AlmaMater Studiorum - Universitadi Bologna

DOTTORATO DI RICERCA IN

MATEMATICA

Ciclo34

Settore Concorsuale: 01/A2 - GEOMETRIA E ALGEBRA

Settore Scientifico Disciplinare: MAT/03 - GEOMETRIA

AUTOMORPHISMS ON ALGEBRAIC VARIETIES: K3 SURFACES,
HYPERKAHLER MANIFOLDS, AND APPLICATIONS ON ULRICH BUNDLES

Presentata da: Y ulieth Katterin Prieto Montafez

Coordinatore Dottorato Supervisore

Vaeria Simoncini Giovanni Mongardi

Esame finale anno 2022



Abstract

One of the main tools to study the geometry of complex algebraic varieties is
the group of automorphisms. The first part of this thesis concerns the study of
symplectic automorphisms of finite order on K3 surfaces, and birational symplectic
maps of finite order on projective hyperkahler manifolds which are deformation
equivalent to the Hilbert scheme of K3 surfaces. In the second part of this thesis,
the automorphism groups of rational homogeneous spaces are used to study Ulrich

bundles in smooth projective varieties.
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Introduction

)

“Sequire la gioia ed evitare la tristezza’

G.W. Leibnitz

In this thesis, we study the geometry of some algebraic varieties admitting
a non-trivial automorphism group. For simplicity, we assume that algebraic
varieties are irreducible algebraic sets in affine or projective space over the
complex numbers, and an automorphism is a bijective holomorphic map where
the inverse is also holomorphic. To go further, we can study the action of
(birational maps) automorphisms in cohomology, or we can find obstructions on
the main object of study that can be reflected in the description of the group of
automorphisms. In some cases, the natural action in the singular cohomology of
some finite groups of (birational maps) automorphisms determines the geometry
of the variety being studied. While in other cases, the presence of a large group
of automorphisms characterizes varieties admitting objects (e.g., vector bundles)
with specific conditions. It is not our purpose to study the group of automorphisms
of some algebraic varieties, instead, we use the action of automorphisms in different
contexts, to restrict the geometry of the variety or in some cases the existence of
certain objects. In other words, we use the group of automorphisms as one of the
main ingredients to solve the question to be addressed.
ne of the algebraic varieties that we study in depth are the hyperkahler
manifolds. A hyperkdhler manifold is a smooth simply connected compact
Kéahler manifold X such that H°(X,Q3%) is generated by an everywhere non-
degenerate holomorphic 2—form wy. Two—dimensional examples of hyperkéhler
manifolds are called K3 surfaces. In fact, a K3 surface is defined as a compact
complex surface with trivial canonical bundle and H'(X,Ox) = 0. The unicity of
the holomorphic 2—form wy (up to scalar multiplication) determines the complex
structure of X and its period. The period of a hyperkdhler manifold is given
by the second cohomology group endowed with its Hodge structure and the
Beauville-Bogomolov quadratic form. To distinguish two hyperkéhler varieties,

it is enough to distinguish their complex structures or what is equivalent to



distinguish their periods. The group of automorphisms of a hyperkéhler manifold
plays an important role in the study of some of their geometrical properties. For
example, a particular type of automorphisms called symplectic are biholomorphic
maps that preserve the period of the hyperkdhler manifold. This means that the
action of symplectic automorphisms on H20(X) = H(X,Q3%) is trivial. These
particular automorphisms on K3 surfaces have been fully classified, starting from
the foundational work of Nikulin [Nik79|, Mukai [Muk88| and later by Hashimoto
[Has12].

Higher dimensional hyperkéhler manifolds share a lot of features with K3
surfaces and in fact the latter were often used as main motivation. As we saw
previously, the period of a hyperkidhler manifold determines its Hodge structure,
which is essentially what Torelli’s theorem claims for K3 surfaces and later proved
in higher dimensional hyperké&hler manifolds but in a weaker form (i.e., in terms
of monodromy operators). Then, the geometry of a hyperkihler manifold X
is encoded in the cohomology group H?(X,Z). We emphasize that Torelli’s
theorem on K3 surfaces is much stronger than Torelli’s theorem for higher
dimensional hyperkiahler manifolds in the following way: if the Hodge structures
are isometric, then the hyperkdhler manifolds are birational, however, in the
case of K3 surfaces this implies that they are isomorphic (see Theorem
for a precise statement). The cohomology group H?(X,Z) of K3 surfaces is
isometric to an even unimodular lattice of signature (3,19). For higher dimensional
hyperkéhler manifolds, the cohomology group H?(X,Z) is isometric to a lattice
of signature (3,b2(X) -3) and not unimodular in general. This lattice theoretical
approach is a powerful technique that allows studying many geometrical properties
of hyperkéhler manifolds in family.

Examples in higher dimensions of hyperkahler manifolds are extremely hard to

construct. All the known hyperkdhler manifolds are deformation of:
e a Hilbert scheme of a projective K3 surface;
e the generalized Kummer associated to an Abelian surface;
e the O’Grady’s 10-dimensional example;
e the O’Grady’s 6—dimensional example.

Some hyperkihler manifolds of the first type of deformation come as examples
of moduli spaces of (twisted) stable sheaves on projective K3 surfaces. The
numerical conditions on the sheaves, encoded in the first and the second Chern

class, define good moduli spaces even with models in some projective space. Such
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moduli spaces reflect the geometry of the underlying K3 surface: they can be used
to reveal properties of the K3 surface, or they may be studied as interesting spaces

in their own right.

In the first part of this thesis, we adopt the lattice approach introduced by
Nikulin in [Nik76] to the study of symplectic automorphisms of finite order on
K3 surfaces, and to the study of symplectic birational maps of finite order on
hyperkihler manifolds of K3["l-type. The technique that we address for both
cases is based on the main facts of the lattice theory. However, the questions we

develop converge to two different kind of problems.

K3 surfaces: In |Nik76|, Nikulin introduced the finite order symplectic
automorphisms of K3 surfaces and studied their properties considering both their
action on the surface (in particular determining their fixed locus) and the action
that they induce on the second cohomology group of the K3 surfaces. It was proved
that both the topology of the fixed locus and the action induced in cohomology are
unique and depend only on the order of the automorphism, see |[Nik76, Theorem
4.7]. One of the main reasons of interest in these particular automorphisms is that
their existence induces a natural relation between two different (families of) K3
surfaces: the family of K3 surfaces admitting a symplectic automorphism of order
n and the one of the desingularization of the quotient of the K3 surfaces by a
symplectic automorphism of order n. The latter surfaces are still K3 surfaces, but
in general not isomorphic to the original ones. From |[Nik76|, [GS07], and |[GSO08]
it is possible to describe the family S (resp. 7)) of the projective K3 surfaces X
admitting a symplectic automorphism o, of order n for prime numbers n (resp.
of the projective K3 surfaces Y obtained as desingularization of the quotient of a
K3 surface by a symplectic automorphism of order n), in terms of families of the
lattice polarized K3 surfaces. Both these families have countable many irreducible
components. It remains an open problem to determine the relationship between
the components of these two families. More explicitly, if one considers a K3 surface
X admitting a symplectic automorphism o,, of order n, then X is contained in
a specific component of §. This information determines the component of T
which contains Y (resolution of X/(o,)). By the theory of the moduli space of
lattice polarized K3 surfaces in [Dol96], this problem is equivalent to determine
the relation between the Néron—Severi group of X and the one of Y.

For symplectic involutions, this problem was resolved thanks to the results
contained in [Mor84], [vGS07| and [GS08|. In [Mor84], Morrison studied the

isometry induced by a symplectic involution on the lattice Agz = U® & ES2
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The action in the cohomology group of any K3 surface can be described as an
action on Ags. In fact, Morrison proved that symplectic involutions act as the
identity on the direct sum U®3 and switch the two copies of Eg in the summand
E®?. Thanks to this result, Morrison identified a nice and strong relation, called
Shioda—Inose structure, between certain K3 surfaces and an associated Abelian
surface. By using Morrison’s result, van Geemen and Sarti described the family
S and the maps 7* and 7,, where 7 is the rational map 7 : X -» Y induced by
the quotient map X — X/(02). As a consequence, in [GS07| the description of
the family 7 and the explicit relation between components of & and of T are
obtained. This result is applied in [CG20] to construct infinite towers of isogenous
K3 surfaces.

The main results in this thesis concerning symplectic automorphisms on K3
surfaces, are generalization of these known results on symplectic automorphisms
of order 2 to the order 3 case, see [GPM21]. As mentioned above, the results of
the order 2 case mainly depend on the description of the isometry induced by a
symplectic involution on the second cohomology group. Hence our first goal is to
establish a similar result for the order 3 case. It turns out that the action induced
by a symplectic automorphism of order 3 on Ags is not compatible with the direct
summands U®3 @ ES?. So we give a different description of the lattice Ags and we
provide the action on such a lattice, see Theorem [2.2.5}

Main Theorem 1 ([GPM21|). The lattice Axs is an overlattice of index 32
of the lattice Ay(-1) ® U @ EZ*. The action induced by an order 3 symplectic
automorphism on Ay(-1)@U®EE® is the identity on the summands As(-1)@eU and
a cyclic permutation of the three summands in ES3. The action on the overlattice
Ags is induced by the one on Ay(-1) @ U & ES* by Q-linear extension.

This result is achieved in a geometric way: thanks to [Nik76, Theorem 4.7| the
isometry induced on Ags by a specific symplectic automorphism ¢ of order 3 on a
specific K3 surface X is essentially unique (i.e. it does not depend on X and o).
This allows us to describe the isometry induced by any automorphism of order 3
on the lattice Ags.

In Chapter 2 we describe a particular K3 surface S with a specific
automorphism o of order 3: the surface S is a classic K3 surface of Picard number
20 studied in [SI77] and [Vin83|, and ¢ is a symplectic automorphism of order 3
that acts on the generators classes of the Néron—Severi group of S by permuting
three copies of Fg. In Chapter [3] we describe the maps 7w, and 7* induced by
the quotient map, while in Chapter {4, we describe the families S and T, listing
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all their components, see Theorems [£.1.4] and [4.2.4] respectively. In Chapter [3]

merging the results on the families S and 7 with the ones about the maps 7* and
7., we deduce the relations between the components of S and the ones of 7 and in
particular we relate the Néron—Severi group of a projective K3 surface X admitting
a symplectic automorphism o of order 3 with the one of the desingularization Y
of X/(o). This result is proved under the assumptions of generality for X and Y,
it is stated in Theorem and it can be summarized in the following theorem:

Main Theorem 2 (|GPM21|). Let X be a projective K3 surface admitting an
order 3 symplectic automorphism o, then p(X) > 13 and if p(X) = 13 the Néron—
Severi group of X determines uniquely the one of the minimal resolution of X [{o)

and viceversa.

The application of these results to specific families of K3 surfaces allows us
to exhibit equations of families of projective K3 surfaces admitting symplectic
automorphisms of order 3 and of their quotients in Section For example we
show that there is exactly one component of § which corresponds to a family of
quartic hypersurfaces in P? admitting a symplectic automorphism of order 3 (and
in this case the quotient is a singular surface in P7). But there are two different
components of & which correspond to two families of complete intersections of
type (2,3) in P* admitting a symplectic automorphism of order 3. The quotient
of the surfaces contained in one of these components is a singular double cover of
P2 and it corresponds to a component in 7. The quotient of the surfaces in the
other case has a singular model in P! and it corresponds to another component
inT.

In Chapter [6] we briefly present two applications of the Main Theorems
and [2 By Main Theorem 2| we are able to construct infinite towers of isogenous
K3 surfaces by considering iterated quotients by symplectic automorphisms of
order 3. The analogous construction which uses symplectic involutions was
presented in [CG20]. By Main Theorem , the definition and previous results
on Classical Shioda—Inose structures in [Mor84] can be generalized to symplectic

automorphisms of order 3 of K3 and Abelian surfaces.

Hyperkihler manifolds of K3[™l—type: In higher dimensional hyperkihler
manifolds, the maps preserving the period can be also obtained by birational
maps. The induced maps in cohomology of symplectic birational maps have a
similar behavior of induced maps in cohomology of symplectic automorphisms.

When a hyperkihler manifold is deformation equivalent to a Hilbert scheme of n
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points on a K3 surface, symplectic automorphisms are actually characterized as
subgroups of Conway’s group, see [Monl6|. Moreover, the action of these groups
in cohomology can be explicitly described by studying these actions on the Leech
lattice. In [HM16], Hohn and Mason computed the orbit of fixed—point sublattices
of the Leech lattice with respect to the action of the Conway group. This allows
to classify all finite automorphism groups of hyperkéhler manifolds preserving the
period. Let X be a projective hyperkihler manifold of K3["-type. Markman in
[Mar10] proved that the Monodromy group of X is the subgroup of isometries of
H?(X,Z) preserving the orientation and acting via multiplication by Id or —Id on
the discriminant group Ax = H*(X,Z)V/H?*(X,Z).

In this thesis, we study symplectic birational maps of finite order admitting a
non-trivial action on the discriminant group Ayx. Some examples of hyperkéhler
manifolds with this kind of maps were provided by Markman in [Mar13| as moduli
spaces of sheaves of general K3 surfaces (i.e., a K3 surface with Picard number
one) with a particular Mukai vector. Moreover, these examples show evidence that
any symplectic birational map with non-trivial action on Ax can be obtained as
the composition of an involution with non-trivial action on Ay and a map with a
trivial action on Ax. The involutions in these particular examples are described
by reflection maps of classes in cohomology associated to divisors which are not
prime exceptional. Our main result in this thesis on the study of these maps can

be summarized as follows:

Main Theorem 3. Let X be a projective hyperkihler manifold of K3"l-type
admitting a symplectic birational map of finite order with a non-trivial action on

Ax. Then, X is birational to a moduli space of (twisted) sheaves on a K3 surface.

The result imposes strict conditions in the moduli space of hyperkahler
admitting symplectic groups (i.e., groups of isometries preserving the period).
In chapter [, we provide several properties of this kind of birational maps. Most
of these results were obtained from a theoretical lattice viewpoint. Unfortunately,
it does not give a big contribution to the problem of factorization of symplectic
birational maps presented above. We expect that at least from a lattice theoretical
viewpoint, the existence of the involution is strictly related with the existence of
hyperbolic 2-elementary lattices (see Proposition .

j nother type of varieties that we study are smooth projective varieties
admitting non-trivial vector bundles with a large number of vanishing
cohomology groups. One approach to the study of these vector bundles comes with

a flavor in commutative algebra. In fact, the vector bundles that we are interested



(i.e., Ulrich bundles) were introduced in an algebraic setting, see [Ulr84]. Let
X c PN be a smooth projective variety. We say that a vector bundle E of rank r

is an Ulrich bundle on X if E admits a linear resolution of the form:

0 = Opn (=N + 1)1 > o > Opr (=1)25 > O — E - 0.

In particular, Ulrich bundles on X are arithmetically Cohen-Macaulay (aCM
for short), i.e., H(X,E(jH)) =0 for all j € Z and 1 < i < n which are objects
intensely studied in algebraic geometry. Hence, Ulrich bundles can be roughly
defined as aCM vector bundles on a projective variety that have the largest
permitted number of global sections. The first geometric manifestations of Ulrich
bundles go back to seminal works such as [Bea00, [ESO3|, where the authors relate
in a very precise way the existence of such bundles on X to some measurement
of the complexity of the underlying polarized variety (X,Ox(1)). In [Bea00],
Beauville made a systematically study of the relation between Ulrich bundles
and determinantal representation of hypersurfaces (i.e., write a homogeneous
polynomial f as the determinant of a matrix with linear entries) which was a
problem first stated by Hesse in [Hes55|.

The existence of an Ulrich bundle on a projective variety has strong
consequences for the underlying variety. For instance, we have the following (non-

exhaustive) list of smooth projective complex varieties that are known to support
Ulrich bundles:

e Algebraic curves. See [ES03, Section 4].
e Complete intersections in the projective space. See [BHUST, [HUB91].
e Veronese varieties. See [ES03|, Section 5].

e Grassmannians and, more generally, many rational homogeneous spaces of
Picard number one carry an equivariant Ulrich bundle. See [CMR15| [Fon16],
LP21].

e Many geometrically ruled surfaces, and del Pezzo surfaces. See [ES03,[Cas17,
ACMRIS, [Cas19, [ACC*20,, Section 6] .

e Abelian surfaces, bi-elliptic surfaces, K3 surfaces and Enriques surfaces. See
[Beal6l, [AFO17, [Cas17, Beal8, BN18, [Fae19].

e Elliptic and some quasi-elliptic surfaces. See [MRPL19, [Lop21].
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e Some surfaces of general type. See [Casl7, BealS, [Cas18|, [Cas19l Lopl9,
Lop21].

e Some Fano threefolds of Picard number one. See [Beal§].

There are several techniques that have been developed in order to produce
Ulrich bundles. Among them, we can mention the use of tools from commutative
algebra (cf. |[HUBO91]), representation theory and Borel-Bott—Weil theorem (cf.
[ES03]), the study of some Noether—Lefschetz loci (cf. [AFO17]), the Hartshorne—
Serre construction (cf. [Beal8| Section 6]), and the use of the Cayley-Bacharach
property for suitable zero-dimensional subschemes on surfaces (cf. [Beal8) Section
5]). Additionally, these techniques have been modified in order to produce
certain torsion-free sheaves which, in some cases, can be deformed inside their
corresponding moduli space of semistable sheaves to obtain the desired Ulrich
bundles (cf. [Fael9]).

In practice, many of these constructions are not explicit, and they depend
on some choices (e.g., suitable codimension two subschemes to be used in the
Cayley—Bacharach or Hartshorne—Serre construction). Because of this, even for
varieties where the existence of Ulrich bundles is known to be true, it is a natural
and challenging problem to classify Ulrich bundles with fixed numerical invariants
and to determine the Ulrich complezity of a given smooth projective variety X
(i.e., the minimum integer r € N,; such that there exists a rank r Ulrich bundle on
X). See |BES17, [FK20] for some results towards the Ulrich complexity of smooth
hypersurfaces.

In this thesis, we adopt the new approach to the study of Ulrich bundles that
was recently initiated by Lopez and his collaborators in [Lop20} [LMn21), [LS21].
More precisely, they study the positivity properties of Ulrich bundles and give
classification results for projective varieties carrying Ulrich bundles for which these
positivity conditions fail. Along the same lines, it is natural to try to understand
(by means of positivity techniques) smooth projective manifolds that enjoy the
property of having Ulrich bundles that are canonically attached to them.

The main results in this thesis on Ulrich bundles state that if X ¢ PV is a
smooth projective variety of dimension n > 1, then the cotangent bundle Q% is

never an Ulrich bundle and for the tangent bundle we have the following:

Main Theorem 4 ([MPTB21|). Let X be a smooth projective variety of
dimension n > 1. If the tangent bundle Tx s an Ulrich bundle, then X is

isomorphic to the twisted cubic in P? or to the Veronese surface in IP°.
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Our main inspiration comes from the systematic study of the positivity of the
tangent bundle, initiated by the solutions of Mori [Mor79] and Siu-Yau [SY80] to
the Hartshorne and Frankel conjectures and pushed further by many authors in
order to give structure results for manifolds whose tangent bundle satisfies weaker
positivity assumptions. It turns out that smooth projective varieties with Ulrich
tangent bundle fit very well into this picture, and we show that they are rational
homogeneous spaces with rather a large automorphism group.

A first ingredient for our analysis, that we believe is interesting in its own
right, is that there are many numerical restrictions on the Chern classes of Ulrich
bundles. This has already been observed in the case of surfaces (cf. [ES03], Section
6]), and used notably by Casnati (cf. [Casl7, [Casl9]) in order to give a numerical
characterization of Ulrich bundles on surfaces. We extend this characterization to
the case of threefolds in Proposition [8.3.1, and we observe in Lemma [8.2.3| a useful
restriction concerning the first Chern class of Ulrich bundles in any dimension.

In Chapter [§] we revisit some known results concerning the Chern classes of
Ulrich bundles, and we prove Proposition and Lemma [8.2.3| reported above.
In Chapter [9) we prove Main Theorem [] and Theorem [9.3.2] To do so, we carry
out an analysis depending on the dimension in Section[9.1] Section[0.2]and Section
to reduce the problem to analyze higher dimensional varieties of Picard rank

at least two. This last case can be settled by means of Lie algebra computations.
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1 | Basic Notions

1.1 Lattice Theory

Definitions and examples

A free Z-module L of finite rank is a lattice if it is endowed with a non degenerate

symmetric Z-bilinear form

(- )o:LxL—Z.

Two lattices L and K are isometric if there is an isomorphism ¢ of L onto K
which preserves the bilinear forms, i.e., (z-y)r = (¢(z) - ¢(y)) k. The map ¢ is
called an isometry and the group of isometries of L is denoted by O(L).

A lattice L is even if (x-x)y € 27 for all x € L. The signature of L is a pair
(I(+),l(-y) where [(,y denotes the multiplicity of the eigenvalue +1 for the R-bilinear
form of L ®; R. Denote by LV the dual module Hom(L,Z) of L, and by Ay the
discriminant group LV/L of L. The discriminant group is a finite Abelian group
that comes with a symmetric Q-bilinear form ( - )4, : AL x A — Q/Z induced
by (- )r:

(z+L-y+L)a, =(x-y)r modZ forall x, ye L.

The quadratic form of L is a map ¢ : A — Q/27Z defined as
qr(x+L)=(x-x), mod 2Z for all z € L.

We remark that qr(z +vy) — qr(x) = qr(y) = 2(z - y)r mod 2Z. A subgroup
H c Ap such that qry,, =0is called gr-isotropic.

The group of isometries of A, is denoted by O(Ar). A lattice L is
unimodular if Ay is trivial. An injective map L — M is a primitive embedding
if M/L is a torsion free Z-module. An even lattice M is an overlattice of L if
there is an embedding L = M such that M/L is a finite Abelian group.

Example 1.1.1 (Hyperbolic plane). We denote by U 2 Z-e@® Z- f the lattice of

1
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[10)

This is an even unimodular lattice of signature (1,1).

rank 2 with the Gram matrix

Example 1.1.2 (ADE Lattices). We denoted by A,, D,, Es, Er, and FEg the
lattices associated to the Dynkin diagrams where each vertex corresponds to a
generator v with (v-v) = =2, and (v-w) = 1 if v and w are connected by
an edge, otherwise (v-w) = 0. We use the convention that ADE lattices are
negative definite and the root ordering follows Bourbaki’s notation. For example,
consider the lattice As generated by aq,...,as, where (a; - a; 1) =1, i = 1,...,4
and (a;-aj) =0, j # i+ 1. Then, a basis for the dual module AY c A5 ® Q

is given by {a1+2“2+3%3+4“4+5“5,ag,ag,a4,a5}, and so AY[As = (g) 2 Z/6Z where

g = Q2eadestlasdas - Note that qa,(g) = 5= (a1 + 2as + 3az + 4as + bas - ar + 2as +

3as +4ay +5as) = =5/6, and so the discriminant form As = Zg(5).
We record the discriminant form for all lattices of ADE type in Table[9.3.

Example 1.1.3 (The lattice Kis). We denote by Kio the Z-module with the

following bilinear Gram Matriz form:

8 -3 3 0-3 0 0 -3 3 0-3 0)
3 -4 2 0 0 0 1 -2 1 0 0

2 -4 2 0 2 0 1 -2 1 1

0 2 -4 2 0 0 0 1 -2 1 0
3 0 0 2 -4 0 0 0 0 1 -2 0
00 2 0 0-4 0 0 1 0 0 -2
0O 1 0 0 0 0-4 2 0 0 0 0
3 -2 1 0 0 0 2 -4 2 0 0 0
31 -2 1 0 1 0 2 -4 2 0 2
00 1 -2 1 0 0 0 2 -4 2 0
3 0 0 1 -2 0 0 0 0 2 -4 0
00 1 0 0-2 0 0 2 0 0 -4

The lattice K15 is an even negative definite lattice of rank 12 and discriminant
group isomorphic to (Z[3Z)%. Set k;, i =1,...,12, be a basis of Ki5. A basis of the

discriminant group Ag,, can be written as

B ]{?7 + 2k8 + k?l() + 2]{511
= 5 ,

B ]{?6 +l€12
= 5 ,

_k?5+]€11
-3

g1 g2 g3
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_]f4+k'10 _1{33+l{79 _l{?2+]{?8
- 3 ) - 3 y g6 = 3 .

In this basis, the quadratic form of Ak,, can be written as

g4 gs

QK12:AK12 - Q/2Z
4

2
T1g1+ ... +Tegs >  —a5+ = (25 + 23 + 27 + 22+ 22)

3 3

4
+§(:c2x5 + I3y + TyT5 + T5X6). (1.1)

Remark 1.1.4. The lattice K5 1s also denoted the Coxeter—Todd lattice. QOur
notation is slightly different from that of [[CS93[,Ch.4, Section 9/, cf. [NS1j),
since they define K15 as a positive definite lattice. In this case, we say that K1y is
the opposite of the Coxeter—Todd lattice.

Example 1.1.5 (The lattice Mz/gz). We denote by My;s; the Z-module of rank
12 with the following Gram Matrix form

-4 -1 0 -1 0-1 0-1 0 -1 0 -1
-1 -2 0 0 0O 0 0 0 0 0 0 O
0 0 -2 0 o 0 0 0 0 O
-1 0 1 -2 0 o 0 0 0 0 O
o o0 o0 o0-2 1 0 0 0 0 0 O
-1 0 0 0 1 -2 0 0 0 0 0 O
o o0 o0 o o o0-2 1 0 0 0 O
-1 0 0 o o0 o0 1 -2 0 0 0 O
o o o o0 o0 o o 0-2 1 0 0
-1 0 0 o0 o0 o0 o0 0 1 -2 0 O
o o0 0 o0 o o o o 0 0 -2 1
-1 0 o0 o0 o o0 o0 0 0 0 1 -2

The quadratic form of An,,,, = (Z[3Z)* can be written as

2 1
An,,, (V) = _§($§ +af) - 5(2%902 + 22973 = 2T9T4 — T3T4).

Some properties are given without proofs, see [[Nik79]; [BHPVAV04], 1.2| for
further details. Suppose that L — M is an embedding:

e If rank L =rank M, then (M : L)? = |A|- |[An |

e rank L + rank L+ = rank M.
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o If L c M is primitive, every basis of L can be complemented to a basis of

M.
e If M is unimodular and L c M is primitive, then |Af| = |Ap:|

Let L be a lattice and G ¢ O(L). Denote by L% the invariant sublattice of L
and by Sg(L) = (L%)* c L the co-invariant sublattice of L.

Lemma 1.1.6. Let L be a lattice and G c O(L). Then the following hold

1. LE contains Y. gv for allve L.
geG

2. Sa(L) contains v—gv for allve L and all g € G.
3. L/(LE ® Sg(L)) is of |G|-torsion.

Proof. The proof of (1) is straightforward. To deduce (2), consider w € L% and
g€ G, then (w-v) = (gw-gv) = (w-gv) for all ve L. This gives (w-v-gv) =0 for
allve L and all g € G.

Let [ € L. The result follows from |G|-1= Y g({)+ ¥ (I - g(l)) where the first
geG geG
term lies in LE and the second in Sg(L) by (1) and (2). |

The following lemma is useful to understand the isometries of indefinite lattices.

Lemma 1.1.7. [Nik79, Proposition 1.14.2], cf. [Dol83, Proposition 1.4.7] Let
L be an indefinite lattice of rank L > [(Ap) + 2. Then the canonical morphism
O(L) — O(AyL) defined as ¢ — @ where

pla+L)=(¢ ") (2)+L

18 surjective.

In the next definition, we follow the notation of [Bri83|. Let L be an even

lattice of signature ({(,),l-y) and A its discriminant group with quadratic form
qr, - AL i @/2Z

Definition 1.1.8. The signature modulo 8 of qr, s
sign(qr) =l(xy —1(=) mod 8.

Set p be a prime.
Suppose that p is odd. We denote by w¢ ,, € = =1, +1, two finite quadratic forms

p7a7

on Z[p“Z: the quadratic form w;?i, has generator value q.(1) = a/p* mod 27Z

4
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where a is the smallest positive even number which is a quadratic residue modulo

-1
p7a

number such that is not a quadratic residue modulo p.

p; and for w3l we have ¢q;(1) = a/p® mod 2Z with a the smallest positive even

If p =2, we also define finite quadratic forms w5, on Z]2°7, o > 1 but € =
+1,+5. The quadratic form wj , has generator value q.(1) = ¢/2*. We denote by
Uq, Vo two additional finite quadratic forms on Z /27 & Z/2°7:

) 0 1/2¢ [ 2o 120
Yol e o T 120 1/20

Example 1.1.9. The signatures modulo 8 of the four quadratic forms wy , wy 7,
uy and vy are 1, -1, 0, and 4 respectively. These follow by taking L = (2), (-2),
U(2), and Dy respectively.

Theorem 1.1.10. [Nik79, Theorem 1.8.1] The semigroup of non-degenerate p—

adic finite quadratic forms is generated by
o wii, (a>1) if pis odd;
° wa:}a’ wé:,g)a’ UOU and Ua (O{ Z 1) pr: 2

In particular, qr, is 1somorphic to an orthogonal direct sum of the forms wy, ,, a,

V-

The following Theorem introduces the notation of p—adic lattices which will be

very useful in the characterization of the existence of a lattice.

Theorem 1.1.11. Let p be a prime and g, be a quadratic form on a finite
Abelian p-group A,. Then there exists a p-adic lattice K(q,) of rank [(A,)
and discriminant form qrq,) = q,. The p-adic lattice K(q,) is unique (up to
isometries) unless p = 2 and there ezists a finite quadratic form qb such that

~ +1 /
G2 ~ w37 @ q;-

Extending lattices

We will be interested in even lattices that can be obtained as overlattices. This
technique involves the computation of discriminant forms and the vanishing of
subgroups of the discriminant group associated to a fixed lattice.

Suppose that L is an even lattice and let M be an even overlattice of L. There

exists a natural chain of embeddings

Lo Mo MY - LY,
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such that H:= M/Lc MV/Lc LV/L = A, and (MV/L)/H = Ay,.

Lemma 1.1.12. Let q;, be the quadratic form of L. The set of even overlattices

of L is in 1 -1 correspondence with the set of subgroups of Ay where qr, vanishes.

Proof. Let H be an isotropic subgroup of Ajy,.
Set
Ly:={xel” | x+LeH}.

Then (Ly,( - )r ® Q) is an even lattice since qp(x + L) € 2Z. It follows from the
definition that
LcLyclLycLY,

and so |Ar| = AL, |[Lu : L)%, AL, = H*/H and qr,, = qz|u:/H.
Conversely, if M is an overlattice of L, then H := M /L is a subgroup of Ay.
Moreover, qr(m + L) = g(m-m), € 27 since M is an even overlattice of L. This

implies g, (m + L) =0 for all m € M. [

Note that the signature and the rank of the overlattices are preserved but the
order of the new discriminant group decreases if the isotropic subgroup is not

trivial.

