HQ)) to (5.6) one can find

a sequence (Q:).., of measures weakly converging to a @ € Qf (i1, v). m

5.2 Local Lipschitz regularity for solutions to a

pseudo ¢-Laplacian type equations in H"

In this section we study the local Lipschitz regularity for solutions to an
equation of type (5.8), in the homogeneous case.

Let us consider 1 < p < 2 and the function G : R — R,

"L (w;)? 4 (wign)?)P/?
Gy = 3 (09" + (wien )P

1=1 p

Hence, the function G* € C%*(R?") is

" ((2)2 + (2i40)2) 92
6 (o) = 3 ()7 ()

i=1 q

where g = ]% > 2.

Let us consider the equation
divg(DG*(Vyu)) =0, in . (5.18)

The gradient DG* of the function G* is

DG (2) = (22 +22.,)"7 2,

q—2

DiJrng*(Z) = (212 + Z'L'2+n) : Zitn,
for : = 1,...,n. Hence, the equation (5.18) reads as

n

Z {Xi <(’qu|2 + ’XnHU’Q)q%Q Xﬂb)

i=1

+ Xy <<|qu|2 + |Xn+iu|2)q% Xn-l—iu) } =0,
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The eigenvalues of the Hessian matrix D?G* are
Xi(2) = (2 + 22,,) 22,
Nien(2) = (¢ — 1) (2] + Zi2+n)(q_2)/2 = (¢ — 1)Ai(2),

for i = 1,...,n, hence the following growth condition holds
Y NE)E + 640 SADPG()E,) < (g = 1) Y A(=)(E + 60,
i=1 i=1

for any & € R?",

Definition 5.1 (Weak Solution). We say that a function v € HW(Q) is

a weak solution to the equation (5.18) if

2n
> / D;G*(V gu) X;pdx = 0,
i=1 7§

for any ¢ € C°(Q).

Let us remark that the ¢-Laplace equation degenerates at z = 0, while
equation (5.18) is much more degenerate, since it degenerates in the bigger

set .
i=1

Let us spend few words about the restriction ¢ > 2. If ¢ = 2, then
equation (5.18) is the sub-Laplacian Ayu = 212:1 X?u = 0 in §, for which
the smoothness of solutions directly follows from [63]. If instead 1 < ¢ < 2,
then (5.18) has the ¢g-Laplacian-type structure: indeed, in this case ¢ —2 < 0
and \;(z) > |2]972, Vi = 1,...,n, hence

(D*G*(2)&, &) > nlz|"?|¢P?,

while of course
|DG*(2)| < 27"

In this case the optimal regularity is the Holder continuity for the horizontal

gradient of solutions, see [75].
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5.2.1 Riemannian approximation scheme

In the spirit of [38], [40] and [41], we introduce the Riemannian approx-
imation procedure in order to get a priori estimates for weak solutions of
(5.18).

Let us recall that ¢ > 2. Then, for any 6 € (0,1) we denote by

o

Na(z) = (5422 + 2,)"7

and

for any ¢ € {1,...,n}.
It follows that

e \is(2) = \i(2) uniformly for z € R*, as 6 — 0.
o A;s(z) = D;G*(2) uniformly on compact subsets of R*" as § — 0.

Now, for any € > 0 and for any z = 3" 2, X¢ € R***! we denote by
=30 mXE =37 %X, € R, Moreover, let us denote by

16',5(2) = (62 + Zi2 + Zi2+n + Z§n+1)(q72)/27 (519>

for any i € {1,...,n} and by

2n+1 5 Z )\

Let us consider now A§ : R?"™! — R?"*! defined component-wise by

A§,5(z) = AE,&(Z)%
Ay 5(2) = X p(2) i, (5.20)

€
A2n+1,5(2) Aont1,5(2) 72011 = E >\j5 )Z2n41-

for any i € {1...,n}. If we now denote 2° = anl 2 X5 + €29p41X5,, 1, then

(=) — Nislen)
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for any ¢ € {1,...,n}, hence
25( 2°) 6—> D,G*(zp),Vi € {1,...,2n},
e—0

while for i = 2n + 1 one has

ont1,5(29) = €Agnp1,6(2) 22n11 o 0.
Let us take j € {1,...,2n+ 1} and i € {1,...,n} and let us compute
ajAzE',é(Z) - (q - 2)(5 + Zz2 + zl'2+n + Z§n+1)(q_4)/22i
(26054 + ZisnOjitn + Zont10j2n41) + (6 + 27 + Zi2+n + Z§n+1)(q72)/25j,i7
and
@-A;W;(z) =(q—2)(0+ 222 + Zi2+n + Z§n+1)(q_4)/2zi+n
(2051 + ZienOjivn + Zont10j0m1) + (0 + 27 4 221, + 25031) D265

If i = 2n+1, let us denote by A, ; 5(2) :== (6422 +22,,+23,,1) 2 229011,

hence

2n+1 5 § A2n+1 i, 6

and

;A% 1 4( Z 0; A% 11.46(2)

= Z [(q_2)(6+Zi2+zi2+n+zgn+l)(q_4)/2z2n+1 (65,62 + 0jignZign + 0j2nt122n41)
i—1

F (6427 + 2 + 2500) 2601 |-

We compute

ajAlE', ( )£Z€J + a Aern 5( )£i+n£j = (q - 2)(6 + 21'2 + Zi2+n + Z§n+1)(q74)/2
(2i€i&j + zisn&itnS)) (21050 + ZignOjitn + Z2nt102n11)
+ (0 + 27 + 27, + Z§n+1)(q_2)/2 (0;,i&&5 + 05.iwnitnt;)
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and

0; A2n+1 ) £2n+1€j Z 9; A2n+1 i, 6 £2n+1§j

- Z [(q - 2) (5 + 212 + Zi2+n + 222n+1>(q74)/2

i=1

Zon4182n418&5 (26055 + Zign0jivn + Zon+1052n4+1)
+ (6 + Zz2 + Zz'2+n + Z§n+1>(q72)/26j,2n+1£2n+1£j .

Hence, for any £ € R?**!

