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Summary

Racing motorcycles are prone to an unstable oscillatory motion of the swingarm and rear wheel, commonly known
as ‘chatter’. This vibration mode typically has a frequency of 17 Hz to 22 Hz and typically occurs during heavy
braking manoeuvres. The appearance of chatter can cause reduced rider confidence, and therefore lead to longer
lap times during races and the increased risk of crashing. This thesis looks to further the understanding of this
mode. It includes the development of a simplified model to explore the effects roll angle and lateral dynamics
have on the chatter mode using linear analysis. The mechanisms of instability and parameter sensitivities are
also examined. The effects of the nonlinearities present in the minimal model equations of motion are examined,
including the identification of limit cycles and their stability, inspecting individual nonlinear terms and their effects,
and introducing tyre relaxation and determining the effect it has on the dynamics. Finally, an exploratory study
of the mid-corner region of a typical racing manoeuvre is performed in hopes to better understand if any high
frequency tyre induced instabilities like chatter can occur.

The minimal three degrees of freedom model developed models the rear section of a motorcycle and includes
considerations for roll angle and later dynamics. Quasi-static linear root locus analysis is performed through a
typical braking manoeuvre, finding an unstable driveline mode at 19 Hz. Energy flow analysis shows that the
longitudinal forces are the main driver to instability, due to a 53.6◦ phase offset with slip velocity. Eigenvalue
sensitivity analysis show that the most influential parameters are those that affect the natural frequencies of the rear
hop and driveline modes, the tyre force gradients, and geometric parameters affecting the chain stiffness matrix.
The mechanism of instability is analytically determined to be non-conservative restoring forces arising from an
asymmetric system stiffness matrix, caused mainly by tyre force gradient terms. The roll and lateral dynamics
do not play a direct role in instability, but an increased static roll angle causes instability which is attributed to
the movement of the working point on the tyre characteristic function, which drives the tyre force gradients in
destabilising directions.

The effects of relaxation length and the nonlinear characteristics of a two degrees of freedom minimal model are
studied. Three versions of relaxation length are derived, and it is noted that the explicit dependence of vertical
load vanishes from the nonlinear relaxation model. It is shown that the effects of relaxation in the linear stability
analysis are minimal, and in fact the neglecting of relaxation behaviour would be a conservative assumption. The
existence of a stable limit cycle in the unstable region of operation is shown and the driving nonlinear term in the
equations of motion is found to be the tyre force function. Phase portraits are presented and the effects of pertinent
parameters shown. The limit cycle is the result of a supercritical Hopf bifurcation in the forward velocity variable
and, using Floquet theory, is found to be stable. The frequency response functions of the three relaxation models
are found, separated from the other equations of motion by imposing first order limit cycle behaviour for the state
variables. The Bode diagrams and numerical simulations show no discernable difference between the models in
the frequency range of interest.

Finally, new operating regions that have not been widely studied in past literature are analysed. Both the three
degrees of freedom minimal model and a full multi-body model are used to discern the modal behaviour of the rear
suspension during high roll angle, high lateral acceleration manoeuvres in both traction and braking. The results
show that the minimal model cannot adequately reproduce the dynamics of the multi-body model in the regions of
interest, and is therefore insufficient for predicting stability behaviour for high roll angle manoeuvres. The multi-
body is also unable to reproduce any unstable oscillations of interest. Further augmentations to the multi-body
model are tested, including swingarm torsion and bending compliances of different stiffnesses and in different
combinations. These have little effect on the rear stability of the motorcycle, though the bending flexibility of the
swingarm is able to stabilise the driveline mode slightly in the braking region.
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Fy N Tyre lateral ground force

F̃y N Preturbed, oscillating portion of tyre lateral force

Fyf N Front tyre lateral ground force

Fyr N Rear tyre lateral ground force

Fz N Tyre vertical load

F̃z N Preturbed, oscillating portion of tyre vertical load

Fzf N Front tyre vertical load

Fzr N Rear tyre vertical load

Fz0P N Magic Formula nominal tyre load
−→
FO m Vector position of point O with respect to point F

G N Linearised system equations as a sum of forces and inertial terms

G Normalised gyroscopic damping term

H Frequency response function

I j
i (various) Numerical search algorithm interval

J (various) Jacobian of the nonlinear homogeneous system

Jα kgm2 Reduced inertia about the swingarm pivot

Jφ kgm2 Reduced inertia about the roll angle pivot

J fr kgm2 Principal inertia tensor of the reference frame

Jfrx kgm2 x component of the rotational inertia of the reference frame

Jfry kgm2 y component of the rotational inertia of the reference frame

Jfrz kgm2 z component of the rotational inertia of the reference frame

Ji Normalised inertiae terms

J sa kgm2 Principal inertia tensor of the swingarm

Jsax kgm2 x component of the rotational inertia of the swingarm

Jsay kgm2 y component of the rotational inertia of the swingarm

Jsaz kgm2 z component of the rotational inertia of the swingarm

Jwh kgm2 Principal inertia tensor of the rear wheel

Jwhxz kgm2 x and z components of the rotational inertia of the rear wheel

Jwhy kgm2 y component of the rotational inertia of the rear wheel

K N m−1 Tyre transient model, tyre contact point longitudinal stiffness

K Normalised system stiffness matrix

K ∗(t) s−2 Nonlinear Jacobian stiffness matrix

K cent Normalised system centrifugal stiffness matrix
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K chain Normalised system chain stiffness matrix

KCori Normalised system Coriolis stiffness matrix

K gyro Normalised system gyroscopic stiffness matrix

K stat Normalised system static tyre force stiffness matrix

K tyre Normalised system tyre gradient stiffness matrix

LR m Characteristic model length, point F to tyre toroid centre

M Normalised system inertia matrix

Mbf N m Front braking moment

Mbr N m Rear braking moment

Mc N m Moment on the engine crankshaft due to the chain force

Mcα N m Moment on the swingarm due to the chain force

Mcθ N m Moment on the rear wheel due to the chain force

Mcent,α N m Swingarm moment due to centrifugal forces

Mcent,φ N m Roll angle moment due to centrifugal forces

Mcor,α N m Swingarm moment due to Coriolis forces

Mcor,φ N m Roll angle moment due to Coriolis forces

Me N m Engine torque

Mgyro,α N m Swingarm moment due to gyroscopic forces

Mgyro,φ N m Roll angle moment due to gyroscopic forces

N1,2 ms−1 rad−2 Nonlinear system coupling values

O In-plane ground point

P Rear tyre toroid centre point

Pi N Harmonic balance method terms

R In-plane (along φ) axis direction orthogonal to x

RR m Rear tyre rolling radius

Rc m Rear tyre loaded radius

Rc0 m Static rear tyre loaded radius

R′ic0 m Static rear tyre loaded radius partial derivative with respect to variable i

Rr m Rear tyre outer radius

S Point of swingarm pivot on reference frame

T s System period of oscillation

Vfx ms−1 Infinite inertia frame velocity, x-direction

Vfy ms−1 Infinite inertia frame velocity, y-direction

VO ms−1 Velocity vector of point O

VOx ms−1 x velocity of point O

VOy ms−1 y velocity of point O

Vsx ms−1 Tyre longitudinal slip velocity

Ṽsx ms−1 Preturbed, oscillating portion of tyre longitudinal slip velocity

Vsxr ms−1 Transient tyre longitudinal slip velocity

Ṽsy ms−1 Preturbed, oscillating portion of tyre lateral slip velocity

Vx ms−1 Wheel centre velocity

a Congruence vector for the tyre longitudinal force

b Congruence vector for the tyre lateral force

cf N m srad−1 Roll angle equivalent damping coefficient (optional)

cr m Vertical distance from point O to C
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cs N m srad−1 Rear suspension equivalent damping coefficient

d m Centre distance between sprockets

g ms−2 Acceleration due to gravity

gi j Normalised gravitational terms

f Normalised tyre static force stiffness term

f x N Linearised longitudinal tyre force vector

f y N Linearised lateral tyre force vector

hf m Planar height from point F to S

k N m rad−1 Reduced total system stiffness

kf N m rad−1 Roll angle equivalent spring stiffness (optional)

ks N m rad−1 Rear suspension equivalent spring stiffness

kz N m−1 Tyre vertical stiffness

`α m Characteristic length for swingarm angle coordinate

`θc m Chain length due to wrapping effects

`θc1 m Chain wrapping effect due to sprocket centre angle variation
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mfr kg Mass of the reference frame
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pi jk Magic Formula parameters
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q̃ m Vector of rectilinearised perturbations of the generalised coordinates

rc m Rear sprocket radius

rp m Front sprocket radius

u m Tyre transient model, contact displacement
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udamp m Tyre transient model, displacement of stiffness element

w ∗ rad First order perturbation from the limit cycle

xf m Longitudinal distance from point F to S

y∗ (various) Vector of Floquet analysis system variables

y j rad s−1 System eigenvector

z m Rear tyre vertical deflection

zf m Height of point F from the ground plane

zsa m Height of point S from the ground plane
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1 Introduction

1.1 Motivation

Single-track vehicles are prone to unique and complex oscillatory modes, particularly in motorcycles where travel-
ling speeds can achieve much higher values [Koenen 1983]. The dynamics of these modes are also highly coupled
since the ‘in-plane’ or vertical and ‘out-of-plane’ or lateral motions of the motorcycle become linked during cor-
nering as the motorcycle encounters high roll angles. The understanding of the mechanisms which drive these
oscillations is critical to the safe design of motorcycles.

Racing motorcycles, which tend to push the limits of the machine and the tyres, are especially prone to these unique
and complex modes [Cossalter et al. 2008]. One such mode is the ‘chatter’ mode, a lightly damped oscillation of
the rear suspension typically occurring during heavy braking with a frequency of 17 Hz to 22 Hz. The appearance
of chatter can cause reduced rider confidence, and therefore lead to longer lap times during races and the increased
risk of crashing [Catania et al. 2013].

1.2 Problem Statement

The objective of this thesis is to further the understanding of the unstable chatter mode experienced in racing
motorcycles. This includes the development of a simplified model to explore the effects of roll angle and lateral
dynamics on the chatter mode using linear analysis. The mechanisms of instability and parameter sensitivities are
also examined. The effects of the nonlinearities present in the minimal model equations of motion (EOMs) are
examined including the identification of limit cycles and their stability, inspecting individual nonlinear terms and
their effects, and introducing tyre relaxation and determining its effects. Finally, an exploratory study of the mid-
corner region of a typical racing manoeuvre is performed in hopes to better understand if any high frequency tyre
induced instabilities like chatter can occur.

1.3 Thesis Organisation

This thesis is organised into six chapters. Chapter 2 introduces the background and history of modelling single-
track vehicles, identification and analysis of their modes and instabilities, as well as an in-depth discussion of the
existing analysis of chatter and similar modes in contemporary literature.

Chapter 3 contains the study of the effects of roll angle on the chatter instability using a minimal three degrees
of freedom (DOFs) model. It outlines the construction of the minimal model, the methods used in analysis, and
discussion and analysis of findings.

Chapter 4 concerns the nonlinear analysis of a simplified model with respect to the motorcycle chatter instability.
It covers the simplifications made to the minimal model of Chapter 3, the nonlinear analysis methods employed,
and the pertinent results and discussion.

Chapter 5 explores the possibility of other high frequency instabilities occurring in the mid-corner phase of a racing
motorcycle manoeuvre. This chapter uses both the minimal model of Chapter 3 and a newly introduced multi-body
model and reports the findings of both. Finally, Chapter 6 summarises and reports the major findings of this thesis
and suggests further topics of study.

1



1 Introduction

1.4 Contributions

The major contributions of this thesis are as follows:

(i) Development of a minimal model to simulate the chatter instability in motorcycles which includes
the effects of roll angle and lateral dynamics.

(ii) Perform linear stability analysis on the minimal model, including root loci and Routh-Hurwitz
methodologies.

(iii) Determine eigenvalue sensitivities of the chatter mode with respect to modelling parameters.

(iv) Outline the key aspects to the growth and stability of the chatter mode during a braking manoeuvre
including roll angle.

(v) Show the effects on the stability of the chatter mode due to the introduction of tyre transients,
namely relaxation length.

(vi) Determine the existence and stability of potential limit cycles in the minimal model through the
use of nonlinear analysis methods.

(vii) Investigate the effects of the use of different relaxation models on the nonlinear system and limit
cycles.

(viii) Explore the possible existence of modes similar to chatter in the mid-corner region of a racing
manoeuvre using both the minimal model and a full multi-body motorcycle model.
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2 Background

While there exists many types of two wheeled vehicles such as bicycles, motorcycles, and scooters of many vari-
eties, they can all be categorised analytically as ‘single-track’ vehicles [Sharp 1976b]. Since the advent of these
machines in the 19th century, there has been a continual effort to increase their speed and improve their stability
[Limebeer and Massaro 2018]. This naturally leads to the need for analytical models to analyse the behaviour and
stability of the vehicles [Sharp 1985]. This section outlines the history of major contributions and developments in
the modelling of single-track vehicles, as well as the accompanying advances in the understanding of their stability
characteristics. This is followed by a section dedicated to more specific topics relevant to this thesis, including
advances in modelling and stability analysis, tyre modelling, and frame flexibility. Finally, the chapter ends with a
review of the state of the art for the specific ‘chatter’ mode experienced mainly in racing motorcycles.

2.1 History of Single-Track Modelling and Stability

The first major contribution to the subject of modelling the behaviour of single-track vehicles was by Whipple
[1899], who developed an analytic model to study the dynamics of a bicycle. The model consisted of two frames,
front and rear, of a bicycle joined by the steering joint. The wheels and tyres were given non-holonomic constraints
so that they experience no lateral or longitudinal slip at the contact points, enforcing a pure rolling state for each.
The model was realised in straight running and only small perturbations from this condition were considered.
This resulted in a two DOFs system, an example of which is shown in Figure 2.1. Though thorough numerical
analysis was not convenient at the time, Whipple used the Routh-Hurwitz criterion to determine the stability of a
bicycle operated without rider intervention on the handlebars. It was found that the bicycle has a stable region of
velocity, in this case between 4.62 m s−1 and 5.45 m s−1. Below this region there is an unstable oscillatory mode
(two complex conjugate eigenvalues with positive real parts), while above that range there is a slightly unstable
divergent mode (single real positive eigenvalue) and the bicycle is easily controlled by small motions of the rider’s
body.

After the publication by Whipple, changes to the aspects of single-track modelling appeared to be few for many
years, as outlined by Sharp [1985], Limebeer and Sharp [2006], Schwab and Meijaard [2013] and Limebeer and
Massaro [2018]. Timoshenko and Young [1948] introduced in their book Advanced Dynamics a simplified dynam-

*
z

*
x

Wheel revolute joint
Steering revolute joint

Figure 2.1: Schematic of the bicycle as analytically modelled by Whipple [1899].
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ics model for a bicycle as an example of non-holonomic system modelling. This bicycle did not contain the mass
or rotation of the wheels and was highly simplified with only small perturbations from straight running, but the
resulting equations showed self-steering behaviour, and became unstable if the steering angle was fixed.

Several reproductions of the work by Whipple [1899] have been performed, with their model applied to differing
machines. Herfkens [1949] reproduced the model for a Dutch bicycle with the goal of improving low speed stability
through design parameters. The Routh-Hurwitz criterion were parameterised with respect to several modelling
parameters, and the stability boundaries plotted. They concluded that the lower stability threshold can be reduced
from 16 km h−1 to less than 11 km h−1 by means of a sufficiently heavy front wheel (in terms of moment of
inertia), reducing trail (the distance between the steering axis and the tyre contact point), and straightening the
rake angle closer to vertical (angle of the steering head with respect to vertical). Later, Döhring [1955] took the
linearised equations and methods of Whipple and applied them to several contemporary motorcycles with an
improved analytical consideration of the front wheel orientation. The results confirmed that the findings of Whipple
are true also for motorcycles, that is: there is a stable region of velocity, and a lightly damped divergent instability
at higher speeds. Later, Singh and Goel [1971] reproduced the basic bicycle model of previous studies with the
addition of a viscous steering damper and compared a contemporary scooter to the scooter presented by Döhring
[1955]. Design parameters were also tested to see the effects on oscillation frequency and stability of the unstable
mode.

In a more practical study, Wilson-Jones [1951] presented the aspects of steering and geometric design, and their
effects on the stability of motorcycles. In their study, they considered the lateral tyre forces to be products of lateral
slip velocity of the contact point (side-slip) and the camber angle of the wheel, instead of as pure rolling constraints.
They concluded that the self-steering capabilities of a motorcycle arose from three different effects: the steering
system centre of mass (COM) offset with respect to the steering axis (most influential at low speeds), the reaction
forces of the tyre contact point due to trail, and the gyroscopic moment of the front wheel (most influential at high
speeds). They confirmed these conclusions via experimental testing, where they also found the tyre side-slip angles
to be small relative to the camber angles for the purposes of producing the required lateral forces. Also during the
experiments, they found that to initiate or terminate a cornering manoeuvre, the rider inputs steering torque in the
opposite direction to the desired turn, an early appearance of the ‘counter-steer’ effect.

Collins [1963] formulated a model similar to that by Whipple [1899] and Figure 2.1 but used Newtonian methods
in their derivations instead. Their model also included an external aerodynamic drag force term. The equations
where linearised and linear eigenvalue analysis applied numerically, finding the stability properties for variations
in different design parameters. The stability behaviour was consistent to that found in previous studies, and they
found that trail and the location of the COM of the front frame to be the major design factors influencing stability.

Later, Fu [1966] introduced the concept of side-slip as well as toroidal wheels to the steady state solution for a
cornering motorcycle. They concluded that motorcycles in cornering tend to roll further than the static centrifugal
force requires due to factors such as the tyre toroidal radius, gyroscopic effects, and low COM. They also concluded
that the side-slip angle experienced by motorcycles in steady cornering is smaller relative to those in four wheeled
vehicles, due to the larger camber forces from the high roll angles experienced by motorcycles, as shown by
Wilson-Jones [1951].

Neı̆mark and Fufaev [1972] give a detailed derivation of the EOMs of a bicycle using Lagrangian methods in their
book Dynamics of Nonholonomic Systems. They considered increasing complexity of the modelling of the tyres,
beginning with the simple rigid thin disk form (as done by Whipple [1899]), and introducing toroidal wheels, and
finally pneumatic deflection. In the simplest case, they arrive at the same governing equation as Timoshenko and
Young [1948] for the relationship between steering and stability of a bicycle, and continue a thorough analysis of
the stability of both uncontrolled and controlled bicycles.

In an attempt to produce an ‘unridable bicycle’, Jones [1970] performed several experimental tests to try to prove
or refute the prevailing theories of bicycle stability. They produced a machine with the gyroscopic effect cancelled
by a counter-rotating wheel, a machine with excessive trail, and one with negative trail (the front tyre contact point
ahead of the steering axis). It was found that the machine without gyroscopic effects lost its ‘hands-off’ stability,
though remained ridable. The machine with excessive trail became very stable, so much so that the rider found
changing direction difficult. Finally, the bicycle with negative trail became unstable and nearly impossible to ride.
The stability findings were supported with numerically determined kinematic maps of the steering geometry, and
Jones suggests a critical stability gradient based on the findings.
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In a fundamental study of motorcycle modelling, Sharp [1971] produced a model of a motorcycle extended from
that by Whipple [1899]. Within, the force generation of the tyres were considered to be produced at the contact
points and had linear behaviour with respect to lateral slip velocities and camber angles. The transient generation
of these forces by means of relaxation length was introduced as well. The resulting model was a four DOFs system
with an additional two first order equations for the tyre relaxation behaviour, giving a 10th order system. Sharp
used linearised eigenvalue analysis to study steady straight-running manoeuvres of increasing speed with increas-
ing complexity of the tyre model (pure rolling, side-slip, and relaxation length), the effect of design parameter
changes, behaviour of steady cornering at low lateral acceleration values, as well as fixed rider control behaviour.
Fundamentally, Sharp defines the three critical modes of the motorcycle model: ‘weave’, a low frequency oscil-
latory motion of the steering and roll angles whose frequency increases with forward velocity through the range
0.2 Hz to 3.4 Hz that is unstable at low speeds, stable at mid speeds, and can become unstable at high speeds;
‘wobble’, a high frequency steering oscillation with a speed independent frequency of about 9 Hz that can become
unstable at high speeds; and ‘capsize’, a divergent mode that becomes unstable at mid to high speeds. The effect
of tyre relaxation was shown to play a major role in the stability of the weave and wobble modes. The steering
damper could increase the stability of the wobble mode to the detriment of the weave mode. Moving the rear
frame COM forward and down would increase the stability of weave and capsize modes, at the expense of wobble
mode damping. Moving the front frame COM rearward increased weave damping, and lowered wobble damping.
A larger rake angle is advantageous for the damping of high speed weave, while more trail is advantageous for the
capsize mode. A reduction in front wheel moment of inertia results in more wobble stability, while a higher rear
wheel moment of inertia is beneficial to the weave and capsize modes.

Many developments would come from Cornell Aeronautical Laboratory, Inc. (later Calspan Corporation) in the
form of reports produced for the Schwinn Bicycle Company. Rice and Roland [1970] introduced an eight DOFs
bicycle model which includes tyre slide-slip and radial deflection, and a rider rotation DOF. The model was sim-
ulated and compared to experimental data. Roland and Massing [1971] furthered the validation of the model, and
included a numerical parameter study testing the effects on stability of wheelbase, mass, COM height, steering mo-
ment of inertia, rake angle, fork offset (offset distance from steering axis to front axle), rolling radius, and wheel
moment of inertia. Roland and Lynch [1972] continued by creating a rider path-following control model as well as
tyre experimental testing to characterise tyre behaviour. Roland and Rice [1973] furthered the efforts of creating
a rider model and introduced a rider model parameter study. Roland [1973] publicised the model that had been
developed. Rice [1974] solved the EOMs for steady state and introduces several characteristic indices useful for
bicycles and their control. Rice [1975] applied the developments to a motorcycle and simulates accident avoidance
manoeuvres. Finally, Rice [1976] furthered the steady state characteristic and stability indices and applies them to
a set of bicycles demonstrating their use.

Supplementing their 1971 work, Sharp [1974, 1976a] studied the effects of some additional dynamics on motor-
cycle stability. In 1974, they outlined the changes to the 1971 model required to add a rear frame torsional DOF.
This resulted in a worsening in stability of the weave mode. In 1976, a simple four DOFs planar model was ana-
lysed using eigenvalue analysis to determine the in-plane vertical modes of the motorcycle, and Sharp compared
these results to those of their previous work. They suggested that the similarity of the pitch mode frequency to the
weave mode instability could play a role in destabilising the latter. It is apparent that at this time the suspension
of a motorcycle was becoming more of interest with respect to its effects on the dynamics of the system. Jennings
[1974] showed the bench tests results of several contemporary rear suspension dampers, which had very variable
results. It was also suggested that the suspension and dampers could play a role in the cornering stability of the
out-of-plane modes of a motorcycle.1

The effects of frame flexibility on motorcycle stability also became a topic of interest. Taking from their experience
with castor oscillations, Roe and Thorpe [1976] performed an extensive study on the effects of structural stiffness
and mass loading on the stability of the wobble mode.2 They showed that lateral deflection of the front contact
point with respect to the steering axis due to structural flexibility played a critical role in the stability of the wobble
mode. Interestingly, they also found that not only does moving the COM of the rear frame rearward reduce stability
(as suggested by Sharp [1971]), but also the structural flexibility of the rear frame between the rear loading (rider
or tail) and the steering played a crucial role in stability.

1In this paper, Jennings refers to a mode as ‘cornering wobble’. It is the belief of the author that they are referring to what would later
more commonly be called ‘cornering weave’.

2Labelled ‘flutter’ in their study.
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Returning to a simplified model without tyre slip, Kane [1975] outlines the kinematic relationships of a bicycle with
toroidal wheels. Uniquely, they derive the equations without the assumption of small roll angles, instead relying
only on a small steering angle assumption. This allows the model to be valid up to high roll angles, allowing
solutions of cornering at lower radii, so long as steer angle remains small. These equations were applied by Kane
[1977], where the dynamic equations of the motion of a bicycle are derived using Lagrangian methods and the
previous constraint relationships. The steady state solutions to these equations were then plotted, showing the
relationship between bicycle speed, roll angle, cornering radius, rider mass offset, steer angle, and steering torque.

Similar to the work of Sharp [1974], Kane [1978] introduces a simplified model to characterise the effect of frame
flexibility on the weave mode. The model presented was a planar model without roll or rake angles, fixing the
motorcycle to planar motion on a flat ground. The frame flexibility was introduced as a bending motion between
the rear wheel and the steering joint, unlike the torsional rotation introduced by Sharp [1974]. Through eigenvalue
analysis, the model successfully displayed an unstable weave oscillation, and parameter variations showed that a
high frame stiffness was beneficial to stability, as well as moving COM forward, and that while trail did not change
the critical speed of instability, lowering it did increase the damping of the mode.

An early attempt at characterising the motorcycle tyre, Sakai et al. [1979] presents the tyre lateral and rolling resist-
ance forces as well as the overturning, rolling resistance, and self-aligning moments of several tyres produced from
experimental testing. The paper mainly covers changes in camber and side-slip angles, vertical load, and inflation
pressure, among other things. Simple empirical models were also proposed for the tyre forces and moments during
relatively small camber and side-slip angles.

While Weir [1972] and Weir and Zellner [1978] mainly focused on the closed loop rider control of the motorcycle
and its instabilities, in later work Zellner and Weir [1979] characterised a motorcycle and four mopeds of the time.
They used the model and methods laid out by Sharp [1971], focusing on the potential implications for rider control.
From real design parameters, the effects of each on the stability of the weave, wobble, and capsize modes were
quantified. Aoki [1979] used experimentally obtained data to characterise the frequency response functions (FRFs)
of four different contemporary motorcycles. The tests were conducted with several manoeuvres having differing
input controls to the steering torque and rider lean, such as a step responses, motorcycle slalom, and so forth. The
FRFs for each input, as well as a dual input FRF, were plotted for the different motorcycles and inputs. Other than
characterising the input-output responses of motorcycles, the study also concluded that the input of rider lean is
scarcely influential to large motorcycles.

Continuing the investigation of frame flexibility, Sharp and Alstead [1980] analysed four models of differing steer-
ing head flexibilities. The first was the rigid model by Sharp [1971], the rest introduced individually: a lateral
compliance of the front wheel in the forks, a torsional compliance of the front wheel, and a torsional compliance
in the rear frame at and perpendicular to the steering joint. Also introduced with this model was a state of the
art tyre model, and the models were each parameterised using values from four real motorcycles, resulting in 16
sets of eigenvalue analyses. It was found that the capsize mode is insensitive to frame flexibilities and the fork
torsional stiffness has little effect on any of the modes. The lateral fork flexibility added stability to the weave
mode in the mid speed range, destabilising it at higher speeds, while slightly reducing the stability of the wobble
mode. Frame torsional flexibility destabilised the weave mode at mid and high speeds, destabilised the wobble
mode at low speeds, and stabilised it at high speeds. Sharp and Alstead also postulated that there may be an op-
timal value of frame stiffness to balance the effects on the stability of the weave and wobble modes. Analogous to
this work, Splerings [1981] created a similar model with a bending flexibility in the front fork. The findings were
similar in that the increasing flexibility would destabilize weave at high speeds, stabilize wobble at high speeds,
and destabilize it at low speeds.

Cooper [1983] was interested in the effects of aerodynamics on the stability of a motorcycle, and presented a pre-
liminary study on the topic. Experimental steady state wind tunnel drag measurements were performed on two
common aerodynamic fittings for motorcycles (of the time), and the aerodynamic gradients with respect to mo-
torcycle yaw angle, as well as damping coefficients, were presented. Cooper postulated that the positive damping
coefficients found would have a stabilising effect on the motorcycle, but was unsure if their contributions would
outweigh the additional mass on the front frame, and that the negative yaw moment gradient could be detrimental
to stability.