Lemma 1.1.13. Let L be an unimodular lattice and T c L be a primitive

sublattice. Then, as groups

L

Ap =2 Ap 2 .
=" =rer:

Proof. Since T’ c L is a primitive embedding, then L is an overlattice of T'®T* with
same rank, and in particular |AL|[L: T & T+]? = |Ap||Ar:]. In fact, the quotient
L/(T @ T") is isomorphic to a subgroup M c Ay & Ay which is isotropic (with
respect t0 ¢4,,,. ). Now, assuming that L is unimodular, we get |M| = [A7| = |A7:].
Let us consider py : Ar® Ar. — A and pp. : Ar® A — Ap. be the projections
maps, then pp(M) c Ar has the same order of M which is the order of Ar
and so pr : M — Ap is an isomorphism. Analogously, pr. : M — Aq. is an

isomorphism. n

Example 1.1.14. Let e, f be a basis of L =U(2) such that (e-e) = (f-f)=0 and
(e-f)=2. Then, /2 and f[2 are a basis of Ay(2) with the Q-bilinear form.:

[14)

= O
O NI
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Set Hy = (e/2) and Hy = (f/2). Then, Hy and Hy are isotropic groups. The
lattice obtained from U(2) by adding the vector e/2 (resp. f[2) is isomorphic to
U:

mH(Hy)

(5+bf | bf cU2))
- {§+bf | beZ)

= <§7f>

where m: U(2)Y — U(2)V/U(2) is the quotient map, and (e/2- f) =1 and (e/2-
ef2) = (f- 1) =0 (resp. (£[2-¢)=1 and (f]2- ]2) = (c-¢) = 0).

Existence, uniqueness, and embeddings of lattices

We recall some standard facts on the existence and uniqueness of even lattices. We
also restrict our attention in primitive embeddings of lattices. Roughly speaking,
the signature and the parity of a lattice can determine the lattice up to isometries.
At least in the unimodular case, the lattice can be written in terms of Eg and U.
In the case of non-unimodular lattices, the genus associated to a discriminant

quadratic form plays a fundamental role in the classification of these lattices.

Theorem 1.1.15 ([Mil58]). Let L be an even unimodular lattice of signature
(e le)-

o L with these invariants exists if and only [,y —Ily=0 mod 8.

o Iflwy, Ly >0, then L is the unique lattice with these invariants (up to

isometries).

Corollary 1.1.16 (|Mil58|). If L is an even unimodular lattice of signature
(l(+),l(_)), then

Loy — 1=
LzU®" & Eg(+1)®" where m=1,, n= JF%.

Lemma 1.1.17. [Nik79, Theorem 1.10.1] An even lattice L of signature (I¢+y, 1)

exists if and only if the following conditions hold:
1. Iy =~y = sign ¢ mod 8;

2. l(+), l(_) >0, Z(AL) <rank L;
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3. for all odd prime p such that rank L = [(A,),

(-1)!e)|AL| = discr K(q,) mod (Z})?;

4. if rank(L) = 1(As) and go # w§11 ® ¢, for any finite quadratic form ¢,

|AL| = +discr K(q2) mod (Z3)>.

The following lemmas guarantees the uniqueness of a lattice with some fix

invariants.

Lemma 1.1.18 (Kneser [Kne56|, Nikulin [Nik79|, Corollary 1.13.3). Let L be an
even lattice. If 0 < Iy, 1y and [(Ar) +2 <rank(L), then L is the unique lattice

(up to isometries) with signature (I(1y,l-y) and discriminant quadratic form qr.

Lemma 1.1.19. [CS93, Chapter 15, Theorem 21] If the genus of an indefinite
lattice L with rank(L) = n and discr L, contains more than one isometry class,

then 42 discr L is divisible by G for a non-square natural number k =0,1 mod 4.

The following lemmas are some results on the existence and uniqueness of

primitive embeddings.

Lemma 1.1.20 ([Nik79|, Theorem 1.14.4). Let M be an even lattice of signature
(t(+),t-y) and L be an even unimodular lattice of signature (s.y,sy). There

exists a unique primitive embedding of M into L if the following conditions hold
® by <SGy by <8();
o [(Ay) <rank L —rank M - 2.

Lemma 1.1.21 (|Nik79], Theorem 1.12.4). Let (t(1),t-y) and (I4y,l-y) be two
pairs of non-negative integers. For all even lattices S of signature (t(,y,t(-y), there
exists an even unimodular lattice L of signature (l(1y,l-y) and S = L a primitive

embedding, if and only if
1
l(+) - l(,) =0 mod 8, Ly < l(+), ty < l(,) and Lyt < é(l“) + l(,)).

2-elementary lattices

We start by recalling a few basic facts of 2-elementary and hyperbolic lattices.

8
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Definition 1.1.22. A lattice L is called hyperbolic if the signature of L is (1, x).
A lattice L is called 2—elementary if Ap = (Z/2)! for some 1 > 0. We define an
invariant § of a 2-elementary lattice L: if the image of the discriminant quadratic
form qy, is contained in 72, then 6(L) =0, otherwise 6(L) = 1.

Note that if L is a 2—elementary, by Theorem [1.1.10| the quadratic form ¢, can

be represented as a direct sum of quadratic forms w3}, w3?,, ua, and v, (o >1).

All hyperbolic even 2-elementary lattices are determined by the invariants rank,

length of the discriminant group and the delta invariant:

Lemma 1.1.23. [Nik81, Theorem 4.53.2] There exists a hyperbolic, even, 2-
elementary lattice L with invariants v = rank L, a = [(Ar) and 6 = (L) if and

only if the following conditions are satisfied
e a<ry
e a+r=0 mod 2;
e if0=0, thenr =2 mod 4;
e ifa<l, thenr=2+a modS§;
o ifa=0, then 6 =0;
e ifa=2,r=6 modS8, then 6 =0;
e ifa=7r and 6 =0, then r =2 mod 8.

Example 1.1.24 (2-elementary hyperbolic lattices of rank 2). Let L be a 2-
elementary lattice of signature (1,1). The existence of L implies that |(AL)| < 2.
In particular, if |(AL)| = 0 then L is unimodular and so L = U. When |(AL)| =2,
then L is isometric to U(2) or (2) & (-2).

Proposition 1.1.25. [Dol83, Proposition 1.5.1] Let L be an even unimodular
lattice, i : L — L be an isometry of order 2 in O(L). The lattices L' = {x e L |
i(x)=x} and S;(L) ={x e L | i(x) =—-x} are 2-elementary lattices.

Proof. Tt follows of Lemma [1.1.13] and Lemma since |G| = (¢) has order

two. m
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1.2 K3 surfaces

In this section, we collect some well known facts of K3 surfaces and automorphisms
of K3 surfaces, particularly the symplectic case.

A K3 surface is a simply connected compact complex manifold of dimension
two such that it admits a non-degenerate holomorphic 2-form. Among classical
examples of K3 surfaces are the Kummer surfaces, double coverings of P? branched
along a smooth curve of P? of degree six, and smooth complete intersection of type:
4 in P3) or (2,3) in P4 or (2,2,2) in P® (this yields examples of K3 surfaces of
degree four, six, and eight respectively).

The fact that X is a compact surface implies by Poincare’s duality that
H?*(X,Z) is unimodular. A computation involving the Wu formula shows that
H?(X,7Z) is an even lattice, see [Wub0|. By Hirzebruch’s index theorem, we obtain
that the signature of H?(X,Z) is (3,19) since K3 surfaces are Kéhler manifolds,
see [Siu&3].

Theorem 1.2.1 ([Mil58|). If X is a K3 surface, then the Z—module H?(X,Z)
with the cup product is an even unimodular lattice of signature (3,19) isometric
to U® @ £,

Set Axs be the abstract lattice U®3 @ E22.

Theorem 1.2.2 (Torelli type theorem for K3 surfaces). Let X, Y be K3 surfaces
and let wx, wy be non-degenerate holomorphic 2-forms on X and Y respectively.

Suppose that there exists an isometry of lattices
2 HQ(X7Z) - H2(Y7Z)

satisfying

e the extension oc = ¢ ®z C acts on H*(X,C) such that p(wx) = ¢-wy for

some ce€ C*;
e ¢ sends a Kdhler class of X to a Kdahler class of Y.
Then there exists a unique isomorphism f such that f* = .

Roughly speaking, the Torelli-type theorem implies that the isomorphism
class of a K3 surface is determined by its period, see Theorem [1.2.4, A strong
consequence of this theorem is the approach to study the geometry of K3 surfaces

from a lattice theoretical viewpoint. In order to formalize the connection between

10
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these two approaches we introduce a fundamental ingredient: the period map for
K3 surfaces.
Let A(X) be the set

A(X) = {6 e HY (X)) n HX(X,Z) | 62=-2}.

In particular, non-singular rational curves belong to A(X). For each 6 € A(X),
we define the reflection map ss on H?(X,Z) given by x = z + (z-9) which is an
isometry of H?(X,Z). In fact, it is a reflection with respect to the hyperplane
0t c H2(X,R). Denote by W(X) the subgroup of O(H?(X,Z)) generated by all
reflections ss with 6 € A. Let P(X) be the connected component of the set

{re HY(X) | 22>0}

that contains a Kéhler class. Then W(X) acts on P(X) and each connected

component of P(X)\ U d* is a fundamental domain of W (X). The connected
0eA

component containing a Kéahler class is called the Kdahler cone of X.

Remark 1.2.3. The second condition of Theorem is equivalent to the
following

e »(A(X)) = A(Y);
o o preserves the Kdihler cones;

e o preserves the effective divisors.

Let D be the space
D={weP(Ak3®C) | (w-w)=0and (w-w) >0}

called the period domain.

A marked K3 surface is a pair (X, ¢) where X is a K3 surface and ¢ is an
isometry ¢ : H2(X,Z) — Ags. By theorem for each marked K3 surface
(X,¢) we have that ¢ ® C(wx) is in D. The point (¢ ® C)(wx) € D is called
the period of a marked K3 surface (X,¢). Denote by M the set of marked K3

surfaces.

Theorem 1.2.4 (Surjectivity of period map, [Tod80|). The map

p:M — D
(X,0) » (¢©C)(wx)

11
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18 surjective.

The map p is called the period map for K3 surfaces.

Symplectic automorphisms

Let X be a K3 surface. We denote by Aut(X) the group of all biholomorphic maps.
Essentially, there are two kinds of automorphisms: symplectic and non-symplectic
automorphisms. Let f be an automorphism of finite order. Since Aut(X) has
the structure of a complex Lie group, we say that f is symplectic if the induced
action on H2?9(X) = C-wy for some non-degenerate 2-holomorphic form w is the
identity, i.e., f*wx = wy. We say that f is non-symplectic if f*wyx = (,wx where
1 # ¢, is a nth root of unity in C. We say that G ¢ Aut(X) is symplectic if all
elements of G are symplectic automorphisms of finite order. It is possible to get
finite groups of symplectic automorphisms of K3 surfaces to embed in the Mathieu
group Ms3 by using the classification of Niemeier lattices but we will not develop
this point here, see [Muk88|, [Nie73], cf. [Kon9§|.

One of the main reasons of interest in these particular automorphisms is that
their presence relates two different (families of) K3 surfaces: (the family of) K3
surfaces admitting a symplectic automorphism of order n and the one (family) of
the desingularization of the quotient of a K3 surface by a symplectic automorphism
of order n, which is still a K3 surface, but in general not isomorphic to the original

one. We will prove this fact in Proposition [1.2.9,

Let f: X — X be a symplectic automorphism. Denote by Tx the minimal
sub-Hodge structure of H?(X,Z) containing H?°(X). Since H°(X,Q3%) =~
H?9(X) cTx ®C, we get

Proposition 1.2.5. [Nik76, Theorem 3.1] The automorphism f is symplectic if
and only if f*=1d on Tk.

Proof. Suppose that f is symplectic, then ker((f* —1Id)|r,) c Tx is a sub-Hodge
structure containing H%°(X). Since T'x/ker((f* —1d)|r,) is torsion free, then
ker((f*-1d)|r, ) =Tx and so f* =1d" on Tx. u

Lemma 1.2.6 (|[Muk88|, Proposition 1.5). If G c Aut(X) be a symplectic group
with a fized point, then G is isomorphic to a subgroup of SL(2,C)

In particular, if GG is a cyclic group generated by a symplectic automorphism

of order n, there exists a local holomorphic coordinate system z1, 2z around x such

12
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that f(z1,22) = ((z21,(;'22) where (, is a primitive nth root of unity, cf. [Huyl6,
Lemma 1.4].

Here are some elementary facts about symplectic automorphisms of finite order.

Proposition 1.2.7. [[Muk88/, Proposition 1.2/ Let f be a symplectic

automorphism of finite order n # 1. Then,
o 1<|Fix(f)|<8;
o n<§;
e p(X)=rankNS(X) > 8.

In particular, the number of fixed points of f depends only on the order n as
in Table , see [Nik76l Section 5| for more details.

[ 2]3|4[5]6]7]8]
IEx(A)) |86 | 4]4]2]3]2)]
| p(X)> | 8|12 |14 ]16] 16|18 | 18|

Table 1.1

The following results are elementary observations about symplectic
automorphisms in the seminal paper of Nikulin, [Nik76]. He studied the problem
of existence and uniqueness of the action of a symplectic automorphism in the
second cohomology group from a lattice theoretical viewpoint.

Let G c O(H?(X,Z)). Denote by
H*(X,7)% and Sq(X) := (H*(X,Z)%)* c H*(X,7Z),

the invariant and the co-invariant lattices of H?(X,Z) respectively.

Theorem 1.2.8 ([Nik76|, Lemma 4.2). If G c Aut(X) is a symplectic group, then

the following assertions are true:
o Sq(X) is non-degenerate and negative definite;
e Sq(X) does not contain elements with square (-2);
o Ty c H*(X,Z)% and Sg(X) c NS(X);
e the group G acts trivially on the discriminant group Ag,(x).

Nikulin’s approach to the classification of groups of symplectic automorphisms
comes from the following observation: essentially, the set of finite groups acting

faithfully and symplectically on K3 surfaces is closed under quotients.

13
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Quotients of K3 surfaces by symplectic groups

By Proposition the number of fixed points of a symplectic automorphism is
finite and it depends of the order of the automorphism. Since G ¢ SL(2,C), then
the quotient X /G is a normal surface with isolated singularities of ADE-type, see
[IBHPVAV04, Chapter II1.7]. Let Y be the minimal desingularization of X /G which
is obtained by introducing an exceptional ADE set of curves for the corresponding

type of the singularity, and 7 be the induced rational map ©= 31 ogq:

Xja
g q

m™ s
7

(1.2)

]<
y —X— x/@
where ¢ is the quotient map, [ is the birational map in the minimal

desingularization.

Proposition 1.2.9. Under the above assumptions,
o Y is a K3 surface;
e 7 is a generically finite map of degree |G]|.

Proof. Let wx be a non-degenerate two holomorphic form on X. Since c*wyx =
wy, it defines a non-degenerate two holomorphic form @ on the smooth part of
X/G. The surface Y N u;{E;}, where E;’s are the exceptional curves of the blow
ups, is isomorphic to X/G \ Sing(X/G). Then Gy .y} is a nowhere vanishing
holomorphic 2-form on Y N\ U;{ E;}. This one can be extended on all Y, and so Y’
admits a non-degenerate holomorphic 2-form, see [[BHPVAV04] Proposition 3.5].
Since Y has exceptional (—2)-curves arising from the resolution of X /G, then YV
cannot be a torus, and so Y is a K3 surface.

The fact that 7 is generically finite is because ¢ is a covering map |G| : 1 and

f is the composition of birational maps given in the resolution of Sing(X/G). =

Example 1.2.10 (Cyclic groups). Let o be a symplectic automorphisms of prime
order n and let p be a fixred point of o. By Lemma [I.2.6, there exists local
coordinates (z1,2) around p such that (z1,20) = (Coz1,(l2e). Let p(z1,22) €

C[z1, 22] be a polynomial of degree d such that poo = p. Without losing generality,

suppose that p(z1,29) = 21247, Since p is o-invariant, then i =

d+nk d-nk
— 2 2
p(21,22) =27 2

d+nk
5

. It is straightforward that p(z1,22) = 2122, or p(z1, z2) = 27,

and so

14



1.2. K3 surfaces CHAPTER 1.

or p(z1,22) = 2% are o-invariant and generate Clzy,22]°. Set wy = 27, wqy = 27,
and ws = z122. Then, w§ = wywy. Using the change of variables ws = z,wy

—T + 1y, w — T +1y, we get
C?Jo =V (2® + y? + 2(n~ 1)
which is the local expression of a singularity of A,_1-type.

In [Nik79|, Nikulin introduced the symplectic automorphisms of K3 surfaces
studying the action on the surface and the action on the second cohomology group
of a K3 surface. Roughly speaking, he proved that the topology of the fixed locus
and the action induced in cohomology are unique and depend only on the order
of the automorphism.

We say that a group G has a unique action on the 2-dimensional integral
cohomology of K3 surfaces if given any two embeddings i : G - Aut(X) and
i
K3 surfaces X and X', there exists an isomorphism ¢ : H*(X,Z) — H?*(X',Z)

(preserving intersection index) such that ¢/(¢g*) = poi(g)* o ! for any g € G.

: G > Aut(X’) under which G is an algebraic automorphism group for the

Theorem 1.2.11 (|Nik79|, Theorem 4.7). Any Abelian group G with a symplectic
action has a unique action (up to isometries) on the 2-dimensional integral

cohomology of K3 surfaces.

Theorem 1.2.12 (|Nik79], Theorem 4.15). Let X be a K3 surface and G be a
subgroup of Aut(X). Then, G is a symplectic group if and only if there exists a
primitive embedding

Sa(H?*(X,Z)) c NS(X).

We recall an useful formula which relates the bilinear form of two lattices for

the case of finite maps.

Lemma 1.2.13 (|EH16|,Theorem 1.23; cf. [Ful98|, Example 8.1.7 ). Let 7: X —

Y be a map of smooth quasi-projective varieties.

o There is a unique map of groups w* : HY(Y,Z) — H¢(X,Z) such that
whenever A c Y is a subvariety with 7 1(A) generically reduced and
cody(m71(A)) = cody (A) = ¢, we have

m ([A]) = [« (4)].

15



CHAPTER 1. 1.2. K3 surfaces

e (Push-pull formula or Projection formula) The map 7, : H.(X,Z) —
H.(Y,Z) is a map of graded modules over the graded ring H.(Y,Z). More
explicitly, if € H*(Y,Z) and B € H(X,Z), then

m(ma-f)=a-m,p e H_1(Y).
Remark 1.2.14. The last statement of this lemma is the result of applying
appropriate multiplicities to the set-theoretic equality m(m='(A)n B) = Ann(B).

In particular, if m = ¢~ o q as in[1.4, by Poincare’s duality we obtain,

m(m*a- B) =|G|(a 7. 0) € Z. (1.3)
for all a« e HX(Y,Z) and € H*(X,Z).

16
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1.3 Elliptic surfaces

Let X be a surface and 7 : X — (' be a holomorphic map to a smooth curve C'.
We say that X is an elliptic surface if any fiber, except over finitely many points
of (', is an elliptic curve. The map 7 is called an elliptic fibration of X. An
elliptic surface is called relatively minimal if no fiber contains an exceptional
curve. We are interested in the particular case when X is a K3 surface (or a
complex torus). Elliptic K3 surfaces come with a rich geometrical data which
is reflected in their Nerén-Severi group. Popular sources as for elliptic surfaces

include [Mir89|, and [SS10] for a modern view point.

As in elliptic curves, an useful tool in the study of elliptic surfaces is the
Weierstrass form. One can show that there exists a 1-1 correspondence between
Weierstrass forms over C' and smooth minimal elliptic surfaces over C' with a
section sg, see [[Mir89], Corollary II.1.3, and II.5.5]. Then, elliptic surfaces are
elliptic curves over the function field £(C') of C. Its Weierstrass form is usually
given by an equation

y? =2+ A(t)z + B(t),

where A(t), B(t) € k(C).

A triple (£, A, B) will be called Weierstrass data over C| if £ is a line bundle
on C' and A, B are global sections of £* and L6 respectively such that the section
A =4A3 +27B? of L1?(called the discriminant of the data) is not identically 0. A
fiber of m over a point ¢ € C' is singular if and only if the discriminant section A is
zero at c.

There are at most finitely many singular fibers for relatively minimal elliptic
surfaces. This classification is due by Kodaira in [Kod63| using functional and
topological invariants. Since we assume the existence of a section, the case of
multiple fibers are excluded.

Let a, b, 6 be the order of vanishing of A, B and A respectively at a point
c € C. One can show that if a, b, and J are as in Table then the Kodaira type
of the fiber 771(¢) is as indicated, see [[Mir89|, Proposition IV.3.1]. For each fiber,
we also recall the multiplicities of each component of the fiber, which corresponds
in the Table 9.3/ to the number on each vertex, see [cf. [Mir89], Proposition 1.4.2],
and its Euler characteristic.

Let X be an elliptic surface. Let g := g(C') be the genus of C' and ¢ := h10(X)
be the irregularity of X.

17
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Lemma 1.3.1 ([Mir89|, 111.4.1).

g, if X is not a product of curves

g+ 1, if X is a product of curves

By the adjunction formula, we can deduce
wx 21 (we ® L). (1.4)
In particular, K% =0, and using Noether’s formula we can deduce
e(X) =12deg(L). (1.5)

Proposition 1.3.2. Let X be an elliptic K3 surface. Then,
o CxP!;

o A(t) and B(t) are polynomials of degree 8 and 12 respectively.

Proof. 1t follows from the lemma that ¢ = ¢ = 0, then C = P! since C' is a
smooth curve. Since e(X) = 24 for X a K3 surface, by the Equation we get
that £ = Op1(2). Hence, if (£, A, B) is a Weierstrass data over P!, then deg(A) =8
and deg(B) = 12. |

The Mordell Weil group and the Shioda—Tate formula

The Mordell Weil group is the group of the sections of 7. It is denoted by
MW (X) and the fixed section sy corresponds to the neutral element of MW (X).
In particular, the Mordell Weil group of an elliptic surface is a finitely generated
Abelian group, see [Mir89, Corollary VII.2.2].

Let X, be the fiber at ¢ € C. Define by X7 the subset of all components of X,
obtained by deleting the singular points of the fiber, and Xfo c X7 obtained by
deleting also the component meeting the zero section. The operation on MW (X)
induces an operation on X7 such that X7 is an Abelian group. For each type of
fiber, we describe the group X7 /Xfo, see Table . Since an automorphism of
a reducible fiber X. has to be compatible with the group structure of the fiber,
X¥ /X fo enforces strict conditions on the automorphism group of an elliptic surface
that contains X..

Let p(X) be the Picard number of X. A practical formula which relates the
Picard number of X and the rank MW (X)) is the following which is known as the

Shioda-Tate’s formula.
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Lemma 1.3.3. [Mir89, Corollary VII.2.4] The Picard number p of an elliptic

surface X is

p=2+1+ Y 10,
ceA

where r. = # of components of X.—1 and r is the rank of MW (X).

Note that each section s € MW (X)) intersects one component of each singular
fiber in a point of multiplicity one, i.e., (s- F') = 1. Moreover, if s, and s’ are two
different sections in MW (X), then the components which each section intersect
the singular fiber are different.

Another useful formula is given in the following lemma. Set rim = # of
components of X, with multiplicity m. In particular, if m = 1, then rgl) counts

the simple components on X..

Lemma 1.3.4 ([Shi72|, Lemma 1.3). If MW(X) has rank 0 and order n, then

1 1
[Ary| = — TTre".
N7 ceA

Constructing a basis of the Ner6on—Severi lattice

Let F' be the class of a singular fiber. Since the fibers are all algebraically
equivalent, we get that (F'- F)) = 0. The zero section sy intersects any fiber in

one point, then (F-sp) = 1.

Proposition 1.3.5 (|Shi90], Section 7). Let X be an elliptic surface and a its
arithmetic genus. The following hold

® (S0°80) =-a

o There exists an embedding of
_ 0 1
U:= (Z2,( ) ))CNS(X).
-a

Corollary 1.3.6. Let X be a K3 surface. If X admits an elliptic fibration, then
U cNS(X).

Let Trx be the lattice generated by F', the class of the zero section sy, and
the classes of irreducible components of reducible fibers which do not intersect s,.
This lattice is called the trivial lattice of X.

One can show that the Neron Severi lattice of X over Q is generated by Try
and the sections of MW (X).
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Theorem 1.3.7 (|[Shi90], Theorem 1.3). Let X be an elliptic surface. The Mordell
Weil group is isomorphic to NS(X)/Trx.

If X admits a section t of n-torsion, then t is linearly equivalent to a
combination of the classes generating Try with coefficients in %Z. This implies
that NS(X) is an overlattice of index at least n of the lattice Trx.

Proposition 1.3.8. Let X be an elliptic K3 surface, and t be a torsion section
of order n. The translation by the section t is a symplectic automorphism of X of

order n.

Proof. By Formula we know that the nowhere vanishing holomorphic two
form w of an elliptic K3 surface is locally written as w = 7(t)(dz/y) A dt where
7(t) is a nowhere vanishing holomorphic function. Let dz = dx/y. Then dz is a
holomorphic form on each fiber E.. Since the base of the elliptic fibration is fixed
by the automorphism of translation, then it acts as the identity on ¢, and fixes dz.

Then, w is fixed by the automorphism. [ |
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1.4 Hyperkahler manifolds

Definition 1.4.1. A hyperkdhler manifold is a simply connected compact
Kdahler manifold X that admits a unique (up to scalars) non-degenerate
holomorphic 2-form wx € H?°(X).

Hyperkéhler manifolds are also known as irreducible holomorphic symplectic
manifolds (IHS). Such a form wy is called symplectic. Note that wx defines
a skew-symmetric isomorphism on the holomorphic tangent bundle Tx and the
holomorphic cotangent bundle wx. Hence the complex dimension of X is always
even. A 2-dimensional hyperkdhler manifold is nothing else but a K3 surface.
Examples in higher dimension are hard to construct. Fujiki and Beauville were
the first to provide examples of Hyperkahler manifolds in dimension greater than
2: they show that the Hilbert scheme S parametrizing subschemes of length n on
a projective K3 surface S is a Hyperkéhler manifold of dimension 2n, see [Bea83|.
For instance, we have the following list of known examples, where manifolds of

the same deformation type are not distinguished:

e The Hilbert scheme S["] of a K3 surface S. Its dimension is 2n and for n > 1
its second Betti number is by(S™) = 23.

e The generalized Kummer variety K,(A) of a 2-complex torus A. Its
dimension is 2n and for n > 2 its second Betti number is by(K,(A)) = 7,
see [Bea8&3].

e The O’Grady’s 10-dimensional example OG’10. Its second Betti number is
24, see [0’G99).

e The O’Grady’s 6—dimensional example OG’6. Its second Betti number is 8,
see [O’GO3].

There are other examples of hyperkahler in the literature but they have all
turned out to be deformation equivalent to one of the above list. As we will see
later, moduli spaces of stable sheaves (and also twisted sheaves) on K3 surfaces
can be example of hyperkdhler manifolds. We will restrict our attention to some
of these examples which have the same deformation type of Hilbert scheme of K3
surfaces.

The main motivation from the definition of Hyperkéhler manifolds comes of the
well known decomposition of compact Kéhler manifold with ¢;(X) = 0 in terms
of compact complex torus, Calabi-Yau varieties and Hyperkahler manifolds. This

fact is known as Beauville-Bogomolov decomposition:
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Theorem 1.4.2. [Bea83/, |Bog7j] Any compact Kdihler simply connected
manifolds with trivial canonical bundle can be written as a product of irreducible

holomorphic symplectic manifolds and Calabi—Yau manifolds.

Example 1.4.3 (K3[2] manifolds). Let S be a projective K3 surface. The Hilbert
scheme S2) of 0-dimensional subschemes of length 2 on S is a smooth projective
irreducible manifold of dimension 4. One can show that the symplectic form of S
lifts to a symplectic form on SP2), see [Bea83, Proposition 5]. Moreover, the fact
that S is simply connected implies that S[2 is also simply connected, see [Bea83,
Lemma 1].

The variety S21 admits a morphism
e: S 5

where S2) denotes the symmetric product of S. This morphism associates to a
point in S (i.e., a closed subscheme of dimension 0 and length 2 on S) in the
pair of points of the support of x. Hence, the map € corresponds to the blow—up
of S@ along the diagonal A = {(z,z) | x€S}. The pullback ¢* in H*(X,7Z) is
an injective morphism of Hodge structures of weight two, see [Bea83, Lemma 2/.
The group H*(S®,C) is Hodge isometric to the invariant part (under the action
of the involution) of H?(S?,C). This shows

H*(SP¥ C)=H*(S,C)eC-FE,

where E denotes the exceptional divisor of €. At the level of lattices, there exists

an integral class 6 such that 20 = E, and so
H*(SW.7) = H*(S,Z) 8 Z- 6.

In particular, H?>(S?1,Z) is torsion free and H?(S,Z) is orthogonal to & under the
symmetric bilinear pairing of H2(S2,Z). The restriction of this bilinear pairing
to H2(S,7Z) coincides with the intersection product on S, and 6* = =2, then by
Theorem we obtain H*(SP1Z) is isometric to U® & E&? & (-2).

Theorem 1.4.4. [Bea83/, [Fuj88] Let X be a hyperkdihler manifold of dimension
2n. Then there exists an integral non-degenerate quadratic form qx on H*(X,7Z)

of signature (3,b2(X) —3) and a positive constant cx such that

fx a™ = cxqx (), (1.6)
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for every o€ H*(X,Z).

The quadratic form ¢x is called the Beauville-Bogomolov—Fujiki form and the
constant cy is called Fujiki’s constant. The lattice (H?(X,Z),qx) is known as the
Beauville-Bogomolov—Fujiki lattice.

We recall in Table the Fujiki constant and Beauville-Bogomolov—Fujiki

form of the known hyperkéhler manifolds.

X | ex | H*(X,7Z) |
| Skl |1 | U e ES?e(-2(n-1)) |
| Ko(A) [n+1 | U e(-2(n+1)) |
|
|

| 0OG’10 | 1 | U o EX% @ A,
| OG6 | 4 | U3 @ (-2)%2
Table 1.2

Definition 1.4.5. Let by > 3 be an integer, and A be an even lattice of signature
(3,02 - 3). A marked pair (X,n) consists of an hyperkihler manifold X and an
isometry n: HX(X,Z) — A. Two marked pairs (X,m), (Y,n2) are isomorphic
if there exists an isomorphism f: X — Y such that ny o f* =ns.

