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Abstract

The theory of numerical invariants for representations can be generalized to mea-
surable cocycles. This provides a natural notion of mazimality for cocycles as-
sociated to complex hyperbolic lattices with values in groups of Hermitian type.
Among maximal cocycles, the class of Zariski dense ones turns out to have a rigid
behavior.

An alternative implementation of numerical invariants can be given by using
equivariant maps at the level of boundaries and by exploiting the Burger—-Monod
approach to bounded cohomology. Through such boundary maps one can provide
a useful characterization of maximal cocycles that is a fundamental ingredient to
prove rigidity. Due to their crucial role in this theory, we prove existence results in
two different contexts. Precisely, we construct boundary maps for non-elementary
cocycles into the isometry group of CAT(0)-spaces of finite telescopic dimension
and for Zariski dense cocycles into simple Lie groups.

Then we approach numerical invariants. Our first goal is to study cocycles
from complex hyperbolic lattices I' < PU(1,7n) into the Hermitian group SU(p, q).
Following the theory recently developed by Moraschini and Savini, we define the
Toledo invariant by using the pullback along cocycles, also by involving boundary
maps. For cocycles I' x X — SU(p,q) with 1 < p < ¢ < 400, we prove that
maximality and Zariski density imply superrigidity in the sense of Zimmer, namely
such cocycles come from representations PU(1,n) — SU(p, q) of the ambient group.
As a consequence, there is no Zariski dense such cocycle when 1 < p < gq.

Then we move to cocycles I' x X — PU(p, o0) where PU(p, c0) is the infinite
dimensional version of SU(p, ¢). Here we lose the algebraic structure of the target
group, hence the algebraic hull is no more defined. However, we show that maximal
cocycles are reducible, namely that, modulo cohomology, their image is contained
in a finite dimensional algebraic subgroup of PU(p, 00).

Finally, we classify Zariski dense measurable cocycles I' x X — G from finitely
generated groups into Hermitian groups not of tube-type. Precisely, we show
that the pullback of the Kéhler class, called parametrized Kdhler class, completely
determines the cohomology class of such cocycles.
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Chapter 1

Introduction

1.1 Historical background

In the study of representations of lattices in semisimple Lie groups, the milestones
can be identified in the pioneering works by Mostow [Mos68], Prasad [Pra73] and
Margulis [Mar75]. Such phenomena are known as Mostow—Prasad rigidity and as
Margulis superrigidity, where the meaning of the word rigidity in this context can
be roughly explained as follows. A priori an isomorphism between two lattices in
a topological group can be more general than the conjugation by an element of
the ambient group. This is not the case for simple Lie groups not isomorphic to
SL(2,R). Indeed Mostow [Mos68, Mos74] and Prasad [Pra73] proved that the iso-
morphism class of lattice boils down to its conjugacy class, that is two isomorphic
lattices I'1 and I'y must by conjugated.

For instance, if G = PO(n, 1) = Isom™ (H2) is the group of positive isometries
of the real hyperbolic space, any lattice I' < PO(n, 1) is the fundamental group of
a complete hyperbolic n-manifold of finite volume. If n > 3, Mostow rigidity can
be restated by saying that any 7;-isomorphism between two complete hyperbolic
manifolds of finite volume is induced by an isometry. We observe that when n = 2
this is no more true. For instance, a lattice I' < SO(2,1) = PSL(2,R) corresponds
to the fundamental group of a surface and such objects are never rigid, since the
deformation space of the inclusion I" < SO(2, 1), known as Teichmiiller space, has
dimension 6g — 6 where g is the genus of the surface.

Mostow—Prasad theorem aroused the interest of many mathematicians in the
last 50 years, and several efforts have been spent in the attempt of generalizing
such phenomena. For instance, since it characterizes embeddings of lattices in the
ambient group, one can go further by asking which representations from lattices
into Lie groups have a similar rigid behavior. This is completely answered, in the
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higher rank case, by the celebrated Margulis superrigidity theorem [Mar75]. Given
an irreducible lattices in a semisimple Lie group without compact factors of rank
at least 2, Margulis proved that a Zariski dense representations of such a lattice
into a simple algebraic group defined over a local field extends to a homomorphism
of the ambient group.

The approach adopted by Margulis to prove his theorem is based on the con-
struction of equivariant maps between Furstenberg—Poisson boundaries [Fur63].
Exploiting some peculiarities of higher rank Lie groups, he proved that any such
map coincides almost everywhere with a rational one and, using this, he extended
the starting homomorphism.

Since some of Margulis arguments rely on properties of higher rank groups,
they cannot be straightforwardly adapted to the rank-one context, for instance to
the case of lattices in PU(1,n) = Isom™ (HZ). In fact, superrigidity does not hold
in general for such lattices, and explicit counterexamples have been exhibited,
for instance in case of lattices in PU(1,2) [Mos80]. Motivated by this evidence
and guided by the work of Goldman and Millson [GMS8T7], Burger and Iozzi [BIOT]
studied systematically representations of lattices I' < PU(1,n) into PU(1, ¢). They
exploited the Cartan angular invariant of the complex hyperbolic space H% to
define the Kdhler class, denoted by k,, which lies in the 2-bounded cohomology
group H% (PU(1,¢);R). By applying the pullback and then the transfer map,
they obtained a class in H% (PU(1,n);R). Since the latter one is 1-dimensional,
namely it is isomorphic to R, such a class differs from the Ké&hler class k, of
PU(1,n) by a multiplicative constant, which in fact is a numerical invariant of
the representation, called Toledo invariant. Such an invariant provides a way to
select the class of representations with maximal Toledo invariant, called mazimal
representations. The main result in [BIO7], proved independently by Koziarz and
Maubon [KMOS8a] using techniques based on harmonic maps, is that maximal
representations are rigid, in the sense that they admits an equivariant totally
geodesic holomorphic embedding Hf — H%. Here the main idea is to study the
behavior of equivariant maps OHg — OH{ with respect to the incidence structure
on the visual boundaries.

A generalized version of the Toledo invariant can be given for any representa-
tion of a complex hyperbolic lattice into groups of Hermitian type, and such an
object has been thoroughly studied in the last years. For instance, homomorphisms
from a surface group into a Hermitian Lie groups have been studied by Burger, lozzi
and Wienhard, who gave a complete characterization of such maximal represen-
tations [BIW10] and by Bradlow, Garcia-Prada and Gothen [BGPGO03, BGPGO06]
through Higgs bundles. On the other hand, it is conjectured that maximal repre-
sentations I' — G, where I' < PU(1, n) is a lattice and n > 1, are rigid.

Among the results about actions of lattices I' < PU(1,n) with n > 2, we
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mention the work by Koziarz and Maubon [KMO8b, [KM17], in which case the
target group is of rank 2, and the one by Pozzetti [Pozl5]. In the latter paper,
the author proves the above conjecture for Zariski dense representations into the
group SU(p,q) for 1 < p < q. Here a crucial result is that any Zariski dense
equivariant map OHg — S, 4, where S, , denotes the Shilov boundary of SU(p, q),
coincides almost everywhere with a rational one, and this is proved thanks to a
deep study of the behavior of such maps with respect to the incidence structures
of the boundaries.

A parallel but strictly related topic of research concerns the study of similar
rigidity behaviors of a more general class of objects called measurable cocycles. A
cocycle is a Borel measurable map I' x X — H satisfying the condition

0(71727 JZ‘) = 0-(/717 "}QZE)O’(’}’Q, {ZJ) ’

where I and H are topological groups and (X, ux) is a standard Borel probability
I'-space. The interest in the study of cocycles has several motivations. On the one
hand cocycles can be interpreted as a generalization of representations, since one
can naturally embed the set of representations in the one of cocycles. Moreover, the
comparison can be straightened by introducing the notion of cohomology between
cocycles, which generalizes the one of conjugacy. On the other hand, cocycles
play a role on their own in some fields of mathematics, for instance they describe
the action by automorphisms on a principal bundle that has been measurably
trivialized (see Example [2.4.3]).

In the wider world of cocycles, Mostow rigidity can be restated by using cou-
plings and the notion of tautness. Given two locally compact second countable
groups G, H endowed with their Haar measurable structures, a coupling between
them is the datum of a Lebesgue measure G x H-space 2, of two finite measure
spaces X,Y and of G-equivariant (respectively H-equivariant) measurable isomor-
phism G xY — Q (H x X — Q). For a coupling to be taut means that it can
be trivialized to the tautological one. Since to any (G, G)-coupling (X, pux) where
G is a locally compact second countable group one can associate a right measure
equivalence cocycle G x X — @, tautness can be expressed as follows. A cou-
pling is taut if its associated right measure equivalence cocycle is cohomologous
to the standard embedding. In this direction we mention the work by Monod and
Shalom [MS04] about superrigidity and tautness of some classes of groups, and the
one by Kida [Kid08, Kid10] about the tautness of certain mapping class groups.
Concerning rank-one groups, Bader, Furman and Sauer [BFS13] studied the group
PO(1,n) for n > 3, proving that under an integrability assumption any lattice is
taut relatively to its standard embedding in PO(1,n).

The analogous of Margulis theorem in the context of cocycles is the famous



Zimmer superrigidity theorem [Zim80], which deals with lattices in higher rank
groups. Roughly speaking, Zimmer showed that Zariski dense cocycles defined on
higher rank groups acting ergodically on the probability space (X, pux) come from
homomorphisms of the group [Zim80, Theorem 4.1]. Here Zariski dense means
that the algebraic hull of the cocycle, namely the smaller subgroup of the target
containing the image of a cohomologous cocycle, coincides with the ambient group
(refer to Section for the precise definition). More recently, an extension
of Zimmer superrigidity has been proved by Fisher and Hitchman [FHO6] using
harmonic maps techniques. We also mention the beautiful proof of Zimmer’s
conjecture recently given by Brown, Fisher and Hurtado [BEH20b, BFH20a], where
measurable cocycles are involved.

Coming back to the rank-one case, apart from the case of real hyperbolic
lattices studied by Bader, Furman and Sauer, few things were known. In fact, as
for representations, in this context Zimmer’s approach fails. Motivated by these
questions and inspired by the works by Bader, Furman and Sauer [BFS13] and by
Burger and lozzi [BI02], Moraschini and Savini have recently developed the theory
of numerical invariants for cocycles [MS20, [Sav20, [Sav22, MS21]. An example
can be found in [SS21c| and will be described in Chapter [4]in the case of cocycles
' x X — H from a lattice I' < PU(1,n) into a group H of Hermitian type,
where the authors define the Toledo invariant adapting the definition given for
representations. Here, by integrating along X the pullback of the Kéhler class of
H and by composing with the transfer map, one gets a multiple of the Kéahler
class of (G. This defines a multiplicative constant called Toledo invariant of the
cocycle which is also bounded, and hence we can define maximal cocycles as those
with maximal Toledo invariant. Such machinery can be alternatively implemented
through boundary maps and this approach allows to study maximality by analyzing
some properties of boundary maps, as done for instance in case of representations
by Burger, lozzi and Wienhard and by Pozzetti. Here we set the genesis of this
thesis. In fact, on the one hand boundary maps are crucial to implement the
pullback along cocycles, hence our first natural direction is to investigate their
existence. Then we focus on the study of numerical invariants for some families of
cocycles that are not covered by Zimmer’s theorem. In particular, inspired by the
results obtained for representations, we study cocycles from complex hyperbolic
lattices into groups of Hermitian type.
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1.2 Results of the thesis

As anticipated, our goal is to use numerical invariants to study rigidity behavior of
measurable cocycles from lattices in rank-one groups. To this end, we first study
boundary maps.

1.2.1 Boundary maps

In our context a boundary map for a cocycle o : I' x X — H is a measurable equiv-
ariant functions B x X — Y where B is a I'-boundary in the sense of Bader and
Furman [BF14b] and Y is a generic Lebesgue H-space. Such a notion of boundary
generalizes the one of strong boundary in the sense of Burger and Monod [BM02],
hence it can be used in general to compute bounded cohomology. Moreover, it
also extend the notion of Furstenberg—Poisson boundary for semisimple Lie groups
[Fur63]. In the particular case of a complex hyperbolic lattice in PU(1,n), it coin-
cides with the visual boundary OH = S?7=1 and it can be used to implement the
Toledo invariant.

We first focus on cocycles I' x X — H where I is a countable group, (X, pux) is
an ergodic standard Borel probability I'-space and the target group is the isome-
tries of a CAT(0)-space of finite telescopic dimension. In the analogous context
of actions on CAT(k)-spaces, several efforts have been spent to investigate the
existence of boundary maps. We mention the work by Burger—Mozes [BM96] and
by Monod-Shalom [MS04] for CAT(-1)-spaces and the one by Duchesne, who first
studied actions on the space X (p,o0) [Ducl2], and then, together with Bader and
Lécureux [BDLI6], on generic CAT(0)-spaces. In particular, for non-elementary
actions by isometries of a locally compact second countable group I' on a CAT(0)-
space X of finite telescopic dimension, in [BDIL16] the authors construct an equiv-
ariant map from a I-boundary into the visual boundary 0X. Our generalization
of this result to cocycles is the following

Theorem 1 ([SS21al, Theorem 1]). Let T' be a discrete countable group, (X, ux)
be an ergodic standard Borel probability I'-space and B a I'-boundary. For every
non-elementary cocycle o : T' x X — H into the isometry group of a CAT(0)-space
X of finite telescopic dimension there exists a boundary map ¢ : B x X — 0X.

The techniques involved to prove Theorem [I| are essentially based on some
geometric properties of CAT(0)-spaces and make use of measurable fields. In fact,
the main result that we exploit to construct the desired map is a measurable version
of the Adam-Ballmann theorem proved by Duchesne in [Ducl2], and the proof of
Theorem (1] follows some arguments adopted in [BDL16].Thanks to the Euclidean
De Rham decomposition provided in [Ducl2] and exploiting non-elementarity, first
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we reduce to study the case in which ¢ is minimal, which means that it does not fix
a family of non-trivial convex subspaces of X', and in which & has trivial Euclidean
factor. Then the Adam—Ballmann dichotomy provides either a boundary map or a
o-equivariant family {F¢ ;} ¢ »)epx x of Euclidean subspaces of X'. To rule out the
second case we follow [BDL16], where the authors exploit relative metric ergodicity
of the boundaries and the properties of convex closed subsets of CAT(0)-spaces
of finite telescopic dimension due to Caprace and Lytchak [CL09]. In particular
we use the fact that bounded subsets admits a circumcenter and the fact that
filtering families of closed convex subsets intersects at X U 9X. Those properties
lead to construct either a boundary map, which contradicts the Adam—Ballmann
dichotomy, or a family {F,},cx of flats, that contradicts non-elementarity.

If I' < PU(1,n) is a complex hyperbolic lattice and X = X(p, q) is the Her-
mitian symmetric space associated to the group PU(p,q) with 1 < p < ¢ and
q € NU{oo}, Theorem [l| provides a boundary map OH¢ x X — 0X(p, q). Further-
more, ergodicity implies that the target is the set Zy(p, q) of isotropic k-subspace
of CP4 with respect to the Hermitian form of signature (p,q) for some k£ < p. In
general we do not know whether k = p or not. However, if ¢ < oo, the equality
holds under the hypothesis of Zariski density. This is a consequence of a more
general results on cocycles from locally compact groups into simple Lie groups of
non-compact type that is our second result about boundary maps.

Theorem 2 ([SS21c, Theorem 1]). Let I be a locally compact and second countable
group and let H be a simple Lie group of non-compact type. Let (X, ux) be an
ergodic standard Borel probability I'-space and let o : I'x X — H be a Zariski dense
measurable cocycle. Then, for any I'-boundary B there exists a o-equivariant map
¢:Bx X — H/P where P < H is a minimal parabolic subgroup.

Here the arguments rely on the algebraic structure of the target group, and
follow the line of [BE14b]. In fact, for Zariski dense representations into simple Lie
groups of non-compact type Bader and Furman proved the existence of a bound-
ary map into the Furstenberg boundary [BF14bl Theorem 3.4], and this result
generalizes the one due to Burger and lozzi [BI04] where the target is PU(p, q)
(or any group of Hermitian type). The crucial point in [BE14D] is the following
universal property. For any cocycle I' x X — H and for any Lebesgue I'-space
Y, there exists an algebraic subgroup L. < H and a I'-equivariant universal map
¢ :' Y — V such that any other I'-equivariant map % : ¥ — V into an algebraic
H-space V factorizes through ¢. Such a property, combined with relative metric
ergodicity, allows us to construct a boundary map into a specific homogeneous
H-space, identified with the Furstenberg boundary, which is the quotient H/Q by
a minimal parabolic subgroup.

By composing the map provided by Theorem [2] with the natural projection on
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the Shilov boundary, which can be identified with the quotient of H by a specific
maximal parabolic subgroup Q < H, we immediately get a boundary map that
can be exploited in the next sections.

1.2.2 Toledo invariant and superrigidity

In the second part we apply Theorem [2| to study cocycles I' x X — SU(p, q) when
I' < PU(1,n) is a complex hyperbolic lattice. In this setting, the machinery of nu-
merical invariants applies, precisely we define the Toledo invariant of a cocycle and
then mazimal cocycles. Moreover, exploiting the algebraic structure of SU(p, q),
one can give a natural notion of algebraic hull and of Zariski density. Under these
two hypothesis, we are able to prove the following

Theorem 3 ([SS21c, Theorem 2]). Fiz integers n > 2 and 1 < p < q. Let
I' < PU(1,n) be a torsion-free lattice and let (X, px) be an ergodic standard Borel
probability T'-space. If o : I'x X — SU(p, q) is a mazximal Zariski dense measurable
cocycle, then it is cohomologous to the restriction of a cocycle associated to a
representation p : PU(1,n) — SU(p, q).

The strategy of the proof is the following one. We first study the slices of the
boundary maps provided by Theorem [2| and we exploit the maximality of o to
show that such maps preserves the chain geometry of the boundaries. This fact,
combined with Zariski density, allows to apply [Pozl5, Theorem 4.1] to show that
the slices coincide almost everywhere with a rational map. Here we can follow
the line of [Zim8(0, Theorem 4.1], precisely by exploiting both I-ergodicity on X
and the smoothness of the joint action of PU(1,n) x SU(p,q) on the space of
rational functions from OHZ to the Shilov boundary S, , in order to twist o into
a cocycle induced by a representation. Finally, we exploit again [Poz15] to extend
the representation to the ambient group.

As an immediate consequence of Theorem [3] we rule the existence of such
cocycle except when p = ¢, and this is the natural extension of [Poz15, Corollary
1.2].

Proposition 4 ([SS21c, Proposition 3]). Consider n > 2. Let I' < PU(1,n) be
a torsion-free lattice and let (X, pux) be an ergodic standard Borel probability T'-

space. Assuming 1 < p < q, there is no maximal Zariski dense measurable cocycle
o:T'x X — SU(p,q).

Pushing over the comparison with representations, it seems natural to investi-
gate the behavior of maximal cocycles as in Theorem [3| that are not Zariski dense,
since by Proposition [4] they are the only ones that can exist when p # ¢. Precisely,
we focus on the structure of their algebraic hull, that is defined as the minimal
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algebraic subgroup of SU(p, ¢) containing the image of a cocycle cohomologous to
the starting one. The following result characterize the factors of the algebraic hull
of such a cocycle.

Proposition 5 ([SS21d, Proposition 4]). Fiz positive integersn > 2 and 1 < p < q.
Let T' < PU(1,n) be a complex hyperbolic lattice, (X, ux) be an ergodic standard
Borel probability T'-space and consider a mazimal cocycle o : T' x X — PU(p, q).
Denoting by H the algebraic hull of o and by H = H(R)®, then H splits as the
product K x Ly X Ly, where K is a compact subgroup of SU(p, q), Ly is a Hermitian
Lie group of tube-type and Ly; is a Hermitian Lie group not of tube-type that splits
again as a product of several copies of SU(1,q).

The proof is essentially based on the arguments used in [Poz15, Theorem 1.3]
and it indirectly exploits the notion of tight cocycle, introduced and studied by
Savini [Sav20]. In fact [Sav20, Theorem 1] asserts that the algebraic hull of a
maximal cocycle is reductive, and this is proved using the characterization of
tight subgroups given in [BIWQ9] and the fact that maximality implies tightness.
Now, since reductive groups split into a compact and a non-compact factor, by
considering the composition of o with the projections on the simple factors of
the non-compact part, which are of the form SU(p;,q;), we obtain Zariski dense
cocycles satisfying the hypothesis of Proposition [b| and we can conclude.

1.2.3 Finite reducibility

Since the space X(p,q) is Hermitian also for ¢ = oo, the definition of Toledo
invariant can be adapted for cocycles I'x X — PU(p, 00). However, a key difficulty
to overcome in the study of such objects is that PU(p, c0) is no more algebraic,
and this has remarkable consequences. In fact, since the notion of algebraic hull
is based on the Noetherian property of algebraic groups, it cannot be defined in
this context, hence we cannot to exploit Theorem [2 to get a boundary map in this
context. Even if a notion of Zariski density can be given by using standard algebraic
groups, as done for instance in [DLP21], under this assumptions we are not able to
prove the existence of a boundary map with the desired target. However, we define
finite dimensional algebraic subgroups of PU(p, 00), that correspond to algebraic
subgroups of the group of invertible linear operator of a finite dimensional Hilbert
space. Then, by defining finite reducible cocycles as those that can be twisted so
that the image is contained into a finite dimensional algebraic subgroup, we will
prove the following

Theorem 6 ([SS21al Theorem 2]|). Let I' < PU(1,n) be a complex hyperbolic
lattice with n > 1 and let (X, p) be an ergodic standard Borel probability T'-space.

14



Consider a measurable cocycle o : T' x X — PU(p, 00) withp > 1 and suppose there
exists a boundary map ¢ : OHE x X — T, in the space of p-chains inside the visual
boundary 0X (p,00). If o is mazximal, then it is finitely reducible.

Although Theorem [6] is based on the analogous version for representations
[DLP21, Theorem 1.6], we need a slight refinement of the arguments used by
Duchesne, Lécureux and Pozzetti. Precisely, as in the finite dimensional case, the
slices of the boundary map preserve the chain geometry of the boundaries. In
this case we prove that there exists a family of minimal totally geodesic embedded
subspaces of X (p,o0) of the form X (p, ;) with p < ¢, < np. Since by ergodicity
the dimension of such spaces is essentially constant, we have a o-equivariant family
of embedded copies of X(p,q) for some ¢ and hence we can twist the cocycle in
such a way that the image is contained into a copy of PU(p, ¢). Finally, the fact
that such a group is finite dimensional algebraic implies that o is reducible.

By combining Theorem [I] and Theorem [6] with results due to Moraschini and
Savini [MS21], we can immediately prove the following infinite dimensional version
of Mostow rigidity for cocycles.

Theorem 7 ([SS21a, Theorem 3]). Let I' < PU(1,n) be a complex hyperbolic
lattice with n > 1 and let (X, ux) be an ergodic standard Borel probability T'-
space. Any maximal cocycle o : T' x X — PU(1,00) is cohomologous to a cocycle
preserving a copy of He C HZ and acting on it via the standard lattice embedding.

1.2.4 The parametrized Kahler class

In the last part of the thesis we study Zariski dense cocycles I' x X — G from a
finitely generated group into a group G of Hermitian type whose symmetric spaces
is irreducible and not of tube-type. Hermitian symmetric spaces can be classified
in Hermitian spaces of tube-type, if they can biholomorphically realized as V + i)
where V is a real vector space and € C V is a proper convex cone, or not of
tube-type if not. As we will see, Burger Iozzi and Wienhard [BIWQ7] showed that
such characterization can be also detected through the Kahler class, and it turns
out that Zariski dense cocycles into the isometry group of Hermitian symmetric
spaces not of tube-type are rigid. The natural notion of pullback along cocycles
consists of a map HE (o) : H (G;R) — HE(I'; L°(X;R)), where the latter denotes
the bounded cohomology group of I' with coefficients in the bounded measurable
functions on X. The image under the pullback along o of the bounded Kéhler
class k?{ is called parametrized Kdhler class of o and it turns out to determine
Zariski dense cocycles up to cohomology.

Theorem 8 ([SS21b, Theorem 1]). Let T" be a finitely generated group, let (X, ux)
be an ergodic standard Borel probability I'-space and consider a Zariski dense
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measurable cocycle o : I' x X — G where G = Isom(X)° and X is an irre-
ducible Hermitian symmetric space not of tube-type. Then the class HE(o)(k%) in
HZ(T; L°°(X; R)) is non-zero and it is a complete invariant of the cohomology class

of o.

In the proof we adapt some arguments due to Burger, lozzi and Wienhard in
[BIWQT]. Besides the definition of Kdhler class given using the Bergmann cocycle
that is already involved in our previous results, here we strongly use the metric
structure inherited by an Hermitian symmetric space thanks to its bounded domain
realization, that is a biholomorphism with a bounded domain Dy C C". The
Bergman metric and its associated Bergman kernel allows to define the Hermitian
triple product, that is a function on triples of points in the Shilov boundary Sx. The
latter, already mentioned in the specific case of the group SU(p, q), can be defined
in a purely analytic way as the set on which any holomorphic function on 0Dy
assumes its maximum. Thanks to the identification between the Shilov boundary
with the quotient of the group by a specific maximal parabolic subgroup, Burger,
lozzi and Wienhard [BIW07] gave an extension of the Hermitian triple product,
called complex Hermitian triple product, which can be used to characterize domains
not of tube-types. With this tools, we deduce Theorem [§] as a consequence of
the following more general result (see Theorem . The idea of the proof
is to exploit such characterization to rule out a linear dependence between the
parametrized Kéahler classes of a finite family of Zariski dense independent cocycles
{o; : T'x X — G;} into Hermitian groups not of tube-type. Here the notion of
independence generalizes the one of cohomology and it is given for cocycles with
different targets.

Since cocycles I' x X — G can be interpreted as 1-cocycles in the cohomology
of the orbital equivalence relation Rr C X x X given by the I'-action on X
with values in G (see Feldmann-Moore [FM77] and Furman [FurlQ]), we have a
cohomological interpretation of their equivalence classes as the first cohomology
group HY(T' ~ X;G). From this point of view, if we denote by Hyp(I' ~ X;G)
the subgroup of Zariski dense cocycles, Theorem [8| provides an injection

Hyp(T ~ X5G) — HY(D,L®(X;R)), (o] = H(0) (k)

that can be combined with the injection Repyp(I';G) — HZ(I;R) proved in
[BIW10] in order to get the following commutative diagram

Repyp (I'; G) H{(T;R)

| |

Hyp(T ~ X;6) HE (I L (X R))

16



Here the vertical arrows are induced respectively by the inclusion of the set of
representations into the one of cocycles and by the inclusion of constants R <
L>*(X;R).

As a consequence of Theorem [§| we rule out the existence of Zariski dense
cocycles I' x X — G if I' is an irreducible lattice into a product of groups with
trivial second bounded cohomology.