In another fundamental study to the understanding of motorcycle stability, Koenen [1983] presented an 11 DOFs
model for studying the stability of a motorcycle in straight running and, crucially, in steady cornering. The model,
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which was provided both in a nonlinear form for the calculation of steady state operation and linearised form
for stability analysis, included considerations for frame torsion, rider body lean, front and rear suspensions, and
radial tyre deformations. After extensive numerical eigenvalue analysis, Koenen presented the common modes of
a motorcycle in straight running as, from lowest frequency to highest (a review of these modes is also described in
detail by Sharp [2001]):

(i) Capsize: a slow divergent mode of the roll angle, becoming unstable at high speeds.

(ii) Weave: an oscillating mode comprising of mainly the roll and yaw angles, as well lateral velocity,
rider lean, and some steering angle. This mode is unstable at very low speed, and high speed.

(iii) Bounce: in-phase oscillations of the sprung mass on the front and rear suspensions.

(iv) Pitch: out-of-phase oscillations of the sprung mass on the front and rear suspensions.

(v) Wobble: an oscillating mode of the steer angle that can become unstable at mid to high speeds
(depending on motorcycle configuration).

(vi) Front Hop: Unsprung mass oscillation of the front wheel on the tyre radial stiffness.

(vii) Rear Hop: Unsprung mass oscillation of the rear wheel on the tyre radial stiffness.

During the cornering phase, Koenen demonstrated that there exists a merging of modes that are close in frequency
changing their modal shape and behaviour, in part due to the interaction of in-plane and out-of-plane motions
experienced at high roll angles. In particular, a mode deemed ‘cornering weave’ was seen to be unstable under
most cornering conditions at high roll angle.

At this point, the research of single-track vehicles becomes widely diversified into many fields of interest such
as dynamic modelling of bicycles or motorcycles, characterisation and modelling of tyres, rider modelling and
control, stability, and modelling and effects of frame flexibility, among others. Hand [1988] gives a good overview
of most of the models to date, checking, comparing, and validating the EOMs of each. Not every field is pertinent
to this thesis, so the following three sections cover some details and major advancements of tyre modelling as it
pertains to motorcycle modelling, the dynamic modelling and stability of motorcycles, and the study of structural
flexibility and its effect on motorcycle stability. This is followed by a complete overview of the chatter mode.

2.2 Motorcycle Tyre Modelling

This section outlines the history of the key developments of tyre modelling as they pertain to motorcycle modelling
and stability. The dynamics of vehicles, and therefore also the dynamics of motorcycles, depend highly on the
mechanical behaviour of the wheels and tyres [Guiggiani 2018]. Consequently, it is often required to model the
characteristic force generating functions of a tyre as it relates to the kinematics of the vehicle. These functions
generally take as kinematic inputs:

(i) The lateral slip: the out-of-plane velocity of the wheel.

(ii) The longitudinal slip: briefly, the difference between the forward travelling velocity and rolling
velocity at the contact point of the tyre.

(iii) The wheel camber angle.

(iv) The loaded radius: the radial distance between the wheel centre and the contact point, though this
is more commonly replaced by the vertical load at the contact point.

Desired outputs of tyre characteristic functions are the longitudinal and lateral tangential ground forces, the vertical
load (if not taken as an input), the rolling resistance moment, the self-aligning torque, and the overturning moment.
Example forms of these functions are shown in Figure 2.2.

Earlier works tended to assume linear relationships between tyre slip and tangential force, for which small vari-
ations in slip are generally acceptable. More complex models can be categorised one of three ways: as an empirical
model derived from experimental data (such as by Sakai et al. [1979]), as a physical model that is developed from
theoretical models of a tyre, or as a semi-empirical model, something derived from theoretical baselines but with
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Figure 2.2: Example Magic Formula tangential tyre ground forces Fx and Fy generated based on tyre
longitudinal slip σx, lateral slip σy, camber angle φ, and vertical load Fz.

allowances for fitting to experimental data. Pacejka and Sharp [1991] highlighted the differences, benefits, and
drawbacks of several of such models of each type.

A widely used semi-empirical model is the Magic Formula (MF) as detailed by Pacejka [2012], which provides
nonlinear tyre characteristic functions for steady state operation. Early iterations of the MF were presented by
Bakker et al. [1987, 1989], where the basic form of the model was laid out and experimental fit was demonstrated.
Pacejka and Bakker [1992] outline the third iteration of the model, and contained the first use of the moniker
‘Magic Formula’. Later, de Vries and Pacejka [1998] adapted the model using experimental testing for the use
with motorcycles, due to the fact motorcycles experience much higher camber angles during operation. The study
also introduced several transient modelling elements to adapt the steady state model for use in transient conditions.
The concept of tyre relaxation was introduced, where a linear first order delay system is applied to either the
slip input or the tyre force output to represent the transient build up of tyre force. A rigid ring model was also
described, where the belt of the tyre is modelled as a rigid mass elastically suspended from the rim allowing
carcass flexibility and out-of-plane motion with respect to the wheel. This setup allows the accurate modelling of
the transient behaviour of the lateral tyre force in the range of 5 Hz to 60 Hz.

The use of the MF with motorcycles was tested by Tezuka et al. [2001], who compared a splined interpolation
model to the MF model using a nine DOFs multi-body model, and tested their validity to experimental data.
They found better matching with the MF model, as well as greater ease-of-use. Cossalter et al. [2003] detailed an
experimental procedure for characterising motorcycle and scooter tyres using the MF model, as well as presented
results of several contemporary tyres.

The considerations for motorcycle tyre carcass geometry and flexibility were discussed by Lot [2004]. In the case
of geometry, the radial and lateral motions of the contact point due to tyre section profile was described as well
as the effects they have on tyre forces and moments, particularly overturning moment. A model for tyre carcass
radial and lateral deflection was proposed for steady state behaviour, and the interactions with a first order force
relaxation model described. When tested against experimental data, a good fit was found for longitudinal and side-
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slip, but the force response to camber variations was found to be nearly instantaneous, leading to an error in the
modelled behaviour.

Schmeitz et al. [2010] adapted the short wavelength intermediate frequency tyre (SWIFT) model for use with
motorcycles. This model is a more complex dynamic tyre model for better representing the transient response of
the tyre up to 80 Hz. The model is represented by four elements: a steady state force characteristic model (the MF
model), a carcass compliance model that determines the contact geometry, vertical loads, and slip velocities at the
contact patch, a rigid ring model for adequately modelling higher frequency dynamics, and an obstacle enveloping
model which determines an effective road surface in the presence of short wavelength obstacles. The model was
compared with the standard MF motorcycle model and the automotive SWIFT model to experimentally measured
data, and showed improvements over both.

Massaro et al. [2013] and Cossalter et al. [2014] characterised the effect tyre pressure has on the MF model for
motorcycle and scooter tyres via an experimental campaign. Massaro et al. [2013] also studied the effects tyre
pressure variations have on motorcycle stability using an 11 DOFs multi-body model and eigenvalue analysis
in steady straight running. It was found that, in general, increasing tyre pressures led to more stability except
in the case of front tyre pressure and high speed wobble. In more recent developments, Doria and Taraborrelli
[2016a] found the out-of-plane vibration modes of the tyre belt via experimental testing for several tyres and
varying tyre pressures. These results were then converted to modal stiffness approximations and used to create
a lateral relaxation length model that took into account the modal properties. The model was then compared to
experimental results.

2.3 Motorcycle Modelling and Stability

Beginning in 1990s, the advent of computer aided design (CAD) and computer aided engineering (CAE) software
would facilitate the creation of ever more complex multi-body systems for the modelling of motorcycle dynamics.
In the case of simulating dynamic systems, there are two common approaches: in the first approach, a software
would offer a complete package of equations, solutions, and solvers for a particular system to the end user for
simulation use, for example ADAMS.3 The second approach is a software that would automatically provide the
governing equations themselves. For example, AUTOSIM4 is a Lisp based code for developing symbolic multi-
body models that was developed by Sayers [1990, 1991, 1993]. The software automatically derives the governing
equations for a desired system, which the end user can then apply with other computational methods. Sharp [1994]
gave a review of contemporary software and discussed the benefits and shortcomings of each.

Demonstrating the use of AUTOSIM, Gani et al. [1996, 1997] reproduced the model by Sharp [1971] using the
software. This allowed the reproduction of the previous results, but also the demonstration of other capabilities
such as study of the frequency response of the system to steering input via the nonlinear time solution, confirming
the existence of the counter-steer phenomenon, and linear eigenvalue analysis of the system undergoing linear
acceleration. Sharp and Limebeer [2001] extended this model for more general use, allowing the study of stability
during steady cornering, reproducing the work by Koenen [1983]. Limebeer et al. [2001] used this model to study
the stability of a motorcycle undergoing tractive and braking accelerations, with considerations to the limitations
of stability analysis in time-varying systems. It was found that the wobble mode is destabilised under deceleration,
while the weave mode damping was insensitive to accelerations. In another use of the model by Sharp and Limebeer
[2001], Limebeer et al. [2002] studied the effects of external excitation due to road unevenness. It was shown
through FRFs and nonlinear simulations that the steer angle response to road excitation could be quite severe during
cornering. They theorised that road unevenness may be of much more importance in motorcycle dynamics than it
is in four wheeled dynamics. In another extension to the model by Sharp and Limebeer [2001], Evangelou [2003]
and Sharp et al. [2003, 2004] detail the creation of a full multi-body model of a Suzuki GSX-R1000K1 motorcycle.
This model advanced the previous with the inclusion of tyre section geometry, the MF tyre model, an updated load
dependent tyre relaxation model, and a four bar linkage rear suspension layout. The full parameterisation was also
made available to the reader. Using this model, Sharp and Limebeer [2004] studied the effect passive rider upper
body motions have on the stability of the wobble mode. It was found that they play a role in the modal instability,
and that neither loose nor tense rider behaviours were able to tame any wobble oscillations. Another application of

3https://hexagon.com/products/adams-car
4https://www.carsim.com
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the model was by Evangelou et al. [2008], where the model was augmented to include the effects of road camber,
and the stability of a motorcycle cornering on a cambered road was studied. It was found that during high speed
cornering, the stability of the weave and wobble were both at their minimum when the tyre was orthogonal to the
road. Evangelou et al. [2010, 2013] used the model to study steering oscillations of a racing motorcycle under
acceleration. It was found that a motorcycle undergoing significant straight running acceleration has the potential
to drive the weave and wobble mode frequencies closer together, causing modal interaction and resulting in an
unstable weave mode.

In an independent development, FastBike5 was created by a similar symbolic multi-body systems approach. Pre-
ceding the full multi-body model, Cossalter et al. [1999] derived the steady state solution to a cornering motorcycle
using the kinematic approach of Kane [1975], introducing tyre slip and the MF model. The numerical solutions
of the nonlinear equations were presented as steady state handling maps and the effects different aspects of the
model had on steering torque were investigated. The full 11 DOFs FastBike model was first presented by Cossalter
and Lot [2002], which had considerations for the front and rear suspension, the MF tyre model with relaxation,
and a kinematic chain drive. The model was derived using the natural coordinates approach resulting in a very
efficient computation time, making real time simulation possible. The process by which the model was created
was generalised and described by Lot and Lio [2004]. Cossalter et al. [2004] performed modal analysis of the
model during steady turning using a moving frame of reference to transform the time-varying steady coordinates
into stationary ones. Root loci for different speeds and cornering radii were displayed, and the pertinent modes
successfully shown. The model of Cossalter and Lot [2002] received a major update by Cossalter et al. [2011],
where the following aspects were introduced: the moving reference frame concept incorporated into the equations,
the possibility of modelling flexible joints, alternative suspensions layouts, cambered and sloped road surface, a
powertrain with viscoelastic elements, and a three DOFs passive rider. Use of the model was demonstrated with
a steering torque decomposition analysis, an eigenvalue analysis showing the effects of structural flexibilities, an
eigenvalue analysis showing the onset of chatter, and a time domain handling analysis. Massaro et al. [2012] used
the newest model to test the effects of different passive rider properties had on weave stability. Both the model and
experimental test data were compared, and it was found that smaller riders tend to destabilise the weave mode.

Other than the large modelling efforts of the previous two groups, several other advances in the understanding
of motorcycle dynamics have occurred. The nonlinear characteristics of motorcycle dynamics were studied by
Meijaard and Popov [2006, 2007], where the bifurcation behaviour of a six DOFs motorcycle model was studied.
Importantly, they found the wobble mode to have supercritical Hopf bifurcation behaviour. Saccon and Hauser
[2009] improved upon the kinematic solution of Cossalter et al. [1999] and produced a pitch angle constraint
equation with the possible inclusion of frame twist. Katayama and Nishimi [1990] and Marumo and Katayama
[2009a] introduced a novel approach to studying the sources of the wobble and weave mode instabilities. By
taking the derivative of the kinetic energy of the mode of interest, the eigenmode was decomposed into its forcing
components. The relative phase and amplitudes of these components could then be used to calculate the energy
contribution over one period of oscillation. New methodology for the derivation of the motorcycle EOMs was
presented by Nehaoua et al. [2013], where Jourdain’s principle was used to develop an 11 DOFs model. This
method was chosen for its simplicity and low computational load, as the goal was to synthesise a model for
the purposes of control or state observation. Another multi-body motorcycle model was presented by Leonelli
and Mancinelli [2015, 2016] which included the use of the SWIFT model for modelling the tyre forces. The
highly complex and advanced model used the symbolic approach of Lot and Lio [2004] with the inclusion of
the developments by Saccon and Hauser [2009] citing an improvement in model computational performance. An
important development in the study of vehicle stability came from Salisbury et al. [2016], who applied the theories
presented by Rosenbrook [1963] and Desoer [1969] to find the stability limits of the time-varying system of a
braking racecar. It was shown that there was little difference between the time-varying and frozen-time analyses
up to 20 m s−2, validating the use of frozen time analysis in the case of vehicles under acceleration.

In some recent developments in the field of motorcycle dynamics, Leonelli and Limebeer [2020] described a
method of determining optimal trajectories for a racing motorcycle with the use of optimal control strategies. An
augmented simple bicycle model and three dimensional race circuit model were used, and the results were com-
pared to an experimental racing trajectory. A systematic symbolic approach to modelling multi-body dynamic
systems was presented by Pappalardo et al. [2021a,b], where the general model was described by a system of
differential algebraic equations (DAEs) including the EOMs and the constraint equations for redundant coordin-

5https://www.dynamotion.it
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ates. Methodologies for linear analysis and non-linear simulation were also provided, and a demonstration of the
Whipple [1899] model produced. Later, Manrique-Escobar et al. [2021] offered another improvement in the kin-
ematic model of a motorcycle, providing a formulation that used no linearisation assumptions. Finally, Passigato
et al. [2021] proposed two steering torque control strategies to improve the damping of both weave and wobble
modes simultaneously.

2.4 Frame Flexibility in Single-Track Vehicles

Past research has proven that the structural flexibility of motorcycle frames could play a crucial role in their stability
[Sharp 1974, Roe and Thorpe 1976, Kane 1978, Sharp and Alstead 1980, Splerings 1981]. This section provides a
brief review of some of the pertinent developments and findings with respect to structural flexibility and how they
relate to motorcycle stability.

Roe and Thorpe [1989] attempts to create an optimised frame in terms of torsional and lateral stiffness for weave
and wobble stability. Finite element analysis (FEA) was used in the design of two new frames, and experimental
tests conducted to fine tune the stiffnesses to minimise instabilities. Later, Lot et al. [2005] and Cossalter et al.
[2007] studied the effect on stability of fork and swingarm structural flexibilities by adding four lumped stiffness
joints to the model of Cossalter and Lot [2002]. The studies found that lateral compliance of the front fork caused
a major change to the wobble mode stability behaviour, causing mid speed instability, and stabilising the high
speed range, while swingarm compliance had an effect on the damping of the weave mode, to a lesser extent.
Applying the energy flow methods methods laid out by Katayama and Nishimi [1990], Marumo and Katayama
[2009b] studied the key structural flexibilities affecting the stability of the weave and wobble modes. It was found
that lateral fork and frame torsion compliances have the most effect on wobble, while lateral fork and swingarm
torsion compliances have the most effect on weave.

Typically these compliances were modelled as single lumped stiffness joints, with location and orientation chosen
quite arbitrarily. Raines and Thorpe [1986] spoke about the location of the twisting joint of the rear frame of a
motorcycle, the effects of some design considerations, and the determination of its location using FEA. Later, Doria
and Formentini [2011] examined the vibration modes of instrumented bicycles in laboratory experiments with the
goal of determining the dominant structural modes, and discerning the possible locations and qualities of lumped
stiffness joints. Ferretti et al. [2014] introduced a finite element flexible model of a swingarm to a multi-body
motorcycle simulation, and compared the results of braking and uneven road simulations to its rigid counterpart,
finding less stability with the flexible element. In laboratory tests, Cossalter et al. [2015] characterised two sets of
motorcycle forks using static, dynamic, and modal testing methods, showing that the location, stiffness, and inertia
of a potential lumped stiffness model change with respect to the excitation. Multi-body stability analysis was
performed comparing the experimentally determined lumped stiffness models with a rigid model, demonstrating
the inherent differences. Similar tests and formulations were performed for two motorcycle frames by Doria and
Taraborrelli [2016b]. Finally, the procedure was applied to two motorcycle swingarms by Taraborrelli et al. [2017].

In some recent developments, Passigato et al. [2020] performed an in-depth investigation into the factors causing
the fork lateral compliance to affect the weave and wobble modes of motorcycles. Passigato et al. [2022] deepened
the understanding of structural flexibility on motorcycle stability by introducing flexible body models of the motor-
cycle frame, fork, and swingarm to a multi-body simulation and comparing the stability of the weave and wobble
modes.

2.5 Nonlinear Analysis Concepts

While there have been some studies into the nonlinear characteristics of motorcycle behaviour by Meijaard and
Popov [2006, 2007], it is still a subject oft overlooked in this field. Therefore, this thesis will dedicate a chapter to
the study of the nonlinear characteristics of the unstable phenomenon at hand, and this section will introduce the
works and methodologies used therein.

Perturbation methods, where the nonlinear behaviours of a system are assumed to act as ‘perturbations’ from the
simpler linear system are described in great detail in the works of Nayfeh and Mook [2004] and Rand [2012]. The
authors give the description and example usage of methods such as the Lyapunov direct method, the Lindstedt
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method, the method of averaging, the method of multiple scales, and the harmonic balance method. Each of these
methods increase in complexity and offer solutions to varying types of problems encountered in finding the solu-
tions to nonlinear systems. The harmonic balance method, in particular, was used by Lee et al. [2005] and Hayes
and Marques [2015] to study the nonlinear characteristics of the ‘flutter’ instability in aerofoils, a similar self-
excited oscillation to chatter.

Another method of simplifying the behaviour of nonlinear systems is the describing function method, as found in
the work by Gelb and Vander Velde [1968]. Here, the nonlinear characteristic of the system is transformed into
an amplitude-dependent linear transfer function that adequately ‘describes’ the behaviour of the nonlinear system.
Certain assumptions about the system must be made in order to use this method. These include that the nonlinear
portions are excited by sinusoidal-like inputs, and that the dynamic system as a whole acts as a low-pass filter.
Somieski [2001] used this method in conjunction with eigenvalue analysis of the quasi-linear systems to determine
limit cycle stability.

Troger and Steindl [2012] outline a bifurcation method where a nonlinear system can be reduced to a lower-
dimensional problem by use of the centre-manifold theorem. Troger and Zeman [1984] demonstrate the use of
this method by analysing the nonlinear characteristics of a truck and trailer system, while Hagedorn et al. [2014]
use the method to demonstrate the more general nonlinear characteristics of self-excited systems with circulatory
terms.

For time-varying system analysis, the works by Yakubovich and Starzhinskiı̆ [1975] are referred to. Within, the au-
thors introduce the concepts required to analyse linear time-varying systems with methods such as the monodromy
matrix and Floquet theory. By the combination of Floquet theory and the harmonic balance method, Lewis [2019,
2020] was able to investigate the stability of nonlinear limit cycles.

2.6 Motorcycle Chatter

As described so far, motorcycles and single-track vehicles are complex systems that can present difficult stability
problems, the modelling and prediction of which is a subject of great interest [Manrique-Escobar et al. 2022]. Spe-
cifically in high performance and racing motorcycles, there exists lightly damped or unstable oscillatory motions
of the front and rear wheels experienced during heavy braking manoeuvres which are typically denoted ‘patter’
and ‘chatter’, respectively. These motions are characterised by phased oscillations of the respective suspension
and wheelspeed, and can cause reduced rider confidence, longer lap times during competitions, and increase the
risk of crashing. Chatter typically has a frequency of 17 Hz to 22 Hz and though mitigation of the phenomenon
might be achieved through improved damper technology [Martini et al. 2018], it is also important to understand the
causes and mechanisms of the instability, including possible sources from both in-plane and out-of-plane dynamics.
Presented here is the history and review of the studies on such unstable modes to date.

The first appearance of any such high frequency oscillation of wheels in vehicle dynamics was possibly by Sharp
[1969]. Using an analogue computer to simulate an 11 DOFs powertrain and rear suspension of an automobile
undergoing braking or driving acceleration, a self-excited oscillation called ‘axle tramp’ was reproduced. This was
mainly oscillations of the vertical and longitudinal (or conversely, yaw and roll) DOFs of the rear suspension,
and the torsional vibrations of the driving shafts. Two critical modes were identified, a symmetric motion and an
antisymmetric motion, and it was found that decreasing the acceleration value or increasing the longitudinal axle
mounting stiffness led to stabilisation. It was proposed that the phase lag between the force generating motions
of the tyres (such as vertical displacement and forward velocity) were causing energy to be fed into the system,
leading to a growth in oscillation amplitude.

Another early example of a self-excited oscillation driven by suspension and tyre forces was presented by Pacejka
[1974]. A minimal model example was given by a two DOFs system consisting of a wheel and suspension with
its travel angled with respect to vertical. The EOMs were derived and the Routh-Hurwitz method applied to plot
stability regions. Two unstable regions were found, with oscillation frequencies close to that of the wheel torsional
natural frequency and that of the sprung suspension natural frequency, respectively. The work demonstrated the
use of minimal models and analytical methods in finding the cause and mechanisms of the instability, and that with
instabilities of this nature, the governing geometry and force gradients are crucial factors.

A phenomena of similar nature was described by Sharp and Giles [1983] occurring at the front wheel and sus-
pension of a motorcycle during heavy braking. Employing a similar simplified modelling approach, a four DOFs
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model representing only the front forks and wheel of a motorcycle was derived. It included coordinates for the
frame compliance at the steering head, the fork travel, wheel spin, and torsional wheel compliance (similar to a
rigid ring model). Numerical integration of the EOMs indeed show an unstable oscillation near the front hop fre-
quency. It was found that the torsional compliance of the tyre tread band played no role in the onset of instability.
Similar to axle tramp, the onset of instability and self-excited vibration was surmised to be due to the phase rela-
tionship between the tyre vertical load and longitudinal slip. Higher speeds and higher braking torques led to more
instability, while lowering tyre friction increased stability.

From experimentally obtained accelerometer data, Tezuka et al. [2004] discerned a 17.7 Hz vertical vibration of
the front axle during a cornering manoeuvre near the limits of tyre grip. They found the instability to occur at the
point of highest roll angle during initial throttle application. Modal analysis of a nine DOFs multi-body model
was used to reproduce the unstable mode numerically. Increased roll angle and increased longitudinal tyre force
decreased stability, and modal analysis characterised the instability as out-of-phase oscillations of the sprung mass
on the suspension springs and the unsprung masses on the vertical stiffness of the tyres, driven by a coupling to the
friction forces of the tyres.

Later, Catania and Mancinelli [2007, 2008] produced planar multi-body models to use in eigenvalue and time
integration analyses. In the first study, the seven DOFs planar model with considerations for front and rear suspen-
sion, tyre radial deflections, and a kinematic representation of the chain drive was analysed through an acceleration
and braking manoeuvre using quasi-static eigenvalue analysis. The model did not show any instability of the front
or rear hop modes, though when the rear hop mode became lightly damped, it showed modal mixing tendencies
with the front hop, evident in the mode shapes presented. In the second study, an 18 DOFs multi-body system was
formulated with Newtonian methods for the purposes of time integration using commercial software. The model
contained steering, front and rear suspensions, rigid ring tyres, tyre relaxation, crankshaft with kinematic chain
drive, and aerodynamic forces. Results of the simulation showed an unstable self-excited oscillation of greater
than 30 Hz mainly arising from the rigid ring tyre dynamics.

Although not directly pertaining to motorcycle dynamics, the study by Kröger et al. [2008] offers some useful
results to the instability under study. In this work, Kröger et al. outlined several different mechanisms for the onset
of self-excited oscillations in systems with contact friction, similar to tyre forces. The first type of mechanism is
contact friction with a negative force gradient, which could easily occur in the case of a motorcycle if the peak
tyre grip were to be exceeded. The second type is from fluctuating vertical loads, as could be experienced during
chatter oscillations. Finally, the third type of onset mechanism is geometric factors and non-conservative restoring
forces due to an asymmetric system stiffness matrix. This last type of mechanism could be pertinent to the case
of the motorcycle when multiple DOFs systems are coupled through geometric factors or constraints (see Pacejka
[1974]). Kröger et al. went on to give practical examples, and proposed particular solutions for mitigating each
type of instability mechanism.

In two critical studies, Cossalter et al. [2008, 2012] were the first to introduce a viscoelastic transmission element
to a multi-body model in an attempt to reproduce experimentally obtained data of the chattering phenomenon.
Using a 12 DOFs multi-body model consisting of front and rear suspensions and a powertrain inertia connected to
the rear wheel via a viscoelastic chain, linear eigenvalue analyses and time integration simulations were performed
for braking manoeuvres. The newly introduced ‘driveline’ mode had an eigenfrequency nearly equal to that of
the rear hop mode. This caused the modes to interact and drove the driveline mode to instability under certain
conditions, such as decelerations with large engine braking. It was proposed that the mechanism to instability
involves the phase relationship of rear tyre forces and slip velocities. An operational and model parameter study
was also performed, the critical parameters effecting stability were found to be the deceleration value, braking ratio
(between engine and rear brake), gear ratio, sprocket damping coefficient, and front sprocket location.

In contrast to the previous findings, Sharp and Watanabe [2013] used two independent multi-body models, one from
a commercial software, to show that an instability of around 25 Hz occurs with sufficient torsional compliance in
the steering head, affecting mainly the front wheel during high lateral acceleration operation. The oscillations
comprised mainly of steer angle and frame twisting contributions approximately 90◦ out-of-phase with each other.
This result suggests that there could be multiple mechanisms by which a high frequency instability can arise.

Catania et al. [2013] expanded their previous model into a 19 DOFs model by the addition of a full powertrain
model including a viscoelastic chain. The model was analysed via quasi-static linear eigenvalue analysis, and by
time simulation with comparisons to experimentally obtained MotoGP racing manoeuvre data. The eigenvalue
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analysis confirmed the existence of an unstable rear hop mode during braking conditions with braking moments
on the rear wheel, both from engine and brake. Numerical time simulation also showed good agreement with
experimental data. Catania et al. showed that by removing the dependence of relaxation length on vertical load, the
chatter instability could be mitigated. The reasoning behind this is the lessening of the dependence of, or removal of
a critical link between, the tyre vertical load and longitudinal slip reducing the phase lag between the two. Catania
et al. also postulated that the geometric link of the chain force between the wheel speed and swingarm angle was
feeding the energy flow into the system.

Leonelli [2014] introduced a simplified planar model to study the chatter phenomenon analytically. The model,
similar to that proposed by Pacejka [1974], included rear wheel spin, vertical rear suspension travel, and a chain
drive component. The stability analysis by Pacejka [1974] was repeated with the addition of a novel coupling
parameter brought on by the chain force term. The result was an additional two unstable regions, which could
be unstable in the region of interest for motorcycle dynamics, though it was shown that a minute amount of
damping could quell the instability. Furthering this simplification effort, Leonelli et al. [2016] examined three
models of increasing complexity to discern the governing characteristics of the chatter mode. They were able to
show that even for the simplest case, there were two possible mechanisms to instability. The first was a negative
force gradient, as experienced at very high slip coefficients, and the other was excessive values of relaxation length,
even under the assumption of a constant value.