2n+1

D045 5(2)6;

7,7=1
2n+1 n 2n+1

=D (9545 5(2)685 + 0145, 5(2)Ei4n€)) + }ja@ﬁw 2)Eans1é;
7j=1 =1

- Z {(q —2)(0 4 27 + 2 + 20y ) VP26 + zignbivn + 220n1€oni1)

+ (6 + 212 + Zi2+n + Z§n+1)(q_2)/2(5i2 + £z2+n + 522n+1>:|
> Z)‘ £2+ z-i-n_'_fgn-&-l)'

Hence we can conclude that A5 = (A$;,..., A5, ;) : R¥™ — R satis-

fies the following structure condition

2n+1

Z )\ 5 + gn—l—z + €2n+1 Z 8 A 57'5]

i,j=1

< LZ)\ 62 +§n+7, +5§n+1)7 (521)

for any ¢ € R*"*™1 where L = L(n,q) > 1 is a constant.
We now consider the equation

2n+1

> Xi(Ai5(Vew)) = 0. (5.22)
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Definition 5.2 (e-Weak Solution). We say that a function u® € W14(Q),
see (1.19), is a weak solution to the equation (5.22) if

2n+1
Z/ s(Vau) X pdr = 0,

for any ¢ € C°(Q).

From the Euclidean and Riemannian elliptic theory it follows that every

e-weak solution u€ is smooth, that is u¢ € C*°(Q).

Caccioppoli type inequalities for the first derivatives of solutions

The aim of this subsection is to get higher regularity estimates for weak

solutions u¢ to (5.22) that are stable in € and ¢.

Through the whole subsection, with an abuse of notation, we will drop

the indexes € and we will denote by u a weak solution to (5.22).

Lemma 5.2.1. [Caccioppoli for V.u| There exists a constant ¢ = ¢(q,n, L) >
0, independent of € and &, such that, for every weak solution u € W14(Q) to
(5.22), for every 5 > 0 and for every n € C°(2) one has

B
2

/772 (0 +|Veul?)
Q

Z)\ |v X6u|2 |V z+nu|2 |v X2n+1u|2) d$ S

B+2
/ (902 + 1 Xamn) S N5 (Vo) (5.4 9,2) F

=1

+c(B + 2)4/ (6 + [Veul?) Z)\ (Veu)| Xopy1ul*dr.
Q

w\m

Proof. We use ¢ = Xf(n* (0 + |Veul|?)? Xfu) as test function, with [ €
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{1,...,n} and 8 > 0, in the weak formulation

2n+1
/ZA (Veu) Xfhdx

2n+1

/ZA (Vew) X5 (X5 (n° (6 4 |Veul?)? Xfu))d =

w\m

2n+1

- X AT X 5+ V) X

- / 15 (Vi) Xomir (7 (5 + [Vul?)? Xfu)de =

w\m

Ju)dx

w\m

2n+1
8
= [ G V) S 0,5V XXX Xuda
Q ij=1
2n+1

+/ (6 + [Veul?) Z@Anﬂg Veu) Xi X5uXo, ude
Q

2n+1
/Xlu28A (Vew) XFX5uX:(n? (6 + |Veul?)

i,7=1

B
2

)dx

B
2

_ / Ay 5(V0) Xomr (7 (6 + [Veuf?) ® Xfu)der
Q

Hence

2n+1
B
/ 7 (3 [Veuf2) T 3 045 5(Veu) X XuX Xfuda
Q ij=1
2n+1
/Xz w3 0 AL 5 (Vo) XEXuXE((5 + [Veul?)

2,j=1

o[@

Ydx =

2n+1
B
—2 / nXiu (6 + [Veul?)? Y 0545 5(Veu) Xf XsuXndx
& ij=1
2n+1

+/ (6 + [Veul?) Z 05 A5 415(Veu) Xy XiuXon ude
Q

_ / Ay (V) X (7 (6 4+ |Veuf2) ® Xfude = I+ 1L+ I,
Q
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Ifle{n+1,...,2n}

52t
/ n* (0 +|Veul?)? Z 05 A5 5(Veu) X[ X5u X[ Xudr
Q ij=1
2n+1
/Xﬁun Z O AS 5(Veu) X X5uXs((6 + [Veul?)

2,j=1

N[

)dz =

2n+1
B
-2 / nXiu (6 +[Veul?)? Y 0;A5 5 (Veu) Xf XsuXndx
Q ij=1
2n+1

—/ (6 4 |Veul?) Z@Al no(Veu) Xy X5uXon ude

ﬁ
2

/Al ns(Vew) Xoni1(n® (6 + |Veul?)® Xju)de = If + I, + I,

In the end, if I = 2n + 1, then [X§,  ,, X¢] = 0,Vi = 1,...,2n + 1 implies
that 15" = 0 and 13" = 0. Hence

2n+1

B8
[ G V) ® 3 0,5,(9.0) X5, 1 XX, Xuds
Q ij=1
2n+1 8
[ Xyt 3 0LV X, XuXE((6-+ V.al?) o =
2,j=1
2n+1
-2 / NX5, 0 (6 + | Veul?) Z 0; AL 5(Veu) X5, oy XSuXndw =: I
7,7=1

Let us consider the second integral in the left hand side, forany [ = 1,...,2n+
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1:
2n+1 5
/Xﬁun Z O AL 5(Veu) X X5uXs((6 + |Veul?) ?)da
3,0=1
2n+1 2n+1
—ﬁ/ (6 + [Veul?) Z@A VquXequuZXXkuXkudx
i,7=1 k=1
g2 2n+1 2n+1
— 3 / (04 Veul?) = Y A (V) Xf X fuXfu » X XjuX ude
@ i=1 j=1 k=1
52 2n  2n+1 2n+1
—l—ﬁ/ n”? (0+|Veul?) = Z Z 0; A5 5(Veu) X X5uXiu Z X XjuXgudx
Q i=n+1 j=1 k=1
2n+1 2n+1
—i—ﬁ/ n* (0 +|Veul?) Z 05 A5, 11.6(Veu) X7 XjuXju Z X5, 1 XpuXpude
@ k=1

where we just separated the summation in . Since the only non-trivial

bracket-relations between X; and X, for any i,k =1...,2n+ 1, are

[(Xf, Xi] = Xop1, ifk=i+nandie{l,...,n},
(X6, Xi] = —Xong1, ifk=i—nandie{n+1,...,2n},

we get
52 n 2n+1 2n+1
3 / 6+ V) T S Y A (Va XX uXu S XX uX ude
Q i=1 j=1 k=1

n 2n+1
1 [ (54 19l) = D03 AL (V) XXX Xan X,
& i=1 j=1
2n  2n+1 2n+1

+ﬁ/ (6 + [Veul?) Z Z@A Vu)XlXEquuZXkXeuXkudx

i=n+1 j=1 k=1
2n  2n+1

—ﬁ/ (6 + |Veul?) Z D 04 (V) X X§uX fuXonuXyude
i=n+1 j=1
2n+1 2n+1

+8 / n* (6 +|Veul?) Z 1A, 1 5(Ve) Xf X5uXfu Y - XpXs, uXfudz,

Q

k=1
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which in a more compact form is equal to

2n+1 2n+1
=3 / (6 +[Veul?) Z 0345 5(Veu) X X§uXfu Y - XeXfuXgudx
4,j=1 k=1

—1—5/ (6 + |Veul? ) = XontruXju(JAS(Vu) X;V u,

(X5, Xsu, —Xiu, ..., —X5u,0))dz,

where JA§ = (9;AS 5) denotes the Jacobian matrix of A5 in R?"*1. Denoting
by I! the last 1ntegra1 and summing the above equations for all [ from 1 to

2n + 1 we get

2n+1
B
/ 0 (04 |Veul2)? D 05455 (Veuw) Xf XsuX[ X ude
{ i,7,l=1
2n+1
+8 / 7 (0 + [Veul?) Z 0, A 5(Veu) (V. XS, Vel (V Xu, Veu)de
L i,j=1
2n+1
=y (B+L+L-1).