Proposition 9 ([SS21b, Proposition 4.1]). Let n > 2. Consider an irreducible
n

lattice T' < [] H; into a product of locally compact second countable groups with
i=1

H2 (H;R) = 0 fori = 1,...,n. Let (X,ux) be an irreducible standard Borel

I'-space and assume that the action is ergodic. Then there is no Zariski dense

cocycle o : T' x X — G where G = Isom(X)° and X is any irreducible Hermitian

symmetric space not of tube-type.

Here we exploit a result by Burger-Monod [BM02] that relates the cohomology
of I with the cohomology of the factors H;. Precisely, in the setting of Proposition
[9) we have an isomorphism

H?(T'; R) @H (Hi;R)

and, thanks to the injection Hyn(I' ~ X;G) — HE(I',L°°(X;R)) provided by
Theorem [§, we can conclude with a dimensional argument.

1.3 Structure of the thesis

The thesis is divided in five chapters. In Chapter [2| we recall the background
material that we need in the following ones. More precisely, in Section we
give the definition of amenable, ergodic and smooth actions and of relative metric
ergodicity. Section is devoted to bounded cohomology, while in Section
we introduce Hermitian symmetric spaces, the notion of Shilov boundary and
the Kéhler class. Then we move to the main characters of this thesis, namely
measurable cocycles, boundary maps and the machinery of pullback along cocycles
(Section[2.4)). Finally in Section[2.5] we give the basic notions about CAT(0)-spaces
and about measurable fields.

In Chapter (3] we investigate the existence of boundary maps, providing two
independent results: the first one if the target is the isometry group of a CAT(0)-
space (Section and the second one in the case of cocycles into algebraic groups
(Section . We end with Section by describing some useful properties of
boundary maps.
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In Chapter 4| we introduce the Toledo invariant and maximal cocycles (Section
4.1). Then we prove a superrigidity result for cocycles from complex hyperbolic
lattices in the group SU(p, q) (Section .

Chapter [5] is spent analyzing cocycles from complex hyperbolic lattices into
PU(p, ). Due to the absence of algebraicity, we need to introduce standard alge-
braic subgroups (Section and this allows us to prove a result about reducibility
(Section and an infinite dimensional version of Mostow rigidity for cocycles
(Section [5.3).

Finally, in Chapter [6] we classify Zariski dense cocycles from finitely generated
groups into Hermitian groups not of tube-type via the pullback of the Kahler class.
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Chapter 2

Preliminaries

2.1 Actions

In this section we are going to recall the definitions of smooth, ergodic, relatively
metric ergodic and amenable actions, that will be ubiquitous throughout the dis-
sertation. We point out that, although those concepts could be introduced inde-
pendently, they are actually strongly related. For instance, one can characterize
ergodicity through the notion of smoothness, as we will state in Proposition
Furthermore, in Section we will introduce a notion of boundary for locally
compact second countable groups, and in this context amenability and ergodic-
ity will be involved. Our goal is to give the basic definitions and to suggest how
those notions are related. We also take advantage of this section to show some
examples that will appear in the next chapters. Since we do not want to give an
exhaustive description for such tools, we refer the reader to Zimmer’s book [Zim84]
and to Bader—-Furman’s paper [BE14b] for more details, and we only discuss the
definitions and the results that we will use in this thesis.

In the sequel G will be a locally compact second countable group. We fix once
and for all the following basic concepts.
e A Borel probability G-space is a probability space (X, ux) equipped with a
G-action that preserves px.

e A standard Borel probability G-space is a Borel probability G-space whose
Borel o-algebra is the one of a separable and completely metrizable space.

e If a the measure u, on a standard Borel G-space (X, ux) is only quasi-
invariant, namely px(A) = 0 if and only if ux(gA) = 0 for every g € G, we
say that (X, ux) is a Lebesgue G-space.
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We are ready to give the definition of ergodic actions.

Definition 2.1.1. Let G be a locally compact second countable group and let
(X, pux) be a Lebesgue G-space. The action is ergodic if for every G-invariant
Borel set A, we have either ux(A4) =0 or pux(X \ 4) =0.

The first trivial example of ergodicity are transitive actions. For instance, if
H < @ is a closed subgroup, there exists a unique G-quasi-invariant probability
measure on G/H and hence, since G/H is a G-homogeneous space, the action is
ergodic.

A weaker notion of transitivity in the measurable framework is the one of
essential transitivity. A G-action on a Borel probability space is essentially transi-
tive if there exists a conull orbit. Essential transitivity implies ergodicity as well,
since all orbits of an essentially transitive action are either null or conull. We call
properly ergodic an ergodic action that is not essentially transitive, namely an ac-
tion where any orbit has null measure (notice that orbits are actually measurable
sets by [Zim84l, Corollary 2.1.20]). We describe two examples of properly ergodic
action.

Example 2.1.2 ([Zim84, Example 2.1.4]). Consider the action of Z on the circle
S induced by the a-rotation

o : St = St ro(€) = e,

where 5~ € R\ Q. Clearly, such an action preserves the Lebesgue measure and it is
not essentially transitive, since every orbit is a dense set of measure zero. However,
an invariant Borel set A C S' must be either null or conull. In fact, taking the
Fourier expansion of the characteristic function y 4 and exploiting invariance, we
get

D an™ = xa(§) = xa(€E) =) ane™¢"

n>0 n>0

and hence a, = a,e™* for every n. Since o /27 is irrational we must have a, =0
if n # 0, hence x4 is forced to be constant. This shows that the Z-action on the
circle by rotation by an irrational multiple of 7 is properly ergodic.

Example 2.1.3. Since rational numbers are dense in the real line, by [Zim&84,
Lemma 2.2.13] the Q-action on R is ergodic. As in the previous example, such an
action is not essentially transitive, since Q has null Lebesgue measure. In general,
any action of a dense subgroup H < G on G is properly ergodic.
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Properly ergodic actions generate complicated behavior of the orbits since, for
example, any such continuous quasi-invariant GG-action on a second countable space
which is positive on open sets must have dense but null orbits [Zim84), Proposition
2.1.7]. To rule out such complications, we introduce the notions of countably
separated Borel space and then of smooth actions. We show that, when smoothness
and ergodicity coexist, then the situation described above cannot happen. Finally
we provide an useful characterization of ergodicity in terms of Borel functions into
countably separated spaces.

Definition 2.1.4. A Borel space (X, B) is countably separated if there exists a
countable family of Borel sets {B; € B} ey that separate points.

A relevant example of countably separated space is the quotient space of an
algebraic variety defined over a local field of characteristic zero by an algebraic
action of an algebraic group. This is a consequence of [Zim84, Theorem 2.1.14]
together with [Zim84, Theorem 3.1.3].

Using the notion of countably separated space we are ready to define the con-
cept of smooth action.

Definition 2.1.5. Let (X, B) be a countably separated G-space. The action is
called smooth if the quotient Borel structure on X/G is countably separated.

The Q-action on R described in Example is a first example of non-smooth
action. In fact, the quotient R/Q does not admit a countable family that separates
points, hence it is not countably separated.

Proposition 2.1.6 ([Zim84, Proposition 2.1.10]). Let G be a locally compact sec-
ond countable group acting smoothly on (X, ux). If the action preserves the class
of ux and is ergodic, then there exists a conull orbit.

The importance of smoothness to (proper) ergodicity relies also in the following
useful characterization.

Proposition 2.1.7 ([Zim84, Proposition 2.1.11]). Let (X, u) be an ergodic Borel
probability G-space and let Y be a countably separated space. Then any G-invariant
Borel function f : X —'Y is essentially constant.

Notice that the assumption on the space Y is actually necessary. Indeed, the
projection R — R/Q is Q-invariant but clearly not constant, even if the Q-action
on R is ergodic (see Example .

As we will see in Chapter [ and in the proof of Theorem [3] smooth actions are
also crucial in the study of boundary theory. Indeed one of the key points of the
proofs of both Margulis [Mar75] and Zimmer [Zim80] superrigidity results relies
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on the smoothness of the action of product groups on the set of rational functions
between boundaries (see Definition [2.4.11| and [Zim84, Proposition 3.3.2]). To be
more precise, we conclude this part by presenting an explicit example.

Example 2.1.8. Fix n > 1 and 1 < p < q. Let G = Isom(Hg) and H =
SU(p,q) ={h € GL(p+¢,C), hip,h* = I,,}, where I, is the diagonal matrix

_ (1dp
B ()
and h* denotes the adjoint matrix. Recall that G can be seen as the real points
of its complexification G = PSL(n + 1,C) once we have suitably fixed a real
structure on it, that is an antilinear involution G — G. A similar thing holds for
H and its complexification H = SL(p 4 ¢, C). Recall that a parabolic subgroup of
a connected real algebraic group G is a closed subgroup P < G that contains a
maximal connected solvable subgroup [Bor91]. In particular, minimal parabolic
subgroups coincide with maximal solvable subgroups, and they play an important
role in the context of semisimple groups (see the work of Furstenberg about B-
subgroups and Poisson boundaries [Fur63] or Section .

We consider a minimal parabolic subgroup P < G and a maximal parabolic
subgroup Q < H for which 0Hg = (G/P)(R) and (H/Q)(R) is identified with the
Shilov boundary S, , of SU(p, q) (see Deﬁnition. We say that a map between
OHE and S, 4 is rational if it is the restriction of a rational map between G/P and
H/Q. Here a rational map between two algebraic varieties U and V is a function
that is defined on charts by regular maps. More precisely, it is an equivalence class
of pairs (U, fy) where U C U is a non-empty Zariski open set, fyy : U — V is a
regular map and two such pairs (U, f) and (U’, f’) are identified if UNU’ # () and
fiunor = f|,UﬁU" This enables us to speak about the set Q := Rat(0H{, Sy ) of
rational maps between OH{ and S, 4. It is possible to define a joint action of G
and H as follows

((9:h) - &) =N~ flg7r€)

for each g € G, h € H and f € Q. Following |[Zim84l Proposition 3.3.2] the actions
of G, H and G x H on Q are all smooth.

We now move to a refinement of the notion of ergodicity, namely the one of
relative metric ergodicity. The latter will be a necessary tool in Section to
introduce boundaries for locally compact second countable groups. Notice that this
stronger version of ergodicity represents for us a mere tool to define boundaries
and to give the results of Chapter [3[in whole generality. However, in the study of
numerical invariants, we work with the Poisson boundaries (see Remark [2.4.12)).
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For this reason, we just list here the necessary definitions without comments or
examples and we refer the reader to [BF14b] for further details. We start with the
following

Definition 2.1.9. A Lebesgue G-space (X, ux) is metrically ergodic if for any
isometric action G — Isom(M,d) on a separable metric space (M,d), any G-
equivariant measurable map X — M is essentially constant.

We note that a metrically ergodic action is actually ergodic, taking as M the
space {0, 1} with the trivial G-action. For our goal, we need a further refinement of
metric ergodicity. Before doing that, we give the definition of fiber-wise isometric
action.

Definition 2.1.10. A metric on a Borel function p : M — T between standard
Borel probability spaces is a function d : M xp M — [0,00) whose restriction
dp-1(;) on each p-fiber is a separable metric.

Given a metric on p : M — T, an action of G on M is fiber-wise isometric if
there exists a p-compatible G-action on 7' such that, for any t € T, x,y € p~*(t)
and g € G we have

d\p‘l(gt) (9z,9y) = d|p_1(t) (z,y).
The notion of fiberwise isometric action allows us to introduce the following

Definition 2.1.11. A map ¢ : X — Y between Lebesgue G-spaces is relatively
metrically ergodic if for any fiber-wise isometric G-action on p : M — T" and mea-
surable G-equivariant maps f: X — M and g : Y — T there exists a measurable
G-equivariant map ¢ : Y — M such that the following diagram commutes

x L

oo ]

y 25T

It is worth noticing that relative metric ergodicity boils down to metric ergod-
icity if we consider the trivial projection ¢ : X — {} on a point.

We devote the last part of this section to amenability. We notice that there
are plenty of equivalent definitions for such a class of actions. For instance, one
can rely upon through the notion of mean (see [SS21c, Definition 2.11]) or on a
the fixed point property. The last approach is the one adopted by Zimmer [Zim78),
Zim80, [Zim84] and it turns out to be a better point of view for our purposes. We
refer the reader to the book of Zimmer [Zim84, Chapter 4] for a detailed description
of the theory.
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Let G be a locally compact second countable group acting continuously on
a compact metrizable space X. We denote by M!(X) C C(X)* the compact
convex set of probability measures on X. Here C(X)* is endowed with the weak-*
topology, namely the topology whose basis is given by the sets

U fromfn (W) =A@ € C(X)"[[U(fi) — @(fi)| <&, V1,...,n}
where e > 0, n € N, f; € C(X) and ¥ € C(X)*. Then G acts continuously on
C(X) as follows
(9f)(z) = (g~ @)

for every g € G and f € C(X) and this induces a natural action on M!(X) defined
as

gu(f) = p(gf)

for every p € MY(X), fe C(X) and g € G.
This is the setting to define amenable groups.

Definition 2.1.12. A locally compact second countable group G is amenable if for
every continuous action on a compact metrizable space X, the induced G-action
on M'(X) admits a fixed point.

Examples of amenable groups are

e abelian groups [Zim&84, Proposition 4.1.2],
e compact groups [Zim84, Proposition 4.1.5],
e solvable groups [Zim84, Corollary 4.1.7],

e compact extensions of solvable subgroups [Fur63, Theorem 1.7] (e.g. mini-
mal parabolic subgroups).

Furthermore, in case of connected semisimple Lie groups one can shows that
amenability is actually equivalent to be a compact extension of a solvable group
[Fur63, Theorem 1.7].

An equivalent formulation of amenability of groups can be given in terms of
the following class of actions on more general convex sets.

Definition 2.1.13. An affine G-action on a space A is the datum of a compact
convex set A C EY, where E7 is the unit ball in the dual of a separable Banach
space E endowed with the weak-* topology, together with a G-action induced by
the dual representation of some continuous isometric representation of G on F.

Such a class of actions gives rise to the following useful characterizations of
amenable groups.
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Proposition 2.1.14 ([Zim84), Proposition 4.1.4]). A locally compact second count-
able group G is amenable if and only if every affine G-action has a fixed point.

The previous characterization shows how actions of amenable groups inher-
its certain properties from the group. Conversely, one can find actions by non-
amenable groups that satisfy a fixed point property. Our next step is to formalize
this phenomena or, in other words, to generalize amenability of groups to actions.
We start by defining a class of spaces that extends the one introduced in Definition
Consider a locally compact second countable group G, a measure G-space
(S, 1) and a separable Banach space E. We suppose the existence of a measurable
function o : G x S — Isom(E) such that

o(gh,s) = o(g,hs)o(h,s) (2.1)

for every g,h € G and for almost every s € S. We point out that the condition
defined by Equation actually corresponds to the cocycle condition defined
by Equation of Section Nevertheless, we prefer not to introduce here
the exact notion of measurable cocycle and to remind the reader to Section [2.4.1
where the theory is described more precisely.

The function ¢ induces a natural G-action on the space L(S; E) of u-integrable
measurable F-valued maps defined by

(99)(s) = o(g,s)p(gs)

for every p € L(S; E), every g € G and almost every s € S. The last action in
turn induces, by duality, a G-action on L>°(S; E*) as follows

(9.f)(s) = (a(g.5)7")" f(g5). (2.2)

where L>°(S; E*) is endowed with the weak-* topology and (o(g,s)~!)* denotes
the dual action of o(g, s)~!. We assume the existence of a family {As}scs of Borel
subsets of the unit ball £} in E* such that {(s, As)} C S x EY is a Borel subset and
we assume that (o(g,s)"1)*Ay = A, for every g € G and almost every s € S
(such a family of Borel subsets is called a G-equivariant family). In this setting,
we define the set

C(S,{As}) ={f:5—= Ej|f(s) € A; for almost every s € S},
that is a compact closed convex subset of the unit ball of L>(S; EY).

Definition 2.1.15. An affine G-space of the form C(S,{As}) endowed with the
action defined by Equation (2.2)) is an affine G-space over S.
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Affine G-spaces over a measure space S are the generalizations of affine spaces
and allow us to give the following

Definition 2.1.16. A G-action on a measure space S is amenable if every affine
G-space over S has a fixed point.

As anticipated, if G is amenable then every G-action is amenable. Conversely,
the existence of an amenable G-action on some space X that preserves a finite
measure ensures the amenability of G [Zim84, Proposition 4.3.3]. In particular,
a group G is amenable if and only if the trivial G-action on a point is amenable.
Amenable actions do not need to involve amenable groups. As a first example, the
following results characterizes amenable actions of locally compact second count-
able groups on homogeneous spaces.

Proposition 2.1.17 (|[Zim&84, Proposition 4.3.2]). Let H < G be a closed subgroup
of the locally compact second countable group. Then the G-action on G/H is
amenable if and only if H is an amenable group.

The previous characterization is exactly the context in which we exploit amenabil-
ity. Precisely, if G is a connected semisimple Lie group of non-compact type, we
can consider a minimal parabolic subgroup P. Since P is a compact extension of
a solvable group, it is amenable. Hence the Furstenberg—Poisson boundary of G,
which can be identified with the quotient G/P (see Remark and Example
, is an amenable G-space.

It is worth mentioning the existence of a different notion of amenable action
that generalizes the characterization of amenable groups in terms of means. How-
ever, since we are not interested in this approach, we refer to [AEG94|, where the
relation between such definitions is discussed.

We conclude by recalling a property of amenable actions. This represent the
crucial link between the theory of amenable actions and the one of boundary maps,
that we are going to introduce in Section In particular, it will be the starting
point in the proof of Theorem

Proposition 2.1.18 ([Zim84), Proposition 4.3.9]). Let (S, 1) an amenable G-space
and let Y be a compact metric G-space. Up to discarding a null measure subset
of S, there exists a G-equivariant measurable map S — MY (Y) into the space of
probability measures on Y .
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2.2 Bounded cohomology

This section is devoted to (continuous) bounded cohomology of locally compact
second countable groups. In particular, after an introductory part about Banach
modules, we give the classical definition using the complex of (continuous) bounded
cochains. Then we provide a short but almost self-contained description of the
Burger—-Monod functorial characterization of continuous bounded cohomology. As
a general reference for this section we refer the reader to Monod’s book [Mon01].

2.2.1 Banach modules

In the sequel G will be a locally compact second countable group. Since we are
going to describe a cohomology theory we start with the definition of a class of
modules that will be the coefficients of our cohomology groups.

Definition 2.2.1. A Banach G-module E is a Banach space endowed with an
isometric G-action 7 : G — Isom(FE). If the action is also continuous, F is called a
continuous Banach G-module. A G-morphism is a continuous G-equivariant linear
map « : E — F between Banach G-modules that commutes with the actions.

We immediately recall some examples of Banach G-modules that are going to
be ubiquitous along our dissertation.

Example 2.2.2. If F is a Banach G-module, the mazimal continuous submodule
is
CE :={v € E| g~ gv is continuous } ,

and it coincides with the maximal submodule of E on which the G-action is con-
tinuous. As proved in [Mon0O1, Lemma 1.2.6], any G-morphism E — F' of Banach
space restricts to a G-morphism CE — CF'.

Example 2.2.3. For any topological space X on which G acts by homeomor-
phisms and for any Banach G-modules F, we consider the Banach space of con-
tinuous bounded E-valued functions

Cp(X; E)
endowed with the supremum norm

[ Flloo = sup [|f (z)|[E-
zeX

If 7: G — Isom(E) is the isometric G-action on E, we turn C,(G; E) into a
Banach G-module by defining the following G-action

(9f)(x) =m(g)f(g " x) (2.3)

called left reqular representation.
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Example 2.2.4. Another example of Banach G-module is the Banach space of
essentially bounded measurable FE-valued functions on X

L>(X; E)

endowed with the supremum norm, where (X, ux) is any measure space and E is a
Banach G-module. Here we identify measurable functions that coincide px-almost
everywhere. The space L>(X; F) is a Banach G-module if endowed with the left
regular representation defined by Equation .

We point out that the notion of continuous bounded cohomology for locally
compact second countable groups could be given here, since it only requires the
concept of Banach G-modules. Nevertheless, the powerful machinery developed
by Burger and Monod that we are going to describe in Section needs some
additional definitions. We first consider a particular class of Banach G-modules.

Definition 2.2.5. A Banach G-module F is a coefficient module if it is the dual
of some separable continuous Banach G-module F' and, denoting by #° : G —
Isom(F) the isometric G-action on F, the action 7 : G — Isom(FE) satisfies

T(9)(8)(v) = $(°(9) " (v)) (2.4)
forevery g€ G, p € Eandv € F.

Since we are interested in the space of measurable bounded functions on some
measure space, we show how the Banach module introduced in Example
satisfies the conditions of Definition [2.2.5]

Example 2.2.6. Let G be a locally compact second countable group and let
(X, nx) be a measure G-space. We consider the Banach G-module

L>*(X) = L>¥(X;R)
of bounded measurable functions on X and the Banach space
LY (X)
of px-integrable functions endowed with the G-action defined as
© G = LX), (2(9)(f)() = flga).

It is a classical fact the existence of an isometric isomorphism between L (X )* and
L!(X), and one can also check that the isometric G-actions satisfies the equality
in Equation . This implies that the space L>(X) is a coefficient G-module
(see [Mon01] for more details).
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A second class of objects that we need are described below.

Definition 2.2.7. A regular G-space is a standard Borel space S endowed with
a measure class preserving G-action such that, if p is a probability measure that
represents the invariant class, then

G — Isom(L'(S)), g~ N(g)y

is continuous where \’(g)¢p = @(gils)%(s).

Although the Definition 2:2.7] may appears quite mysterious, we recall two
well-known examples of regular Banach G-modules.

e Any locally compact second countable group G is a regular G-space itself if
endowed with the class of its Haar measure. More generally, for any closed
subgroup H < G, the homogeneous space G/H admits a G-quasi-invariant
measure; hence G preserves the class of this measure and this turns G/H into
a regular space. As a consequence, the Furstenberg—Poisson boundary of a
semisimple Lie group, that can be identified with the quotient of the group
by any minimal parabolic subgroup, is a regular space (see also Example

pATd).

e For any probability measure ¢ on a locally compact second countable group
G, there exist probability G-spaces called Poisson boundaries that are regu-
lar G-spaces for the class of corresponding stationary measure (see the work
of Furstenberg [Fur63), Fur67, [Fur73|] or Section . In case of semisimple
Lie groups the wide family of Poisson boundaries includes the Furstenberg—
Poisson ones.

Regular spaces give us the chance to present a class of Banach G-modules that
will be crucial in the functorial characterization.

Example 2.2.8. Let S be a regular G-space and let E be a coefficient G-module
with the isometric representation 7 : G — Isom(E). We consider the space

By (S; E)

of bounded weak-* measurable E-valued functions on S, which becomes a Banach
G-module if it is equipped with the supremum norm and with the left regular
representation defined by Equation .

As we will see, instead of bounded measurable functions, sometimes it is con-

venient to work with the space
L3 (S5 E)
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of essentially bounded weak-* measurable E-valued functions on S, namely the
quotient of B (S; E) by the equivalence relation that identifies two measurable
functions that coincide almost everywhere. It is also a Banach G-module if con-
sidered with the essential supremum norm and with the same G-action as on
B35 (S5 E) and, as we will see, its role is crucial in the Burger-Monod theory.

Finally, the subspace of alternating functions on the product S**! is denoted
by

00 (S.+1;E) or L% (S.+1;E)

w*,alt w*,alt

and consists of functions f € B (S**!; E) (respectively L% (S**!: E)) such that

f(80,--,5¢) = 5g0(0) f(85(0)s - - - » S(e))
for every sg,...,s, € S*T! and o € G**L.

Remark 2.2.9. We notice that an element in L% (S; E) is an equivalence class of
functions that coincide almost everywhere. However, to simplify the exposition, we
slightly abuse the notation and we write f € Lo (S; E) to consider a representative
of some class.

We conclude by introducing an extension property for Banach G-modules,
that is the last technical ingredient for the Burger—-Monod approach to bounded
cohomology.

Definition 2.2.10. A G-morphism 7 : A — B is said to be admissible if there
exists a morphism o : B — A with ||o||oc < 1 and such that non = 7.

In particular, if n is injective, admissibility is equivalent to the existence of a
left inverse for 1 of norm one. Injective admissible morphisms are the object of
the next

Definition 2.2.11. A Banach G-module F is relatively injective if for any injective
admissible G-morphism between continuous G-modules 7 : A — B and for any G-
morphism « : A — E there exists a G-morphism 8 : B — E with ||8]|oc < 1 and
such that the following diagram commutes

The extension property that holds for a relatively injective G-module E is
strictly related to the G-module CF, as established by the following
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Lemma 2.2.12 ([Mon0l, Lemma 4.1.5]). A Banach G-module E is relatively
injective if and only if CE is.

The relevance of relatively injective G-modules in bounded cohomology, which
will become completely clear in Section is also explained by the next result.

Theorem 2.2.13 ([Mon01l Theorem 4.5.2]). Let G be a locally compact group and
let E be a Banach G-module. Then the space Cy(G; E) is relatively injective.

2.2.2 The standard definition of bounded cohomology

We now introduce the theory of continuous and continuous bounded cohomology
of locally compact second countable groups. We will not be exhaustive and we
recall only the basic definitions and tools that we need. Standard references are
Monod’s book [Mon01] and Burger-Monod [BM02]. We notice that most of the
notions that we are going to introduce below can be given in a more general
context. Nevertheless we prefer to restrict to the specific setting needed for our
purposes.

In the sequel G will be a locally compact second countable group and E will
be a Banach G-module. We denote the set of E-valued continuous functions on G

as
C:(G;F) = {f:G*"! = E|f is continuous }

and we define the standard homogeneous coboundary operator by
§°: C2G;E) = C*PH G E),

o+1

(8°F)(90s -+ gos1) = D (=1)'f(g0s- s Gis -+ Got1)

i=0
that clearly preserves continuity. Similarly, we consider the subset of E-valued
continuous bounded function on G

(G E) = {f € CUG; E) [ [ f]loc < +00}
where || - ||oo denotes the norm

flloo = sup || f(gos- - g0)llE- (2.5)
90;---,9e

The G-action on C2(G; E) corresponds to the one introduced in Equation (2.3) by
taking the diagonal G-action on G**1. The set of G-invariant E-valued continuous
(bounded) functions on G is

Cl) (G E)Y = {f € C)(G; E) |gf = f, Vg € G}.
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Since the coboundary operator d°® preserves both boundedness and G-invariance,
the collection

(Cow) (G B9, 6%)

forms a cochain complex.

