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Abstract

The present work aims to investigate the influence of different aspects, such as non–
standard steady solutions, complex fluid rheologies and non–standard porous–channel
geometries, on the stability of a Darcy–Bénard system. In order to do so, both linear
and nonlinear stability theories are considered. A linear analysis focuses on studying
the dynamics of the single disturbance wave present in the system, while its nonlinear
counterpart takes into consideration the interactions among the single modes. The scope
of the stability analysis is to obtain information regarding the transition from an equi-
librium solution to another one, and also information regarding the transition nature
and the emergent solution after the transition. The disturbance governing equations are
solved analytically, whenever possible, and numerical by considering different approaches.
Among other important results, it is found that a cylinder cross–section does not affect
the thermal instability threshold, but just the linear pattern selection for dilatant and
pseudoplastic fluid saturated porous media. A new rheological model is proposed as a
solution for singular issues involving the power–law model. Also, a generalised class of
one parameter basic solutions is proposed as an alternative description of the isoflux
Darcy–Bénard problem. Its stability is investigated.
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Chapter 1

Introduction

In this chapter the class of physical problems to be analysed will be introduced in
order to motivate the present study and clearly illustrate the objectives. First of all
I will briefly introduce the physical phenomenon, nowadays known as Rayleigh–Bénard
convection, as well as its modified version for fluid saturated porous media,i.e. the Darcy–
Bénard convection. In parallel, I will indicate some real systems where these phenomena
emerge, which can be useful to figure out possible applications. A bibliography review
of the main studies dealing with the concepts used in this thesis will also be presented.

1.1 Motivation
The phenomenon of natural convection, either in clear fluids and in porous media, is

well known nowadays. Its study began with the experiments developed by the French
physicist Henri Bénard [20], who was the first to carried out the detailed experiment
on the appearance of convective cells in a layer of fluid heated from bellow. Figure 1.1
shows the pattern similar to those observed by Bénard in his experiments [83]. Some
years after the experiments of Bénard, Lord Rayleigh [114] presented an attempt to
examine how the interesting experimental results obtained by Bénard could be explained
theoretically. Rayleigh used concepts of stability theory in his theoretical investigations.
The idea behind the use of stability theory to investigate the appearance of convective
cells relies on the hypothesis that it is related to the growth of disturbances present in
the equilibrium state. In the case of the onset of convection, the conductive state would
be the equilibrium state, while the transition to the convective state would be related to
the transition to instability, caused by the density stratification. The conceptualization
of the stability theory will be rigorously presented later on in Chapter 3.
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Figure 1.1: Hexagonal Bénard convection pattern, from Koschmieder [83]

Block [22] proposed a series of experiments to investigate the surface tension as a
possible cause to the convective cells observed by Bénard. He argued that for really small
thickness layer, as those used in some experiments carried out by Bénard, the mechanism
inducing the instability would not be the convection but the change of the surface tension
due to temperature variation. Later on, Pearson [109] investigated theoretically the
effects of the surface tension variation with temperature as an important mechanism
to trigger instabilities in thin liquid films. By using small disturbances analysis he
concluded that, in fact, some of the results observed by Bénard were caused by surface
tension forces. In any case, the instabilities caused by buoyancy effects are nowadays
known as Rayleigh–Bénard (RB) instability. For a more exhaustive review of Rayleigh–
Bénard convection problems, I refer the reader to the works by Kelly [77] and Nicolas
[96] as well as to the books by Koschmieder [84], Getling [56] and Zeytounian [137].

The counterpart of RB convection for a porous medium saturated by a fluid is known
as Darcy–Bénard (DB) convection. The phenomenon takes this name because of the
French engineer Henry Darcy, which authored the pioneering study on the empirical law
for fluid flows in porous media [45].

Until the 1970s, the bulk of the studies involving porous media flows were related
to geophysical applications. Among the possible applications in this field, one can cite,
for instance, the oil recovery by thermal methods, the design of aquifers as energy stor-
age systems, drainage and irrigation, underground spreading of chemical waste and the

2



storage of carbon dioxide in aquifers [39, 129, 106]. More recently, other kinds of applic-
ations can be seen in a wide variety of industrial areas. Among others, one can mention
different kinds of devices, such as electronic equipments and heat exchangers. For the
latter class of devices, porous media are often considered in order to enhance the heat
transfer [91].