The period of the marked pair (X,7) is a point p in P(A ® C) that satisfies
(p-p)=0and (p-p) >0 (i.e., the line n(H2°(X))).

One can show that there exists a coarse moduli space M, parametrizing
isomorphism classes of marked pairs, see [Huy99|. In fact, M, is a smooth complex
manifold of dimension by — 2 but it is not a Hausdorff space.

Let MQ be a connected component of M, and
Qp={peP(A®C) | (p-p)=0and (p-p)>0}

be the period domain. Note that €2, is an open subset of the quadric in P(A ® C)
of isotropic lines with the classical topology, see [Bea83).

The period map is given by

P()ZM?\ i QA
(Xom) = n(H*(X))

Theorem 1.4.6. [Bea83/, cf. [Huy99, Theorem 8.1] The period map Py is a local

1somorphism.
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This means that each point p € 2, determines a weight 2 Hodge structure on
A ® C such that the marking map n is an isomorphism of Hodge structure. A
strongest version of Theorem is the following

Theorem 1.4.7. [Verl3, Theorem 2.2/, [Huyl2/If Po(X,m) = Po(Y,12), then X

and Y are birational.

The Theorem is known as the Local Torelli Theorem of hyperkéhler
manifolds while the Theorem is known as its global version.

Monodromy group

Let X; and X5 be hyperkihler manifolds which are deformation equivalent. An
isomorphism f: H*(X,Z) — H*(X3,Z) is a parallel transport operator if
there exist a smooth and proper family 7 : y — T of hyperkéhler manifolds, over
an analytic base T', points ¢; € T', isomorphisms ¢; : X; — x, = 7 1(t;), i=1,2,
and a continuous path ~y: [0, 1] — T such that v(0) =1, v(1) = 5, such that the
parallel transport in the local system Rw,Z along ~ induces the homomorphism

¢2* °f°¢1* :H*(th’Z) - H*(thZ)'

Definition 1.4.8. Let X be a hyperkihler manifold. An isometry g on H*(X,7Z)
1s called a monodromy operator if there exists a family X — T of hyperkdhler
manifolds having X as a fiber over a point ty € T, and such that g belongs to
the image of m(T,ty) under the monodromy representation. The monodromy
group Mon*(X) of X is the subgroup of O(H?(X,Z)) generated by all monodromy

operators.

Note that the operation in Mon?*(X) is given by composition of two operators
g1 and go: if p; : X — T; i = 1,2 is a family of hyperkdhler manifolds with
[7:] € m(T;), then we can form a family p : X — T and a loop [v] € m(T") by
gluing 7} and 7, along the point ¢; corresponding to X, &} and &, along &},, and
concatenating the loops v, and ~s.

Let Kx ¢ HYY(X)nH?(X,R) be the Kéahler cone of X (i.e., the set of all Kéhler
classes associated to any Kéhler structure on X) and let C'x be the positive cone
of X (i.e., the connected component of the cone {a € HUI(X,R) | (a-a) > 0}
containing the Kéhler cone Kx).

The following theorem combines the Global Torelli Theorem with results on

the Kéhler cone of hyperkdhler manifolds, see [Huy03] and [Bou01] for a proof.

Theorem 1.4.9 (A Hodge Theoretic Torelli Theorem). Let X and Y be

hyperkdhler manifolds which are deformation equivalents.
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1. X andY are birational, if and only if there exists a parallel transport operator

g:H*(X,Z) — H*(Y,Z) which is a Hodge isometry.

2. Let g : H*(X,Z) — H*(Y,7Z) be a parallel transport operator which is a
Hodge isometry. There exists an isomorphism G: X — Y such that g = 7.,

if and only if g maps some Kdhler class on X to a Kdhler class on'Y .

Given a birational map f: X — Y of hyperkihler manifolds, the map
f* : H2(X7Z) - H2(Y>Z)

is a homomorphism induced by the closure X x Y of the graph of f. Moreover, it
is an isometry by [0’G97), Proposition 1.6.2|, cf. [GHJ03, Proposition 21.6].

Hyperkihler manifolds of K3["l—type

The Example can be generalized for n > 2.
Let € be the Hilbert—Chow map,

e: Sl ., g
Z = 2 UOzp)p, (1.7)

peS

where the sum is a formal sum and S( denotes the symmetric n-th product
of S (i.e., the quotient of S™ by the natural action of the symmetric group of
n elements 0,). One can show that the Hilbert-Chow map is a the blow-up of
S along the large diagonal D, = U{(z1,...,z,) € S" | x; = 2;} and it is a
resolution of singularities, see [HaiOl,#f]’roposition 3.8.4]. We denote by A, is the
exceptional set of €. In [Bea83| also proves that S[* is a Hyperkihler manifold of
dimension 2n, and the second integral cohomology of X is a lattice with respect

to the Beauville-Bogomolov pairing isometric to
H*(X,Z)~ H*(S,Z) ® (-2(n-1)),

where ¢ is a class such that A,, =26 and (§-0) = -2(n—1). Moreover, H?(X,Z)

is abstractly isometric to
Agm=UeUeU®e®FEs® Ly (-2(n-1)).

Since U and FEg are unimodular lattices, the discriminant group Ay :=
H*(X,Z)V|H*(X,Z) is a cyclic group of order 2(n —1).
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Definition 1.4.10. A hyperkdhler manifold X is called hyperkdahler manifold
of K3"l—type if X is deformation equivalent to a Hilbert scheme of n points St

of some projective K3 surface S.

Remark 1.4.11. Note that if X is a hyperkdihler manifold of K3™ —type, then
H2(X,Z) = Ayai1. In general, the property to be deformation equivalent to some
Hilbert scheme of n points on a K3 surface does not imply an isomorphism. We

will see some examples in the next section.

Theorem 1.4.12. [Mari(, Theorem 1.2, Lemma 4.2/Let X be a hyperkdhler
manifold of K3 —type. The monodromy group Mon®(X) is equal to the subgroup
of Ot(H?*(X,Z)) which acts via multiplication by 1 or -1 on the discriminant
group Ax.

Let e € H2(X,Z) be a primitive class of negative degree.

The reflection R, associated to e is:

R.: H*(X,Q) — H*(X,Q)

o g (x-e)e
x 2(6.6) (1.8)

Lemma 1.4.13. [GHS07, Corollary 3.4] Let X be a hyperkdihler manifold of
K3 —type. The reflection R, in @ belongs to Mon®(X) if and only if e has

one of the following properties:
1. (e-e)=-2, or
2. (e-e)=-2(n-1), and n -1 divides the class (e,-) € H*(X,Z)V.

Denote by A the abstract lattice U®* @ E$2.
Let O(AK3[n],K) be the set of primitive isometric embeddings. The group of
isometries O(A) acts on the group O(Agsin A) by compositions. Note that, if n—1

is a prime power, then O(Amm,K) consists of a single O(A)-orbit, otherwise

Lemma 1.4.14. [Mari0, Lemma 4.3/Let n > 2. There are 211 distinct O(A)~
orbits in O(AK3[n],/~\) where n corresponds to the number of distinct primes in the

factorization of n— 1.

Example 1.4.15. Suppose that X is a hyperkihler of K3\"l~type. By Lemma
1.4.14), there exist two different O(A)-orbits i, : Aygm = A® (-2(n - 1)) > A =
Ae@U, where A is isomorphic to U3 @& E®?. In particular, choosing H*(X,Z) - A
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for some isometry, it suffices to find all primitive embeddings 76 — U where §? =

-12: set ; e U such that f-e=-6 and ged(e, f) = 1.

(e (o) o (o) o) 5

are all possible primitive embeddings. It follows from the action of O(K) that

Hence

uy = r*(uy) and ug =1*(ug) where r* is the reflection isometry (up to a sign).

Theorem 1.4.16. [Marid, Theorem 1.10] Let X be a hyperkihler manifold of
K3l type, n > 2. Then X comes with a natural choice of an O(K)forbz't of
primitive isometric embeddings of H2(X,Z) in N. This orbit is monodromy
invariant which means v : H2(X,Z) = A belongs to this orbit if and only if Lo g
does, for all g € Mon?(X).

Set tx : H2(X,Z) = A the primitive isometric embedding provided in Theorem
. Since the orthogonal complement of tx (H2(X,Z)) in A is a lattice of rank
1, we can choose a generator v of tx (H?(X,Z))*. It follows from the unimodularity
of A and 62 = -2(n - 1) that (v-v) =2(n - 1).

Definition 1.4.17. Let e € H?>(X,Z) with (e-e) =-2(n—1). The divisibility of
e is an integer number div(e,—) € {n—1,2(n—1)} such that (e,-)/div(e,-) is an
integral primitive class in H*(X,Z)". The invariants p and o associated to e are
the largest positive integers such that (e+v)/p and (e—v)/o are integral primitive

classes in N, where v is a generator of 1x(H?(X,Z))*.

Let L be the smallest primitive sublattice of A that contains (v) @ (e). This
lattice is known as the saturation of (v) @ (e) in A.
In the following lemma, Markman characterizes the pairs (E, e) in terms of the

invariants div(e,-), p and o.

Proposition 1.4.18. [Mari3, Proposition 6.3] The isometry class of the lattice

L is determined as follows:

U if div(e,-) = 2n - 2,
(2)e®(-2) if div(e,”)=n—-1 and n is even,

=
I

if div(e,-)=n-1, n=1 mod8 and po=n-1,
U(2) if div(e,-)=n-1, nis odd, n#1 mod 8§,
if div(e,-)=n—-1, n=1 mod8 and po=2(n-1).
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Example 1.4.19 (Continuation of Example [1.4.15)). Let e be a primitive class
of HX(X,Z) with (e-e) = -2(3 x2). Since n is odd, {p,c} is one of the pair
{6,4},{2,12} or {2,6}. Let see each possible case:

e Suppose that p =6 and o = 4, then L is the lattice that contains (-2)®(2) and

the classes 5% and <. Since the discriminant of L is one and its signature

is (1,1), then L= U.

e Suppose that p=2 and o =12, then L is the lattice that contains (-2) & (2)

and the classes <% and 5. Since the discriminant of L is one and its

signature is (1,1), then L= U.

e Suppose that p =2 and o = 6, then L is the lattice that contains (-2) & (2)

and the classes 5* and <°. Since the discriminant of L is equal to the

discriminant form of U(2), then L= U(2).

Definition 1.4.20. Let D be a divisor of X and Tp the primitive rank 2 lattice
containing v and D in A. The divisor D is a wall divisor such that there ezists
rp€Tp if

1% =-2and 0< (v-rp) <v?/2.

Note that the condition to be a wall divisor is equivalent to
0<riv? < (v-rp)? < (v?[2)2

The set of wall divisors restricts the geometry of X. In particular,

Theorem 1.4.21. [Monl5, Theorem 1.3 and Proposition 1.5] Let W be the set
of wall divisors on a hyperkihler X of K3")—type. Then the Kihler cone of X is

one of the connected components of the following set

{re H*(X,R) | (z-2)>0 and (z-w) 0 Yw e W}.

Moduli space of (twisted) sheaves on K3 surfaces

Firstly, we recall some properties of the sheaves in consideration. Secondly, we
consider moduli spaces of sheaves on K3 surfaces. We will recall that moduli
spaces of (semi) stable sheaves on projective K3 surfaces provide examples of
projective hyperkdhler manifolds. Then, we consider the case of moduli space of
twisted sheaves on K3 surfaces which also provides examples (in some cases) of

hyperkiihler manifolds. Both type of moduli spaces are of K3[")-type deformation.
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Definitions on coherent sheaves

Let X be a compact complex variety of dimension n and F be a coherent sheaf of

X of dimension d. The torsion filtration of F is the unique filtration
T(F): 0cTy(F)c..cTy(F)=F

where T;(F) is the maximal subsheaf of dimension <.

We say that F is torsion free if the dimension of F coincides with the
dimension of X and T,,-;(F) =0.

The category of coherent sheaves of X can be seen as a generalization of vector
bundles on X. In fact, one can show that the category of locally free coherent
sheaves of finite rank is in correspondence with the category of vector bundles
on X. When X is a curve, a vector bundle on X has two numerical invariants:
the rank and the degree. It follows from the torsion filtration that the property of
being torsion free is equivalent to being locally free. However, in higher dimensions
this equivalence is not true, and in general torsion free coherent sheaves are not
automatically locally free.

Here and subsequently, (S, H) denotes a surface with an ample divisor H on

S.

Definition 1.4.22. Let F be a torsion free coherent sheaf on S. The slope of F

1S
_ Cl(f)H

#F) rank F
where ¢y is the first Chern class of F.

A torsion free coherent sheaf F is pu-stable (resp. p-semistable) if u(€) <
w(F) (resp. p(E) < u(F)) for all coherent subsheaves € ¢ F with 0 < rank& <

rank F.

Recall that the Euler characteristic of a torsion free coherent sheaf F is
X(F) = Z(—l)idimHi(X, F).

Definition 1.4.23. The normalized Hilbert polynomial of a torsion free

coherent sheaf F is
x(Fe H™)
- rankF

A torsion free coherent sheaf F is stable (resp. semistable) if pye(n) <

puF(n)

pur(n) (resp. ppe(n) <pur(n)) for all proper subsheaves € c F and n > 0.
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Lemma 1.4.24. [Sawl6, Lemma 2] Let F be a torsion free coherent sheaf on S.

1. If F is stable, then F is simple (i.e., Hom(F,F) = C).

2. We have the following implications:

F is p-stable == F is stable == F is semustable == F is p-semistable.

For our purpose, we define the Brauer group Br(X) of a K3 surface X as the
torsion part of H?(S,0%).

Definition 1.4.25. A twisted K3 surface (X, ) consists of a K3 surface X with
a class ace H2(X,0%).

Let v e H2(X,0%). We represent to o by a Cech 2-cocycle
{aijk € F(Ul N U] N Uk,o;()}

with respect to an open analytic covering X = UU;. An {a;;}-twisted sheaf £
consists of pairs ({E£;},{yi;}) such that E; is a coherent sheaf on U; and ¢;; :
E;

UinU; — Ei|UmU], are isomorphisms satisfying the following
i =1d, @ji = @3’y @ij 0 ik © pri = e 1d.

The non-twisted case

The Mukai lattice of a K3 surface S is defined as
H(S,Z)=H"(S,Z)® H*(S,Z) ® H*(S,Z), (1.9)
with the pairing
((r,l,8)-(r",1",8")) ==rs"+ (1-1") — sr'.

Note that the Mukai lattice of S is abstractly isometric to A. In particular, it
is an unimodular lattice and its signature is (4, 20).

One can give it a Hodge structure of weight 2 induced by the Hodge structure
of H2(S,Z):

H(S)" = H'*(S) = H(S) = H(S)>*
H(S) = HO(S) @ HY'(S) @ H'(S).

Definition 1.4.26. A wector v = (r,1,s) € H(S) is called a Mukai vector (not

necessarily primitive) if:
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e >0 or
e =0, 0%1eNS(S) is effective and s + 0, or
e r=0=1[and s<0.

Let F be a stable sheaf on (S, H). The Mukai vector associated to F is given
by
a(F)?
2
where ¢; and ¢y are the first and second Chern class respectively.

Set v € H(S,Z) be a Mukai vector. Gieseker in |Gie77| constructs the moduli

space My (v) of H-stable sheaves on S with Mukai vector equals to v, as a quasi-

(rank F, c1(F),

— co(F) + rank F),

projective scheme. This moduli space parameterizes H-stable sheaves F on S with
Mukai vector v(F) = v . If My (v) is not already compact, then one can compactify
by adding H-semistable sheaves and obtain a new moduli space My (v) such that
it is projective and My (v) ¢ My (v) is open, see [HL10, Chapter 4|. We emphasize
that the ample divisor H of S does not lie in a wall of the ample cone of S (i.e., H
is v—general) and the compactification by adding H—semistable sheaves is actually
obtained under S—equivalence classes (i.e., two semistable sheaves are said to be
S—equivalent if they have the same graded factors in their Jordan—Holder filtration

with the same normalized Hilbert polynomials).

Example 1.4.27. Set v =(1,0,1-n) be a Mukai vector. Let F be a torsion free
sheaf with v(F) =v. Hence F has rank one, ¢1(F) =0 and co(F) =n. Since there
are no coherent subsheaves € c F such that 0 < rank& < rank F = 1, then F is
automatically p-stable.

Suppose that H is a fived polarization of S. If € ¢ F is a proper subsheaf, then
rank F = rank F = 1, and F/E is free torsion. This implies that F is also stable,
and thus

parF(n) —pug(n) =x(Fo H") -x(E® H") = x(F/E® H") >0

for n>>0. By [Har88, Corollary 1.4/, F¥V is a reflexive sheaf on S and therefore
locally free; thus FVV = Qg. Since the cokernel of the inclusion F — FVV is the

structure sheaf Oz of a 0-dimensional subscheme Z c X of length n, we can
wdentify F 2 1y the ideal sheaf of Z. Then,

v
(@]

O—)J—";lz—>fw;(95 }OZ
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and the moduli space My (1,0,1-n) is identified with the Hilbert scheme S, In
particular, for n =2 we get the Example[1.].5

The following result is due to several people: Mukai [Muk87|, Gottsche—
Huybrechts |[GHI96], O’Grady [O’G97|, Yoshioka [Yos01]. It can be found in its
final form in [Yos01, Proposition 5.1, Theorem 8.1]. It gives some restrictions on
the choice of the Mukai vector in order to get a Moduli space of sheaves on a K3

surface that is a hyperkihler manifold of K3["l-type.

Theorem 1.4.28. Let S be a projective K3 surface, v be a primitive Mukai vector
with (v-v)? > -2, and H be a v—general ample class. The moduli space My (v) of
H-stable sheaves on S with class v is a smooth projective hyperkdhler manifold of
K3 —type with 2n = (v-v) + 2.

One can show that the Hodge structure of H?(Mg(v),Z) with the Beauville-
Bogomolov pairing is determined by the Hodge structure of v+ ¢ H (S,Z) since
there exist a Hodge isometry 6 : vt — H?(Mpy(v),Z) given by

x> ey (moy(mh () ® [F])), (1.10)

where F is a universal sheaf over S x My (v), [F] denotes the class of F in
K (S x My(v)) and 7; is the projection from S x My(v) onto the ith factor. The
isometry 6 is known as Mukai’s Hodge isometry, see [Yos01].

The inverse #~! induces a primitive isometric embedding ¢ of H?(Myg(v),Z) in

A by
L HA(X,2) S 0t c H(S,Z) 2 A (1.11)

which is monodromy invariant. In fact, ¢ is the one described in Theorem [1.4.16

when My (v) is a hyperkihler manifold of K3["-type.

The twisted case

Let a in H2(S,0%)iors be a Brauer class. The lattice H(S,,Z) is a Z-module
isomorphic to the Mukai lattice H(S,Z) defined in (1.9) but with the following

Hodge structure:
H?°(S,a)=C-(c+BnAo)and HY'(S,a) = exp(B) - H(S),

where 0 # 0 € H29(S) and B € H?(S,Q) maps to o under the exponential map
H%(S,Q) ——— H2(S,05) ————— H2(S,0%). (1.12)
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Note that if o = 1 the neutral element, we obtain H(S,1,Z) = H(S,Z).

It is possible to construct moduli spaces of twisted sheaves of K3 surfaces as in
Theorem [1.4.28] To do this, one can define a twisted Mukai vector vp associated
to an ordinary Mukai vector v = (r, H, s) € H(S,Z) by

vp=(r,H+rB,s+BAH+rB?*/2),

which is an element of H (S,a,Z), if and only if n divides r. Then, a moduli space
of twisted sheaves My (vp) with Mukai vector vp exists and has dimension v% +2,
see [Yos06] for more details.

Moreover, for v% > 2 there is a Hodge isometry
H*(Myg(vp),Z) ~ vk c A.

One can show that different choices of a B-lift determine equivalent twisted Mukai
vectors vg in the category of a-twisted coherent sheaves.
Set
Q={zeP(A®C) | (z-x)=0and (z-z)>0}

be the period domain of generalized K3 surfaces.

Definition 1.4.29. A period x € Q) is of twisted K3 type if there exists a twisted K3
surface (S, «) such that the Hodge structure on A defined by x is Hodge isometric
to H(S,a,Z).

The set of periods of twisted K3 type is denoted by Q gy while the set of periods
of K3 type (where the Brauer class is the class of the identity) is denoted by Qks.

Note that QK?) C QK{S' C Q
The proof of the following lemma consists in the construction of Moduli space

of twisted sheaves on a K3 surface from a lattice theoretical viewpoint, see [Huy17,

Lemma 2.6].

Lemma 1.4.30. Let x € Q. Then, x is a period of twisted K3 type if and only
if there exists a (not necessarily primitive) embedding U(n) —— A for some
n # 0 into the (1,1) part of the Hodge structure defined by x.

In particular, when n =1 the period x is of K3 type.

Proof. Let (S,a) be a twisted K3 surface and pick a lift B € H2(S,Q) of a. Since
HY(S,a,Z) = exp(B) - HY1(S,Q) n H(S,Z), the lattice generated by (0,0,1)
and (n,nB,nB?%/2), where n is the minimal integer such that in (n,nB,nB?/2) €
H(S,7), is a sublattice of H(S,Z) isomorphic to U(n).
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Conversely, assume U(n) c A is in AL' the algebraic part with respect to x.
Let n be the minimal integer where e, = e is primitive in A. Then, e € U(n) can
be completed to a sublattice of A which is isomorphic to U generated by e and a
class f. This induces an orthogonal decomposition of A ~ A@U. The second basis
vector f,, of U(n) can be written as f,, =y +nf + ke where v € A. The generator
of the (2,0)-part of the Hodge structure determined by x is orthogonal to e and
so it can be written as o + Ae for some 0 € A ® C and A € C. Since the generator
(2,0)—part is orthogonal to f,, we obtain (v-0) = —nA. Set B = —(1/n)~, then
o+ Ae =0+ B Ao where B Ao stands for (B-o)e.

The surjectivity of the period map implies that o € AQC can be obtained as the
period of some K3 surface S, and so there exists a Hodge isometry H?(S,Z) = A
identifying H?9(S) with C-0 ¢ A® C. Set a be the Brauer class induced by
B = —(1/n)v under the exponential map in (1.12). It induces a Hodge isometry
between H(S,a,Z) and the Hodge structure A,. |
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1.5 Ulrich bundles

Let X ¢ PN be a smooth projective variety over C, and let H be a very ample
divisor on X such that Ox(H) = Opn (1)|x = Ox(1). We denote by d := deg(X) =
H™ > 1 the degree of X, where n = dim(X).

Given m € Z and a coherent sheaf F on X, we write E(mH) := E® Ox(mH).
We say that E is initialized if H*(X, E) # 0 and H°(X, E(-H)) = 0.

Let us recall the following result from [ES03, Section 2| (see also [BealS,
Theorem 2.3|).

Theorem 1.5.1 (Eisenbud—Schreyer-Weyman). Let E be a rank r > 1 vector

bundle on X. The following are equivalent conditions:

1. E admits a linear resolution of the form
0= Opv (=N +n)®N" > oo > Op (-1)®" > Ogy® - E - 0.

In particular, ag = rdeg(X) and a; = (N;")ao for all i.

2. H(X,E(-jH)) =0 for alli>0 and all j € {1,...,n}.

3. H(X,E(-iH))=H/(X,E(-(j + 1)H)) =0 for every i >0 and j < n.

4. For all finite linear projections w: X — P, the sheaf 7, E is the trivial sheaf
O2t for some t.

Definition 1.5.2. The vector bundle E is called an Ulrich bundle if it satisfies

any of the equivalent conditions in Theorem |1.5.1].

As a consequence of the previous result, it can be show that Ulrich bundles
enjoy several good properties (see e.g. |[Beal8, Section 3|). Let us recall some of

them.

e If F is a rank r Ulrich bundle on X, then F is aCM, i.e., H/(X, E(jH)) =0
for all jeZ and 1 <i<n-1. Moreover, h°(X, FE) = rdeg(X).

e An Ulrich bundle is O-regular in the sense of Castelnuovo-Mumford, and
hence it is globally generated (see e.g. [Laz04, Section 1.8.A]). In particular,

an Ulrich bundle is nef.

e If F is an Ulrich bundle on X with respect to Ox(H), and Y € |H| is a
smooth hyperplane section, then Ely is an Ulrich bundle on Y with respect
to Ox(H)ly.
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e If £/ is a rank r Ulrich bundle on X, then F is semistable with respect to
H, i.e., for every non-zero subsheaf F ¢ E we have that uy(F) < pug(FE),
where

pr (F) = —Cl(i)(gn_l

This follows from Theorem [1.5.1]4) (see also [CHGS12, Theorem 2.9]).

e Q.

Definition 1.5.3. A rank 2 vector bundle E on X is called a special Ulrich
bundle (or Ulrich special) if it is an Ulrich bundle with respect to H and we have
that

det(E) =wx ® Ox((n+1)H).

Definition 1.5.4. Let X be a smooth projective variety of dimension n and
Ox(H) a very ample line bundle. For a vector bundle E on X, we define its
Ulrich dual with respect to H by

Ev=FE"®Ox(Kx+(n+1)H).

In particular, it follows from Serre duality and Theorem |1.5.1(3), that E is an
Ulrich bundle with respect to H if and only if E™ is an Ulrich bundle with respect
to H.

Remark 1.5.5. By Serre duality, the fact that H (X, EW(-H)) = 0 (cf. the
initialized condition) is equivalent to H"(X, E(-nH)) = 0. Moreover, since for
every rank 2 vector bundle E on a smooth projective variety X we have that E =
EY @ det(E), it follows that a rank 2 Ulrich bundle E is special (see Definition

if and only if E =~ EV.

We recall classical tools in order to construct special Ulrich bundles.

One of this tools is by applying the known property as the Cayley-Bacharach
property. Roughly speaking, a set of points A in a n—dimensional affine or
projective space satisfies the Cayley—Bacharach property of degree d if any
hypersurface of degree d containing all points of A but one automatically contains

the last point.

Definition 1.5.6. Let Z c X be a local complete intersection of codimension
two, and L and M be line bundles on X. We say that Z satisfies the Cayley—
Bacharach property if for all Z' ¢ Z a subscheme with I[(Z") = 1(Z) -1 and s €
HO(X,LV® M ® Kx) with s|z =0, then s|z =0.

An application of this Property can be found in [HL10, Theorem 5.1.1].
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The second one tools is known as the Hartshorne—Serre construction that can

be stated as follows

Theorem 1.5.7. [Arr(7, Theorem 1.1] Let X be a smooth algebraic variety and
let Y be a local complete intersection subscheme of codimension two in X. Let
Ny x be the normal bundle of Y in X and let L be a line bundle on X such that
H2(X,LY) =0. Assume that \* Ny;x ® LY admits r—1 generating global sections

ly
S1,...,Sr_1. Then there exists a rank r vector bundle E over X such that

o N"E=1L:

e I hasr—1 global sections oy, ..., a1 whose dependency locus is Y and such

that sioqy + ... + Sp_10_q)y = 0.
Moreover, if HY(X, L") =0, E is unique (up to isomorphisms).

This technique allows to construct vector bundles from local complete
intersection subschemes of codimension two. This will be done, as in the
correspondence of hypersurfaces and line bundles, by patching together local
determinantal equations in order to produce sections of a vector bundle. For

a deeper discussion of this technique we refer to [Arr(7].
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1.6 Uniruled and rationally connected varieties

We refer the reader to [Deb01, Ch. 4] for an introduction to uniruled and rationally

connected varieties, as well as their main properties.

Definition 1.6.1. A variety X is uniruled if there exists on X a rational curve

whose deformations cover a dense open subset of X.

A non-trivial fact is that for Fano varieties there always exists a rational curve

through every point. In particular, Fano varieties are uniruled.

Definition 1.6.2. A wvariety X of dimension n is rationally connected if it
1s proper and if there exists a variety M of dimension n—1 and a rational map
e: Pt x M -> X such that the rational map

P'xP'x M -» XxX
(t,t',2) — (e(t,z),e(t', 2))

1s dominant.

When the variety is proper, rational connectedness is a birational property.
This means that if X is rationally connected variety and X -» Y is a dominant
rational map (i.e., the image is dense), then Y is rationally connected. In

particular, a proper unirational variety is rationally connected.

Numerical characterization

Let us first recall the main results concerning the semi-stability of sheaves with
respect to a movable curve class, a notion introduced in [CP11] and further
developed in [GKP16].

Set N1(X)r be the real vector space of numerical curve classes on X.

Definition 1.6.3. A curve class o € N1(X)g is called movable if D -« >0 for
every effective Cartier divisor D on X. The set of movable classes form a closed

convex cone Movy1(X) € Ni(X)g, called the movable cone of X.

Remark 1.6.4. Since X is smooth and projective, it follows from [BDPP15] that
Mov1(X) is the closure of the convex cone in Ni(X)r generated by classes of
curves whose deformations cover a dense subset of X. Moreover, a numerical
divisor class [D] € NY(X)r is pseudo-effective if and only if D-a > 0 for all
a € Movy(X).
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Let F be a non-zero torsion free coherent sheaf on X. Recall that

e (F) = (AF)™,

where 7 = rk(F) > 1 is the (generic) rank of F. The slope of F with respect to a

movable curve class a € Movy(X) is defined by

c1(F) -«

(F) R

,ua(f) =
As before, we say that F is semistable with respect to « if

1a(G) < pa(F)

for every non-zero subsheaf G ¢ F.
As it was already observed in [CP11] (cf. [GKP16]), many of the properties
of classical slope semi-stability (with respect to an ample divisor) extend to this

setting. For instance, the following quantities

U (F) == sup {11 (G), G € F non-zero coherent subsheaf} ,
pRin(F) = inf {p,(Q), F - Q non-zero torsion-free quotient}

are finite, they satisfy p2®(F) = —p2in(FV), and they can be computed by the
Harder—Narasimhan filtration of F with respect to a. Namely, there exists a

unique filtration

HNY(F): 0=FogFig~¢F=7F,

where each quotient Q; := F;/F; 1 is torsion-free, semistable with respect to «,

and where we have puP(F) = pa(91) > ta(Q2) > =+ > pa(Qp) = pu™»(F). In

particular, F is semistable with respect to « if and only if g2 (F) = pmin(F).
Using the above notation, we can state the following remarkable results by

Boucksom, Demailly, Pdun and Peternell in [BDPP13|, Theorem 2.6 and by

Campana and Paun in [CP19, Theorem 4.7] (see also [Clal7, Section 1.5]).

Theorem 1.6.5. Let X be a smooth projective manifold and Tx be the tangent
bundle of X. Then

1. X is uniruled if and only if there exists o € Movy(X) with pm®(Tx) > 0;

2. X is rationally connected if and only if there exists a € Movy(X) with
pin(T) > 0.
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1.7 Rational homogeneous spaces

A rational homogeneous space is a projective manifold X given by the quotient
G/P of a semi-simple complex Lie group G by a parabolic subgroup P ¢ G. In
particular, if G/P has Picard number one, then it follows that G is a simple
complex Lie group and P is a maximal parabolic subgroup of G (see e.g. [Tev(5,
Section 7.4.1]).