Definition 2.2.14. The continuous (bounded) cohomology of a locally compact
group G with coefficient into a Banach G-module F is the cohomology of the com-
plex (C(G; E)Y,5*) (respectively (C®, (G; E)%,6°%)) and it is denoted by HS(G; E)
(respectively HY (G; E)).

We notice that the supremum norm on each C$ (G; E) defined by Equation
(2.5) induces a seminorm on H$ (G; E) given by

llad] := nf{lef]oo [[¢] = a} .

Two seminormed spaces are said to be isometric if there exists a linear isomorphism
between them that preserves the seminormed structures.
Before passing to the functorial approach, we recall two maps that play an
important role in the whole theory of bounded cohomology. First, the inclusion
°o(G; E) — C2(G; E) induces a map at the cohomological level

comp® : HY (G E) — H2 (G} E) (2.6)

that is called comparison map.

Similarly, any G-morphism « : £ — F' between Banach G-modules naturally
induces a cochain map C;(b)(G; E) — C;(b)(G; F) and hence a map between coho-
mology groups

Hw,) (G E) = He,) (G5 F). (2.7)

Both the comparison map and the map induced by a G-morphism have aroused
the interest of many mathematicians so far. For instance, Dupont [Dup79| investi-
gated the surjectivity of the comparison map in degree two and Hartnick and Ott
[HO11] generalized the result in the Hermitian case. On the other hand, several
useful results involving change of coefficients are due to Burger and Monod [BM02].
In particular, we will exploit the boundedness of the Kéhler class in the context
of semisimple Lie groups of Hermitian type, that follows from the surjectivity of
the comparison map in degree two [Dup79| (see Section, and the isomorphism
H2, (G;R) = H% (G; L°°(X)) induced by the inclusion G < L>®(X), if G is a prod-
uct acting irreducibly on a measure space (X, px) (see [BM02, Corollary 15] and
Chapter |§[)
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2.2.3 The functorial characterization

Despite its crystalline definition, continuous bounded cohomology turns out to be
almost inaccessible for direct computations. A powerful solution to this problem
has been provided by Burger and Monod [BM02], who obtained a nice functorial
characterization of continuous bounded cohomology. In the sequel we recall a list
of definitions and results that we will use for our purposes. For an exhaustive
description of the theory we refer to Monod’s book [Mon01] and to Burger—Iozzi
appendix [BI02] of [BMO02].

A complex of Banach G-modules is a cochain complex (E®,d®) where d* are
G-morphisms. In this context, we can naturally define the n-th cohomology of a
G-complex (E*,d®) as the space

H"(E®) := Ker(d®) /Im(d®*~")

endowed with the semi-norm induced by the norm of E*°.

A G-morphism of complezes is a sequence of G-morphisms o® : E®* — F*°
intertwining the coboundary operators df, and d%.. A G-morphism o® : E* — F'*
naturally induces continuous linear maps at the cohomological level

H"(a®) : H*(E®) — H"(F*)
in any degree.
Given G-morphisms «*, 5°® : E* — F'*, a G-homotopy from a® to 8°® is a family
of G-morphisms h® : E®* — F*~! such that
hoJrldOE _ d;;v_lh. = a® — /B.,
namely such that the following diagram commutes

-1
dy

. Eo—l E*

—_ F.—l d;?_l FO Fo+1

A contracting homotopy of a G-complex (E®,d®) is a homotopy h® between the
identity and the null map with ||A"|| < 1 for every n € Z.
The complexes we are interested in are called strong complexes. A G-complex
(E*®,d®) is strong if the maximal continuous subcomplex (CE',dl') admits a con-

tracting homotopy.
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A resolution of a Banach G-module E is an exact complex with E® = E and
E™ = 0 for n < —1. Finally, a resolution is strong if it is realized by a strong
complex.

Example 2.2.15. Given a locally compact second countable group and a Banach
G-module FE, the complex

y B — %G B) 2 cl(GyE) —2 -

~
o

where ¢ : E — C)(G; E) is the inclusion of coefficients, is a strong resolution of E

by relatively injective modules (see Definition [2.2.11)).

Strong resolutions by relatively injective modules give a characterization of the
bounded cohomology of a group G with coefficients into a Banach G-module E in
terms of the G-invariants. More precisely, we have the following

Theorem 2.2.16 ([Mon0Ol, Theorem 7.2.1]). Let G be a locally compact second
countable group and let E be a Banach G-module. Then for every strong resolution
(E*,d®*) by relatively injective Banach G-modules, the cohomology H"((E®*)%) is
canonically isomorphic, as a topological vector space, to the continuous bounded
cohomology HYy (G; E) of G for every n > 0.

A priori, the isomorphism provided by Theorem [2.2.16|is not isometric. The
natural step that immediately follows Theorem [2.2.16| is the search for strong
resolutions by relatively injective modules that realize the isometry at the coho-
mological level. This is the content of the next result.

Theorem 2.2.17 ([Mon01, Theorem 7.5.3]). Let G be a locally compact second
countable group, let E be a coefficient G-module and consider an amenable reqular
G-space S. If e : E — L% (S; E) denotes the inclusion of coefficients, the complex

0 E—5 LS E) s 12 (5% E) s ...

s a strong resolution by relatively injective modules for E. Moreover, the isomor-
phism
HE (L ()1 B)Y) = He, (G5 B) (2.8)

is 1sometric for every k > 0.
The same holds for the complex (L;’V’i@lt((S)'“;E)),é') of alternating essen-
tially bounded measurable functions on S.
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Sometimes, instead of essentially bounded functions, it is convenient to consider
the complex of bounded weak-* measurable functions (B2 ((5)**!; E),§%)) on a
(not necessarily amenable) regular G-space, that actually is a strong resolution
for E [BI02, Proposition 2.1]. The drawback is the loss of relative injectivity and

hence the fact that the resolution

0 EY < BX(S;E)° s BR(S%HE)C S .

does not compute the bounded cohomology of G. Nevertheless, thanks to the work
done by Burger—Tozzi [BI02] which is based on [BM02, Proposition 1.5.2], we know
the existence of canonical maps

¢ H (B ((9)H E)Y) — HY(L((5)"H B)©) (2.9)

for every n > 0. The same holds for the complex (B;’ﬁ’alt((S)"H; E), %) of alter-
nating measurable bounded functions on S, as observed in [BI02, Remark 2.8].

2.3 Hermitian symmetric spaces

The goal of this section is to recall the basics about Hermitian symmetric spaces
and then to introduce some related notions. In particular, we will first introduce
the definition, recalling both the classification in tube-type and non-tube-type
spaces as well as their bounded domain realization. The latter will allow us to
present the Shilov boundary and its basic properties. Exploiting the natural Kahler
structure on Hermitian symmetric spaces we will define the Bergman cocycle. This
will correspond, under the canonical map of Equation , to an element in the
second bounded cohomology of the isometry group of the Hermitian symmetric
space called bounded Kéhler class. Finally, we will introduce the Hermitian triple
product and we will show its relation with the Bergman cocycle.

We start with the definition of Hermitian symmetric space.

Definition 2.3.1. A symmetric space X with G = Isom(X)° is of Hermitian type if
it admits a G-invariant complex structure. Given a semisimple real algebraic group
G, we say that G = G(R) is of Hermitian type if its associated symmetric space
is. The rank of symmetric space of Hermitian type is the maximum dimension of
a totally geodesic embedded Euclidean space.

From now on, G will be a group of Hermitian type and X will be the associated
symmetric space. It is well-known that any Hermitian symmetric space X admits a
bounded domain realization [FKK™00, Theorem III. 2.6], that is a biholomorphism
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between X and a bounded domain Dy C C" for some n, on which G acts via
biholomorphisms. Furthermore, one can distinguish Hermitian symmetric spaces
among tube-type and not tube-type. More precisely, we have the following

Definition 2.3.2. A Hermitian symmetric space is of tube-type if it is biholomor-
phic to a domain of the form
V +1i:Q

where V' is a real vector space and {2 C V is a proper open convex cone.

To clarify the meaning of the above classification, we describe three examples of
Hermitian symmetric spaces. We warn the reader that our last example is actually
the generalization of the second one, as well as the first one is a special case of the
second one. However, because of their different roles in our results, we prefer to
distinguish them. For a complete description of these examples refer to Pozzetti’s
thesis [Pozl4] and to [DLP21] [SS21a].

Example 2.3.3. On the complex space C"*! we consider the Hermitian form Q1 ,
of signature (1,7n) defined as

n
Qun(®) = 20T0 — »_ 2iT;
i=1

for every x = (zq,...,2,) € C""1. Since the positivity of Q1,5 is invariant under
scalar multiplication, it makes sense to consider the set of Q-positive lines, that
actually coincides with the complex hyperbolic space

L= {x = [r0,...,2n) € P(C"™) | Q1 n(z) > 0}.

Since this is contained in the affine chart Uy = {[1,z1,...,z,] € P(C"1)}, there
is a natural identification with the unit ball

DX = {(217"'7zn) ECTL’ Z’Zip < ]‘} C(Cn
i=1

Here the notation Dy refers to the bounded domain realization of X'. Notice that
Hf can be identified with the rank-one Hermitian symmetric space X associated
to the group SU(1,n) of matrices in SL(n+ 1, C) that preserve the Hermitian form
Q1,n, that is

SU(1,n) :=={h € SL(n+1,C) | Qi n(hz, hy) = Qi n(x,y), Vz,y € crtiy.
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Moreover, there exists a biholomorphism between Hf and the Siegel domain
[Gol99, Section 4.1.1]

h" == {(z1,...,2,) € C"|2Re(z1) — Y z7% > O}.
=2

This shows that H is of tube-type if and only if n = 1, since in this case h! =
{w € C|Rew > 0} is the upper half-plane and it satisfies the condition of Definition

For further details on the complex hyperbolic space we refer to Goldman’s
book [Gol99].

Example 2.3.4. In view of Example 2.3.3] we fix two positive integers p and ¢
and we define the Hermitian form of signature (p, q) as

P q
Qpq(z) = Z%SUT - Z TiTi
i=1

i=p+1

for every x = (1,...,xp+q) € CPT9. The set of matrices in SL(p+ ¢, C) preserving
Qp,q, namely the subgroup

SU(pa Q) = {h € SL(p + Q7C) | Qp#](hx» hy) = Qp,q(fa y) ) V z,y € (Cp+q}7

is a group of Hermitian type. In particular, denoting by Gr,,(CP*9) the Grassman-
nian of p-dimensional subspaces of CP™4, one can identify the associated symmetric
space with the set

X(p,q) ={V € Grp(CP*)|Q,, > 0}.

Indeed, the latter is a homogeneous SU(p, ¢)-space and the stabilizer of the point
Vo = (eo, . . ., ep) is the subgroup S(U(p) xU(gq)). We notice that X (p, ¢) generalizes
the complex hyperbolic space introduced in Example precisely X'(1,n) = Hg.
Moreover, the analogous of the bounded realization of H is the space of matrix

Xpg={XeMpxqgC)|X*X —-1d <0} CCP,

where X* X —Id < 0 means that the Hermitian matrix Id — X™* X is positive definite
(see also [Pozl4]). Finally, it is well known that the rank of X (p, ¢) is the minimum
between p and ¢, and X (p, q) is of tube-type if and only if p = ¢q. This observations
are the coherent extension of those ones discussed in Example [2.3.3]
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Example 2.3.5. Pushing further Example we fix p € N and we consider
an infinite dimensional Hilbert space H over C together with an Hilbert basis
{ei}ien. We denote by L(H) the set of C-linear bounded operators with respect
to the operator norm and by GL(#) the group of bounded invertible C-linear
operators of H with bounded inverse.

Following the previous examples, we define the Hermitian form @ « of signa-
ture (p,00) as follows

Qpoo(x) = Zﬂ?z@ — Z T;T;

where z = Y x;e; for every x € H. We denote by U(p, o0) the subgroup of GL(H)
i>1
of isometries with respect to @), namely

U(p,00) :=={h € GL(H) | Qp,0c(hx, hy) = Qpoo(z,y), Vx,y € H}.
If we define the space
X(p,oo) ={V <H|dimV =p, Q|, >0},

by Witt’s theorem the group U(p, 0o) acts transitively on it (see for instance [Art11],
Theorem 3.9]). Moreover, the stabilizer of Vj = (e1, ..., ep) is the product U(p) x
U(oo), where U(m) is the orthogonal group of the Hilbert space of dimension m,
for any m € NU {oo}. Hence we can identify X'(p, 00) with the quotient

U(p,00)/U(p) x U(o0)

and one can show that it has a structure of simply connected non-positively curved
Riemannian symmetric space (see [Ducl2]). Finally, the rank of X'(p, c0) is p.
Homotheties act trivially on X (p,o0), hence the quotient

PU(p, o0) = U(p, 00)/{Ald , |A| = 1}

acts by isometries on X'(p, 00).

Beyond the structure of Riemannian symmetric space, in [DLP21] the authors
describe also a complex structure on X (p, co) that makes it a Hermitian symmetric
space. Finally, the space X'(p,c0) is not of tube-type [DLP21 Lemma 2.11].

As suggested by the notation, the space X (p,o0) is the natural extension of
X (p,q) to the infinite dimensional case. However, it loses all the algebraic prop-
erties inherited by X(p,q) thanks to its embedding into the Grasmannian. The
lack of algebraicity will be deeply discussed in Chapter 5] where we will consider
actions of complex hyperbolic lattices on the space X (p, 00).
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We conclude this part by formalizing the notion of embedding between the
symmetric spaces introduced in Examples ans [2.3.5l Fix positive integers
1 < p < ¢ and a second integer q; < g2 < oo. We denote by {e;})"7 and
by {f;}?72 two basis respectively of CPT4 and of CP+%2, where eventually CP>
denotes the infinite dimensional Hilbert space H of Example

Definition 2.3.6. An embedding of X(p,q1) into X(p,q2) is an isometric linear
map ¢ : CPT9 — CPT9 that preserves the Hermitian forms @4, and Q, 4,, namely
such that

Qg (U2), 1Y) = Cp.gr (2,9)
for every z,y € CPT%. Moreover, the group U(p, q1) of linear bounded transfor-

mations preserving @4, embeds in U(p, ¢2) in the following way: the action on
(CP+a1) is that of U(p, q1) and is trivial on the orthogonal of +(CPT%).

Among all embeddings of X (p, ¢1) in X(p, ¢2), we consider the standard embed-
ding defined by the map ¢o : CPT% — CPT9 where 1g(e;) = f; fori=1,...,p+aq.
In this special case, the space X(p,q1) inside X(p, ¢g2) can be identified with the
set

Vo=A{V <(e1,....eptq) | dimV =p, Qpg, >0}
and the group U(p, ¢1) is identified with elements g in U(p, g2) such that

q2
gle:) = aije;
j=1

where, for either ¢ or j greater than p + g1, then a;; = d;;, and the matrix A =
(ai;)P T4 represents an element in U(p, q1). In other words it satisfies

i,j=1
(14, 0 (14, 0
(0 ) 4= (T i)

The role of the standard embedding is clarified by the following

Proposition 2.3.7 ([SS21a), Proposition 2.3]). Any embedding X (p,q1) — X (p, q2)
can be obtained as the composition of an element g € U(p, q2) with the standard
embedding.

Proof. Let + : CPT@ — CPT% be an isometric linear map. For each e; we set
u; = t(e;) and
U, = Span{ui, ..., Uptq }-
There is a natural identification of X (p, ¢1) with the subspace of X (p, g2) defined
by
Vo=A{V <U |dmV =p, Qpg,, >0}
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If we denote by Uy the subspace of CPT% spanned by the first p + ¢1 vectors of
the basis {fi}, we can define an isometric linear map h : Uy — U, on the basis as
follows

h(fi) = wi

and then extend it by linearity. Since h preserves the Hermitian form @, 4,, by
Witt’s theorem it extends to an isometry of CPT% with respect to Q) 4,, namely
to an element g € U(p,g2). The assertion follows by noticing that the isometric
linear map g o ¢ actually realizes the standard embedding. O

Remark 2.3.8. As a subspace of the Grassmannian Gr(p+ ¢, H), the set of embed-
ding of X (p, q) inside X (p, co) naturally inherits the topology induced by principal
angles, that in this case coincide with the Wisjman topology (see [DLP21]). Since
by Lemma the group U(p, 00) acts transitively on the set of all such embed-
dings, we have an identification with the PU(p, 0o)-orbit of the standard embedding
in Gr(p, H). Moreover, if V} is the image of the standard embedding, such an orbit
can be identified with the quotient PU(p, o0)/Stabpyp,o0) Vo-

We finally notice that any Hermitian symmetric space of the form X (p, ¢) with
p < q contains maximal tube-type subdomains: these have the same rank of the
ambient space and hence are embedded copies of X (p, p). Moreover, such tube-type
subdomains are all conjugated under the G-action. This property will be crucial
in the next section, where we will focus on the restriction of such embeddings to
the Shilov boundary.

2.3.1 Shilov boundary

We mentioned in the previous section the existence, for any Hermitian symmetric
space X, of a bounded domain realization, that is a biholomorphism between X
and a bounded domain Dy C C" for some n. Our next goal is to characterize a
subset of the topological boundary of Dy, that is called Shilov boundary of G. As
we will see, such a set involves both the analytic, the geometric and the algebraic
structure of G and & and hence it has several equivalent characterizations. We
start with the analytic one, that we give for a generic bounded domain.

Definition 2.3.9. The Shilov boundary of a bounded domain D C C" is the
unique closed subset Sp of D such that, for any continuous function f on D
which is holomorphic on D it holds

|f(2)] < max|[f(y)]

yeS

for every z € D.
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Coming back to domain realizations of symmetric spaces, we also recalled in the
previous section that the group G = Isom(X)° acts on Dy by biholomorphisms.
Such an action can be extended continuously on the topological boundary of Dy.
The latter, if the rank of G is greater than one, is not a homogeneous G-space.
In any case, there exists a unique closed G-orbit that actually coincides with the
Shilov boundary of Dy, that we denote by Si. More precisely, if X is irreducible
and G denotes the algebraic group associated to the complexified Lie algebra of
G, the stabilizer of any point in S¢ is a maximal parabolic subgroup, and it turns
out that Sg can be identified with G/Q(R) where Q < G is one of such stabilizers
(see Burger, Tozzi and Wienhard for a description of this identification [BIWQT,
Section 2.3.2]). If X = &} x --- x &, is a product of irreducible factors Xj;, then
Sa =Sa, X -+ x 8¢, where G; = Isom(X;)° and the previous argument works for
any irreducible factors.

We now consider again Examples and in order to describe explicitly
the Shilov boundaries in this cases.

Example 2.3.10. In view of Example [2.3.4] we fix two positive integers 1 < p < ¢
and we consider the group SU(p, ¢) together with its symmetric space X (p, ¢). The
unique closed orbit of the SU(p, g)-action on the boundary of the domain realization
X(p, q) is the space

Spg={X€eM(pxqgC)| XX —Id=0},
that corresponds to the set of isotropic subspaces
SP#] = {V € Grp(@p-f—q) | Qp,qlv = O}v
(see for instance [Pozl4]). In particular, we have that
n
Sin= {[azo, o] € PC) [zo)? =) il = o}
i=1
which corresponds, in the affine chart Uy of Example 2.3.3] to the set
n
{(xl, ooy Tp) €CTY Z |z = 1} >~ g2l
i=1

Moreover, &1, contains embedded copies of S11 = S! that are boundaries of
embedded copies of X(1,1) in X(1,n) (see Figure [2.1]).

In view of the phenomena observed in the previous example, we give the fol-
lowing
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SZn-1

Figure 2.1: An embedded copy of 81 = S' (red) inside &;,, = S*"~1.

Definition 2.3.11. Fix 1 < p < ¢ with ¢ € NU {cc}. A p-chain is the boundary
of an embedded copy of X(p,p) inside X (p,q). The set of p-chains of X(p,q) is
denoted by Z,(p, q) or simply Z,.

We conclude this section by noticing that the diagonal action of G on pairs
of points (s1,$2) € 8% has a unique open orbits, which corresponds to pairs of
opposite parabolic subgroups. Two points belonging to this orbits are said opposite
and the set of opposite pairs is denoted by Sg ). We first notice that the set of points
that are opposite to a fixed point is a Zariski closed subset of S¢. Furthermore,
whenever a pair of opposite points is fixed, there exists a unique maximal tube-
type subdomain Y C X such that the two points belong to its Shilov boundary. In
the case of X(p, q) with 1 < p < g, this fact can be reformulated in a more familiar
way as follows: given two points in S, that correspond to opposite @) 4-isotropic
points V7 and V5 of the Grasmannian Grp((Cp+q), the direct sum V7 @ V5 is an
Qp,p-isotropic point in Gr,(C?P).

To understand the relevance of chains in our theory we need to introduce
cocycles and boundary maps. The first intuition of the potential of this notion is
due to Cartan |Car32] and then it was developed by Burger and lozzi [BI02, [BI04]
and by Pozzetti [Pozl4, Poz15]. In particular, Pozzetti exploited the incidence
structure on the Shilov boundary defined by opposition to reach a characterization
of Zariski dense rational maps between S1,, and S 4 in terms of their behavior on
chains [Poz15, Theorem 4.1]. We postpone to Chapter 4| a deeper discussion about
this result.
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2.3.2 Kahler structure and Bergman cocycle

Let X be a Hermitian symmetric space with G = Isom(X)°. Denoting by J : X —
A the G-invariant complex structure on X and by (-, -) the G-invariant Riemannian
metric of minimal holomorphic curvature —1, we can define a 2-differential form
as

wr(X,Y) = (X, JY)

where X,Y vary over all the vector fields on X'. By definition wy is G-invariant,
hence an element of Q(X’; R)“. It was observed by Cartan that any such differential
form must be closed [Hel01l, VII.4], so that wy is a Kdhler form and X is a Kdhler
manifold. In this setting, if we define the function

B:xB®) SR, Blxo, 1, 22) = 1 / w (2.10)
T
A(zo,z1,22)

where A(xo, z1,z2) denotes any triangle with vertices xg, 1, z2 and geodesic sides,
we obtain a well-defined G-invariant bounded 2-cocycle. Clerc and Qersted [CO03]
provided a measurable extension of 3 to triples of points on the Shilov boundary
S¢ which is bounded, that allows to give the following

Definition 2.3.12. The measurable extension
ﬂG : Sg; —-R
of 8 is the Bergman cocycle of G.

We immediately recall some properties of the Bergman cocycle that are the
content of [BIWO7, Theorem 1] and [Pozl15l, Proposition 2.1].

Proposition 2.3.13. Let fg : 8(3; — R the Bergman cocycle defined above. Then
it s a strict alternating G-invariant bounded cocycle taking values in the interval
[—rkX,rkX]. Moreover, if |Bc(so,s1,52)| = rkX, then the triple (so,s1,s2) is
contained in the Shilov boundary of a tube-type subdomain. If X is also irreducible,
then the following are equivalent:

(i) X is not of tube-type;
(ii) the set of triples of distinct points on S, denoted by Sg’), is connected;

(iii) the Bergman cocycle attains all values in [—rkX, rkX].
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The three conditions of Proposition will be completed in the next sec-
tion with another equivalent condition, that requires the notion Hermitian triple
product.

Thanks to Proposition [2.3.13] we can interpret the Bergman cocycle as an ele-
ment in B‘?Vci’ Em(Sg; R). Hence it corresponds, under the canonical map of Equation
(29), to an element k% € HZ (G;R) that we call bounded Kdhler class of G (here
we are using alternating bounded functions). Furthermore, k:bG corresponds under
the comparison map

comp? : H (G;R) — H2(G;R)
to a class kg € H2(G; R) that we call Kdhler class of G.

Remark 2.3.14. When G = SU(1,n), the Kéhler class ng(l n) coincides with the
Cartan class, that is the element of H (SU(1,7n), R) defined by the Cartan angular

invariant of the complex hyperbolic space H{.

2.3.3 Hermitian triple product

We conclude with the definition of the Hermitian triple product and by showing
its link with the Bergman cocycle.

Before introducing such object we need to recall the Bergman kernel. The
latter is the reproducing kernel associated to the Bergman metric defined thanks
to the Harish-Chandra embedding, that is a bounded domain realization Dy of a
Hermitian symmetric space of non-compact type X (see [BI04, BIW07] for more
details). Precisely, the Bergman kernel is a function

k‘px:’D)(X'Dx—)C

that can be extended continuously to the set 87);((2)

the boundary and that is nowhere zero [Sat80)].

of pairs of distinct points on
In this setting, we consider the function

() : DD o C* |

(w0, 21, 12) = kpy (w0, 1)k, (21, 22) kD, (22, 70)
that is continuous and, by [BIW07, Theorem 3.7], it satisfies the relation

(0, x1, 20) = P@T1T2) 6d R (2.11)
for any (xg,x1,x2) € @(3). Hence we have the following
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Definition 2.3.15. The Hermitian triple product is the map
3 * *
(1)) : 88 = RA\C

obtained by restricting (-, -, ) to Sg’ ) and by composing with the projection C* —
R*\C*, where we quotient C* by the R*-action by dilations.

Starting from the identification between S¢ and the quotient G/Q(R) that we
mentioned in Section Burger, lozzi and Wienhard reached an extension of the
Hermitian triple product to a complex Hermitian triple product. More precisely,
denoting by A* the group C* x C* endowed with the real structure (X, i) — (77, \)
and by A* the image in C* x C* of the diagonal embedding of C*, they were able
to define a map

(et (G/Q)* — AM\AT

that makes commutative the following diagram

<<77)>

S R*\C* (2.12)
j(i)3 A
(G/Q)F — 2 A\

Here i : S¢ — G/Q refers to the G-equivariant identification between Si and
G/Q(R), and A stands for the map induced by the diagonal embedding.

We conclude with a result characterizing Hermitian symmetric spaces not of
tube-type via the complex Hermitian triple product that we will use in the proof
of Theorem [8] We first provide an equivalent condition to the ones of Proposition
that implies the above characterization.

Proposition 2.3.16 ([BIWO0T7, Theorem 1]). Let X an irreducible Hermitian sym-
metric space. Then X is not of tube-type if and only if the Hermitian triple product
(equivalently the complex Hermitian triple product) is not constant.

For any pair of transverse points (sg, $1) € Sg) we denote by O, s, C G/Q(R)
the Zariski open subset such that the map

PSO,SI : 030731 - A*\14* y N = <<30a S1, S>>(C
is defined. Hence the following is a direct consequence of Proposition [2.3.16

Lemma 2.3.17 ([BIW07, Lemma 5.1)). If X is not of tube-type, then for any
m € Z the map
Os,s1 = ANA*, s Py s, (m)™

15 not constant.
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2.4 Measurable cocycles and boundary maps

This section is the core of our preliminary chapter, since we are going to introduce
the main objects of the dissertation. After the definition, we will list several ex-
amples, with the purpose to make the reader more familiar with those objects. We
will make a parallel with the world of representations, for instance by introducing
an equivalence relation between cocycles which extend the one of conjugacy and
the notion of algebraic hull. Pushing further the comparison, we will introduce
boundaries of locally compact groups and then boundary maps for cocycles. Fi-
nally, we describe the pullback of cohomology classes along cocycles, that is the
fundamental ingredient in the theory of numerical invariants.