There has been a recent dramatic increase of attention for heat transfer in non–
Newtonian fluid saturated porous media. In particular, the enhancement of oil recovery
processes and ceramic processing can be mentioned [120]. Table I of Shenoy [120] presents
an extensive list of possible applications in a wide range of scientific and engineering
applications, such as biomechanics, food technology, chemical engineering, geophysics,
groundwater hydrology and industrial engineering.

The study of thermal instabilities in porous media came out to be of great interest
given the important applications cited so far. Stability analysis is able to give us import-
ant information and insights about the onset of convection, changes in the qualitative
and quantitative behaviour of the flow, changes in the patterns observed and the en-
hancement of heat transfer.

1.2 General literature review
The pioneering studies which deal with the onset of DB convection by employing

the stability analysis are those by Horton and Rogers [67] and by Lapwood [87]. In
fact, nowadays it is called Horton–Rogers–Lapwood (HRL) problem. In these studies,
the vertical unstable temperature gradient, originated by the temperature difference
between the horizontal walls, is the possible source of instability. The stability of the
conductive state of a saturated horizontal porous layer was investigated through small
disturbances analysis. The parameter that controls the problem is the dimensionless
parameter called Darcy–Rayleigh number (here denoted by Ra). It was found that
the threshold of instability is Ra = 4π2 and the wavenumber associated to the onset
of convection is equal to π. In addition, it is known that the disturbance waves are
non–travelling.

The effect of horizontal fluid flow at the onset of instability was investigated some
years later by Prats [111]. In his study, he concluded that the instability threshold is
not affected by the presence of a throughflow, but the latter can influence only the phase
velocity of the wave disturbances. Some years later, Sutton [126] investigated the effect
of vertical throughflow in closed channels, taking into account also the effects of the
lateral confinement on the onset of convection. He showed that, for moderate and high
values of aspect ratio, a vertical throughflow plays a stabilizing role at the transition to
instability in a horizontal porous channel. Later on, Jones and Persichetti [71] studied
the effect of vertical flows in infinitely wide channels, which coincides with the infinite
aspect ratio from the work of Sutton [126]. Jones and Persichetti [71] showed the effect
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of throughflow with different combinations of boundary conditions in the upper and
lower boundaries. The effect of vertical flows in horizontal porous channels was further
investigated by Homsy and Sherwood [66] and by Nield [98].

Gill [57] studied the convection in a vertical channel rigorously proving that this kind
of flow, in a vertical impermeable porous channel whose walls are kept at different tem-
peratures, is always stable. More recently, by relaxing the impermeability on the wall of
boundaries employed in Gill’s problem, Barletta [10] demonstrated that convection in a
porous slab can be unstable. He extended the original problem by considering permeable
walls, instead of impermeable ones, and compared both models. He demonstrated, by
using linear stability theory, that the flow system examined could be destabilized. Bar-
letta [10] also simulated numerically the fully nonlinear problem confirming the linear
predictions.

Although the literature deals with the boundary conditions of impermeability and
uniform temperature, it is not always the case. It is worth investigating other ways of
modelling real problems as well as different applications. From a practical point of view,
it is not always realistic or even feasible to deal with prescribed temperatures. It may
be necessary to deal with more complex ways of modelling the velocity and temperature
boundary conditions.

Nield [97] investigated the effects of different boundary conditions on the onset of
thermohaline convection in porous media. Table I of his work presents the values of crit-
ical Rayleigh number and the corresponding critical wave number for various boundary
conditions. Such results are in agreement with those presented by Jones and Persichetti
[71] considering the case without throughflow. In these cases, although different bound-
ary conditions are considered, the same equilibrium solution applies. It can be concluded
that, for the same basic solution, switch from a prescribed temperature boundary con-
dition to a prescribed heat flux has a destabilizing effect.

Another type of thermal boundary condition which influences the stability involves
not only a vertical temperature gradient, but also a horizontal one. In that case, a
unicellular flow is formed due to an inclined temperature gradient. Such a flow is also
called Hadley flow. Weber [131] investigated the effect of inclined temperature gradient
on the stability of convective flows in porous media considering just small horizontal
temperature gradients. Nield [100, 101] relaxes this restriction on the magnitude of
the horizontal temperature gradient and studies a more general case. Finally, Kaloni
and Qiao [74], extended the former analyses by investigating the nonlinear stability.
They concluded that the transition to instability may be subcritical when the horizontal
temperature gradient is non–zero.