These manifolds can be classified in terms of the associated simple complex
Lie algebra g together with the marking of a single node in the corresponding
Dynkin diagram. The dimension of the manifold G/P,, where P, denotes parabolic
subgroup associated to the r-th node of the Dynkin diagram of g, can be found in
[Sno89, Section 9.3].

We summarize the relevant information for us in Table [0.1] and we refer the
reader to [MnOSC*15, Table 2| for the geometric description of each manifold
G/P..

Recall that if X is a smooth projective variety, then Lie(Aut’(X))
H°(X,Tx), where Aut®(X) is the connected component of the identity in Aut(X).

The automorphism group of rational homogeneous manifolds G/P which are
quotient of simple complex Lie groups GG have been extensively studied. More
precisely, following Demazure [DemT77|, we say that the pair (G,P) is non-
exceptional if Aut’(G/P) % G. The exceptional cases (i.e., for which there is
a different pair (G’, P") such that G'/P’ = G/P) are well-known (see e.g. [Tit63,
Footnote 6] and [DemT7, Section 2|): they correspond geometrically to the odd-
dimensional projective space P2¢-1, the Spinor variety S;, and the smooth quadric
hypersurface Q° ¢ IPS.

Lemma 1.7.1. Let X 2 G/P be a rational homogeneous space of Picard number

one and dimension n. Then, X is isomorphic to P, Q" or Gr(2,5) if and only if

dim HO(X, T ) » w

Proof. Following the notation of Table a straightforward case-by-case analysis
shows that if G is a classical Lie group of type

e A, then the parabolic subgroup P, is associated to the node r = 1 or
r=/{ (e, X 2 PY, unless (r,¢) € {(2,3),(2,4),(3,4)}. The latter cases
correspond to Gr(2,4) ~ Q* ¢ P° and Gr(2,5) =z Gr(3,5).

e By, then the parabolic subgroup P, is associated to the node r = 1 (i.e.,
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X 2 @Q?), unless (r,£) = (2,2). The latter case corresponds to Sy = P3 (cf.
[[P99, Examples 2.1.9 (a)]).

e (4, then the parabolic subgroup P. is associated to the node r =1 (i.e.,
X = P21,

e Dy, then the parabolic subgroup P, is associated to the node r = 1 (i.e.,
X 2 Q%1 unless (r,£) = (4,4). The latter case corresponds to S3 = Q6 c P7
(cf. [TP99, Examples 2.1.9 (b)]).

Similarly, we note that GG cannot be of type E,, Fy or Gb. [ ]

Definition 1.7.2. Let V' be a minimal dominating family of rational curves on

X, and x € X be a general point. The rational tangent map is

Te: Ve > P(T},) (1.13)
L= P(T7I[7) (1.14)

associating to a curve through x its tangent direction at x.

The Variety of Minimal Rational Tangents at a general point x is 7,(V,).

Remark 1.7.3. If X is an n-dimensional Fano manifold of Picard number one
(not necessarily rational homogenecous), then it is expected that dimH(X,Tx) <
n? +2n with equality if and only if X 2 P" (see [HMOS, Conjecture 2/). A positive
result in this direction was recently obtained in [FOX18, Theorem 1.2] (cf. [HMO5,
Theorem 1.3.2]), where the authors prove that if the Variety of Minimal Rational
Tangents (VMRT) at a general point of X is smooth irreducible and linearly non-
degenerate, then dimH(X, Tx) > n(n+1)/2 if and only if X is isomorphic to Pm,
Qn or Gr(2,5).

This condition on the VMRT holds true for the remarkable class of rational
homogeneous spaces which are irreducible Hermitian symmetric spaces of
compact type (see e.g. [FHI2, Main Theorem/). These manifolds were classified
by Cartan and they correspond to Grassmannians Gr(r,n), smooth quadric
hypersurfaces Qr € P*, Lagrangian Grassmannians Lag(2n), Spinor varieties S,
the Cayley plane QP?, and the rational homogeneous space E;|Py of dimension
27. However, there are rational homogeneous spaces of Picard number one whose
VMRT is linearly degenerate (see e.g. [Rusl2, Table 2] and [Hwa0l, Section
1.4.6]). We refer to [KSCO6| and [Hwa01|] for comprehensive surveys of the theory
of Varieties of Minimal Rational Tangents, developed by Hwang, Mok and Kebekus
in [HM93, [Keb02, |[HMOJ).
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CHAPTER 1. 1.7. Rational homogeneous spaces

Let us recall a few basic facts about such quotients G/P:
Set by g the Lie algebra of G and by

g=hoDga
acd
a Cartan decomposition of g, where f is a Cartan subalgebra and ® c h¥ 2§ is the
set of roots of g. Moreover A = {ay,...,a,} will be a basis of simple roots of ®
with Bourbaki’s notation, and we will denote by wy,...,w, € b the corresponding
set of fundamental weights.
Any parabolic subgroup P = P(X) is uniquely defined by a subset ¥ c A =
{1,--,n} of the set of vertices of the Dynkin diagram associated to G. The Lie
algebra p of (a conjugate of) P(X) is given by

p=be Dg.® D oo
acd- aed* (%)
where ®+(X) == {a e ®* |a =3, .~ i}

Homogeneous vector bundles on GG/P are in one to one correspondence with
representations of P. For any simple root «; in X, there exists a homogeneous line
bundle L; which corresponds to the one dimensional representation of P whose
highest weight with respect to § is w;. With the choices we have made, L; is a
positive line bundle. The Picard group of G/P is equal to

Pic(G/P) = D ZL:.

A line bundle over G/P is thus a linear combination of the bundles L;. Let
L =Y, a;L; be such a line bundle. It is positive (i.e. globally generated) if and
only if a; > 0 for all ¢ € X; it is ample if and only if it is very ample if and only if

a; >0 for all 7 € ¥. Since —Kg/p is ample, we know that

det(Tg/p) = —Kc;/p = Z]sz
i€X

for some integers j; > 0 for all 7 € 3.

Lemma 1.7.4. Let X = G/P(X) be a homogeneous rational projective variety
and anti-canonical bundle —Kx = ¥ ;c5, JiLi. Then j; < dim(X) for allie X, except
when X =P*, X =Q" or X =P! xPr1,

The proof we will give of this lemma will be essentially combinatorial, but

before let us make a few remarks.
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Remark 1.7.5. When the Picard number of X s equal to one the result is clear,
since the only Fano varieties whose index ix is greater or equal than dim(X) are
projective spaces or quadrics by [KOT3[. So we are reduced to the case when the

Picard number is greater than one.

Remark 1.7.6. When G is classical, the lemma can be derived from the explicit
description of X = G[P as a flag manifold. Let us suppose that G is of type A,
and the Picard number of X = G| P is greater than one. Then X is a flag manifold
X =Fl(iy, ... ig,n), where ¥ ={iy,... ix}. The line bundle Ly, is the determinant
Ly = det(U)) of the dual of the tautological bundle of rank iy. It is easy to deduce

the explicit formula for the canonical bundle:
~Kx=LP@Ly @ eL .

Since dim(X) > n, it is straightforward to check that j, = igs1 — ix_1 1S strictly
smaller than dim(X) for he {1,... k}.

For the other classical groups, one could proceed similarly using the fact that the
corresponding homogeneous varieties X = G| P are zero loci of a general section of
NUY (type Cy,) or SPUY (type B, and D,,) inside F1(iy,. .., i, n), which allows
to use adjunction in order to understand —Kx. However, this strategy does not

generalize straightforwardly to the exceptional groups.

Proof. Let us assume that X = G/P(X) is a homogeneous rational projective
variety with Picard number greater than one (see Remark [1.7.5). The tangent
bundle of X is homogeneous, and it corresponds to a P-representation €. Since

the action of G on X is homogeneous, we get that

T

112
112

pt G,

acdt agd* ()
where the last expression is the decomposition of ¥ in irreducible h-modules. As
a result the h-weight of det(T) is equal to cx = ¥ cp+ aga+(s) @ Since this should
be a weight of a one dimensional representation of P (corresponding to the line

bundle det(7Tx) = -Kx), one can write it as

Cy = Z Jiwi,
7€)

where the j;’s are the same as those appearing in the expression of —Kx. Notice
that j; = (cx, Hy,), where (-,-) is the Killing form on h and H,, = 2((;‘;2_) is the

co-root of a. Recall finally that (ay, Hy,) = 2 if 7 = j, while it is negative if 7 # j
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(and strictly negative if «;, a; are not orthogonal).

Let us focus our attention on one of the exponents j; for i € ¥. Since the Picard
number of X is greater than one, dim(X) = dim(G/P(X)) > dim(G/P({i})). For
any positive root o € ®* if o ¢ *({i}) then o ¢ &*(X). Moreover if o € ®*({i})
then (o, Hy,) <0. Now we will distinguish two cases.

The first case is when there exists h € ¥, h # ¢ which is contained in the
same connected component of the Dynkin diagram of G that contains the node
i. Then one can check easily that there exists a € ®*({i}) but « ¢ ®*(X) such
that (o, H,,) < 0. Putting everything together with the fact that (cgy, Ha,) =
ig/p(iy) < dim(G/P({i})) + 1, we obtain that

Ji = (e, Ha,) < (cgiy, Ha,) < dim(G/P({1})) + 1 < dim(G/P (X)),

thus proving the inequality we wanted.

The second case is when ¢ is the only element in ¥ which is contained in its
own connected component inside the Dynkin diagram of G. In such a situation
and contrary to what happened in the first case, we deduce that (cs, H,,) =
(cgy, Ha,), which in general gives j; < dim(G/P(X)). Moreover we deduce that
G/P(X) = G/P({i}) x G|P(X ~ {i}). Therefore, if dim(G/P(X~ {i})) > 1 or if
ig/p(iy) < dim(G/P({i})) + 1 we obtain j; < dim(G/P(X)); the two conditions
are not satisfied only when G/P(X \ {i}) = P! and G/P({i}) = P!, i.e., when
X =P x P [
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2 | An elliptic K3 surface with a
symplectic automorphism of order
three

The aim of this chapter is to describe a specific elliptic K3 surface S with a
symplectic automorphism o of order 3. We will describe the geometry of S, and
we determine the action of o* : NS(S) — NS(S). From this description, we
extend the action of o* on H?(S,Z) passing to Aks. This K3 surface is well
known and it is one of the so called two most algebraic K3 surface, see [SIT7] and
[Vin&3].

2.1 The elliptic K3 surface S

Let (3 be a third root of unity and E;, = C/(Z + (3Z) be the elliptic curve with
complex multiplication of order 3. Its Weierstrass equation is given by E, : y? =
a3 -1, see |[[Har77], Example 4.20.2].

Proposition 2.1.1. Let o : Ey, — FE¢, be the map z = (32. The map o has 3
fixed points.

Proof. The map a can be seen as follows z = €% > a(2) = e(®* 5% where clearly
has 3 fixed points vy, ve,vs, see Fig[2.1]
u

Proposition 2.1.2. Let S be the surface obtained as the minimal resolution of
the quotient (E¢, x E¢,)[{a x a?). Then, S is an elliptic K3 surface that comes
with a natural elliptic fibration induced by E, .

Proof. For simplicity, we denote K, x E, by A. Since the map a has 3 fixed
points vq,vq,v3, then (v;,v;) (i,7 = 1,2,3) are the fixed points of a x a?. This
implies that the quotient A/(c x a?) has 9 singular points at p;; = [(v;,v;)]. Each

singularity p;; is a rational double point which locally corresponds to a singularity
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CHAPTER 2. 2.1. The elliptic K3 surface S

Figure 2.1

of As-type. The minimal resolution S of A/{a x a?) is given by introducing two
non-singular rational curves Cj;, Cy; for each p;; such that (Cy;)? = (C7;)? = -2 and
(Cij- Cj;) =1, see [[BHPVAV04], Theorem 7.1|.

First, we show that there exists a nowhere-vanishing holomorphic 2-form on S.
Since A is a 2-dimensional complex torus, it has a nowhere-vanishing holomorphic
2-form invariant under the action of {a x a?). Let us denote it by w. Then, w
induces a holomorphic 2-form on the open set deleting the singular point that
can be extended to a holomorphic 2-form on the minimal resolution since the
singularities are double points, see [[BHPVAV04], Proposition 3.5, Theorem 7.2|.
The fact that S is a K3 surface and not a complex torus follows immediately from
the non-empty collection of rational curves in S.

The surface S is naturally endowed with an elliptic fibration induced by one

of the projection (which is trivially an elliptic fibration) on E, x E¢,, see Figure

2.2
A £ y By,
//,/?;1// qa e,
S k/—E> Al{a x a?) — P!
Figure 2.2

where p and p are one of the projection maps in A and A/{a x a?) respectively,

qE,, and g4 are the quotient maps in E, and A respectively. [
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2.1. The elliptic K3 surface S CHAPTER 2.

The Weierstrass equation of S

Let us find the Weierstrass equation of S with 7 := poe: let v? = u? — 1 be the
equation of the i-th copy of E, in E¢, x E¢, and we assume the automorphism «
to be (vi,u;) = (v, G3u;). Hence, the functions y = vju$, = = uyuj are invariant for

the action of (v x @?) and satisfies the equation
y'=at = (v3+ 1) (2.1)

which is the Weierstrass equation of (E¢, x E¢,)/{a x a?).

Its homogeneous form is
y? = 2% — (v2 +wd)tws. (2.2)
By applying the change of coordinates t := vy + /3w and s := vy — /3w, (and
multiplying the last term by 6\/5) one obtains the Weierstrass equation of S
Sy?=a% - (13- %)L (2.3)
Taking s = 1, we obtain
A(t)=0e HY(P',0(2)*), B(t) = (£’ - 1)" e H'(P', 0(2)*°),

A(t) = 27(8 — 1)% € HO(B', O(2)®12).

The discriminant A(t) = 0 if and only if ¢ = 1,3, -(3. This implies, that there
are three singular fibers over each value of t. Let a(t), b(t), 6(¢) be the order
vanishing of A, B and A at t respectively. Then, a(t) = oo, b(t) =4, and 6(t) =8
for all t € {1,(3,-C3}. By Table [0.3] we can conclude that 7 has three reducible
fibers of type IV* (CU), j =1,2,3), where each reducible fiber with components
C’Z.(j), 1=0,...,6, intersect as in (2.4)).

Céj) Cl(j) Cz(j) Céj) Céj)

c (2:4)

Oij )
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CHAPTER 2. 2.1. The elliptic K3 surface S

We also obtain that the Equation [2.3] admits the sections

se it (2(t),y(t)) = (0,£(£° - 1)%).

In particular, T7 := Z(s,) and Ty := Z(s_) are 3-torsion sections.

Set O = Z(s9) the zero section of the fibration w. Hence {O,T},T,} with the
group structure of MW(.S) is a copy of Z/3Z.

The three fibers satisfy the following intersections:
(5" CP) = (0 = (€)= (GC) = (60 = (65 ) = 1,
(C57-0)= (€Y T) = (G5 To) = 1,

(CP)P=0"=T7 =T} = -2,

and all the other intersections are 0, see Figure 2.3

Ty
ol

\_/ (1) \\ﬁ(fi/
Cg @ C,

c®

Ty
o

v (1) \\fi/
C C
(1) 4 (2)
Cy Cy

a?

S (1) \ﬁ/
e/ C,
1 0 2 0
Ci ) C} )

c®




2.1. The elliptic K3 surface S CHAPTER 2.

Let F' be the class of the fiber. By Table[9.3] we can write F as
F=C9+209 4300 +20) + 09 v 20D+ 09 j=1,2,3.

Let us write 77 and T, in terms of the classes F', O, and Ci(j) forez=1,...,6,
j=1,2,3.

Proposition 2.1.3.

13 4 . . . . .
Ty=2F+0- S (BCY 4609 + 508 + 40 1409 + 20,

j=1

13 . . . . . .
Ty=2F+0 - S (BCY 460 +4C 4209 + 509 + 4.
=1
Proof. Let Ty = aF + SO+ Y9, 2 7,09,
From (71-F) =1, we get §=1. Since (71-O) =0, then o -2 =0 and so « = 2.
Now, for all j =1,2,3 we have

7 -C,ﬁj)) _ 1, if k=4
0, if &+ 4.
Then, the following linear system

-2y, +72; = 0(k=1)
Yij = 2725 + Y3 +55 = 0 (k=2)
Yoj = 2735+ a5 = 0 (k=3)
Y3 =274 = 1(k=4)
Yoj = 2755 +76; = 0 (k=05)
V55— 275 = 0 (k=6)

has unique solution at v;; = =1,7v2; = =2,793; = —2,74]- =55 = —§,76j = —% for all
j=1,2,3.

In a similar way, we obtain

13 , , . . . .
Ty=2F +0 -5 3(3C{ + 6057 +4C5” + 207 + 505 + 4C)).
j=1
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CHAPTER 2. 2.2. The symplectic automorphism o of order 3

2.2 The symplectic automorphism o of order 3

Let us now define the symplectic automorphism of order three induced by a non-
zero section of MW (X). By Proposition the translation by 77 is a well

defined automorphism of S of order 3 and it is symplectic.

We know that o preserves each fiber and it acts on each fiber as a translation
by T}. Hence, its action ¢* on the classes O, T}, T, C’i(j) fort=1,...,6, 5=1,2,3
is uniquely determined by the intersection form in [2.3} In other words, since o* is
an isometry

(D1 D) =(0"(Dy)-0*(D2)),

we have that the action o* is as in ([2.5).

O Oéj) Ol(j) 02(1) Céj) Oﬁ(j) T,
\ C éj) /
(2.5)
C«ij )
T

The following three orthogonal copies of Fg are permuted by o*:
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oM o 0 P c®
3
o

o oM T P o

(2.6)

3
o

) o T P P
3
P

The Neron—Severi group of S and the isometry o* on NS(.5)

The components of the three copies of Eg in are 18 classes in NS(S). Since

the discriminant of Fg & Eg @ Eg is not zero, then these classes are independent

(cf. Example [1.1.2)).

By Lemma [1.3.3] we have p(S) =20 since r. = 6 for singular fiber of type IV*
(See Table and rank MW (S) = 0. In order to get a basis of NS(.S), we add

two independent classes.

Set D =30 +CM + P + 0P 4 2(C{V + P + .

Note that:
3(302 +2(CV . 0) +2(C? - 0) +2(c? . 0)) =0 if C =30,
(CcMy2+2(cV-cMy =0 it c=c,
(CP)2+2(CP -y =0 it C =0,

(D-C)=1(CPy2+2(c-cPy =0 it 0=y,
2(3(0-Cy+ (V.Y +2(ciM)2) = 0 if ¢ =20,
2(3(0 - C) + (P .y +2(Cc)2) = 0 if ¢ =20,
2(3(0 - ¢+ (P .y +2(CP)2) = 0 if ¢ =20,

o1
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and

(D-C) = (- ) =1.

-2 1
The lattice generated by the classes C2(3) and D has intersection form ( Lo )

which is isometric to U.

Proposition 2.2.1. The lattice generated by 02(3) and D is orthogonal to
Es® E¢ @D L.

Proof. 1t is straightforward that the lattice generated by D and 053) is orthogonal
to the second and third copy of Fg, see (2.7). One can directly check that it is
also orthogonal to the first copy of Eg.

Let C be a component of the first copy of Fg. By (2.7),

(M2 otV cMy =0 if ¢ =c,
3(0-CY+ (¢ -y +2(C{M)2 =0 if ¢=cY,
(D.C)- 302+ 2(CV-0) +2(C? - 0)+2(C - 0)=0 it C=0,
3(0-CP) + (- Py +2(CP)2 =0 it C=C,
3(0-CP) +(C?-CP) +2(CP)2 =0 it =0,
(C2+2(cP-cPy=0 it 0=c?.
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: 15
(1) () 3)
v C c® Co é C
T
(1) (2) (3)
Cél) C4 C§2) C’4 CV4
I I I
I I I
I I I
I I I
_________________ O O (O
I I I
| C(l) | 0(2) | 0(3)
1 0 2 0 3 0
_______ N S < o) N K o R
| | |
I I I
I I I
(3)
Gy

(2.7)
Proposition 2.2.2. The classes appearing in , C’ég) and D with the bilinear
form in[2.7 form a Q-basis of NS(S).
Proof. Let N := Eg® Eg® Ego U |, then N has discriminant 3% # 0. As Z-modules
N c NS(S) and rank N = 20, then NS(S)®Q =N @ Q. u

Since {O,T},T>} with the group structure of MW(S) is a copy of Z/3Z,
applying Lemma [1.3.4] we get |Ar,| = 3. Since H?(S,Z) is unimodular, we
get |Anscs)| = |Arg| = 3. Note that as lattices, N and NS(S) are not isometric
because their discriminant groups are not isomorphic. However, NS(.S) is an even

overlattice of IV of finite index.

Proposition 2.2.3. The transcendental lattice of S is isomorphic to As(-1),

o 2
S R
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Proof. Since o is symplectic, w and @ are in Ts ® R. Moreover, sign(Ts) = (2,0)
because the sign(NS(S)) = (1,19). We saw that |[Ar,| = 3, then T is a positive
definite lattice of rank two and discriminant group isomorphic to Z/3Z, i.e., Ts =
AQ(—l). |

In order to get a Z-basis of NS(S) from the classes in Proposition [2.2.2 we
consider an extra class in NS(S).
Set

oM 120V + P 1202 + Y w20 + 0P 4 200 + O + 200 + O + 207

G: 3

(2.8)
Note that G € A, ® Ag, ® Ag, is an isotropic class.
Recalling that C’éj) =F- QCl(j) - 302(j) - 2C’§j) - C’ij) - 205(j) - C’éj), one obtains

G=F-C"-20{V -V -V - .

Thus G is a linear combination with integer coefficients of the classes contained
in NS(S).

Set (E)' = Eg ® FEg ® Fg + (G). This is an overlattice of index 3 of E®?
contained in NS(.9).

Proposition 2.2.4. The Nerdn Severi lattice NS(S) is isometric to the lattice
Ue (E)".

Proof. We have proved that U & (E*)’ c¢ NS(S) since we exhibit the classes
of NS(S) which generate U & (E®?)’. The inclusion U & (E2*)" ¢ NS(S) has
finite index, the lattices have the same ranks, the same signatures and the same

discriminants, so

NS(S) ~ U @ (E23)'.

The isometry ¢* on H?(S,Z)

In the previous section, we saw that the action of o* on U & ([Fg)®? is easily
described: it acts as the identity on U and it permutes the three copies of Eg.

Since

o(F-cW —2cV -V —c — o
= F-c{V 20V -V - - P = @,

o (G)
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it means that G is preserved by o*.

The fact that o is symplectic implies that it acts as the identity on the generator
of H29(S), and so it acts as the identity on T ~ As(-1).

Note that H?(S,Z) is an overlattice of Ts & NS(.S) of index 3 since H%(S,Z)
is unimodular and Apg = Axgesy 2 Z/37Z. Hence, we obtain that H?(S,Z) is an
overlattice of index 3% of Ay(-1)@U & Eg® Es® Eg because NS(S) is an overlattice
of index 3 of U & (E4)®3.

The action of o* on Ay(-1) @ U @ Es @ Eg ® Eg can be written in an explicit

way:

o*: Ay(-1)e Ue Egd E@ FEs — Axy(-1)e Ue FE¢@ Egd FEg
(@ w e £ e (@ w9 e P
(2.9)
Since H?(.S,Z) is an overlattice of finite index of Ay(-1)®U & E*, the action
of o* on H?(S,Z) is induced by the Q-linear extension of (2.9). In order to obtain
H?(S,7Z) from Ay(-1) @ U & E&? one has to add two classes, which are contained
in the discriminant group of Ay(-1) ® U & EZ*: let us fix the following generators
for the discriminant group of Eg and As(—1) respectively:

egi) + ZeQi) + eff) +2e

3

(@)
2
5 and w= al; a2 (2.10)

o) =

where a; are the generators of Ay(-1) and ey), j=1,...,6,i=1,23 are the

generators of Fg whose intersections are as in the diagram:

‘ (2.11)

We consider the overlattice EZ* obtained adding to the abstract lattice E®? the
class

2= 0® + 9@ 46,

It coincides with the lattice (E$?)’ constructed before (an explicit isometry is
obtained mapping the generators of E®? to the curves which appear in (2.6 and
the vector z to the class G defined in (2.8)).

Hence we constructed the lattice Ay(~1)@U @ (EE?)" as an overlattice of index
3 of Ay(-1) ® U @ E2® by adding the class z.
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Since (v®)” = -4/3 and w? = 2/3 (cf. Table , the class y = w + v — (2
is such that y? = -2 (which is of course equivalent to 0 mod 2Z). In particular
Y€ AAz(fl)e)U@(Eées), is isotropic. Hence, by adding y to Ay(-1) @ U & (EZ®)’ one
obtains an even overlattice of Ay(-1)® U @ (ES?)’ which is even, unimodular and
whose signature is (3,19). This implies then this lattice is Ags. Since As(-1) ~ Ty
and U @ (E?)" ~ NS(9), y is the gluing vector, which enlarges Ts @ NS(S) to
H?*(S,Z).

To resume the results of this section we proved the following (with the previous

notations):

Theorem 2.2.5. There is an even overlattice of index 3 of E&® which is obtained
by adding to E* the class © = v +v® + vB) where v are as in (2.10).

The Néron—Severi group of the K3 surface S is isometric to U & (E§93)’ and
the action of o* on U & E&® is a cyclic permutation of order 3 on E®® and is the
wdentity on U.

The lattice H*(S,7Z) is an overlattice of index 3> of Ax(-1)®U & EZ® obtained
by adding v and y = w + v — 0@ where w and v are as in ([2.10]).

The action of o* on As(-1) @ U @ E® is the identity on Ax(-1) @ U and a
cyclic permutation of order 3 on E&®; the one on H%(S,Z) is obtained extending

this one to x and y.
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3 | The cohomological action  of

symplectic automorphisms of order 3

In the previous Section we described the action of a particular symplectic
automorphism of order 3 on a particular K3 surface and the isometry it induces.
Applying Theorem [I.2.11] the action of a finite order symplectic automorphism
on the second cohomology group of a K3 surface is unique, one obtains general
results by the ones described above in a specific example. The aim of this section
is to state and prove these more general results: first, in Section [3.1] we describe
the isometry induced by a symplectic automorphism of order 3 on the lattice Ags;
then, in Sections and we describe the maps 7, and 7*, where 7 is induced
by the quotient map. The description of these maps is the main technical result of
our thesis and it is the analogous of the results proved in [vGS07] for the order 2

case. Some properties of the action of o* on A g3 were already known. In particular
the lattice (HZ(S, Z)"*)l is isometric to the lattice Ko, by [GSO7, Theorem 4.1].

3.1 The action of a symplectic automorphism of

order 3 on Ag3

We denote by Ags the unique even unimodular lattice of signature (3,19). It is
known to be isometric to U3 @ EZ. Since for each K3 surface X, H2(X,Z) is an
even unimodular lattice of signature (3,19), we have that H2(X,Z) is isometric
to Ags. By Theorem [2.2.5, we have an alternative description of Agjs: it is the
overlattice of index 32 of Ay(-1) ® U @ EZ® obtained by adding the classes x and
Y.

Let o be a symplectic automorphism of order 3 on a K3 surface X, then o*
acts on H?(X,Z) and this action is unique, by [1.2.11] So ¢* is an order 3 isometry

of Aks. In Theorem [2.2.5] we described this isometry by considering a very special

57



CHAPTER 3. 3.1. The action of a symplectic automorphism of order 3 on A3

K3 surface and by the uniqueness of this action we conclude that

o AQ(—1)® U E¢®» Egd Eg — AQ(—l)éB Us E¢® FEgd FEg

(a7 u? e7 f? g) = (a7 u? g7 67 f)
(3.1)

The isometry o* can be extended to an action of (Ay(-1)eU @ Eg® Fg® Fg) ®Q
and so to an action of the overlattice of index 32 of Ay(-1) o U & Eg @ Es @ Fg
isometric to Agsz. In particular o*(x) = z and o*(y) = w + v® - v®) with the
notation of Theorem 2.2.5

The invariant lattice A‘};S and its orthogonal complement

The action of o* splits Ags in two sublattices: the invariant sublattice A}';?) and its
orthogonal complement (denoted by €37 in [GS07]). By the description of o*,
one obtains that the o-invariant sublattice of As(-1)oU® E¢® E¢® Eg is spanned by
the classes (as,0,0,0,0), (0,ux,0,0,0), (0,0,e;,e;,e;) where h,k=1,2,i=1,...,6

and ay, uy and e; are generators of the lattices As(-1), U and Fjg respectively. So

(Ag(—l) oUdFEgd Fg® EG)U* o Az(—l) oUea Eﬁ(g),

€))

; +e? +e§3), i=1,...,6 (the sum of the

where the generators of Fg(3) are e ;
G,

generators of the three copies of Fjg). Moreover also the class = = (Z;’zl(e
Qegj) + eflj) + 26éj)))/3 is contained in (Ag3)?". Hence this lattice is an overlattice

of index 3 of Ay(-1) @ U @ E(3), often denoted by Ax(-1) @ U @ E(3) where E;
is the dual Q-lattice of Ej.

Let us now consider the orthogonal complement of (Ax3)?".

Proposition 3.1.1. The lattice (A‘I’;g)l 18 isometric to the lattice K19 and it is

spanned by k; := e — 652), ki = 651) - 6(3), 1=1,...,6 and by the class

Z = (kl+l€4+l€7+k’10+2(k’2+l{55+k8+k11))/3. (32)

Proof. We already described Ags as an overlattice of Ay(-1) @ U & Fg @ Eg @ Eg
and we described the sublattice (AKg)U* as the lattice generated by (a;,0,0,0,0),
(0,u;,0,0,0), (0,0,ej,e;,€5), i =1,2, j=1,...,6, and x. So, (‘/X}‘(*?))l is spanned,

at least over QQ, by the classes k;, 2 = 1,...,12. The intersection matrix of these
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classes is the block matrix

(3.3)

Eo(2) | FEo
Es | Eo(2)

We denote by K1, the lattice whose bilinear form is given by the previous
matrix. Since the determinant of this matrix is 3% and the discriminant of K
is 3% we deduce that K, is an overlattice of index 3 of the lattice f(\l—; This

overlattice is obtained by adding to {k;};-1. 12 the class z.

.....