1=1
The second integral in the left hand side is always positive, hence by (5.21)

2n+1

(LHS) 2/ (6 +|Veul?)

ZA (XFXfu)? + (XFXS u)? + (Xf XS, qu)?) do

:/ (6 +[Veul?) Z)\
Q

(IVeXul? + [V X5y ul? + VXS, ul?) de.

N1y
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By the structure condition (5.21) and Young’s inequality it follows that

2n+1
g §2/77(5+|V6u| Z@A (Veu) Xy X5uXindr
Q 2,j=1
]
2

< CT/ n* (5 + |V€u|f)
Q

ZA ) (IVeXiul? + |VeXful + VX5, puf?) da

c
- ) . s s nl7d
+7_/Q(+|Vu| Z (Veu)|Ven|dz,

for all I € {1,...,2n + 1}, where ¢ = ¢(¢,n, L) > 0. For 7 small enough the
first term can be reabsorbed in the (LHS).

Let us estimate I%, for [ € {1,...,2n}: again by (5.21) and Young’s

inequality we have

B
2

|| < c7‘/Qn2 (5 + |V5u|2)

Z)\ ) (IVeXful? + |V X5 ul? + Ve X, ul?) do

c
+T/Q (6 + [Veul?) Z)\ (Veu)| Xopy1ul*do.

As before, for 7 small enough the first term can be reabsorbed in the (LHS).

In order to estimate I, for all [ € {1,...,2n}, let us compute

B B
X2n+1(772 (5 + |V€u|f) > Xju) = 2nXonan (5 + |Veu|§) * Xju
2n+1
B
+ 802 X5u (6 + |Veul?) Z XiuXf Xonputn® (0 + |Veul? ) X Xon .
k=1
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Ifle{l,...,n}

N1

I = —2/ N Xon1n A7 15 (Veu) (0 +[Veule) * Xude
Q

2 2 % € €
— [ 6 V) A (90X Xy
Q

2n+1

_3 /Q X (54 [Vaul2) T A% 5(Va) S XuX Xy uda
k=1
= ]zlm + I:l’,,z + ]é,?,v
otherwise [ € {n +1,...,2n}
IL=2 /Q NXont1nAj_, 5(Veu) (5 + |V6u|f)§ X udx

2 2 g
+ / 0 (64 |Veul?)® A, 5(Veu) X; Xoni1uda
Q

2n+1

lefn,S(veu) Z X;UX]:XQn+1Ud.I'
k=1

B—2
2

L8 / X (5 + |V ouf?)
Q
=: Iil’,,l + ]zla,2 + I:lz,sv

By (5.20) it follows that

[¥]ie

Bl < ¢ [ alXavianl (6-+ V) X p(V)| X7l X o
sz
<c / | Xonnl (04 [Veul?) = D X 5(Veu)da,
Q i=1
for any [ € {1,...,n}; analogously if l € {n+1,...,2n}
l 2 % - €
|—,3,1| <c [ nlXans17| (5 + |V€u|e) Z /\i,é(veu)dx'
Q i=1
Hence

sz
L <e / M o] (5 -+ [Veul?) T 574 (Veu)de,
1=1

for any [ € {1,...,2n}, where ¢ = ¢(q,n, L).

137
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In order to estimate 1. 5’2, we integrate by parts and we compute the deriva-

tive of the integrand function: hence for [ € {1,...,n}

1 €l 2 2 g €
[3,2 - /QXI (n (5+ ‘Veu’e) An+l,5<veu))X2n+1Ud$

2n+1

—/ (6 + |Veul?) Z 05 A5 11.6(Veu) Xy X5uXo, rudz
Q

8
+ 2/ XA s(Veuw) (6 4 [Veul?) ® Xopirude
5 , 2041
2 pe €
+ 8 / A s(Veu) (64 |Veul?) Z XfXfuXiuXopude. (5.23)
k=1

The first integral in (5.23) can estimated as I}, hence we will estimate the
last two of them: again by using (5.20) and Young’s inequality, the second
term in (5.23) can be bounded by

c / HIXEnIA (Vo) (5 -+ [Veul2) ® (X5 ul| Xonsyulda
< nlvemZA ) (6+ IVeu2) F | Xanarulde
<c [ @+ vap) w?ZA
+c/Q (6 + |Veul?) Z)\ (Vew)| Xonul?de.

for some constant ¢ = ¢ (n, g, L). While for the third one we use [ X[, X[] =
Xopy1 if k =1+ n, then

2n+1

5
6 / W AS L s(Veu) (6 + [Veul?) Z XX fuXiuXopude
k=1
B 2n+1
_y / AS 5(Vew) (6 + | Veul?) Z X XfuXiuXonyqude
k=1

—l—ﬁ/ A s(Veu) (6 + | Veul? ) = X ulXopulde (5.24)
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(by (5.20) and Young’s inequality)

8
< cﬁ/ n* (5 + |V€u|f) > N s(Veu) |V XTul| Xon1ulde
Q
+cﬁ/ (64 |Veul?) Z/\ (V)| Xopy1ul*dw
< CT/ 2 (64 |Veul? )7 s(Veu) |V Xful*dw
B
(6 4+ |Veul?) Z)\ (V)| Xopg1u|?dx
+c / (64 |Veul?) Z/\ (Veu)| Xony1ul*d
Q

<er / 7 (64 Vul2)E A 5(V.)
Q

(\V Xiul* +|V.X +lu|2 +|V.X n+1u]2) dx

139

—|—c(1—|—ﬁ?)/Q (6 + [Veul?) Z)\ (Veu)| Xop 1ul*dx,

where again ¢ = ¢(q,n, L).

Ifle{n+1,...,2n} the same bounds hold for ]:5)72, hence:

2n
|ZI§72|gCT/ (6 + [Veul?) ZA
=1

(\V Xiul* +|V.X lu|2 + |V XZnHu]Q) dz

—I—c(1+ﬁ_)/ (6 + |Veul?) Z)\ (V)| Xopgrul*dr.
T Q

I% 5 can be estimated as (5.24).