Sorrentino and Leonelli [2017] returned to the two DOFs model presented by Leonelli [2014], but added in a
slightly more complete chain drive geometry, as well as considering a null relaxation length. Within, the stability
boundaries were studied analytically, with different aspects of the model individually introduced, and parameter
variation effects shown. It was determined that instability exists despite the lack of relaxation length and is caused
by an asymmetric stiffness matrix in the linearised EOMs giving rise to a critical phase lag between the tyre force
and slip. This is driven by the tyre vertical and longitudinal slip force gradients, and the stability is sensitive also to
chain geometry parameters which affect the coupling of the degrees of freedom through the chain stiffness matrix.

These findings were validated by Leonelli et al. [2018] using a planar 10 DOFs multi-body model. The model
included considerations for suspension, drivetrain with chain, and rigid ring tyres. Importantly, relaxation length
was neglected. First, the model was simulated in time and compared to experimental data, and showed agreement
and the growth of the chatter instability during the straight braking manoeuvre. Particular interest was given to the
working points on the MF function, and the force gradients at those points. Thorough linear eigenvalue analysis was
performed by introducing fictitious forces to allow the model to operate in a steady state braking configuration, and
a numerical method presented to calculate the stability boundary to compare to the two DOFs model of the previous
study. Phase diagrams of the unstable oscillations for different variables were also shown, and the phase offsets
of critical variables studied. The study confirmed previous findings, shared the agreement that the mechanism to
stability is the phase lag between the tyre force and slip, and concluded that the parameters to which chatter is most
sensitive are the tyre force gradients.

Recently, the similar phenomenon of front patter that oscillates at 7 Hz to 9 Hz was investigated by Cattabriga
et al. [2021]. The minimal model presented by Sharp and Giles [1983] was modified by removing the rigid ring
and relaxation behaviour but, crucially, moving the location of the frame flexure point. This reversed the effect
of the fork damper, making it destabilising with increasing value. Again the tyre force gradients played a crucial
role in the onset of instability, and it was suggested that factors such as high speed, high braking efforts, and the
presence of Coulomb friction would lead to instability.

With that, the revision of the chatter phenomenon, motorcycle stability, and other general topics leading up to them
is concluded. The current body of research contains some gaps and this thesis looks to continue and to expand
the efforts of the works discussed above. To date, the effects of roll angle and lateral dynamics on the chattering
phenomenon with a chain-drive transmission have not been widely studied. As well, the nonlinear characteristics
of the phenomenon are as of yet unknown. Finally, other than a few studies that ignored the effects of the chain
and powertrain, the mid-cornering region has been largely ignored. Herein, the simplified models of Leonelli et al.
[2016] and Sorrentino and Leonelli [2017] are expanded upon to study the roles that roll angle and out-of-plane
lateral dynamics have in the chatter phenomenon. The methodology set out by Kröger et al. [2008] is used to
study the mechanisms by which instability arises. The nonlinear characteristics and behaviours of the system are
investigated, with a focus on the existence of limit cycles and their stability. Finally, the possible existence of
similar phenomena during a mid-cornering manoeuvre is explored in more detail.
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3 Motorcycle Chatter and Roll Angle

3.1 Introduction

The objective of this chapter is to investigate the roles, if any, that motorcycle roll angle and tyre lateral force
dynamics play in the stability of the chatter mode. Motorcycles, specifically racing machines, tend to experience
large non-negligible roll angles [Romualdi et al. 2020], and therefore it is of practical interest to understand whether
or not a static roll angle, or in fact a roll angle DOF, is required to fully predict the behaviour of this mode. This
chapter extends the two DOFs model presented by Sorrentino and Leonelli [2017] to three DOFs with the addition
of a roll angle, as well as a complete formulation of the chain drive mechanism. The study of driveline stability
at increasing roll angles and the possible interactions of the lateral dynamics are the topics of interest, and to this
end roll angle is introduced to a typical braking manoeuvre, beginning at small angles (with larger angles in mid-
corner manoeuvres studied in Chapter 5). This chapter seeks to show the effects of both a varying static roll angle
and the role lateral force oscillations play on the stability of the chatter mode. For this purpose, an adequate tyre
model has been adopted, according to Besselink et al. [2010] and Pacejka [2012] (the MF tyre model). To date,
the studies investigating the driveline mode have done so only in straight braking manoeuvres. It is anticipated
that the addition of roll angle will also allow the minimal model to predict instabilities of the rear system in more
than just braking manoeuvres, such as in cornering and traction manoeuvres, as is discussed in Chapter 5. This
chapter presents the full equations of the new model in Section 3.2 and demonstrates its use analysing a braking
manoeuvre. Section 3.3 compares the minimal model to a full multi-body simulation and provides the resulting
stability analysis of the minimal system, as well as some root cause investigations and parameter sensitivity studies.

3.2 Minimal Model

The model in this chapter is developed as an extension to that of Sorrentino and Leonelli [2017]. The roll angle of
a motorcycle in a curve is added as a third DOF in the model, and an exact derivation of the equations for the chain
drive mechanism is added, accompanied by some nomenclature and methodology changes due to the increased
complexity. The minimal model describes the dynamics of the rear suspension and driveline of a typical sport or
racing motorcycle, for example that in Figure 3.1.

The geometry of the model is presented in Figure 3.2, which shows rear and planar (aligned with roll angle φ)
views. The model represents the rear part of a motorcycle, which in this case is attached to an infinite inertia frame,
translating, and rotating with stationary velocities Vfx, Vfy, and Ωfz on a perfectly flat plane. In order to get the
stationary operating points necessary for performing stability analysis, the model imposes stationary values for
velocities even though a braking torque on the rear wheel is present. The reference frame is attached to the infinite
inertia frame and given in x-forward, y-right, z-down SAE convention [Society of Automotive Engineers, Inc.
2022]. On this frame at point F , at a height of zf from the ground plane, is a revolute joint aligned parallel with
x-axis. To this joint connects the first part of the rear frame which serves to model the main mass of the motorcycle,
onto which is attached the front sprocket of the drivetrain, whose radius is rp. This member is defined by the joint
angle φ and the line FS, whose geometry is defined by xf and hf. The mass of the reference frame mfr is located a
fraction ηfr of its length along line FS, and the reference system in which its inertia matrix J fr is defined is aligned
along the x-axis and rotated by φ to remain in-plane with the rest of the system. At point S there is a revolute joint
orthogonal to the x-axis and the line FS defining the swingarm pivot. The swingarm is represented by the line SA,
with a length of `sa and an angle α of the joint. The swingarm mass msa is located a fraction ηsa along line SA,
and the reference system in which the inertia tensor J sa is aligned has its x-axis along the line SA while its z-axis
remains in-plane with the system. Connected at point A is the final revolute joint which is parallel to swingarm
pivot. This joint connects the body representing the wheel, tyre, and rear sprocket. This body is characterised by
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Rear Wheel

Rear Sprocket

Swingarm

Chain

Swingarm Pivot

Front Sprocket

Frame
Rear Spring and Damper

Figure 3.1: Rear suspension and driveline of a typical sport motorcycle.

the joint angle θ (which breaks convention and is aligned along the negative y-axis, so that wheel rotation is
positive with motion in the forward x-direction), the outer radius of the tyre Rr, the toroid radius of the tyre ρr,
and the rear sprocket radius rc. The rear wheel mass mwh is centred at point A, and the reference system in which
the inertia tensor Jwh is aligned has its y-axis aligned with the revolute joint and is symmetric about that axis. All
inertia matrices J i are assumed to be in the principal axes, with no cross-terms.

The kinetics of the model are given corresponding to the three DOFs: α, θ , and φ. The non-constraint forces
and moments in this model consist of the tyre forces Fx, Fy, Fz, chain force Fc, braking moment Mbr, swingarm
rotational spring ks and damper cs acting on joint S, and the optional frame rotational spring kf and damper cf
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s̀a
si
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α
)

zf

Rr

Rcρr

φ
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z

mfr, J fr F
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mwh, Jwh
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y
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z
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φ

(a) Rear view.
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xf
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φ
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*
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(b) Planar view.

Figure 3.2: Model free body diagrams.
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acting on joint F . The EOMs as formulated using the Lagrange equations are given by:

q =







α

θ

φ







(3.1)

Jαα̈=− ks(α−αs0)− csα̇+ sin(α)`saFx(q̇ ,q)− cos(α)`saFR(q̇ ,q)− kc

�

`c(α,θ )− `fc

� ∂ `c(α,θ )
∂ α

+ cos(α)`sa cos(φ)(mwh +ηsamsa)g +Mcent,α +Mcor,α +Mgyro,α −Mbr (3.2)

Jwhyθ̈ =− Rc(α,φ)Fx(q̇ ,q)− kc

�

`c(α,θ )− `fc

� ∂ `c(α,θ )
∂ θ

− Jwhy cos(φ)Ωfzφ̇ −Mbr (3.3)

Jφφ̈ =− kf(φ −φf0)− cfφ̇ − zfFy(q̇ ,q)−
�

hf + sin(α)`sa + Rr −ρr

�

sin(φ)Fz(q̇ ,q)

− sin(φ)
�

hf(ηfrmfr +msa +mwh) + sin(α)`sa(msaηsa +mwh)
�

g +Mcent,φ +Mcor,φ +Mgyro,φ (3.4)

where q represents the vector of DOFs, g is acceleration due to gravity, `fc and `c represents the free and dynamic
total length of the chain respectively, and αs0 and θf0 give the spring preloads. The complete formulation can be
found in the Appendix, Section A.1. The reduced inertiae Jα and Jφ , and the inertia elements Mcent,i , Mcor,i , Mgyro,i

can also be found in the Appendix, Section A.2.

Of Equation (3.2) – (3.4), FR and Rc can be solved for geometrically using Figure 3.2:

FR(q̇ ,q) = sin(φ)Fy(q̇ ,q)− cos(φ)Fz(q̇ ,q) (3.5)

Rc(α,φ) =Rr −ρr + cos(φ)
�

ρr − z(α,φ)
�

(3.6)

z(α,φ) = cos(φ)
�

hf + sin(α)`sa + Rr −ρr

�

− zf +ρr (3.7)

while the other dependent terms need further derivation, as shown in the subsequent sections.

3.2.1 Chain Geometry
The derivation of the chain equations by Sorrentino and Leonelli [2017] uses linearised approximations of the
chain length and small angle formulae. This section will develop the chain equations in their full symbolic form
for their use in stability analysis and to confirm that the approximations made by Sorrentino and Leonelli [2017]
are acceptable. The chain is modelled as a spring wrapped around two wheels (the front and rear sprockets) with
no slip. Chain damping is neglected, as the term tends to be small in chain systems [De Rossi et al. 2022]. The
length of the spring varies as the sprockets spin, and as the configuration geometry changes due to variations in the
generalised coordinates. The force and potential energy of the spring are given as:

Fc(α,θ ) =kc

�

`c(α,θ )− `fc

�

(3.8)

Ec(α,θ ) =
1
2

kc

�

`c(α,θ )− `fc

�2
(3.9)

where `fc represents the free length of the chain and `c(α,θ ) represents the dynamic total length, for which an
equation must be devised. From Figure 3.2b, the moments arising from the chain forces applied to the θ and α
DOFs can be determined as:

Mcα(α,θ ) =− `sa sin(ψ(α))Fc(α,θ ) (3.10)

Mcθ (α,θ ) =−δrcFc(α,θ ) (3.11)

where the variable δ determines the active portion of the chain (1 for braking and −1 for traction). Since the chain
force is conservative, the moments in Equation (3.10) and (3.11) can also be derived from the potential energy in
Equation (3.8) and (3.9):

Mcα(α,θ ) =− kc

�

`c(α,θ )− `fc

� ∂ `c(α,θ )
∂ α

(3.12)

Mcθ (α,θ ) =− kc

�

`c(α,θ )− `fc

� ∂ `c(α,θ )
∂ θ

(3.13)
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Finally, combining Equation (3.10) – (3.13) gives the partial derivatives that must be satisfied for the derived equa-
tion for `c(α,θ ):

∂ `c(α,θ )
∂ α

=`sa sin(ψ(α)) (3.14)

∂ `c(α,θ )
∂ θ

=δrc (3.15)

To begin, the contributions to chain length are divided into three parts: the geometric tangential distance between
the sprockets `tc(α), the wrapping or unwrapping of the chain on the sprockets as the sprocket centre angle and
distance changes `θc(α), and the spin of the sprockets themselves `ωc(θ ). Summing these values gives the dynamic
total length of the chain:

`c(α,θ ) =`tc(α) + `θc(α) + `ωc(θ ) (3.16)

`c(α,θ ) =`tc(α) + `θc(α)−δ(rpθp − rcθ ) (3.17)

in which the effect of spin has already been included. This equation, and therefore the following derivations for
`tc(α) and `θc(α), need to satisfy Equation (3.14) and (3.15).

Typical chain geometries are shown in Figure 3.3 for traction and braking configurations. The swingarm is shown
with length `sa and angle α, at the end of which is the rear sprocket with a radius of rc. The front sprocket is held
offset from the swingarm pivot by a distance `p and an angle βp from the horizontal, and has a radius of rp. The
centre distance between the sprockets is given as d, and shown is the chain tangential distance `tc and chain angle
ψ.

`sa

p̀` tc(α
)

rc

rp

d(α
) α

βp
ψ(α)

S

A

(a) δ = −1 (traction).

`sa

p̀

` tc
(α)

r c

rp

d(α
)

α

βp

ψ(α)

S

A

(b) δ = 1 (braking).

Figure 3.3: Geometry of the drivetrain.

Using trigonometry, an equation for the tangential chain length `tc can be found from Figure 3.3. Referencing off
the common hypotenuse of the sprocket centre distance d, the relation between swingarm angle α and tangential
length `tc is evident, see Figure 3.4:

d(α) =
q

`2
sa + `2

p + 2`sa`p cos(βp −α) (3.18)

`tc(α) =

s

d(α)2 −
�

−δ(rp − rc)
�2
=
q

`2
sa + `2

p + 2`sa`p cos(βp −α)− (rp − rc)2 (3.19)

The change in chain length due to wrapping effects `θc(α) is caused by both changes in sprocket centre angle and
distance. During angular changes, the wrapping angle θc on both the front and rear sprockets is equal due to the
chain line `tc being tangent to both sprockets, and the change in arc length is given by Equation (3.20). In the
simplified case of Figure 3.5 the portion of angular change θc due to a change in sprocket centre angle ε1 is a direct
correlation:

`θ c1(α) =−δ(rp − rc)θc = −δ(rp − rc)ε1 (3.20)
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`sa + `p cos(βp −α)

`
p

sin(β
p −
α
)

−
δ
(rp −

rc )

ψ(α)

−ψ1(α)

ψ2(α)

d(α)

`tc(α)

Figure 3.4: Trigonometry of the drivetrain, shown for δ = −1 (traction).

`tc

` tc

d

d

rprc

r c

ε1

θc

θc

Figure 3.5: Simplified chain geometry, change in sprocket centre angle. Shown with rp and rc equal
for illustrative purposes.

Due to the swingarm pivot and front sprocket centre not being coincident (due to the offset `p), the angle ε1 is a
function of swingarm angle α. Shown in Figure 3.6, the resulting equation can be derived using inner angle sums:

ε1(α) =
�

π−ψ2(0)− (π− βp)
�

−
�

π−ψ2(α)− (π− βp +α)
�

= α+ψ2(α)−ψ2(0) (3.21)

Another effect of the distance `p is the change in sprocket centre distance through the range of swingarm angles.
This gives rise to another chain wrapping effect, as shown in the simplified Figure 3.7. In this case, the angular
change is given as the change in angle of the chain referenced to the sprocket centres. In the general case (see
Figure 3.3) this change is given as:

`θ c2(α) = (rp − rc)ε2(α) =(rp − rc)
�

δψ1(0)−δψ1(α)
�

=−δ(rp − rc)
�

ψ1(α)−ψ1(0)
�

(3.22)
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` sa

`sa

`p

d(α
)

d(0)

α

βp

ε1(α)

ψ2(0)

ψ2(α)

Figure 3.6: General chain geometry case, relation of ε1 to α.
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d(α)
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rc
rc

ψ1(0)
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ε2(α)

ε2(α)

Figure 3.7: Simplified chain geometry, change in sprocket centre distance. Dimensions are
exaggerated for illustrative purposes.

Combining Equation (3.20) – (3.22), and simplifying using the geometry of Figure 3.4 gives the equation for the
total wrapping effect:

`θc(α) = `θ c1(α) + `θ c2(α) =−δ(rp − rc)ε1(α)−δ(rp − rc)
�

ψ1(α)−ψ1(0)
�

=−δ(rp − rc)
�

α+ψ1(α) +ψ2(α)−
�

ψ1(0) +ψ2(0)
�

�

=−δ(rp − rc)
�

α+ψ(α)−ψ(0)
�

(3.23)

Combining the above passages gives the full equation for the dynamic chain length with respect to variables θ and
α from Equation (3.17):

`c(α,θ ) =`tc(α)−δ(rp − rc)
�

α+ψ(α)−ψ(0)
�

−δ(rpθp − rcθ ) (3.24)
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To determine the required angular values in Equation (3.24), trigonometric relations provided in Figure 3.4 are
used. The cosine and sin definitions of ψ1(α) and ψ2(α) are:

cos(ψ1(α)) =
`tc(α)
d(α)

(3.25)

cos(ψ2(α)) =
`sa + `p cos(βp −α)

d(α)
(3.26)

sin(ψ1(α)) =
−δ(rp − rc)

d(α)
(3.27)

sin(ψ2(α)) =
`p sin(βp −α)

d(α)
(3.28)

The chain angle ψ(α) is the sum of these angles, which can be transformed into functions of their trigonometric
forms via the angle sum identities:

ψ(α) =ψ1(α) +ψ2(α) (3.29)

cos(ψ(α)) = cos(ψ1(α) +ψ2(α)) = cos(ψ1(α)) cos(ψ2(α))− sin(ψ1(α)) sin(ψ2(α)) (3.30)

sin(ψ(α)) = sin(ψ1(α) +ψ2(α)) = sin(ψ1(α)) cos(ψ2(α)) + cos(ψ1(α)) sin(ψ2(α)) (3.31)

Combining the above equations give the definition of chain angle in terms of the system variables:

cos(ψ(α)) =
`tc(α)
d(α)

`sa + `p cos(βp −α)
d(α)

−
−δ(rp − rc)

d(α)

`p sin(βp −α)
d(α)

=
`tc(α)

�

`sa + `p cos(βp −α)
�

+δ(rp − rc)`p sin(βp −α)

d(α)2
(3.32)

sin(ψ(α)) =
`tc(α)
d(α)

`p sin(βp −α)
d(α)

+
−δ(rp − rc)

d(α)

`sa + `p cos(βp −α)
d(α)

=
`tc(α)`p sin(βp −α)−δ(rp − rc)

�

`sa + `p cos(βp −α)
�

d(α)2
(3.33)

Finally, the validity of Equation (3.24) can be tested by checking its partial derivatives against those found in
Equation (3.14) and (3.15). This is shown to be true, and the full proof is given in the Appendix, Section A.3.

3.2.2 Tyre Model

The tyre is geometrically modelled as a torus with minor radius ρr and major radius Rr −ρr. Tangential forces Fx,
Fy, and vertical load Fz are produced at the tyre contact point C . In this chapter the tyre moments (overturning,
self-aligning, and rolling resistance) are neglected. Lateral and longitudinal deflections of the tyre carcass and
contact point are also neglected. Relaxation length is considered small enough in racing tyres as to be neglected,
as demonstrated by Leonelli et al. [2016]. Rigid ring tyre models are not used as they have been demonstrated as
unnecessary for the modes of interest [Sharp and Giles 1983].

Vertical load is produced by vertical deflection in the tyre carcass in the z-direction, similar to the MF-MCTire
model presented by Schmeitz et al. [2010]:

Fz(q̇ ,q) = Fz(α,φ) = −kzz(α,φ) =− kz

�

cos(φ)
�

hf + sin(α)`sa + Rr −ρr

�

+ρr − zf

�

(3.34)

In this chapter, theoretical tyre slips are used (σx, σy, ϕ as defined by Guiggiani [2018, Chapter 2]) due to their
ease of use when deriving equations. Further, tyre camber reduction factor is assumed to be zero and spin slip is
assumed to have negligible effect on the forces. Tyre tangential forces are produced based on the system kinematics
given by generalised functions:

Fx(q̇ ,q) =Fx(σx,σy, Fz,φ) (3.35)
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Fy(q̇ ,q) =Fy(σx,σy, Fz,φ) (3.36)

which are chosen to be the MF given by Besselink et al. [2010] and Pacejka [2012]. The full nonlinear forms of
these equations are used in the calculation of equilibrium conditions.

For the linearised model, only the Taylor expansion terms are required and are presented here for clarity. The linear
tyre force gradients about an equilibrium point are represented by Cσx,x, Cσy,x, CFz,x, Cφ,x, Cσx,y, Cσy,y, CFz,y, and
Cφ,y, which can be found using the formulae from Pacejka [2012, Chapter 4]. The linearised force perturbations
about a static equilibrium point can then represented by:

F̃x(σ̃x, σ̃y, F̃z, φ̃) =Cσx,xσ̃x + Cσy,xσ̃y + CFz,x F̃z + Cφ,xφ̃ (3.37)

F̃y(σ̃x, σ̃y, F̃z, φ̃) =Cσx,yσ̃x + Cσy,yσ̃y + CFz,y F̃z + Cφ,yφ̃ (3.38)

The variation terms in Equation (3.37) and (3.38) need to be provided in terms of the system variables. Roll angle
φ̃ is already a system variable perturbation term, and vertical load F̃z can be derived directly using Equation (3.34):

F̃z =∇
�

Fz(α,φ)
�

(α,φ)=(α0,φ0)
· (α̃, φ̃)

=
�

− cos(α0)`sa cos(φ0)kz

�

α̃+
�

sin(φ0)kz

�

hf + sin(α0)`sa + Rr −ρr

�

�

φ̃ (3.39)

where the subscript 0 defines a stationary operating point while the diacritic ~ is used to define the perturbation
portion of the first order Taylor expansion.

To find the slip coefficient variations, first the velocity of the tyre planar contact point O must be defined. Given
the velocities of the frame Vfx, Vfy, and Ωfz, the velocities at point O are defined as:

VO =Vf +
δ

δt
−→
FO +Ωfz ×

−→
FO (3.40)

−→
FO =−

�

xf + cos(α)`sa

�*
x − tan(φ)zf

*
y − zf

*
z (3.41)

VOx(α̇,α,φ) =Vfx + tan(φ)zfΩfz + sin(α)`saα̇ (3.42)

VOy(φ̇,α,φ) =Vfy −
�

xf + cos(α)`sa

�

Ωfz −
zf

cos2(φ)
φ̇ (3.43)

Then, from Guiggiani [2018, Chapter 2], the slips at the tyre contact point C can be determined by:

σx(θ̇ , α̇,α,φ) =
VOx(α̇,α,φ)−Ωfzcr(α,φ)− RR(α,φ)θ̇

RR(α,φ)θ̇
(3.44)

σy(θ̇ , α̇, φ̇,α,φ) =
VOy(φ̇,α,φ) + ċr(α̇, φ̇,α,φ)

RR(α,φ)θ̇
(3.45)

These expressions require the tyre geometry term cr, which is the lateral offset of point C from the central plane
FO. This and its derivative are given by:

cr(α,φ) = tan(φ)
�

ρr − z(α,φ)
�

= tan(φ)
�

zf − cos(φ)
�

hf + sin(α)`sa + Rr −ρr

�

�

(3.46)

ċr(α̇, φ̇,α,φ) =− cos(α)`sa sin(φ)α̇+

�

zf

cos2(φ)
− cos(φ)

�

hf + sin(α)`sa + Rr −ρr

�

�

φ̇ (3.47)

Finally, the rolling radius RR is required. While it is assumed to be known and constant, its variation is based on
the variation of the deflected radius R̃c as formulated by Pacejka [2012]1:

R̃R(α̃, φ̃) = ηR̃c(α̃, φ̃) =−
�

η cos(α0)`sa cos2(φ0)
�

α̃

+
�

η sin(φ0)
�

2cos(φ0)
�

hf + sin(α0)`sa + Rr −ρr

�

− zf

�
�

φ̃ (3.48)

1Sorrentino and Leonelli [2017] use the factor
�

1−η
�

based on earlier work by Pacejka [1974], but this has been updated here to reflect
his most recent work [2012].
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Combining Equation (3.42) – (3.48), the variations of the tangential slips can be found:

σ̃x =

�

−
1
ω0

�

νx + sin(φ0)LRνψ

�

�

˙̃
θ +

�

sin(α0)`sa

RR0ω0

�

˙̃α

+

�

cos(α0)`sa

�

cos2(φ0)
η

RR0

�

νx + sin(φ0)LRνψ

�

+ sin(φ0)νψ

�

�

α̃

+



− sin(φ0)LR

η
�

2cos(φ0)−
zf
LR

�

RR0

�

νx + sin(φ0)LRνψ

�

+ cos(φ0)LRνψ



 φ̃ (3.49)

σ̃y =

�

−
1
ω0

�

νy −
�

xf + cos(α0)`sa

�

νψ

�

�

˙̃
θ +

�

−
cos(α0)`sa sin(φ0)

RR0ω0

�

˙̃α+

�

−
cos(φ0)LR

RR0ω0

�

˙̃
φ

+

�

cos(α0)`sa

�

cos2(φ0)
η

RR0

�

νy −
�

xf + cos(α0)`sa

�

νψ

�

+ tan(α0)νψ

�

�

α̃

+

 

− sin(φ0)
η
�

2cos(φ0)LR− zf

�

RR0

�

νy −
�

xf + cos(α0)`sa

�

νψ

�

!

φ̃ (3.50)

where the following expressions have been used:

LR =hf + sin(α0)`sa + Rr −ρr (3.51)

νx =
Vfx

RR0ω0
(3.52)

νy =
Vfy

RR0ω0
(3.53)

νψ =
Ωfz

RR0ω0
(3.54)

Substituting Equation (3.39), (3.49), and (3.50) into Equation (3.37) and (3.38) yields the tangential tyre force
variations that are required during model linearisation:

F̃x( ˙̃α, ˙̃θ , ˙̃
φ, α̃, φ̃) =

�

−
1
ω0
χx

�

˙̃
θ +

�

cos(α0)`sa

RR0ω0

�

tan(α0)Cσx,x − sin(φ0)Cσy,x

�

�

˙̃α

+

�

−
cos(φ0)LR

RR0ω0
Cσy,x

�

˙̃
φ +

�

− cos(α0)`sakλx1

�

α̃+
�

cos(φ0)LRkλx2

�

φ̃ (3.55)

F̃y( ˙̃α, ˙̃θ , ˙̃
φ, α̃, φ̃) =

�

−
1
ω0
χy

�

˙̃
θ +

�

cos(α0)`sa

RR0ω0

�

tan(α0)Cσx,y − sin(φ0)Cσy,y

�

�

˙̃α

+

�

−
cos(φ0)LR

RR0ω0
Cσy,y

�

˙̃
φ +

�

− cos(α0)`sakλy1

�

α̃+
�

cos(φ0)LRkλy2

�

φ̃ (3.56)

where k is a total system stiffness to be defined in the subsequent section, and the following expressions have been
used:

χx =Cσx,xνx + Cσy,xνy +
�

Cσx,x sin(φ0)LR− Cσy,x

�

xf + cos(α0)`sa

�

�

νψ (3.57)

χy =Cσx,yνx + Cσy,yνy +
�

Cσx,y sin(φ0)LR− Cσy,y

�

xf + cos(α0)`sa

�

�

νψ (3.58)

λx1 = cos(φ0)
kz

k
CFz,x −

η

kRR0
cos2(φ0)χx −

1
k

�

sin(φ0)Cσx,x + tan(α0)Cσy,x

�

νψ (3.59)

λy1 = cos(φ0)
kz

k
CFz,y −

η

kRR0
cos2(φ0)χy −

1
k

�

sin(φ0)Cσx,y + tan(α0)Cσy,y

�

νψ (3.60)

λx2 = tan(φ0)
kz

k
CFz,x − tan(φ0)

η

kRR0

�

2cos(φ0)−
zf

LR

�

χx +
1
k

Cσx,xνψ +
Cφ,x

cos(φ0)kLR
(3.61)
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λy2 = tan(φ0)

�

kz

k
CFz,y −

η

kRR0

�

2cos(φ0)−
zf

LR

�

χy

�

+
1
k

Cσx,yνψ +
Cφ,y

cos(φ0)kLR
(3.62)

With Equation (3.55) and (3.56) the linear expansions of the tyre tangential forces are fully defined in terms of the
system variables and the tyre force gradients.