Regarding cocycles and boundary maps references are the classic work by
Furstenberg [Fur81], Zimmer’s book [Zim84] or the more recent project by Moras-
chini and Savini [MS20, [Sav20, [Sav22, MS21), [SS21¢c]. For boundaries we remind
to Bader-Furman’s paper [BF14b].

2.4.1 Measurable cocycles

Throughout the section G and H will denote two locally compact second count-
able groups, both endowed with their Haar measurable structures. We also fix a
standard Borel probability G-space (X, ux) and we assume that px is atom-free.
As noticed by Moraschini and Savini [MS21, Remark 1], every essentially-free ac-
tions on a measure space (X, ux) guarantees the absence of atoms for px. Even if
essentially-free actions form a wide family of standard Borel spaces and sometimes
it is convenient to work with this assumption, we prefer to drop this condition and
to tacitly assume absence of atoms for py.

Given two measure spaces (X, ux) and (Y, py) and a distance dy on Y which
is compatible with its measurable structure, the set of equivalence classes of mea-
surable functions from X to Y that coincides almost everywhere is denoted by
Meas(X,Y) and it is a topological space if endowed with the topology induced by
convergence in measure. We recall that a base for this topology is given by the
sets

Uey = {9 € Meas(X,Y) | d(f, 9) < e}

where € > 0, f € Meas(X,Y) and the distance between two functions f and g is
d(f,9) = inf ux ({z € X |dy(f(2), 9(2)) > 3}) + 6.

We are now ready to introduce the main object of our dissertation
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Definition 2.4.1. A measurable cocycle is a measurable function o : G x X — H
which satisfies the cocycle condition

o(g192, ) = 0(91, 922)0 (g2, x) (2.13)
for almost every g1, g2 € G and for almost every x € X.

At a first sight, Equation (2.13) may appear quite mysterious. For this reason,
we are going to provide some examples of cocycles, with the aim of motivating for
the interest in the study of those objects.

Example 2.4.2. Our first example may appear trivial, but it justifies the inter-
pretation of measurable cocycles as a generalization of representations. Indeed,
given a continuous homomorphism p : G — H and a standard Borel probability
G-space (X, ux), we define the cocycle associated to p as

0,:Gx X = H, o0,(9,2) = plg). (2.14)

Even if the cocycle o, actually depends on the space X as a function, its value
does not change when the variable x varies, hence we drop X in the notation.

Beyond the large family of examples that it provides, the previous definition
also shows how the rich theory of representations sits inside the wider world of
cocycles.

Example 2.4.3. We now move to the framework of differentiable manifolds. Let
X be a compact n-manifold equipped with a measure px and choose a locally
compact second countable subgroup G < Diffeo(X) of px-preserving diffeomor-
phisms of X. In this setting, for any point z € X and element g € GG and since the
tangent bundle is measurably trivial, the differential d g lies in GL(n,R). Hence
we can define the tangent cocycle of X as

Otang GxX— GL(an) ) Utang(g, fE) = dmg

for almost every x € X and for every g € G. The cochain rule of the differential
implies that

Utang(g © h,l’) = dx(g 0 h)
= dp(z)9 © dhy
= Utang(gv h(x))atang(h’ x)

and hence the cocycle condition (2.13)) is satisfied.
This example gives an interpretation of measurable cocycles as the analogous
of the differential in the measurable context.
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Example 2.4.4. Given a locally compact second countable group G and a closed
subgroup H < G, we consider a measurable section s : G/H — G of the natural
projection G — G/H. Since for any x € G/H and g € G we have that

s(g-2)H =n(s(g-x)) = 7m(gs(x)) = g-s(x)H,
then s(g-x) 'gs(x) lies in H and we can define a cocycle
0s:GxG/H = H, o4g,z)=s(g-2) " gs(z).
By definition we have

os(gh,x) = s(gh - x) "' ghs(z)
= s(gh-2) " tgs(h-z)s(h-x) " hs(z)
=o0s5(g,h-x)os(h,x),

that is the cocycle condition .

To understand the concrete meaning of the cocycle o, defined above, we focus
on the specific case when G = S' x S! is the 2-dimensional torus with the group
product structure (here we consider the standard additive operation on St). If also
H =St 2 {0} x S! < G, the geometrical interpretation of H is a meridian uyo.
Hence the projection 7 : G — G//H collapses any other meridian {¢} x S! C G to
the point £ € S' = G/H.

Fix a point 79 € S! and let
5770 : Sl — Sl X Sl 9 8770 (5) = (5)770)

be the section that associates to any point £ of the circle the corresponding point
(€,m0) on the longitude S' x {ng}, as shown in Figure A. Hence we claim
that the cocycle o, —coincides with the cocycle or, induced by the projection
7y : St x S — S! on the second factor (see Example 2.4.2). In fact, for every
g= (&) €S xSt and every x € S!, we have that
057]0 (97 x) =g + S"]O (x) - 8770 (g + x)
= (&m) + (z,m0) — (€ +2,m0) = (0,7) = ony(9)

(see Figure [2.2|B), which can be rewritten as
g+ 5n0($) = 772(9) + 8770(9 + :U) :
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Figure 2.2: The cocycle associated to the trivial section of the 2-torus

Example 2.4.5. Our next example describes a class of cocycles that has been
deeply studied so far. For instance, it is the object of Zimmer superrigidity theorem
mentioned in the introduction [Zim80]. Let G and H be locally compact second
countable groups and let (X, ux) and (Y, uy) be measure spaces equipped with
a measure preserving G (respectively H)-measurable action. Assume also that
the H-action is free. An orbit equivalence between X and Y is a measurable
isomorphism 7 : X — Y such that

7(Gzx) = Hr(x)

for every x € X. Given such an equivalence we can associate to every pair (g, x) €
G x X a unique element h,, € H such that

m(gx) = hgam(z).
Hence we define a measurable map
or :Gx X = H, 0:(9,%) = hgs

which turns to be a cocycle. In fact, for almost every x € X and for every g1,g92 € G
we have

hg1gz,x77(l‘) = m(g1927) = hg1,gzz77(g2$) = hg1,gzzhgz,x77(l‘)
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and, since H acts freely on Y, it must be hg, g, 2 = hgy gozligs a-

When G and H are higher rank semisimple Lie groups with trivial center and
no compact factors and if both the actions are free, ergodic and irreducible, Zimmer
showed that the cocycle o, defined above is cohomologuous to the cocycle induced
by an isomorphism p : G — H and hence the actions are conjugated [Zim80),
Theorem 4.3].

Sometimes, before studying a class of mathematical objects, it is natural to
consider an equivalence relation that allows to identify elements lying in the same
equivalence class. In addition, as suggested by Example measurable cocycles
can be interpreted as a generalization of the notion of representation, and in that
context it is particularly interesting to consider homomorphisms modulo conjuga-
tion. For this reason, we are going to introduce an equivalence relation between
cocycles which is nothing that the natural generalization of conjugacy between
representations.

Definition 2.4.6. Let 01,00 : G x X — H be two measurable cocycles, let
f: X — H be a measurable map and denote by O'{ the cocycle defined as

ol (g,7) = f(gz) " o1 (g, ) f () (2.15)

for almost every g € GG and almost every x € X. The cocycle a{ is the f-twisted
cocycle associated to o1. We say that o1 is cohomologous to oo (writing o1 ~ o3)
if there exists a measurable map f such that oo = a{ .

Remark 2.4.7. If p1,ps : G — H are two conjugated continuous representations
and (X, ux) is a standard Borel probability G-space, then there exists an element
h € H such that

p2(h) =h™"pi(g)h

for every g € GG. Hence by taking the essentially constant function
fn:X—>H, f(x)=h,

we get that
Tpa(9:2) = palg) = ™ pr(g)h = ot

that is 0,, ~ 0,,. This confirms that cohomology between cocycles naturally
extends conjugation between representations.

We also notice that the converse does not hold in general, namely two repre-
sentations inducing cohomologous cocycles are not necessarily conjugated, since
the measurable map X — H which realizes the cohomology may depend on X.
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The equivalence relation introduced in Definition hides a cohomological
interpretation of the classes of measurable cocycles, that we will briefly describe
(refer to Feldman and Moore [Moo76l [FM77] and to Furman [FurlQ] for a detailed
discussion).

Given a standard Borel space (X, ux), to any px-invariant equivalence relation
R C X x X and Polish abelian group H one can associate a cochain complex
(C*(R; H),d®) as follows. We consider the space

RO = {(zo,...,me) € X |(zij,zi+1) €ER,Vi=0,...,0— 1}

endowed with the measure ,ug;) defined as

19(4) = /ﬁ{(:ﬁl, )| (o, @) € Abdpx (xo).-
X

We notice that at degree 0 we simply have R(Y) = X, while at degree 1 one has
RM =R,
We define the set

C*(R;H) = {f: R H, f measurable}/ ~L®
X

where f ~,® 9 if they coincide ,ug;)—almost everywhere, and the operator
X
d*:C*(R;H) —» C*"Y(R; H),
o+1 )
d.(f)(l'o, N ,.CL'.+1) = H f(.’L‘(), e ,Zi\'i, . ,$.+1)(_1) .
i=0

where H is considered with a multiplicative structure.
It follows by the definition that d**! o d® = 0, hence the pair (C*(R; H),d®)
forms a cochain complex whose cohomology

H"(R; H) = H"(C*(R; H),d*) = Ker(d®)/Tm(d*~")

is the cohomology of R with values in H. We notice that the assumption that H
is abelian is essential to define H"(R; H) only for n > 1. In fact, we are interested
in the 1-dimensional cohomology of a specific class of equivalence relations, called
orbital equivalence relations, with values in generic topological groups. Precisely,
in the setting of Definition [2.4.1] one can define the equivalence relation Rg where
(r,9) € Rg < y = gz for some g € G. In this case we define the space Z'(Rq; H)
as the set of functions ¢ : Rg — H satisfying the relation

c(z,z) = c(x,y)c(y, 2) (2.16)
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for almost every x,y,z € Rg). Hence we have a natural identification between

measurable cocycles G x X — H and Z'(Rq; H) realized by the following map

©:{c:GxX — H, o cocycle } —— ZYRg; H)

o —— fo(z,92) =0(g,2).

The 1-cohomology group of R with values in H, denoted by HY(G ~ X; H),
is defined as the quotient Z'(Rq; H)/ ~ where

fi~ fo & 3h € Meas(X, H) | fi(x, gz) = h(gz) ™" fo(z, go)h(z), V x € X,g € G

where the condition fi(z,gr) = h(gx)~!fa(x, gz)h(z) is exactly the one of Equa-
tion applied to the cocycles ©~1(f1) and ©~!(f2). In other words, the map
© factors through the equivalence relation of cohomology between cocycles and
defines a bijection

{o0:GxX — H, ococycle }/~ <+ H{(G ~ X; H).

We conclude this part by introducing a weaker notion of equivalence between
cocycles, that we will exploit in Chapter [6]

Definition 2.4.8. If 01 : G x X — Hj and 05 : G x X — H, are two measurable
cocycles, we say that o1 and o9 are equivalent (writing o1 ~ o3) if there exists a
group isomorphism s : H; — Hy such that so o] ~ 9.

Straightening the comparison between representations and cocycles, we now
focus on the image of a cocycle. It is well widely recognized the crucial role of
the image of a representation into a semi-simple algebraic groups, as one can find
in the works by Burger, lozzi and Wienhard [BIW10] and in the one by Pozzetti
[Poz15]. For representations into algebraic groups the image is a subgroup in the
target and hence its Zariski closure is a group as well. Even if the image of a
cocycle has no algebraic properties, we can get an analogous definition using the
notion of algebraic hull. This technical step is necessary since a priori the image
of a cocycle is not a subgroup of the target group.

Definition 2.4.9. Let G be a semisimple real algebraic group and denote by H =
H(R) the real points of H, namely the real solutions of the polynomials defining
G. The algebraic hull of a measurable cocycle o : G x X — H is the (conjugacy
class of the) smallest algebraic subgroup L of H such that L(R)° contains the
image of a cocycle cohomologous to o.

We say that o is Zariski dense if its algebraic hull coincides with the whole
group H.
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We remind the reader to [Zim84, Proposition 9.2.1] for a proof of well-definition
of algebraic hull. The argument relies on the Noetherianity of the target group.

Since we are strongly interested into Zariski dense cocycles and because of the
invariance of such property with respect to cohomology, we denote by

Hyp (G ~ X5 H)

the subset of classes of Zariski dense cocycles in HY(G ~ X; H).
To conclude this section, we describe an example of cocycle that is not Zariski
dense.

Example 2.4.10. Consider the real hyperbolic space H% and the group of orien-
tation preserving isometry Isom™ (H3) = PSL(2,C) endowed with its Haar mea-
surable structure. We consider a locally compact second countable group I' and a
standard Borel probability I'-space (X, px). We claim that a measurable cocycle

o:T x X — PSL(2,C)

that preserves an equivariant family {J,}.ex of totally geodesic copies of HZ,
namely such that o(vy,z)Y,; = V. for almost every v € I" and almost every z € X,
cannot be Zariski dense. In fact, by Proposition PSL(2,C) acts transitively
on totally geodesic copies of H]%g inside HI‘?&, so that the set of such embeddings is
identified with the quotient PSL(2,C)/Stabpsy,(2,c)t0, Where ¢o denotes the stan-
dard embedding. Hence, by composing the map x — ), with a measurable section
PSL(2, C)/Stabpgy,2,cyto — PSL(2, C) one can construct a measurable map

g: X —PSL(2,C), z+ g,

such that g,V, = YV, for some fixed xg € X. In other words, the image of the
twisted cocycle 09 (see Definition [2.4.6]) is contained into Stabpgy,2,c)(Vz,), that
is a proper subgroup of PSL(2,C), and hence o is not Zariski dense.

2.4.2 Boundaries and boundary maps

The goal of this section is to introduce boundaries for locally compact second
countable groups and then the notion of boundary maps for cocycles. We will
finally describe the pullback along cocycles by showing the importance of boundary
maps in this theory. Since there exist several notions of boundaries in different
contexts, we spend a few lines to clarify our approach.

The notion of boundary for a group G that we use is due to Bader and Furmann
[BE14Db] and it is based on the notion of relative metric ergodicity (see Definition

53



. Such spaces have two crucial properties: firstly they are amenable G-
spaces, and this make them a suitable choice for the Burger—-Monod characteriza-
tion of bounded cohomology of G. Secondly, the double-ergodicity of the G-action
is a useful ingredient to prove rigidity phenomena, as we will see in Chapter
After the general definition of boundaries we focus on the Furstenberg—Poisson
boundary [Fur63]. We give an explicit realization of those objects in the case of
semi-simple Lie groups (Example and for finitely generated discrete groups

(Example [2.4.15)).

Let G be a locally second countable group. In view of Definition 2.1.11] we
give the following

Definition 2.4.11. A G-boundary is an amenable Lebesgue G-space B such that
the projections pry : B x B — B and pry : B x B — B on the two factors are
relatively metrically ergodic.

Remark 2.4.12. As observed in [BE14bl Remarks 2.4], a G-boundary in the sense
of Definition [2.4.11] is a strong G-boundary in the sense of Burger and Monod
[BM02]. Here by strong boundary we mean an amenable G-space such that the
diagonal action on the product is ergodic. Thanks to Theorem and Theorem
2.2.10], it can be exploited to compute the continuous bounded cohomology of G.

We now recall the following useful property of boundaries.

Proposition 2.4.13 ([MS04, Proposition 2.4]). Let B a strong boundary for T
and Q be a standard Borel probability I'-space. Then the diagonal action of I' on
B x X and B x B x X is ergodic.

As an example of G-boundary we consider the case of lattices into connected
semi-simple Lie groups, that will come in handy in Chapter 4], and the case of
finitely generated discrete groups which are the main objects of Chapter [6]

Example 2.4.14. For a lattice I' < G into a connected semi-simple Lie group G,
the Furstenberg—Poisson boundary [Fur63] of T' coincides with the quotient G/P
by any minimal parabolic subgroup endowed with induced measure class and, by
[BE14bl, Theorem 2.5], it is a I-boundary in the sense of Definition

For instance, in Chapters [ and [5] we will deal with complex hyperbolic lattices,
that are torsion-free lattices in the group

PU(1,n) :=SU(1,n)/ + A\1d,

where SU(1,n) is the isometry group of the complex hyperbolic H: space recalled
in Example In this case and in view of Example [2.3.10, as a minimal
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parabolic subgroup of PU(1,n) we can take P = Stabpy )&, that is the stabilizer
in PU(1, n) of the north pole £ = [1,0,...,0, 1] in the Shilov boundary S; ,, & S?"~1
(see for instance [Qui, Section 2.2.2] for an explicit description of the group P).
Anyhow, since PU(1, n) acts transitively on S ,,, we deduce that the Furstenberg—
Poisson boundary of a torsion-free lattice I' < PU(1,n) coincides with its Shilov
boundary, namely

PU(1,n)/P = s> 1

We notice that, since rk(PU(1,n)) = 1, a minimal parabolic subgroup is also
maximal, and the previous identification immediately follows.

We conclude by pointing out that, in the higher rank case, there exists a
natural map from the Furstenberg—Poisson boundary to the Shilov boundary. In
fact, the first one coincides with the quotient G/P where P < G is minimal
parabolic and the second one can be identified with G/Q(R) for some maximal
parabolic subgroup Q < G (see Section , and the inclusion P < @ := Q(R)
induces a projection G/P — G/Q(R). This is the case of the group SU(p,q)
when 1 < p < g recalled in Example where minimal (respectively maximal)
parabolic subgroups are stabilizers of complete flags of @, ,-isotropic subspaces
(respectively of maximal @), 4-isotropic subspaces).

Example 2.4.15. When I is any finitely generated group endowed with the dis-
crete topology, we recall the realization of a Poisson boundary for I' (see [BI04,
Theorem 7.1] for details). If S is a set of generators for I', we define a probability

measure on I' as 1
ms = —rar Os + Og—1.
2]5|; s

To realize a Poisson boundary for I' related to the measure ug we start with the
realization of a Poisson boundary for the free group Fg on the set S. Let Tg(00)
be the boundary of the Cayley graph Tg of Fg, namely the set of all reduced words
on S of infinite length. We endow such a boundary with the Fg-quasi invariant

measure defined by
_ 1
m(C(x)) = W

where z is any reduced word of length n, r = |S| and C(z) denotes the set of all
reduced words of infinite length starting with x. Hence the pair (7g(oc0),m) is the
Poisson boundary of Fg related to the measure

1
m = MZ(SS—F(SSA.

seS

Coming back to I', if p : Fg — I is the representation of I" realizing it as a quotient,
we denote by N = ker p and we consider the set L>°(Tg(00),m)" of N-invariant
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essentially bounded functions on 7g(o0). By Mackey realization Theorem [Mac62]
there exists a standard measure space (B,v) equipped with a measurable map
p : Ts(oco) — B such that p,(m) = v and the pull back via p identifies L (B, v)
with L (Tg(00),m)N. The fact that (B,v) actually is a Poisson boundary for T
follows from the fact that the pull back along p identiﬁes p-harmonic bounded
functions on I', namely functions f : I' — R such that f(¥) = [ f(77)du(y), with
essentially bounded function on (B,v). Moreover, the ergodlclty of the dlagonal
action of Fg on Tg(oo) implies the ergodicity of the diagonal action of ' on B x B.
Finally, it can be proved that the action of I' on B is also amenable (see [BI04,
Proposition 7.1]).

As observed in Remark the amenability of the G-action on a G-boundary
reveals the link between boundaries and continuous bounded cohomology. On the
other hand, the next definition relates boundaries and measurable cocycles.

Definition 2.4.16. Let G be a locally compact second countable group, let B be
a G-boundary and let H be a locally compact group. Consider a standard Borel
probability G-space (X, ux) and a Lebesgue H-space (Y,v). A boundary map for
a measurable cocycle o : G x X — H is a measurable map

¢p:BxX =Y,
which is o-equivariant, that is
¢(9€, 97) = 0(g,2)(§, @) (2.17)
for almost every g € G and almost every b € B,z € X.

Remark 2.4.17. We push further the comparison between cocycles and represen-
tation by relating boundary maps to the notions introduced in Section

(i) In the setting of Definition [2.4.16, if 0 = o, is the cocycle induced by a
representation p : G — H as in Example then a p-equivariant map
¢ : B — Y naturally defines a o0,-equivariant map ¢ : B x X — Y as

¢(b, ) := ¢(b)
for every b€ B and z € X.

ii : Bx X — Y is a boundary map for a cocycle ¢ : G x X — H an
ii) If : Bx X — Y is a bound f 1 G x X — H and
f: X — G is a measurable function, the map ¢f : B x X — Y defined as

¢f(b7 l’) = f(m)_IQS(b? l’)
is a boundary map for the twisted cocycle o/ introduced in Definition m
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As we will see in the next section, boundary maps allows to write down an
alternative implementation of the pullback along cocycles. On the other hand in
Section we showed how to find a representative in the resolution of essentially
bounded measurable functions on the boundary for some preferred cohomology
class. This approach will be very fruitful to prove rigidity results in the context
of cocycles, as well it has been for representations [BI02, BI04, BIW07]. For this
reason, the investigation about the existence of boundary maps is a crucial point
in the theory of measurable cocycles that will be discussed in Chapter

2.4.3 Pull back along measurable cocycles

In this section we exploit all the notions introduced in this chapter in order to define
the main tool that we need to investigate rigidity results for cocycles, namely the
pullback along cocycles. This construction is nothing that the generalization of the
pullback along representations in the more general setting of measurable cocycles.
Since for our purposes we consider cocycles I' x X — H where I' is endowed
with the discrete topology, we restrict to this specific setting. As we will see, by
extending faithfully the pull back for representations one get a map from the real
bounded cohomology of H into the bounded cohomology of I' with coefficients into
L*°(X;R). In order to remove the dependence on X and hence to land into the
real bounded cohomology of I', we will need to integrate over X with respect to
the I'-invariant measure px.

We first describe the natural extension of the pullback for representations, that
was introduced by Burger and lozzi [BI02], without using boundary maps.

The second part is devoted to describe an alternative version of the pullback
in case of existence of boundary maps. This is nothing that the work done by
Moraschini and Savini in [Sav22, [MS20, MS21), [Sav20] and it will be the right
approach to prove all our main results. For an almost self-contained description
of this theory we refer to the recent works by Moraschini, Savini and the author
[MS20), [Sav20), [SS21cl, [SS21h].

We first consider a measurable cocycle o : I' x X — H where I' is endowed
with the discrete topology. We define the map

Cp(o) : Cop(H;R) — Cp(I; L2 (X5 R))
as follows
C () (W) (Y0, - - -, Ye) () = w(a(’yo_l, a:)_l, . ,J(’)/._l,.f(})_l). (2.18)

A slight modification of the argument in [Sav20, Lemma 2.7] shows that the
map Cp (o) induces a map at a cohomological level.
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Lemma 2.4.18. The map C} (o) is a well-defined cochain map which restricts to
mwvariant cochains, namely

Ch(o) : Co(H; R) — CH(T; L=(X;R))T,
and hence it induces a map between cohomology groups
H} (o) : Hyy (H; R) — HY ([, L (X; R)). (2.19)

Proof. The fact that C} (o) is a cochain map is an easy computation, and it actually
preserves boundedness. We prove that the image of an H-invariant cochain is I'-
invariant. Let ¢ € C& (H;R)¥ and let 7,70,...,7 elements of I'. Hence we
have

(v Co @) (@) (0, -, 70) (@) = C (@) (@) (v 0,7 e) (v ')
=P(o(yg v,y ) oy )T
=P(o(v,7 ') ol L),
Plo(ygha) ™oy )T
= Co(a) () (05 - - - ve) (),

where we moved from the first line to the second one using the definition, from the
second line to the third one using the cocycle condition of Equation (2.13)) and we
concluded by exploiting the H-invariance of . O

Remarkably, the map induced in bounded cohomology depends only on the
cohomology class of o.

Proposition 2.4.19 ([SS21bl Proposition 2.15]). Let I be a discrete group and
let (X,px) be a standard Borel probability I'-space. Given a measurable cocycle
0:I'x X = H and a measurable map f: X — H, it holds that

Hy(of) = Hi (o) .

Proof. Following the line of either [Mon0I, Lemma 8.7.2] or [Sav20, Lemma 2.9],
we are going to prove that the pullback induced by ¢/ and ¢ are chain homotopic.
Consider a cochain ¢ € C,(H;R)¥. For every (1o, ...,%) € ['**! and for almost
every x € X, we have that

CheN) W) (0. 7e) (@) = (0 (g, 2)) e (0 () ™)
1



where we moved from the first line to the second one using the definition of of
and we exploited the H-invariance of 1 to move from the second line to the third
one. We want to prove that the right action by measurable maps is actually chain
homotopic to the identity. In this way the claim will follow.

For 0 < i < e — 1 we now define the following map

st(0, f) : Cop(H,R) = CH (T LE(XGR)) 5 880, /)W) (0, -+ Yem1) (1) =
= w(a(’yo_l, a;)_lf(*yo_lx), ... ,U(*yi_l, x)_lf('yi_lx), J(’yl-_l,a:)_l, oty )Y,
and we set s%(a, f) := Y024 (—1)s? (0, f). If we define for —1 < i < e the map
p; (0, f) : Co(H;R) — CG(IsL(XGR)) ooy £) () (0, -+ 7e) (@) =

=Y(o(yg h2) (g te), .oy )T () o (v ) T (e )T

we can notice that p® (o, f) = C} (o). As noticed in the proof of [Mon01, Lemma
8.7.2], one gets

5]'-_135_1 , j<i

setlgs = P = (2.20)
p; j=i+1
6;-:115; , j>i

where we have decomposed 6° : C3,(H;R) — ngrl (H;R) as 6° = > (—1)j(5; and

7=0

5;(¢)(h0, ey h.+1) = ’gb(ho, e ,hjfl, hj+1, ey h.+1) (notice that, with a Slight
abuse of notation, we are using §° for both the coboundary operators on bounded
functions on H and on I'). By Equation ([2.20) we obtain

0, £)8% = =6" 5% (0, ) + Y (pt-1(o, f) = pf) =
=0

=050, f) + CL(0) — pa(a, f).

It is immediate to notice that on the subcomplex of the H-invariants cochains it
holds that

pilo,f) =Ch(o7)

and hence on the invariant subcomplex we get that
(0, f)0° +8%5"(0, f) = Cy*(0) — Ci (o) .

This concludes the proof. O
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As pointed out above, the pullback defined by Equation get back a class
in Hp (T'; L*°(X; R)), whereas the standard pullback along representations provides
a class in the real cohomology of I'. To get an analogous map for cocycles, we
proceed with the following construction.