140 5. Orthotropic Congested OT in H"

In the end, for I} it holds

((XFXFu)” + (XX ) + (X[ X5, yu) ) (ZA VuWuP) dr <

CT/ n? (5 + |V6u|f)
0

D N s(Vew) (VeXfu)? + (VX u)’ + (VX5 u)?) de

i=1

B
2

c3?
— 5 \V4 )\ (Veu)| Xap d
+ - /Q + | u| E u)| Xopy1ul*dr,
and the thesis follows. O]

In order to handle the term
/ (6 + |Veul?) Z)\ (Veu)| Xopq1ul|*dr,
Q

we adapt to our case the mixed Caccioppoli-type inequality in Lemma [95,
Lemma 3.5]. The first step is to prove the following Caccioppoli-type in-

equality for X3, u.

Lemma 5.2.2 (Caccioppoli for Xy, u). There exists a constant ¢ = c¢(q,n, L) >

0, independent of € and &, such that, for every weak solution u € Wh4(Q) to
(5.22), for every 5 > 0 and for every n € C2°(2) one has

/772|X2n+1u|6

Z Aj s ( (X5 X2n+1u) + (sz+z‘X2n+1U)2 + (X§n+1X2n+1u)2>da7

/|Ve77| |X2n+1u| Z)\,“g V U)|X2n+1U| dx.

=1

<<5+1
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Proof. Let us consider ¢ = Xoni1(n?| Xons1u|? Xopy1u) as test function in

the weak formulation.

2n+1

/A X2n+1(77 |X2n+1u| X2n+1u))d$

Since the vector field X5, 11 commutes with X, forany i =1,...,2n+41, an

integration by parts gives

2n+1

/77 |X2n+1u| Z 8 A V U)X X2n+1UX X2n+1udx
7,7=1
2n+1
/ Xongat Y 05 A5 5(Ve) X5 X uXs (7| Xans1ul”)dz
2,7=1

By derivating on the right hand side, one get

2n+1

/77 | Xont1ul? Z 0 Af 5(Veu) X5 Xop 1uXi Xopudr
2,0=1
2 2n+1
S m / 77’X2n+1u|5+1 Z ajAf,5<V6u)X;X2n+1UX:77dﬂj
Q Py

By the structure condition (5.21) it follows that the left hand side

(LHS) 2/77 | Xops1ul” Z)\ cu)

=1

((X5X2n+1u)2 + (X5 Xons1u)® + (X§n+1X2n+1U)2>dl'

As for the right hand side, again by the structure condition (5.21)

2n+1
(RHS) < T / |X2n+1u| Z 0, A VEU)X;X2n+1UXfX2n+1udx
i,7=1
. 2n+1
ICESIE / [(Xongrul™*2 Y 0;A405(Veu) XinXndz = I + I,

2,7=1
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I; can be reabsorbed in the left hand side, for 7 small enough while

I Xopyrul T2V XS5
< 0 [ X n|Z

The mixed Caccioppoli-type inequality in this case reads as:

Lemma 5.2.3. There ezists a constant ¢ = c¢(q,n, L) > 0, independent of €
and &, such that, for every weak solution u € W14(Q) to (5.22), for every
a, > 2 and for every n € CX(2) one has

/f277&+2|X2n+1u‘ﬁ Z Ao (Ve )QV Xiul+|V. z+nu‘2+’v€X5”+1u’2> dv <
i=1
< Co/ 1 (6 + [Veul?) | Xon1ul”?
Q
ZA ) (IVeXiul® + VX ul? + VX5, ul?) do,

where ¢y = c(q,n, L)((a+2)? + (8 + 1)?)||Ven|l% -
If a = 3, then

[ Xl Y NSV ) (19 X0V 49X, d <
=1
< / 0 (6 + [Veul?) | Xonrul’
Q
Z/\ ’v ‘X€u|2 ‘V z+nu|2 |V X2n+1u|2) dl’,

with co = 2¢(B + 2)?||Venl|2 -

Proof. Let n € C°(Q2) be a non negative cut-off function, [ € {1,...,2n+1}
and consider ¢ = X{(n°*?| Xons1u|? Xfu) as test function. Let us compute

the derivative

X (0T Xopsrul’ Xfu) = (a4 2)n* T X | Xops1ul’ X u
+ B Xop i1t 2 Xop 1 uXfu X Xop 1+ 172 Xop 1 ulP XEXFu
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Let us suppose that [ € {1,...,n}, we obtain

- / XA 1 5(V0)) X rt] Xyl P2l —
Q
2n+1

—(a+2) Z/Xl (V) X 0| X u P X nda+

+ / X1 (A 1 5(Vet0))| Xom 10l Xun™?du—

2n+1

.y Z / X (AS 5 (Veu) X5 Xop 1 uXiu| Xonau|” ™ Xopprun®da

=1+ I, + I, + I, (5.25)
From the structure condition (5.21) it follows that

@HS) 2 [ Xl
Q

ZA (XFXFu)? + (XX u)* + (XX, u)?)da.
We will prove that

|Illc‘ < CT/ 77a+2’X2n+1U|ﬁ
Q

Z)\ ) (IVeXiul? + |V X5 ul® + VX5, ul?) do

c(a+ 2% Ven|12,
T

/ 7 (6 4+ [V euf?) | Koyl
Q

D X5 (Veu) (IVeXiul® + [V X7 ul* + VX5, [°) do, (5.26)

i=1

for some ¢ = ¢(q,n, L) > 0, for any k = 1,2, 3,4.
Let us start by estimating I!: via the Cauchy Schwartz inequality and



144 5. Orthotropic Congested OT in H"

the structure condition (5.21) we have

CT
7| < / P X 1]

IVenllZ
Z)\ (X5 Xon1u)? + (X5 Xonpaw)® + (X5, Xonru)?) da
+ 1)+ (a+2)%)||Venll% N _
Q
ZA (XFXfu)? + (X X5 u)® + (XfuXs, u)?) da,

where ¢ = ¢(q,n, L) > 0. By Lemma 5.2.2 the first term can be bounded by

TC/ T]a+2|X2n+1U|ﬁZ)\E’é(V€U)|X2n+1U|2dI. (5.27)
Q i=1
Let us observe that, by definition

Z)‘ V u ’X2n+1u‘ - Z)‘ V u)‘XG :L-H X:L-HXGUP

=1

<Z>\ ) (IVeXful® + | VX5, ul?)