3.2.3 Model Linearisation

To assess the stability of the minimal model, the eigenvalues of the linearised system are used. The system is
assumed to contain only small oscillations about a stationary operating point and therefore a first order Taylor
series approximation is applied:

f̃ (x̃ ) =∇ f (x )
�

�

x=x 0
· x̃ (3.63)

where f̃ (x̃ ) represents the Taylor expansion of f (x ) about a stationary point x 0 with a state perturbation x̃ .
Taking the Jacobian of Equation (3.2) – (3.4) and substituting for the formulae found in Equation (3.5) – (3.7),
(3.14), (3.15), (3.24), (3.33), (3.55), and (3.56) gives the linearised EOMs about a stationary operating point, in this
case an equilibrium point (denoted by the subscript 0). To simplify the expressions, the rotational coordinates are
transformed into linear displacements using characteristic lengths. The EOMs are expressed with non-dimensional
parameters normalised to the swingarm DOF, this eases the ensuing calculations and their readability. The new
coordinates and their characteristic lengths are given by:

q̃ =











`αα̃

RR0θ̃

`φφ̃











(3.64)

`α = cos(α0)`sa (3.65)

`φ = cos(φ0)LR (3.66)

where RR0 represents a static tyre rolling radius, and LR is as defined in Equation (3.51). Trigonometric expressions
are simplified as:

cα = cos(α0), sα = sin(α0), τα = tan(α0)

cφ = cos(φ0), sφ =sin(φ0), τφ = tan(φ0)

and the simplified EOMs are given as:

M ¨̃q + 2ζωn(C +C gyro +C tyre) ˙̃q +ω
2
n(K + K gyro + K cent + KCori + K chain + K tyre + K stat)q̃ =0 (3.67)

where ωn is a resulting natural frequency of the normalisation, ζ the damping ratio. The remaining matrices are
given by:

M =





1 0 0
0 Jθ 0
0 0 Jφ



 C =





1 0 0
0 0 0
0 0 Ψf



 C gyro =





0 0 −G
0 0 ξR

G −1 0



 (3.68)

C tyre =







−τ2
αγxx +ταsφγxy +ταsφγyx − s2

φ
γyy ταΓx − sφΓy ξz

�

ταγxy − sφγyy

�

ταγxx − sφγxy −Γx −ξzγxy

ξz

�

ταγyx − sφγyy

�

−ξzΓy −ξ2
zγyy






(3.69)

K =







1 0 −sφ
�

Φz − gαφ
�

0 0 0

−sφ
�

Φz − gαφ
�

0 Φf +τ2
φ
Φz + gφ






K gyro = Φgyro





0 0 0
0 0 0
0 0 1



 (3.70)

24



3 Motorcycle Chatter and Roll Angle

K cent =Φcent







− `φ`αCα 0 2cφsφ
0 0 0

−2cφsφ 0 −
�

c2
φ
− s2

φ

�

`α
`φ
Cφ






KCori = ΦCori







`φ
`α

�

ταsφ − ς
�

0 −cφ
0 0 0
−cφ 0 sφCφ







(3.71)

K chain =Φc





ξRσ
2
�

1+σ′
�

δσ 0
δξRσ 1 0

0 0 0



 K tyre =







ταλx1 − sφλy1 0 −
�

ταλx2 − sφλy2

�

−λx1 0 λx2

−ξzλy1 0 ξzλy2






(3.72)

K stat = f









ταcφ −µx0 −ταsφµy0 0 `α
`φ

�

sφ + cφµy0

�

−R′αc0
Rc0
µx0 0 τφ

`α
`φ

R′φc0
Rc0
µx0

cφ
`α
`φ

0 `α
`φ









(3.73)

where the simplified compact notation terms are the normalised inertiae Ji , a normalised frame rotational damping
Ψf, a gyroscopic damping term G, tyre force gradient damping terms γi j and Γi , normalised stiffnesses Φi , gravit-
ational terms gi j , centrifugal stiffness terms Ci , a Coriolis stiffness term Cφ , chain geometry terms σ and σ′, tyre
force gradient stiffness terms λi j , a static force term f , the normalised static tyre forces µi , the static tyre loaded
radius Rc0 and its partial derivative with respect to roll angle R′φc0 , and near unity geometric factors given by:

ξz =
zf

`φ
(3.74)

ξR =
Rc0

RR0
(3.75)

The definitions of all the compact notation terms are reported in the appendix. Note that the gyroscopic, centrifugal,
Coriolis, and static tyre force matrices C gyro, K gyro, K cent, KCori, and K stat are not numerically signifiant and are
neglected in the sequel. This results in Equation (3.67) being simplified to the following:

M ¨̃q + 2ζωn(C +C tyre) ˙̃q +ω
2
n(K + K chain + K tyre)q̃ =0 (3.76)

The role of the linearised tyre forces Equation (3.55) and (3.56) are shown in the C tyre and K tyre matrices. Effective
damping terms from the tyre forces arise from the tyre force gradients, given by γi j which are the reduced gradients
of tyre force gradients Cσ j ,i , and Γi which are linear combinations of the γi j based on operating conditions. Sim-
ilarly, tyre force gradient terms arise from λi j , which depend on the tyre tangential force gradient due to vertical
load CFz,i . The stiffness matrix K chain represents the terms due to chain stiffness Φc and chain geometry σ (which
depends on the chain to swingarm angle ψ).

3.2.4 Stationary Conditions

In order to study the stability of the linearised model it is required to extract quasi-static conditions from a time-
varying manoeuvre performed by a motorcycle in simulation. According to Rosenbrook [1963] and Desoer [1969],
in time-varying systems the real part of the eigenvalues is a necessary but not sufficient condition for stability and
an additional bound exists on the size of the time derivative of the system matrix. In vehicle braking conditions,
Salisbury et al. [2016] have shown this additional bound causes a miniscule change in the stability boundary
from that found using frozen-time eigenvalue analysis. To reduce the likelihood of any discrepancy in stability
boundaries, the quasi-static conditions are selected to be where the operating conditions are slowly varying, based
on the tyre tangential forces. While this limitation means the definitive stability of the system requires an extra
condition, the eigenvalue method remains a sufficient predictor of system instability.

For this chapter the stationary conditions are obtained from an optimal manoeuvre as calculated by the model
developed by Leonelli and Limebeer [2020]. A simple 180◦ corner trajectory is obtained from the optimal control
problem, considering the limitations of rider, motorcycle model, and circuit. The result is shown in Figure 3.8. The
selected braking region is highlighted in red and occurs during the front rollover limit where tyre forces remain
nearly constant. This area of operation has been shown experimentally to exhibit the instability in question, when
tyre vertical load is near its minimum and a small longitudinal braking force is applied to the wheel through the
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chain [Cossalter et al. 2012, Leonelli et al. 2018]. The region progresses through a forward speed of 260 km h−1

to 220 km h−1, a roll angle of 8◦ to 26◦, a swingarm angle of 14.3◦ to 10.6◦, and has an average vertical load on
the tyre of 134 N.
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Figure 3.8: Manoeuvre used to extract quasi-static equilibrium conditions, as computed by Leonelli
and Limebeer [2020]. y-axes have been normalised due to confidentiality agreements.
The braking region is highlighted in red.

This optimal dataset gives the required tyre forces, slips, and parameters as well as the kinematics of the frame.
The tyre force gradient parameters are given in the practical slip convention and need to be converted using:

Cσx,x =− (κ+ 1)2Cκ,x (3.77)

Cσy,x =− cos2(αslip)(κ+ 1)Cαslip,x (3.78)

Cσx,y =− (κ+ 1)2Cκ,y (3.79)

Cσy,y =− cos2(αslip)(κ+ 1)Cαslip,y (3.80)

The nonlinear EOMs (3.2)–(3.4) are used for calculating the remaining equilibrium values. The static swingarm
angle α0 is found geometrically using Equation (3.7) with z given by Equation (3.34) (Fz0 is provided by the
optimal dataset):

sin(α0) =
1
`sa

�

−Fz0k−1
z −ρr + zf

cos(φ0)
− hf +ρr − Rr

�

(3.81)

The free chain length `fc is given by:

`fc =`tc(α0) + `θc(α0) (3.82)
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and the equilibrium chain stretch ∆`c (a component of σ′) is found from Equation (3.3), balancing the tyre force:

∆`c =`c(α0,θ0)− `fc =
Rc0

kcrc
|Fx0| (3.83)

The optimal manoeuvre data do not include the braking moment Mbr and its effects on tyre loads, so it is set to
zero.

With these data the model has all that is required to solve for quasi-static equilibrium conditions. Reference para-
meter values that are independent of the manoeuvre are given in Table 3.1.

Table 3.1: Model reference parameter values not dependent on manoeuvre.

Parameter Unit Value

βp rad 0.12
η – 0.05
ηb – 0.5
ηfr – 0
ηsa – 0.5
ρr m 0.11
Jfrx kgm2 20
Jfry kgm2 40
Jfrz kgm2 30
Jsax kgm2 0.10

Parameter Unit Value

Jsay kgm2 0.35
Jsaz kgm2 0.30
Jwhxz kgm2 0.48
Jwh kgm2 0.85
Rr m 0.33
cf N s rad−1 0
cs N s rad−1 353
hf m 0.21
kc N m−1 1.15× 106

kf N rad−1 0

Parameter Unit Value

ks N rad−1 1.51× 104

kz N m−1 1.70× 105

lp m 0.08
lsa m 0.65
mfr kg 266
msa kg 8
mwh kg 15
rc m 0.1036
rp m 0.043
xf m 0.01

3.3 Analysis and Results

3.3.1 Comparison to a Multi-body Model
To validate the addition of the roll angle to the minimal model, data are extracted from a full multi-body simulation
as provided by the commercial software VI-Motorcycle2 and used to compare to the results of the minimal model.
The multi-body simulation consists of a full rigid body model of a motorcycle as provided by VI-grade, includes
37 DOFs, and is operated in a braking manoeuvre similar to that provided in Subsection 3.2.4 (but not exactly
the same due to model limitations). The frozen-time eigenvalues at multiple points are extracted and compared to
those the minimal model produces using the same input data and model parameters. The results are compared in
Figure 3.9.

It can be seen that Mode 1 of the minimal model is a pseudo-mode that captures the lower frequency modes of the
multi-body model, such as bounce and pitch , while Mode 2 and Mode 3 show similar values and behaviour to the
rear hop and driveline modes, respectively. The driveline mode from the minimal model does show less stability
and a lower frequency than that of the multi-body simulation. This is attributed to two things: first, the multi-body
simulation uses a small chain damping term, moving the eigenvalues slightly towards stability. This is assumed to
be a negligible addition which only acts to add a small amount of stability to the system, while not affecting the
overall behaviour. Second, the multi-body simulation also includes powertrain rotational dynamics, whereas the
minimal model assumes an infinite inertia drivetrain. This results in a lower perceived driveline frequency in the
minimal model. The most effective way of accommodating for this discrepancy is to raise the chain stiffness or
lower the wheel inertia of the minimal model accordingly. These adjustments have shown to accurately represent
the modal frequency of the driveline oscillations of the multi-body model, without affecting the behaviour of the
other modes.

3.3.2 Eigenvalue Analysis of a Braking Manoeuvre
This section and all that follow focus on the analysis of the linearised model during the quasi-static manoeuvre
provided in Subsection 3.2.4, using parameters from that dataset. The eigenvalue analysis of the quasi-static brak-
ing region is presented in Figure 3.10. The first mode is similar to that of ‘bounce’ and has been denoted such. The

2https://www.vi-grade.com
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second mode is a rear hop mode with frequencies of 14 Hz to 17 Hz, and the third mode is the driveline mode with
frequencies in the neighbourhood of 19 Hz that begins stable then crosses the stability boundary.

During the chosen manoeuvre, the inertial matrices (gyroscopic, centrifugal, and Coriolis) as well as the stationary
force matrix prove to be numerically negligible due to the factors appearing in front of the matrices being nearly
zero. Therefore stability of the system must depend on the tyre slip and chain matrices, as the remaining matrices
(mass, damping, and stiffness) are all positive definite (or positive semi-definite in the case of the damping matrix).
Also, the asymmetric factor ξR in the chain matrix remains close to unity, making the matrix effectively symmetric.
Recall that in the presented model, the chain model is exact and Sorrentino and Leonelli [2017] used a simplified
model that directly lead to a symmetric chain stiffness matrix as well.

Figure 3.10 also contains the eigenvectors and their evolution through the manoeuvre in the form of polar plots.
The bounce mode (Figure 3.10b) mainly contains roll angle oscillations, with an increased presence of swingarm
angle as the manoeuvre progresses. The rear hop mode (Figure 3.10c) is driven primarily by swingarm oscillations,
though as the manoeuvre progresses and static roll angle increases, there is a larger presence of both wheelspeed
and roll angle oscillations, suggesting interactions between the modes. Finally, the driveline mode (Figure 3.10d)
has its main contribution come from the wheelspeed oscillations, the major factor in determining the chain and tyre
forces, while also having a small contribution from the swingarm oscillations. Focus is now put on the stability of
the driveline mode, which represents the ‘chattering’ experienced during heavy braking.

3.3.3 Energy Flow Analysis

To investigate the source of instability, an energy balance method is employed as used previously by Katayama and
Nishimi [1990], Kröger et al. [2008] and Sorrentino and Leonelli [2017]. If there exists a switching mechanism
whose energy flow into the system is greater than that dissipated over one oscillation cycle, vibration amplitude
increases. First, recall the linearised EOMs (3.76) and recast them as a sum of forces and inertial components with
the tyre force terms separated:

G =mαM ¨̃q + 2mαζωnC ˙̃q +mαω
2
n(K + K chain)q̃ − ( f x + f y) = 0 (3.84)

where q̃ is the vector of perturbed system coordinates, mα is a system mass defined in the Appendix by Equa-
tion (A.31), M is the mass matrix, C is the damping matrix due to dissipative elements (in this case the damper), K
and K chain are the matrices of conservative elastic elements (springs), while f x and f y are vectors arising from the
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Figure 3.9: Comparison of the minimal model eigenvalues with those of a multi-body simulation.
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Figure 3.10: Quasi-static linear model eigenvalue analysis of the braking region. Evolution of the
eigenvectors are shown normalised and phased to their largest component, while the
bar chart legends show the average component magnitudes.

tyre tangential ground forces in the longitudinal and lateral directions, respectively. Note that f x and f y are linear-
ised vectors containing state dependent non-stationary components, and therefore are not considered as external
forces, but as dissipative elements in the linearised equations.

At the stability boundary, the free response of the system converges to harmonic oscillation with a period of T . The
perturbation vector q̃ is assumed to be modal solutions of the form found in Müller and Schiehlen [1985, p. 142]:

§ ˙̃q
q̃

ª

=
1
2

eRe(λ j)t
�

ei Im(λ j)t y j + e−i Im(λ j)t ȳ j

�

(3.85)
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where λ j is the mode eigenvalue, y j is the mode eigenvector, and ȳ j is the complex conjugate of the eigenvector.
The energy balance over one period can then be expressed as:

∆E =∆Ekin +∆Epot +∆Edis =

∫ T

0

G ˙̃qdt= 0 (3.86)

where ∆Ekin and ∆Epot are the change in kinetic and potential energies over one cycle. If the corresponding
matrices are symmetric, then these terms will be zero. For this analysis, the asymmetry of the chain matrix is
assumed to be negligible (ξR ≈ 1). It follows that:

∆Edis =

∫ T

0

�

2mαζωn
˙̃q
ᵀ
C ˙̃q − ˙̃q

ᵀ
( f x + f y)

�

dt= 0 (3.87)

which shows that over one period of oscillation, the energy dissipated by the damper is balanced by the energy
introduced by the ground force terms. If f x and f y are cast as aF̃x and bF̃y where F̃i are the oscillating portions
of the ground forces, and a and b are congruence vectors arising from the EOMs, then Equation (3.87) can be
reformed as:

∫ T

0

�

2mαζωn
˙̃q
ᵀ
C ˙̃q − Ṽsx F̃x − Ṽsy F̃y

�

dt=0 ,

(

Ṽsx = a · ˙̃q
Ṽsy = b · ˙̃q

(3.88)

where the oscillating slip velocities Ṽsx and Ṽsy have been introduced as a result.

Due to the harmonic motion, the two tyre force terms in Equation (3.88) are products of two cosine waves of equal
frequencies and distinct phase offsets. It can be shown that for the product of two cosine waves with a relative
phase offset, the result contains a constant term proportional to the cosine of that offset. For example, given two
cosine waves with phases of ψ1 and ψ2, their product can be simplified to:

R1 cos(ωt +ψ1)R2 cos(ωt +ψ2) =
R1R2

2

�

cos(2ωt +ψ1 +ψ2) + cos(ψ1 −ψ2)
︸ ︷︷ ︸

constant term

�

(3.89)

Clearly, a constant value appears based on the cosine of the relative phase. This allows for a non-zero result of the
integration and therefore can cause positive energy flow into the system during phase offsets between −90◦ and
90◦, and energy dissipation outside of this range.

Given this result, the source of an instability must come from the phase offset between tyre tangential forces and
tyre slips. Even though the tyre is a dissipative element (being a friction element), under the combined effect of
oscillating ground forces and vertical load acting with certain values of phase lag, it can become the means of
energy flow feeding the system and sustaining a self-excited oscillation. In the specific case of the present analysis,
the external source of energy able to sustain the self-excited oscillation is the kinetic energy of the frame travelling
at an imposed constant speed.

The tyre force and slips for both tangential directions at the stability boundary are given in Figure 3.11. The
longitudinal phase offset is found to be 53.6◦ resulting in energy flow into the system. The magnitude of this
energy flow is close to but not surpassing the dissipation of the swingarm damper, as expected near the stability
boundary. The lateral phase offset is 90.8◦ resulting in an insignificant energy dissipation.

The longitudinal phase offset arises from relative phase offset between the tyre vertical load F̃z and the longitudinal
slip velocity Ṽsx, as well as the fact that the longitudinal force is made up of a weighted linear combination of
these terms (through the coefficients Cσx,x and CFz,x). The phase relationship between vertical load and tyre slip is
displayed in Figure 3.11c – 3.11f. There it is shown that slip is largely dependent on the ˙̃

θ term, while vertical load
fluctuations are primarily driven by the α̃ term. Figure 3.11c and 3.11d show the makeup and phase relationships
of the tyre longitudinal force. The contribution from the tyre slip F̃x(σ̃x) is 180◦ out of phase with the slip velocity
Ṽsx which makes it dissipative, while the phase for the vertical load term is 32.1◦ and is the main contributor to
instability (all other terms from Equation (3.55) are negligible). This shows that the tyre force gradient terms Cσx,x

and CFz,x have major influences on stability, which is further supported in the following sections.
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Figure 3.11: Tyre force and slip signals used for the energy flow analysis.

3.3.4 Eigenvalue Sensitivity

To understand the stability boundary of the driveline mode and its sensitivity to different model characteristics,
eigenvalue sensitivities are calculated using the eigenvalue perturbation method [Greenbaum et al. 2020]. This
gives the gradient of the eigenvalue of interest with respect to changes in model parameters, allowing the stability
boundary sensitivity to be discerned. The sensitivity of an eigenvalue λ j with respect to a parameter τ, on which
the system matrix A depends, is defined as:

∂ λ j

∂ τ
=y ′j
ᵀ ∂ A(τ)
∂ τ

y j (3.90)

where A is the linearised system matrix and y j and y ′i are the right and left eigenvectors of λ j , respectively,
normalised such that y ′j

ᵀy = 1. The gradient of interest is along the real axis, so the result of Equation (3.90) is
decomposed into its real and imaginary parts:

∂ λ j

∂ τ
=Re(λ′j) + i Im(λ′j) (3.91)

where the shorthand λ′j has been introduced for the eigenvalue gradient. The real part of Equation (3.91) is taken
as the sensitivity of the stability boundary to parameter τ. These results are then scaled by the magnitude of the
parameter (i.e., |τ|Re(λ′j) ), to make the sensitivities proportional to a fractional change in any given parameter.
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Figure 3.12: Eigenvalue sensitivity of the driveline stability boundary in the braking region with
respect to several non-dimensional parameters. The vertical bar indicates the point of
the manoeuvre where the stability boundary is crossed.

The eigenvalue sensitivities of the EOMs (3.76) are calculated to see which non-dimensional parameters have the
most influence on the stability of the driveline mode eigenvalue λ3. The eigenvalue sensitivities and their evolution
during the braking manoeuvre are presented in Figure 3.12. Here the sensitivity of each parameter is shown as they
evolve through the quasi-static reference manoeuvre, which reaches instability where the vertical bar is shown
on the graphs. A positive sensitivity to a parameter means the system stability decreases with an increase in that
parameter, and vice versa.

To get a more practical understanding of the system stability boundary, the sensitivity procedure is performed again
using dimensional model reference parameters. The results are shown in Figure 3.13a and 3.13b. The parameters
with the biggest effect can be grouped into:

(i) Frequency parameters: those that affect the natural frequencies of the driveline and rear hop modes,
such as tyre vertical stiffness kz, chain stiffness kc, rear sprocket ratio rc (which is prominent in
the equivalent torsional chain stiffness about the wheel axis), wheel moment of inertia Jwhy, wheel
mass mwh, and swingarm mass position ηsa.

(ii) Tyre force gradient parameters: Cσx,x, CFz,x, and CFz,y.

(iii) Geometric parameters: those that affect chain geometry and the chain matrix, such as front sprocket
radius rp, and tyre outer radius Rr.

As expected, increasing system damping cs produces a small stabilising effect. Swingarm length `sa has a signific-
ant yet complicated effect, as it crosses the x-axis meaning the sensitivity gradient changes sign and any stabilising
effects would be reversed after that point. This is assumed to be due to its appearance throughout many terms in
the system.

To test the results of the sensitivity analysis presented in Figure 3.12, the stability regions of the non-dimensional
EOMs (3.76) are plotted with varying parameter inputs. These regions are calculated using the Routh-Hurwitz cri-
terion of the system characteristic polynomial and are shown in Figure 3.14. The regions are plotted with respect
to the non-dimensional tyre force gradient parameters to facilitate comparisons to previous studies [Sorrentino and
Leonelli 2017], and each sub-figure has a non-dimensional parameter selected from the groups above varied by
±10 %. The top row shows that varying the frequency parameters Jθ and Φc have a large effect on the stability
boundary, as does the manoeuvre dependent reduced velocity parameter νx. The second row confirms that geo-
metric parameters ξR and σ have a smaller effect, similar to that of the system damping ζ. There is agreement
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Figure 3.13: Eigenvalue sensitivity of the driveline stability boundary in the braking region with
respect to several model reference parameters. The vertical bars indicate the point of
the manoeuvre where the stability boundary is crossed.

both between the eigenvalue sensitivities and their respective changes in stability regions, and with previous work
[Sorrentino and Leonelli 2017], where λx1

∼= λ and γxx
∼= −γ and Figure 3.14 can be compared to the general case

presented there.
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Figure 3.14: Routh-Hurwitz stability regions with respect to several non-dimensional parameters.
The black point gives the linearisation point, the dotted box shows the region
boundaries, and the dashed line traces the whole manoeuvre.
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3.3.5 Mechanism of Instability
An attempt is made to determine the underpinnings of the eigenvalue sensitivities found in Figure 3.12 by analytic-
ally investigating the complete linearised EOMs (3.76). Negative terms in the diagonal of the damping matrix lead
to decreased stability, as do asymmetric terms in both the damping and stiffness matrices [Hagedorn et al. 2014].
Reducing the total damping and total stiffness matrices by removing negligible and unimportant terms yields:

C +C tyre = νx





. . . νx(ταγxx − sφγyx) . . .
ταγxx − sφγxy −νxγxx . . .

. . . . . . . . .



 (3.92)

K + K chain + K tyre =





. . . δσΦc . . .
δξRσΦc −λx1 Φc . . .

. . . . . . . . .



 (3.93)

Here the role of some important parameters can be seen. The reduced velocity νx tends to increase damping in a
scalar manner. The tyre slip term γxx, normally negative in regular operation of the tyre, provides positive damping
in the main diagonal of the damping matrix. If this term changes sign, such as when peak tyre grip is exceeded,
it would introduce negative damping, which can lead to instability. The tyre slip terms γxy, γyx, and λx1 influence
the asymmetry of both matrices respectively, and show increased stability when reduced. In the case of γyx, the
asymmetry is multiplied by νx, but the scalar damping effect of νx is stronger than its asymmetric effect. The
parameter ξR also brings about asymmetry in the total stiffness matrix (3.93), but its value tends to stay close to
unity, largely affected by tyre toroidal geometry and rolling radius characteristics. Finally, the chain geometry term
σ couples the α and θ equations through the total stiffness matrix (3.93), where asymmetry introduced by λx1 can
cause instability.

In general, when compared to the mechanisms of instability presented by Kröger et al. [2008], this instability can
be categorised as ‘geometrical effects and non-conservative restoring forces’ caused by the asymmetric terms in the
system stiffness matrix. The possibility of the ‘contacts with decreasing friction characteristic’ type of mechanism
is present as well if the tyre force gradient term γxx (driven by Cσx,x) were to become positive, such as when the
tyre exceeds peak grip. As possible solutions for the former type of instability, Kröger et al. [2008] suggest a
reduction in friction coefficient, though this is not desirable for racing motorcycles. A change in contact geometry
is also recommended, or possibly an increase in system damping, though damping coefficients could be fixed due
to other design factors [Cossalter et al. 2000, Martini et al. 2018]. The subsequent sections explore several possible
methods for stabilising the chatter mode.

3.3.6 Stabilisation via Natural Frequencies
Figure 3.15 shows the changes in the eigenvalues with respect to the parameters that affect the natural frequencies
of the driveline and rear hop modes. It can be seen on the right of the figure that with stabilising changes in kc, rc,
or Jwhy, the driveline mode natural frequency is raised and damping is increased. On the left of the figure, on the
other hand, stabilising changes to kz or mwh causes the rear hop mode frequency to be lowered, and damping of
the driveline mode is increased. This result suggests that a separation of the natural frequencies of the two modes
reduces their interaction and leads to more stable behaviour.

3.3.7 Stabilisation via Chain Geometry
Another stabilising factor found is the chain geometry factor σ, although this parameter is highly based on the
manoeuvre and dependent on the swingarm angle α. The stability with respect to varyingσ is shown in Figure 3.16.
First, there can be a stabilising effect by increasingσ (and therefore increasing the chain to swingarm relative angle
ψ), but that effect quickly vanishes as the system approaches instability. A parallel swingarm and chain (σ = 0)
remains stable throughout the whole manoeuvre. The change in sign of the eigenvalue sensitivity is due to the
gradient of these curves.

3.3.8 Effect of Swingarm Angle
The effects of swingarm length are fairly complex, as it is a characteristic length of the system and appears through-
out the EOMs. It is not an effective parameter for stabilising the system, due to its sensitivity gradient changing
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sign as seen in Figure 3.13b. In contrast, the static swingarm angle, which can effectively be set by the parameter
hf, does have a significant effect since it changes the chain geometry. This has an effect on stability as the previ-
ous section shows. To discern between the effects of chain geometry and a possible secondary effect of swingarm
angle, analysis is performed with a chain geometry factor σ frozen at a value of 0.23, see Figure 3.17.
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Figure 3.17: Stability with varying static swingarm angle α. Solid coloured lines represent the
beginning, end, and the reference stability boundary of the region, while the coloured
dashed lines represent the same analysis with a frozen chain geometry (σ = 0.23). The
black dotted line shows the manoeuvre reference trajectory.

While the non-frozen analysis shows a negative gradient as static swingarm angle is increased (moving towards a
parallel swingarm and chain), the frozen analysis loses this effect, and the dashed curves show flatter behaviour.
There is a small secondary effect, with the manoeuvre operating close to the peak of instability on the α0 curves. In
the stable region, an increase in static swingarm angle leads to higher stability (with frozen chain geometry), while
in the unstable region the effect is reversed with a more horizontal swingarm being more stable. Note that the main
effect of braking moment Mbr is the change in the stationary swingarm value α0, and thus σ, and therefore would
affect system stability. Unfortunately, this cannot be properly captured in the linearised minimal model analysis.