Note that the class z in terms of generators of NS(.S) (where S is the specific

K3 surface considered in Section [2.1| )corresponds to the class
2F —20W" —aciV 3¢V 20 — 3¢ — 208V —2¢$? —20?) P — 20 — P,

which is contained in (NS(S)"*)L (since it is orthogonal to the generators of
NS(S)?"). As a consequence, the lattice Ky ~ (HQ(S,Z)"*)L is the overlattice
of index 3 of K1, obtained by adding z to K12, ¢f. Example|1.1.3| [ |

3.2 The map 7,

Given a K3 surface X with a symplectic automorphism o, the quotient X /(o) is
a singular surface, whose desingularization is a K3 surface Y, see Section [1.2.9]
Hence there is a generically 3:1 rational map 7 : X -» Y, induced by the quotient
map ¢: X — X/(o).

Hence 7, maps H?(X,Z) to a sublattice of H2(Y,Z). Since both these surfaces
are K3 surfaces, 7, maps Ags ~ H2(X,Z) to a sublattice of Ags~ H2(Y,Z).

Proposition 3.2.1. The map 7, acts on As(-1) @ U @& Eg ® Eg ® Eg as follows:

Tyt Ag(—l)@ Us E@® Eg® FEg — AQ(—3)€9 U(?))EB Eg
(e,  w, e f, 9 = (g u, e+ft+g)

Its extension to Ais is such that
T (H*(X,2)) =~ A3(-3) @ U(3) @ Es =~ Ay (-1) @ U(3) & E;,

which is an overlattice of index 3 of A2(-3)@®U(3) ® Es. It is a lattice of rank 10,
signature (3,7) and discriminant group (Z|37Z)*.

Proof. If a € H*(X,7)°" is a o*-invariant class, applying the push-pull formula in
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Lemma [1.2.13] one obtains
(me(@) - (@) = 30

indeed 7*m, () = a+ o* () + (0*)%(«) = 3a.

Given ay,as € H?(X,Z)°", one obtains
1 1
(71}0[1 : 7'('*0[2) = §(7T*7T*Oél : 7T*7T*042) = §(3a1 . 3062) = 3(0&1 . 062).

Hence if a € Ay(-1) ® U ¢ H?(X,Z)°", then 7* multiplies the form by 3, so
T (Ax(-1) @ U) = A2(-3) @ U(3).

Consider the image of the classes of the form (0,0,e,0,0) € Ay(-1) @ U & Eg @
Egs @ Fg: let us denote, as before, by egj), 1=1,...,6 the basis of the j-th copy of
FEg. Then

1 1
(71'*6(1)41'*6;1)) = g(w*w*egl)-ﬁ*w*ey)) = g((e§1)+e§2)+e§3))-(e§1)+e§2)+e§.3))) = (egl)egl)),

i
where we used:

W*W*(egl)) = egl) + a*(egl)) + (a*)Q(egl)) = egl) + 652) + 653),

() (h)y _ (D) (D) () ()Y _ s
(e; 7€) =(¢e; " -¢e;7), and (e; " -e;”) =0, if h#k.

Hence 7T*(E6 o FEgo® E6) ~ Fg.

So we obtain 7, (A2 (1)@ U @ Eg® Eg® Eg) ~ Ax(-3) @ U(3) @ Eg. In order to
find 7, (H?(X,Z)), it remains to understand the images of the classes = and y.

The class x = (Zj(e?) +2e5) + e + Qeéj))) /3 is mapped to

. (x) = m(egl) + 2651) + eil) + Qeél))

since m(egl) + el@) + 653)) = 371'*(61(-1)).

The class y = (a1 +2as + egl) + 26&1) + efll) + Qegl) - 6§2) - 2652) - 6512) - 26&2)) /3
is mapped to

T (y) = T ((a + 2a2) [3) = (wea1 + 2m0a2) /3

W) _ @) (1) _

™ = TT.€ 6(1)
% *= *=q

since e T = (0. The vectors m.a; are the generators of
Ay(-3) and hence we are constructing an overlattice of index 3 of Ay(-3), often
denoted by Aj(-3). This lattice is isometric to As(-1), with basis

ay = (meay +2mea0) /3, ab = m.(ag) — ((meaq + 2m0a2)/3) = (-moaq + meas) /3.
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We observe that a} = 7.(y) and a} = 7, (az) - 7. (y). |

The cohomology of the quotient K3 surface Y

Let X be a K3 surface admitting a symplectic automorphism o of order 3, then
the surface X /(o) has 6 singularities of type A, (see Example [1.2.10). We denote
by Y the desingularization of X/(c), which introduces 12 irreducible curves, 6
disjoint pairs of rational curves meeting in a point. We call the resolution map
B:Y — X/(o) and we denote by Mi(j), i=1,2,5=1,...,6 the curves introduced

by £, with the following conventions:
. . A\ 2 .
MOMP =1, (MP) = -2 and MPMP = 0if j + k.

By Theorem the minimal primitive sublattice of H?(Y,Z) which contains
the curves Mi(j) contains also the class M := Z?zl(Ml(j) + 2M2(j))/3. Thus it is an
overlattice of index 3 of A%% and so it is a negative definite lattice of rank 12 and
discriminant group (Z/37Z)*. This lattice is denoted by My/sz.

The lattice m,(H?(X,Z)) is naturally embedded in H%(Y,Z). The curves
introduced by 8 are orthogonal to 8*(D) for each divisor D € 7, (NS(X)) and of
course they are also orthogonal to each class in 7,(Tx). So we have the following

orthogonal decomposition (which holds over the rational field, but not over Z):
H*(Y,Q) = (Mzzz ® m.(H*(X,Z))) ® Q. (3.4)

So My,sz and 7, (H?*(X,Z)) are two sublattices embedded in Ags.

Gluing 7.(H?*(X,Z)) and My/s; to obtain H*(Y,Z)

By (3.4), the orthogonal complement of Mz/s7 in H*(Y,Z) is either m,(H?(X,Z))
or an overlattice of finite index of m,(H?(X,Z)).

By definition Mysz, is primitively embedded in H?(Y,Z). Since H*(Y,Z)
is unimodular, the discriminant of the orthogonal complement of Mz in
H2(Y,Z) is =d(Mzsz). So, if d(7.((H*(X,Z)))) = —d(Mz,3z), we conclude that
m.((H?(X,Z))) is the orthogonal complement of My/s3z. One immediately checks
that

|d(Mzysz)| = 3" = |d(m. (H*(X,2)))],

so m.((H?(X,Z))) is the orthogonal complement of My/sy.

We recall that the orthogonal complement of a given sublattice inside a
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bigger lattice A, is necessarily primitively embedded in A. In particular,
m.(H*(Y,Z)) ~ Mj, is primitively embedded in H?(Y,Z). Therefore, to
construct the unimodular lattice H2?(Y,Z) one has to glue these two primitive
sublattices m.(H?(Y,Z)) and Mz/sz.

To this purpose, we need the following description of the discriminant group

of Mz/3z.

Lemma 3.2.2. With the notation of Section[3.9, the discriminant group of Mzysz,

15 generated by

bl =21+ 29 + 23, b2 =21t 29+ 2y,

bg =29 — 23+ 24— 25, byi=—21+ 23— 24+ 25,

where

2= (MY +2M) /3.

Proof. Tt suffices to check that bkMi(j) € Z and that b; are independent in (Z/37Z)* ~
A, 2. Lhe latter statement can be checked by observing that the discriminant
form computed on {by,bs,bs,bs} is non degenerate, and indeed it is the opposite
of the discriminant form of U(3) & A2(-1) & Eg. |

Proposition 3.2.3. Denoted by al,ul, e, i = 1,2, 7 = 1,...,6 the standard

i Wiy ©go
generators of Ax(=1), U(3) and Eg respectively.
The overlattice H*(Y,Z) of m.(H*(X,Z))®Mzs3z ~ Ax(-1)@eU(3) & Es® My/3z

18 obtained by adding the classes

4 ! el +2el, +e! +2el
nyi= A2 +by, ngi= AR 4Dy,
!
u
ng = —+bl, Ny = ?2+b2

to AQ(—l) ® U(?)) ® Fg @ Mz/gz.

Proof. 1t suffices to check that the lattice obtained by adding to the generators of
Ay(-1) @ U(3) ® Es ® Myysz the classes ny, ng, ng and ny is even and unimodular.
It follows that it is an even unimodular lattice of signature (3,19) and then it is
isometric to the lattice Ags ~ H2(Y,Z). [ |

Here we are interested in describing the classes n; in terms of the curves
contained Mzsz. In order to construct the overlattice of Ay(-1) @ U(3) ® Es @
Mz37, it is equivalent if one adds to it the class n; or the class n; + 3, ai,jMi(j ),
«; ; € Z, indeed these two classes are equivalent in the discriminant group.

We can rewrite the classes n; in the following form
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21, (ag) — . (y) + M1(2) + 2M2(2) + 2M1(3) + M2(3) + M1(4) + 2M2(4) + 2M1(5) + M2(5)
1~ )
3

me(e1 + 2eq + g + 2e5) + 2M D + M+ M oM v 2@+ MY+ P w20
3 Y
mo(uy) + MY + 20 + M® oM+ P 20
3 Y
e (ug2) + Ml(l) + 2M2(1) + Ml(Q) + 2M2(2) + M1(4) + 2M2(4)
3 Y
where we used that a} = 7, (y) and a}, = 7. (a2) - 7.(y), by the proof of Proposition

831

To ~

ns

Ty

3.3 The map 7*
We now consider the map 7*, dual of the map 7, considered above.

Proposition 3.3.1. The map 7 acts as follows

T AQ(—?))@ U(S)@ Eg — AQ(—1)® Us FE¢® Eg® FEq
(a, e = (Ba,  3u, e, e e).

With the notation of Proposition[3.2.5, H*(Y,Z) ~ Aks is obtained by adding to
Ay(=3) @ U(3) @ Es ® Myysy the classes a) and ny, h=1,2,3,4, so the extension
of m to H?(Y,Z) is given by

7 (a}) = ay +2ay, 7 (ny)=2as-y, 7 (ny)=x, w(ng)=uy, 7 (ng)=1us

where a; and u; are generators of As(=1) and U respectively.

Proof. By Proposition [3.2.1} m,(y) =7 if v € Ay(-1) ® U ¢ H2(X,Z)"" and the
Map 7 y2(x z)- Multiplies the form by 3. For every v € Ay(-1)@ U c H*(X,Z)"
and a € T, (H?(X,Z)7") ~ Ay(-3) @ U(3) @ Eg, it holds (7*a-7) = (- 7.7y). So
we obtain
(ma-y) = (- my) =3(a-7)
and hence 7*(«) = 3a for every a € Ay(-3) @ U(3).
Let e € Eg c H2(Y,Z) and (f,0,0) € E®* ¢ H*(X,Z). By push-pull formula in
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Lemma and Proposition 521
(m*e-(f,0,0)) = (e-m.(f,0,0)) = (e f)-
Similarly (7e- (0, f,0)) = (e f) and (z*e- (0,0, f)) = (e f). Hence
7(e) = (e, e,¢) € Eg ® Eg @ Eg c HX(X, 7).

Now we want to extend this map to the lattice Ay(-1) @ U(3) ® Ej, obtained
by adding to Ay(-3) @ U(3) & Es the class a] = m.((a1 + 2a2)/3) = m.(y). Since
m*(a) = 3a for every a € Ay(—3), we obtain 7*(a}) = 7* (7. (a1 +2a2)/3) = a1 + 2as.

In order to extend this map to H?(Y,Z) ~ Aks, it remains to compute 7*(ny,)
for h = 1,2,3,4. We observe that W*(Mi(j )) = ( indeed if one reconstruct X from Y,
ones consider the (minimal resolution of the) triple cover Y branched on the curves
M i(j ). This surface is not minimal and then one contracts some of the (=1)—curves.
Among these contracted curves, one finds the curves which are covers of the curves
M i(j ) Tn particular, there are no curves on X which are the inverse image of curves
MP cy.

So,

() = 7 (@2r(az) - (y))/3 = 2w (az) -7 T (y))[3 = 202 — y

3 . . ) .
7 (ng) = Z(egj)+2e§j)+eflj)+26§]))/3:x,
j=1
™(n3) = wu,
7 (ny) = us. (3.5)
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4 | Families of projective K3 surfaces
admitting a symplectic automorphism

of order 3 and of their quotients

We describe the families of the projective K3 surfaces admitting a symplectic
automorphism of order 3 and the families of their quotients, in terms of families
of lattices polarized K3 surfaces. So, we want to reduce the geometric property
“to admit a symplectic automorphism of order 3" (resp. “to be a quotient of a K3
surface by a symplectic automorphism of order 3") into a lattice theoretic property.
It is already known that this is possible by considering overlattices of the lattices
Ky and My sz, with certain properties (see [Nik76], cf. [GS07|, [Garl7]). Here
we classify these overlattices providing a complete description of the two families
considered, see Theorems [4.1.4] and [£.2.4] and Corollaries [£.1.6] and [4.2.5]

4.1 Projective K3 surfaces with a symplectic

automorphism of order 3

Lemma 4.1.1. Let qa,. , be the quadratic form on the discriminant group Ay

(Z[3Z)°, then Qax,, (V) forve Ag,, is one of the following three values 0,3, 5.

The actions of O(Ak,,) has four orbits: the orbit which contains 0, and the

orbits:
o 0p={vedk, | qag, (v)=0andv=*0};
o o1 ={vedk, | qa,(v)=3};
e 0y ={veAg, | QAK12(U) = %}

Proof. The result follows by [CS83, Section 3]. Nevertheless, we give an idea
of the proof. The isometries of Ki5 induce isometries of its discriminant group.

If two vectors @ # 0 and b # 0 in Ag,, are in the same orbit for the action of
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O(Aky,), then qa,  (a) = gay,,(b). In order to reverse the implication, i.e., to
prove that the orbit of a non-zero vector is completely determined by the value of
the discriminant form on it, it suffices to find an isometry in O(Ag,,) which maps
ain bif ga,  (a) =qa,,(0). By Example[1.1.3} the vectors

k’7+2k8+k10+2]€11 k6+k12
g1 = y 92 = )
3 3
_k5+k11 _k4+/€10 _kg-i-kg _k2+k8
g3 = 3 y g4 = 3 y g5 = 3 y 96 = 3

form a basis of A, such that the quadratic form g4, is

4 2 4
_ 2 2 2 2 2 2
Ak, (v) = 5951 + 5(932 + X3+ XY+ X5+ T) + 5(352535 + 3Ty + T4T5 + T5T6),

where v = 2191 + ... + Tgs is an arbitrary element of Ag,,.
Let ¢ be the order 2 isometry of Kis defined as ky <> ks, ko < ky, k7 < ki1,
ks < kg, ki < k; for all i = 3,6,9,12. Then ¢ € O(K2) induces p4 € O(Ag,,) as

follows
©a(v) = 2191 + Tago + 3g3 + (=T3 + 6 ) ga + T5g5 + (T3 + T4)gs.

By considering (p4,—1d) € O(Ak,,), one shows that the vectors gs,—gs3, g3 —
g1+ 3ge,—g3+ ga— ge are in the same orbit for O(Ag,,). A complete table of all 729

isometries, needed to show the result, can be computed as in Appendix [9.3 [

Proposition 4.1.2. Let d be a positive integer.

Ifd#0 mod 3, then there exist no even overlattices of finite index of (2d)® K12
such that (2d) and Ko are primitively embedded in it.

Ifd =0 mod 3, then there exists a unique overlattice of finite index of (2d)® Ko
such that (2d) and Ko are primitively embedded in it. The index is 3 and the
generators of the overlattices are the ones of (2d) & Ko and % where L 1s a
generator of (2d) and g € K15 can be chosen as follows:

if d=0 mod 9, then g =ky+ ks + ks + k7 + kg + k11;

if d=3 mod 9, then g =k + ks + k7 + ky;

ifd=6 mod9, then g=Fky +ky.

Proof. Let A be a proper overlattice of finite index of (2d) ® K15 in which K5 and
(2d) are primitively embedded. Let f be one generator of A/({2d) ® K13), then
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[ € A(payek,,) and hence

f=(aLl+pg)/t, with oLt € Azqy, B/t € Ak,,.

Since Ag,, ~ (Z/3Z)°, t has to be equal to 3 and hence «, 8 € {0, 1,2}.

Since (2d) = ZL (resp. Ki5) is primitively embedded in A, 8+ 0 (resp. a #0).
Moreover, since A/((2d) ® Ki2) c (Z/3Z)¢, one can freely substitute g (resp. f)
by 2g (resp. 2f) because 2 is invertible in (Z/3Z), so one can assume that =1
(resp. a=1) and g/3 € Ag,,.

So f=(L+g)/3. The bilinear form on A takes integer values and the lattice

is even, which implies
fL=2d/3€Z < d=0 mod3, f*=(2d+g?)/9€2Z < 2d=-g*> mod 18.

In particular the existence of f implies that d =0 mod 3. Moreover
if d=3 mod 9, then g/3 € Ag,, satisfies qa,_(§)=-3,

if d=6 mod 9, then g/3 € Ak, satisfies qa, , (§) = -3,

if d=0 mod 9, then g/3 € Ag,, satisfies ga, (%) =0.

By Lemma [4.1.1] one can choose arbitrarily an element g € K5 such that
g/3 € KY,/Ki5 is non trivial and ¢a,,(g) is the required one, since the choice of
the value of ¢(g) determines a unique orbit. In the statement, we made a specific
choice for g. Any other is equivalent up to isometries of Kis.

It remains to prove that A/({2d) & K;2) is a cyclic group and thus the index
of (2d) @ K15 — A is 3. Suppose there exist two independent generators f; and f,
of A/({2d) ® K12). Both of them can be chosen to be of the form f; = (L + g;)/3.
So fi—fa=(g1—92)/3€ A and (g1 — g2)/3 € Ak,, are non trivial. Then K, is not
primitively embedded in A, which is absurd. ]

Definition 4.1.3. If d = 0 mod 3 we denote by ((2d) ® K15)' the overlattice

constructed in the previous proposition.

Theorem 4.1.4. (|[GSOT7, Proposition 5.1|) Let X be a K3 surface. Then X admits
a symplectic automorphism of order 3 if and only if K15 is primitively embedded in
NS(X). If X is a projective K3 surface which admits a symplectic automorphism
of order 3, then p(X) > 13. Assume p(X) = 13 and let L be a generator of K, 5™
so L?=2d, deNyy. Then

e ifd#0 mod 3, then NS(X) = (2d) & K12;

e ifd=0 mod 3, then NS(X) is either (2d) & K15 or ((2d) & K12)'.
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Proof. The statement was already proved in [GS07, Proposition 5.1], the unique
difference is that in [GS07, Proposition 5.1], one proved that if d = 0 mod 3
the Neron—Severi group of X could be an overlattice of index 3 of (2d) @ K15. By
Proposition we know that this overlattice exists, it is unique up to isometries
and it coincides with the lattice of the Definition £.1.3

Let ¢ be a primitive third root of the unity and o be a symplectic automorphism
of order 3. The vector space H?(X,C) can be decomposed in eigenspaces of the

eigenvalues 1, ¢ and (2:

H*(X,C)=H*(X,C)” @ H*(X,C); ® H*(X,C) (4.1)

where the non-rational eigenvalues ¢ and (? have the same multiplicity.
Set a := multiplicity of the eigenvalue 1, and b := multiplicity of the eigenvalue

(. In the following we find a and b.

Proposition 4.1.5. Let X be a K3 surface an o a symplectic automorphism of
order three. Then, a =10, b= 6, and the dimension of the moduli space of algebraic

K3 surfaces admitting a symplectic automorphism of order 3 is at most 7.

Proof. By Proposition (cf. Table , 0 has exactly 6 fixed points. Using
the Lefschetz fixed point formula applied in K3 surfaces:

6=1+0+trace(o"|g2(xc)) +0+1,
and so
a+b(¢+(¢%) =4

Since (? = -(1+ () and dim H?(X,C) = 22, we obtain a, b have to satisfy:

a-b=4

a+2b=22.
We have dim H?(X,C) =10 = @ and dim H*(X,C).2 = dim H2(X,C) =6 = .
Since Tx ® C c H2(X,C)7",

((H*(X,C))?")* = H*(X,C); ® H*(X,C)¢2 c NS(X) ® C.

We consider only algebraic K3 surfaces and so we have an ample class h on X,
so h+o*h+ (0*)2h is a o-invariant class, hence in H2(X,C)7".

By Theorem 4.1.4] p(X) > 13 and so rank Ty < 9. The dimension of the moduli
space is at most AL (X)-13="7. |
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Corollary 4.1.6. (See [GS07, Proposition 5.2|) Let X be a ({2d) ® K12)-polarized
K3 surface or ((2d) @ K13)'-polarized K3 surface). Then X is a projective K3

surface and admits a symplectic automorphism of order 3.
Let

S = {projective K3 surfaces admitting an order 8 symplectic automorphism}| ~

where ~ is the isomorphisms of polarized K3 surfaces. Then S is

U ({((2d) ® K12) -polarized K3s },.) U ({((2d) ® K1) -polarized K3s},.).
detto d e No,
d=0 mod 3

In particular S is the union of countably many components all of dimension 7.

4.2 Quotients of projective K3 surfaces by a

symplectic automorphism of order 3

Lemma 4.2.1. Let A, be the quadratic form of the discriminant group

Abtyyy (Z/BZ)4, then for v e A, , GArs, g, (v) is one of the following three
33
The actions induced by O(AMZ/SZ) on Any,,, has four orbits: the orbit which

values 0

contains 0, and the orbits:
e pp={ve AMZ/3Z | UArty,, (v) =0 and v+ 0};
e p1={ve AMZ/SZ | UAnty s, (v) = %}7

¢ P2= {U € AMZ/BZ | qMZ/BZ(U) - %}

Proof. We sketch the proof which is analogous to the one of Lemma [{.1.1] By
Example , the quadratic form QArr, ,, CAN be written as

2 1
TAmy )5, (v) = —§($:2>> +af) - 5(2931552 + 2293 — 20274 — T374)

where v = x1by + x9by + x3b3 + 1404 and b;, ¢ = 1,...,4 are a basis of AMZ/SZ' As
example, we observe that the isometry of My/sz which permutes MZ.(3) with ]\/[Z.(4),
1=1,2, and acts as the identity on Mi(j), fori=1,2,5=1,2,5,6, induces on AMZ/BZ
an isometry which maps b; to by. A complete table of all 81 isometries needed to
show the result can be computed as in Appendix [9.3] [
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Proposition 4.2.2. [Garl, Proposition 5.5/ Let e be a positive integer.

If e #0 mod 3, then there exists no even overlattices of finite index of (2e) &
Mzy3z such that (2e) and Myysz, are primitively embedded in it.

If e =0 mod 3, then there exists a unique overlattice of finite index of (2e) &
Mz, 37, such that (2¢e) and Mpz,37, are primitively embedded in it. The index is 3 and
the generators of the overlattices are the ones of (2e) ® My sz and % where H is
a generator of (2e) and g € Myysz, can be chosen as follows:

ife=0 mod 9, then g = Z?zl (Ml(l) + 2M2(i));

ife=3 mod 9, then g = ¥2, (2M + M) + £y (M7 +2M);

if e=6 mod 9, then g = Ml(l) + 2M2(1) + 2M1(2) + MQ(Q).

Proof. The proof is analogous to the one of Proposition and it is based on
Lemma [£.2.71 ]

Definition 4.2.3. If ¢ = 0 mod 3 we denote by (<2€>@MZ/3Z), the overlattice

constructed in the previous proposition.

Theorem 4.2.4. [Garl7, Proposition 5.5] LetY be a K3 surface. It is the minimal
resolution of the quotient of a K3 surface by a symplectic automorphism of order
3 if and only if My sz, is primitively embedded in NS(Y'). If Y is projective, then
p(Y) >13. Assume p(Y) =13 and let H be a generator of M;¥5) | so H? = 2e,

Z/3L
e € Nyy. Then
e ife#0 mod 3, then NS(Y') = (2e) & Mysz;
e ife=0 mod 3, then NS(Y) is either (2e) & Mysz or ((2e) & Mysz)’.

Proof. The proof is analogous to the one of Theorem and it is based on
Proposition [4.2.2] [

Corollary 4.2.5. Let Y be a ((2d)® Mys)-polarized K3 surface (or a
(<2d) ® MZ/gz)’—polarized K3 surface). Then'Y is a projective K3 surface and it is
the desingularization of the quotient of a K3 surface by a symplectic automorphism
of order 3.

Let

T = {quotient of K3s by an order 8 symplectic automorphism}| ~
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where ~ is the isomorphisms of K3 surfaces. Then T is

U {((26) ® Mz/gz) -polarized K3s } . U {((26) ® Mz/gz), -polarized K3s} /...
e€Nso ec N>0,
e=0 mod3

In particular T is the union of countably many components all of dimension 7.
We now introduce some divisors which will be interesting in the following.

Remark 4.2.6. Let ¢ = 0 mod 9 and Y be a K3 surface such that NS(Y') =~
( (2e) ® Mz/gz),. Then the following divisors are contained in NS(Y"):

Do H-(MD 2m D 42 vonr$P B 21 {?)
1-= 3 )

H-2M®P M w2 0P 2010 + 0§
Dy = 1 2 13 2 1 2 2 (42)

H-(52, @M +M{)+38_ (M +2m "))

D3 = 3

Indeed the divisor D; is contained in NS(Y") by Proposition , the divisor Dy
(resp. Dj) is obtained from D; by adding first the class 2M (resp. M) and then
a linear combination with integer coefficients of the curves Mi(j ), i.e. by adding to
Dy classes in Mzys; ¢ NS(Y).

Similarly, if e = 3 mod9 and Y is a K3 surface such that NS(Y) =~
( 2e) @ MZ/gZ , the following divisors are contained in NS(Y'):

Dy = (H = (2 + MY + 202 4 MP + M+ 20+ M 1 2010 )) /3,

pi= (H = (MY + 200 + M 20 4 MO 4 20 + MO 42017} ) 13,
si= (H = (2M + M+ 20 + MY+ M 20 + M + 2071 /3.
(4.3)

If e=6 mod 9 and Y is a K3 surface such that NS(Y') ~ ((2¢) @ MZ/P,Z),, the

following divisors are contained in NS(Y'):
Dy = (H - (MO + 20V + 2M P + M) 3,

6 , .
Dy = (H - (Mf” oM + 3 eM + M;)))) /3,

=3

(4.4)

6 . .
Dy = ([—[ - (sz” + MY S (M + 2M2(’)))) /3.
=3
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If e #0 and Y is a K3 surface such that NS(Y') ~ (2e) ® My/3z, the following

divisors are contained in NS(Y'):

6 . . 6 ) .
Dyi=H, Dyi=H- (Z(sz’) + MQ(”)) /3, Ds:=H - (Z(Mf” + 2M2(”)) /3.
- (4.5)

=1
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5 | Relation between the families of
projective K3 surfaces admitting a
symplectic automorphism and their

quotients

The main results of this section are Theorem[5.1.2] where we determine the relation
between NS(X) and NS(Y') and Theorem [5.2.1] In the latter we determine the
big and nef divisors on Y which are associated by the map 7* to specific ample
divisors on X. This gives the relation between the dimension of the projective

space in which we are embedding X and the ones were X /(o) has natural models.

5.1 Relation between NS(X) and NS(Y)

We first fix an embedding of NS(X) in H2(X,Z) ~ Aks and then we apply the
map 7, described in Proposition in order to find NS(Y"). To embed NS(X)
in Ags, we consider a specific embedding of K15 in Ag3 constructed by embedding
K in Ue Ay(-1) ® Eg ® Eg @ Eg and then extending this embedding to the
overlattices K9 and Ags.
We fix a basis {k;}i-1,..
one given by the matrix . Then

12 of the lattice I?i; on which the bilinear form is the

?1/2 i Us AQ(—l)@ E¢d Eg® Fg
ki o~ (0, 0, M =P 0, ifi=1,...,6
kioe (0, 0 e o0, =€), ifi=7,...,12

is an embedding of lattices. It extends to an embedding of K5 into Ags, indeed
the overlattice Ky, is obtained by adding to A(Kiz) the class A(z), written in
(3-2). This is a class contained also in the overlattice Agz of U @ As(-1) @ EE?,
so the enlargements of lattices are compatible.

This gives an embedding, still denoted by A, of K75 in Ag3, which is the Q-linear
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extension of the embedding A defined above. By Lemma [I.1.20] the embedding of
K15 into Ags is unique up to isometries.

Both the lattices (2d) ® K5 and ({2d) & K1)’ admit a unique primitive
embedding in Ags up to isometries (by Lemma and in the following

proposition we exhibit one possible choice.

Proposition 5.1.1. The embedding

<2d> i> Us AQ(—]_)@ Eso Egd Ej
1
L 7 0, 0, 0, 0
(0w
is such that (j,\) : (2d) ® K12 = Aks is a primitive embedding of (2d) & K15 in

AKg.
If d=0 mod 3, we consider the embedding

(2d) ER U As(-1)e Ego Egd Eg

Lo ((BSk),

Q’ 2(1)’ 2(2)7 g(g))7

where
egi) + egi) + eéi) ifd=0 mod9 9k -9 ifd=0 mod)9,
g(i)= egi)+e§i) ifd=3 mod9 andkiss t.d={ 9k-3 ifd=3 mod9,
el ifd=6 mod9 9k-3 ifd=6 mod9.

Then (7,\) : (2d) ® K13 - Ags is an embedding whose primitive closure is
((2d>@K12)I.

Proof. Tt is straightforward that (j,\) and (j,\) are embeddings of (2d) @ K1,
in Ags. One can directly check that the first one is primitive, for example by
observing that it coincides with the orthogonal complement of its orthogonal
complement. The embeddings 7 : (2d) - Ags and X : Ky5 - Ag3 are primitive.
Nevertheless, 7(L) +(g® —g®) +(g® - g@®) e (5, 1) ((2d) ® K15) and it is divisible
by 3 in Ags. So the primitive closure of (7,\)({(2d) ® Ki5) is an overlattice of
index 3 of (7,\)({2d) ® K15) which contains primitively K, and (2d), and thus it
is ((2d) @ K15)". ]

Theorem 5.1.2. Let X be a projective K3 surface admitting a symplectic
automorphism o of order 3 and let Y be the resolution of X [(c). Let p(X) = 13.
Then:
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NS(X) = (2d) ® K15 if and only if NS(Y) = ({6d) ® Myysz)’;
NS(X) ~ ((6e) @ K12)" if and only if NS(Y) ~ (2e) & My/sz.

Proof. We apply 7, to NS(X) = (4, \)({2d), K1) © Ags (resp. (7, \)((2d), K12)).
By Proposition [3.2.1]

7T*(>\(K12)) :QE H2(K Z) ~ AK3.

It remains to consider the image of L under the embeddings we are considering.

In particular we have:

m.(j(L)) = ( il ) cU(3) c H¥(Y,Z).