< Z)‘ |V ‘)(Eq“b|2 + |V n+zu|2 + |v X2€n+1u| ) (528>

where in the last inequality we simply added a positive term.

Hence, (5.27) can be bounded by

or / 2 X1l S N5 (V )
Q

=1

(IVeXiul® + |V X5 ul” + [ VeX5, qul?) da,  (5.29)

which will be reabsorbed in the left hand side for 7 small enough.
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Let us estimate I}

2n

/ Z@ Al s(Veu) X5 Xon 16| Xopyrul? Xfun®™? <

j=1
< Xopi1U s
Hwﬂl? / "Xl Z
((XfXgnHu) + (Xn+iX2n+1u) + (X2n+1X2n+1u> )dl‘—i-
C v€ go o €
—i—u/n | Xoni1ul? (5—|— |Veu\f) 1s(Veu)dr,
Q

where ¢ = ¢(¢,n,L) > 0. The first term can be handled by using Lemma
5.2.2 and (5.28), hence it can be bounded by (5.29); while for the second we
use (5.28)

c||VenllA o _ P
—H TTIH /77 ]X2n+1u|6 2 ((5+ \Veulf) 175(V6u)]X2n+1u\2dx <
Vnll?

(a +2)%[[Venll2,

/776|A)(2n+17~t|ﬂ_2 (6 +[Veul?)
Q

-
Z N 5(Vew) (Ve Xiul® + [V XEul* + |V X5, ul) de
Let us estimate
2n+1
IL = —(a+2) / | Xoppu|Pn>t? Z ;A5 5(Veu) X; XuXjuX ndz.
7,0=1

From (5.21), Cauchy-Schwartz’s and Young’s inequalities

CT
|[l| Hv 77H2 / +2‘X2n+1u‘5+2

S N (V) (X 4 (X + (X))

c(a+2)*[Ven|l2,
T

/ 7 (64 [V ul?) | Xopsnu)
Q

ZA ) (IVeXul? + VXl + VX, 2) da
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By using (5.28) the first term can be bounded by

CT/ 72| Xopiqul” Z)\;é( u) ([VeXiul? + |V X5 ul® + [ VXS, qul?) do
0

=1

In the end

= (B4 1) [ Xl A (9 0) X X~
Q

— (@ +2) / N KXo 1u|® Xonsud 5 (Vew) Xinde = I + 11
Q

As for I} 1, (5.20), the Young inequality, (5.28) and Lemma 5.2.2 imply that

< (B4 1) [ 0 Xl X X0 (T Xl <
Q

CT

< -

~ [Venll%

& +1 2 Ve go

(B+1D?[Venll /na|X2n+1u|5 (6 + IVeul?) X 5(Veu)da
Q

-
cT
< —Hv M /5277&+4|X2n+1u‘ﬁ
€ [ele}

Z XS s (X5 Xong1u)? + (X5 Xonpw)® + (X5, Xons1u)?) da

/77a+4|X2n+1u|ﬂ>\ze,5(veu)(XfX2n+1U)2dl’
)

C +1 ve Zo
o >TH ul [l 6+ V. ZA (Vo) X ruda
< 07/77&+2|X2n+1u|/3
Q
ZA ) (VXiul + VXl + VX, ul) do

+ 1)?IVen||A N _
(6 ) H 77” /7] (5 + ’veu|z) |X2n+1u|5 2
Q

T

ZA ) (VeXGu 4 VXl + (VX5 ) de.
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while for I{,, (5.20), the Young inequality and (5.28) imply that

I, < (a+2) / TN §(V.0) [Vl V][ Xl
Q

CT

< i [ 0PN (Vo) Vel Xy 10l 2d

HVenHio/n LoVl enl | X

cla+2 2 ve go «a €

( )TH Ul /7] | Xon 11|’ (6 +|Veul?) 1s(Veu)dx
Q

< CT/ 2 Xopp1ul’ Z)\ (Veu)| Xopg1u|*dx

cla +2)*[Venll3

/77 | Xops1u|? (6 + [ Veul? Z)\ (Veu)| Xopg1ul*dr

T i=1
< CT/?]a+2‘X2n+1u’B
Q
ZA ) (IVeXul? + |V Xg gl + VX, yul’) do
CY+2 ve C2>O o -
( V’IIVen] /77 (04 [Veul?) [ Xonsaul”~?
T Q
ZA ) (VXful + VXl + VX ) do

The bound (5.26) holds true even if I € {n +1,...,2n}.

If | = 2n+1, the test function reads as ¢ = X5, (n°"?| Xon1ulP X5, u):
since [X§,.1, Xf] =0,Vi =1,...,2n+1, in (5.25) the terms I;"™" and ;"
will disappear. Hence

2n+1

/X2n+l 15 (V U))X2n+1X U|X2n+1u"8 Py =

2n+1
—(a+2) /X§n+1 Azﬁ(v u)) 2n+1U|X2n+1U"B a+lX€77dfl?+

2n+1

—p Z / Xon (A5 5(Veu)) X5 X2n+1UX2n+1U’X2n+1U| 2 Xonrun® e

_ 12n+1 2n+1

For I3 and I7"™ the bound (5.26) holds. As for the left hand side, the
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structure condition (5.21) implies that

(LHS) > / 2 Xl 3 X 5(V,1)
Q i=1
(X5 X5 + (X5 y Xeart) + (X5 iy X yw)2)da. (5.30)

n

Hence, summing for [ = 1 to 2n + 1 and taking 7 = % then the thesis
follows. [

Corollary 5.2.4. There exists a constant ¢ = ¢(q,n, L) > 0, independent of
€ and §, such that, for every weak solution u € WH4(Q) to (5.22), for every
a> > 2 and for every n € CX(2) one has

e Xanatl? S X (Fo) (|9 X9 49X, ) o <
L i=1

B
2

(3 + 17+ @+ 2 IVl [ 07 (54 [T,
Q
> N5 (Vo) (IVeXuf + [VeXey uf 4 VXS, ul ) de.
=1
If a = (3, then

[ Xl 30X o) (|9 X9 49X, ) <
£ i=1

N1

(6+2° IVl / i (65 + [Veul?)