We define the integration map

I% : Co(T; L°(X;R)T — Co(TyR)T (2.21)
Vo )00 = [ D050 dix o)

that is a well-defined cochain map [Sav20, Lemma 2.7] and hence, by compos-
ing with the function defined in Equation (2.18]), we get the following map at a
cohomological level

Hp (o) - HYy (H;R) — HE, (TG R) (2.22)

H} (%) ([¥]) = [Ix o Ch(0) ()]

We now move to the implementation of the pullback through boundary maps.
In particular we suppose the existence of a c-equivariant measurable function
¢: BxX — Y foracocycle o : I'x X — H, where B is a I'-boundary in the sense
of Definition [2.4.11]and Y is a Lebesgue H-space. In this setting we can naturally
define a map at the level of cochains as
C*(®) : BX(Y*THLR)H - L (BT L2(X;R)Y, (2.23)
C*(®)(¢)(bg, - .., be)(x) :=1(d(bo, x),...,D(be,))
for every ¢ € B®(Y*+t;R)H and almost every (by,...,bs) € B**! and z € X.

Since the above function is a well-defined chain map and it does not increase the
norm [MS20, Lemma 4.2], it induces maps at the level of cohomology groups

H*(®) : H¥ (B> (Y"1, R)H) — HF(T;L°°(X;R)) (2.24)

for every k > 0. We notice that we are tacitly post-composing by the isomorphism
provided by Theorem [2.2.16
An immediate application of [BM02, Proposition 1.5.2] implies the following

Lemma 2.4.20. The following diagram commutes

HA (B (Y R)H ) S HE (H:R) (2.25)

Hk(I’ /
l @ T

HE (T L (X5 R))

for every k > 0.
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Proof. Consider the resolutions (B (Y**1;R),§®) and (C2,(H;R),d*) of Banach
H-modules R. The first one is strong by [Mon01, Lemma 7.5.5], while the second
one is a strong resolution by relatively injective modules by Theorem [2.2.76] Hence,
by [BMO02, Proposition 1.5.2], there exists a cochain map

o BX(Y*TLR) — C% (H,R)
that is unique up to homotopy. Similarly, the resolutions (L% (B*T1; L>(X; R)), 6°)
and (Cp(I',L>(X;R)),0°®) are both strong resolutions by relatively injective mod-
ules, hence there exists a homotopy equivalence of complexes
B L(B*TLL®(X;R)) — C(T, L>®(X;R)).
Hence the maps
B0 C*(®), Cy(0) 0 a® : BX(Y*HR) - C(T3L¥(X; R)),

where we tacitly consider the restriction to the H-invariant cochain for a® and
to the I'-invariant ones for 8°, are cochain maps which extends the inclusion of
coefficients R — L*°(X;R). Again by [BM02, Proposition 1.5.2], they must be
homotopic, and in particular the induced maps in cohomology coincide, namely

H*(®) = HE(0) o c*
for every k > 0 where, as usual, we omit the isomorphisms given by Theorem

2.2.17 O

In other words we have obtained an extension of the work by Burger and lozzi
in [BI02] in the context of measurable cocycles, writing down an explicit formula
for the pullback along cocycles through boundary maps.

We conclude with a boundary version also for the map defined by Equation
(2.22). When o : I' x X — H is a measurable cocycle, B is a I'-boundary and
¢: Bx X —Y is a g-equivariant measurable map, we define the following map
at a cohomological level

HF (@) : HF (B2 (YT, R)H) — HE(G;R) (2.26)
HE (@) ([¢]) = [I o C*(@) ()] -
Also for the integrated version of the pullback we lead to an analogous commutative
diagram

HE (B (Yt R)H) — & HE, (H;R) (2.27)
k X
LH <¢%
Hf(T'; R)
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for every k£ > 0.

Remark 2.4.21. Even if we have described two different versions of the pullback
that by Lemma actually coincide up to compose with the canonical map
of Equation , we prefer not to distinguish them with two denominations.
When the notion of pullback will bring up, we will regard to rule out any possible
ambiguity. In particular, in Chapter [4] and in Chapter [5] we will use the integrated
version (Equation and Equation (2.26))), while in Chapter [6] we will exploit
the one defined by Equation and Equation .

2.5 CAT(0)-spaces and measurable fields

Since one of our main goal is to investigate the existence of boundary maps for
measurable cocycles, the final preliminary section is devoted to introduce some
tools that we will need in Chapter [3], in particular to prove Theorem [I} Precisely,
we first introduce the basics of CAT(0)-spaces, the notion of telescopic dimension
and the Fuclidean De Rham decomposition. Then we define measurable fields and
some results as a measurable versions of the decomposition into Euclidean and
non-Euclidean factors and the measurable Adam-Ballmann theorem. For details
about the first part we refer to the book of Bridson and Haefliger [BH99| Part II]
or to the paper of Caprace and Lytchak [CL09], while for the second part we refer
to the work of Anderegg and Henry [AH14] and of Bader, Duchesne and Lecureux
[Ducl2l BDLI6].

2.5.1 CAT(0)-spaces

We first recall basic definitions and known facts about CAT(0)-space.

Definition 2.5.1. A metric space (X, d) is a CAT(0)-space if it is geodesic and for
every triple of distinct points z,y, z € X, given a point m in the geodesic segment
between y and z, the following inequality holds

e, m)? < 3 (da,y) + da, ) — 3y, =)

A complete CAT(0)-space is also called a Hadamard space.

Since embedded flats into CAT(0)-spaces play an important role in the study
of their geometry, we recall the following decomposition into Euclidean and non-
Euclidean factors. Precisely, the Euclidean De Rham decomposition of a CAT(0)-
space X is its canonical isometric splitting into an Hilbert space H and a factor Z
which cannot be further decomposed as a product of a non-trivial Euclidean factor
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[BH99, Theorem 6.15]. Moreover, for every point x € X the spaces H (respectively
Z) identifies with a unique closed convex subspaces of X' containing x.
Given a subset Y C X of a metric space, its diameter is defined as

diam()) == sup d(z,y),
z,y€y

and Y is said to be bounded if it has finite diameter. A convex bounded set Y
has some preferred points called circumcenters, which are the centers of balls of
minimal radius containing ). Notice that, without the assumption of convexity,
one can still give the notion of circumcenter but such points may not belong to ).
An equivalent definition can be given in terms of actions of isometries. Precisely,
the circumcenters of a bounded subset Y C X of a generic metric space are the
points fixed by any isometry stabilizing ). A peculiarity of CAT(0)-spaces is that
every bounded subset has a unique circumcenter, which we call center. This fact
follows from a more general property of CAT(k)-spaces, see [BH99, Proposition
2.7] for details.

Before introducing the notion of telescopic dimension, we need the one of geo-
metric dimension. This concept was first introduced by Kleiner [K1e99] in terms of
the space of directions at each point, and then has been reformulated by Caprace
and Lytchack [CL09, Theorem 1.3] in the following way. If X" is a CAT(0)-space,
then its geometric dimension is < n if for each subset ) of finite diameter the
following inequality holds

rad()) < diam(Y),

n
2(n+1)
where rad()) is the circumradius of ), namely the infimum of all positive numbers
r such that ) is contained in some closed ball of radius r. The result by Caprace
and Lytchack leads to a characterization of telescopic dimension, originally given
by [K1e99], that we assume here as a definition (refer to [CL09|] for more details).

Definition 2.5.2. A CAT(0)-space X has telescopic dimension < n if for any
0 > 0 there exists some constant D > 0 such that for every bounded set of ) of
diameter > D, we have

rad(Y) < (5 + > diam(Y).

n
2(n+1)
Remark 2.5.3. The Hermitian symmetric spaces of the form X(p,q) with p < ¢
introduced in Section are CAT(0)-spaces of telescopic dimension p [Ducl2)
Corollary 1.4]. In particular, this implies that the visual boundary 90X (p,q) has
geometric dimension p — 1 [CL0O9, Proposition 2.1].
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For a complete CAT(0)-space X with finite telescopic dimension, Caprace and
Lytchak proved that every filtering family of closed convex subspaces of X either
intersects at X or at 0X [CL09, Theorem 1.1]. Notice that this is equivalent to
quasi-compactness of the space X = X U X endowed with the topology defined
by Monod in [Mon06l, Section 3.7]. The following technical result is an example of
application of [CL09, Theorem 1.1], and it turned out to be the useful in the proof
of [BDL16, Theorem 1.1] and [DLP21, Theorem 1.9]. It will be exploited to prove
Theorem [Il

Proposition 2.5.4 ([BDL16, Proposition 2.1]). Let E be an Euclidean space and
f+ E — R be a convex function. If we denote by m = inf{f(x)|x € E}, then we
have the following four possible cases:

(i) If m is not attained, then (| OFE. # O where E. :== f~1((m,m + €)) is not
e>0
empty and has a center.

If m is attained, we denote by E,, = f~Y(m) and by E,, = F x T its Buclidean
De Rham decomposition. Then one of the following holds

(ii) En, is bounded and thus it has a center;
(iii) T is bounded and OE,, = OF is a sphere;

(iv) T is not bounded and 0T C OF has radius less then

R

Notice that, as mentioned in point (iii), boundaries of flats are Euclidean
spheres, that can be also interpreted as CAT(1)-spaces. In particular, boundaries
of maximal flats are subcomplexes called apartments of the building structure of
the visual boundary. Since we will not directly use such construction, we refer to
[ABO§| for the general theory of such building. We only notice that the existence
of circumcenters for bounded subsets [BH99, Proposition 2.7] holds also in this
case. More precisely, every subset of radius at most 5 in a sphere has a center,
and this property will be used in the proof of Theorem

2.5.2 Measurable fields of CAT(0)-spaces and the Adam—
Ballmann dichotomy

In this section we introduce measurable fields of CAT(0)-spaces and some results
that we will exploit in the next section to prove the existence of boundary maps
for cocycles.
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Definition 2.5.5. Given a standard probability space (€2, uq), a measurable field
of CAT(0)-spaces is a collection of CAT(0)-spaces X = {X,, },eq together with a
countable family 7 C [] X, such that

weN

e for all z,y € F the map w — d,(x,,y.) is measurable;
e for almost every w € €, the set {f, | f € F} is dense in X,,.

A section X is an element x € ][ X, such that, for every y € F the map
we
w > dyy (T, Yw) is measurable.

A subfield Y of X is a collection of non-empty closed convex subsets Y, C X,
such that, for every section x of X the map w + d,(x,, Y,) is measurable.

If G is a locally compact group and 2 is a G-space, a G-action on X is the
datum of a collection {o(g,w)}4eqwen Where

e for every g € G and almost every w € 2, we have o(g,w) € Isom(Xy,, X40);
e for every g, h € G and almost every w € (2, the following equality holds
o(gh,w) = o(g, hw)o(h,w); (2.28)

e for every z,y € F, the map (g,w) — d(z, a(g,g_lw)yg—lw) is measurable.

Remark 2.5.6. The Equation might remind the reader to the cocycle con-
dition of Definition In fact, a cocycle o : I' x X — X into a CAT(0)-space
X naturally defines a I'-action for example on the constant field Y where 2 = X
and Y, = X for every x € X.

A G-action {o(g,w)}gecwen on a measurable field X induces a natural G-
action on every subfield Y by gY = {o(g, 9~ 'w)Y,-1,}o. Similarly, if X denotes
the boundary field of X, namely the field consisting of the boundaries of each
Xy, a G-action on X induces an action on the set of sections of X defined as
(98)w = {0(9, 97" w)€g-1,}-

As proved by Caprace and Lytchak [CL0O9, Proposition 1.8], any isometric ac-
tion of a locally compact group on a complete CAT(0)-space of finite telescopic
dimension either has a fixed at infinity or admits an invariant non-empty closed
convex subset which is minimal, namely it does not contain a proper subset with
the same properties. This allows to reduce the investigation of existence of bound-
ary maps to minimal actions, since the boundary of a closed convex subset natu-
rally embeds into X (see [Ducl2, Theorem 1.7] and [BDL16, Theorem 1.1]). The
following result can be see as the generalization of [CL09, Proposition 1.8] to mea-
surable fields and will be our starting point in the proof of Theorem
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Proposition 2.5.7 ([Ducl2, Proposition 8.11]). Suppose X is a measurable field
of CAT(0)-spaces of finite telescopic dimension, G acts on X and Q is G-ergodic.
Then there exists a minimal invariant subfield of X or there exists an invariant
section of 0X.

A second construction that we will use is the extension of the Euclidean De
Rham decomposition for measurable fields of CAT(0)-spaces.

Proposition 2.5.8 ([Ducl2, Proposition 9.2]). Let x be a section of a measurable
field X. There exists n € N and two subfields E and Y of X containing x such
that X = E XY and E, =2 R" for almost every w € Q. Moreover, E is mazximal
for those properties.

If y is an other section of X and X = E’ x Y’ is another such decomposition
associated to y then for almost every w € 2, the projections T, |E, and Ty, v, are
1sometries.

In particular, the G-action {o(g,w)}gecwen on X splits as

o(g,w) = or(g,w) X oy(9,w)

where {0g(g,w) }geqwea and {oy(g,w)}gecwea are respectively actions on E and
Y.

The following measurable version of the Adam—Ballmann dichotomy [AB9S] is
a crucial result to construct boundary maps.

Theorem 2.5.9 ([Ducl2, Theorem 1.8]). Let G be a locally compact second count-
able group and 2 an ergodic and amenable G-space. Let X be a measurable field
of complete CAT(0)-spaces of finite telescopic dimension. If G acts on X then
there is an invariant section of the boundary field 0X or there exists an invariant

Fuclidean subfield of X.

We conclude by showing how the previous result relates measurable fields and
boundaries (see Definition . Precisely, the way to organize the components
of a measurable field into a standard Borel space with a fiberwise isometric I'-action
is explained by the following

Lemma 2.5.10 ([DLP21, Lemma 4.11]). Let T be a countable group and let X
be a measurable field over a Lebesque I'-space 2. Then there exists a full-measure

subset Qo C Q, a standard Borel structure on X = || X, and a Borel map
w€eNo

p: X — Qo that admits a fiberwise isometric T-action. Moreover, p~*(w) is X,
with the metric d,.

In virtue of Lemma [2.5.10) an invariant section of the boundary field 0X of a
measurable field X on the space B x X is a boundary map in the sense of Definition
and in fact this will be our fundamental tool in the proof of Theorem
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Chapter 3

Boundary maps

It is clear from Section the relevance of boundary maps in the theory of
numerical invariants, since they provide a useful implementation of the pullback
along cocycles. This chapter is devoted to prove the existence of a boundary map
for certain families of cocycles.

In the first part we prove Theorem [I namely the existence of a boundary
map for non-elementary cocycles into CAT(0)-spaces of finite telescopic dimension.
To this end, we exploit the geometric properties of CAT(0)-spaces introduced in
Section and the measurable fields defined in Section For the original
version of this result refer to [SS21a].

In the second part we deal with cocycles into algebraic groups. Precisely we
consider Zariski dense cocycles into simple Lie groups of non-compact type and,
by adapting the argument used in [BEI4al, Theorem 5.3], we prove Theorem
This part is contained in [SS21¢].

Finally we prove some properties of boundary maps. First we show that for
Zariski dense cocycles into PU(p, ¢) boundary maps must have Zariski dense slices.
Then we prove that, for cocycles into groups of Hermitian type, almost every pair
of points in the image of a boundary map into the Shilov boundary consist of
opposite points.

3.1 Boundary maps for cocycles into CAT(0)-
spaces

We consider cocycles o : I' x X — H where I' is a countable group, (X, ux) is

an ergodic standard Borel probability I'-space and H is the isometry group of a
CAT(0)-space of finite telescopic dimension. Moreover, we assume that the o-
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action on X does not preserve a family of flats, which is the natural extension of
non-elementarity for representations.

Definition 3.1.1. Let o : I'x X — H where H is the isometry group of a complete
CAT(0) space X. We say that o is non-elementary if there exists no o-equivariant
family of Euclidean subspaces of X and no o-equivariant family of points in 0X.

We are now ready to prove

Theorem Let T' be a locally compact second countable group, (X, ux) be an
ergodic standard Borel probability I'-space and B a I'-boundary. For every mon-
elementary cocycle o : ' x X — H into the isometry group of a CAT(0)-space X
of finite telescopic dimension there exists a boundary map ¢ : B x X — 0X.

Proof. We consider the constant field X = {X,},cx endowed with the I'-action
defined by o. We first notice that by Proposition either we have a minimal
subfield Y C X or there exists a section of 9X. Since the last one is ruled out by
non-elementary, we can assume the existence of a minimal subfield.

According to Proposition [2.5.8] we consider the Euclidean De Rham decompo-
sition Y = E x Z and we denote by oz and oy the I'-actions induced respectively
on Z and Y. By ergodicity we have that one of the following options is verified for
almost every x € X: either diam(Z,) < 7 or not. In the first case we can denote
by z, the center of Z,, whose existence is ensured by [BL05, Proposition 1.4] and
by considering the o-equivariant family {E, X {z;}}sex we get a contradiction
to the hypothesis of non-elementarity. Hence we assume that almost all the Z,’s
have diameter greater than 7.

We claim that the I'-action oz on Z is minimal and non-elementary. Before
proving the claim, notice that this implies that it is sufficient to find an invariant
section of Z, since the boundaries 0Z,’s are contained in the 0Y,’s and hence in
0X.

Assume that Z is not oz-minimal. Hence by Proposition there exists a
minimal invariant subfield W C Z whose product with E is a strict subfield of
E xZ =Y, contradicting the minimality of Y. Similarly, a oz-equivariant family
of flats {F,} would produce a o-invariant family of flats in X', which is ruled out
by non-elementarity of o.

Hence it remains to prove the existence of an invariant section of the boundary
field 0Z, where Z has trivial Euclidean factor and it is endowed with a minimal
action {oz(v,x)}.

We consider the measurable field U = {U¢,}¢ reBxx where Ug, = Z, for
every pair (§,z) € B x X. Recall that by Proposition the spaces B x X
and B x B x X are ergodic I'-spaces. By [Zim84, Proposition 4.3.4] B x X is
also I'-amenable. In this context we apply [Ducl2, Theorem 2.5.9] and we have
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two possible cases: either there exists a section of OU or there exists an invariant
Euclidean subfield E C U. Since in the first case we are done, we need to rule out
the second one.

We consider the distance map

d:BxBxX =R, (&,&,2) = d(Ee 2 By ) = yei}Iﬂlf d(y, Ee, 2)
§1.%

where the E¢.’s are the sheets of the Euclidean subfield E = {E¢ .} z)enxx-
Following [BDL16], we have four possible cases, and by ergodicity one of them
must occur almost surely. Moreover, again by ergodicity, the distance map is
essentially equal to some value, say dg, for almost every x € X and &,& € B.
Case (i): Suppose that dy it is not attained for almost every z € X and
&1,& € B. Hence for almost every x € X and & € B we can define the subspaces

1
Eghfz,x = {y € Efl,x | d(y7E£2,x) <dp+ n}

which are nested subspaces of E¢ ,. By [Ducl2, Proposition 8.10] we have a
o-equivariant map

¥:BxBxX—|]J0E, cOE,
where we are considering the measurable field {E 1,52733}(51752,90)6 BxBxx such that

E{ . .= FE¢ o forevery v € X and §,& € B. It follows directly from Lemma
2.5.10| that the projection p of (a full-measure subset of) (JOE; ., , on B x X has

a ['-fiberwise isometric action, so that we can apply relative metric ergodicity to
the following diagram

B x B —Y 4 Meas(X,0E)

I [
B —2 5 Meas(X, B x X).
Here ¥ and j are induced respectively by ¢ (namely (&1, &) (x) == ¥ (x, &1, £2))
and by the inclusion of constants (namely j(§)(z) = (£, x)), while 7 is the pro-

jection on the first factor and py is defined as px(f)(z) := p(f(z)). The I'-action
on Meas(X, JE) is the one induced by o, precisely

(VN =ty 0 (3.1)
for any v € T"and f € Meas(X, 0E). By applying the cocycle condition of Equation
(2.13) we have that for almost every 1,72 € I’

(1725) () = o(my2,75 ) FO0s )
= o(v1, 727 ' ) (e, v P ) F (v P )
=o(y,7 o (2, ) (e ) = (e f) ().
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Moreover, since v is g-equivariant, we have that
W (y61,62)(1) =¥
=1

g

Y€1, 762, )
751,752,77‘1-)

(’Y Y6, Lo,y )
=o(v,y )&, &) ()

(
(

and hence V¥ is I'-equivariant.

Concerning the projection px, we can equip it with a fiberwise isometric I'-
action as follows. For any z € X, we denote by dj,(,) the metric on the leaf dEj, ;)
of the field OE and we define a metric on px as

dh9) = / T dy (@), g(a)) P50

for every f,g € )_( (h) C Meas(X OE). Hence, for every v € I' we have

(@), (19)(x))
415:19) / don vf()(vg)( jy (@)
1
)

:/ dvh(:c)( ol o) f(yw), 0 (v, ey )
x L+ dy(o(y,y o) f(y~1e), o(y, v ta)g(y ')
_ dn(f(y~! )g(v‘lw))

-/, (/0 1o) g1z X @)

(f
_ dun(f(2),9(x)) 2) =
/ T dy(f(2).g(z ))dﬂx( )=d(f,9),

where we used definition of the metrics on the fibers and the I'-invariance of the
metric d to move from the second line to the third one and we concluded exploiting
the I'-invariance of ux.

By relative metric ergodicity we have a lifting B — Meas(X, JE), thus ¥ does
not depend on the second factor. Hence we have a o-invariant map B x X —
OE C 9U, whose existence is ruled out by the dichotomy of Theorem [2.5.9

We can suppose that the distance dg¢, ¢, , is attained almost surely and we
define the non-empty subsets

thfz,x = {w € thx ‘ d(w7E§27l‘) = dO} - E{hw‘

px ()

Case (ii): The We, ¢, »’s are bounded. We can associate to any such subset its
circumcenter c¢, ¢, .- The map

Y:BxBxX=E, ¢(&,&,1) = ce

is o-equivariant and relative metric ergodicity applied to the same diagram of case

(i)
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B x B —2 5 Meas(X,E)

L

B —2 5 Meas(X, B x X)

implies that ¥ does not depend on the second factor. If we replace m; in the
above diagram with the projection 7y : B x B — B on the second factor, the same
argument shows that ¥ is also independent on the second factor. In other words,
we obtain a map 9 : X — E such that

() = o(y, z)p ().

Since points are 0-dimensional flats, this contradicts non-elementarity.
Thus the W, ¢, ,’s are not bounded, and we can consider their Euclidean De
Rham decomposition

W$17§279€ = F§17§279€ X T§17§27557

where the Fy, ¢, ,’s are maximal Euclidean factors.
Case (i1): 1f the T, ¢, »’s are not bounded, as in case (i) we realize a map

¢:BXBXX—>8T, ﬂ)(gla{%x) =Gl

where c¢, ¢, » is the center of 0T¢, ¢, , and T denotes the measurable field given
by the T¢, ¢, »’s. Notice that c¢, ¢, » can be defined thanks to [BDL16l, Proposition
2.1]. Using the same arguments of case (i), we get a contradiction.

Case (iv): Finally, if the T¢, ¢, »’s are bounded we consider a subfield E’ of E
whose sheets are defined by

Eéh&z,:r = Fﬁlvéz,x x {t&,éz,x}

for every x € X and &1,& € B, where t¢, ¢, , is the circumcenter of T¢, ¢, . The
same argument used in [BDL16] shows that in fact E¢ ¢, », = Eg¢, , for almost
every r € X and £1,& € B. Moreover, E¢ , and Eg , are parallel for almost every
z € X and almost every &, ¢ € B, which means that d(E¢ , Fe ) = 0 and is
denoted as

Eﬁ,x//Eﬁ',z .

By Fubini’s theorem there exists an element &y € B and a full-measure subset
2 C B x X such that

B [/ Egon
for almost every (£,z) € Q. Let QU := () 7€, which is still of full-measure since
vyel’

I' is countable. We consider the set

C, = convex hull ({E&'7x}(£’z)eﬂr‘)7
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which can be decomposed into Euclidean De Rham factors E, x T, such that

By | B¢ /| B¢y (3.2)

for every (£,z) € QF.
Moreover, for almost every x € X and « € I', we have

oz(v,2)Cy = convex hull (az(’y,ﬂi)Eg,x)(g,x)eQF
= convex hull (Eye yz)(¢z)e0r

= convex hull (E¢~z) (e yayear = Cya s

where to pass from the first line to the second one we used the fact that E is a
subfield of U and to pass from the second line to the third one we exploited the
action on QF.

Now, by the minimality of Z we must have C, = Z, for almost every x € X
and since Z, has trivial Euclidean factor, by Equation we have

dim (B ;) = 0

for every (&,z) € Q. Hence we have a section B x X — U and, by the same
argument used in case (i), we have a contradiction. O

3.2 Boundary maps for cocycles into algebraic
groups

In this section we consider a Zariski dense measurable cocycle ¢ : I' x X — H,
where T is a locally compact second countable group, (X, ux) is a standard Borel
probability I'-space and H is a simple Lie group of non-compact type. Moreover,
we denote by B a I'-boundary in the sense of Definition

It is worth noticing that we do not know how to adapt the approach adopted
by Burger and Iozzi to prove the existence of boundary maps for representations in
the analogous setting [BI04, Proposition 7.2]. The crucial, and for us inaccessible,
point is in the notion of mean proximality, which we are not able to adapt in
our context (see also [Zim80, Mar91l BI04] for details about this approach). We
chose instead the point of view introduced by Bader and Furman in [BEF14b].
Here the authors exploited the notion of relative metric ergodicity to show the
existence of boundary maps for Zariski dense representations of locally compact
second countable groups into connected simple Lie groups [BF14b, Theorem 3.4].

We recall that in the above setting, by [BF14al Theorem 5.3] there exists an
algebraic subgroup L < H and a I'-equivariant universal map ¢ : X — H/L
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such that, for any algebraic H-space V' and for any I'-equivariant measurable map
¥+ X — V, there exists a ['-equivariant measurable map 7 : L/H — V that makes
the following diagram commutative

X\\\K/jHM

This universal property is the fundamental ingredient in the proof of

Theorem (2| Let I' be a locally compact and second countable group and let H be
a simple Lie group of non-compact type. Let (X, pux) be an ergodic standard Borel
probability I'-space and let o : I' x X — H be a Zariski dense measurable cocycle.
Then, for any I'-boundary B there exists a o-equivariant map ¢ : B x X — H/P
where P < H is a minimal parabolic subgroup.

Proof. Since B is a strong boundary by Remark by Proposition [2.4.13]
both B x X and B x B x X are ergodic I'-space. Thus we denote by L, Ly the
algebraic subgroups of H and by ¢ : Bx X — H/L, ¢9: Bx B x X — H/Lg the
I'-equivariant universal maps associated respectively to B x X and to B x B x X.