Denote by H =m,.(j(L)), we have H? = 6d. When we extend U(3) ® A2(-3) & Eg
to H?(Y,Z), the class u} +du}, glues with elements in Mysz and gives the element
n3 +dny € H?(Y,7Z), see Proposition Moreover 3(ns+dny) € NS(Y') because
it is a linear combination of classes in NS(Y'), that is of H = 7,(j(L)) and of
classes in Mysz. Since ng + dng € H*(Y,Z), 3 (ng+dng) € NS(Y') and NS(Y)
is primitively embedded in H?(Y,Z), it follows that ns + dny € NS(Y'). Hence
NS(Y") is spanned, over Z, by H, the generators of My/sz and an extra class, i.e.,
ng +dny. So NS(Y') is an overlattice of index 3 of (6d) & My/sz and in particular
it is necessarily the unique overlattice of index 3 described in Proposition

We consider now the embedding 7:

m.(j(L)) = (( 33k: ),Q, 3g) cU(3)® Ax(-1) ® Es c H*(Y, Z),

where g is the vector g( of Proposition . It is clear that 7, (5(L)) is not

primitive, since it is 3 divisible. So

m.(5(L))/3 = (( ; ),Q,g_]) e NS(Y) c H*(Y,Z).

and we define H to be m,(L)/3. So H? = 6k—(g)?. Even enlarging U(3)®A>(-3)@®
Es to H*(Y') by gluing the classes of My/3z we do not find new classes in NS(Y"),
so NS(Y') is generated, over Z, by H and by the classes generating Mzsz. The
intersection form is (2d/3) & Mysz, which concludes the proof. u

Corollary 5.1.3. The K3 surface X is a generic member of the family of the
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((2d) ® K12)-polarized K3 surfaces if and only if Y is a generic member of the
family of the ((Qd) ® Mz/gz)’—polarized K3 surfaces.

The K3 surface X is a generic member of the family of the ((6e)® Ki5)' -
polarized K3 surfaces if and only if Y is a generic member of the family of the
((26) ® Mz/gz)—polarized K3 surfaces.

To apply the map m* to NS(Y"), we first fix an embedding of My/3z in Ags: we
constructed Ags ~ H*(Y,Z) as overlattice of index 3* of Ay(-1)@U(3)® Es®Mysy,
in Proposition m The natural embedding of Mysz in Ay(-1)@U & Es @ My/sz,

I MZ/?)Z g AZ(_l)GB U(3)@ Eﬁ@ MZ/3Z > AK?)
m; = (Q? Qv Q? mz)

extends to a primitive embedding pi: Mz/37 — Ags.
Both the lattices (2e) ® Mz3; and ((2e) ® Mz32)" admit a unique primitive
embedding in Ag3 up to isometries and in the following proposition we exhibit

one possible choice.

Proposition 5.1.4. The embedding

(2¢) 5 U@)e Ay(-1)o Es@ My
H »((;), 0, £ 0

ei+es+es if 2e=06k-6,
f=1ei+es if  2e=06k-4,
€ if 2e=06k-2

where

is such that (h, ) : (2e)® Myysz, = Aks is a primitive embedding of (2e) & My,sz,
m AK3.
If e=0 mod 3, then there exists k such that e = 3k and the embedding

(26) i U(?))@ AQ(—1)® Eﬁ@ Mz/gz
1
H d 9 O) 07 Q?
I

15 such that (TL, A) :(2e) & Myysy, = Ags is an embedding whose primitive closure
18 ((26) ® Mz/gz),.

Proof. The proof is analogous to the one of Proposition [5.1.1] [ ]
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Corollary 5.1.5. Let Y be a K3 surface such that NS(Y') ~ (2e) ® Myysz and the
embedding of NS(Y') in Aks is (h, ). Then

" ((h, ) (D3)) = (L)

where D;, i=1,2,3 are the divisors defined in (4.5)).
Let Y be a K3 surface such that NS(Y') ~ ((2e) ® My3z)" and the embedding
of (2e) ® My 3z, in Aks is (h, ). Then

w* ((h,w)(Dy)) = §(L)
where D;, i =1,2,3 are the divisors defined in (4.2), (4.3), (4.4).

Proof. We first consider 7 of h(H) and of h(H):

1 3
™ (h(H)) = 7" (( ) 0, LQ) = (( ) ,0,9, g<2>,g<3>) cUaAy(-1)0FEs@FEs®Fs

k 3k
and
* T * 1 3
™ (h(H)):T( L 797979 = 3k 7979797Q7 EU@AQ(_1)®E6®E6€BE6-

In particular we observe that
w*(h(H)) =j(L) and 7 (h(H)) = 3j(L).

The divisors D; defined in Remark are embedded in NS(Y) ¢ Ags by the
embedding (h, u) or (h,p) (according to the properties of NS(Y)). We observe
that 7*(M;) = 0 € H?(X,Z), which allows to conclude. As example we consider

the divisor D; described in Remark [4.2.6, (4.2):

o AR - (MY + 208D + MP w2+ M 2
w((h,m(Dl)):w(() R AR

5.2 Relation of projective models for both families

We give the relation between the dimension of the projective space in which we

are embedding X and the ones were X /(o) has natural models. Examples of the
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geometric application of this result are provided in the next section.

Theorem 5.2.1. Let X be a projective K3 surface admitting a symplectic
automorphism of order 3 such that p(X) = 13, let L be the ample generator of
K;NS(X), let Y be the minimal resolution of X [{o), and D;, i =1,2,3, the divisors

defined in Remark (4.2.6).
Then,

HY(X,L)=m"H(Y,D\) @ 7" H*(Y, D;) @ m* H'(Y, D3)

and the previous decomposition corresponds to the decomposition of HO(X, L) in

eigenspaces with respect to the action of o* on HO(X,L).

Proof. We recall that the action of ¢* on the divisor L is the identity (since
Ko ~ (NS(X)?")4). Hence o* acts on the vector space V := HO(X,L) and its
action splits V' in the direct sum of three eigenspaces, i.e., V= Vi1 @ Ve, @ Vz.
By Corollary [5.1.5] the pullbacks of the sections in HO(Y,D;) are sections
in H°(X,L). Moreover, D; are divisors on Y, so their sections are well defined
on the quotient surface X /(o). Hence, given a basis {si,...s,} of H(Y,D,),
7*(s1),...,7*(s,) lie in the same eigenspace for the action of o* on HY(X, L),
otherwise they would not be contained in the same HY(Y, B) for a divisor B €
NS(Y). The images of the exceptional curves Mi(k) under the maps ¢p, : Y -
P(HO(Y, D;)V) change if one considers the divisors D; or D; with i # j (since the
intersection number of the divisors M, }Ek) with D; and D; are not the same). So
the sections of D; and D; lie on different eigenspaces V. ¢ V' where € = +1,(3, (3.
It remains to prove that 7* H°(Y, D;) coincides with one eigenspace V, and it is

not only contained in it. To this purpose, it suffices to prove that
dim(H (X, L)) = dim(H°(Y, D)) + dim(H°(Y, D)) + dim(H°(Y, D3)).
We already proved that 7*H°(Y, D1) is contained in an eigenspace, so we have
dim(H°(X, L)) > dim(H°(Y, Dy)) + dim(H°(Y, D)) + dim(H°(Y, D3))
and it remains to prove that
dim(H (X, L)) < dim(H°(Y, D)) + dim(H°(Y, D)) + dim(H°(Y, D3)).
If NS(X) ~ (2d) ® K12 and L is the ample generator of (2d), then
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dim(H°(X, L)) =d+2 and NS(Y) = ((6d) ® Mysz) .
By Riemann-Roch theorem, we obtain:
e if 3d=0 mod 9 then x(D1) =2 +1, x(Ds)=%+1, x(Ds) = ;
e if 3d=3 mod 9 then x(D1)=4+2, x(D2)=2+2, x(D3)=%+2;
e if 3d=6 mod 9 then x(D1)=2+3, x(D2)=2+1, x(D3) =2 +1.

In all the listed cases x(D;) + x(D2) + x(D3) =d + 2 =dim(H°(X, L)).

The divisors D; have positive intersection with the pseudoample divisor H and
their self intersection is bigger or equal than —2. Then h°(D;) > 0 and h%(D;) =
h°(-D;) = 0. Hence h°(D;) > x(D;). So

hO(Y, Dy) + h(Y, Da) + (Y, D3) 2 x(D1) + x(D2) + x(Ds) = h°(X, L) =d +2,

which concludes the proof if NS(Y) = (2d) ® Ks.

If NS(X) =~ ((2d) ® K15)" and L is the ample generator of (2d), then we argue
as above, observing that dim(H°(X, L)) = d+2, NS(Y') ~ (&)® My/37 and x(D;) =
%l+27 X(D2)2§7X(D3):%l u

5.3 Examples

We saw in Theorem [4.1.4]that a K3 surface X such that NS(X) is either (2d)® K1
or ({(2d) ® K5)" is projective and admits an order 3 symplectic automorphism o.
In Theorem [5.2.1} we observed that o* acts on the space H°(X, L)Y, where L
is the ample generator of (2d) in the Néron—Severi group. Hence, X admits a
projective model in P(H°(X, L)V) such that the automorphism ¢ is the restriction
to ¢y1/(X) of a projective transformation of P(H°(X,L)"). As an application of
Theorem [5.2.1] we can determine this projective transformation on P(H(X, L)),
in particular the dimension of its eigenspaces.

The surface Y, minimal resolution of X /(c), has a polarization H induced by
L and it is described in Theorem m It is orthogonal to all the classes Mi(j ), SO
@) (Y') is the singular model of Y where all the curves Mi(j ) are contracted, thus
it is the projective model of X /(o).

As an application of Theorem [5.1.2] we have a relation between the dimension
of the projective space P(H?(X, L)) where the surface X is embedded, and the
dimension of the projective space P(H?(Y, H)") where the quotient surface X /(o)
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is embedded. The aim of this section is to apply the previous results to obtain

explicit projective equations of X and X /(o) for certain values of d.

Moreover, by Theorem [5.2.1| we find other projective models of the surface Y,

related with the existence of the divisors D,.

The case d=1

In this case there is a unique possibility for NS(X), which is NS(X) = (2) & Ki2;
i+ X - P2 =P(H°X,L)") and o is induced by an automorphism of P2. By
Theorem [5.1.2) NS(Y') = ((6) ® Mz/3z)" and the definition of the divisors D; on Y’
is the one given in Remark [£.2.6) (4.3). So dim(H°(Y, D;)) =1, for i = 1,2,3, and
by Theorem [5.2.1] the eigenspaces V; have dimension 1.

Therefore there exists a choice of coordinates of P? = P(H°(X, L)V) such that

the action of o on P2 is
(2ot 21t 22) > (20 : (a1 C§ZE2).

Let us consider the equation fg of the plane sextic curves invariant for o:

alxg+a2xéx1xz+a3x3xi’+a4x3x§+a5x§x§x%+a6x0m‘11x2+a7x0x1x%+a8x?+a9x§x%+a10xg.

The double cover of P? branched on these sextic curves has equation
W = fy(wo: o aa) CP(3,1,1,1),

This gives a family of K3 surfaces X admitting a symplectic automorphism of order
3, which is a lift of . The family depends on 10 parameters, but it is defined up to
projective transformations of P? which commute with o. These are the diagonal
transformations, so the dimension of the family, up to projective transformations
is (10-1)-(3-1) =7, which is the expected dimension of a family of projective K3
surface with automorphisms. The points of P? fixed by o are (1:0:0), (0:1:0),
(0:0:1). None of them lies on the branch sextic curve, hence they correspond
to 6 points on the K3 surfaces and there exists a lift of ¢ which fixes all these
points. So the automorphism ¢ acts on the K3 surface fixing 6 isolated points,
and hence it is symplectic, therefore we found an explicit equation of the family

of K3 surfaces whose Néron—Severi group is (2) & K.

By Theorem 5.1.2, the divisor H on Y has self intersection 6 and then y5(Y") c
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P4. The following functions are invariant for o
. e 3 o3 3
20 = W, 21 = X, 22 1= Ty, 23 1= X, 24 2= LoX1X2

and satisfy the equations

Z1%223 = 2y
22 = a123 + agz124 + A321 20 + Q42123 + 523 + Qezazy + Q72324 + Ag2a + U922 + A1025.
(5.1)
Hence (5.1)) are the equations of X /(o) in P4, i.e., the equations of ¢y (Y").

The case d =2

In this case there is a unique possibility for NS(X'), which is NS(X) = (4) ® K2,
@i X - P3 =P(HYX,L)") and ¢ is induced by an automorphism of P3. By
Theorem , NS(Y) ~ ({(12)®My/3z)" and the definition of the divisors D; on Y is
the one given in Remark [1.2.6] (£.4). So dim(H°(Y, D1)) =2, dim(H°(Y, D;)) =1
for i = 2,3 (cf. proof of Theorem hence one eigenspace has dimension 2 and
the other two have dimension 1.

So there exists a choice of coordinates of P3 = P(H%(X,L)") such that the

action of o on P3 is
(5170 ‘T Tyt 553) > (!L"o FIRICUSE C§$3)-
The quartic equations invariant for o are
fi(zo 1) + folwo : x)wows + fi(wo 1) as + g1 (20 s 21) 23 + axdzs =0 (5.2)

where f; and g; are homogeneous polynomials of degree 7.

This defines a family of K3 surfaces admitting an automorphism induced by
0. The family depends on 13 parameters but it is defined up to the actions of the
projective transformation of P3 which commutes with o. So the family depends
on (13-1) - (6 —1) = 7 parameters. There are 4 fixed points in the eigenspace
Vi1, which are defined by fi(zo: 1) =0, 25 = 23 = 0; 1 fixed point in Vi, ie.,
(0:0:1:0), and 1 in Vez, Le., (0:0:0:1). In particular, the automorphism o
fixes 6 isolated points on the K3 surfaces in the family and hence it is a symplectic
automorphism of each member of this family.

By Theorem 7 the divisor H has self intersection 12 and then ¢z (Y') c P.
We now show that the ideal defining ¢yz(Y") c P7 is generated by 10 quadrics and
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we determine a set of generators.

The Néron-Severi group NS(Y) is isometric to ((12) ® Mz/3z)" and hence each
class in NS(Y') can be written as aH + Sm where m € My3; and «, 3 € %Z.
Let C' be an irreducible curve on Y, hence H - C > 0 and so the class of C' €
NS(Y) is aH + fm with a > 0. The intersection H - C is either 0, if @ = 0 or
12« > 4. In particular there are no curves C' such that H-C = 2. By [SD74]
Theorem 5.2|, the linear system H is not hyperelliptic and by [SD74, Theorem
7.2], the ideal of ¢y(Y) c P7 is generated by quadrics. Since h°(Y,H) = 10,
dim S?(H"(Y,H)) = (g) =36 and, by (2H)? = 28, it follows h°(Y,2H) = 26. Hence
the ideal of ¢(Y) c P7 is generated by 10 quadrics and we are going to determine
them.

We preliminary observe that the number n;, of monomials of degree h in the
variables x5 and x3, which are invariant for the action of o, are as in the following
table

h (011234
ny||1101)2

This allows to compute the number of number m; of monomials of degree k in the
variables x;, ¢ = 0,1,2,3,4, which are invariant for the action of ¢ are as in the

following table

Ellol1(2(3]4]|5]|6
me |l 1121418132230

There are 8 invariant monomials of degree 3 in the variables z;:
=23,1=0,1,2,3, a4 =2} = 2077, ag = =
a; =Z;,1=Y,1,4,9, G4 =Ty, A5 =TTy, Ag = LoT2T3, A7 = T1T2T4.

We choose them as coordinates of the projective space IP7 such that ¢y (Y) c P7 .

The following quadric equations are satisfied by the variables a;:
2 = = 2= - - 5.3
aj = aogWs, A4as = Aoa1, A4dg = AoQ7, A5 = A104, G506 = 407, A507 = a1a6  (5.3)

so they are contained in the ideal of quadrics defining ¢ (Y") c P7 .
We now determine the other 4 quadrics generating the ideals of ¢(Y).

The 4 monomials in z; which are of degree 2 and are invariant for o, are a2, z?,
ToT1, Tax3. Since the quartic (b.2)) is invariant for the action of o, multiplying it for
each of the invariant monomials of degree 2 written above one finds an invariant

sextic in the variables x;,
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ie.,

9512 (fa(zo: 1) + fo(wo : x1)@azs + f1(wo: xl)xg +g1(xo xl)xi + (W%xg)

(5.4)
wpxy (fa(zo s x1) + fa(@o : 1) waws + f1(wo : x1) 2 + g1 (w0 = 1) 23 + axda?)

with i =1,2 and (h, k) =(0,1),(2,3). The monomials appearing in these sextic are
invariant monomials of degree 6. Each of them can be expressed as a monomial of
degree 2 in the a;’s, since the space of the quadric in the variables a; has dimension
30 (there 36 quadrics and 6 relations, as seen above) which is the same dimension
of the space of the invariant polynomials of degree 6 in the z;’s.

So each of the four sextics in can be expressed as a quadric equation in
the variables a; and this provides other four quadrics in P7 which vanish on the
surface @p(Y).

These four quadrics together with the ones listed in are 10 generators of
the ideal of o (Y).

The map induced by D; is an elliptic fibration on the quotient surface,

ie.,

QO\D1| : Y —> ]P)l

is an elliptic fibration given by the projection of the quartic surface from the space

1 3

xo = x1 =0 to the linear subspace P(xozzl) C Py wmis)

The case d =3

In this case there are two possibilities for NS(X'), which are NS(X) = (6) & Ko
and NS(X) = ({6) ® K12)', in both cases ¢ : X - P4 =P(H(X,L)¥) and o is

induced by an automorphism of P4,

The case NS(X) = (6) ® K1

By Theorem [5.1.2 NS(Y") ~ ({18) ® My/sz)" and the definition of the divisors D;
on Y is the one given in Remark [4.2.6] (4.2). So dim(H°(Y,D;)) =2, i = 1,2,
dim(H°(Y,D3)) = 1 (cf. proof of Theorem [5.2.1)) hence two eigenspaces have

dimension 2 and the other one has dimension 1.
So there exists a choice of coordinates of P* = P(HY(X,L)V) such that the

action of o on P4 is

(ro:xy:wo:x3: 1) > (2o : w11 (a0 (33 C§x4)-
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The K3 surfaces embedded in P* are complete intersections of a quadric and a
cubic, hence one has to find equations for cubic and quadric hypersurfaces such
that both the hypersurfaces are invariant for the action of o and the restriction
of o to their intersection fixes exactly 6 points. A choice which satisfies all the

required conditions is:

ar(zo: 1)by(wg: x3) + az? =0,
c3(xo 1) +dy(zo:xr)er(wa: x3)wy + f3(xe : 23) + B =0,

where all the polynomials are homogeneous and their degrees are their subscripts.
There are 3 fixed points in zg = x; = x4 = 0 (the ones which satisfy f3(zy:23) =0)
and other 3 fixed points in x9 = x3 = x4 = 0 (the ones which satisfy c3(x¢: z1) = 0).

By Theorem , the divisor H has self intersection 18, and then ¢ (Y) c
P The maps ¢p,| : Y - P! and ¢pp,| : ¥ — P! define two elliptic fibrations,
each of them has 3 independent sections corresponding to certain curves Mi(j ) and
contracts all the other curves Ml.(j ), which are necessarily irreducible components

of reducible fibers. The elliptic fibrations correspond to the projections of the

1

surfaces to the subspaces ]P( .
Xoxr1

, and ]P’%mm) respectively.

The case NS(X) = ((6) ® K1)’

By Theorem [5.1.2) NS(Y') = (2) ® M5z and the definition of the divisors D;
on Y is the one given in Remark [4.2.6] equation ([.5). So dim(H°(Y, D)) = 3,
dim(H°(Y,D;)) =1, i=2,3 (cf. proof of Theorem hence one eigenspace has
dimension 3 and the others have dimension 1.

So there exists a choice of coordinates of P* = P(H%(X,L)") such that the

action of o is
(o
(zo:ay:mp:ag:ay) = (w12 200 (3231 (oay).

The K3 surface X is the complete intersection of a quadric and a cubic whose

equations are invariant for o:

q2(o : 1 o) + w3y = 0,
cs(wo: w1 we) + 11 (@o : @1t w32y + Bl + v =0,

where all the polynomials are homogeneous and their degrees are the subscript
numbers. The 6 fixed points are all contained in the eigenspace V1, which are the

intersections of ¢3 =0 and ¢ = 0 in the plane x3 = x4 =0.
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By Theorem|5.1.2} the divisor H has self intersection 2 and then ¢ : Y — P?is

a double cover. This map is induced by the projection of X on the invariant plane

2
(zo:w1:w2)”

x9 =0 c P4 Let us denote by p: P4 - P2 this projection and by px its restriction

The projection to ]P’% is the projection from the line xzq = 21 =

T0:T1:T2)
to X. Given a point (Zg : Ty : T2) € P2, its inverse image py! ((Tg : T1 : T2)) consists
of six points. Indeed in the affine chart x4 = 1, the inverse image of the point for

the map p is the plane whose parametric equations are

Zo = SZo,
X1 = Sk,
To = S'x—27
T3 = t.

The intersection of this plane with X is

{ t = —52q,(Tg : 77 : T3) v,

$96 (a2(To : 71 : T3) @)’ + 8 (e5(T0 : T7  T3) = 1 (Tg : 71 : T3) 42 (T T+ Ta) ) + 7 = 0.

If

ll(:c—o:x—l:x—a)qZ(:c—o:x—lzx—z)f +475(J2(33'_05$_119C_2)3

+0
a a3 ’

(03 (T :71:73) -
then one obtains two 2 solutions for s3 in the last equation. So one obtains 6
solutions for s and each choice for s determines a choice for ¢ and thus a point
in X. Hence p;'(Tg : 77 : T2) consists of 6 points. These six points form two
orbits for the action of o (indeed o acts by multiplying s by a root of unity, so it
identifies values of s which have the same third power). Hence these six points on

X correspond to 2 points on the quotient surface X /(o).
On the other hand if

L(To 2 @1 : T2)qe(To 2 T1 : T2) q2(To $1 T3)3

«

(oo 77:73) - ) +48 ~0,
then one obtains one solution (with multiplicity 2) for s3. Hence in this case
Py (To : T1 : T3) consists of 3 points which are in the same orbit for o and thus to

a point in X /(o).

So this projection describes X /(o) as a double cover of P? branched on

(zo:z1:22)
the sextic

o’ + adigs - 202cslige + 4343 = 0
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where we wrote ¢z (resp. l; and go) instead of c3(zg : @1 : x2) (vesp. li(zo: @y ¢
x9) and go(zo : 21 : 23)). We observe that the branch locus is a sextic with 6
singularities of type As, that are the points where c3(xg : o1 : 22) = go(xo : 21 ¢

x9) = 0. These are the images of the 6 points in X fixed by o.
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6 | Applications

In Section [3, we described the action induced in cohomology by a symplectic
automorphism of order 3, while in Section [5] we described the relation between
the Néron—Severi group of projective K3 surfaces admitting an order 3 symplectic
automorphism and the Néron—Severi group of its quotient. Hence, we are able
to generalize some of the results obtained for the involutions to the order 3
automorphisms. In particular, we consider two different aspects: the construction
of isogenies of K3 surfaces which are not quotient maps and the Shioda—Inose
structures, which are relations between the K3 surfaces that are quotients of

Abelian surfaces and other K3 surfaces.

6.1 Isogenies of K3 surfaces

In [CG20, Theorem 3.9, it is proved the following result

Proposition 6.1.1. There exists the following lattice isometry
((6d) ® K12)" — (6d) ® Mz,37.

By the previous proposition if X, is a K3 surface such that NS(X,;) =~
((6d) ® K1) ~ (6d) ® M3z, then:
e X, admits a symplectic automorphism o, of order 3 (by Theorem ,
e there exists a K3 surface S which admits a symplectic automorphism og of order

3 such that X is the minimal resolution of S/og (by Theorem 4.2.4).
Corollary 6.1.2. There exists an infinite tower of isogenies
X € X0 € Xapg € Xang .. Xgnorg <% Xagng . . ..

Each map «; is the composition of a quotient map of order 3 automorphism and

a birational map which resolves the singularities of the quotient.
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The compositions

Q; 00;_10...004_

are not induced by quotients.

Proof. To construct the tower, we start with a K3 surface Xy such that NS(Xj) ~
(6d) ® Mz,3z. Since My sz is primitively embedded in NS(Xy), there exists a K3
surface S such that S admits a symplectic automorphism o and the minimal
resolution of S/o is X;. By Theorem the Néron—Severi group of S is
NS(S) ~ ((18d) & K1) ~ (18d) ® Mzysz, hence S is the surface that we denote by
X3q. Since the lattice My/sz is primitively embedded in NS(X34), there exists a K3
surface which admits a symplectic automorphism of order 3 such that the minimal
resolution of the quotient of the surface by the automorphism is X34. This surface
is X324, since its Néron-Severi group is isometric to ((54d) ® Ki2)" ~ (54) & My)sz.
This process can be iterated infinitely many times. As explained in [CG20,
Proposition 3.11], it is not possible that the maps X}, -> X} are induced by quotient
maps if k/h > 3. |

6.2 Generalized Shioda-Inose structures

We recall that given an Abelian surface A, there exists an involution ¢4 (which
maps each point to its opposite w.r.t the group law of A) such that the minimal

resolution of A/{t4) is a K3 surface, called Kummer surface of A and denoted by
Km(A).

Definition 6.2.1. A Shioda—Inose structure is the triple (A, X, 1) where:
A is an Abelian surface, X is a K3 surface, tx a symplectic involution such
that the minimal resolution of X [{tx) is the Kummer surface Km(A) and the

transcendental lattice of X and A are isometric.

One can show that a Shioda-Inose structure is associated to the following

diagram

N K
Km(A)

where the arrows are rational generically 2 : 1 maps and there are the following

relations between the transcendental lattices of the surfaces:
Ta=Tx, Trmay =Ta(2)=Tx(2).
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These structures are defined and studied in [Mor8&4].
We first generalize the definition of Shioda-Inose structure. The present

definition is an extension of the previous definition given by [OS99] and [COQ0]

Definition 6.2.2. A generalized Shioda—Inose structure of order 3 is given by
(A,04,X,0x) where:

o A is a 2-dimensional torus admitting a symplectic automorphism o4 of order
3 such that the minimal resolution of Af{oa) is a K3 surface Kms(A);

o X is a K3 surface admitting a symplectic automorphism ox of order 3 such
that the minimal resolution of X [{ox) is the K3 surface Kmg(A);

[ TAZT)(.

In particular a generalized Shioda—Inose structure of order 3 is associated to

the following diagram

~ =
Kmgy(A)

where the dash-arrows correspond to 3 : 1 rational maps, and Ty ~ T'.

Remark 6.2.3. Note that all the Abelian surfaces admit an involution 14 such
that Af(va) is birational to a K3 surface, but not all the Abelian surfaces admit an
automorphism o4 of order 3 such that Af{(ca) is birational to a K3 surface. The
classification of the Abelian surfaces admitting such an automorphism of order 3

is due to Fugjiki, [Fuj88| and their lattice theoretic characterization is recalled in

Proposition [6.2.5.

The geometric and the lattice theoretic characterizations of the K3 surfaces
which are obtained as minimal resolution of the quotient of an Abelian surface by
an automorphism of order 3 can be found in [Bar98| and [Ber88| respectively.
In particular there is a lattice, denoted by K3, which characterizes the K3
surfaces which are birational to the quotient of an Abelian surface by a symplectic
automorphism of order 3 and which is the order 3 analogous of the Kummer lattice.

Let A is a 2-dimensional torus with a symplectic automorphism o4 of order
3 such that the minimal resolution of A/(c4) is a K3 surface, then A/{c,4) has 9
singularities of type As.
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Definition 6.2.4. The lattice K3 1is the minimal primitive sublattice of

NS(Kmg3(A)) containing the curves arising from the resolution of the singularities
Of A/(O‘A> .

In the following Proposition, we summarize some results on tori and Abelian
surfaces A which admit a symplectic automorphism o4 of order 3.

Set Kmg3(A) by the minimal resolution of A/(o4) and by 74, and 7% the map
induced in cohomology by the rational 3:1 map w4 : A -> Kmg(A).

We recall that for every torus A, H*(A,Z) ~U & U & U, see Corollary [1.1.16]

Proposition 6.2.5. a) A 2-dimensional torus A admits a symplectic
automorphism o4 of order 3 if and only if its transcendental lattice Ty is

primitively embedded in U & Ag(-1).

b) A K3 surface Y is birational to the quotient of a torus by a symplectic
automorphism of order 3 if and only if K3 is primitively embedded in NS(Y").

c) The lattice K3 is a negative definite lattice of rank 18 with the discriminant
form which is the opposite of the one of U(3) & Aa(-1).

d) If A is a 2-dimensional torus endowed with a symplectic automorphism o

as above,

Ta.(H*(A,Z)) =4, (U UaU) =U(3) ® Ax(-1).

e) Let A, 04 and Kmg(A) be as above, then Tim,ay = Ta.(Ta).

Proof. a) is proved in [Fuj88, Theorem 6.4]; b) is proved in [Ber88|. To prove c),
we recall that in [Ber8§]| it is also proved that K3 is negative definite of rank 18
and that Ag, ~ (Z/3Z)3. So K3 is a 3-elementary lattice, i.e., its discriminant
group is generated by a finite number of copies of Z/3Z. By b) we have that
K3 is primitively embedded in Ags and this implies that the orthogonal of Kj
in Ags is an indefinite 3-elementary lattice of rank 4. Since these lattices are
completely determined by the rank, the signature and the length, we deduce that
the orthogonal to K3 in Agsis U(3) ® As(—1) which implies that the discriminant
form of K3 and U(3) @ Ay(—1) are opposite each other.

We now prove d). By a) and [Fuj88] one deduces the action of ¢ on the second
cohomology group of A. Since o4 is symplectic 07 acts as the identity on T4. In
particular if A is a generic torus admitting a symplectic automorphism of order 3,
(H2(A,Z))°a ~ Ty ~U @& Ay(-1). So ((H2(A,Z))°4)+ ~ NS(A) ~ Ay. Therefore
one can describe H2(A,Z) ~U @ U &U as overlattice of index 3 of U® Ay(-1) @ A,
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obtained by adding the class y4 = (1 +2a9+ 51 +25)/3 where «; are the generators
of Ay(-1) and f; the ones of Ay. The isometry % of U® Ay(—1)@® A, is the identity
on U & Ay(-1) and acts as follows on Ay: 0%(B1) = B2, 0%(52) = =1 — P2. The
action of ¢% on U®3 is obtained by Q-linear extension. As in Proposition m,
this implies that 7, acts on U @ Ay(-1) ® A as follows

Ta: U Ay(-1)e Ay - U(3)e Ax(-3)
(u, a B - (u a).