3.3.9 Effect of Roll Angle
The effect of roll angle on stability is difficult to characterise with the simplified model due to so many externally
determined equilibrium value dependencies. For example: the vertical height of point F , zf, depends on φ, as do
many of the tyre parameters. To view the effects of roll angle on system stability, the stability boundary with
respect to the forward speed Vfx (critical speed) is determined during the manoeuvre as roll angle increases. This
is shown in Figure 3.18, along with similar calculations with altered parameters to display some of the stabilising
and destabilising effects they can have. The increase in rear sprocket radius (with corresponding increase in front
sprocket radius to maintain final drive ratio) proves to be a useful adjustment in stabilising the system as described
previously. The shortening of the swingarm length also initially shows increased stability, but at 21◦ of roll angle
the effect is reversed. The conclusion from this figure is that with increased roll angle, the stability of the system
decreases.

The decrease in system stability is not directly due to the presence of roll angle in the dynamics, as seen in the
eigenvector plot in Figure 3.10, but due to some indirect effect on other equilibrium parameters. As shown in
Figure 3.13a, the tyre force gradient parameters Cσx,x and CFz,x have a large effect on stability and are also highly
dependent on roll angle (tyre camber). This effect is highlighted in Figure 3.19 where an increase in roll angle
shows destabilising changes in tyre force gradient parameters, as proven in the energy and sensitivity analyses. This
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is the method by which increasing the roll angle φ indirectly destabilises the system. Further investigations into
the effect of roll angle on system stability would require a more complete multi-body model, but the current results
suggest that the two DOFs model presented by Sorrentino and Leonelli [2017] could be augmented to include a
quasi-static roll angle parameter for increased accuracy during braking manoeuvres that include a motorcycle with
roll angle.

3.4 Conclusions

In this chapter a new simplified model of the rear of a motorcycle was developed with a three DOFs framework that
includes the lateral dynamics introduced by roll angle. This allows the expansion of previous works from straight
braking investigation into more complex manoeuvres. The model is linearised about equilibrium values in a quasi-
static braking region and linear methods such as eigensystem analysis, eigenvalue sensitivity, and Routh-Hurwitz
stability criterion are used, as well as an energy flow analysis to detect sources of instability.

Results agree with those by Sorrentino and Leonelli [2017], showing an unstable driveline mode with a frequency
of around 19 Hz. Instability arises from the longitudinal force affected by tyre force gradient parameters Cσx,x and
CFz,x and the phase relationship between swingarm angle α̃ and wheel speed ˙̃

θ oscillations. Moreover, the novel
findings with respect to the study by Sorrentino and Leonelli [2017] are:

(i) The biggest factor to stability is the natural frequencies of the driveline and rear hop modes, para-
meters such as tyre vertical stiffness kz, chain stiffness kc, rear wheel mass mwh, rear wheel inertia
Jwhy, and rear sprocket radius rc having the greatest effect.

(ii) Stabilisation can also be achieved by reducing the chain to swingarm angle ψ, while the effect
of the static value of swingarm angle α0 is minimal when the chain to swingarm angle ψ is held
constant.

(iii) The out-of-plane dynamics do not play a role in the stability of the system, as supported by the
eigenvectors and the energy flow analysis, but the static value of the roll angleφ0 plays a significant
role through its effect on the tyre force gradient parameters Cσx,x and CFz,x, both of which move in
a destabilising direction as roll angle is increased.

A summary of the findings of this chapter are highlighted in Table 3.2. The table lists different characteristics of
the model and reviews their impacts on the chatter mode.

In the adopted model the effects of tyre relaxation have been considered negligible, as in other similar studies
[Sorrentino and Leonelli 2017, Leonelli et al. 2018]. It should be recalled, however, that increasing the relaxation
length to sufficiently high values would produce destabilising effects on the model, reducing the range of stability
with respect to travelling speed [Catania et al. 2013]. An effect that can be explained considering that tyre relaxation
influences the phase lag between the force and slip terms exchanged at the ground contact point and thus the energy
flow, which is able to bring the system to critical condition. This effect is expanded on further in Chapter 4.

Also, for assessing the validity of the presented linear analysis in predicting stability, the post-bifurcation behaviour
of the related nonlinear system should be investigated, focusing on bifurcation diagrams and existence of limit
cycles. Results on the effects of nonlinear terms on this kind of self-excited oscillation is presented in Chapter 4.
They show that the nonlinear system (at zero roll angle) has supercritical behaviour with a single stable limit
cycle in the parameter domain of technological interest which grows with linearised instability, reinforcing that the
linearised model is valid in predicting stability.

Chapter 5 investigates other quasi-static regions of the cornering manoeuvre, such as mid-corner and acceleration
at high roll angle, using the minimal model and a multi-body model to analyse the stability of the rear swingarm
system. These operating regions and the stability of the rear swingarm system within them are not yet studied in
literature. The results here only explore a part of the potential of the developed model. Further, an augmentation
could be made to the minimal model parameters to simulate a torsional DOF of the swingarm pivot and be used to
investigate the swingarm torsional rigidity and its effects on stability.
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Table 3.2: Summary of influential aspects on motorcycle chatter.

Model Characteristic Impact on the Chatter Mode

Minimal model validity When compared to a higher fidelity multi-body model, the minimal model was able to reproduce
the behaviours of the driveline and rear hop modes in the operational domain of interest.

Energy analysis The switching mechanism to instability is attributed to the phase lag between the tyre longitudinal
slip velocity and longitudinal ground force. This arises from the eigenmode, but is exemplified by
the tyre force gradients.

Parameter sensitivity The three most influential groups of parameters are those that affect the system natural frequencies,
the tyre force gradients, and chain geometry terms.

Tyre forces The static tyre forces do not directly affect the system in a large way. Instead, the tyre force gradi-
ents, driven by the operating point on the tyre characteristic function, play a major role. In partic-
ular, the longitudinal force gradient with respect to longitudinal slip appears in the diagonal of the
system damping matrix, and can drive the system to instability if it becomes negative.

Roll angle Roll angle does not have a direct effect on system stability, though as more static roll angle is
introduced, the operating point of the tyre characteristic function is driven to regions where the
tyre force gradients cause instability.
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4 Nonlinear Effects on Motorcycle Chatter

4.1 Introduction

To the best of the author’s knowledge, an in-depth nonlinear analysis of the chatter phenomenon is missing in
contemporary literature. It would be of great practical use to assess the criticality of the post-bifurcation behaviour.
In the subcritical case, the motion could become unstable even in the linearly stable domain if a perturbation were
to be large enough [Troger and Zeman 1984, Troger and Steindl 2012]. In this case, linear analysis would not be
sufficient for assessing the stability of the motorcycle. In the supercritical case, the existence of a stable limit cycle
in the linearly unstable domain might help in keeping the self-excited oscillation under control, if its amplitude
were to be small enough.

This chapter looks to deepen the understanding of the nonlinear effects of tyre forces and chain geometry on
motorcycle chatter. This also includes the contribution of tyre relaxation since this aspect has not been investigated
in-depth in previous studies. A two DOFs minimal model is considered, according to those described by Sorrentino
and Leonelli [2017] and Chapter 3 (considering a frozen roll angle in the latter). The model includes nonlinear
terms due to geometry, the tyre characteristic function, and tyre relaxation. The linearised system stability analysis
of Chapter 3 provides information about the onset of self-excited vibrations, and can be used to mitigate them in
the design process, but nonlinear analysis can reveal more information about the system dynamics [Hagedorn et al.
2014].

Numerical time domain simulation is possible with the nonlinear forms of the EOMs, though it is limited in scope
with respect to the nonlinear behaviour and the discovery of possible limit cycles [Lewis 2020]. Several techniques
have therefore been proposed to investigate nonlinear systems, in particular their limit cycles and domains of
attraction. These include classical averaging methods such as the Krylov-Bogoliubov method [Nayfeh and Mook
2004], the describing function method (a quasi-linearisation in the frequency domain) [Gelb and Vander Velde
1968, Somieski 2001], perturbation methods such as the centre-manifold theory [Troger and Steindl 2012] and the
method of multiple scales [Nayfeh and Mook 2004], and the harmonic balance method [Nayfeh and Mook 2004,
Lee et al. 2005, Lewis 2020].

In this chapter post-bifurcation behaviour is investigated in comparison to the linearised response first by means
of numerical integration of the nonlinear EOMs, performed at stable, neutral, and unstable linear equilibria with
different initial conditions. Attention is focused on the existence and stability of limit cycles. Next, a method is
specifically developed to study the post-bifurcation behaviour and the existence of limit cycles by combining the
harmonic balance method with Floquet theory. The aim is to understand under which conditions the results of
the linear analysis are still valid and to identify the most influential parameters in limit cycle generation, their
amplitude, and their stability. Section 4.2 contains a description of the adopted minimal model and methods of
analysis, while in Section 4.3 the results of the stability analysis are presented and discussed.

4.2 Model Description and Solution Methods

A two DOFs minimal model representing the rear swingarm and wheel of a motorcycle is described, also including
the nonlinear terms due to geometry, the tyre characteristic function and tyre relaxation. The methods adopted for
the identification and approximation of limit cycles (a specific application of the harmonic balance method), and
for studying their stability (Floquet theory applied to limit cycle perturbation) are also briefly described.

41



4 Nonlinear Effects on Motorcycle Chatter

4.2.1 Minimal Model
The model adopted for the analysis is a minimal two DOFs planar model representing the rear swingarm and wheel
of a motorcycle, derived from that presented in Chapter 3 and reduced by fixing the roll angle to zero. The model
consists of an infinite inertia translating frame attached to which is a swingarm and wheel, including suspension
and chain drive mechanisms. A representation of the model is shown in Figure 4.1.
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Rr

θ

rc

ψ

S

A

C

msa, Jsamwh, Jwh

Fc

Fx
Fz

*
x

*
z

Figure 4.1: Schematic representation of the minimal two DOFs model.

The frame is translated at a constant speed Vfx across a flat surface and a braking force is applied to the wheel
through the chain drive. The swingarm is represented by the line SA, with length `sa and an angle α of the revolute
joint S. The distance from the swingarm pivot S to the ground is zsa. The equivalent moment of inertia of the
swingarm and wheel assembly about the axis of pivot S is Jα. At point A there is another revolute joint to which
the wheel is connected, including the rim, tyre, and rear sprocket, with moment of inertia Jwhy about the joint axis.
The outer radius of the unloaded wheel is Rr, which in the adopted model also approximates its free rolling radius.
The motion of the rim is described by the revolute joint angle θ , which breaks sign convention and is aligned along
the negative y-axis, so that wheel rotation is positive with motion in the forward x-direction. The model states are
swingarm angle α, wheel rotation θ , and their time derivatives.

The tyre vertical load Fz is modelled by a vertical spring, while the longitudinal force Fx is modelled by a charac-
teristic function of the tyre given by the pure longitudinal MF [Pacejka 2012], as defined by Besselink et al. [2010].
Using the longitudinal slip coefficient κ and semi-empirical coefficients Bx, Cx, Dx, Ex depending on the vertical
load Fz, the function is given as:

Fz(α) = kz(zsa − `sa sin(α)− Rr) (4.1)

κ(α̇, θ̇ ,α) = −

�

1−
Rrθ̇

Vfx + `saα̇ sin(α)

�

(4.2)

Fx(α̇, θ̇ ,α) = Dx sin
�

Cx arctan
�

Bxκ− Ex

�

Bxκ− arctan(Bxκ)
�

�
�

(4.3)

with

Bx =
Fz(α)
CxDx

(pkx1 + pkx2∆Fz
)epkx3∆Fz (4.4)

Cx =pcx1 (4.5)

Dx =Fz(α)(pdx1 + pdx2∆Fz
) (4.6)
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Ex =pex1 + pex2∆Fz
+ pex3∆

2
Fz

(4.7)

∆Fz
=

Fz(α)− Fz0P

Fz0P
(4.8)

where pi jk and Fz0P are MF parameters given in Table 4.1. The developed model does not account for wheel
detachment during oscillation, which requires the monitoring of the sign of Fz during simulations. The relaxation
behaviour of the tyre is not introduced at this stage, as it is addressed separately in Subsection 4.2.2.

Table 4.1: Magic Formula parameter values used in the nonlinear chapter.

Parameter Unit Value

Fz0P N 600
pcx1 – 1.32
pdx1 – 1.90
pdx2 – −0.186
pex1 – 1.03× 10−3

pex2 – −9.00× 10−4

pex3 – 5.37× 10−4

pkx1 – 22.0
pkx2 – 2.18× 10−4

pkx3 – −0.149

Using Equation (4.1) – (4.3) and the chain equations given in Subsection 3.2.1, the two nonlinear EOMs can be
written in the following form:

Jαα̈+ csα̇+ ks(α−αs0) =
�

`sa cos(α)
�

Fz(α) +
�

`sa sin(α)
�

Fx(α̇, θ̇ ,α) +Mcα(α,θ ) (4.9)

Jθ θ̈ = −
�

zsa − `sa sin(α)
�

Fx(α̇, θ̇ ,α) +Mcθ (α,θ ) (4.10)

where ks and cs are the equivalent rotational stiffness (with preload angle αs0) and damping coefficients of the
suspension, acting on the joint S. In Equation (4.9) and (4.10) the contribution of the weight of swingarm and
wheel is omitted since it is found to be negligible. The three sources of nonlinearities that are represented in
Equation (4.9) and (4.10) are:

(i) The tyre forces, due to Fx terms.

(ii) Geometry, due to Fz terms (not present in the second equation).

(iii) The chain, due to Mcα and Mcθ terms.

Due to very small oscillation amplitudes of the swingarm (see limit cycles in Subsection 4.3.3 and 4.3.5), the
suspension spring is assumed to be linear as well as the suspension damper (see the characteristic function reported
by Cattabriga et al. [2021], for a similar problem).

The steady state equilibrium of the nonlinear system is determined by taking as inputs the tyre longitudinal slip κ0

and vertical load Fz0, in fact the stationary working point on the characteristic function of the tyre, as well as the
constant travelling speed Vfx and the equilibrium swingarm angle α0. Then all the other parameters are sequentially
computed as follows:

ω0 =θ̇0 =
Vfx

Rr
(κ0 + 1) (4.11)

ωp =ω0
rc

rp
(4.12)

zsa =
�

`sa sin(α0) + Rr

�

+
Fz0

kz
(4.13)

θ0 =
�

`sa sin(α0)− zsa

� Fx0

r2
c kc

with Fx0 = Fx(κ0, Fz0) = Fx(0,ω0,α0) (4.14)

αs0 =α0 −
1
ks

�

�

`sa cos(α0)
�

Fz0 +
�

`sa sin(α0)
�

Fx0 − kcrcθ0`sa sin(ψ(α))
�

(4.15)
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whereψ(α) is given by Equation (3.33). The EOMs (4.9) and (4.10) are then expanded in a Taylor series up to the
third order about the equilibrium point (0,ω0,α0,θ0), considering the following perturbations of the steady state
equilibrium:

α(t) =α0 + α̃(t) (4.16)

α̇(t) = ˙̃α(t) (4.17)

α̈(t) = ¨̃α(t) (4.18)

θ (t) =θ0 +ω0 t + θ̃ (t) (4.19)

θ̇ (t) =ω0 +
˙̃
θ (t) (4.20)

θ̈ (t) = ¨̃
θ (t) (4.21)

resulting in a nonlinear system with polynomial nonlinearities in the variables α̃(t), θ̃ (t), and their time derivat-
ives. The explicit time term in the θ (t) equation is there to remove the cyclic variable from the expanded equations,
and this explicit time is cancelled in the EOMs when considering Equation (3.24) and (4.12). Two sets of differ-
ential equations are therefore created from the minimal model: the first is a linearised system about equilibrium
conditions, while the second uses the nonlinear equations expanded in a Taylor series. The states are referenced to
the equilibrium conditions, so that the output gives oscillations about zero.

Values for the model reference parameters are taken to be the same as those presented in Section 3.2, while the
equilibrium conditions are chosen to be sufficiently close to the stability boundary so that the stability of the
system is easily modified by slight changes in reference speed Vfx. The equilibrium value of Fz0 is also chosen to
be sufficiently large in an attempt to avoid wheel lift, which is not accounted for in the present model. The adopted
values are reported in Table 4.2.

Table 4.2: Model parameters and equilibrium values.

(a) Model parameters.

Parameter Unit Value

βp rad 0.12
Jα kgm2 7.54
Jwhy kgm2 0.85
Rr m 0.33
cs N m srad−1 353
kc N m−1 1.15× 106

ks N m rad−1 1.51× 104

kz N m−1 1.70× 105

`p m 0.08
`sa m 0.65
rc m 0.1036
rp m 0.043

(b) Equilibrium values.

Parameter Unit Value

α0 rad 0.237
αs0 rad 0.260
θ0 rad 8.11× 10−3

κ0 – −0.035
ω0 rad s−1 129
ωp rad s−1 310
Fx0 N −305
Fz0 N −400
Vfx ms−1 44.0
zsa m 0.480

4.2.2 Tyre Relaxation Model
To properly account for the evolution of the ground force Fx during transients, a relaxation model must be added
to the EOMs (4.9) and (4.10). In the specific case of this chapter, the focus is on the system transient following a
perturbation from a stationary equilibrium point at Fx = Fx0. More generally, deriving reliable models for describ-
ing the evolution of tyre forces during transients is considered an extremely difficult problem [Guiggiani 2018],
and the results of any new model should be assessed through appropriate experimental campaigns. Here, however,
a simplified and well established approach is adopted, consisting of a single contact point model describing the
transient behaviour of the longitudinal slip velocity (say Vsx, and consequently the longitudinal slip coefficient κ),
developed relying on the viscoelastic Maxwell model [Pacejka 2012].

As with the previous literature, the formulation starts by considering the evolution of the system under a constant
vertical load, in this case obtained by considering a frozen value at the stationary equilibrium point (Fz = Fz0).
Without relaxation, as in Subsection 4.2.1, the model can be analogously represented by a single Newton element
(viscous damper). See Figure 4.2a for an outline of the steady state description. The model with relaxation is then
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obtained by adding a spring in series with the damper, yielding the Maxwell model as represented in Figure 4.2b.
Referring to the schematic and to the nomenclature reported in Figure 4.2b, the Maxwell model is defined according
to two sets of equations. The first are congruence equations for displacement:

u=udamp + ustiff (4.22)

u̇=− Vsx = u̇damp + u̇stiff (4.23)

u̇stiff =Vsxr − Vsx (4.24)

where Vsxr = −u̇damp. The second of equations are the dynamic equilibrium equations:

Fx = Fdamp =Fstiff (4.25)

Fx(Vsxr, Fz0) =Kustiff (4.26)

where K represents the tyre contact point longitudinal stiffness and Vsxr is the longitudinal slip velocity of the
massless contact point C in Figure 4.2b, affected by relaxation denoted with subscript r.

Introducing the longitudinal slip coefficients and their derivatives (including time dependent travelling speed Vx at
the wheel centre):

κ=−
Vsx

Vx
(4.27)

ωRr

Fz

udamp

Fdamp = Fx(Vsx, Fz) Fx = Fdamp

Vsx = Vx − Rrω

u= udamp

(a) Without relaxation, Newton model.

C

ωRr

Fz

udamp ustiff

Fdamp = Fx(Vsx, Fz) Fstiff = Kustiff Fx = Fdamp = Fstiff

Vsx = Vx − RrωVsxr

u= udamp + ustiff

(b) With relaxation, Maxwell model.

Figure 4.2: Longitudinal ground force transient model.
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κr =−
Vsxr

Vx
(4.28)

κ̇r =−
V̇sxr

Vx
+

VsxrV̇x

V 2
x

with Vx > 0 (4.29)

as well as the definition of the gradient of the tyre characteristic function with respect to slip (in non-stationary and
stationary conditions):

Cκ,x =
∂ Fx

∂ κ

�

�

�

�

(κ,Fz)
(4.30)

Cκ0,x =
∂ Fx

∂ κ

�

�

�

�

(κ0,Fz0)
(4.31)

Cκr,x =
∂ Fx

∂ κr

�

�

�

�

(κr,Fz)
(4.32)

and combining these with Equation (4.24) and (4.26), yields the well known relaxation equation for the transient
longitudinal slip κr, which in its linearised form can be written as:

λx0

Vx0
κ̇r +κr = κ with λx0 =

Cκ0,x

K(Fz0)
, Vx0 > 0 (4.33)

where the parameter λx0 is known as longitudinal relaxation length of the tyre, and Vx0 is the stationary value of
Vx. Equation (4.33) approaches steady state as either Vx0 approaches infinity or λx0 approaches zero, which occurs
when the stiffness of the relaxation spring K(Fz0) approaches infinity (as shown in Figure 4.2a), but also when the
tyre partial derivative with respect to κ0 approaches zero (as when peak force is achieved).

The inclusion of a non-stationary term Fz(t) in the model is a more delicate matter. In this case, it is no longer
sufficient to determine unequivocally Fx(t), being that Fz(t) is a second input to the model. Consequently, the
Maxwell model alone (which has one DOF) is no longer able to represent the full dynamics of Fx(t). It can only
produce a partial representation by describing the evolution of the slip velocity (in terms of Vsxr or κr) during
transients. Referring again to Figure 4.2b, this means that udamp is independent with respect to Fz, as well as u,
which represents the actual input of the system in terms of slip velocity. Hence also ustiff must be independent from
the vertical load. Then, by respecting the equilibrium of forces in Equation (4.26), Fstiff must depend on the vertical
load, which in turn, implies that the stiffness coefficient K must be a function of Fz(t). According to recent MF
developments [Delft-Tyre 2013], the dependency of K on vertical load is defined as:

K =K0(1+ pcfx1∆Fz
+ pcfx2∆

2
Fz
) (4.34)

where the constant terms are given in Table 4.3, and ∆Fz
is defined by Equation (4.8). Therefore in the Maxwell

model Fdamp is a damping force now assumed to be generated by a nonlinear, parametric damper (with respect
to time dependent vertical load) given by the characteristic function of the tyre Equation (4.26), while Fstiff is an
elastic force represented by separation of variables in terms of ustiff and of a parametric spring with stiffness K(Fz).

Table 4.3: Magic Formula relaxation length parameter values.

Parameter Unit Value

K0 N m−1 1.48× 105

pcfx1 – 0.152
pcfx2 – 0.378
λx0 m 0.053

Based on this premise, a novel and more general formulation than that given in Equation (4.33) can now be
derived, valid for both small slip values (linear conditions) and large slip values (nonlinear conditions). Recalling
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Equation (4.24) and (4.26) yields:

¨

u̇stiff = Vsxr − Vsx

Fx(Vsxr, Fz0) = K(Fz)ustiff
=⇒

Ḟx

K
−

FxK̇
K2
= Vsxr − Vsx (4.35)

where the visual dependency on states is dropped for brevity, but are still implied. Then, using the chain rule the
derivatives can be expanded to their partials and state derivatives without loss of generality:

Ḟx =CVsxr,xV̇sxr + CFz,x Ḟz (4.36)

K̇ =CK Ḟz (4.37)

with

CVsxr,x =
∂ Fx

∂ Vsxr

�

�

�

�

(κr,Fz)
= −

Cκr,x

Vx
(4.38)

CFz,x =
∂ Fx

∂ Fz

�

�

�

�

(κr,Fz)
(4.39)

CK =
∂ K
∂ Fz

(4.40)

Introducing Equation (4.36) – (4.40) into Equation (4.35) and rearranging for Vsxr and Fz gives:

CVsxr,x

K
V̇sxr − Vsxr +

�

CFz,x

K
−

CK

K2
Fx

�

Ḟz = −Vsx (4.41)

From here, focus is drawn to the Ḟz term and the difference within the brackets. Starting from Equation (4.26) and
its partial derivative with respect to Fz, the following equality is found:

CFz,x =CKustiff =
CK

K
Fx (4.42)

From this, the bracketed term in Equation (4.41) is determined to be zero, and the explicit dependency on vertical
load vanishes from the relaxation equation, which leaves:

CVsxr,x

K
V̇sxr − Vsxr = −Vsx (4.43)

Recalling now the definitions given in Equation (4.27) – (4.29) and (4.38), a novel relaxation equation valid for
general nonlinear transients can be finally written in terms of the transient slip variable κr as:

λx

Vx
κ̇r +

�

1+
λxV̇x

V 2
x

�

κr = κ with λx =
Cκr,x

K
, Vx > 0 (4.44)

where λx is a generalised state dependent representation of the relaxation length.

The limit cases for Equation (4.44) are the same as described for Equation (4.33), and the effects of system speed
variations can be seen in the latter term of the equation. The model is sensitive to instantaneous variations of tyre
vertical load through parametric dependency of λx, even though Fz has explicitly vanished from the relaxation
equation. This is logical, since Equation (4.44) descends from the Maxwell model where the dependency on Fz

is parametric only, as discussed previously. However, it should be mentioned here that in some studies, explicit
dependency on Fz appears even in the linear model in terms of first derivative with respect to time [Pacejka 2012].
The vertical load comes into play explicitly when considering the transient longitudinal force due to κr, say Fxr,
which can be evaluated by using the characteristic function of the tyre again:

Fxr = Fx(κr, Fz) (4.45)

which represents a widely adopted solution both in practice and in the scientific literature [Pacejka 2012].
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Introducing into Equation (4.45) the transient slip coming from the linear time invariant (LTI) relaxation model,
Equation (4.33), and linearising Fx yields a linear transient model for Fxr. Introducing the same transient slip into
the nonlinear characteristic function of the tyre yields the ‘semi-nonlinear’ model [Pacejka 2012]. While a ‘fully
nonlinear’ model is obtained introducing into Equation (4.45) the transient slip coming from the relaxation model,
Equation (4.44).

In the fully linearised problem, Equation (4.44) reduces exactly to the form of Equation (4.33), since the term
related to system speed variations vanishes. It should also be noted that the model in Equation (4.33) is not sensitive
to non-stationary values of Fz since the relaxation length λx0 only depends on the stationary equilibrium point.

Regarding the LTI model, if κ is described by a FRF, then Equation (4.33) can be represented in the frequency
domain according to:

κ̂r(Ω) =H(Ω)κ̂(Ω) (4.46)

|H|=
1

È

1+
�

λx0
Vx0
Ω
�2

(4.47)

tan(ϑ) =−
λx0

Vx0
Ω (4.48)

with the following asymptotic values:

Ω→ 0 or Vx0→∞ or λx0→ 0 =⇒

¨

|H| → 1
ϑ→ 0

(no relaxation) (4.49)

Ω→∞ =⇒

¨

|H| → 0
ϑ→−π2

(4.50)

where both attenuation and phase lag increase with the angular frequency Ω.

4.2.3 Numerical Simulations
The full nonlinear form of the EOMs (4.9) and (4.10) are first solved using typical ordinary differential equa-
tion numerical methods, in this case an explicit Runge-Kutta method. The equilibrium conditions presented in
Table 4.2b represent a braking manoeuvre and are near the stability boundary for the driveline mode. This allows
the stability of the system to be easily modified by slight changes in reference speed Vfx. Different sets of numerical
simulations are run at slightly stable, equilibrium, and slightly unstable points, and these are run for enough time
to determine the presumed asymptotic behaviour of the nonlinear model. Additionally, different state disturbances
are used at these points to look for any sensitivities to varying initial conditions. A sample of an unstable numerical
simulation with a disturbance in wheel speed is shown in Figure 4.3. It is found that the nonlinear system is not
sensitive to which state is disturbed, and that a supercritical limit cycle exists during unstable behaviour. Therefore,
in the sequel, only the unstable simulations with a wheel speed initial disturbance are used.

Figure 4.3 shows a time span late in the simulation since during the initial response both models respond in a
very similar manner. Only after the oscillations begin to grow large do the behaviours of the two split, with the
linear system growing exponentially and the response of the nonlinear system flattening out. The behaviour of the
nonlinear system looks to be asymptotic towards a limit cycle. Although this cannot be proven numerically, in this
chapter the behaviour is assumed to be a limit cycle when simulated to a sufficiently long time period.