There are many practical situations in which the fluid presents a complex non–
Newtonian rheology. Kim et al. [80] studied the stability of viscoelastic fluids saturating
porous media from the linear and the nonlinear point of view. They showed that the
elastic parameters of the fluid have a destabilizing effect and that the heat transfer rate,
given by the averaged Nusselt number, is enhanced by the non–Newtonian nature of the
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fluid.
Barletta and Nield [12] were the first to examine the stability of a Rayleigh–Bénard

system involving a purely viscous non–Newtonian fluid saturating a porous medium.
In their study, they used the Otswald–de–Waele power–law model. They showed that
the selection of the preferred modes for the onset of instability, namely longitudinal or
transverse, depend on the magnitude of the basic flow and on the power–law index which
is associated with the rheological behaviour of the fluid. A particularity of the power–
law model is that it presents a singularity in the limiting case of vanishing shear rate,
giving zero or infinite apparent viscosity for shear–thickening and shear–thinning fluids,
respectively. However, this is not an issue in the non–Newtonian fluid dynamics if one is
dealing with high values of shear rates. On the other hand, since the stability analysis
often deals with transition and onset of flows and secondary flows, the singular behaviour
of the apparent viscosity can be a significant issue. Barletta and Nield [12] find that the
critical Rayleigh number is zero for dilatant fluids and infinite for pseudoplastic ones.

Linear stability analysis is meant to determine the threshold beyond which infinites-
imal wave disturbances grow in time. In the framework of linear analysis it is necessary
to make a distinction between two kinds of instability, namely convective and absolute
instabilities. Such a distinction was first introduced in the fluid mechanics world by
Huerre and Monkewitz [68]. The convective instability concept is focused on finding
when a single disturbance mode starts growing in time. It means that, if we are dealing
with spatially localized disturbances, it is advected downstream by the basic flow, when
it is present, and eventually goes out of the domain of interest. On the other hand, the
absolute instability is about the onset of growth in time of spatially localized disturb-
ances. In an absolutely unstable regime disturbances grow both in the downstream and
in the upstream directions.

Experimental and numerical studies have provided evidence that support this dis-
tinction as well as confirm the theoretical predictions. The experimental work by Com-
barnous and Bia [43] confirms the threshold of instability and show some interesting
results about the physical characteristics of the convective structures in the unstable
regime. In addition, a more recent study by Dufour and Neel [52] confirmed numeric-
ally the theoretical predictions for small flow rates. They showed also that oscillation
frequency and wavelength are also in a good agreement with theoretical predictions.
Delache et al. [47] performed a spatio–temporal stability analysis by taking into account
the effects of inertia on the momentum balance equation and made a comparison with
some experimental results. They found that both qualitatively and quantitatively the
theoretical results are in good agreement with the experimental ones, arguing that the
qualitative change in the preferred mode observed experimentally should be related to
a transition from convective to absolute instability. Regarding non–Newtonian fluids,
Hirata and Ouarzazi [61] studied the effect of the throughflow in the spatiotemporal dy-
namics of linear disturbances in viscoelastic saturated porous media convection by using
the concepts of convective and absolute instability. Alves and Barletta [4] did the same
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for power–law fluids.
In some cases, the results of the linear stability analysis do not correspond to the

behaviour of real–world systems. Moreover, even when the transition is dictated by linear
mechanisms, small disturbances analysis might fail in the supercritical domain, especially
far from the critical point. In those cases, it is necessary to carry out nonlinear studies.
To avoid the solution of the fully nonlinear equations, the weakly nonlinear technique
has been employed to study the nonlinear dynamics close to the critical point. Weakly
nonlinear analysis is able to give us information about the transition point and also about
the nature of the bifurcation as well as the disturbances evolution in the supercritical
domain. Delache and Ouarzazi [46] have investigated the nonlinear interaction of mixed
convection patterns in porous media by using the weakly nonlinear theory. Among other
important results, they investigated the preferred modes that appear in the supercritical
region and found that the average heat transfer given by the weakly nonlinear calculations
are in a good agreement with experiments for Rayleigh numbers up to three times its
critical values.