Its Q-linear extension to U®3 is computed by considering the image of 4. Since
T (ya) = T (1 + 2a2) /3, one obtains, as in Proposition [3.2.1, that

Tan (U ® As(-1)) = U(3) @ Ay(-1) ¢ HA(Kmy(A),Z) ~ Ay

where the embedding w4, (U & Ay(-1)) - H?(Kms3(A),Z) is primitive.

To prove e) we observe that by construction 74, (U®?) and K3 are orthogonal
in Ags, K3 is primitive, they have the opposite discriminant form. Hence both
of them are primitive and if Ty ~ U @ Ay(-1), then Tk, a) = U(3) ® Az(-1) =
Tax(Ta). If T4 is primitively embedded in U & A3(—1) we obtain that m4,(T4) is

primitively embedded in Agz and hence Txp,a) = Ta.(Ta). [

We now consider a special case of symplectic automorphism of order 3 on
a K3 surface. We know that the action induced in cohomology by a symplectic
automorphism of order 3 permutes three copies of Eg, but for a general K3 surface,
these copies of Eg are not necessarily contained in the Néron—Severi group. We
are now interested in K3 surfaces whose Néron—Severi groups contain three copies
of E¢ and hence admit a symplectic automorphism of order 3 which permutes
these copies inside the Néron—Severi group. Of course the surface S considered in
Section [2.1] is an example of this kind of surfaces. To state our result, we need to

define a certain overlattice of Mzsz ® E:

Definition 6.2.6. The lattice (Myz/32,® Eg)’ is the overlattice of index 3 of Mys;@
Es obtained by adding the class ny (defined in Proposition as

Cer+2e+eg+2e5 MO v 2M{Y - M o+ M v on (Y - P - 20
= 3 - 3 Y

ng

where e; are the standard generators of Fg, and Ml(j) and MQ(j) are the generators
of the j—copy of As.
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Proposition 6.2.7.  a) The lattice (Mz3,® Eg)' is a negative definite lattice of
rank 18 whose discriminant form is the opposite to the one of U(3)® Az(-1).

b) Let X be a K3 surface with a symplectic automorphism o of order 3 and 'Y
be the minimal resolution of X [(c). The automorphism o permutes three
copies of Eg contained in NS(X) if and only if NS(Y') contains primitively
(Mzy3z ® Eg)".

c) If X andY are as in b), then Tx is primitively embedded in U & As(-1) and
Ty = W*(Tx) c U(3) ® AQ(—l)

Proof. a) follows by a direct computation, since one has an explicit basis of
(Mz32,® Eg)'. Alternatively, one can observe that the orthogonal to (Mz3,® Eg)’
in Agsis U(3) ® Ax(-1).

To prove b), we first assume that there is an embedding of E®? in NS(X') and
that o3 is a symplectic automorphism which permutes cyclically these three copies
of Eg. By Theorem , the lattice (Eg ® Fg ® Fg)’ is primitively embedded
in Ags, and since NS(X) is primitive in H?(X,Z) ~ Ags, there is a primitive
embedding of (Es & Eg ® Fg)' in NS(X). The action of o* on NS(X) is the
restriction of the action of ¢* on H?(X,Z) described in Equation and the
action of 7, is the one described in Proposition [3.3.1] Since m,(NS(X)) c NS(Y),
m.((Eg ® Eg ® Eg)') = Eg ¢ NS(Y'), where the embedding is primitive. Moreover
Myy3z, ¢ NS(Y'), because Y is, by construction, the desingularization of X /(o).
By Proposition the class ng is contained in H2(Y,Z) and since NS(Y) is
primitive in H2(Y,Z), it has to be contained also in NS(Y"). It follows that the
lattice (Mz/32,® Es)’ is primitively embedded in NS(Y"). Vice versa, if (Mz3,® Es)’
is primitively embedded in NS(Y"), we construct the triple cover of Y branched on
the curves contained in M3z and then we contract some (—1)-curves to obtain
X. This induces the map n* : H*(Y,Z) - H?(X,Z), described in Proposition
[3.2.1] which restricts to a map 7* : NS(Y') - NS(X). Since Eg c NS(Y'), we obtain
7*(Eg) = Eg ® Eg ® Eg ¢ NS(X). Moreover, the description of the maps m, and
7* are obtained by the assumption that o* permutes the three copies of Fg in
FEg® Eg @ Fg ¢ Ags. It follows that the order 3 symplectic automorphism acting
on X in such a way that Y is birational to X /o, permutes the three copies of FEg
in 7 (Fg) c NS(X).

To prove ¢) we observe that the orthogonal to (Fg @ Fg ® Eg)’ in Ags is U @
As(-1) (either by Theorem or by the unicity of the indefinite 3-elementary
lattices with a given signature and length). Hence (Fg @ Eg @ Eg)’ is primitively
embedded in NS(X) if and only if Tx is primitively embedded in U ® A5(-1). The
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application of the map m, to Ty c U & Ay(-1), implies the relation between T
and Ty. |

Now we can generalize the results by Morrison in [Mor84, Theorem 6.3| to the

generalized Shioda—Inose structure of order 3.

Theorem 6.2.8. Let X be a projective K3 surface. The following conditions are

equivalent:
a) Tx is primitively embedded in U & As(-1);

b) X admits an order 3 symplectic automorphism permuting three copies of Eg
contained in NS(X);

c) there exists an Abelian surface A such that Ty ~ Tx and A admits a
symplectic automorphism of order 3, denoted by o4, such that Af{oa) is

birational to a K3 surface;

d) there exist an Abelian surface A, an order 3 symplectic automorphism o4 on
A and an order 3 symplectic automorphism ox on X such that (A,04,X,0x)

1s a generalized Shioda—Inose structure of order 3.

Proof. We first prove that a) implies b). The lattice Tx admits a unique
embedding in A3, up to isometries. We constructed Ags as an index 3 overlattice
of U@ As(-1) @ (Eg @ Fg & Eg)' where U @ Ay(—1) is primitively embedded.
So we fixed a primitive embedding of U @ Ay(—-1) in Ags whose orthogonal is
(Es @ Eg® Eg)'. Hence

Ty o U ® Ay(-1) < NS(X) = (Tx)* « (U @ Ay(~1))* = (Es @ Es @ Eg)'.

If NS(X) contains primitively (Es ® Eg ® Eg)’ it contains Kjs, which is
primitively contained in (Eg@® Eg ® Fg)’, and hence admits an order 3 symplectic
automorphism o. The action of ¢* such that Kjp ~ (NS(X)? ) is primitively
embedded in (Eg ® Fg ® Eg)’ is the one described in and hence o* permutes
three copies of Eg contained in NS(X).

By Proposition [6.2.7] b) implies a).

The equivalence between a) and c¢) follows by Proposition [6.2.5, point a).
Indeed, since U @ Ay(-1) is primitively embedded in U@ U U, if T'x is primitively
embedded in U® Ay (-1), then it is primitively embedded in Ue&U®U. This implies
that there exists an Abelian surface A such that T4 ~ Tx. This Abelian surface
admits a symplectic automorphism o4 by Proposition [6.2.5] Viceversa, if A is an
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Abelian surface admitting an automorphism o4 as in ¢), then T4 is primitively
embedded U @ Ay(-1), by Proposition [6.2.5] Then, if Ty is isometric to T4, Tx is
primitively embedded in U @ A5(—1). This shows the equivalence between a) and
c).

If b) holds, X is a K3 surface endowed with a symplectic automorphism ox
acting as described. Denote by Y the minimal resolution of X/(ox), NS(Y)
contains primitively (Mzsz® Eg)’ by Proposition[6.2.7} Since the lattices (Mz/32®
Es)" and K3 have the same rank, signature, discriminant group and form, (Mzsz,®
Es)' is primitively embedded in NS(Y") if and only if Kj is primitively embedded
in NS(Y), by [Mor84, Lemma 2.3|. So there exists an Abelian surface A and a
symplectic automorphism of order 3 on it, o4, such that Y = Kms(A). In order
to conclude that (A,04,X,0x) is an order 3 generalized Shioda—Inose structure,
one has to show that Ty ~ T.

We observe that there are two maps acting on U & As(—1): the map
(Ta+)UeAs(-1), Where 74, is the map described in Proposition , and the
map (7.)|veas(-1), where m, : As(-1) @ U ® EE* — Ay(-3) ® U(3) ® Ep is the
map described in Proposition The action of these two maps coincides on
Ue As(-1):

(WA*)IU@AQ(—l) = (7T*)|U@A2(_1) and
Ta (U ® A3(-1)) = U(3) ® Ay(-1) = 7. (U @ Ay(-1)).

The lattice Tx is primitively embedded in U & Ay(-1) and the transcendental
lattice of Y is Ty = m.(Tx). On the other hand, since Y is Km3(A) for a certain
A, Ty =74, (T4). Hence

Te(Tx) = ma.(Ta).

Since 7, and 74, coincide on U @ Ay(-1) it follows that Tx = T4. So we proved
that b) implies d).

Assuming d), T4 ~ Tx and A admits an order 3 symplectic automorphism o4
such that A/{(o4) is birational to a K3 surface, by definition of generalized Shioda—
Inose structure. So T4 is primitively embedded in U ® A5(-1) by Proposition [6.2.5]
and hence T is primitively embedded in U & A3(—1) which shows that d) implies
a). This concludes the proof. |

Remark 6.2.9. If (A,04,X,0x) is a generalized Shioda—Inose structure of order
3 and the surface A is projective, then there exists an involution tx on X such
that (A, X,tx) is a “classical” Shioda—Inose structure (of order 2). Indeed if

(A,04,X,0x) is a generalized Shioda—Inose structure of order 3, then Tx ~ T and
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X and A are projective. Hence by [Mor84, Theorem 6.3] X admits the required

volution.
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7 | Symplectic birational maps on

hyperkihler manifolds of K3["l-type

Let X be a projective hyperkihler manifold of K3[")—type. Denote by Bir(X) the

group of birational maps of X. There are natural maps
Bir(X) — O(H*(X,Z)) and O(H?*(X,Z)) — O(Ax)

where the first map sends a birational map ¢ of X to its action g* on cohomology,
and the second one sends an isometry ¢ of H2(X,Z) to an isometry ¢ of Ay.
Note that the second map is surjective by Lemma |1.1.7]

The following lemma characterizes when an isometry of H?(X,Z) comes from

a symplectic automorphism group.

Theorem 7.0.1. [Monl6, Theorem 26/ Let G be a finite subgroup of
O(H?*(X,Z)). Then G is induced by a symplectic subgroup of Aut(X) if and
only if the following hold:

e Sq(X) is non degenerate and negative definite;
o Sq(X) contains no numerical wall divisors;

e (G acts trivially on Ax.

7.1 Cohomological action of symplectic birational

maps

We say that G is a symplectic group if it is a finite subgroup of Bir(X') such that for
all g € G, g|’;2’0(x) =Id*. Define the map « as the composition of the inclusion G c
Bir(X) with the natural maps Bir(X) — O(H?*(X,Z)) and O(H?*(X,Z)) —
O(Ax). As we saw in Theorem , the action of Mon®(X) on Ay can be
either Id or —Id.
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We will restrict our attention to symplectic groups G where there exist at least
one g € G such that ¢g* is a monodromy operator and g* acts on Ax as —Id. Since
O(Ax) ~ (Z/2)" for some r, we get o(G) = Z/27Z. Hence, there exists a short

exact sequence

1 » H —— G ——» Z|2Z — 1

where H 2 ker(a) acts on Ax by Id*. So in particular, ord(g) is even. Let us say
that ord(g) = 2¥m for some k > 0 and 2 4+ m. It follows easily that g™ has order
2k and so the existence of g implies that always existence a map of order 2¥ with

non-trivial action on Ax since m is odd.

Proposition 7.1.1. If 9, = —1d, then g6 = =0+ 2(n - D)w for some w €
X
H2(X, 7).

Proof. let g*: HX(X,Z)" — H?(X,Z)" be the Q-linear extension of g*, and ¢ be

the quotient map. By the following commutative diagram,

H2(X,7Z) —— Ax

| |-

H*(X,Z)" —— Ax

the class §/2(n—1) is mapped to -§/2(n—-1) + H*(X,Z) and also to g*§/2(n -
1)+ H2(X,Z). This implies ﬁ(g*(é) +9) =w for some w e H?(X,Z), and so
g0 ==0+2(n-1)w. |

Let ¢ be the primitive isometric embedding in ((1.11)). We want to extend g* to
the Mukai lattice A:

Proposition 7.1.2. There exists a unique extension of g* on A such that g"; =
X
-1d.

Proof. Note that a natural extension of ¢g* in A such that 9*lax = —Id implies that
g*v =-v. In fact, if (v-v) = (g*v-g*v) = (M- v) = A2(v-v) for some A\ € Z. Then,
(A2 =1)(v-v) =0 implies that A = £1. Suppose that A =1, then g*|,, = Id and so

g% . = 1d which is a contradiction with the choice of g. [ ]
X

Denote by H2(X,Z)9" and A9" the invariant sublattices of H2(X,Z) and A
respectively, and Sy« (X) = (H2(X,Z)9")* ¢ H*(X,Z) and S,-(A) = (As")t c A
the co-invariant sublattices of H2(X,Z) and A respectively. By Proposition [7.1.2]

we get H2(X,7)9" = A9*. Tt is an elementary but useful observation that g2 is
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a birational map on X of order n/2 and acting on Ay as Id. It follows from
Proposition [1.1.25| that if ord g = 2, then Sg*(K) is automatically a 2—elementary

lattice.

Proposition 7.1.3. Suppose that ord(g) = 2. Then, Sg*(K) =U@® K if and only
if the following hold

o Z(Asg*(K)) < rank Sy« (A) - 2;

o if 5(S;+(A)) = 0 and Z(Asg*(x)) = rank Sy« (A) - 2, then rank Sy« (A) = 2
mod 8,

where K is a negative definite, even, 2-elementary lattice of (K) =1(Sy (X)) and
I(K) =0(S4(A)).

Proof. Applying Lemma [I.1.23] we obtain the desired splitting since both lattices

are 2—elementary. [ ]

For an arbitrary order of g, it is not immediate a splitting of Sy«(A) as U @ K
for some K. However, it can be possible to obtain a similar decomposition in
terms of U(2) or (2) ® (-2) instead of U. Let us note some properties of Sy« (X)
and Sg*(K) under the above conditions of g.

Proposition 7.1.4. The lattice Sy (X) is negative definite and the lattice Sy« (R)
has signature (1,r) where r = rank Sy« (X).

Proof. Let w be a non degenerate holomorphic 2-form of X. Since g is symplectic,
9" (w) =w and g*(w) = w. Let a € HY(X) be a Kéhler class of X. The class
a+g*(a)+(g?) (a)+...+ (¢°1@D-1)*(a) is in H*(X,Z)9 and it is different from
w and w. Hence, sign(H?(X,Z)9") = (3,rank H?(X,Z)9" - 3), and so

sign(S,+ (X)) = (0,23 - rank H*(X,Z)7").

Since H2(X,Z) c A primitively, and v € S, (A) then Sy«(X) @ (v) ¢ Sy« (A).
The proof is completed by showing rank Sg*(K) =24-rank H2(X,Z)Y =1+r. m

Remark 7.1.5. We saw that ord(g) = 2¥m where m is odd. Suppose that m = 1.
By Lemmall.1.15, Ag (g is isomorphic to A/(As ®S,-(N)) and by Lemmal1.1.6

Ag . = (Z[22)" @ (Z]|2*Z) & ... ® (Z]2"7) ", (7.1)
where 1:=1(Ag ,(x)) =1 +...+ap <1+71 and al least oy # 0.
g
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Note that the existence of Sg*(K) implies that [ <1+7r and if [+2<7r+1, then
automatically Sg*(f\) is a unique lattice with these invariants and it decomposes
in a copy of U and its complement @ in Sg*(K). By Proposition m, the lattice
Sg*(K) is hyperbolic. However, it is not always 2-elementary. Nevertheless, in our

particular case we can find a copy of a 2-elementary lattice of signature (1,1) in
S, (R).

Proposition 7.1.6. Let g be a symplectic birational map of finite order. Then,

the lattice Sy« (N) is unique in its genus.

Proof. We only need to show that Sg*(K) is uniqueness for any symplectic

r(ltr) ler

birational map g of order 2¥. Since 272 + 472 |Ag (x| = 2"+7rertrher for all
g
non—square x = 0,1 mod 4, then the assertion follows of Lemma [1.1.19] [

Proposition 7.1.7. The lattice Sg*(K)splits as L@ Q where L is a 2-elementary
lattice of signature (1,1) and Q = L* c A is a lattice of signature (0,7 —1).

Proof. The existence of this splitting depends of the invariants of Sg*(K). The
lattice @ exists if the conditions of Lemma are satisfied. Condition (1)
follows by sign qg = 1-r = sign 0, . () mod 8. By Remark|7.1.5] conditions (3) and
(4) follows from ord(g) = 2*. Suppose that I <7 -1, then lg = (Ag) < <rank Q).
This implies that L = U, and so Sg*(K) =U®Q. Now, for [ <r+1, we get
[-2<r—-1=rank@, and s0 S,-(A) =U(2) @ Q or Sy« (A) = (2) @ (-2) ® Q.

The unicity of the splitting of Sy« (/N\) = L ® Q follows by Proposition .

The proof is completed by showing that S(gm)*(x) c Sg*(K) where m is odd
and ord(g) = 2¥m. u

Note that if L = (2) @ (-2), L is an overlattice of U(4) by adding the class
(e4 — f1)/2 where e4 and fy are the generators of U(4).

Since L can be obtained as an overlattice of U(n) for some n # 0, and S, (A)
is in the algebraic part of A, we obtain that U(n) = A into the (1,1) part of the
Hodge structure. By Lemma|l.4.30] if = corresponds to the period of a hyperkéhler
manifold X of K3["]-type admitting a symplectic birational map with non-trivial

action on Ax, then

1. L=U < A iff there exists a K3 surface S such that the Hodge structure on
Ao~ H(S,7);

2. L =U(2) - A iff there exists a K3 surface S and a Brauer class a induced
by B = —(1/2)~ such that the Hodge structure on A, ~ H(S, o, Z);
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3. U(4) c L =(2)®(-2) - A iff there exists a K3 surface S and a Brauer class
o induced by B = —(1/4)~ such that the Hodge structure on A, ~ H(S,a,Z).

The class v in (2) and (3), is explicitly described in Lemma and its
depend of n that can be 2 or 4.

Since the period of X corresponds to the period of a moduli space of coherent
sheaves on a (twisted) K3 surface, by the Hodge Theoretic Torelli theorem in [1.4.9]

we obtain

Theorem 7.1.8. Let X be a projective hyperkihler manifold of K3™—type
admitting a symplectic birational map g with g‘*A = —Id. Then X 1is birational
X

to the Moduli space of (twisted) sheaves on a K3 surface.

We want to conclude this section to mention that a hyperkdhler manifold
admitting a symplectic birational map with the conditions of the previous theorem

is an evidence (at least from a lattice theoretical viewpoint) for the following:

Conjecture 7.1.9. Let X be a projective hyperkihler manifold of K3"—type

admitting a symplectic birational map g with g‘*A =—1Id. There exists a reflection
X

map R, on X and h a map with h*|4, =1d such that g = R.oh and e € H*(X,Z)

1s the class of an irreducible divisor.

Moreover, by Theorem [7.0.1, we know that the Divisor E associated to the
class e can not be a prime exceptional divisor (i.e., A PED is a reduced, irreducible
divisor of negative Beauville-Bogomolov degree). One of the next examples is a

geometrical evidence of this fact.

The example My(r,0,-s)

Let S be a projective K3 surface of Picard number one. Let H be an ample
line bundle and r,s two integers satisfying s > r > 1 and ged(r,s) = 1. Set by
My (r,0,-5) the Moduli space of sheaves of S with Mukai vector (r,0,-s). By
Theorem , X is a hyperkithler manifold of K3["l-type with n =1 +rs. Let
e =0(r,0,s) where 0 is defined in ([1.10). The weight two integral Hodge structure
H?(Mpg(r,0,-5),Z) is Hodge isometric to H%(S,Z) ®Z-e where e is a monodromy
reflective class of Hodge—type (1,1), degree —2(n - 1) and div(e,-) =2(n-1). In
some cases e corresponds to a primitive class coming from an exceptional prime

divisor, and in other cases the divisor is not a prime exceptional divisor:

e r=1: In this case, X = My (1,0,-s) = S['*s] and e = [F]/2 where E c Sti+s]
is the diagonal, so E corresponds to the prime divisor which is the exceptional
locus of the Hilbert—-Chow morphism ¢ : S['+s] — §0+5) defined in (1.7)).

101



CHAPTER 7. 7.1. Cohomological action of symplectic birational maps

e r =2: In this case, e = [E] where E c My(2,0,-s) is the locus of H-stable
sheaves which are not locally free. By [Li93] (cf. [Mar13, Lemma 10.16]), F
is a prime divisor which is the exceptional locus of Jun Li’s morphism from
My (2,0,-5s) onto the Uhlenbeck—Yau compactification of the moduli space
of H-slope stable vector bundles.

e r > 3: In this case, e = [E] where E c My(r,0,-s) is the locus of H-stable
sheaves which are not locally free or not H—slope stable. Denote by U = X\ F
the locally free H—slope stable sheaves and ¢« : U — U the map that sends
F in its dual sheaf V. By [Marl3, Lemma 9.5|, E is a closed subset of
codimension > 2 in My(r,0,-s) and so ¢ : My(r,0,-s) — Mpyg(r,0,-s)
is a birational involution. By |[Marl3l Proposition 11.1|, the induced map
t* in cohomology corresponds to the reflection map R.. Note that e is

not Q-effective, and so F is not a prime exceptional divisor (cf. [Marl3]
Observation 1.12]).

The last case shows geometrical evidence of the existence of R, as in Conjecture
: the map R, is given by (z,y,2) = (-z,y,-2) and its action on Az, (r0,-s) =
(9 =€/2(n-1))is —Id. Any symplectic birational map g on My(r,0,-s) admitting
a non-trivial action on the discriminant group Axs, (r,0,-s) is the composition of R,

and a map h acting trivially on Aps,; (r0,-s)-
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8 | Chern classes of Ulrich bundles

We can restate the following characterization of Ulrich bundles on surfaces

obtained by Casnati in [Cas17, Proposition 2.1, Corollary 2.2].

8.1 Ulrich bundles on surfaces

Proposition 8.1.1 (Casnati). Let S be a smooth projective surface and Ogs(H)
be a very ample line bundle. For any vector bundle E of rank r on S, the following

assertions are equivalent:
(a) E is an Ulrich bundle.

(b) E is an aCM bundle and

c1(E)-H = g(KS+3H)-H and co(F) = %(c?(E)—cl(E)~Ks)—r(H2—x(S, Os)).
(8.1)

(¢c) hO(S,E(-H)) = hO(S, E"(-H)) = 0 and the identities (8.1]) hold.

In particular, a rank two vector bundle E on S is a special Ulrich bundle if and

only if E is initialized and the identities
1
ci(E)=Ks+3H and cy(F)= 5(5H2 +3H - Kg) +2x(S,05) (8.2)
hold.

Along the same lines, we observe that we can follow verbatim the proof of
Casnati’s formulas in order to obtain the following vanishing of certain twisted
Euler characteristic of Ulrich bundles. Together with the Hirzebruch—Riemann—

Roch Theorem, they give many restrictions on the Chern classes of Ulrich bundles.
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8.2 Ulrich bundles on higher dimensional varieties

Let us begin with the following observation concerning certain aCM bundles, which
in the case of Ulrich bundles is a direct consequence of Theorem [1.5.1] (2).

Lemma 8.2.1. Let X be a smooth projective variety of dimension n and Ox(H)
be a very ample line bundle. Let E be an aCM bundle on X with respect to H
such that h°(X, E(-H)) = h"(X,E(-nH)) =0, then

X(X,E(-H)) = x(X, E(-2H)) = - = x(X, E(-nH)) = 0.
Proof. Since E is an aCM vector bundle, we have that
WY X,E(-jH))=-=h""YX,E(-jH))=0for j=1,...,n.
On the other hand, it follows from the short exact sequence
0— Ox(-H) — Ox — 0Oy —0

that hO(X, E(-nH)) < h%(X,E(-(n-1)H)) <-- < h(X,E(-H)) = 0. Moreover,
the vanishing h*(X, E(-nH)) = 0 implies that (X, E(-nH)) = 0.

Similarly, Serre duality and the above short exact sequence give us that

WX, E(-jH)) = h(X, B (Kx+jH)) < h(X, B (Kx+(j+1)H)) = h"(X, E(=(j+1)H))

for every j € Z, and hence h"(X,E(-H)) < h*(X,E(-2H)) < <
h"(X,E(-nH)) = 0. We conclude that x(X,E(-H)) = x(X,E(-2H)) = - =
X(X,E(-(n-1)H)) =0 as well. |

It is worth noting that aCM bundles satisfy

Lemma 8.2.2. Let X be a smooth projective variety of even (resp. odd)
dimension n and Ox(H) a very ample line bundle, E be an aCM bundle
(resp. initialized aCM bundle) on X with respect to H. If x(X,E(-H)) =
X(X,E(-nH)) =0, then E is an Ulrich bundle with respect to H.

Proof. By definition of aCM bundle, for every ¢ =1,...,n -1, we have that
H'(X,E(jH)) =0
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for all j € Z. By Theorem [1.5.1] we are left to prove that
H(X,E(-H)) =H"(X,E(-nH)) = 0.
If both quantities
X(X,E(-H)) = (X, E(-H)) + (-1)"h"(X, E(-H))

X(X,E(-nH)) = h°(X,E(-nH)) + (-1)"h"(X, E(-nH))

are zero, then the above vanishing conditions follow immediately when n is even.
On the other hand, when n is odd, we obtain instead that

h(X,E(-H)) =h"(X,E(-H)) and h°(X,E(-nH)) = h"(X, E(-nH)).
As we already discussed during the proof of Lemma [8.2.1] we have the inequalities
(X, E(-nH)) < h°(X,E(-H)) and h"(X,E(-H)) < h"(X, E(-nH)).

In particular, if FE is initialized then h°(X,E(-H)) = 0, and then
h*(X,E(-nH)) =0 as well. u

In order to extend Casnati’s characterization of Ulrich bundles on surfaces to
threefolds, let us recall that if £ is a rank r vector bundle on a smooth projective

threefold X, then the Hirzebruch-Riemann-Roch theorem takes the following form
(X, E) = f ch(E) td(X)
X
1 1
=rx(X, 0x) + e (E) - (K + e2(X)) + 1 (202(E) - €1(E)) - Kx

+ é(c?(E) - 3c1c2(E) +3c3(E)),

where x(X,0x) = -5; Kx - c2(X). Additionally, if L = Ox(D) is a line bundle on
X, then

e(E ® Ox(D)) i:)(r_i,Jrj)ci_j(E)Dj in H*(X,R)

J
for every i > 0 (see e.g. [Ful98, Example 3.2.2|). In particular, for j € Z and

105



CHAPTER 8. 8.2. Ulrich bundles on higher dimensional varieties

D =—-jH, we get the following relations

Cl(E(_]H)) = Cl(E) —jT'H, CQ(E(—jH)) = CQ(E) _j(r_ 1)01(E)H+j2r(r2_ 1)H2,

Cg(E(—jH)) _ Cg(E) —j(T—Q)Cg(E)H+j2(T_1)2M61(E)H2 _jgr(r— 1()3(7“_

The first identity in and (i.e., the one related with the first Chern
class of an Ulrich bundle) can be made more precise in some higher dimensional
cases. More precisely, Lopez showed in [Lop20, Lemma 3.2| that if X is a smooth
projective variety of dimension n > 2 such that Pic(X) 2 Z, then every rank r

Ulrich bundle on X (with respect to a very ample divisor H) satisfies
c1(E) = g(KX + (n+1)H).

We remark that we can drop the assumption on the Picard rank if we restrict

ourselves to compute ¢;(E) - H*!, instead of ¢, (E).

Lemma 8.2.3. Let X be a smooth projective variety of dimension n and Ox(H)

a very ample line bundle. Let E be an Ulrich bundle on X with respect to H, then
c\(E)-H™ ! = g(KX +(n+1)H) H"™ .

Proof. Let Hy,...,H, 5 be general members in the linear system |H| and let
Yoj = HinHyn--nH; for j =1,...,n-2. By Bertini theorem, each Yj is
smooth irreducible of dimension j. First, we recall that (topological) Chern classes
commute with arbitrary pullback and hence ¢ (Ely,) = ¢1(E)ly, in H*(Y;,R). In
particular, applying [Deb01, Proposition 1.8(b)| inductively, we have that

Cl(E|5) . H|5’ = Cl(E) 'anl,

where S := Y5. On the other hand, we know that each Ely, is an Ulrich bundle with
respect to Hly, (see Section|l.5) and hence Casnati’s formulas (8.1]) in Proposition

B.IT give
r
Cl(E'|S) H|S = §(K5' +3H|S) H|S

Finally, since Ng/x = Ox(H )|§("72), we deduce from the adjunction formula, and
[Deb01l, Proposition 1.8(b)]| that

(Ks+3H|s) H|ls=(Kx +(n+1)H)-H" .
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8.3 Application on threefolds

From the previous formulas, we can deduce the following characterization of Ulrich

bundles on smooth projective threefolds.

Proposition 8.3.1. Let X be a smooth projective threefold and Ox(H) a very
ample line bundle. For any rank r wvector bundle E on X, the following are

equivalent:
(a) E is an Ulrich bundle.

(b) E is an initialized aCM bundle and the identities
c\(E)-H? = gH2(KX +AH),

(B) - H = (K + ex(X) - 22H7) - H + %(cl(E) _Ky)-ei(E)H,

_éCI(E)(Kg(+02(X))+2r(H3—X(X, 0x)), (8.3)

hold.

(¢c) W(X,E(-H)) = W'(X,E(-H)) = h'(X,EY(-H)) = h/(X,E(-2H)) = 0
and the identities hold.

In particular, a rank two vector bundle E on X is a special Ulrich bundle if and
only if WO(X,E(-H))=h'(X,E(-H)) = h'(X,E(-2H)) =0 and the identities

1, ., 9 13
det(F)=Ox(Kx+4H) and c(FE)-H = E(KX+02(X))-H+2H -KX+§H

hold.

Proof. 1If we assume that E is Ulrich, then it follows from Theorem and
Lemma [8.2.1] that E is an aCM bundle and that

(X, E(-H)) = x(X, E(~2H)) = (X, E(~3H)) = 0.
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On the other hand, it follows from the Hirzebruch—Riemann—Roch theorem and

the discussion above that x(X, E(-jH)) = x(X, E) + A;, where

1.
Aji= —jH - (12¢(E) + 61 (B) Kx - 6¢1(E) = K% - res(X))

1 1
+ Z]'QH2 (2c1(F)-rKx) - 6]'3[-]37“

for every j € Z. In particular, the identities are obtained simply by solving
the linear system which is determined by the relations A; — Ay = Az — Ay =
X(X,E)+A; =0. We conclude in this way that (a) implies (b), and that (a)
implies (c).