To test the significance of the individual nonlinear terms, the nonlinear equation of each term is systematically
introduced into the linearised system. This is achieved by a first order linearisation of the other nonlinear terms
about the equilibrium conditions, while keeping the terms of interest in the nonlinear form. This allows for a
relatively similar system to the proven linear method, with the nonlinearities introduced one at a time, giving
insight into which terms are important to the asymptotic behaviour.

Finally, a study of the sensitivities to modelling parameters is achieved by selecting certain important parameters,
identified as described above and from the linear analysis of Chapter 3, and modifying their values. This results in
a change in asymptotic behaviour, notably limit cycle amplitude, but also a change in stability in the linear sense.
Therefore, both the linear and nonlinear systems are modified and simulated, the former providing the real part of
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Figure 4.3: Sample of numerical simulation, showing state variables.

the driveline mode eigenvalue to detect changes in outright stability, and the latter providing insights into changes
in the asymptotic behaviour.

4.2.4 Limit Cycle Identification

To identify limit cycles and find their analytic solutions, several methods are attempted. A good overview of the
available methods are presented by Nayfeh and Mook [2004]. For each of these methods, typically, fairly simple
nonlinearities are required such as polynomials, single trigonometric functions, and so forth. For this reason, the
nonlinear EOMs (4.9) and (4.10) are expanded in a Taylor series approximation to the third order containing both
even and odd nonlinear polynomial terms.

At first, the method of multiple scales is used on the Taylor expanded system. Being a two DOFs system makes the
problem a fourth order problem, leading to quite large unwieldy time scale equations to which suitable solutions
could not be found. Based on numerical results (described later in Subsection 4.3.2), the system is further simplified
by removing all but the single biggest contributor to nonlinearities, giving the following simplified second order
nonlinear coupled system:

Mq̈ +Cq̇ + Kq =

�

N1

−N2

�

αθ̇ (4.51)

where M , C , and K are the linearised matrices of the EOMs (4.9) and (4.10), and N1,2 are positive coupling para-
meters arising from the nonlinear model. Unfortunately, expanding these equations using the method of multiple
scales led only to trivial solutions, in part due to the existence of only even terms.

Next, the ‘describing function’ method is applied to the Taylor expanded system. It is found to be difficult to
apply such a method to a system of many coincident nonlinearities, in this case many different even and odd
polynomial terms, since a different integral function is required for each term. Moreover, the method becomes
fairly complicated when investigating higher order harmonics, even if only odd terms are considered. The method
is better suited to systems with a single harmonic and in which the linear part acts as a low pass filter. In the case
under study, the method produces many non-physical or spurious solutions, with no simple strategy for detecting
and removing them.
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Finally, successful approximations of the limit cycle solutions are found using the harmonic balance method [Nay-
feh and Mook 2004, Hayes and Marques 2015, Lewis 2020]. The adopted numerical procedure is divided into
two steps: the first part of the computational algorithm yields a set of first-approximation solutions. Then a re-
finement procedure is adopted for discarding redundant and spurious solutions, and for improving the accuracy
of the solutions of interest. Differently to the techniques proposed for instance by Nayfeh and Mook [2004] and
Lewis [2019] (perturbations and integro-differential equations), here the harmonic balance method is adopted also
for the refinement procedure. Given the following autonomous homogeneous system of n second order ordinary
differential equations with constant coefficients and nonlinear terms in polynomial form:



















mẍ1 + p1(x1, x2, . . . , xn, ẋ1, ẋ2, . . . , ẋn) = 0
mẍ2 + p2(x1, x2, . . . , xn, ẋ1, ẋ2, . . . , ẋn) = 0

...
mẍn + pn(x1, x2, . . . , xn, ẋ1, ẋ2, . . . , ẋn) = 0

(4.52)

the existence of periodic solutions, that is:

x (t) =x (t + kT ) where x (t) = {x1, x2, . . . , xn}ᵀ, k ∈ Z, T ∈ R (4.53)

where T is the period of the limit cycle, are sought by expanding each component in a Fourier series up to N
harmonics:

x i =
N
∑

h=0

�

Aih sin(hΩt) + Bih cos(hΩt)
�

, i = 1, . . . , n (4.54)

where Ω= 2π/T is the angular frequency of the (approximated) limit cycle. The periodic approximated solutions
given by Equation (4.54) are substituted into Equation (4.52), where applying the sum and difference formulae
to the products of trigonometric functions, and collecting and equating to zero the terms with the same simple
trigonometric functions, yields an algebraic nonlinear system. This system is in general non-homogeneous, and
consists of n(2N + 1) + 1 equations in n(2N + 1) + 1 unknowns represented by the n(2N + 1) coefficients in the
truncated Fourier series, and the angular frequency Ω:



























P1(A1h, . . . , Anh, B10, . . . , Bn0, B1h, . . . , Bnh,Ω) = 0
P2(A1h, . . . , Anh, B10, . . . , Bn0, B1h, . . . , Bnh,Ω) = 0

...
Pn(2N+1)(A1h, . . . , Anh, B10, . . . , Bn0, B1h, . . . , Bnh,Ω) = 0

Pn(2N+1)+1(A1h, . . . , Anh, B10, . . . , Bn0, B1h, . . . , Bnh,Ω) = 0

, h= 1, . . . , N (4.55)

It should be noted that in Equation (4.55) the terms with angular frequency higher than NΩ are discarded, and
that the last equation is not a result of the harmonic balance, which in fact only yields n(2N + 1) equations. This
final equation can be written as linear combination of any of the EOMs (4.9) and (4.10), expanded including
Equation (4.54) and evaluated at a given instant of time t = t0. In this case the simplest possibility is given by
considering a single equation at t = 0, provided it does not reduce to an identity.

The system in Equation (4.55) may be solved directly, yielding the total number of real solutions (limit cycles)
for a given number of harmonic terms in the Fourier expansion. However, systems with several nonlinear terms or
high order Taylor expansions can easily lead to prohibitively large computational loads. Consequently, a different
approach is adopted here. Roots are computed in succession by means of an iterative algorithm considering Fourier
expansions limited to the first harmonic term. In this case a single state variable is approximated by:

x (1)i =Bi0 + Ai1 sin(Ωt) + Bi1 cos(Ωt) (4.56)

This part of the computational algorithm yields a set of first harmonic approximate solutions, including bias and
first harmonic components. Then a refinement procedure is adopted for discarding redundant and spurious solu-
tions, and for improving the accuracy of the actual solutions of interest for the analysis.
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The selected iterative procedure is initialised by assuming intervals of maximum variation for the Ai1 coefficients
as well as for the angular frequency Ω =ωi , while the Bi0 coefficients are initialised with arbitrarily small values,
and the Bi1 coefficients can be initialised to zero without loss of generality:









IA
i1 = [−ai1, ai1]

IΩ1 = (0,ω1]
Bi0 = εi1

Bi1 = 0

, ai1 > 0, ω1 > 0, 0< εi1� ai1, i = 1, . . . , n (4.57)

The initialisation intervals are then partitioned to determine sets of initial values for the iterative procedure. For
each set of initial values, a single solution is sought by iterative solving of a system of 3n+1 equations with 3n+1
unknowns (ω1, Bi0, Ai1, and Bi1, i = 1, . . . , n). The total number of solutions is not known in advance, therefore
some of them may be multiples while others may be immediately recognised as spurious and discarded.

At this stage, a second step in the iterative procedure yields the desired refinement in a selected solution. This
refinement procedure consists of a perturbation of the previously obtained solution (approximated to the first har-
monic term) by an arbitrary number of higher harmonic terms. For example, a perturbation including the second
harmonic term requires the following initialisation step:





Ai1 = A∗i1, Bi0 = B∗i0, Bi1 = B∗i1, Ω= Ω∗

IA
i2 = [−ai2, ai2]

Bi2 = 0
, ai2 > 0, i = 1, . . . , n (4.58)

where A∗i1, B∗i0, B∗i1, and Ω∗ are the 3n+ 1 values computed in the first step of the iterative procedure. The compu-
tation can follow sequentially, by adding a further harmonic terms with each step. However, if the first harmonic
term is dominant, the refinement of the solution can be obtained in a single step by adding together a given number
of harmonic terms.

The described refinement procedure can identify both redundant and spurious solutions. Redundant solutions are
identified when two different first approximation solutions converge to the same refined solution. Spurious solu-
tions are identified when either:

(i) A first approximation solution converges to a degenerate solution (limit cycle with either null
amplitude or zero frequency).

(ii) The refinement procedure yields a non-convergent series, which therefore cannot represent a limit
cycle.

(iii) A third method for the identification of spurious solutions, based on an application of Floquet
theory, is suggested at the end of the following Subsection 4.2.5.

According to the procedure described above, the existence of limit cycles can be assessed and eventually confirmed
by phase portraits. Then the limit cycles of interest can be studied in terms of their amplitude, frequency, and shape.

4.2.5 Limit Cycle Stability
Stability of limit cycles is studied by applying Floquet analysis, which has been proven to be effective in both
supercritical and subcritical post-bifurcation behaviour, for both stable and unstable limit cycles [Lewis 2019].
Once a limit cycle has been identified and approximated, its stability can be assessed by considering again the
nonlinear homogeneous system given in Equation (4.9) and (4.10), which can be rewritten in the following compact
form:

Iq̈ + f (q̇ ,q) = 0 (4.59)

where q is the vector of the two system variables α and θ , and f is a vector of the nonlinear polynomial functions
of system variables. Note that nonlinear terms due to inertial effects, such as those due to the time derivative of
Vx in Equation (4.44), are neglected in Equation (4.59) for simplicity. However, they could be included in the
adopted procedure and formulation considering the nonlinear relaxation model by augmenting the equations with
a nonlinear inertial term.
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Any approximated limit cycle must respect the following equation:

Iη̈+ f (η̇,η) = ε (4.60)

where η is a vector of real periodic functions of time t representing an approximation of the exact limit cycle:

η=

¨

ηα(t)
ηθ (t)

«

, η(t) = η(t + kT ), k ∈ Z (4.61)

The period T = 2π/Ω is determined by adopting the refinement procedure described above. The time-varying
non-homogeneous term ε in Equation (4.60) is a consequence of introducing an approximated expression for the
limit cycle, given by a truncated Fourier series. It tends to zero as the number of harmonics in the Fourier expansion
tends to infinity and it would be zero in case of exact expression of the limit cycle.

A first order perturbation is now introduced in the expression of the limit cycle, and substituted into the nonlinear
dynamic equilibrium equations, yielding:

η∗ = η+ w ∗ with w ∗ =

¨

α∗(t)
θ ∗(t)

«

(4.62)

Iη̈∗ + f (η̇∗,η∗) = ε =⇒ Iη̈+ I ẅ ∗ + f (η̇∗,η∗) = ε (4.63)

where α∗(t), θ ∗(t) are unknown functions representing the first order perturbation obtained by expanding f in
Taylor series up to the first order:

Iη̈+ I ẅ ∗ + f (η̇,η) + J y∗ = ε =⇒ I ẅ ∗ + J y∗ = 0 (4.64)

with

y∗ =

¨

ẇ
w

«

and Ji j =
∂ fi

∂ y∗j

�

�

�

�

�

y∗=0

=⇒ J =





∂ f1
∂ α̇∗

∂ f1
∂ θ̇ ∗

∂ f1
∂ α∗

∂ f1
∂ θ ∗

∂ f2
∂ α̇∗

∂ f2
∂ θ̇ ∗

∂ f2
∂ α∗

∂ f2
∂ θ ∗





y∗=0

(4.65)

The Jacobian matrix J (whose calculation is not necessary when the nonlinearities are given by polynomial expan-
sions, as in the case under analysis) can also be represented in terms of two blocks:

J =
�

C ∗(t) K ∗(t)
�

(4.66)

where C ∗(t) and K ∗(t) are the equivalent damping and stiffness matrices of the system, respectively. Note how
the spurious term ε vanishes in Equation (4.64), due to the linearisation procedure. Then the linearised system
describing the dynamics over the limit cycle is represented by:

I ẅ ∗ +C ∗(t)ẇ ∗ + K ∗(t)w ∗ = 0 (4.67)

The functions in f are polynomials, therefore all the elements of C ∗(t) and K ∗(t) are given by sums and products
of the sine and cosine functions, and the angular frequency of each of these sine and cosine functions is equal to, or
a multiple of, the limit cycle angular frequency. As a result, the period of all the elements in C ∗(t) and K ∗(t) are
the same, and equal to that of the (approximated) limit cycle. This is simply because the polynomials retain linear
terms, while the products of sines and cosines lead to terms with whole number multiples of the base frequency.
Hence the dynamics over the limit cycle is described by a linear time-varying system, whose time dependent
coefficients have the same period of the approximated limit cycle.

Stability is studied by applying Floquet theory to Equation (4.67), in the form of the monodromy matrix method
[Yakubovich and Starzhinskiı̆ 1975]. As a first step of the procedure, Equation (4.67) is rewritten in the state space
format:

I ẅ ∗ +C ∗(t)ẇ ∗ + K ∗(t)w ∗ = 0 =⇒ Aẏ∗ + By∗ = 0 =⇒ ẏ∗ = −A−1By∗ (4.68)
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where

A=

�

I 0
0 I

�

(4.69)

B =

�

C ∗(t) K ∗(t)
−I 0

�

(4.70)

The choice of the state space representation in Equation (4.68) is made in order to obtain a time invariant and
non-symbolic A matrix, holding the property A−1 = Aᵀ = A. The 4×4 matrix A−1B is real, therefore the associated
monodromy matrix is a real 4×4 matrix as well, with four multipliers characterising the system in Equation (4.68).
Since the monodromy matrix is real, the time invariant Floquet multipliers occur in complex conjugate pairs or
in pairs of distinct or coincident real parts. Thus, determining their position with respect to the unit circle in
the Argand-Gauss plane gives a complete picture of the system stability properties, regardless initial conditions
[Yakubovich and Starzhinskiı̆ 1975]. The monodromy matrix in the case under analysis can be computed carrying
very low computational costs, making Floquet direct analysis very convenient. It can be noted that:

(i) One Floquet multiplier is always in position (1,0) on the complex plane (trivial multiplier, rep-
resenting the exact solution given by the limit cycle itself), and this result is consistent with the
analysis presented by Lewis [2019].

(ii) If all the remaining multipliers have modulus smaller than one, then the limit cycle is stable.

(iii) If at least one multiplier has modulus larger than 1, then the limit cycle is unstable.

(iv) In case of coincident multipliers on the unit circle, this procedure is not sufficient for assessing
stability of the system, and further steps are necessary for concluding its stability analysis.

The adopted method works also in presence of unstable limit cycles, as also noted by Lewis [2019], yielding the
same trivial multiplier at (1,0). Note how the approximation in the expression of the limit cycle affects this kind
of stability analysis: the trivial multiplier, which in case of exact expression of the limit cycle would be exactly
(1,0), actually takes a slightly different real part (which in the case under analysis, with an approximation up to the
fourth harmonic, is slightly less than unity, with an error of magnitude 10−8). This error (difference with respect
to unity of the trivial multiplier, with sign) can be taken as a measure of the accuracy in the approximation of the
limit cycle.

Floquet analysis can also help in the identification of spurious solutions in the refinement procedure described
above (see Subsection 4.2.4), which may require more attention in the case of high amplitude limit cycles, when
their first order approximations are very different from their actual shapes. This is due to the fact that the refinement
procedure is sensitive to initial values, and therefore to perturbations in lower order harmonics. In the case of high
amplitude limit cycles, the root search routines may fail, leading to singular Jacobians or non-convergent results. As
a novel and efficient method for identifying spurious solutions due to the refinement algorithm, it is here proposed
to adopt Floquet analysis for the calculation of the multipliers which describe the dynamics on the limit cycle
(i.e., the perturbation of the first-order approximation of the limit cycle). In presence of an actual limit cycle, and
independently from its stability, the analysis gives a pair of real multipliers, one of which is equal to unity (trivial
multiplier) unless there are numerical errors due to truncation in the harmonic series. Instead, the presence of only
complex conjugate multipliers is not consistent with the definition of a limit cycle as a periodic solution (with
period equal to that of the fundamental component of the harmonic series), which leads to the identification of
spurious solutions, and a restart of the initialisation procedure.

4.3 Results and Discussion

Stability analysis of the linear model is briefly revisited with the simplified two DOFs model, with an emphasis on
the effects of linear tyre relaxation, since this aspect was not investigated in-depth in the previous chapter. Next,
the results of the preliminary numerical simulations are presented and discussed. Stability analysis of the nonlinear
model is then performed, focusing on the existence and stability of limit cycles, studying the case without tyre
relaxation first. Finally the effects of tyre relaxation on the generation and stability of limit cycles is presented.
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Figure 4.4: Stability regions of the relaxed linear system with non-relaxed shown with dashed lines,
the reference condition is signified by the black dot.

4.3.1 Effects of Tyre Relaxation on the Stability of the Linear Model

Tyre relaxation, namely relaxation length, can play a role in linear system stability, even though in some studies its
effect has been neglected [Sorrentino and Leonelli 2017, Leonelli et al. 2018]. Here the effects of tyre relaxation on
the stability of the simplified model are investigated by including the LTI model, Equation (4.33), into the EOMs
(4.9) and (4.10) in their linearised form, replacing the longitudinal slip coefficient κ with its relaxed counterpart
κr.

The first of the results are presented in Figure 4.4, where the linear stability regions for differing system config-
urations are plotted using the Routh-Hurwitz criterion. There the solid lines and shaded areas present the stability
regions with relaxation behaviour, while the dashed lines show the original unrelaxed stability boundaries. From
these data, the introduction of relaxation behaviour shows to have a very small stabilising effect on the results
of the linear system stability in the case under study. The adopted relaxation model parameters can be found in
Table 4.3.

Given that tyre relaxation behaviour can change from tyre to tyre, the system is augmented to treat the tyre re-
laxation length λx0 as a constant input parameter. The results of varying this parameter on linear system stability
is presented in Figure 4.5. It is shown that around the reference condition of relaxation length (approximately
53 mm), the stability boundary is relatively stationary with respect to any change in relaxation length. Not until
much larger values of relaxation length does the parameter start to play a greater role in the linear system stability.
Also, as the relaxation length approaches zero, the system loses some stability, showing that in the absence of
relaxation, linear analysis tends to overestimate instability, a conservative and practical finding. This supports the
actions of Sorrentino and Leonelli [2017] and Leonelli et al. [2018], wherein the relaxation length was considered
to be small enough to not have a major effect on linear stability and was therefore neglected. In this regard, it should
also be mentioned that in the specific case of chatter, working points of the tyre at high slip and low vertical load
(due to longitudinal load transfer in braking conditions) contribute significantly to lowering the relaxation length
[Pacejka 2012], especially for racing tyres. Further increasing the slip κ0, the gradient Cκ0,x would become negat-
ive and according to the adopted relaxation model so would λx0, bringing Equation (4.33) to intrinsic instability
(see the map in Figure 4.5, where the cut of stable regions a λx0 is due to the sign change in the relaxation length,
which may be infeasible, as discussed by Pacejka [2012]). Recalling Chapter 3 however, it should be noted that
negative values of Cκ0,x would lead to instability of the dynamic system in Equation (4.9) and (4.10) independently
from tyre relaxation.
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Figure 4.5: Effects of a constant relaxation length on system stability, the reference condition is
signified by the black dot.

In any case, looking at the regions displayed in Figure 4.5, it is clear that large positive values of relaxation length
produce destabilising effects on the linear model, reducing the interval of stability with respect to travelling speed,
until the model becomes indefinitely unstable (critical relaxation length at a given operating condition). This effect
can be in part explained recalling the FRF given by Equation (4.46) – (4.48). In that case, the stabilising effect due
to attenuation (reduction of FRF modulus by increasing frequency) is counteracted by a concurrent increase in
phase lag. The latter evidently becomes dominant and contributes indirectly to destabilise the system, influencing
the phase lag between the factors of the power flow at the ground contact point, which is able to bring the system
to critical conditions, as described in Chapter 3. For an in-depth analysis of the frequency response behaviour of
the relaxation models of Equation (4.33) and (4.44), the reader is referred to the following Subsection 4.3.5.

4.3.2 Numerical Results

Returning to the system without relaxation, the results of the numerical analysis of Subsection 4.2.3 is discussed.
The asymptotic behaviours of the two systems are shown in Figure 4.6. During the earlier stages after the initial
disturbance both systems respond in a similar manner, which suggests that the linearised approximation is accurate
in low amplitude oscillations. Initially as the oscillations begin to grow, both systems grow equally fast, but at
approximately 13 s, the nonlinear system begins its decay to a presumed asymptotic limit cycle while the linearised
system continues its exponential growth. This result suggests a supercritical bifurcation in the nonlinear system,
resulting in stable limit cycles when the linear system predicts unstable behaviour. Note that during simulations,
very large initial disturbances still compatible to a motorcycle are tested in the stable region, and no notable
difference in stability between linear and nonlinear systems is found. The existence of any presumable unstable
limit cycle (divergent amplitude responses in the linearly stable domain) is not found. Clearly, in that case the
amplitude of presumed limit cycles cannot be evaluated by numerical simulation.

A look at the phase space of the limit cycle is shown in Figure 4.7. This figure shows the asymptotic behaviour of
swingarm angle and wheel speed oscillations, while also showing a portion of the linear trace near similar values
undergoing exponential growth for comparison. This allows the asymmetric behaviour of the nonlinear system to
be seen clearly, with less amplitude in the left half plane, and more in the right, suggesting the existence of some
higher harmonics.

The limit cycle in terms of the tyre forces and slip are shown in Figure 4.8. Even though the amplitude of swingarm
angle oscillations is small, the amplitude of oscillations of the limit cycles in terms of forces is quite large. There-
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Figure 4.6: Asymptotic behaviour of the nonlinear system as numerically simulated.
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Figure 4.7: Limit cycle phase space of the nonlinear system as numerically simulated.
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fore, the amplitudes of the limit cycles are not acceptable in terms of motorcycle stability even if the equilibrium
point is close to the stability threshold.
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(b) Tyre force and slip phase space.

Figure 4.8: Tyre forces and slip limit cycle phase spaces representations of the nonlinear system as
numerically simulated.

When nonlinearities are introduced individually, as described in Subsection 4.2.3, it is possible to compare the
stability and asymptotic behaviour to those of the linearised and fully nonlinear systems. Table 4.4 shows how
the limit cycle swingarm angle amplitudes vary with the introduction of the separate nonlinear terms described in
Subsection 4.2.1.

Table 4.4: Asymptotic behaviours of different models of the nonlinear system as numerically
simulated.

Model Limit Cycle Amplitude [rad]

Linear ∞
Geometry nonlinearities only 0.9160
Chain nonlinearities only 1.2010
Tyre nonlinearities only 0.0073
Full nonlinear 0.0072

The geometry and chain nonlinearities lead to very large limit cycles, indicating very small nonlinear effects on the
system. The tyre nonlinearities are the only terms to introduce a significant limit cycle to the asymptotic behaviour.
This suggests that the nonlinear tyre characteristic function from Equation (4.1) – (4.8) is the primary nonlinear
driver to the limit cycle, with very slight influences of the geometry and chain nonlinearities.

A selection of model parameters are tested to see their effects on the asymptotic behaviour of the nonlinear system.
Each parameter is swept from 90 % to 110 % of its reference value in steps of 2 %. The real eigenvalue from the
driveline mode is taken from the linearised system, and the swingarm angle amplitude of the limit cycle is obtained
from the nonlinear system. The results are displayed in Figure 4.9, where the black point represents the reference
position. The limit cycle amplitude shows the most sensitivity to variations of parameter pkx1 (MF nominal tyre
slip stiffness). Again, the tyre force gradient confirms to be one of the most important parameters in governing this
instability problem.

It is also shown in Figure 4.9 that, while some parameters tend to not affect amplitude, the effects of most paramet-
ers on limit cycle amplitude follow a square root function similar to that described by the analytical solution of the
limit cycle amplitude of the generalised van der Pol’s equation presented by Rand [2012]. This result suggests that
a similar solution may be possible with this nonlinear system, or could be approximated by a similar, previously
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Figure 4.9: Effect of some relevant parameters on asymptotic behaviour: limit cycle amplitude versus
real part of driveline eigenvalue.

solved, analytical equation. There are some parameters which deviate slightly from the general trend, such as pcx1

or kc, but to better understand the effects of parameters on asymptotic behaviour and limit cycle amplitude, an
analytical approach is required.

4.3.3 Existence of Limit Cycles in the Nonlinear Model
The numerical results suggest the existence of a stable limit cycle. An application of the method described in
Subsection 4.2.4 then confirms the existence of this limit cycle, which is unique in the parameter domain of tech-
nological interest. The effects of tyre relaxation are not considered in this section, assuming λx = 0 in all cases.

In Figure 4.10, the limit cycle determined by the harmonic balance method (red cycle) is superimposed onto a
numerical phase portrait. In this case (and in all the following in this chapter) the approximations of the limit
cycles are refined using the first four harmonics, which gives an accurate representation (assessed after several
tests involving computations up to the 20th harmonic, finding errors less than 0.01 % when using fourth order
harmonics). The method is also employed in the linearly stable regions (by slowing the reference speed Vfx), but no
non-trivial limit cycles are found. Note that the bias terms due to the Fourier expansion in Equation (4.56), given
by non-symmetric nonlinear terms, are not negligible [Gelb and Vander Velde 1968].

Limit cycles in terms of the tyre forces and slip as found by the harmonic balance method are shown in Figure 4.11.
The large amplitudes support the findings of the numerical simulations and Figure 4.8a and 4.8b. Again, the
findings are that these amplitudes are too large to be considered acceptable in terms of motorcycle stability. The
contour plots in Figure 4.11, drawn by varying the travelling speed Vfx, show a great sensitivity of limit cycle
amplitude with respect to this equilibrium value. Note that the higher speed contours contain portions with positive
Fz and Fx, indicating wheel lift. The current model does not have contingencies for the nonlinear effects of wheel
lift, and are therefore not captured in the given limit cycles.

A study of limit cycle sensitivities to modelling parameters is achieved by selecting certain important parameters,
identified in Subsection 4.3.2, and modifying their values. This results in a change in asymptotic behaviour, notably
limit cycle amplitude, but also a change in stability in the linear sense (which in turn also contributes to modify limit
cycle amplitude). The inertial parameter Jα, whose effects are displayed in Figure 4.12, shows that with decreasing
values, the limit cycle grows in amplitude and shows more high order harmonics. The suspension damping cs,
effects shown in Figure 4.13, shows similar behaviour, with more of an effect on limit cycle amplitude. All the
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Figure 4.10: Phase portrait and limit cycle (shown in red) in the variables α̃(t) and ˙̃
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Figure 4.11: Tyre forces and slip phase space of limit cycles refined up to the fourth harmonic.
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Figure 4.12: Tyre forces and slip phase space of limit cycles for different values of moment of inertia
Jα refined up to the fourth harmonic (Vfx = 44m s−1).
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Figure 4.13: Tyre forces and slip phase space of limit cycles for different values of suspension
damping cs refined up to the fourth harmonic (Vfx = 44m s−1).
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limit cycles displayed in Figure 4.11 – 4.13 occur in a very narrow frequency range about the reference value
of 18.56 Hz (18.61 Hz to 18.51 Hz for increasing Vfx, 18.78 Hz to 18.43 Hz for increasing Jα, and 18.54 Hz to
18.65 Hz for increasing cs). The Fz-Fx limit cycles are counter-clockwise, while the cycles κ-Fx are clockwise.

4.3.4 Stability Analysis of the Nonlinear Model
The application of the methods described in Subsection 4.2.4 and 4.2.5 show that in the case under analysis there
is always one trivial multiplier at the position (1,0), two complex-conjugate multipliers with modulus smaller than
unity (inside the unit circle), and a fourth real positive multiplier with modulus smaller than one. This makes it
possible to demonstrate that within the parameter domain of technological interest and with no relaxation, the non-
linear system has a supercritical post-bifurcation behaviour with a single stable limit cycle growing with linearised
instability. This in turn means that the linearised system can be used as a stability predictor.

The bifurcation diagram displayed in Figure 4.14 shows the critical speeds and the limit cycle amplitude of vertical
load Fz as a function of travelling speed Vfx for different working points on the characteristic tyre function (the MF
model). These confirm that even if the equilibrium point is close to the stability threshold, the growth of limit cycle
amplitude is not acceptable in terms of motorcycle stability.
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Figure 4.14: Critical speed and bifurcation diagrams. Limit cycle amplitude of vertical load Fz as a
function of travelling speed Vfx for different working points on the characteristic tyre
function.