Since Bx X is amenable by Proposition[2.1.18] then there exists a o-equivariant
map v : B x X — M'(H/P) where P < H is a minimal parabolic subgroup and
MU (H/P) is the space of probability measures on H/P.

By ergodicity of I' on B x X and by the smooth action of H on M!(H/P)
[Zim84!, Corollary 3.2.23], it follows that the induced map

v:BxX — MY H/P)/H

is essentially constant. Equivalently, v has image essentially contained in a single
H-orbit, namely we get a map B x X — H/Stabg(ug) where Stabg (1) is the
stabilizer in H of some probability measure yo € M*(H/P). By [Zim84, Corollary
3.2.23] we have that Stab (1) is algebraic and amenable. Hence we can exploit the
universal property of ¢, in order to get a I'-equivariant map H/L — H/Stabg(po).
Thus, up to conjugacy, L < Stabg (o) and moreover, by amenability of Stab g (o),
it follows that L is amenable.

Consider now the map ¢ ome where m : B X B x X — B x X is the projection
on the last two factors. By the universal property of ¢g, we get a I'-equivariant
map 7 : H/Ly — H/L such that the following diagram commutes

BxBxX %o

H/L.

H/Lg
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Again, up to conjugation, we can assume that Ly < L and, denoting by
R :=Rad, (L)

the unipotent radical of L, we get the chain of inclusion Ly < LgR < L and the
induced chain of projections H/Ly —=— H/LoR ——~ H/L.

Define now the maps
®: B — Meas(X,H/L), ®(&)(-) = ¢(&,-)

and

&g : B x B— Meas(X, H/Ly), Po(&1,&2)(5) == ¢o(&1,82,-).

Hence, by the same arguments used in the proof of Theorem [l we have that & is
I'-equivariant (where the I" on Meas(X, H/L) is the one defined in Equation (3.1)).
Similarly, one can check the I'-equivariance of ®g.

Consider now the following commutative diagram

B x B 2% Meas(X, H/LoR)

7
pro \I/ ipé(

= ®  Meas(X, H/L)

where p3X (f)(-) == p2(f(-)), and pry : B x B — B is the projection on the second
factor. We remark that the existence of the map ¥ follows from the fact that pg(
is fiberwise I'-isometric and from the relative metric ergodicity of pr,. In fact,
a metric on Meas(X, H/LyR) compatible with the I'-action defined in , can
be found as follows. Let e € Meas(X, H/L) be the constant function e(z) :=
L. If we denote by d the L/R-invariant metric on L/LoR cited in the proof of
[BE14a, Theorem 3.4], we can set the metric dy on the special fiber (p3)~!(e) =
Meas(X,L/LyR) as

_ [ @)
W09 = [ T, e

for every f,g € Meas(X, L/LoR). Since the group Meas(X, H) acts transitively

on Meas(X, H/LoR), we can move the metric dy on the whole Meas(X, H/LoR).
To show the compatibility of the collection of metrics on the fibers, let h €

74



Meas(X, H/L) and let f,g € (p5)~'(h). Then

- (o e) f(y ) o(v, v tz)g(y 1))
d”(’yf”g)‘/ 1+dwh<a< v ) f(e), o (7,7 2)g(v e
B dn(f(v '), g(v 1)) _
-/, T 70t Iy (@) =

(

[ dT@))
= J THATE. st ) =)

where we used the transitivity of Meas(X, H) and the definition of the metrics on
the fibers to move from the first line to the second one and we concluded exploiting
the I'-invariance of px.

Define the T'-equivariant map ¢ : B x X — H/LyR as ¥(§,z) == ¥(£)(x) for
almost every £ € B and almost every x € X. By the universal property of ¢,
there exists ¢ : H/L — H/LyR which is in fact a isomorphism, and hence, up to
conjugation, we can assume that LogR = L.

By defining

))dﬂx(ﬁf) =

¢:BxBxX—=H/LxH/L, (¢x¢)(&, &, x):=((&1,2), ¢(&2, 7))

we know by the universal property of ¢g that we have the following commutative
diagram

BxBxX i H/Lg

PX¢ /

H/L x H/L.

Additionally, notice that given ~1,v2 € I' we have

(¢ x @) (&, 1262, @) = (o(v1, 71 '2)d(&1, 77 ' 2), o (2,75 @) b (€2, 75 ')

for almost every &1,& € B,x € X by the o-equivariance of ¢. As a consequence of
the Zariski density of o, the essential image of ¢ X ¢ is Zariski dense in H/L x H/L.
Thus H/Ly is Zariski dense in H/L x H/L or, equivalently, RLyR is Zariski dense
in H. Thus, by [BFl4a, Lemma 3.5] H is parabolic and, being amenable, is also
minimal. This concludes the proof.

O]

We can now prove the existence of a boundary map in the setting of Theorem

Bl
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Corollary 3.2.1. Let n > 2 and let I' < PU(1,n) a torsion-free lattice. Consider
an ergodic standard Borel probability I'-space. If o : T x X — SU(p, q) is a Zariski
dense measurable cocycle, then there exists a boundary map ¢ : OHE x X — Sp 4.

Proof. By [BF14al Theorem 2.3] the Furstenberg boundary of I', which coincides
with the visual boundary OHZ., is actually a I'-boundary. Hence, applying Theorem
we get a map into the Furstenberg boundary of SU(p, q) and we compose with
the projection on the Shilov boundary (induced by the inclusion of a minimal
parabolic subgroup into a maximal one). O

Remark 3.2.2. In the setting of Corollary since Zariski density implies non-
elementarity, Theorem (1| provides a boundary map OHg x X — 0X(p,q). More-
over, by ergodicity we have that it takes values in the set of isotropic k-dimensional
subspace in the boundary 90X (p,q) for some k < p. To see this, for each pair
(§,z) € OHE x X one can take the smallest cell in the spherical building of
0X (p,q) which contains ¢(§,x), that corresponds to a totally isotropic flag of
CP (see [Ducl2]). By ergodicity the type of this flag must be the same for almost
every pair in OH¢ x X and by taking the maximal isotropic spaces of any flag we
get the desired map. If we assume that o is Zariski dense, the same argument in
[DLP21), Theorem 1.7] show that k = p, which means that the target is the Shilov
boundary of X' (p, ¢). This gives an alternative proof of Corollary which relies
on the geometry of the symmetric space X (p, q).

3.3 Properties

Given a measurable map ¢ : B — Sg from a I'-boundary B into the Shilov
boundary of a semisimple Lie group of Hermitian type, its essential Zariski closure
is the minimal Zariski closed subset V of Sg such that pu(¢~1(V)) = 1. Such a set
exists since the intersection of finitely many closed subset of full measure has full
measure and Sg is an algebraic variety, in particular it is Noetherian. We say that
such a measurable boundary map is Zariski dense if its essential Zariski closure is
the whole Sgq.

Since the Zariski density of the slices of a boundary map will be needed in the
proof of the main theorem, we are going to prove the next

Proposition 3.3.1. Let I' < PU(1,n) be a complex hyperbolic lattice with n > 2
and consider a Zariski dense cocycle o : T'x X — SU(p, q) together with a boundary
map ¢ : OHE x X — S, 4. Then for almost every x € X the slice ¢, = ¢(-,x) is
Zariski dense.
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Proof. Before starting the proof, recall that the Shilov boundary &, 4 corresponds
to the real points S, , = (H/Q)(R) of the quotient of the complexification H of
SU(p, q) (which is SL(p+¢, C)) modulo a maximal parabolic subgroup Q stabilizing
a maximal isotropic subspace of CPT4. For almost every z € X, we are going to
denote by V, C H/Q the smallest Zariski closed set such that V,, := V,(R) C S, 4
and ¢;'(V;) has full measure in OHZ. As noticed in [Pozl5] those sets exist by
the Noetherian property.

By embedding suitably H/Q in some complex projective space PN (C), we can
define a map,

v: X — Var(PY(C)), v(z):=V,.

Here Var(PV(C)) is the set of all the possible closed varieties inside PV (C) with
the measurable structure coming from the Hausdorff metric (Zariski closed sets are
closed in the Euclidean topology and this makes sense). The map v is measurable
since the slice ¢, varies measurably with respect to x € X as a consequence
of [Mar91l, Chapter VII, Lemma 1.3], by the measurability of ¢. Moreover, for
almost every v € I' and almost every z € X, by exploiting the fact that o acts by
isometries on S, ; we have

d(yz) = a(y,)p(x) € oy, 2)Va

and hence, by minimality of V,,, it follows that o(vy,2)V, C V,,. Similarly, ex-
ploiting minimality of V., one can prove that (v, x)_lvw C V, and this implies
the following equality

Vi, =0(v,2)Vy. (3.3)

In other words we proved that the map v is og-equivariant, namely

o(yz) = o(y,x)o()

for almost every v € I' and almost every z € X.

On Var(PV(C)) the group GL(N + 1,C) acts naturally on the left. As noticed
in the proof of [Zim84, Proposition 3.3.2], the set Var(PY¥(C)) decomposes as a
countable union of varieties and the action of GL(N + 1,C) on those varieties is
algebraic and hence smooth. Seeing SU(p, q) as a subgroup of GL(N + 1,C), we
argue that the quotient ¥ := Var((P(C))/SU(p, q) is countably separated and v
induces a map

v: X=X, v(x):=SUp,q) - V.,

which is I-invariant, since v was o-equivariant by Equation ({3.3]). By the ergodicity
of I' on X, the above map must be essentially constant. Equivalently v must take
values into a unique orbit SU(p, q) - Vg, for some z¢p € X. Now, by composing
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the homeomorphism SU(p, q) - Vi, = SU(p, q) /Stabgy(p.q) (V) with a measurable
section

SU(p, Q)/StabSU(p,q) (on) - SU(p, Q)
(see [Zim84] Corollary A.8]), we get a measurable map g : X — SU(p, ¢) such that

V. =g(x)Vy, .

This implies that o is cohomologous to a cocycle preserving V,, and the latter
must coincide with H/Q by the Zariski density assumption on o. Hence for almost
every x € X, we have V, = H/Q and hence V, = SU(p, q), which means that
almost every slice is essentially Zariski dense. O

Our last result study the image of boundary maps of Zariski dense cocycles
and involves the notion of opposite points introduced in Section [2.3.1

Proposition 3.3.2. Let G = G(R) where G is connected component of the isom-
etry group of an Hermitian symmetric space. Let o : I' x X — G be Zariski dense
and let ¢ : Bx X — G/Q be a boundary map where Q = Q(R) < G(R) = G is
some maximal parabolic subgroup such that Sg is identified with G/Q. Then for
almost every x € X and by, by € B, ¢(b1,x), p(be, z) are opposite in G/Q.

Proof. Following the proof of [BI04, Proposition 7.2], we consider the map
BxBxX =N, (b,b, ) dim(o(by,x) N ¢(ba, x)).

Such a map is I-invariant and, by the ergodicity of I" on the product B x Bx X (see
Proposition, it is essentially equal to a constant d. Assume by contradiction
that d is positive. Then, if we denote by V, = Esslm(¢,) the essential image of
¢z, then one can adapt the argument in [BI04, Proposition 7.2] as follows: for
any b € B and x € X we consider the set nt(¢(b,x)) of points in G/Q that are
non-opposite to ¢(b, z). Fix an x € X with such that

dim(¢(b1, z) N ¢(be, ) = d ,
for almost every b1, bs € B. As a consequence, if we suitably fix by € B, it holds

¢(b1,$) € nt(¢(b2,$)) s

for almost every by € B. Since nt(¢(be, z)) is a proper Zariski closed set of G/Q,
this implies that the Zariski closure of the essential image VIZ must be a proper
Zariski closed set. By Proposition almost every slice of a boundary map of a
Zariski dense cocycle has Zariski dense essential image, thus we get a contradiction
and the statement is proved. ]
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Now, combining Theorem [2| with Proposition [3.3.2] we obtain the following

Corollary 3.3.3. Let T' be a finitely generated group, let (X, ux) be an ergodic
standard Borel probability I'-space and consider a Zariski dense measurable cocycle
o:I'x X — G into an Hermitian Lie group. Then there exists a boundary map
¢:BxX — G/Q where Q < G is some mazximal parabolic subgroup. Moreover,
for almost every x € X and by, by € B, it holds (¢(b1,x), ¢(b2, ) € (G/Q)?).
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Chapter 4

Toledo 1nvariant and
superrigidity

In this chapter we apply the machinery of pullback along cocycles described in Sec-
tion [2.4.3]in the context of cocycles o : I' x X — SU(p, ¢) where I' < PU(1,n) is a
torsion free lattice and I" acts ergodically on X (for the definition of both PU(1,n)
and SU(p,q) see Examples [2.3.3| and [2.3.4). In particular we define the Toledo
invariant associated to a measurable cocycle, extending the notion of Toledo in-
variant for representations (see for instance Burger, lozzi and Wienhard [BIW10]
and Pozzetti [Poz15]). Then we provide a useful formula involving this numerical
invariant by exploiting the version of the pullback through boundary maps. Such
a formula, that is the natural adaption of the one obtained by Burger and lozzi
for representations [BI09], will lead to characterize a family of cocycles, called
mazimal cocycles that are the main object of this part.
We define, once and for the whole chapter, the following

Setup 4.0.1. Fiz integersn > 2 and 1 < p < q and consider the following objects:
e I' < PU(1,n) is a torsion-free lattice;
o (X, pux) is an ergodic standard Borel probability T'-space;
e 0:1'x X = SU(p,q) is a measurable cocycle;
o ¢:0HE x X — 8,4 is a boundary map for o.

We notice that, when o is Zariski dense, the existence of the boundary map ¢

is ensured by Corollary
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4.1 The Toledo invariant of a measurable co-
cycle

In the setting of Setup [£.0.I} we notice how the target of the pullback defined by
Equation is the second bounded cohomology of I'. In order to obtain a map
into the second continuous bounded cohomology of PU(1,n), we need to define
the transfer map, that is the function

Tp - HY(I R) — He, (PU(L,n);R) (4.1)
induced in cohomology by

Tj : CH(I;R)T — O (PU(L,n); R)PULA)

(T20) (0r -1 70) = /F i T T

Here p is the probability measure induced on the quotient by the Haar measure
on PU(1,n) (see [BBI13, MS20, MS21] for more details about the transfer map).

We recall that H (PU(1,n);R) = R and that it is generated by the Cartan
class [¢,] (see Remark . Hence the machinery developed in Section m
leads to the following

Definition 4.1.1. In the situation of Setup the Toledo invariant associated
to o is the real number t;(0) satisfying

T (HE (07) (Ku () = to(0)[enl] (4.2)
where ng(p g I8 the Kéhler class of SU(p, q).

We recall that the transfer map is also induced by the map

T} : L((0HR) 1) R)T — L ((9Hg)+); R)PU)

(T2 (G £) = /F vy U (D)

defined at the level of resolutions on boundaries.

This, together with the implementation of the pullback defined through bound-
ary maps and to the Diagram , shows that the composition of the map defined
by Equation with T? applied to the class [Bsu(p,q)] (see Definition ,

defines a class Tg(HQ(q)X)([ﬁSU(p,q)])) which satisfies
T3 (H?(2%) ([Bsu(p.g)) = to(0)[cn)
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(here, as usual, we are tacitly composing with the canonical map of Equation([2.9)).
Hence we obtain the following formula

/ / Bsv(p.) (0(50, 7)., B(GE1 ), S(GEr, ) dpix (1)du(@) = (4.3)

N\PU(1,n) X
= tp(0)cn (8o, €1, &2)-

Moreover, as proved for instance in [BBI13| [Poz15, BBI18], Equation (4.3) holds
for every triple (£o,&1,&2) of pairwise distinct points in OHI.

Remark 4.1.2. Tt is worth noticing that Equation is a suitable adaptation
of [MS21l, Proposition 1.1] to this particular context. The absence of coboundary
terms is due to the doubly ergodic action of I' on the boundary OH and to the fact
that all the considered cochains are alternating. Additionally, the Toledo invari-
ant t(0) is the multiplicative constant Ag, ., (o) associated to o, Bsy(
namely

p.q)> Cn

tb(o-) = )\BSU(p,q)ﬂ:’n (J) )
according to [MS21), Definition 3.21].

We immediately show the basic properties of the numerical invariant just de-
fined, that are a almost direct consequence of Proposition Before we need
the following definition, that characterizes boundary maps which preserves chains.
This particular class of equivariant maps plays an important role in the proof of
superrigidity results, both for representations (see Pozzetti [Poz15, Theorem 4.1])
and in our context (Theorem [3).

Definition 4.1.3. A measurable map ¢ : OH¢ — S, is chain-preserving if, for
almost every &£1,& € (8Hg)(2) and for almost every n lying on the chain from &;

and &1, we have ¢(n) € (¢(&1), ¢(€2)).

Hence we have the following

Proposition 4.1.4. In the situation of Setup the Toledo invariant t,(o)
satisfies:

(1) [tp(o)] < k(X (p, ¢)) = min(p, q);

(2) |tp(0)| = rk(X(p,q)) = min(p,q) if and only if the slice ¢, = ¢( - ,x) is
chain-preserving for almost every x € X.

Proof. Ad 1. By Proposition [2.3.13] we know that ||c,|loc < 1 and also that
1BsU(p,q) oo < k(X (p, q)). Hence we obtain

6(0)] = [8(0)enlloe = [ THC2 (@) (Bsuga)lloe < TE(X(p.0)) .
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since both the transfer map T? and the pullback map C*(®X) are norm non-
increasing.

Ad 2. Assume that the slice ¢, is chain preserving for almost every = € X.
Fixed a point « € X, if ¢, is chain preserving and the triple (o, &1, &2) lies on a
chain, then the triple (¢,(9&0), ¢2(9&1), ¢=(g€2)) lies on a m-chain for almost every
g € I'\PU(1,n). Hence, if we fix a triple (£, &1,&2) € (8H@)(3) of positive points
on a chain, it holds ¢, (&o,&1,&2) = 1 and by hypothesis it follows

/BSU(p,q) (¢m (gg())’ o (?gl)v o (§§2)) = I“k(X(p, Q))

for almost every g € I'\PU(1,n),x € X. In this way we obtain
ty(0) = / ( / B(x(980), ¢2(961), %(952))61#)((90)) dp(g) =
M\PU(1,n) \JX

:/F\PU(M) (/X rk(X (p, q))dux(a?)> du(g) = rk(X(p,q))

as claimed.
For the converse assume ty(0) = rk(X(p, q¢)). Fixing a positive triple (&, &1, £2)
(GH@)@’) on a chain, it follows by Equation (4.3)) that,

B(¢2(g€0), 02(9€1), 02(9€2)) = tk(X (P, q))

for almost every g € I'\ PU(1,n) and z € X. By the o-equivariance of ¢ we argue
that

m

B(2(980), D2(91), b2 (962)) = rk(X (P, q))

for almost every ¢ € PU(1,n) and x € X. By the transitivity of the PU(1,n)-
action on chains, the map ¢, is chain preserving, as desired.
The same arguments can be used for the negative case. O

By Proposition |4.1.4] it follows naturally the next

Definition 4.1.5. In the situation of Setup a cocycle o is mazimal if tp(o) =
rk(X(p, ¢)) = min(p, q).

It is worth mentioning that the notion of maximal measurable cocycles is a
substantial extension of that one of maximal representations. Indeed, given any
maximal p : I' — SU(p, q) in the sense of Pozzetti [Pozl5] and any measurable
function f : X — SU(p,q), it is easy to check that the twisted cocycle a}: is
actually maximal. Moreover, if p is Zariski dense then it admits an essentially
Zariski dense boundary map ¢ : OHE — S, 4 [Pozl5, Proposition 2.9]. Hence the

induced boundary map ¢ : 9Hg x X — S, 4 defined as in Remark 2.4.77 has in fact
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essentially Zariski dense slices. In particular it satisfies the hypothesis of Theorem
which can be seen as the converse of what noticed above.

We conclude this section with a characterization of boundary maps with Zariski
dense slices associated to maximal cocycles.

Lemma 4.1.6. In the situation of Setup if o is mazimal and the slice ¢,
has essentially Zariski dense image for almost every x € X, then ¢, is rational
for almost every x € X.

Proof. 1t follows by [Pozl5l Theorem 1.6] since ¢, is essentially Zariski dense for
almost z € X and it is chain preserving by Proposition O

4.2 Superrigidity for maximal Zariski dense
cocycles

The aim of this section is to prove Theorem [3] As anticipated, the proof follows
the line of that in [Zim80, Theorem 4.1] and is based on both Lemma and
on the following result about invariant measures on quotients of algebraic groups,
which is an immediate consequence of [BDL17, Theorem 3.9].

Lemma 4.2.1. Let G be a semisimple algebraic R-group and let Gy be a R-
subgroup. Denote by G = G(R) and Gy = Go(R) the associated real points,
respectively. Consider a lattice T' in G. Then, any measure on G/Gy which is
mwvariant by left translations in I, it is also a G-invariant measure.

Proof. By [BDL17, Theorem 3.9] the stabilizer of a I'-invariant measure is an
almost algebraic subgroup of G that must coincide with the whole group by Borel
Density Theorem [Zim84, Theorem 3.2.5]. O

We are now able to give the proof of

Theorem Consider n > 2 and 1 < p < q. Let I' < PU(1,n) be a torsion-
free lattice and let (X, ux) be an ergodic standard Borel probability T'-space. If
o:I'x X — SU(p,q) is a mazimal Zariski dense measurable cocycle, then it
is cohomologous to the restriction of a cocycle associated to a representation p :

PU(1,n) — SU(p, q).

Proof. Assuming the same algebraic structures on OHg and S, ; as those ones de-
scribed in Example we denote the set of rational maps between boundaries
by

Q = Rat(0Hg, S, ) -
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As described in Example there exists a natural action of PU(1,7n) x SU(p, q)
on it defined as follows: for each h € PU(1,n), g € SU(p,q),& € OHE and f € Q,

((h,g)- ) =g fF(h7'E) .

Since o is Zariski dense, by Corollary [3.2.1] we know that there exists a bound-
ary map ¢ : OHg x X — S, 4. Being o also maximal, by Lemma we can
define the function

P:X - Q, x+— ¢y

and by composing it with the projection @ — Q/SU(p, ¢) we obtain
®: X+ Q:=0/SU(p,q), =~ SU(p,q)- s

Since ¢ is a boundary map for o, its equivariance implies

D(yz) = Pyl - ) = (4.4)

In the equation above, notice that v € I' acts on the quotient Q via

v+ (SU(p,q) - ¥) :=SU(p,q) - (v-¥),

where 7+ is the rational map (7y-)(§) = ¢(vy71€), for £ € OHP. As a consequence
of Equation (2.17)) we get

and hence it holds R R
S(ya) =7 B(a)

from which we deduce that ® is a I'-equivariant map on the quotient. It follows
that the induced map

C%' X — é = Q/PU(1,n) x SU(p,q), =z~ PU(1l,n)x SU(p,q) - ¢q.

is I'-invariant and, since I' acts ergodically on X, it is essentially constant or,
equivalently, ® takes values in a single PU(1,n)-orbit. Notice that to conclude

that ® is essentially constant, we exploited the fact that Qis countably separated
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because of the smoothness of the joint action of both PU(1,n) and SU(p,q) on Q
(see Example [2.1.8)).

Let 7o € X be a point such that ® takes value in the orbit PU(1,n) - ®(zo) and

~

set Go = Stabpy(1,n)(®(z0)). The latter is an algebraic R-subgroup of PU(1,n)

~

by [Zim84), Proposition 3.3.2]. Since the orbit PU(1,n) - ®(z¢) may be identified
with PU(1,n)/Go by the smoothness of the action [Zim84, Theorem 2.1.14], we
can compose the map

®: X — PU(1,n) - ®(x) = PU(1,n)/Go ,
with a measurable section
s:PU(1,n)/Gy — PU(1,n) ,
which exists by [Zim84, Corollary A.8]. The previous composition gives us a map
g: X —PU(1,n)
which is measurable (being the composition of measurable maps) and such that

O(z) = g(x)®(wo)

for almost every x € X. By definition, we have

~ ~

®(yr) = g(yx)®(20)

for every v € I' and almost every z € X. On the other hand, by equivariance we
get
P(yz) = v(®(x))
and thus
(v9()) " g(yx) € Go.

The induced map
g: X —PU(1,n)/Gy

is I'-equivariant and this ensures the existence of a I'-invariant finite measure
(by push-forward) on PU(1,n)/Gy. By Lemma such a measure is in fact
PU(1,n)-invariant and, since Gy is a closed subgroup, it coincides with PU(1,n)
again by the Borel Density Theorem [Zim84, Theorem 3.2.5]. Hence d is essentially
constant or, equivalently, ® takes values in a single SU(p, ¢)-orbit. Denote again
by ¢¢ an element in the orbit and choose a map

f: X —=SU(p.q)
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satisfying
®(z) = f(x)¢o.
The measurability of f follows by the same argument we used to prove the mea-

surability of g. By rewriting Equation (4.4) using f we obtain

f(yz)po = o (v, ) f(x)vdo (4.5)

and then
v o = flya) oy, @) f(x)go. (4.6)
We define

B:Tx X = SU(p,q), B(v.x)=flyz) oy, 2)f(x)
and, by Equation , we get
¢0(€) = By, 1) By, w2)do(€)

for all v € I and for almost all £ € OH,% z1, 22 € X. Hence B(v,z1) ' 8(7, x2) lies
in the stabilizer of the image of ¢g. Since the latter is essentially Zariski dense, the
product B(v,z1) B(7, x2) actually stabilizes Sp,. Since the pointwise stabilizer
of S (that is the kernel of the action of SU(p, q) on S, 4) is trivial, it follows that
B does not depend on X and hence it is the cocycle associated to a representation

p:I'=SU(p,q) .

Moreover, by Equation (4.6)), the map ¢¢ is a boundary map for p, it is rational
and has essentially Zariski dense image in SU(p, ¢). It follows by [Poz15l Theorem
1.1] that p is the restriction of a representation

p:PU(1,n) — SU(p,q)

and, finally, o is cohomologous to the restriction to I' of the induced cocycle o,
as desired. O

We can now prove that, except when either p = 1 or p = ¢, there are no
maximal Zariski dense cocycle as in the statement of Theorem [3] Precisely, we
have the following

Proposition 4 Consider n > 2. Let I' < PU(1,n) be a torsion-free lattice and
let (X, ux) be an ergodic standard Borel probability I'-space. Assuming 1 < p < q,
there is no mazimal Zariski dense measurable cocycle o : T'x X — SU(p, q).
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Proof. Following the proof of Theorem [3] given such a maximal cocycle, there
exists a maximal representation p : I' — SU(p,q). By [Pozl5, Corollary 1.2], if
P # q, such a representation cannot exist. O

Since maximal measurable cocycles into SU(p, ¢) cannot be Zariski dense when
1 < p < g, it is quite natural to ask which could be their algebraic hull. The
following result provides an answer to this question and it can be seen as the
analogous to the characterization given in [Pozl5, Theorem 1.3].