3

Ns (Vo) (| X0ul? + VX uf? + VX, ul?) da

i=1

Proof. From Lemma 5.2.3 we know that
e Xl 3 X (Fo) (|9 X 9.5 49X ) o <
Q i=1

< e / B (54 |V euf2) [Xomsaul2 328 5(V )
Q =1

(|VGXZ€U|2 + |V€Xi€+nu|2 + |VEX§n+1u|2> dCL’
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The statement follows by applying Hoélder’s inequality ab < % + %/ of

exponents p = BE 5 and p’ = g to the right hand-side and representing
(a+2)(8-2) 2(a+2-6)

n*=n 7 7

™

cg/nﬂxmﬂm&ﬂw+wVw@)
Q

Zx ) (IV Xl + VXl + VX5, uf? ) de <
9 B
ct . 8
S [ e )
T 2 Q

Z&HMWVFW+W Xepuf? + VX, uf? ) d

M/Wﬂ&MWX)m u) (IV XU+ |V X 0+ VXl ) dor
f i=1

Choosing 7 = % the thesis follows. O]

Now we are in position to get a uniform (in § and €) Caccioppoli-type

inequality for V. u, in which the term containing X5, u has disappeared.

Theorem 5.2.5. There ezists a constant ¢ = ¢(q,n, L) > 0, independent of
€ and &, such that, for every weak solution u € WhH4(Q) to (5.22), for every
a >0 and 5> 2 and for every n € C°(§2) one has

/na+2 (5+ |veu|z>g
Q

A5 (Vew) (|[VeXiul® + |V X ul? + VX5, qul?) do <
=1

(6+a+21°K/ ZA 5+\vu|)2 dr,

where K = ([Ven|l%, + [InXznanllo) and ¢ = c(q,n, L) > 0.
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In particular, for o =0 we get

N[

/ 7 (64 |V.uf?)
QO

ZA ) (Ve Xful? + |V X ul? + VX5, ul?) do <

B+2
< (B +2)0K X (Vo) (6 + [Vouf?) 2

supp(n) j— 1

a+2

Proof. We apply Lemma 5.2.1 with n =7, ?

N[@

/ a+2 (5 + ’v u| )
Z)\ |V X€u]2 + ‘V Z+nu‘2 + ’v€X§n+1u|2) d
a+2 N n . by
<c ( 5 ) K/ Ui ZAM(VGU) (5+ |v€u|§>

—1—0(6—1—2)4/ 02 (64 |Veul?) Z)\ (Veu)| Xony1ul®dr, (5.31)

1% + ImXanc1m|lo- We apply Hoélder’s inequality ab <

B+2 B+2
T and D)

where K = ||m
/
< 4 l;i, with exponents to second term, noticing that n{*? =
2(a+B+2) aB
B+2 B+2

m ny . Hence, calling

=c(ﬁ+2)4/ 10+ Veul?) ZA (Veu)| Xopsrul*de
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and using (5.28), we obtain

I< 7'/ O“JFBJF2|X2n+1u| Z)\ (V)| Xong1u|*d

) (5 + |V6u|f)% do <

1
+ ¢
T8

77? ;5(

7'/ 157 X iul? Z)\m (Veu) (|V Xiul? + VX7 ul? + VX5, ul?) do

1 4
+—cla+5+2) (M)/mzk 5+|VU\)

2
T8

(we continue by estimating the first term in the right hand side by using

Corollary 5.2.4 with oy = a + > 2)

N[

< refa+ 5+ 2P IVl [ o 3+ (Vo)
Q

Z/\ ) (Ve Xful? + |V X ul? + [V Xs,ul?) do

1 4(6+2) - B2
b —cla+B+2)"F / 0SNG (V) (6 4+ [Veul?)
Q =1

2
T8

where ¢ = ¢(q,n, L) > 0. Plugging this estimate to (5.31) and calling

_ / e SOXS(Veu) (54 [Veul2) 7 da
Q=

we get

(LHS) < e(a+ 8 +2)7||Ven|5(LHS)

+ (ic(a+6+2) e +cla+ B +2) K> J.

T8
Choosing 7 =1/ (2¢(a + 8 + 2)°||Ven||%,) we obtain

+2)

(LHS) <@la+p8+2)*" % KJ

and the thesis follows. O]
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Theorem 5.2.6 (L™ estimate for V.u). Let 2 < ¢ < co and u € WH(Q) be
a weak solution of (5.22). Then, for any ball B.(0,1) such that B.(0,2r) C Q
it holds that

1

q q
IVeu| o s.0r)) < (7[ (6 + [Veul?)? dx) ’
B:(0,2r)

where ¢ = ¢(q,n, L) > 0.

Proof. For any ¢ = 1...,2n + 1 let us consider the function
4+

n (0 + [ X5ul?)

and let us compute

a+B
4

Ve (0 (04 1X5uP) ) = Ve (54 | X7uP)

9+B
4

g+B—4
+ (#) n(6+|XW?) T XjuVeXiu, (5.32)

hence

a+B

2
< 2|Venl* (6 + [ Xful?) *

‘ve (n 6+ |Xfu|2)#>

+

a+8

—2
> |V X2 (5.33)

S0 B o (54 X7uf)

From (5.19) it follows that

q—2 q—2
2
Y

(0 +[X5ul?) T < X5(Veu) < (8 +|Veul?) (5.34)

forany i =1,...,2n + 1, then

atB
2

(5.33) < 2|Venl® (6 + [Veul?)

1 B
+5 @+ BY 17 (6 + [ Veul?) 2 X 5(Vew) |V eXful?
q+B8

< 2[Ven* (0 + [Veul?)

1 8
+§ (q+ 5)2 772 (5 + |VEUI3) : ;5(VEU) (|V€X;u‘2 + |V6X;+iu|2 + |V5X§n+1u]2) .
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Hence, integrating and summing up the previous inequalities for all i =
1,...,2n + 1 we get

2n+1

Z/‘v (6 + | Xcul?)” 6)2
wela+B) [ o (6419l

a+B
do<clValt [ (5 V)"

supp(7n)

n

ZA; ( ) (’v XEUP + ‘V n+zu‘2 + |v X n+1u|2) dilj',

i=1
where ¢ = ¢(n, L). Applying Theorem 5.2.5

2n+1

Z/\v (6 + [ Xcuf?) )(de

< cK(B+ q)”/ (6 + |V6u|f)# dz, (5.35)

supp(7)

where ¢ = ¢(q,n, L) and K = [|[Vn||% + 11 Xont 17| -

Moreover, Theorem 1.1.7 implies that

iy 75 ey 21y 7
(77 (64 |Veul?) * ) <c(2n+1)7—=2Y Z (77((5+\Xiu\ ) * ) ,
i=1
(5.36)

where ¢ = ¢(N, n).