Further, the existence and stability of this limit cycle is investigated by varying the stationary equilibrium point
on the characteristic function of the tyre for different values of κ0 and Fz0 while leaving all the other parameters
unchanged. Assuming a value of κlimit for which instability occurs in the linear sense for which Cκlimit,x > 0, then
increasing κ0 until Cκ0,x = 0 (at a given value of Fz0) brings the system well inside the linear instability region
(while the linear stability threshold does not change). Hence, a faster growth in oscillation amplitude is expected
following a perturbation due to the larger positive real part of the critical eigenvalue and consequently, in the case
of its existence, also an increase in the limit cycle amplitude. The analysis of the nonlinear system at Cκ0,x = 0
for different values of Fz0 in this case confirmed the existence of a stable limit cycle, however with such a high
amplitude that realistically it could not be reached. This confirms that the limit cycle remains a stable one even
when the oscillations of κ pass through the region of the MF where Cκ,x < 0, normally a very unstable region. It
should be noted that at the amplitudes seen in this chapter, additional effects would need to be considered, such
as wheel detachment (not considered in the present model), or rider intervention, both of which would affect the
stability results of this analysis.

A more in-depth analysis is then performed, aimed at understanding the relative influence of the three sources of
nonlinear terms as identified in Subsection 4.2.1, that is: tyre forces due to Fx terms, geometry due to Fz terms,
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and chain due to Mcα and Mcθ terms. The effects of geometric nonlinearities in the Fz terms are found to be totally
negligible, while those due to the chain, if considered as the only nonlinear terms in Equation (4.9) and (4.10), are
able to produce a post-bifurcation stable limit cycle, however with an amplitude at least two orders of magnitude
higher than that of the fully nonlinear system (see the similar numerical results in Table 4.4). Therefore, it can
be stated that, from a practical point of view, the nonlinear behaviour of the system is given totally by the tyre
force Fx. In fact, the nonlinear terms descending from the characteristic function of the tyre, if considered as
the only nonlinear terms in Equation (4.9) and (4.10), are able to produce a post-bifurcation stable limit cycle
which is almost totally superimposed on that due to the fully nonlinear system. The limit cycles displayed in
Figure 4.11 – 4.13 would remain practically unchanged, if computed considering the tyre nonlinear terms only.
Which confirms what was found in Subsection 4.3.2, that is, that the nonlinear tyre characteristic function (the
MF model) is the primary nonlinear driver to the limit cycle, with a negligible influence of the chain geometry
nonlinearities. As already pointed out in Subsection 4.2.1, very small limit cycle amplitudes for the swingarm
angle are required to make the assumption of linear suspension spring and damper acceptable.

4.3.5 Effects of Tyre Relaxation on the Stability of the Nonlinear Model

As noted in Subsection 4.3.1, linear tyre relaxation has an indirect effect on system stability since it influences the
phase lag between ground force and slip velocity, which in turn controls the switching mechanism to instability.
Therefore as a first step into the analysis of Equation (4.44), its frequency response is compared to the one given by
Equation (4.46) – (4.48), the FRF of the LTI relaxation model of Equation (4.33). For this purpose, it is convenient
to observe that in the problem under investigation, except for very low values of travelling speed, the term depend-
ent on the time derivative of Vx in Equation (4.44) can be neglected, as well as the non-stationary component of Vx,
that is:

�

1+
λxV̇x

V 2
x

�

∼= 1 =⇒ Vx
∼= Vx0 (4.71)

Then, assuming two coupled harmonic inputs:

κ=κ0 + Acos(Ωt) (4.72)

Fz =Fz0 + B cos(Ωt +ϕ) (4.73)

makes Equation (4.44) independent from the states of the system of Equation (4.9) and (4.10). In this way, Equa-
tion (4.44) is reduced to a nonlinear first order differential equation (with respect to κr) with a harmonic non-
homogeneous forcing term given by κ(Ωt). The frequency response of Equation (4.44) with the simplifying as-
sumptions of Equation (4.71) and harmonic inputs from Equation (4.72) and (4.73) can be represented in modulus
and phase then compared to Equation (4.46) – (4.48).

Figure 4.15 compares the Bode diagram of the FRF of Equation (4.46) – (4.48) for the LTI system to the one
given by the FRF of Equation (4.44) (adopting values reported in Table 4.2 and taking from the reference limit
cycle the values for simulating the periodic system). It can be seen from Figure 4.15 that in the frequency range of
interest (the limit cycle occurring at 116.6 rad s−1) the curves are almost perfectly superimposed, and that while the
attenuation effect is negligible, the phase delay follows closely to what happens in the linear system. Differences
become relevant at higher frequencies, beyond 500 rad s−1.

Note that introducing a further simplifying assumption, Equation (4.44) may be reduced to a linear (with respect
to κr) equation with a periodic time-varying coefficient. This assumption regards the definition of λx in Equa-
tion (4.44), descending from Equation (4.38):

CVsxr,x =
∂ Fx

∂ Vsxr

�

�

�

�

(κr,Fz)

∼= CVsx,x =
∂ Fx

∂ Vsx

�

�

�

�

(κ,Fz)
= −

Cκ,x

Vx
=⇒ λx

∼=
Cκ,x

K
(4.74)

Introducing into Equation (4.44) the simplifying assumption given in Equation (4.74) yields a third possible re-
laxation model (here referred to as ‘time-varying’). However, in the case under study the differences between the
results obtained with the time-varying and the fully nonlinear relaxation models are found to be very small. In fact,
the FRF computed adopting the time-varying model would be totally superimposed on that shown in Figure 4.15
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Figure 4.15: Bode diagram of the FRF given by the LTI relaxation model, solid line, compared to
the one given by the nonlinear model, dashed line. Parameter values as in Table 4.2.

for the fully nonlinear model. Further evidence of the validity of the approximation in Equation (4.74) is provided
in the sequel.

Either Equation (4.33) or Equation (4.44) are now coupled to the equilibrium equations (4.9) and (4.10) to invest-
igate the effects of relaxation in the semi-nonlinear and in the nonlinear models (the latter studied by considering
either the time-varying or the fully nonlinear relaxation models). Some preliminary numerical results are displayed
in Figure 4.16 and 4.17. Figure 4.16 shows a comparison in terms of numerically computed responses of the nonlin-
ear system at the linear stability boundary, given for three different approximations of the relaxation equation: the
LTI model given in Equation (4.33), yielding the semi-nonlinear model; the time-varying model obtained through
Equation (4.74); and the fully nonlinear model in Equation (4.44). Simulations are performed at the reference
condition, but with speed slowed down to the stability boundary (Vfx = 43.6m s−1) and with an initial disturbance
on wheel angular speed (0.01 rad s−1). No appreciable differences can be observed among the three responses,
which suggests that at the linear stability threshold the nonlinearities do not modify system stability. On the other
hand, Figure 4.17 shows four different transient responses (maximum oscillation amplitudes) of the semi-nonlinear
model. Solutions are numerically computed at the reference condition with an initial disturbance on wheel angular
speed (0.01 rad s−1) for increasing values of relaxation length λx0 (from 30 mm to 150 mm). Noticeably, both very
small and very large values of relaxation length produce shorter transients and larger limit cycles, as suggested by
Figure 4.5. On the contrary, values close to the peak of the stability region produce slow transients and lower limit
cycle amplitudes. These effects are attributed mainly to the smaller positive real eigenvalues in these areas.

The effects on limit cycles of tyre relaxation are also investigated, highlighting the differences between relaxation
models. The simplifying assumptions in Equation (4.71) are adopted in the analysis, and stability is studied fol-
lowing the method described in Subsection 4.2.5, but in this case representing the system with the additional first
order relaxation equation in a state space of dimension five, including κr among the five state variables.

Some limit cycles generated by the semi-nonlinear model are shown in Figure 4.18 for different values of relaxation
length λx0 ranging from 30 mm to 150 mm (including the reference case, 53 mm). Very small values of relaxation
length produce limit cycles similar to those of no relaxation length, only smaller, indicating more stability. The
values closer to peak stability produce smaller limit cycles with less high order harmonics. As the relaxation length
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Figure 4.16: System responses at the stability threshold, with comparison of three different
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Figure 4.17: Maximum oscillation amplitudes of the semi-nonlinear model response at the reference
condition during the transient for different values of relaxation length.
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grows to larger values, the limit cycle grows larger and stretched, indicating a larger role of higher order harmonics.
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Figure 4.18: Tyre forces and slip phase space of limit cycles for the semi-nonlinear model and
different values of relaxation length λx0 refined up to the fourth harmonic (Vfx =
44m s−1).

Limit cycles generated in the reference case adopting different relaxation models are compared in Figure 4.19,
showing the differences due to the semi-nonlinear and nonlinear models (the latter with either time-varying or
fully nonlinear relaxation equations) with respect to the case with no relaxation. Note that the phase spaces in
this section are zoomed in with respect to those without relaxation, to better show the smaller limit cycles. Some
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Figure 4.19: Tyre forces and slip phase space of limit cycles for different relaxation models (no
relaxation, semi-nonlinear, time-varying and fully nonlinear) refined up to the fourth
harmonic (Vfx = 44m s−1).

important comments descend from the analysis of Figure 4.19. The limit cycles displayed suggest that:

(i) the semi-nonlinear model is slightly less stable than the nonlinear ones.
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(ii) The fully nonlinear model and the time-varying one are nearly identical.

Furthermore, it has also been observed that the larger the limit cycle amplitude is, the smaller (in modulus) the
Floquet multipliers governing its stability will be, as in the case with no relaxation. This means that larger limit
cycles are more effective in attracting the solutions. The fifth multiplier, generated by the addition of the relaxation
equation in a state space representation of dimension five, is therefore real and is found to be extremely small
in modulus. A further difference with respect to the case with no relaxation is found in the relationship between
frequency and amplitudes of the limit cycles: with no relaxation the frequency decreases with increasing amplitude,
while the opposite is true with relaxation.

As a final remark, it can also be observed that, since the effects of relaxation on motorcycle chatter in most cases
are small, the use of simplified models as those discussed here are conservative with respect to stability, and
well justified. In any case, it can be concluded that reducing relaxation to reasonably small values (<100 mm)
has beneficial effects with respect to chatter stability, while relaxation lengths near zero tend to be slightly de-
stabilising.

4.4 Conclusions

In this chapter, a contribution to the nonlinear investigation of the unstable driveline ‘chatter’ mode of a motorcycle
is given. A minimal two DOFs model including tyre relaxation is analysed both in a linearised form and with full
nonlinear equations to study its post-bifurcation behaviour. The nonlinear system without tyre relaxation is found
to have a supercritical behaviour with a single stable limit cycle in the parameter domain of technological interest
growing with linearised instability. This confirms that linear analysis is valid in predicting system stability. The
growth of the limit cycle soon after the linear stability boundary in any case is strong enough to overcome the limits
of what could be acceptable for motorcycle stability. Further, a sensitivity analysis is performed to identify the
influence of each of the model parameters on the limit cycle amplitude, identifying the most influential ones with
the aid of bifurcation diagrams and confirming that the main driver of nonlinear asymptotic behaviour comes from
the tyre characteristic function. Tyre relaxation can produce destabilising effects both in the linear and nonlinear
models, reducing the interval of stability with respect to travelling speed, until the model becomes indefinitely
unstable. However, adopting realistic values of relaxation length, those effects are found to play a minor role. A
summary of the findings of this chapter is presented in Table 4.5.

Table 4.5: Summary of nonlinear effects on motorcycle chatter.

Model Characteristic Summary of Effects

Limit cycle solutions Of the methods described by Nayfeh and Mook [2004], it is found that the harmonic balance
method is best suited for the problem at hand. It is able to provide a high order harmonic solution
to the Taylor expanded nonlinear system quickly and accurately.

Relaxation on the linear system With sufficiently small relaxation lengths (<100 mm), the stability of system tends to be insens-
itive to changes in relaxation length. Very large values introduce instability via the LTI FRF by
the introduction of de-stabilising phase lag. The system without relaxation tends to be less stable
than one with small relaxation, leading to the conclusion that linear analysis without the use of
relaxation length is practically conservative in terms of estimating stability.

Prominent nonlinear terms The leading cause of the system nonlinear behaviour is found to be the tyre longitudinal force
characteristic function (the MF model).

Limit cycles In the parameter domain of interest, a single stable supercritical limit cycle is found, though its
amplitudes are larger than can be considered acceptable for motorcycle stability. This confirms
that the use of linear analysis is capable of predicting system stability.

Nonlinear relaxation It is found that a LTI relaxation model is able to reproduce the nonlinear behaviour of the fully
nonlinear with sufficient accuracy.
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5.1 Introduction

Motorcycles which approach tyre limits, such as those found in racing, tend to experience high frequency oscil-
lations caused by tyre characteristics [Tezuka et al. 2004, Cossalter et al. 2008]. Some of these modes have come
to be known as ‘chatter’ or ‘patter’, among other things, as discussed in the previous chapters. Recently, a similar
high frequency mode with tyre interaction has been encountered during cornering manoeuvres of a racing motor-
cycle indicating that there possibly exists a similar mode to chatter that can occur mid-corner which could also
include lateral elements.1 Typically single-track vehicles in cornering manoeuvres tend to experience a merging
of their in-plane and out-of-plane modes, resulting in new ‘mixed modes’ that could introduce instability [Koenen
1983]. It is possible that the chatter mode experiences a similar merging with another out-of-plane mode, leading
to instability.

Past research into these phenomena in the mid-corner region has been sparse and diverse, and the possible root
causes identified for these vibrations have varied. For example, Tezuka et al. [2004] studied the oscillation of a
multi-body motorcycle during cornering and concluded the phase relationship of the pitch, bounce, and hop modes
were causing instability, driven by a coupling to the friction forces of the tyres. Whereas Sharp and Watanabe
[2013] studied constant speed cornering manoeuvres at varying lateral accelerations with the effects of the struc-
tural flexibility of the steering head considered. The study demonstrated that a sufficiently flexible steering head
could cause instability during high lateral acceleration manoeuvres.

This chapter explores the possible existence of a mixed chatter or tyre influenced mode of the rear suspension of a
motorcycle in the range of 8 Hz to 25 Hz during high roll angle, high lateral acceleration mid-corner manoeuvres.
Beginning from the minimal model presented in Chapter 3, the stability of the driveline mode is investigated, and
the switching mechanisms determined. The same is done for a similar mid-corner manoeuvre, but with tractive
acceleration, changing the sign of the chain torque and resulting geometry. Finally, a more complete multi-body
model is presented and tested in a similar manoeuvre in an attempt to validate the existence of possible modes that
can become unstable in the frequencies of interest.

5.2 Minimal Model Analysis

The three DOFs minimal model presented in Chapter 3 is employed to simulate mid-corner manoeuvres. The sta-
tionary operating points used to linearise the model are taken from the same dataset presented in Subsection 3.2.4,
but later in the manoeuvre during high roll angle and high lateral acceleration. The figure is reproduced here with
the new regions highlighted in Figure 5.1.

Two quasi-static regions are identified where tyre forces are generally steady or close to zero. The mid-corner
region represent high roll angle, high lateral acceleration operation with differing chain configurations and tyre use
limits. The region is split into three subregions: the first has a chain in braking configuration with both tyres on
the slip limit, the second has a slack chain with the front tyre on the slip limit, and the third has the chain in the
traction condition and is again on the slip limit of both tyres. The transients between these subregions are removed
for the linear analysis. Finally an acceleration region is chosen which represents the transition out of the corner
with higher longitudinal acceleration values and lower roll angles, again with the chain in the traction condition.

Figure 5.2a shows the eigenvalues for the combined mid-corner region. It shows an unstable rear hop mode, though
at a lower eigenfrequency range of 6 Hz to 9 Hz. Figure 5.2b – 5.2d show the respective eigenvectors for these

1Personal communications with a MotoGP engineer, 2021.
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Figure 5.1: Manoeuvre used to extract quasi-static conditions, as computed by Leonelli and
Limebeer [2020]. y-axes have been normalised due to confidentiality agreements. The
mid-corner region used in this chapter is highlighted in blue, while the acceleration
region is highlighted in green.

modes. The rear hop eigenvector contains a larger contribution of the roll angle DOF which explains the lower
experienced frequencies of the mode, given the high inertia values about the roll axis. The reversal of the chain
force shows little effect on the modes, other than to flip the phase of the wheel speed oscillations which themselves
do not play a large role in the unstable mode.

The eigenvalues for the acceleration region are shown in Figure 5.3a. This region also shows an unstable rear hop
mode with a lower eigenfrequency, though the mode moves towards stability as the manoeuvre progresses. The
eigenmodes are displayed in Figure 5.3b – 5.3d, and the unstable rear hop eigenvector has its main contribution
from the roll angle DOF. The mode also shows a reduced presence of swingarm oscillations and an increased role
of wheelspeed oscillations.

Energy flow analysis is performed by inspecting the energy dissipated by the non-conservative forces in the model
over one cycle as outlined in Subsection 3.3.3. Instability arises when the contribution from the tyre forces over-
come the dissipation provided by the system damper. Therefore, a key factor in the switching mechanism to in-
stability is the phase offsets between the ground forces and the state velocity vector. For example, the oscillating
components of the tyre forces and corresponding slip velocities from Equation (3.88) are shown in Figure 5.4 for
the most stable point in the mid-corner region. Note that in this figure, the exponential growth term due to the
instability of the mode at this operating point has been removed to more clearly focus on the phase offsets. The
figure shows a phase offset of the longitudinal components of 35.7◦, while the lateral components are closer to
quadrature at 83.0◦. Despite this, the size of the lateral component amplitudes cause their contribution to energy
accumulation to be 65 % of the total energy accumulation. This metric during different mid-corner subregions re-
mains large, growing to nearly 100 % while the chain is slack, and remaining approximately 75 % when the chain
is active in the traction condition.

Figure 5.5 shows the tyre force and slip velocity relationships for the acceleration region at a point near the stability
boundary. Here, the phase offsets are found to be 83.4◦ and 89.2◦ for the longitudinal and lateral components,
respectively. In this region, unlike the mid-corner ones, the primary driver to the growth of unstable oscillations is
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Figure 5.2: Quasi-static linear model eigenvalue analysis of the mid-corner regions. Evolution of the
eigenvectors are shown normalised and phased to their largest component, while the bar
chart legends show the average component magnitudes.

the longitudinal components, contributing 86 % of the total energy accumulation over one cycle, while the lateral
components remain close to quadrature.

In general, through the use of the minimal model presented in Chapter 3, an unstable rear hop mode is found in
both the mid-corner and acceleration regions of a racing manoeuvre. In both cases, due to the high roll angles ex-
perienced, the mode shows a lower oscillation frequency and a larger contribution of the roll angle DOF, signifying
the vertical oscillation of the tyre is facilitated more by this DOF. In the mid-corner region the lateral force is the
major contributor to instability, irrespective of the loading condition of the chain. This is expected due to the region
encompassing high roll angle operation when longitudinal forces are at their minimum. In the acceleration region
these contributions are closer to those of the braking region, with longitudinal remaining the largest contributor to
energy accumulation over one cycle. This preliminary study of the minimal three DOFs model gives insight into
what types of instabilities could be occurring during the high roll angle mid-corner and acceleration regions of a
racing manoeuvre and the mechanisms which drive them, but ultimately a high fidelity multi-body model will need
to be tested in a similar manner to validate the findings here.
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Figure 5.3: Quasi-static linear model eigenvalue analysis of the acceleration region. Evolution of the
eigenvectors are shown normalised and phased to their largest component, while the bar
chart legends show the average component magnitudes.
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Figure 5.4: Tyre force and slip signals used for the energy analysis of the mid-corner region.
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(b) Lateral force and slip signals.

Figure 5.5: Tyre force and slip signals used for the energy analysis of the acceleration region.

5.3 Multi-Body Model Analysis

An attempt to validate the findings of the minimal model analysis of the previous section is performed using
a multi-body model. The model is simulated through a similar manoeuvre to investigate the behaviour of the
motorcycle and search for the instabilities in question. Multi-body models are, in general, more complex and
difficult to analyse but offer a closer approximation to the real motorcycle [Sharp et al. 2004, Cossalter et al.
2011]. Consequently, a multi-body representation of a motorcycle is adapted from a model produced by Passigato
et al. [2020] using open-source multi-body simulation software.2 The choice to use open-sourced software is made
due to its increased accessibility and adaptability. The multi-body model developed consists of seven bodies with
13 DOFs and is presented in a simplified form in Figure 5.6.

The first body is the main frame, translating and rotating (in the yaw–roll–pitch convention) in a Cartesian plane,
considering a flat ground. Attached to the main body are the swingarm with an in-plane revolute joint (the swingarm
joint), the crankshaft with an in-plane revolute joint (the crank shaft axle), and the upper fork assembly with an
out-of-plane revolute joint (the steering joint). In turn, the rear wheel is attached to the swingarm by means of
another in-plane revolute joint (the rear axle). Attached to the upper fork assembly is the lower fork assembly by
means of a two DOFs joint representing the in-plane prismatic linear travel of the front fork, and the out-of-plane
bending flexibility of the front assembly. The prismatic joint represents the traditional telescoping fork suspension
of a motorcycle, while the lateral bending flexibility is added as it is a critical feature in the stability of the wobble
mode [Passigato et al. 2020]. Finally, attached to the lower fork assembly by an in-plane revolute joint (the front
axle) is the front wheel. The main frame contains the total sprung mass of the motorcycle, including rider, with
the exception of the rotating components of the drivetrain, which are represented by the mass and inertia of the
crankshaft body.

The forces shown in red are: the tyre forces Fxf, Fyf, Fzf, Fxr, Fyr, Fzr, the braking moments Mbf, Mbr (which are
internal and applied to both their respective wheel and suspension component), the engine torque Me, the chain
force Fc, which is determined using the model developed in Subsection 3.2.1 (there is also a reaction component

2MBSim (www.mbsim-env.de).
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Figure 5.6: Multi-body model schematic. External forces shown in red, out-of-plane forces and the
y-axis (into the page) are not shown.

of this force applied to the frame at the pinion, but is not shown in Figure 5.6), and the chain moment on the
engine Mc, which is the resultant of the chain force applied through the powertrain gear ratios. Internal forces
include the steering control and steering damper torques applied across the steering joint, the front suspension
spring and damper forces applied across the prismatic joint, the rear suspension spring and damper torques applied
across the swingarm joint (which themselves are calculated via a four bar linkage mechanism common to most
modern motorcycles), and the front assembly structural flexibility applied across the front fork rotation joint. The
tyre vertical loads are modelled using the MF-MCTire method as presented by Schmeitz et al. [2010], and the
tangential forces are calculated using the MF as presented by Pacejka [2012].

The model is characterised using the parameter set outlined by Leonelli et al. [2018], with the rear suspension
parameters updated to better match those of Chapter 3 and Section 5.2. A similar validation procedure to Subsec-
tion 3.3.1 is performed to ensure the models appropriately match. The pertinent characteristics of the motorcycles
are outlined in Table 5.1, but the complete list of parameters is left out for brevity.3

The model is controlled via two proportional integral derivative (PID) controllers. The first controls the forward
speed of the vehicle, this PID controller uses the engine torque Me to match a target velocity. This controller
also contains a feed-forward term based on the target velocity. The lateral PID controller uses the steering torque
to control roll angle φ, with feed-forward terms from the roll angle target, its time derivative, and the steering
torque introduced by the front brakes. The manoeuvre chosen to be simulated is the same as the one presented
in Subsection 3.2.4, though for the multi-body model to complete this tyre limited racing manoeuvre with such
simple rider controls, the input targets need to be adjusted. The roll angle target is lowered by 10 %, and the time is
scaled longer by a factor of 10 %. These reduce the lateral and longitudinal acceleration demands of the motorcycle
and tyres, allowing the multi-body model to complete a simulation without tyre lift or exceeding the tyre limits.

The time domain results of the simulation are presented in Figure 5.7, where the manoeuvre data are shown with
dashed lines, and the multi-body simulation data are shown with solid lines. The velocity, roll angle, and rear tyre

Table 5.1: Pertinent characteristic details of the multi-body model.

Characteristic Unit Value

Caster angle ◦ 24.0
Front tyre radius m 0.298
Rear tyre radius m 0.330
Total drivetrain ratio (excluding sprockets) – 3.45
Total mass kg 261
Weight distribution % front 47.6
Wheelbase m 1.41

3Full model and parameters are available upon reasonable request to the author (alexander.schramm@studio.unibo.it).
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forces are well matched between the two datasets, with the tangential rear tyre forces being slightly less due to
the reduced acceleration demands from the roll angle and time scaling. The side-slip angle of the rear tyre begins
the manoeuvre with a good match, but diverges after the braking region. This could be due to several factors: an
inadequate rider model not able to keep the motorcycle on the rear tyre limit causing the front tyre to slide more
than necessary, an inadequate front tyre model not able to reproduce the desired grip levels, or lack of rear brake
usage by the rider controller. The multi-body model shows an unstable chatter vibration in the braking region, as
expected from the analysis in Chapter 3, as well as an unstable cornering weave mode, similar to the combined
mode found by Koenen [1983]. The region of interest to this chapter begins after the chatter instability stabilises
and the mid-corner region begins, from 5 s onwards.
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Figure 5.7: Manoeuvre data and the simulation response of the multi-body model. Values shown for
the rear tyre.

An unstable rear suspension mode in the range of 8 Hz to 25 Hz, though, is not immediately apparent in this time-
series data. The chatter mode during braking is present, and the unstable cornering weave mode seen in the latter
portion of the manoeuvre has too low of a frequency to be considered pertinent in this investigation. Consequently,
quasi-static linear analyses are performed at time intervals across the manoeuvre using the multi-body model to
discern the eigenvalue behaviours of the system. The resulting root locus plot is presented in Figure 5.8 with the
minimal model modes overlaid. Note that this chapter is interested only in modes pertaining to the rear of the
motorcycle, those are the driveline and rear hop modes, and to some extent the pitch, bounce, and weave modes, if
their frequencies were to become high enough. The figure shows the oscillatory modes of the multi-body model as
points, grouped by colour and labelled with the generally accepted modal names of a motorcycle. As seen in the
time histories of the manoeuvre, the driveline mode becomes unstable during the braking portion of the manoeuvre
but returns to stability during the mid-corner region (this can be better seen in the time histories of the real part of
the eigenvalues in Figure 5.10, shown later). Overlaid in black are the modes from the minimal model which, as
described in Section 5.2, show a high frequency stable driveline mode, a lower frequency unstable rear hop mode,
and a well damped low frequency bounce mode. The figure refutes the existence of the unstable mode which
the minimal model exhibits becoming unstable. While the driveline modes of both models tend to have similar
behaviours, neither the rear hop mode nor the other in-plane modes involving the rear suspension (pitch or bounce)
show any instability, or indeed any similarity in behaviour to what the minimal model is predicting. This suggests
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Table 5.2: Variations of the multi-body model.

Model Swingarm Torsional Stiffness Swingarm Bending Stiffness

Reference Model — —
Variation 1 62700 N m rad−1 —
Variation 2 31400 N m rad−1 —
Variation 3 — 406000 N m rad−1

Variation 4 — 203000 N m rad−1

Variation 5 62700 N m rad−1 406000 N m rad−1

Variation 6 31400 N m rad−1 203000 N m rad−1

that in the case of very large roll angles, the minimal model is insufficient for modelling the full behaviour of the
rear suspension of the motorcycle.

−70 −60 −50 −40 −30 −20 −10 0 10 20
0

10

20

30

40

50

Front Hop

Fork Rotation

Rear Hop
Driveline

Pitch

Wobble

Bounce
Weave

Re(λ j) [rad s−1]

Im
(λ

j)
[H

z]

Minimal Model
Multi-Body Model

Figure 5.8: Root locus comparison of the multi-body model and the minimal model eigenvalues.
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mode, the unstable rear hop mode, and the damped low frequency bounce mode.