Suppose now that F is an initialized aCM bundle and that the identities
hold. In particular, the identities imply that x (X, E(-jH)) =0for j =1,2,3.
The fact that E is Ulrich follows from Lemma [8.2.2] In other words, (b) implies
(a).

It is clear that (b) implies (¢), since h'(X, E¥(-H)) = h?(X, E(-3H)) by Serre
duality, and hence the vanishing of higher cohomology follows directly from the
aCM assumption.

Finally, let us check that (c) implies (a). To do so, by Theorem and our

assumptions, we are left to check the vanishing conditions
H*(X,E(-2H)) = H*(X, E(-3H)) = 0.

Moreover, as in the proof of Lemma we have that h9(X,E(-H)) = 0
implies hO(X,E(-jH)) = 0 for all j € Ny;. As before, the identities (8.3) give
us x(X,E(-jH)) =0 for j =1,2,3, and in particular we have

0= x(X,E(~-3H)) = ~h*(X, E(-3H)) - h*(X, E(-3H)).

It follows that h3(X,E(-3H)) = 0 and h3(X,E(-2H)) = 0 as in the proof of
Lemma [8.2.1, The identity x(X, EF(-2H)) = 0 implies thus h?(X, E(-2H)) =
h (X, E(-2H)) = 0, where the last vanishing holds by assumption. |

Fano threefolds

Let us illustrate an application of Proposition by considering the special
Ulrich bundles on Fano threefolds of even index, constructed by Beauville in
[Beal8, Section 6].

Let X be a smooth Fano threefold such that —-Kyxy = 2H with H a very
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ample divisor, and let us consider the associated embedding X ¢ P41, where
d = deg(X) = H3. If we assume that the Fano index of X is exactly 2, then it
follows that d = 3,4,5,6, or 7, and all possible threefolds are classified (see [IP99,
Theorem 3.3.1]).

If one tries to construct a special Ulrich bundle £ by means of the Cayley-
Bacharach property (see Definition or the Hartshorne-Serre construction
(see Theorem , then we need to find a local complete intersection curve

I' ¢ X whose ideal sheaf Zr fits in an exact sequence of sheaves
0—L—>F—>MeIr —0,

where £, M € Pic(X) are line bundles. If we consider I" to be the zero locus of a

general section s € HY(X, E), then we would have
0— Ox - E— Ox(2H)®Ir — 0,

since det(E) = Ox(Kx +4H) = Ox(2H). The Ulrich condition implies that I is
an elliptic curve (see [Beal8, Remark 6.3.(3)]), and the identities (8.3]) give us in

this case

deg(T) = s(E)-H = é(K§(+02(X))~H+2H2-KX+?H3 _ é(4d+12)-4d+§d _ 2.

The existence of such elliptic curve of degree d + 2 is proved in [Beal8, Lemma
6.2] using deformation theory, while the vanishing conditions h°(X, E(-H)) =
h'(X,E(-H))=h'(X,E(-2H)) = 0 are verified in [Beal8| Proposition 6.1].

Corollary 8.3.2. Let X be a smooth projective threefold with ¢1(X) =0 (i.e., Kx
is numerically trivial). Assume that E is a special Ulrich bundle with respect to a

very ample line bundle Ox(H), then
12¢5(E) - H - 13¢1(E) - H? = 2¢5(X ) - H.

In particular, if X is an abelian threefold then 12¢o(E) - H = 13¢1(E) - H? and the
general section s € HY(X, E) defines a smooth connected curve T' = V(s) € X of
genus g(I') = 2deg(T") + 1.

Proof. The identity 12c¢o(E) - H — 13¢1(F) - H? = 2¢5(X) - H follows directly from
Proposition [8.3.1} since Kx - H? = 0 and ¢;(F) = 4H in this case. If we assume
moreover that X is an Abelian threefold, then we have that co(X) =0, and hence
12¢5(E) - H = 13¢y(E) - H? in that case. Finally, if we consider s € H'(X, F) a
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general section and we define T":= V(s), then it follows from Bertini theorem that
I' is a smooth projective curve. We observe that in this case, we have a short

exact sequences of sheaves
0— Ox — E — Ox(4H) ® Iy — 0,

as det(E) = Ox(4H) in Pic(X). From the long exact sequence in cohomology

associated to the twisted short exact sequence
0— Ox(-4H) — E(-4H) — Ir — 0,

we deduce that h'(X,Zr) = 0 and h?(X,Zr) = 284 + h3(X,Zr). Indeed, the Ulrich
condition implies that h?(X, E(-4H)) = 0 for i < 2, Kodaira vanishing implies that
hi(X,0x(-4H)) = 0 for ¢ < 2, and by Serre duality and Hirzebruch-Riemann—

Roch (resp. since E = E is Ulrich special), we compute
h3(X,0x(-4H)) = %Z (resp. h*(X, E(-4H)) = 2d).
Similarly, with the short exact sequence
0—7Ir — Ox — 1,Or — 0

associated to the closed embedding ¢ : T' = X, we get h%(T',Or) = h3(X,Zr) = 1
and A (T, Or) = h2(X,Zr). From this, we deduce that I' is connected of genus

g(T) = %lu = 9,(E)- H +1=2deg(T) + 1.
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9 | Projective manifolds whose tangent
bundle is Ulrich

In this section, we address the main problem of [MPTB21|. Namely, we would like
to classify all the pairs (X,Ox(1)) such that the tangent bundle Ty (resp. the
cotangent bundle Q%) is an Ulrich bundle with respect to H, where X ¢ PV is a
smooth projective variety of dimension n and where H is a very ample divisor on
X such that Ox(H) =2 Ox(1). As usual, we will denote by d := deg(X) = H" > 1

the degree of X, and we carry out an analysis depending on the dimension n.

9.1 Curves

Let us consider a smooth projective curve C' € PV of degree d = deg(H ), and let E
be a vector bundle on C. It follows from Theorem [[.5.1lthat E is an Ulrich bundle
if and only if h°(C, E(-H)) = h'(C,E(-H)) = 0. Since T¢ 2 wy, and Qf = we
in this case, where w¢ is the canonical bundle of C', we can easily deduce the

following.

Proposition 9.1.1. Let (C,O¢(1)) as above. Then Qf, is never an Ulrich bundle,
and T is an Ulrich bundle if and only if C is the twisted cubic in P3,

1.e.,

(C,0c(1)) = (P!, 05 (3)).

Proof. In the case of Qf % we, the Ulrich condition reduces to check the two

vanishing conditions
h(C,we(-H)) = h'(C,wc(-H)) = 0.

They are equivalent, by Serre duality, to h!(C,Oc(H)) = h°(C,0c(H)) =0. The
latter vanishing is impossible since Oc(H) = O¢(1) is very ample, and hence Qf,

cannot be Ulrich with respect to any H.
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In the case of To 2w}, we are left to check the two vanishing conditions
hO(C wi(-H)) = h(C,wi(-H)) = 0.

Let g:= g(C) be the genus of C. If C' 2 P!, then C has g = 0 and by Serre duality

the vanishing conditions reduce to
ho(Pl, O]]:Dl(Q - d)) =0 and hl(Pl, OPI (2 - d)) = hO(Pl, O]pl (d - 4)) =0.

The first vanishing implies that d > 3, while the second one implies that d < 3.
We obtain therefore that in this case (C,0c(1)) = (P!, O0p1(3)). On the other
hand, if g > 1 then the first vanishing h%(C,wy(-H)) = 0 follows directly, since
deg(wy(-H)) = 2-2g-d < 0. However, the second vanishing is equivalent to
hO(C,wg*(H)) = 0 by Serre duality. Since h'(C,wS*(H)) = h°(C,wy(-H)) = 0,

the Riemann-Roch theorem yields
RO(C,wE(H))=4g-4+d-g+1=3g-3+d>1

and hence T is not an Ulrich bundle. [

9.2 Surfaces

Let us consider a smooth projective surface S ¢ PV of degree d = H? > 1, and let
E be a vector bundle on S. Again, by Theorem [I.5.1], we have that E is an Ulrich
bundle if and only if

hY(S, BE(-H)) = h2(S, E(~2H)) = h%(S, E(~H)) = h'(S, E(~2H)) = 0.

Before treating the general case, let us take a look at the following motivating

example.

Example 9.2.1. Let us recall that a vector bundle E on S is Ulrich special if
it is an Ulrich bundle, tk(E) = 2 and ¢,(F) = Kg+3H. Then, Ts is an Ulrich
special bundle if and only if S is the Veronese surface in P5, i.e., (S,0s(1)) =
(B2, 00:(2)).

Indeed, if we assume that Ts is an Ulrich special bundle then the condition
-Kg = c1(Ts) = 3H + Kg in NS(S) implies that —2Kg = 3H is very ample. In
particular, S is a del Pezzo surface and thus NS(S) = Z10-™ is torsion-free, where

m=Kze{l,...,9} is the anti-canonical degree of S. Hence, the equality —2Kg =
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3H implies that H = 2A for some ample divisor A, and in particular —-Kg = 3A
for some ample divisor A. In other words, the Fano index ig =3 of S is mazimal,

i.e., S 2 P? by the Kobayashi-Ochiai theorem [KO73|. Since wy, = Op2(3) we have
that Og(H) = Op2(2) and hence (S,0g(1)) = (P2, Op2(2)) is the Veronese surface.

We are left to check that Tp2 is Ulrich with respect to Op2(H) = Op2(2). This
is already stated in [ES03, Proposition 5.9] (see also [CG17, Theorem 5.2] and
JAHMPL19, Example 3.1], where the authors show moreover that T2 is actually
the unique Ulrich bundle on the Veronese surface in P°), but we include a short
proof here for the sake of completeness.

First of all, for any smooth projective surface S we have that Ts = Qg @wy, and
hence Tpe = g, ® Op2(3). If follows therefore that h*(P?, Tp2(-H)) = h' (P2, g, ®
Op2(1)) =0 by Bott vanishing. Secondly, we note that

h2(P2, Tpe(~2H)) = h2(P?, Tpa®Opa(~4)) = h2(P?, 01,8052 (1)) = h(P2, T @Oy (-2)),

by the same reason as before and by Serre duality. The long exact sequence in

cohomology induced by the twisted Fuler exact sequence
0— OP2(—2) d OPZ(—]_)EBS d T[pﬁ ® O]p?(—Q) -0

gives us the vanishing h®(P2, Tp2(=H)) = hO(P?, Tpe ® Op2(-2)) = 0. Finally, the

last condition
hl(Pz, TP2(—2H)) = hl(PZ,T[pﬂ ® OPZ(—4)) = hl(]P2, Q]:}LDQ ® O[Pﬂ(l)) = 0

follows from Serre duality and Bott vanishing.

In order to treat the general case, let us recall the following result by Reider
in |Rei88, Theorem 1, Remark 1.2].

Theorem 9.2.2 (Reider). Let L = Og(D) be a nef line bundle on a smooth
projective surface S. If D? > 9, then the adjoint line bundle ws ® L is very ample
unless there exists a non-zero effective divisor E wverifying one of the following

conditions:
(a) D-E =0 and E? e {-1,-2}.
(b) D-E =1 and E? € {0,-1}.
(¢) D-E =2 and E? = 0.
(d) D-E =3, D=3FE in NS(S), and E? = 1.
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We will also need the following observation.

Lemma 9.2.3. Let (S,05(1)) as above. If Ts is an Ulrich bundle with respect to
H, then k(S) = —oo0, Kg-H = -6 and deg(S) = 4.

Proof. The identities (8.1]) in Proposition imply that ¢;(Ts)-H =-Kg-H =
3H?+ H-Kg and hence 2Kg-H = -3H? < 0. In particular, since H is very ample it
follows that Kg is not pseudo-effective and therefore k(S) = —oo (see e.g. [Bad0ll,
Lemma 14.6]). Finally, if follows from Bertini theorem that a general curve C € |H|

is smooth irreducible and hence
| L.
g(C):l-FE(H +KS'H):1—ZLH EZZO:

from which we deduce that deg(S) = H? =4, and thus Kg- H = -6. n

We are now ready to state the main result of this section.

Theorem 9.2.4. Let (S,05(1)) as above. Then Q% is never an Ulrich bundle,
and Tg is an Ulrich bundle if and only if S is the Veronese surface in P,
1.€.,

(8,05(1)) = (P*, 0p2(2)).

Proof. First, if we assume that the cotangent bundle Qf of S is an Ulrich bundle,
then the identities (8.1]) in Proposition imply that ¢;(Q)-H = Kg- H =
3H? + Kg - H and hence H? = 0, which is impossible since H is very ample.
Therefore, the cotangent bundle Qg is never an Ulrich bundle.

Second, if we assume that T is an Ulrich bundle on S, the identities (8.1]) in
Proposition together with Lemma imply that

Xtop(S) = K3 —8+2x(S, Os).
Combining this with Noether’s formula
12x(S,05) = K2 + Xt0p(S),

we get that x(S5,0s) = (K2 -4).

Let us notice that the divisor Kg + 3H is very ample. Indeed, the divisor
D :=3H is very ample with D? = 36 and hence the fact that Kg+ D is very ample
as well follows from Theorem [9.2.2} since D - E > 3 for every non-zero effective
divisor, we only need to consider the case (d) in Reider’s theorem, but in that case

we would have D2 =9.
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Since Kg + 3H is very ample, Bertini theorem implies that a general curve
C € |Ks + 3H| is smooth irreducible and hence

1
g(C)z1+§(K§+6KS-H+9H2+K§+3KS-H)=K§—8,

since H? =4 and Kg- H = -6, by Lemma . It follows that K2 > 8.

Since k(S) = —oo by Lemma , we know that S is a ruled surface and
hence birationally isomorphic to I" x P!, for some smooth projective curve I'. In
particular, p,(S) =0 and ¢(S) = ¢g(I"), from which we deduce that

X(5,05) =1 (1) = £(KE - 4) = g(I) = £ (9~ K3) 20

We conclude therefore that KZ < 9. By divisibility reasons, we have that K2 =9
and in particular S is rational by Castelnuovo’s criterion, since ¢(S) = g(I") = 0.

Finally, it follows from the classification of minimal rational surfaces that the
unique rational surface S with K% =9 is S = P2. The fact that Og(H) = Op2(2)
follows from deg(S) = H? = 4. n

Remark 9.2.5. It is worth mentioning that one could use a similar method as in
the higher dimensional cases to prove directly that S is rational, and in particular
q(S) =g(T) =0 (¢f. Theorem[9.5.9). However, we preferred to give an alternative

proof only based on classical results for algebraic surfaces.

9.3 Threefolds and higher dimension varieties

Let us first remark that we cannot expect a similar answer as in the lower
dimensional cases. More precisely, we have the following observation (cf. [ES03,
Section 5|).

Lemma 9.3.1. Let n > 3 be a positive integer. Then the tangent bundle of P™ is

never Ulrich.
Proof. 1t follows directly from the Euler exact sequence for Tp» that
RO (P, Tpn ) = n(n +2).

On the other hand, if Tp» is Ulrich with respect to the very ample line bundle
Opn (d) then we would have h9(P", Tpn ) = ndeg(P™) = nd™ and hence d* =n+2. In

particular, d > 2 in that case. This is impossible, since d* > 2" >n+2forn>3. =
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The numerical characterization of rationally connected varieties discussed in
Section [I.6] together with the restrictions on the first Chern class of Ulrich bundles

treated in Section [§] give us the following result in higher dimensions.

Theorem 9.3.2. Let X be a smooth projective variety of dimension n > 3 and

Ox(H) a very ample line bundle. Then,
(a) The cotangent bundle QY is never an Ulrich bundle with respect to H.

(b) Assume that the tangent bundle Tx is an Ulrich bundle with respect to H,
then X = G/P is a rational homogeneous space, where G is a semi-simple
complex Lie group and P € G is a parabolic subgroup. In this case, deg(X)
is a positive multiple of (n+2)/ged(n? +n,n+2).

Proof. We know by Lemma that if F is a rank r Ulrich bundle with respect
to H then
c\(E)-H™ ! = g(KX +(n+1)H) - H™

In particular, if we assume in (a) that Q% is an Ulrich bundle, then we get that

n-—2

T K HV'=-H"
n(n+1)

e (QL) - H™ ! = g(KX +(n+ )H)-H" ! <
Since n > 3, we deduce that Kx - H"! < 0. On the other hand, Q) is semistable
with respect to the movable class a := H""! (see Section and thus

KX'Hn71

pa () = pa(Qx) = — . 0,

or equivalently p™n(Tx) > 0, and therefore X must be rationally connected
by Theorem [I.6.5] This is impossible, since in that case we would have that
H(X, Q%) =0 (see e.g. [Deb01], Corollary 4.18]), which contradicts the fact that
Q% is an Ulrich bundle.

Assume now that Tx is an Ulrich bundle. First of all, the fact that X is
a homogeneous manifold (i.e., that admits a transitive action of an algebraic
group) follows from the fact that T'x is globally generated (see Section and
[IMnOSC*15l Proposition 2.1]. Moreover, we know by a classical result of Borel
and Remmert (see [BR62|) that in this case X 2 A x G/P, where A is an abelian

variety, GG is a semi-simple complex Lie group and P ¢ G is a parabolic subgroup.

In order to rule out the factor A, we proceed as in (a). More precisely, Lemma
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8.2.3| implies in this case that

n+2

T (<Kx-H") = H"
n(n+1)( X ) ’

and hence p™(Tx) = po(Tx) > 0. It follows from Theorem [L.6.5] that X is
rationally connected and thus X = G/P. The previous computation shows that
deg(X) = H™ is a positive multiple of (n + 2)/ged(n? + n,n + 2) (by divisibility
reasons). This shows (b). u

Remark 9.3.3. The case of threefolds with Ulrich tangent bundle can be treated
using classification results. Indeed, if dim(X) = 3 and Tx is an Ulrich bundle
with respect to H, then we would have by Theorem (b) that deg(X) > 5. In

particular, we would have that
dim Aut®(X) = h°(X, Tx) = dim(X) deg(X) > 15,

where Aut®(X) denotes the connected component of the identity in the
automorphism group of X. On the other hand, it is known that rational
homogeneous varieties are Fano, i.e., the anti-canonical bundle —Kx 1s ample
(see e.g. [MnOSC* 15, Proposition 2.3]). Using the classification of smooth Fano
threefolds by Iskovskikh [Isk77, Isk7S, [Isk79] and Mori—-Mukai [MMS83, [IMMO05],
together with the recent results on infinite automorphism groups on Fano threefolds,
we can perform a case-by-case analysis that give us the desired result. More
precisely, it follows from [KPS18, Theorem 1.1.2] and [PCS19, Theorem 1.2] (see
also [BFT21, Appendiz A]) that dim Aut®(X) < 15, with equality if and only if
X 2P or X 2 P(Op2 ® Op2(2)). The first case is ruled out by Lemmal[9.3.1, while
the second variety is not a rational homogeneous threefold by [CP91l, Theorem 6.1].

We observe that the fact that the tangent bundle is Ulrich imposes that the
manifold has a rather big automorphism group. More precisely, we have the

following consequence of the above result and the discussion in Section [1.7]

Corollary 9.3.4. Let X be a smooth projective variety of dimension n > 4 and

Picard number one. Then, Tx is never an Ulrich bundle.

Proof. Let Ox(H) be a very ample line bundle on X, and assume by contradiction
that Tx is an Ulrich bundle with respect to H. It follows from Theorem [9.3.2] (b)
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that deg(X) is a positive multiple of ¢, where

n+2 if nis odd,

= n+2

if n is even.

In particular, we have that h?(X,Tx) = ndeg(X) >nt > @

On the other hand, it follows from Lemmal[I.7.T]that X is isomorphic to P*, the
smooth projective quadric hypersurface Q" € P! or the Grassmannian Gr(2,5).
Moreover, if n is odd then h°(X,Tx) >n? + 2n and hence X = P in that case.

Since we know that the tangent bundle of P" is not Ulrich by Lemma [9.3.1]
we will henceforth assume that X =~ Q™ c P2+ is an even dimensional smooth
quadric hypersurface or that X = Gr(2,5).

If X 2Q?" we have that h?(X,Tx) = dim$09,,,2(C) = (2m + 1)(m + 1).

On the other hand, the Ulrich condition and the previous discussion impose
that

(X, Tx) = dim(X) deg(X) = 2mkl = 2m(m + 1)k

for some k € N1, which is impossible by parity reasons.

Similarly, if X = Gr(2,5) we have, on one hand, that h%(X,Tx) = dimsl5(C) =
24. On the other hand, we would have that h%(X,Tx) = dim(X)deg(X) =
6deg(X) and hence deg(X) = 4. Since Pic(Gr(2,5)) = Z is generated by the
class of L := ¢*Ops(1), where ¢ : Gr(2,5) < P? is the Pliicker embedding and
where deg(L) =5, we have that deg(X) has to be a multiple of 5, which leads to

a contradiction. ]

The following question naturally arises.

Question 9.3.5. Is there a rational homogeneous space X = G[P of dimension

n >4 and Picard number at least two such that Tx is an Ulrich bundle?
Answering Question [9.3.5] above, we first prove the following lemmas.

Lemma 9.3.6. The tangent bundle of P! x P!, [ > 1, is never Ulrich.

Proof. Let us suppose that Tpi,p is Ulrich with respect to H := Opi(a) 8 Op (b),
with a,b > 1; notice that —Kpi,p = Op1(2) & Op (I +1). By applying Lemma [8.2.3]

to Tpipi, we obtain
0 (I+1)(1+2)

[+3
(D20 +2)  a(l+1)+2by _ (I+1)2(1+2) - (1+3)?
=ab( ] )z 3 ,

Hl+1+KX_Hl —
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where the last inequality is a consequence of the fact that a,b > 1. From Theorem
9.2.4|we can assume that [ > 2; then it is easy to check that (I+1)2(1+2)-(1+3)2 > 0,
which gives a contradiction with the equation in Lemma [8.2.3] thus showing that
the tangent bundle is not Ulrich. [ ]

Lemma 9.3.7. There exists no polarized variety (X,H) with Picard number

greater than one whose tangent bundle is Ulrich.

Proof. By Proposition 0.1.1] Theorem [9.2.4] Theorem and Corollary [9.3.4]

we can suppose that X = G/P is a rational homogeneous projective variety with
Picard number equal to k > 1. From Lemma|[I.7.4] and Lemma [9.3.6) we know that

det(Tx) =-Kx =Y. jiL;,

with jz- <n:=dim(X) for i = ., k. Let us suppose that H =3, a;L; with a; >0
for i = ., k. By applymg Lemma B.2.3 to the tangent bundle, we obtain

n(n+1)

H'+ Kx-H" ' =0.
n+2

For any k-partition A = (A1, -+, Ax) of n, the coefficient of Li\l---Lz’“ is equal to

()\) Mg (n(n+1) Z Zjl)zn(nJrl)_Zi:)\;jiZ

n+2 n+2

n(n+1)
n+2

)\(n 1) n(n+1)_(n_1): 2 50
n+2 n+2

-2

Since for any A, Li\l---Lz" > 0, we deduce that %H” + Kx - H»1 > 0, thus
the equation in Lemma [8.2.3] is never satisfied; therefore there exists no rational
homogeneous projective variety G/P with Picard number greater than one such
that its tangent bundle is Ulrich. [ |

By Proposition [9.1.1, Theorem [9.2.4] Corollary [9.3.4] and Lemma we

can prove the main result:

Theorem 9.3.8. Let X be a smooth projective variety of dimension n > 1. If
Tx is an Ulrich bundle, then X is isomorphic to the twisted cubic in P3 or to the

Veronese surface in IP5.
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Appendices

Dynkin diagrams

Lie algebra g | Dynkin diagram | dimc g n = dimc(G/F,)
Ag(€21) 1 2 21 7 £2+2€ T(g'f'l—’f’)
Bg (622) 1 2 (22021 ¢ 2€2+€ g(4€+1—37’)
Cg (623) 1 2 (22021 ¢ 202 +/ g(4f+1—37’)
/-1 r
D, (¢>4) o—0- @%2 202 - ¢ —(40-1-3r)
1 -3 ¢ 2
EZ r| 1 2 3 4 5 6
Ee e s o B 1621250 29 | 25 | 16
IQ r| 1 2 3 4 5 6 7
Ex DI 133 1 13342 | 47| 53 | 50 | 42| 27
EZ r| 1 2 3 4 5 6 7 8
Es 1345678 248 n| 78192198 | 106 | 104 | 97 | 83 | 57
s rl 1] 2] 3] 4
Fa 1234 2 1152 20| 15
r| 1 2
Ga ‘f‘E; 14 als s

Table 9.1: Rational homogeneous spaces of Picard number one.
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9.3. Dynkin diagrams
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CHAPTER 9. 9.3. Isometries of Ki2

Isometries of K5

The automorphism group of Ko was computed by Mitchell in 1914 in [Mit14]
while the lattice itself was first explicitly described by Coxeter and Todd in 1954
[CT53].

Having this in mind, and the description of Ko in Proposition [3.1.1 we
compute the isometries of K5 preserving the orbits in Lemma [4.1.1} fix a # 0
be an element of o, ¢ Ak,,, i = 0,1,2 and b € o;, we looking for an isometry
¢ € O(K12) such that @ € O(Ag,,) (the map induced in the quotient Ay, ,) satisfies
@(b) = a. The search can be successful (or not) and it depends if the natural map
O(K12) — O(Ag,,) is surjective (or is not). A useful criterion that determines
when this map is surjective is given by Nikulin in [Nik76, Theorem 1.14.2] but it
applies just in the case of indefinite lattices (which is not our case). Nevertheless,
the automorphism group of Kj, has order 210-37.5.7 = 78382080 and finding an
explicit isometry was possible by using the integral lattices package of Sage [Sag].

Here we report the code to use in order to compute the 729 isometries.

Step 1: Define the lattice Kis:

basis K=[[-4,2,0,0,0,0,-2,1,0,0,0,0 |,

2,-4,2,0,0,0,1,-2,1,0,0,0 ],
0,2, 4,2,0,2,0,1,-2,1,0,1]1,
0,0,2,-4,2,0,0,0,1,-2,1,0],
.[0,0,0,2,-4,0,0,0,0,1,-2,01,
0,0,2,0,0,-4,0,0,1,0,0, 2],

[2,1,0,0,0,0,-4,2,0,0,0,0 |,
n,-2,1,0,0,0,2,-4,2,0,0,0]
o,1,-2,1,0,1,0,2,—-4,2,0,2],
o,o0,1,-2,1,0,0,0,2,-4,2,0],
o,0,0,1,-2,0,0,0,0,2,-4,0],
o,0,1,0,0,-2,0,0,2,0,0, 4

K12 Tilde=IntegralLattice(Matrix(ZZ,basis K))
k1,k2,k3,k4,k5,k6,k7,k8,k9,k10,k11,k12=K12_Tilde.gens()
N=(1/3)*(k1+k7) + (2/3)*(k2+k8)+(1/3)*(k4 + k10) +(2/3)*(k5 + k11)

K12=IntegralLattice(Matrix(ZZ,(K12 Tilde.overlattice([N])).gram_matrix()))

Step 2: Compute the discriminant form of Ag,,:
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o Disc_ K12=K12.discriminant _group()
20 al,a2,a3,a4,a5,a6=Disc_ K12.gens|()

-

Step 3: Compute the automorphism group of Kis:

o1 Aut_ K12=K12.automorphisms|()

Step 4: List the elements of an orbit v; of value v € {0, %, % :
22 V:4/3
23 Y=||

21 for x in Disc K12:
s if x.quadratic_product()==v:
26 Y:YJr[X]

Step 5: Check the existence of an isometry for two elements in v; and show
the isometry ¢ = A. We distinguish two cases.
Ifv+0:

>7 while len(Y)>0:

o x0=Y[0;YY=[]

2 for yin Y:

30 if y !=x0:

31 cont=0

32 for A in Aut_K12:
if yxA==x0:

: A

35 break

36 else:

87 if cont==Aut_KI12.cardinality():

38 YY=YY+|y]

39 else:

10 cont=cont+1

b Y=YY

Ifv=0:

> while len(Y)>0:
x0=Y[1;YY=[|
w  for yin Y:
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15 if y!=x0 and y != Y|0]:

16 cont=0

7 for A in Aut_ K12:

18 if yxA==x0:

49 A

50 break

51 else:

52 if cont==Aut_K12.cardinality():
53 YY=YY+|y]|

54 else :

cont—cont+1

Isometries of My sz

1 #Construction of MZ3:

. basis_ M3Z=[[-4, —1,0, —1,0, —1, 0, —1, 0, —1, 0, —1],
.[-1,-2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
[0, 0 -2 1, 0, 0, 0, 0, 0, 0, 0, 0
-[-1, 0, 1, -2, 0, 0, 0, 0, 0, 0, 0, 0]
[0, 0 0, 0 -2 1, 0, 0, 0, 0, 0, 0,
-1, 0, 0, 0, 1, -2, 0, 0, 0, 0, 0, 0
[0, 0, 0 0 0 0 -2 1, 0, 0, 0, 0]
o[-1, 0, 0, 0, 0, 0, 1, -2, 0, 0, 0, 0,
o0, 0 0, 0 0 0 0 0 -2 1, 0, 0
. [-1, 0, 0, 0, 0, 0, 0, 0, 1, -2 0, 0]
»10, 0 0 0 0 0 0, 0 0 0 —2 1
. [-1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,2

15 M3Z=IntegralLattice(Matrix(ZZ,basis_ M3Z))
16 #Group of isometries of M3Z:

1 Aut_ M3Z=M3Z.automorphisms|()

18 #Discriminant group of M3Z:

19 Disc_ M3Z=M3Z.discriminant__group()

20 v=4/3

. Y]
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22 for x in Disc_ M3Z:
if x.quadratic_product()==v:
24 Y:Y+[X]

S

26 #If v is  different to 0:

2s while len(Y)>0:
2 x0=Y[0];YY=]|
50 x0

51 for yin Y:

32 if y!= x0:

cont=0

34 for A in Aut_M3Z:
35 if yxA==x0:

36 A

37 break

38 else:

59 if cont==Aut_M3Z.cardinality():
10 YY=YY+[y]
. else:

12 cont=cont+1
o Y=YY

5 #If v is zero:

26 while len(Y)>0:

v x0=Y[1];YY=]]

s for y in Y:

49 if y!=x0 and y != Y]0]:

50 cont=0

51 for A in Aut_M3Z:

52 if yxA==x0:

53 A

54 break

: else:

56 if cont==Aut M3Z.cardinality():
57 YY=YY+[y]

58 else:
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59 cont—cont+1
60 Y:YY
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