Fix two concentric balls B(0,7r) C B.(0,7), 0 < 7 < 1, and consider a

sequence of decreasing radii

and cut-off functions n; € C*°(B.(0,r;)) such that n; = 1 on B.(0,7;41) and



154 5. Orthotropic Congested OT in H"

IVen|leo < . Using (5.36), the Sobolev’s inequality and (5.35), we get

Ti—Ty

<]{3€‘°”v‘>< (5 + V) >£N2 da:)N

2n+1

2\ %
<a@n+mﬁﬂ§j<f @0%HX@P>4)NZM)
; BE(O,T’j)

2n+1

2n+1q+ﬂ2][

a+B
< eK(B+q)"(2n + 1)q+/3][ (64 |Veul?) * da,
BG(Ourj)

n (6 + | Xful ) >‘2d:c

OTJ)

where ¢ = ¢(q,n). If we denote by k = by using the properties of the

ot
cut-off functions 7; and (5.34), we get
2\ F54k '
][ (64 |Veul?) * "da
BS(Overrl)
- 12(9 1)¢+8 B+q
L AB+a) (”j ) ][ (6+ |Veul?) 7 do. (5.37)
(1—-7) Be(0,r5)

Let us choose a sequence of increasing exponents
Bi=(q+2)k —q>2

by using these exponents in (5.37) and by raising both sides to the power

11
(g+2)k7 — Bj+q’

(q+2)k1+1 (q+2>1k”1
][ (5 + |Veul ) dx
Be(0,r541)

1

<(a) ™ a2y o)

1—7

we get

1

(q+2)k7 (a+2)kJ
][ (64 |Veul?) * do , (5.38)
BG(O,’I’]')

where we can change the constant ¢ by including 2n + 1 in it. We will

denote again by ¢ = ¢(g,n) this new constant. Moreover, if we denote by



5.2 Lipschitzianity for solutions to a pseudo gq-Laplacian type equation 155

= (¢+ 2)k’ and we iterate (5.38), we get

Am+1 [o 7o
(][ (64 |Veul?) 2 dm) -
BE(O,T‘m+1)

() R (o
< o’ + U, 2 dx
(1 _T)2 . ! B:(0,r)

=0
Zo'ojoi °© 12 %
C 1= ay o q+2 q+
<|\— a;’ ][ §+ |Veul?) ? dx) .
((1—7)2> ]HO ! (BE(O,T)( )
Now
i 11 1 k N
aj q+24 K (k-2)(q+2)  2(¢+2)
and
;2 12 log(g+2) k 12 >\
log Ha Za—jlogajzm 2 k_1+q+210gkzy,
§=0 §=0

that is a constant depending on ¢ and N. We still keep the notation ¢ =
¢(N,n,q). Hence

1

(][ (6 + |Veuf2) 2" d:v) o
Be(O,Tm+1)
q+2 ﬁ
<[—C (][ (64 [Vaul?)E dx) |
(1—7)a Be(0,r)

Now since a,,, — oo when m — oo, and the averages on the left hand side of

the previous inequality tend to the essential supremum of the integrand we

get

1

q+2
B.(0,7r) (]_ — T)m Be(0,r)

NI

sup (0 + |Veul?)? <

where ¢ = ¢(N,n, q) and this holds for all B.(0,7) C Q and for all 0 < § < 1.
Another iteration argument, see for instance [80, Theorem 5.1| or [62,

Lemma 3.38| implies that

sup (5+|Vu|)% ;N (][ (64 |Veul?)2 d
Be(0,r7) (1—7)% Be(0,r)

1

)S . (5.39)

(M1
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for any s > 0, where ¢ = /(n, L,s,q) > 0. The thesis follows by choosing
5=4q. O

Let us prove the following interpolation inequality that will be useful
later.

Lemma 5.2.7. There exists a constant ¢ = ¢(q,n, L) > 0, independent of
€ and 6, such that for every u € CX(Q), for every o, B > 0 and for every
n € C(R2), one has

q+B+2
/77”2 ((5—1- ]V6u|f) 2 dx
Q
018

< cfa+2)%Jul, / 7 (4 IVarlP) (6 + Vo) de

N1

+e(B+q+ 12l / (5 4 [Veul?)
Q
ZA ’v XGUP _'_ ‘V n+zu‘2 + |V X n+lu|2) diL‘

Proof. Let i € {1, .., 2n + 1}, we write

+

= (54 [x5u2) T (54 [ XCuf?) |

(6 + |xcul?) %

a+B8
hence, calling I = [, n°™ (0 + | X{ul|?) B

I

q+B

a8 ats
1:5/77&” (6 + | Xful?) 2 d:zc+/ 6+ | Xful? ) X uXfudr
Q
Now we integrate by parts the second term and we obtain
at8 a8
I = 5/ n* (0 + | Xsul?) ? do — / X (170‘+2 (6 + | Xful?) 2 Xfu) udx
Q
J a8
= 5/ (64 | Xful?) * de—(a+2) / X (0 + | X{ul?) * uX{ude
Q Q
67
—(q+8) / u (6 + | X5ul? ) > (Xfu)? X Xfudx
Q
a8
— / 10 (6 + [ Xful?) 7 X X ude
Q
< [ 6 Ixal)
Q

q+8 X X .
g+ B+ D)l / 0 (6 4 |Xgul) XX fulde = T+ T+ T
Q

\m

q+B8+1
de+(a+2)ull / BVl (64 1Xeu?) T da
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The integral I; can be trivially estimated as
, a8
Ii < / (0 +|Veul?) * dz,
Q

while for I} and I% we use Young’s inequality. In particular

+6+2

. a+B q
I3 < (o + 2)lJulle / Tl (64 1Veal2) S (54 [Xeul?) 5 de
Q

+8+2

o [ o
Q

157

1 at8
s ot 2Pl [Vl (6 [Val) ' do

As for I3, if i € {1,...,n}

+2

. a+B
<7 / (54 [Veal2) 5 de
Q

1 2 2 B
p R DR [ (54 9.ag2) S (V) 9 X
Q

.
(B+q+1)2ull%
T

+B+2
< 7'/776H_2 (5+|V€u|f)q 2 dx 4+
Q

/ not? (6 + \Veulf)
0

N1

Z)\ ) (IVXSul® + |V X5, ul® + [V X5, ul?) do

In the end we get that for any i € {1,...,2n + 1}

+B8+2

/770‘+2 (6 + ]Xfu|f)q > dx
(9]
/3
< (a+ 22l / 0 O+ [Varl) (54 [Veu2) ™ da

(Bt g+ 12l / 7+ (6 + [Veul?)
Q

@

Z)\ ) (IVeXSul® + [V Xo ul* + VX5, ul?) do

Using the fact that
2n+1

/a+2(5+|VU|) E dx < c(q,n Z/ o2 5+|X€u|)
Q

we get the thesis.
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Corollary 5.2.8. There exists a constant ¢ = ¢(q,n, L) > 0, independent of
€ and 0, such that for every weak solution uw € Wh1(Q) to (5.22), for every
B > 2 and for every n € C(2) one has

q+B+2
/nq+ﬁ+2 (5+|V6u\f) 2 dx
(9]
— qa+B
< clul2 28+ ¢ + 2)°F / 78 (5 + |Veul?) ¥ da,
Q

where K = (|[VenllZ, + [nXans1mlleo + 1)

Proof. The thesis follows by Lemma 5.2.7 and Theorem 5.2.5 with a = ¢+ 3.
Indeed, Lemma 5.2.7 implies that

q+B8+2
/77“2 (64 |Veul?) = da
Q
018

o+ 22 Jull% / 0 (4 Venf?) (5 + (Vo) ¥ de

N

ot 1 ul / 7 (5 4 |Vul?)