As a final step, several different structural flexibilities in the swingarm are introduced into the multi-body model
to see if they play a role in the development of any instabilities, as they do at the front of the motorcycle in the
case of wobble [Passigato et al. 2020]. Introduced at the swingarm axis, two additional degrees of freedom are
added to the multi-body model: a swingarm torsional rotation aligned along the swingarm line and a swingarm
bending rotation aligned orthogonal to the torsional and in-plane axis rotations. These work to represent the two
major structural flexibility modes in the swingarm. Table 5.2 outlines the variations of the reference multi-body
model tested. The first two include only the swingarm torsional flexibility at nominal and halved stiffness values.
The next two include only the swingarm bending flexibility again at nominal and halved stiffness values. The final
two variations introduce both flexibilities at nominal and halved values of stiffness.

The quasi-static linear analyses of Figure 5.8 is again performed for each model variation, the results are shown
in Figure 5.9. The region of interest for this investigation is also highlighted in yellow and the new structural
flexibility modes can be seen in the upper quadrant of the figure. In general, the swingarm bending mode is less
damped than the torsional mode, and has a lower natural frequency, similar to that of the fork rotation mode. In
the region of interest, there is no appreciable difference in the modes between the variations, the rear hop mode
remains relatively constant for all variations, while the driveline mode only has an appreciable change during the
unstable braking region of the manoeuvre.
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Figure 5.9: Root locus with structural flexibility variations to the multi-body model. Region of
interest to the current investigation is highlighted in yellow.

This is better represented in Figure 5.10, where the time domain evolution of the driveline and rear hop eigenvalue
real parts are shown for each model variation. The region of interest, after braking and during the mid-cornering
and acceleration portions of the manoeuvre, tend to show no differences to the real parts of the modes with the
model variations. Although, it can be seen that Variation 4, the model with only swingarm bending flexibility at
half of the nominal value, shows a much lower real part in the driveline mode during the braking instability. This
could indicate that the structural bending mode of the swingarm plays a role in the stability of the chatter mode of
a motorcycle, and warrants further investigation.
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Figure 5.10: Evolution of the real parts of the driveline and rear hop modes of the multi-body model.

5.4 Conclusions

This chapter set out to investigate the possible existence of unstable high frequency modes of the rear suspension
of the motorcycle during mid-corner manoeuvres. Of interest is the possible interaction of the rear suspension and
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driveline with the lateral and vertical dynamics of the rear tyre. A racing cornering manoeuvre is considered, and
the post-braking mid-corner region and the initial acceleration region are of particular interest, where the driveline
undergoes different chain loading conditions.

At first the minimal model from Chapter 3 is used to investigate the stability of the rear suspension while in high
roll angle operation. The model predicted an unstable rear hop mode in both the mid-corner and acceleration
regions of the manoeuvre, but with much lower frequencies due to the higher interaction of the roll angle DOF.
Energy flow analysis also revealed that in the mid-corner region the main driver to instability was the lateral tyre
force and its phase relationship with the lateral slip velocity.

Next, a full multi-body model of a motorcycle is considered to validate the results of the minimal model. The
13 DOFs model is operated through the same manoeuvre as the minimal model, and the time history and quasi-
static linear analyses plotted. The results of the multi-body analysis show that the minimal model is insufficient in
predicting instability at very large roll angles such as those encountered in the given manoeuvre. Since the minimal
model is not able to correctly reproduce the dynamics of the multi-body model for the given manoeuvre, it can not
be considered as a minimal model for the study of the phenomena in question. It may be possible to add additional
dynamics to the minimal model to better reproduce the behaviours witnessed in the multi-body model, however this
would introduce more complexity to the analysis, and the current three DOFs system is analytically cumbersome as
is. Moreover, since the multi-body model was unable to reproduce the unstable behaviour that was experimentally
reported, seeking an appropriate minimal model would be meaningless at the moment. Further developments into
the multi-body model would first need to be performed, in an attempt to reproduce the phenomena in question.

Additionally, several different variations of the model where different structural flexibilities of the swingarm are
introduced are tested. The resulting linear analyses showed no effect on the rear hop mode, though the bending
flexibility of the swingarm was able to stabilise the driveline mode slightly in the braking region, which warrants
further investigation. In conclusion, the models presented here are not able to properly capture any possible unstable
high frequency modes in the mid-corner, if they exist.
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This thesis sets out to deepen the understanding of an unstable oscillatory motion in racing motorcycles known as
chatter. In Chapter 3, a minimal three DOFs model is developed to model the rear suspension, wheel, and driveline
of a racing motorcycle that includes considerations for motorcycle roll angle and lateral dynamics. The minimal
model is validated through comparison with a multi-body code, and shows a good fit for the manoeuvre and modes
of interest.

Quasi-static linear root locus analysis is performed through a typical braking manoeuvre, finding an unstable drive-
line mode causing chatter. Energy flow analysis shows that the longitudinal forces are the main driver to instability,
given its phase offset with the slip velocity is such that it causes an energy accumulation over one oscillation cycle.
The lateral force is found to have insignificant energy contributions. Eigenvalue sensitivity analysis gives insight
into the most influential factors affecting the stability of chatter. These are parameters that affect the frequencies of
the rear hop and driveline modes, tyre force gradients, and geometric parameters affecting the chain stiffness mat-
rix. The mechanism of instability is analytically determined to be non-conservative restoring forces arising from
an asymmetric system matrices, caused mainly by tyre force gradient terms. The possibility of another mechanism
arises if the tyre force exceeds peak values, and a negative tyre force gradient with respect to slip occurs.

Several methods of stabilising a system with unstable chatter oscillations are demonstrated. Splitting the driveline
and rear hop mode frequencies by varying tyre or chain stiffness, wheel mass and inertia, or rear sprocket radius
shows stabilising effects. Chain geometry shows stabilising behaviour as it is becomes more parallel with the
swingarm. Swingarm angle itself, if the chain to swingarm angle is held fixed, does not have much effect on
stability. Finally, the roll and lateral dynamics do not play a direct role in instability, but increased static roll angle
moves the system to instability which is attributed to the movement of the working point of the tyre characteristic
function (the MF model), which drives the tyre force gradients in destabilising directions.

Chapter 4 studies the effects of relaxation length and the nonlinear characteristics of the minimal model. The
model is reduced to two DOFs by removal of the roll angle, and the option for relaxation behaviour is introduced.
Three versions of relaxation length are derived, the first being the classic LTI relaxation model. The second and
third models are nonlinear and derived from the general definition of the Maxwell model with the inclusion of
variable vertical load. It is noted that the explicit dependence of vertical load vanishes from the resulting nonlinear
relaxation model. The second model applies the assumption that relaxation length depends on the instantaneous
state variables, while the third model remains the fully nonlinear version of the equations, wherein the relaxation
length depends on the relaxed slip itself. It is shown that the effects of relaxation in the linear stability analysis are
minimal, and in fact the neglecting of relaxation behaviour would be a somewhat conservative assumption in terms
of stability analysis.

The existence and properties of nonlinear limit cycles are studied through numerical simulation and the harmonic
balance method. Other analytical methods are attempted without success due to complexities in the model. Nu-
merical analysis shows the existence of a stable limit cycle in the unstable region of operation, and the harmonic
balance method confirms the finding. The driving nonlinear term in the EOMs is found to be the tyre force func-
tion (the MF model). The effects of parameter variations on limit cycle amplitude are tested and compared to the
effects on linear stability. Phase portraits are presented and the effects of pertinent parameters shown. Using Flo-
quet theory, the limit cycle is found to be stable, and the result of a supercritical Hopf bifurcation in the forward
velocity variable. The FRFs of the three relaxation models are found, separated from the other EOMs by imposing
first order limit cycle behaviour for the state variables. The Bode diagrams and numerical simulations show no
discernable difference between the models in the frequency range of interest.

Finally, Chapter 5 explores new operating regions that have not been widely studied in past literature. Both the
three DOFs minimal and a full multi-body model are used to discern the modal behaviour of the rear suspension
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during high roll angle, high lateral acceleration manoeuvres in both traction and braking. The results show that
the minimal model cannot adequately reproduce the dynamics of the multi-body model in the regions of interest,
and therefore is insufficient for predicting stability behaviour for high roll angle manoeuvres. The multi-body was
also unable to reproduce any unstable oscillations of interest. Further augmentations to the multi-body model are
tested, including swingarm torsion and bending compliances of different stiffnesses and in different combinations.
These have little effect on the rear stability of the motorcycle, though the bending flexibility of the swingarm was
able to stabilise the driveline mode slightly in the braking region.

6.1 Future Work

There are several lines of open research that arise from either the unanswered questions of this thesis or from
newly introduced ones. This section will reflect on the work performed, the shortfalls herein, and contemplate the
possible future lines of research this thesis lays the foundation for.

Chapter 3 does a thorough investigation of not only the role that motorcycle roll angle has in the chatter instability,
but also confirms past assumptions made around the use of simplified models. It would be beneficial to better
understand the relationship between the minimal model and the more complex multi-body simulations, especially
in terms of the powertrain dynamics. It also lacks, perhaps as a concluding section, the simplification of the minimal
model to small, static roll angles, as suggested in the concluding remarks.

In regards to Chapter 4, an analytical solution to the limit cycle of the two DOFs minimal model, even if in simpli-
fied form, is still missing. A suitable analytical solution would be greatly beneficial in the study of the nonlinear
characteristics of these systems, especially in determining the driving parameters to limit cycle generation and
stability. The methodologies presented here could also be applied to related problems such as the front patter
instability.

Finally, Chapter 5, as an exploratory chapter, leaves a lot of research questions unanswered. It was not successful in
identifying the mid-corner instability it had set out to find, and further investigation is required in that aspect. This
includes further improvements in the multi-body model and perhaps a derivation of a more appropriate minimal
model for use in studying the mid-corner manoeuvres. On a positive note, the multi-body simulations were able to
detect an effect of swingarm bending stiffness on chatter stability during the braking region of a racing manoeuvre.
In this case, the three DOFs minimal model could be modified to introduce a bending compliance DOF for the
swingarm to study the effect swingarm structural flexibility has on chatter.
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A Additional Model Development Material

A.1 Equations of Motion and Lagrange Method

To begin the derivation of the EOMs, first the kinematics of the system need to be derived. While the system
contains a translating and rotating frame, it is simple enough to be completely described using a set of generalised
coordinates, and the use of quasi-coordinates is not required. To begin, the constant linear and rotational velocity
of point F are given by:

V f ={Vfx, Vfy, 0} (A.1)

Ωf ={0,0,Ωfz} (A.2)

and the relevant centre of mass location vectors are given by:

r fr =







−ηfr xf

−ηfrhf sin(φ(t))
ηfrhf cos(φ(t))







(A.3)

r sa =







−xf −ηsa`sa cos(α(t))
− sin(φ(t))

�

hf +ηsa`sa sin(α(t))
�

cos(φ(t))
�

hf +ηsa`sa sin(α(t))
�







(A.4)

r wh =







−xf − `sa cos(α(t))
− sin(φ(t))

�

hf + `sa sin(α(t))
�

cos(φ(t))
�

hf + `sa sin(α(t))
�







(A.5)

which can be used to find the system velocities using:

V i =
d
d t

r i +Ωf × r i + V f (A.6)

To find the rotation velocity vectors in the reference systems of each individual components, the rotation matrices
for each relevant joint need to be defined. These are given by:

Rz =





cos(Ωfz t) − sin(Ωfz t) 0
sin(Ωfz t) cos(Ωfz t) 0

0 0 1



 (A.7)

Rφ =





1 0 0
0 cos(φ(t)) − sin(φ(t))
0 sin(φ(t)) cos(φ(t))



 (A.8)

Rα =





cos(α(t)) 0 sin(α(t))
0 1 0

− sin(α(t)) 0 cos(α(t))



 (A.9)

Applying these rotation matrices, the individual rotational velocities for the components can be found. These are
given in the reference frame of the component itself, to align with their inertia matrices. They are give by:

ωfr =Rφ ·
�

Rz ·Ωf + {φ̇(t), 0, 0}
�

(A.10)
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ωsa =Rα ·
�

Rφ ·
�

Rz ·Ωf + {φ̇(t), 0, 0}
�

+ {0, α̇(t), 0}
�

(A.11)

ωwh =Rφ ·
�

Rz ·Ωf + {φ̇(t), 0, 0}
�

+ {0,−θ̇ (t), 0} (A.12)

This results in the position, velocity, orientation, and rotation rates of each component being defined. Using these,
the kinetic and potential energy scalars are found to be:

T =
1
2
(mfrV

2
fr +msaV2

sa +mwhV2
wh +ωfrJ frωfr +ωsaJ saωsa +ωwhJwhωwh) (A.13)

V =− g(mfrzfr +msazsa +mwhzwh) +
1
2

�

kf(φ −φf0)
2 + ks(α−αs0)

2 + kc

�

`c(α,θ )− `fc

�2
�

(A.14)

where zi is the third element of vector r i . The Lagrangian L = T − V is then applied in the equation:

d
d t
∂ L
∂ q̇i
−
∂ L
∂ qi
=Q i (A.15)

to give the EOM for generalised coordinate i. Here Q i are the generalised, non-conservative forces such as the
dampers and tyre tangential forces acting on the system variable i. These are given by the principle of virtual work:

Q i =
n
∑

j=1

F j ·
∂ r j

∂ qi
(A.16)

where F j are the non-conservative forces or moments, r j are the location vectors in which they act, and qi are the
system variables.

A.2 Inertial Terms in the Equations of Motion

The simplified inertia terms used in Equation (3.2) – (3.4) are given by:

Jα =Jsay + `
2
sa(msaη

2
sa +mwh) (A.17)

Jφ =Jfrx + Jwhxz + cos2(α)Jsax + sin2(α)Jsaz + (η
2
frmfr +msa +mwh)h

2
f

+ 2sin(α)`sa(ηsamsa +mwh)hf + sin2(α)`2
sa(η

2
samsa +mwh) (A.18)

Mcent,α = cos(α)
�

�

sin(α)
�

Jsaz − Jsax + (η
2
samsa +mwh)`

2
sa

�

+ (ηsamsa +mwh)hf`sa

�

φ̇2

+
�

sin(α) cos2(φ)
�

Jsaz − Jsax + (η
2
samsa +mwh)`

2
sa

�

− (ηsamsa +mwh)`sa

�

sin2(φ)hf + tan(α)xf

�

�

Ω2
fz

�

(A.19)

Mcor,α = cos(α)`sa(ηsamsa +mwh)
�

sin(φ)Vfx + tan(α)Vfy

�

Ωfz (A.20)

Mgyro,α =
�

Jsay −
�

cos2(α)− sin2(α)
�

(Jsaz − Jsax)

− 2sin(α)`sa(ηsamsa +mwh)hf − 2sin2(α)`2
sa(η

2
samsa +mwh)

�

cos(φ)Ωfzφ̇ (A.21)

Mcent,φ =
�

Jfry − Jfrz + Jsay − cos2(α)Jsaz − sin2(α)Jsax + Jwhy − Jwhxz + (η
2
frmfr +msa +mwh)h

2
f

+ 2sin(α)`sa(ηsamsa +mwh)hf + sin2(α)`2
sa(η

2
samsa +mwh)

�

cos(φ) sin(φ)Ω2
fz (A.22)

Mcor,φ =
�

(ηfrmfr +msa +mwh)hf + sin(α)`sa(ηsamsa +mwh)
�

cos(φ)ΩfzVfx (A.23)

Mgyro,φ =Jwhy cos(φ)Ωfzθ̇

−
�

Jsay −
�

cos2(α)− sin2(α)
�

(Jsaz − Jsax)

− 2sin(α)`sa(ηsamsa +mwh)hf − 2sin2(α)`2
sa(η

2
samsa +mwh)

�

cos(φ)Ωfzα̇

− 2cos(α)
�

sin(α)Jsaz − sin(α)Jsax + `sa(ηsamsa +mwh)hf + sin(α)`2
sa(η

2
samsa +mwh)

�

α̇φ̇

(A.24)
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A.3 Dynamic Chain Length Proof

This section gives the proof that Equation (3.24) meets the conservative force requirements given by Equa-
tion (3.12) – (3.13). Beginning with Equation (3.14):

∂ `c(θ ,α)
∂ α

=
∂

∂ α

�

`tc(α)−δ(rp − rc)
�

α+ψ(α)−ψ(0)
�

−δ(rpθp − rcθ )
�

=
∂ `tc(α)
∂ α

−δ(rp − rc)

�

1+
∂ψ(α)
∂ α

�

=
∂ `tc(α)
∂ α

−δ(rp − rc)

�

1+
1

cos(ψ(α))
∂

∂ α

�

sin(ψ(α))
�

�

From here, the terms are converted into terms of ψ1 and ψ2:

∂ `c(θ ,α)
∂ α

=
∂ `tc(α)
∂ α

+ sin(ψ1)d(α)

�

1+
1

cos(ψ(α))
∂

∂ α

�

sin(ψ1) cos(ψ2) + cos(ψ1) sin(ψ2)
�

�

=
∂ `tc(α)
∂ α

+ sin(ψ1)

�

d(α) +
d(α)

cos(ψ(α))

�

∂

∂ α

�

sin(ψ1)
�

cos(ψ2)

+ sin(ψ1)
∂

∂ α

�

cos(ψ2)
�

+
∂

∂ α

�

cos(ψ1)
�

sin(ψ2) + cos(ψ1)
∂

∂ α

�

sin(ψ2)
�

�

�

Next, the derivatives of Equation (3.25) – (3.28) need to be determined:

∂

∂ α

�

cos(ψ1)
�

=
1

d(α)2

�

d(α)
∂ `tc(α)
∂ α

− `tc(α)
∂ d(α)
∂ α

�

=
1

d(α)

�

∂ `tc(α)
∂ α

− cos(ψ1)
∂ d(α)
∂ α

�

(A.25)

∂

∂ α

�

sin(ψ1)
�

=
δ(rp − rc)

d(α)2
∂ d(α)
∂ α

=
1

d(α)

�

− sin(ψ1)
∂ d(α)
∂ α

�

(A.26)

∂

∂ α

�

cos(ψ2)
�

=
1

d(α)2

�

`p sin(βp −α)d(α)−
�

`sa + `p cos(βp −α)
� ∂ d(α)
∂ α

�

=
1

d(α)

�

sin(ψ2)d(α)− cos(ψ2)
∂ d(α)
∂ α

�

(A.27)

∂

∂ α

�

sin(ψ2)
�

=
1

d(α)2

�

−`p cos(βp −α)d(α)− `p sin(βp −α)
∂ d(α)
∂ α

�

=
1

d(α)

�

`sa − cos(ψ2)d(α)− sin(ψ2)
∂ d(α)
∂ α

�

(A.28)

Introducing these results into the proof, note that the d(α) cancels out:

∂ `c(θ ,α)
∂ α

=
∂ `tc(α)
∂ α

+ sin(ψ1)

 

d(α) +
1

cos(ψ(α))

�

�

− sin(ψ1)
∂ d(α)
∂ α

�

cos(ψ2)

+ sin(ψ1)

�

sin(ψ2)d(α)− cos(ψ2)
∂ d(α)
∂ α

�

+

�

∂ `tc(α)
∂ α

− cos(ψ1)
∂ d(α)
∂ α

�

sin(ψ2)

+ cos(ψ1)

�

`sa − cos(ψ2)d(α)− sin(ψ2)
∂ d(α)
∂ α

�

�

!

=
∂ `tc(α)
∂ α

+ sin(ψ1)

 

d(α) +
1

cos(ψ(α))

�

�

sin(ψ1) sin(ψ2)− cos(ψ1) cos(ψ2)
�

d(α)

− 2
�

sin(ψ1) cos(ψ2) + cos(ψ1) sin(ψ2)
� ∂ d(α)
∂ α

+ cos(ψ1)`sa + sin(ψ2)
∂ `tc(α)
∂ α

�

!
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=
∂ `tc(α)
∂ α

+
sin(ψ1)

cos(ψ(α))

�

− 2
�

sin(ψ1) cos(ψ2) + cos(ψ1) sin(ψ2)
� ∂ d(α)
∂ α

+ cos(ψ1)`sa + sin(ψ2)
∂ `tc(α)
∂ α

�

where the d(α) terms cancel out again due to the use of Equation (3.30). The required derivatives are:

∂ d(α)
∂ α

=
`sa`p sin(βp −α)

d(α)
= sin(ψ2)`sa (A.29)

∂ `tc(α)
∂ α

=
`sa`p sin(βp −α)

`tc(α)
=

sin(ψ2)
cos(ψ1)

`sa (A.30)

Substituting these into the above gives:

∂ `c(θ ,α)
∂ α

=`sa

�

sin(ψ2)
cos(ψ1)

+
sin(ψ1)

cos(ψ(α))

�

− 2
�

sin(ψ1) cos(ψ2) + cos(ψ1) sin(ψ2)
�

sin(ψ2)

+ cos(ψ1) + sin(ψ2)
sin(ψ2)
cos(ψ1)

��

=`sa

�

sin(ψ2)
�

cos(ψ1) cos(ψ2)− sin(ψ1) sin(ψ2)
�

cos(ψ1) cos(ψ(α))
+

sin(ψ1) sin(ψ2)2

cos(ψ1) cos(ψ(α))

+
sin(ψ1)

cos(ψ(α))

�

cos(ψ1)− 2
�

sin(ψ1) cos(ψ2) + cos(ψ1) sin(ψ2)
�

sin(ψ2)
�

�

=`sa

�

cos(ψ2) sin(ψ2)
cos(ψ(α))

+
sin(ψ1)

cos(ψ(α))

�

cos(ψ1)− 2
�

sin(ψ1) cos(ψ2) + cos(ψ1) sin(ψ2)
�

sin(ψ2)
�

�

=
`sa

cos(ψ(α))

�

cos(ψ2) sin(ψ2)− cos(ψ2) sin(ψ2) sin(ψ1)
2

+ cos(ψ1) sin(ψ1)− cos(ψ1) sin(ψ1) sin(ψ2)
2

− sin(ψ1)
2 cos(ψ2) sin(ψ2)− cos(ψ1) sin(ψ1) sin(ψ2)

2
�

=
`sa

cos(ψ(α))

�

cos(ψ2) sin(ψ2) cos(ψ1)
2 + cos(ψ1) sin(ψ1) cos(ψ2)

2

− sin(ψ1)
2 cos(ψ2) sin(ψ2)− cos(ψ1) sin(ψ1) sin(ψ2)

2
�

=
`sa

cos(ψ(α))

�

cos(ψ1) cos(ψ2)− sin(ψ1) sin(ψ2)
�

·
�

sin(ψ1) cos(ψ2) + cos(ψ1) sin(ψ2)
�

=
`sa

cos(ψ(α))
cos(ψ1 +ψ2) sin(ψ1 +ψ2)

=
`sa

cos(ψ(α))
cos(ψ(α)) sin(ψ(α))

=`sa sin(ψ(α))

Next, the verification of Equation (3.15) is much easier:

∂ `c(θ ,α)
∂ θ

=
∂

∂ θ

�

`tc(α)−δ(rp − rc)
�

α+ψ(α)−ψ(0)
�

−δ(rpθp − rcθ )
�

=
∂

∂ θ

�

−δ(rpθp − rcθ )
�

=δrc
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The passages above show that the dynamic chain length determined in Equation (3.24) is a valid representation
that follows the geometric and conservative equations of the chain force.

A.4 Non-Dimensional Variable Definitions

Acceleration Vector

Mass Matrix

mα =
Jα
`2
α

(A.31)

Jθ =
Jwhy

mαRc0RR0
(A.32)

Jφ =
Jφ

mα`
2
φ

(A.33)

ωn =

√

√ k
mα

(A.34)

Velocity Vector

Damping Matrix

ζ=
cs

2`2
α

p

kmα

(A.35)

Ψf =
cf`

2
α

cs`
2
φ

(A.36)

Ψω =cφ
Jwhyω0`

2
α

cs`
2
φ

(A.37)

Gyroscopic Matrix

G =
RR0

Jwhy`α

�

Jsay − (c2
α − s2

α)(Jsaz − Jsax)− 2
�

τα(ηsamsa +mwh)hf`α +τ
2
α(η

2
samsa +mwh)`

2
α

�

�

(A.38)

Tyre Slip Matrix

νx =
Vfx

RR0ω0
νy =

Vfy

RR0ω0
νψ =

Ωfz

RR0ω0
(A.39)

γxx =
Cσx,x`

2
α

csVfx
γxy =

Cσy,x`
2
α

csVfx
γyx =

Cσx,y`
2
α

csVfx
γyy =

Cσy,y`
2
α

csVfx
(A.40)

Γx =γxxνx + γxyνy +
�

γxxτφ`φ − γxy(xf + `α)
�

νψ (A.41)

Γy =γyxνx + γyyνy +
�

γyxτφ`φ − γyy(xf + `α)
�

νψ (A.42)

Displacement Vector

Stiffness Matrix

k =
ks

`2
α

+ cos2(φ0)kz +
ταcφ(ηsamsa +mwh)

`α
g (A.43)

Φz =
kz

k
Φf =

kf

k`2
φ

(A.44)
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gαφ =
ηsamsa +mwh

k`φ
g (A.45)

gφ =
cφ
�

(ηfrmfr +msa +mwh)hf +τα(ηsamsa +mwh)`α
�

k`2
φ

g (A.46)

Gyroscopic Matrix

Φgyro =sφ
Jwhyω0Ωfz

k`2
φ

(A.47)

Centrifugal Matrix

Φcent =
Ω2

fz

k`α`φ

�

ηsa(msa +mwh)hf`α +τα
�

Jsaz − Jsax + (η
2
samsa +mwh)`

2
sa

�

�

(A.48)

Cα =
(η2

samsa +mwh)`2
sa + (ηsamsa +mwh)(ταs2

φ
hf + xf)`α + c2

φ
(c2
α − s2

α)Jsaz − Jsax

(ηsamsa +mwh)hf`α +τα
�

Jsaz − Jsax + (η2
samsa +mwh)`2

sa

� (A.49)

Cφ =

 

Jfry − Jfrz + Jsay − c2
αJsaz − s2

αJsax + Jwhy − Jwhxz + (η
2
frmfr +msa +mwh)h

2
f

+ 2τα(msaηsa +mwh)hf`α +τ
2
α(η

2
samsa +mwh)`

2
α

!

(ηsamsa +mwh)hf`α +τα
�

Jsaz − Jsax + (η2
samsa +mwh)`2

sa

� (A.50)

Coriolis Matrix

ΦCori =
(ηsamsa +mwh)VfxΩfz

k`φ
(A.51)

ς=
Vfy

Vfx
(A.52)

Cφ =
(ηfrmfr +msa +mwh)hf +τα(ηsamsa +mwh)`α

(ηsamsa +mwh)`φ
(A.53)

Chain Stiffness Matrix

Φc =
kcr2

c

kRc0RR0
(A.54)

δ =
§

−1 → acceleration
1 → braking

(A.55)

σ =
sin(ψ(α0))Rc0

cαrc
(A.56)

σ′ =

�

cos2(ψ(α0))
sin2(ψ(α0))`tc(α0)

−
cos(ψ(α0))

sin2(ψ(α0))`sa

�

∆`c (A.57)

∆`c→ Equilibrium chain stretch (A.58)

Tyre Slip Matrix

λx1 =cφCFz,xΦz − c2
φ

η

kRR0
χx −

1
k
(sφCσx,x +ταCσy,x)νψ (A.59)

λy1 =cφCFz,yΦz − c2
φ

η

kRR0
χy −

1
k
(sφCσx,y +ταCσy,y)νψ (A.60)

λx2 =τφCFz,xΦz +
1

k`φ

 

Cφ,x −τφ
ηR′φc0

RR0
χx

!

+
Cσx,xνψ

k
(A.61)
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λy2 =τφCFz,yΦz +
1

k`φ

 

Cφ,y −τφ
ηR′φc0

RR0
χy

!

+
Cσx,yνψ

k
(A.62)

χx =Cσx,xνx + Cσy,xνy +
�

Cσx,xτφ`φ − Cσy,x(xf + `α)
�

νψ (A.63)

χy =Cσx,yνx + Cσy,yνy +
�

Cσx,yτφ`φ − Cσy,y(xf + `α)
�

νψ (A.64)

Tyre Stationary Matrix

f =
Fz0

k`α
(A.65)

Rc0 =Rr −ρr + c2
φ(zf − `φ) (A.66)

R′αc0 =− c2
φ`α R′φc0 = cφ(2− ξz)`φ (A.67)

µx0 =
Fx0

Fz0
µy0 =

Fy0

Fz0
(A.68)
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