Proposition |5 Fiz positive integers n > 2 and 1 < p < q. Let T' < PU(1,n) be a
complex hyperbolic lattice, (X, px) be an ergodic standard Borel probability T'-space
and consider a mazimal cocycle o : T'x X — SU(p, q). Denoting by H the algebraic
hull of o and by H = H(R)®, then H splits as the product K X Ly, x Ly, where K is
a compact subgroup of SU(p,q), Ly is a Hermitian Lie group of tube-type and Ly,
1s a Hermitian Lie group not of tube-type that splits again as a product of several
copies of SU(1,n).

Proof. Being maximal, o is tight, that is the pull back along ¢ preserves the norm
of the Kéhler class ng(p,q). By [Sav20] the group H is reductive and hence it
splits as the product of a compact factor L. = K and a non compact factor L.
By splitting L. in simple factors Lq, ..., L, we notice that the composition of o
with any projection m; : L1 X ... X L — L; is a Zariski dense maximal measurable
cocycle from a complex hyperbolic lattice to L;. It follows by [MS21, Theorem
1.5] that none of the L;’s can be isomorphic to SU(1,1). Hence the inclusion
Ly, — SU(p, q) satisfies the hypothesis of [Pozl5, Proposition 2.5], which states
that each factor L; is either of tube-type or isomorphic to some SU(p;, ¢;) where
1 < p; < ¢q;. We denote by L; the tube-type part and we focus on the non-tube-
type factors. Again by [MS21, Theorem 1.5, if one of SU(p;, ¢;)’s is actually of
the form SU(1,s) (that is p; = 1), we must have that s is equal to ¢ by Zariski
density. By Proposition [4| the Zariski density of an ergodic cocycle taking values
into SU(p;, ¢;) implies necessarily that p; = 1 and we are done. O
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Chapter 5

Infinite dimension and
reducibility

In Chapter [4] we have studied cocycles from complex hyperbolic lattices into the
Hermitian group SU(p, q). In particular we focused on maximal and Zariski dense
cocycles, where the first properties refers to a multiplicative constant that we called
Toledo invariant (Definition [4.1.1)), and the second one is related to the notion of
algebraic hull (Definition . In this chapter we study cocycles I' x X —
PU(p, 00) where T is a complex hyperbolic lattice and the target is the isometry
group of the Hermitian symmetric space X (p, co) introduced in Example[2.3.5] The
approach adopted is different from the one of Chapter [4] and this is motivated by
the fact that the absence of algebraicity does not allow to speak about algebraic
hull, and hence about Zariski density (see also Example . The idea, inspired
also by the work of Duchesne, Lecureux and Pozzetti in [DLP21], is to introduce a
notion of finite dimensional algebraic subgroup of PU(p,00) and hence the one of
finitely reducible cocycles, that refers to cocycles admitting a representative in its
cohomology class with image contained into a finite dimensional algebraic subgroup
of PU(p, o0). This notion is strictly related to the embedding between Hermitian
symmetric spaces of the form X (p, ¢) introduced by Definition In particular
the standard embedding and Proposition will be an important ingredient to
prove that maximal cocycles are finitely reducible, that is the content of Theorem

6l

After a brief introduction about the Toledo invariant, that is a mere adaption of
Section we will introduce finite dimensional algebraic subgroups of PU(p, 00)
and the definition of finite reducibility. Then we will pass to the proof of Theorem
[6l Finally, as a consequence of Theorem [I|and of Theorem [ we will prove Theorem
that is version of Mostow rigidity for infinite dimensional cocycles.
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For the original version of the results discussed in this chapter refer to [SS21a].

From now on we will consider a measurable cocycle o : I'x X — PU(p, c0) and a
boundary map ¢ : OH¢ x X — 7, where I is a complex hyperbolic lattice, (X, ux)
is an ergodic standard Borel probability I'-space and Z,, = Z,,(p, c0) denotes set of
p-chains in the visual boundary 90X (p, 00), according to Definition Since
1, is a subset of the space of p-dimensional subspaces of an Hilbert space H, we
endow it with the measurable structure coming from the Grassmannian Gr,(H).

A crucial difference between the finite case and the infinite one in the context of
symmetric spaces is that PU(p, q) is locally compact for ¢ < oo whereas PU(p, c0)
is not. To overcome this problem we will deal with the bounded cohomology
groups Hp (PU(p, 00); R), namely its continuous bounded cohomology if we endow
PU(p, c0) with the discrete topology.

We recall that, by Example the space X'(p, o) is an Hermitian symmet-
ric space and hence we can exploit the material introduced in Section Pre-
cisely, as in the finite dimensional setting, we have a cohomology class k%U(p’ o) €

HZ(PU(p, 00); R) called bounded Kdihler class of PU(p, oc), that satisfies

15D (prooy |00 = TKX (p, 00) = p. (5.1)

Exploiting both the pullback defined by Equation (2.22)) and the transfer map
defined by Equation (#.1)) and since H2,(PU(1,n); R) = R, we have that
Tj o HA(0) (kpyp,e0) = to(0)[cn] (5.2)

for some real number t, (o) that we call Toledo invariant associated to o (see also
Definition . As in the finite dimensional case (Definition , since both
T? and HZ(oX) are norm non-increasing, then [ty(c)| < p we can define mazimal
cocycles as those with Toledo invariant equal to p.

The analogous of Equation [£.3] in this context can be obtained by rewriting

Equation as follows
Tj o H*(@%)([8]) = to(0)[cn)

and hence getting the analogous of Equation (4.3)

/ B(6(Gko, z), 6(G0, ), (30, 2))dpx () | durpuanm@ = (5.3)
\PU(1,n)

= ty(0) - en(&o, €1, €2)

that holds for every triple of distinct points (£o, &1, &2) in OHE ([Pozl5, [SS21c]).
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5.1 Algebraic subgroups of GL(H).

In this section we describe a notion of algebraicity for subgroups of the group of
bounded linear operators of an infinite dimensional Hilbert space. This allows to
recover a notion of algebraic subgroups of PU(p, c0) which a priori is not defined.
We first introduce the notion of polynomial map.

Definition 5.1.1. A map f: L(H) — R is a polynomial map if it is a finite sum
of maps fi,..., fr where for each ¢ = 1,..., k there exists h; € L™ (L(#),R) such
that fi(g) = hi(g,...,qg) for every g € L(H). The degree of f is the maximum of
the n;’s.

Now, in parallel to the finite dimensional case, we define an algebraic subgroup
as the set of the zero locus of some family of polynomial maps. More precisely,

Definition 5.1.2. A subgroup G of GL(H) is algebraic if there exists a positive
integer n and family P of polynomial maps of degrees at most n such that

G={9eGLH)|Plgg")=0, VP e P}
A strict algebraic subgroup is a proper algebraic subgroup of GL(H).

To define a linear algebraic subgroup of GL(n, R) we consider polynomial equa-
tions in matrix coefficients. The generalization to infinite dimension of this notion
is the content of the following definition (see [DLP21l, Definition 3.4]).

Definition 5.1.3. Let H be an infinite dimensional Hilbert space and choose
an orthogonormal basis (e,)nen. A homogeneous polynomial map P : L(H) X
L(H) — R is standard of degree d if there exist two naturals ¢,m such that
¢+ m = d and a family of real coefficients (\;);cn2¢ and (p5)jen2m such that for
any (M,N) € L(H) x L(H) we have that P can be expressed as the absolute

convergent series

P(M,N)= > \uPi(M)P;(N)
i€EN2¢ jeN2m

where P;(M) = H < Mej,, , €y, > and Pj(N) = H < Meiy,, €1y y >
=0
A standard polynomwl map is a finite sum of 5tandard homogeneous polynomial

maps.
An algebraic subgroup of L(H) is standard if it is defined by a family of stan-
dard polynomial maps.
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Hence we have the following interesting property, that shows how proper stan-
dard algebraic subgroups are closely related to finite dimensional subspace of H.

Lemma 5.1.4 ([DLP21, Lemma 3.6]). If H is a strict standard algebraic group,
then there exists a finite dimensional subspace E of H such that the the group
Hg={g€ H|g(E)=FE, gg. = 1d} is a strict algebraic subgroup of GL(E).

We call the subspace E support of the strict algebraic subgroup H and the
group Hg the F-part of H. We are now ready to give the following

Definition 5.1.5. A finite dimensional algebraic subgroup is a standard algebraic
subgroup of GL(#) of the form Hg.

Hence, it follows by Lemma the following characterization of finite di-
mensional algebraic subgroups.

Lemma 5.1.6. If E is a finite dimensional subspace of H and H is a subgroup
of GL(H) contained in GL(E), then H is algebraic in GL(E) if and only if it is
finite dimensional algebraicin GL(H).

Proof. If H is finite dimensional algebraicin GL(H) then H = Hg and by Lemma
it is algebraic in GL(E). Conversely, if H is algebraic in GL(E), it is also
an algebraic subgroup in GL(#). Moreover, any polynomial which defines H on
GL(FE) can be turned into a polynomial on the entries of the matrices. Hence the
same polynomials, seen as standard polynomial maps in the sense of Definition
define a standard algebraic subgroup in GL(#). Since it fixes E* then it
coincides with its F-part and we are done. ]

We come back to the groups U(p, q). It is well know that the group U(p, co) is
algebraic subgroup of GL(#). Indeed, if V{ := Span{ey, ...e,}, we have that

U(p,00) = {g € GL(H) | g"1dp cog = Idp o0 }

where Id,,  is the linear map Idy; ® _Idvol. Since the map (A, B) — A*Id, .o B —
Idy,  is bilinear on L(#) x L(H) then U(p, 00) is algebraic in GL(Hgr) and hence
in GL(H) (see [DLP21] for more details and for the proof that GL(#) is actually
standard). By Proposition we can say immediately that the groups U(p, q)
with ¢ < oo, seen as subgroups of U(p,00) inside GL(H), are actually finite di-
mensional algebraicsince they stabilize the embedding of X (p, ¢) inside X (p, o).

Since we work with the quotients PU(p, q) instead of the groups U(p, q), we
call finite algebraic a subgroup of PU(p, c0) if its preimage under the projection
U(p, o) — PU(p, 00) is finite dimensional algebraicin GL(H) in the sense of Defi-
nition
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5.2 Finite reducibility of a cocycle

The final aim of this section is to prove Theorem [6] Before passing to the proof,
we need to introduce the notion of reducibility of a cocycle. In fact, given cocycle
o: T x X — PU(p,00) one can asks when the image of o is contained in some
suitable subgroup of PU(p,c0). More precisely, definitions and results given in
Section allow us to define a class of cocycles for which some nice algebraic
properties of the image are recovered.

Definition 5.2.1. A cocycle o : I' x X — PU(1,n) is finitely reducible if it admits
a cohomologous cocycle with image contained in a finite dimensional algebraic
subgroup of PU(p, 00).

Before proving the main theorem, we recall by [DLP21] the following

Definition 5.2.2. A measurable map ¢ : JH¢ — I, almost surely maps chains to
chains if for almost every chain C C OHE there is a p-chain 7 C Z,, such that for
almost every point £ € C, ¢(€) € T.

An equivalent condition to the one above, which corresponds to the one given
in Definition in the finite dimensional case, is to check that for almost every
pair (§o,&1) € OHE x OHE the points ¢(&) and ¢(&;) are opposite and, for almost
every 1 € Cg¢,, the subspace ¢(n) is contained in (¢(&n), ¢(&1)) [Pozl5, Lemma
4.2].

Before passing to the proof of Theorem [6] we need the following result about
maps that almost surely maps chains to chains, which is a slight refinement of
[DLP21), Proposition 6.2]. Since there is a natural embedding 0Hg C P"C, we can
say that a set of kK < n + 1 points in OH is generic if, for every 1 < h < k, any
subset of h points does not span a (h — 2)-dimensional subspace.

Lemma 5.2.3. Let ¢ : OHE — I, be a measurable map that almost surely maps
chains to chains. Then there exists a unique minimal totally geodesic embedded
copy of X(p,q) C X(p,00) that contains the image of almost every (n + 1)-tuple
of generic points in OHE. Moreover, p < q < np.

Proof. We argue by induction on n. The case n = 1 is clear, since there is only one
chain C in OH} and for almost every 71,12 € C the subspace (¢(m),&(n2)) C H
defines a copy of X (p,p) C X(p,00). The fact that ¢ almost surely maps chains
to chains implies that for almost every ¢ in OH} we have ¢(&) < (¢(m1), &(n2))-

Assume that the statement holds for n — 1. Thanks to the construction in
[DLP21], we can define a full-measure subset G of the set of (n + 1)-tuple of
points in general position of OHF such that for every (&, ..., &,) € G the following
conditions hold:
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® D¢, en_,) almost surely maps chains to chains;

e for almost every n € (&, ...,&n—1) then (p(n), ¢(&r—1)) is a 2p-dimensional
subspace on which the restriction of @) has signature (p, p);

o for almost every n € (§,—1,&,) then (¢(n), p({n—1)) is a 2p-dimensional sub-
space on which the restriction of @) has signature (p, p);

e for almost every n; € (€,-1,&,) and 2 € (o, . .., &n—1) the space (¢(m1), ¢(n2))
has dimension 2p and the restriction of @ has signature (p, p).

As proved in [DLP21, Proposition 6.2], for almost every (&,...,&,) € G the
space

‘/50,.~-,En = <¢(€0)7 s 7¢(€n)>

contains ¢(n) for almost every n € OH. Furthermore, the restriction of @ to
Veo....6, is non-degenerate of signature (p, q) with p < ¢ < np.

We now prove that almost every pair of tuple ((&,...,&), (10, --.,7n)) € G2
give the same subspace. We first note that, since V¢, ¢ contains the image
of almost every point in JHZ, it clearly contains ¢(no),...,®(n,), and hence
(¢(no), .-, ¢(nm)), for almost every (no,...,m,) € G. Hence there exists a full-
measure subset @ C G x G such that

‘/’507"'7571 > ‘/;707'--77771

for almost every ((£o,---,&n), (Mo, ---,1n)) € Q. By taking the measure-preserving
idempotent function of G x G which swap the tuple, one gets a second full-measure
subsets Q. Hence the intersection Q N Q is a full-measure subset of G X G of pairs

&0y -+, &n), (770, ..., Mn) such that

vﬁo,m,&n = Vno,--.,nn )

which implies the uniqueness.

A similar argument can be used to prove minimality, namely that every linear
subspace W < H containing the image of a full-measure subset of JHF must
contain the spaces constructed above. O

Remark 5.2.4. It seems natural to investigate the effective dimension of the copy
of 0X(p, q) which contains the essential image of ¢ provided by Lemmam For
instance, given a chain preserving map ¢ : 9HZ — OHF., Burger and lozzi [BIO7]
proved the following dichotomy: if the image of almost every triple (o, &1,&2) of
generic points is generic as well, then v coincides almost everywhere with the map
induced on boundaries by an isometric holomorphic embedding H — ]HI%(’:. If not,
then the image is essentially contained into a chain in GH%
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In our more general context, we do not know if such a dichotomy holds. How-
ever, in our setting, the two cases described above can be interpreted as the limit
cases as follows. In fact, if ¢ : OHE — Z, as in Lemma sends almost every
(n+1)-tuple of generic points of OHE to (n+ 1) generic points of Z,,, then we have
that the essential image of ¢ is contained in OX(p,np). On the other hand, by
the same argument used in [BIO7, Proposition 2.2], if there is a positive measure
subset of triple in (9HZ)? not on a chain whose image lies on a chain, then the
image of ¢ is essentially contained into one copy of 0X(p,p). We point out that
this two cases do not produce a dichotomy, but a characterization of the cases
when ¢ = p and ¢ = np in the notation of Lemma [5.2.3

Now we are ready to give the proof of

Theorem [6] Let I' < PU(1,n) be a complex hyperbolic lattice with n > 1 and let
(X, pux) be an ergodic standard Borel probability I'-space. Consider a measurable
cocycle o : T' x X — PU(p, 00) with p > 1 and suppose there exists a boundary map
¢ : OHE x X — I,,. If o is maximal, then it is finitely reducible.

Proof. By Equation and using [DLP21, Corollary 6.1], it follows that almost
every slice ¢, almost maps chains to chains. Hence, by Lemma for almost
every x € X there exists a unique minimal totally geodesic embedding X (p, ¢,) C
X (p,0) such that EssIm(¢,) C 0X;(p, gz) for some p < ¢, < np. Moreover, the
equivariance of ¢ implies that

0(77 .%')Xx(p, Qx) = Xm(p, nyx)

for almost every v € I' and x € X and, by ergodicity, we have that the dimension
of the X, (p, ¢.)’s is essentially constant, namely ¢, = ¢ for almost every z € X.
The fact that the function x — dim(X;(p,q.)) is measurable follows from the
measurability of ¢ and from an application of Fubini’s theorem in the construction
of the X, (p,qs)’s described in Lemma In fact, one can find a (n + 1)-
tuple (&o,...,&,) of points in OHE such that, for almost every x € X, the space
(02(0), - -+, P2(&n)) contains ¢, (n) for almost every n € OHE.
If we denote by ¢, the isometric linear map that induces the embedding X (p, q) C

X (p, ), the uniqueness of X, (p, q), together with the o-equivariance of ¢, implies
that the map

X — PU(p, 00)/Stabpy(peey (Vo) , @+ Xu(p, q) (5.4)

is measurable (with respect to the measurable structure discussed in Remark [2.3.8)

and o-equivariant. Here Stabpy(p,o0) Vo is the subgroup of PU(p, oo) preserving the
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subspace Vj. Now, thanks to the differentiable structure of the group PU(p, ),
we can compose the function in Equation (5.4]) with a measurable section

PU(p, OO)/StabPU(p,oo) (%) - PU(pa OO)
in order to obtain a measurable map
f:X = PU[p,o0), flx)=g"

By construction, f(z) sends X (p,q) to the standard embedded copy Xp(p,q) C
X (p, 00).

According to the notation of the Definition [2.4.6] we consider the twisted co-
cycle of : T'x X — PU(p, 00) defined as

ol (v,2) = f(yz)to(v,2) f(2)

and the associated twisted boundary map ¢7 : OHE x X — T, which is defined as
follows

¢ (&) = f2) "€, )
for almost every § € OH and x € X. Now, by definition of f, for almost every
x € X the image of almost every slice ¢, is contained in the boundary of a fixed
X(p,q).
For almost every x € X, denote by E, the full measure set of points £ in OHZ

such that ¢(¢) € X (p,q). Consider now the set E = |J E, x {z} (that is of
zeX
full measure in OHg x X, by Fubini’s theorem) and the diagonal action of I" given

by

V(& x) = (9E, ).
Since I is countable, we find an invariant full measure subset E such that ¢/ (E) C
0X (p, q). More precisely, we set

E=(1E,

where ~ acts diagonally. Being the intersection of full measure sets, it is clear
that E has full measure. Now, since the image of a full measure set under ¢/
is contained in the boundary of Xy(p, q), it follows that the image of the twisted
cocycle of is contained in Stabpy(p,oc) Vo, which is finite dimensional algebraic as
desired. O

Remark 5.2.5. The descending chain condition that holds for Noetherian spaces
(as algebraic groups are), allows to define the algebraic hull for cocycles into al-
gebraic groups. This can not be adapted for PU(p, ), namely there exits no
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well-defined minimal strict algebraic group containing the image of a twisted co-
cycle. Nevertheless, by Theorem [f] any maximal cocycles has a representative in
its cohomology class whose image is contained into the embedding of PU(p, q) in
PU(p, 00), which is algebraic. For such particular measurable cocycles, our result
recover a sense of algebraicity.

5.3 Consequences of finite reducibility

The aim of this last section is to relate Theorem [Il and Theorem [6

We consider the setting of Theorem [ namely I' is a complex hyperbolic lattice,
(X, px) is an ergodic standard Borel probability I'-space and o : I'x X — PU(p, o)
is a maximal cocycle. If we assume that o is non-elementary, Theorem [I| provides
a boundary map ¢ : OHE x X — 90X (p,00). Moreover, by Remark such a
map takes values into Zj(p, 0o) for some k < p. Unfortunately, this is not sufficient
to prove reducibility as in Theorem [6] since such k& might be strictly less then p.

However, for cocycles o : I' x X — PU(1,00) one can exploit the geometry of
X(1,00) = H¥ and of its boundary to prove

Theorem (7} Let I' < PU(1,n) be a complex hyperbolic lattice with n > 1 and
let (X, ux) be an ergodic standard Borel probability T'-space. Any mazimal cocycle
o:I'x X — PU(1,00) is cohomologous to a cocycle preserving a copy of H C HZ
and acting on it via the standard lattice embedding.

Proof. We first prove that maximal cocycles cannot be elementary. In fact, by
ergodicity, a o-equivariant family of flats can be made of points or lines. In both
cases one can twist ¢ into a cocycle whose image is contained either in the stabilizer
of a point or a geodesic, which are both amenable. Since amenable groups have
trivial bounded cohomology, we have a contradiction to maximality.

Since o is not elementary, Theoremprovides a boundary map OHx X — OHZ
and then we can apply Theorem [6] Hence we have that o is cohomologous to a
cocycle o whose image is in the stabilizer of an embedded copy of Hf in HZ. The
stabilizer Stabpy(p,o0) (Hg) is an almost direct product with one factor isomorphic
to PU(1,n). By composing with the projection on such factor we get a maximal
cocycle. Hence we can apply [MS21, Theorem 1.5] and we are done. O

In view of Remark [3.2.2]and of Theorem 7], it is natural to ask whether Theorem
provides a boundary map in the general setting of Theorem [6] However, since
we do not have a complete answer, we postpone the discussion to Chapter [7| where
we summarize some questions that remain unsolved.

97



Chapter 6

Parametrized Kahler class

The main objects of this chapter are Zariski dense measurable cocycles I' x X —
G where I' is a finitely generated group, (X, ux) is an ergodic standard Borel
probability I'-space and G = Isom(X)° for an irreducible Hermitian Lie symmetric
space X not of tube-type. Our aim is to characterize such cocycles in terms of
the pullback of the bounded Kéhler class of G defined by the Bergmann cocycle
(see Definition [2.3.12)). As we pointed out in Section equivalence classes of
measurable cocycles is nothing but the first cohomology group H%D (' ~ X;G) of
the orbital equivalence relation given by the I'-action on X with coefficient in G.
We will refer to such a group as the Zariski dense Eilenberg-MacLane cohomology
of T, since it can also be identified with the group H!(I'; Meas(X,G)). With this
notation, our characterization (Theorem |8)) defines an inclusion

Hzp(T ~ X5 G) — HE(T;L°(XGR)) - [o] = Hi(0) (k) (6.1)

Theorem [8]is the natural generalization of [BIW10, Theorem 1] to measurable
cocycles. Since [BIWI0, Theorem 1] follows from the more general [BIW10, Theo-
rem 2|, the same thing will happen in our case, precisely we will deduce Theorem
from a more general result (see Theorem . In particular, we will exploit the
boundary map provided by Theorem [2| and the characterization of non-tube-type
domain given in terms of the complex Hermitian triple product in Section [2.3.3]

For the original version of the results contained in this chapter refer to [SS21b].

6.1 Zariski dense Eilenberg-MacLane coho-
mology

Before starting, we need to introduce some notions. First of all, we define the
parametrized Kahler class of a cocycle.
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Definition 6.1.1. In the setting of Theorem [8) the parametrized Kdhler class
associated to o is the class HE(0)(k%) € HE(T; L°(X; R)).

Remark 6.1.2. The name parametrized Kdhler class recall the dependence of the
pull back of kgv along o on a parameter space, namely X. Such a denomina-
tion should recall the work of Loh and Pagliantini [LP16], where the authors
describe the theory of parametrized simplicial volume and introduce the notion
parametrized fundamental class. We warn the reader that we are not claiming
that our theory is dual to the one due to Loh and Pagliantini in the context of
simplicial volume.

For our purposes we need to study more carefully the cohomology class in
degree two.

Lemma 6.1.3. Let I' a finitely generated group and let (X,ux) be a standard
Borel probability space. If B is a I'-boundary, then

HZ(T; L°(X;R)) = ZL (B3 L®°(X;R)E

w*,alt

where the letter Z denotes the set of cocycles.

Proof. For every k € N we have the following
Lox (BN L2(X;R)T = L¥(BF x X;R)',

where T' acts on B* x X diagonally [MonOI, Corollary 2.3.3]. Recalling that a
I-boundary is also a strong boundary in the sense of Burger and Monod [BF14b),
Remarks 2.4], every essentially bounded weak-* measurable function on B x B x X
which is T'-invariant must be essentially constant [MS04, Proposition 2.4]. Since
an alternating function that is constant vanishes, we have that

o at (B L (X R)) =0

w*,alt
This shows that there are no coboundaries in dimension two and so we get the
result. O

We are now ready to prove the following result, that is an adaption of the
arguments used in [BIW07, Theorem 4| and which implies Theorem

Theorem 6.1.4. Let T' be a finitely generated discrete group and let (X, ux) be
an ergodic standard Borel probability T'-space. Let {o; : T' x X = G;},i=1,...,n
be a family of Zariski dense measurable cocycles into Lie groups G; = Isom(X;)°
where the X;’s are irreducible Hermitian symmetric spaces not of tube-type. If the
cocycles are pairwise inequivalent, then the subset

{2 (o) (KY,),1 < i < m} € HY(I;L(X:R))
is linearly independent over L*°(X;Z).
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Notice that we are using the notion of equivalence introduced by Definition

2438

Proof of Theorem [6.1.7) Suppose the existence of coefficients m; € L*(X;Z),i =
1,...,n such that

n
> milly (o) (kg,) =
i=1
As a consequence of Corollary [3.3.3] we get a boundary map ¢; : B x X — Sg,
from a I'-boundary B into the Shilov boundary Sg, of the group G;. By the com-
mutativity of the Diagram , the cocycles C?(®;)(Bg,) represent canonically
the pullback along each o;. Additionally, being alternating, by Lemma[6.1.3] there
are no coboundary in degree two. Hence we get the following equation

Zmz BG ¢z blv ) ¢i(b27x)v¢i(b3v$)) =0 (6'2)

that holds for almost every triple (by, b2, b3) € B3 and for almost every x € X. As
a direct consequence of Equation (2.11)) it follows that

n

[T((6ib1, ). ¢i(b2, 2), di(bs, 2)))g"™ = 1 (6.3)
i=1
for almost every triple (b1, b, b3) € B® and for almost every = € X.