Q
ZA ) (|VeXiul? + |V X5 ul? + VXS, ul?) do
(we continue by estimating the second term in the right hand-side by using

Theorem 5.2.5)

B

Q+
< cla+2)?||lull% K/ (5+|Vu|)
atB
+ (a4 1) y|u||§o(ﬁ+a+2)10f(/na (6+ |Veul?) * dx
— atB
§E||u||go(6+oz—|—2)12}(/na (64 |Veul?) 3 dx,

where ¢ =¢(n, q, L). ]

Corollary 5.2.9. There exists a constant ¢ = ¢(q,n, L) > 0, independent of
€ and 0, such that for every weak solution uw € Wh1(Q) to (5.22), for every
B > 2 and for every n € C°(2) one has

q+B+2
2

a+B+2
[t (54 [9.al?) 5 do < elul 2?1228 + g+ 200 IR
Q

where K = (|[VenllZ, + [nXans1mlleo + 1)
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5.2.2 Lipschitz regularity for solutions

We first state the weak comparison principle for weak solutions to (5.18).
This will be useful in the proof of the L> estimate for the gradient of solu-

tions.

Lemma 5.2.10 (Weak comparison principle). Let u,v be two weak solutions
to (5.18) in a sub-Riemannian ball B. If u < v on the boundary OB, then it
holds that v < v in B.

Proof. Since u,v are weak solutions to (5.18) in B, it holds that
[ (DG (V). Vuv)do =0, v € HW(B)
B
and
[ (DG (V). V) 0. ¥ € HW}7(B),
B
By subtracting the previous equalities and by choosing ¢ = (u — v); =
max{u —v,0} € HW,?(B)

0= / (DG*(Vyu) — DG*(Vyv), Vyu — Vyv)de
Bn{u>v}

1

d

= / </ — (DG* (tVyu+ (1 —t)Vyv))dt,Vygu — Vgv)de
Bn{u>v} JO dt

1
_ / ( / D2G* (Vs + (1 — )V 3y0) (Vi — Vigo) dt, Vigu—V o) da
Bn{u>v} J0

:/ (D*G* (tV gu + (1 — H)Vgv) (Vgu — Vv), Vygu — Vgv)dz
Bn{u>v}

n

> / > XAV gut+(1-D) Vo) (X — Xw)* + (Xt — Xppiv)?) do
Bn{u>v} ;4

Hence, either L2 (BN {u > v}) = 0or X;u = X;v a.e. in BN{u > v}, for
every i € {1,...,2n}. If the latter equality holds true, then u — v is constant
a.e. in B: since (u —v), € HW,?(B), then u — v = 0 a.e. in B. Otherwise,
L2 (BN {u > v}) = 0, which precisely means that « < v a.e. in B. [
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Theorem 5.2.11 (L™ estimate for the gradient of solutions). Let 2 < ¢ <
oo and w € HW(Q) be a weak solution of (5.18), then Vyu € L2.(Q).
Moreover, for any ball B(0,2r) C € it holds that

q

Vel L o) < € (][ IVHu|j’de> ,
B(0,2r)

where ¢ = ¢(q,n, L) > 0.

Proof. Let us first note that from [42, Theorem 3.4] we known that u €
L),

Let B(0,79) C £, such that B(0,2r) C §2 and let u¢ be the unique weak
solution to

S XA (Veu) =0 in B(0, 1),

)

u*=wu in 0B(0,19).

(5.40)

Then, u¢ is C* on the sub-Riemannian ball B(0,7(). From the weak maxi-

mum principle it follows that (u€).sg is uniformly bounded in € in L>(B(0, rp)).

q
loc

By Corollary 5.2.9 the sequence (Vu€)cso is bounded in L .(€2), uniformly
in € and §. Moreover, Theorem 5.2.6 implies that for any ball B.(0,2r) C

B(0,7p) it holds that

1
q q
HVeuEHLoo(BE(O,T)) S C <][ ((5 -+ ’VEUGE) 2 dx) N (5.41)
B.(0,2r)

where ¢ = ¢(¢,n,L) > 0. Hence, from the previous remark there exists
M > 0, independent of € and 4, such that

|V eu|| Lo (B.0.r)) < M

Ascoli-Arzela’s Theorem implies that u¢ — ug uniformly on compact subsets
of B(0,ry) to a function ug. Then, up to subsequence, V u X Vg €
L>(B(0,7r)), for any B(0,7r) C B.(0,r), for every e. Moreover Theorem
5.2.5 and Corollary 5.2.9 imply that there exists My > 0, independent of €
and ¢, such that

Ve (’Xfu€|q+ﬁ) 2.0y < Ma, VB > 2.
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It follows that |Xfu|9? converges in L"(B(0,7r)), up to subsequences, for
any r < 2*. Hence, Xfu‘ converges in L*(B(0,7r)) for any s € (1,00).
It follows that X u® admits a subsequence converging pointwise a.e., hence

Veu — Vgug a.e. and we can pass to the limit in

q q
||v€u6||LOO(B(O7T7")) S C <f (5 + |VEU/E’§) 2 dx> 9
B(0,27r)

both in € and ¢, and get

q
|V 5o || oo (B(0,mr)) < € (][ |VHU0|qu) ;
B(0,27r)

and using the fact that

( 5,5(£6>7"'7 §n+1,5(§6)) — (Dlg*(gla"'7£2n)7"‘7D2ng*(£17'"7£2n)70)7

€,0—01

we can take the limit in the weak formulation of (5.40) and we get that wg
is a weak solution to (5.18). The comparison principle implies that uy = u
in B(0,7). O

Corollary 5.2.12 (Lipschitzianity). Let 2 < ¢ < oo and u € HW(Q)
be a weak solution of (5.18), then w is locally Lipschitz continuous in €.
Moreover, for any ball B(0,2r) C Q it holds that

|u<x>—u<y>|§c(f |vHu|3{dz) dsn(z.y), Vg € B(0,r),
B(0,2r)

where ¢ = ¢(q,n, L) > 0.
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