For any i, Corollary allows to choose ¢; in such a way that the subset of
points (x,b1,b2) € X x B x B with (¢;(b1,x), ¢i(ba, x)) € Sgi) is of full measure.
Hence, since a finite intersection of full measure sets is still of full measure, we can
fix a point ¥y € X and a pair (by,be) € B? such that (¢;(b1, 7o), ¢i(b2, 20)) € S(GQi)
for every i =1,...,n.

Exploiting the transitivity of G; on pairs in S(zi), we can identify Sgi ) with
the quotient G;/Stabg,(¢i(b1,x0), ¢i(b2,z0)) by the stabilizer in G; of the pair
(i (b1, z0), Pi(b2,x0)) € 8( ). Furthermore, the map X — S( ) that takes x into
the pair (¢;(b1,x), gZ)Z-(bQ,a:)) is measurable by the measurablhty of ¢. Hence the
composition

X = 8&) = Gy /Stabe, (¢i(b1, x0), di(b2, 20))

is measurable as well and, composing again with the measurable section

G;/Stabg, (¢i(b1,x0), ¢i(b2, 20)) — G

given by [Zim84], Corollary A.8], we get a family of measurable functions
o X — G
such that, setting ¢J (b, z) == g;(z)~ 1(;5@(6 x), we have
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o ¢7(by,z) = ¢i(b1,x0) for almost every z € X;
o ¢7(bg, ) = ¢i(b2, o) for almost every z € X.

Moreover, Equation ((6.3)) implies that

n

T8 (b1, ), ¢ (b2, ), 67 (bs, )2 =1 (6.4)

i=1

holds for almost every b3 € B and for almost every = € X. Rewriting (6.4]) we get
that

n

[T¢(@i(b1,w0). 8i(b2, x0). 6 (b3, 2))) & =1 (6.5)

i=1
holds for almost every b3 € B and for almost every z € X.
We define the cocycle

c:I'x X — HGi, (v, x) — (O'igi(%l“))i
=1

and its boundary map

¢:BxX = [[Sa, (bz)— (6 )
=1

and we denote by L the algebraic hull of o.
Now, following Lemma we denote by O; = Oy, (b, 20),¢; (ba,z0) C SG; and
by P = Py, (b1 20),i(b2,a0)- Lhen we have

Y n n n .
EssTm(¢,)” N[ 0 € {(7717--~777n) c[lo:. IIP7 ) = 1} ;
=1 =1

i=1

where ¢, denotes the slice ¢(-, z). Applying Lemma to almost every x € X,
n

it follows that EssIm(gZ)x)Z is a proper Zariski closed subset of [[ O;. Additionally

=1
the family {V,} is o-equivariant. By a slight modification of the argument in
Proposition this must implies that ¢ cannot be Zariski dense, otherwise the

slices ¢, would have been Zariski dense. Thus we conclude that L. must be a
n
proper subgroup of [ G;.
i=1
Now, since every o; is Zariski dense, also every afi is, and the projection m; of

L on G; is onto for every i¢. Moreover the kernel of such projection is a normal
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n
subgroup of the product [[ G; and, since L < [[ Gy, then Ker(m;) is also a proper
i =1
subgroup of [[ G;. Following [BIW0T7], the fact that G;’s are simple non Abelian
J#
implies the existence of at least one isomorphism s : G; — G for some i # j such
that s o 0; ~ 0, which contradicts the pairwise inequivalence of the o;’s. O

As anticipated, Theorem [6.1.4] implies

Theorem Let T be a finitely generated group, let (X, pux) be an ergodic standard
Borel probability I'-space and consider a Zariski dense measurable cocycle o : I' x
X — G where G = Isom(X)° and X is an irreducible Hermitian symmetric space
not of tube-type. Then the class HE (o) (k) in HE(T; L°°(X;R)) is non-zero and it
s a complete invariant of the cohomology class of o.

Proof. The non-vanishing of Hf (c)(kY) is a direct consequence of Theorem
It remains to prove that two cocycles 01,09 : I' x X — G = Isom(X)° have
the same parametrized Kahler class if and only if they are cohomologuous. One
direction follows immediately by Proposition [2.4.19, We now prove the other
implication. Assuming that Hf (o) (k%) = Hi (02)(k%), Theorem provides an
automorphism s : G — G such that s o o1 >~ 09, that is so o7 = ag for some
measurable function f : X — G. Computing the pull back of the bounded Kéhler
class of G and exploiting the G-invariance, we obtain that

where the €(s) is the sign of the isometry s, according to the fact that s is either
holomorphic or antiholomorphic. Since Hf(o9)(k%) # 0, then €(s) = 1 and s €

Isom(X)° = G and hence

301371 = O'g.

The thesis follows by setting
F:X =G, f(2)=f(2)s

and by the fact that

01 = 0y = 09.
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Following [BIW07], in the setting of Theorem |8 we can denote by Repyp(T'; G)
the set of Zariski dense representations of I in G modulo conjugation. By [BIWQT7,
Theorem 3] the map

K : Repyp(T;G) = Hy(T;R) - [p] = Hi (p) (k¢)
is injective. Moreover, the inclusion

{ Zariski dense representations } o Zariski dense cocycles
r—aG I'xX —G ’

p— op.

induces a map

Repyp (I G) — Hzp (' ~ X5 G).
Finally we denote by
Kx : Hyp(T ~ X;G) = HY(T;L2(X;R)), o] = Hp(o) (k)

the map that associates to every cohomology class of a cocycle o : I' x X — G its
parametrized Kahler class. Putting together the above maps and the map induced
in cohomology by the inclusion of coefficients R — L (X; R), we get the following

Corollary 6.1.5. In the setting of Theorem|[8, we have a commutative diagram

Repyp (I G) u HE(I;R)

| |

Hyp (I ~ X3 G) — X H (I, L(X; R)).

6.2 Consequences of the main theorem

The aim of this last section is to present some consequences of Theorem |8 when
I" belongs to specific families of finitely generated groups. We notice that Savini
has recently studied the elementarity properties of cocycles with values into the
homeomorphisms of the circle when I is either a higher rank lattice [Sav21l Theo-
rem 4] or an irreducible subgroup of a product [Sav21, Theorem 3]. Here we want
to follow the same line.

We start with the higher rank case. Let I' < H = H(R) be a lattice where
H is a connected, simply connected, almost simple R-group of rank at least two.
In this context Zimmer’s superrigidity [Zim80] applies, hence any Zariski dense
cocycle o : I' x X — G is induced by a representation p : I' = G, namely we have
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an isomorphism Hip(I' ~ X;G) = Repyp(I',G). Hence by applying [BIWOQ7,
Corollary 6] the image of K and Kx coincide and

[Hzp(T ~ X;G)| < dimH*(T; R).

In this way we have a bound on the number of Zariski dense cohomology classes.
We move now to the case of products. In the setting of Theorem [8] suppose
that

n
r<H=][H,
i=1
with n > 2, where each factor H; is a locally compact and second countable group

with Hgb(Hi; R) = 0. We suppose that I' is irreducible in the sense of Burger and
Monod, namely we ask that each projection of I' in H; is dense in H;. Additionally,

we set
H] =[] H
J#1
for i =1,...,n and we assume that each H] acts ergodically on X (that is H acts

on X irreducibly in the sense of [BM02]). By [BMO02, Corollary 15], we get that
the map
H, (T3 R) — HE, (DL (X5R))

induced by the inclusion of coefficients R — L°°(X;R) defined in (2.7 is an
isomorphism. Combining with the inclusion in Equation (6.1]), we get an inclusion
Hp(I; Meas(X, G)) < H2(I'; R).

Moreover, by [BM02, Theorem 16], we get a decomposition
n n
H(T3R) = @D HE, (Hy R™) = @D HE,(Hi R) (6.6)
i=1 i=1

where the equality on the right holds thanks the irreducibility of G on X. Hence
we get the following result that should be compared with [Sav21, Theorem 3].

n
Proposition Let n > 2. Consider an irreducible lattice T' < [[ H; into a
i=1
product of locally compact second countable groups with Hgb(HZ-;]R) =0 fori =
1,...,mn. Let (X,pux) be an irreducible standard Borel H-space and assume that
the I'-action is ergodic. Then there is no Zariski dense cocycle o : I' x X — G

where G = Isom(X)° and X is any Hermitian symmetric space not of tube-type.
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Chapter 7

Open questions and further
directions

We close our dissertation by summarizing some questions that remain unsolved
and by suggesting some possible approaches.

Boundary maps in the set of p-chains. In the general setting of Theorem
[6] as pointed out in Remark [3.2.2] Theorem [6] provides a boundary map into some
T (p, 00). In [DLP21] the authors exploited Proposition to rule out the case
k < p for Zariski dense representations. In the tentative to adapt such argument
in the context of cocycles, we stuck in the final part. Precisely, following the proof
of [DLP21, Theorem 1.7], one can construct a o-equivariant family {W,},cx of
non-trivial subspaces of A%H for some d. Since the stabilizer of such spaces are
standard algebraic subgroups, it would be enough to twist the cocycle in order to
get a cocycle with image contained in one of this stabilizers. However, the action of
PU(p, c0) on the subspaces (a priori of infinite dimension) of A%H seems to us quite
mysterious. Even before, one should clarifies the measurable structures involved.
To conclude as in the proof of Theorem [6or [SS21¢, Theorem 2] one should identify
the PU(p, co)-orbit of some W, with the quotient PU(p, o0)/Stabpy(p,ce)We, for
instance by proving that the action is smooth, which is also not clear to us.

In conclusion, it is plausible that a natural notion of Zariski density for cocycles
in PU(p, 00) that extends the one given in [DLP21] exists, and maybe it can be
the suitable assumption in order to prove that a boundary map takes values in
the set of maximal chains. However, we do not know either how to formalize such
concept and how to approach this problem.
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Bounds for the number of Zariski dense cocycles. As a consequence
of the injection HY(T' ~ X; H) < HZ(T,L°°(X; H)) provided by Theorem [§] in
Section we provided a bound for the number of Zariski dense cocycles I' x
X — H when H is not of tube-type (see Proposition @ However, this is only
a partial generalization of the bounds given by Burger—lozzi [BI04], since they
proved that, the number of Zariski dense representations from a finite generated
group I with H(T; R) < +o0 into SU(p, ¢) with p # ¢ is finite. The previous result
is based on [BI04, Proposition 9.1], which asserts that the image of a continuous
path in the space Repyp(I',SU(p,q)) with p # ¢ contains an uncountable subset
which is independent over R. As observed by Burger lozzi and Wienhard [BIW0T],
this can be straightforwardly adapted to the case of Zariski dense representations
in a generic Hermitian group G not of tube-type, so that one can deduce the
analogous bound for the cardinality of Repyp(I', G). However, we do not know
how to adapt these arguments in the context of cocycles. A similar result to [BI04,
Proposition 9.1] for cocycles would imply a generalization of [BIWQT, Corollary 5],
hence would provide an estimate for the maximal number of Zariski dense cocycles
into Hermitian groups not of tube-type.

Superrigidity of maximal cocycles. In the context of representations of
complex hyperbolic lattices I' < PU(1,n) with n > 2 into Hermitian Lie groups, it
is conjectured that maximality implies rigidity, namely that, modulo G-conjugation,
the only maximal representations are restrictions of representations of the ambi-
ent group. The parallelisms between representations and cocycles that we deeply
studied in this thesis would seem to suggests the following more general

Conjecture 7.0.1. Fiz n > 2, let I' < PU(1,n) be a complex hyperbolic lattice,
let (X, ux) be an ergodic standard Borel probability I'-space and consider a group
G of Hermitian type. Then any maximal cocycles I' x X — G is cohomologous to
the cocycle induced by a representation PU(1,n) — G.

The strategy that we adopted in this thesis (previously exploited in [BIOT,
Poz15, IMS20l [SS21c]) is essentially based on boundary maps. Hence, the first
difficulty to overcome to prove (parts of) Conjecture with the same approach
would be proving the existence of boundary map, that we gave in Theorem [2| and
Theorem [I| only for certain families of cocycles.

Furthermore, in absence of Zariski density one loses all the rigid geometric
properties of boundary maps (see for instance [BIO7, Theorem 1] and [Pozl5)
Theorem 1.6]) that allows to promote equivariant maps to rational maps. Hence
the arguments based on smooth actions on the variety of rational functions used
by Zimmer [Zim80] and in Chapter /4| are no more adaptable.

106



Bibliography

[AB9S]

[ABOS]
[AEGO4]

[AH14]

[Art11]
[BBIL3]

[BBI1S]

[BDL16]

[BDL17]

[BF14a]

S. Adams and W. Ballmann, Amenable isometry groups of hadamard
spaces, Mathematische Annalen 312 (1998), no. 1, 183-196.

P. Abramenko and K. S. Brown, Buildings, Springer New York, 2008.

S. Adams, G. A. Elliott, and T. Giordano, Amenable actions of groups,
Transactions of the American Mathematical Society 344 (1994), no. 2,
803-822.

M. Andregg and P. Henry, Actions of amenable equivalence relations
on CAT(0) fields, Ergodic Theory and Dynamical Systems 34 (2014),
no. 1, 21-54.

E. Artin, Geometric algebra, Wiley Classics Library, Wiley, 2011.

M. Bucher, M. Burger, and A. lozzi, A dual interpretation of the
Gromov—Thurston proof of Mostow rigidity and volume rigidity for
representations of hyperbolic lattices, Trends in harmonic analysis,
Springer INAAM Ser., Springer, Milan, 2013, pp. 47-76.

, The bounded Borel class and complex representations of 3-
manifold groups, Duke Mathematical Journal 167 (2018), no. 17, 3129
3169.

U. Bader, B. Duchesne, and J. Lécureux, Furstenberg maps for CAT(0)
targets of finite telescopic dimension, Ergodic Theory and Dynamical
Systems 36 (2016), no. 6, 1723-1742.

, Almost algebraic actions of algebraic groups and applications to
algebraic representations, Groups, Geometry, and Dynamics 11 (2017),
no. 2, 705-738.

U. Bader and A. Furman, Algebraic representations of ergodic actions
and super-rigidity, 2014, ArXiv.

107



[BF14b]

[BFH20a)

[BFH20D)

[BFS13]

[BGPGO3]

[BGPGO6]

[BHOO]

[BI02]

[BI04]

[BIO7]

[BI09)]

[BIWO7]

, Boundaries, rigidity of representations, and Lyapunov expo-
nents, Proceedings of International Congress of Mathematicians 2014,
Invited Lectures (2014), 71-96.

A. Brown, D. Fisher, and S. Hurtado, Zimmer’s conjecture for actions
of SL(m,Z), Inventiones mathematicae 221 (2020), no. 3, 1001-1060.

, Zimmer’s conjecture: Subexponential growth, measure rigidity,
and strong property (T), 2020, ArXiv.

U. Bader, A. Furman, and R. Sauer, Integrable measure equivalence and
rigidity of hyperbolic lattices, Inventiones mathematicae 194 (2013),
313-379.

S. B. Bradlow, O. Garcia-Prada, and P. B. Gothen, Surface group
representations in PU(p,q) and Higgs bundles, Journal of Differential
Geometry 64 (2003), no. 1, 111-170.

, Mazimal surface group representations in isometry groups
of classical Hermitian symmetric spaces, Geometriae Dedicata 122
(2006), 185-213.

M. R. Bridson and A. Haefliger, Metric spaces of non-positive curva-
ture, Springer Berlin Heidelberg, 1999.

M. Burger and A. lozzi, Boundary maps in bounded cohomology, Geo-
metric and Functional Analysis 12 (2002), no. 2, 281-292, Appendix to
“Continuous bounded cohomology and applications to rigidity theory”
by M. Burger and N. Monod.

, Bounded Kdhler class rigidity of actions on Hermitian sym-
metric spaces, Annales scientifiques de ’Ecole Normale Supérieure 37
(2004), no. 1, 77-103.

, Measurable Cartan theorem and applications to deformation
rigidity in the complex hyperbolic geometry, Pure and Applied Mathe-
matics Quarterly 4 (2007), no. 1, 1-22.

, A useful formula from bounded cohomology, Géométries & cour-
bure négative ou nulle, groupes discrets et rigidités, Sémin. Congr.,
vol. 18, Soc. Math. France, Paris, 2009, pp. 243-292.

M. Burger, A. lozzi, and A. Wienhard, Hermitian symmetric spaces
and Kahler rigidity, Transformation Groups 12 (2007), no. 1, 5-32.

108



[BIWOY]

[BIW10]

[BLO5)

[BMYG6]

[BM02]

[Bor91]

[Car32]

[CLOY]

[CO03]

[DLP21]

[Ducl12]

[Dup79]

[FHOG]

, Tight homomorphisms and Hermitian symmetric spaces, Geo-
metric and Functional Analysis 19 (2009), no. 3, 578-721.

, Surface group representations with mazximal Toledo invariant,
Annals of Mathematics(2) 172 (2010), 517-566.

A. Balser and A. Lytchak, Centers of convex subsets of buildings, An-
nals of Global Analysis and Geometry 28 (2005), no. 2, 201-2009.

M. Burger and S. Mozes, CAT(-1)-spaces, divergence groups and their
commensurators, Journal of the American Mathematical Society 9
(1996), no. 1, 57-93.

M. Burger and N. Monod, Continuous bounded cohomology and applica-
tions to rigidity theory, Geometric and Functional Analysis 12 (2002),
219-280.

A. Borel, Linear algebraic groups, Springer New York, 1991.

E. Cartan, Sur le groupe de la géométrie hypersphérique, Commentarii
Mathematici Helvetici 4 (1932), no. 1, 158-171.

P.E. Caprace and A. Lytchak, At infinity of finite-dimensional CAT(0)
spaces, Mathematische Annalen 346 (2009), no. 1, 1-21.

J.-L. Clerc and R. Orsted, The Gromov norm of the Kaehler class and
the Maslov index, Asian Journal of Mathematics 7 (2003), 269-295.

B. Duchesne, J. Lécureux, and M. B. Pozzetti, Boundary maps and
maximal representations on infinite-dimensional Hermitian symmetric
spaces, Ergodic Theory and Dynamical Systems (2021), 1-50.

B. Duchesne, Infinite-dimensional monpositively curved symmetric
spaces of finite rank, International Mathematics Research Notices 2013
(2012), no. 7, 1578-1627.

J. L. Dupont, Bounds for characteristic numbers of flat bundles, Lec-
ture Notes in Mathematics, Springer Berlin Heidelberg, 1979, pp. 109—
119.

D. Fisher and T. Hitchman, Cocycle superrigidity and harmonic maps
with infinite-dimensional targets, International Mathematics Research
Notices (2006).

109



[FKK'00] J. Faraut, S. Kaneyuki, A. Kordnyi, Q. Lu, and G. Roos, Analysis and

[FM77]

[Fur63]

[Fur67]

[Fur73]

[Fur81]

[Fur10]
[GMB8T]

[Gol99]

[Hel01]

[HO11]

[Kid08]

[Kid10]

geometry on complex homogeneous domains, Progress in Mathematics,
Birkh&user Boston, 2000.

J. Feldman and C. C. Moore, Ergodic equivalence relations, cohomol-
ogy, and von neumann algebras, Transactions of the American Mathe-
matical Society 234 (1977), 289-324.

H. Furstenberg, A Poisson formula for semi-simple Lie groups, Annals
of Mathematics 77 (1963), no. 2, 335-386.

, Poisson boundaries and envelopes of discrete groups, Bulletin
of the American Mathematical Society 73 (1967), no. 3, 350-357.

, Boundary theory and stochastic processes on homogeneous
spaces, Harmonic analysis on homogeneous spaces (Proceedings of Sym-
posia in Pure Mathematics, Vol. XXVI), 1973, pp. 193-229.

, Rigidity and cocycles for ergodic actions of semi-simple Lie
groups, Séminaire Bourbaki : vol. 1979/80, exposés 543-560, Séminaire
Bourbaki, no. 22, Springer-Verlag, 1981, talk:559 (en). MR 636529

A. Furman, A survey of measured group theory, 2010, ArXiv.

W. M. Goldman and J. J. Millson, Local rigidity of discrete groups act-
ing on complex hyperbolic space., Inventiones mathematicae 88 (1987),
495-520.

W. M. Goldman, Complex hyperbolic geometry, Oxford University
Press, 1999.

S. Helgason, Differential geometry, Lie groups, and symmetric spaces,
corrected reprint of 1978 ed., Graduate Studies in Mathematics, vol. 34,
American Mathematical Society, 2001.

T. Hartnick and A. Ott, Surjectivity of the comparison map in bounded
cohomology for Hermitian Lie groups, International Mathematics Re-
search Notices (2011).

Y. Kida, The mapping class group from the viewpoint of measure equiv-
alence theory, Memoirs of the American Mathematical Society 196
(2008), no. 916, viii4+190.

, Measure equivalence rigidity of the mapping class group, An-
nals of Mathematics 171 (2010), no. 3, 1851-1901.

110



[K1e99]

[KMO8a]

[KMO8D]

[KM17]

[LP16]

[Mac62]

[Mar75]

[Mar91]

[Mon01]

[Mon06]

[Moo76]

[Mos68]

B. Kleiner, The local structure of length spaces with curvature bounded
above, Mathematische Zeitschrift 231 (1999), no. 3, 409-456.

V. Koziarz and J. Maubon, Harmonic maps and representations of non-
uniform lattices of PU(m, 1), Annales de I'Institut Fourier 58 (2008),
no. 2, 507-558.

, Representations of complex hyperbolic lattices into rank 2 clas-
sical Lie groups of Hermitian type, Geometriae Dedicata 137 (2008),
no. 1, 85-111.

, Mazimal representations of uniform complex hyperbolic lat-
tices, Annals of Mathematics 185 (2017), no. 2, 493-540.

C. Loh and C. Pagliantini, Integral foliated simplicial volume of hyper-
bolic 3-manifolds, Groups Geometry and Dynamics 10 (2016), 825-865.

G. M. W. Mackey, Point realizations of transformation groups, lllinois
Journal of Mathematics 6 (1962), no. 2, 327 — 335.

G. A. Margulis, Discrete groups of motions of manifolds of nonpos-
itive curvature, Proceedings of the International Congress of Mathe-
maticians (Vancouver, B: C., 1974) 2 (1975), 21-34, Canad. Math.
Congress, Montreal Que.

, Discrete subgroups of semisimple lie groups, Ergebnisse der
Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern
Surveys in Mathematics, Springer, Berlin, Germany, 1991 (en).

N. Monod, Continuous bounded cohomology of locally compact groups,
Lecture notes in Mathematics, no. 1758, Springer-Verlag, Berlin, 2001.

, Superrigidity for irreducible lattices and geometric splitting,
Journal of the American Mathematical Society 19 (2006), no. 4, 781—
814.

C. C. Moore, Group extensions and cohomology for locally compact
groups. i, Transactions of the American Mathematical Society 221
(1976), no. 1, 1-33.

G. D. Mostow, Quasi-conformal mappings in n-space and the rigidity
of the hyperbolic space forms, Publications mathématiques de 'THES
34 (1968), 53-104.

111



[MosT74]

[Mos80]

[MS04]

[MS20]

[MS21]

[Sav21]

[Sav22]

[SS21a]

_, Strong rigidity of locally symmetric spaces. (AM-78), Prince-
ton University Press, December 1974.

, On a remarkable class of polyhedra in complex hyperbolic
space., Pacific Journal of Mathematics 86 (1980), no. 1, 171 — 276.

N. Monod and Y. Shalom, Cocycle superrigidity and bounded cohomol-
ogy for megatively curved spaces, Journal of Differential Geometry 67
(2004), 395-455.

M. Moraschini and A. Savini, A Matsumoto/Mostow result for Zim-
mer’s cocycles of hyperbolic lattices, Transformation groups (2020),
published online.

, Multiplicative constants and maximal measurable cocycles in
bounded cohomology, Ergodic Theory and Dynamical Systems (2021),
1-36.

M. B. Pozzetti, Boundary maps and maximal representations of com-
plex hyperbolic lattices in SU(m,n), Ph.D. thesis, 2014.

, Mazximal representations of complex hyperbolic lattices into
SU(m,n), Geometric and Functional Analysis 25 (2015), 1290-1332.

G. Prasad, Rigidity of q-rank 1 lattices, Inventiones mathematicae 21
(1973), 255—286.

J. F. Quint, An overview of Patterson-Sullivan theory, preprint.

I. Satake, Algebraic structures of symmetric domains, Princeton Uni-
versity Press, 1980.

A. Savini, Algebraic hull of maximal measurable cocycles of surface
groups into Hermitian Lie groups, Geometriae Dedicata 213 (2020),
no. 1, 375-400.

, Parametrized Euler class and semicohomology theory, 2021,
preprint.

, Borel invariant for measurable cocycles of 3-manifold groups,
Journal of Topology and Analysis (2022), 1-24.

F. Sarti and A. Savini, Boundary maps and reducibility for cocycles
into the isometries of CAT(0)-spaces, 2021, preprint.

112



[SS21b)

[SS21c]

[Zim78)

[Zim80]

[Zim84]

, Parametrized Kdhler class and Zariski dense FEilenberg—
MacLane cohomology, 2021, preprint.

, Superrigidity of maximal measurable cocycles of complex hy-
perbolic lattices, Mathematische Zeitschrift 300 (2021), no. 1, 421-443.

R. J. Zimmer, Amenable ergodic group actions and an application to
Poisson boundaries of random walks, Journal of Functional Analysis
27 (1978), no. 3, 350-372.

, Strong rigidity for ergodic actions of semisimple Lie groups,
Annals of Mathematics 112 (1980), no. 3, 511-529.

_, FErgodic theory and semisimple groups, Monographs in Math-
ematics, vol. 81, Birkhauser Verlag, Basel, 1984.

113



	Introduction
	Historical background
	Results of the thesis
	Boundary maps
	Toledo invariant and superrigidity
	Finite reducibility
	The parametrized Kähler class

	Structure of the thesis

	Preliminaries
	Actions
	Bounded cohomology
	Banach modules
	The standard definition of bounded cohomology
	The functorial characterization

	Hermitian symmetric spaces
	Shilov boundary
	Kähler structure and Bergman cocycle
	Hermitian triple product

	Measurable cocycles and boundary maps
	Measurable cocycles
	Boundaries and boundary maps
	Pull back along measurable cocycles

	CAT(0)-spaces and measurable fields
	CAT(0)-spaces
	Measurable fields of CAT(0)-spaces and the Adam–Ballmann dichotomy


	Boundary maps
	Boundary maps for cocycles into CAT(0)-spaces
	Boundary maps for cocycles into algebraic groups
	Properties

	Toledo invariant and superrigidity
	The Toledo invariant of a measurable cocycle
	Superrigidity for maximal Zariski dense cocycles

	Infinite dimension and reducibility
	Algebraic subgroups of GL(H).
	Finite reducibility of a cocycle
	Consequences of finite reducibility

	Parametrized Kähler class
	Zariski dense Eilenberg-MacLane cohomology
	Consequences of the main theorem

	Open questions and further directions