The linear concepts of convective and absolute instability have their nonlinear coun-
terparts. If one thinks about spatially localized disturbances, which can be thought of as
wavepackets, it is possible to define the front velocities at the borders of the wavepacket.
In general, for small disturbance amplitudes, the linear dynamics of the single infin-
itesimal wave should dominate over the nonlinear interactions between them. However,
there are some cases in which the nonlinear dynamics may dominate when the disturb-
ance modes achieve finite amplitudes. In this case, if the nonlinear front velocities are
greater than the linear ones, the transition to absolute instability may be driven by the
nonlinear dynamics. Ouarzazi et al. [107] investigated the mixed convection in porous
media together with the Soret effect and studied the nature of the transition to instabil-
ity, having also determined the velocity and wavenumbers of the linear and nonlinear
fronts. These concepts will be better discussed later on. Further investigations on this
subject can be found in the works by Chomaz [41] and by Delbende and Chomaz [48].
An exhaustive survey regarding the dynamics of front propagation into unstable states
can be found in Saarlos [130].

1.3 Objectives
The main objective of this thesis is the investigation of the diverse effects which in-

fluence the transition to instability for convection in porous media. In order to do so,
the stability theory is considered. In particular, I have analysed the effects of vertical
throughflow in both a horizontal porous channel and a vertical porous cylinder with
arbitrary cross–section saturated by non–Newtonian fluids of power–law type. Further-
more, I proposed a modified version of Darcy’s law for Carreau–Yasuda fluids and studied
the linear and non–linear stability of a horizontal porous channel, saturated by this kind
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of fluids, both in the presence and in the absence of a throughflow. Finally, I proposed
a generalized basic solution for the convective flow in a porous channel heated from the
bottom and cooled from the top by a uniform heat flux. The stability of this class of
basic states is also investigated.

Before entering in the study of the particular cases, I will present the basic concepts
necessary to do it. In particular, I will present an overview of the theory of fluid dy-
namics and heat transfer in porous media. The theory of stability will also be presented
here together with the numerical methods used to solve the mathematical problems of
instability. Specifically, I will present in Chapter 2 the physical–mathematical models
for convection in porous media. In Chapter 3, I will describe the stability theory at the
basis of the present study, and also the linear and nonlinear types of analysis. Finally, in
Chapter 4, I will present the numerical methods used to solve the differential equations
which come out from the stability analysis.

In Chapter 5, I will present the study of the effect of vertical pressure gradient in a
horizontal porous layer saturated by a power–law fluid. In Chapter 6, I will present the
study of the throughfow in a vertical porous cylinder with arbitrary cross–section satur-
ated by a power–law fluid. In Chapter 7, I will present the Darcy–Carreau model and
investigate the linear and nonlinear stability of the natural convection of non–Newtonian
fluids in porous channels. In Chapter 8, I will present the Darcy–Carreau–Yasuda model
and investigate the linear stability of the non–Newtonian mixed convection in porous
media; a comparison with some theoretical and experimental results available in the lit-
erature is also presented. Finally, in Chapter 9, I will present a generalised basic state
for the isoflux Darcy–Bénard problem as well as its stability analysis.
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Chapter 2

Mathematical modelling

In this chapter, I will introduce the mathematical modelling of fluid dynamics and
heat transfer for incompressible fluid flow through porous media. In a first moment,
I will define a porous medium and I will present some examples, important properties
and characteristic information. Then, I will introduce the conservation laws such as the
balance of mass, balance of linear momentum and finally the balance of energy. For
the momentum balance equations I will present also the variations for non–Newtonian
fluids. Concerning the energy balance equation, I remark that I consider here just the
local thermal equilibrium model.

2.1 Porous media
The understanding of fluid flow phenomena in porous media is closely related to a

combination of empirical investigation and theoretical knowledge. A porous medium can
be defined as a heterogeneous system composed partly by a solid phase and partly by
voids. In this thesis, I will assume that the porous matrix is perfectly rigid. When the
voids (pores) are interconnected, different flow regimes can occur. In the present thesis
I consider just single–phase flows.

Examples of porous media can be found both in nature and in industrial applications.
In the case of natural porous media the pores are distributed irregularly and their shape
and size are usually irregular. Examples of natural porous media include soil, sand,
wood, limestone and biological tissues. On the other hand, among the manufactured
porous media I can mention metal foams, cigarette filters, ceramic materials, concrete,
fiberglass, which can be more or less irregular. The additive manufacturing technique
yielded, in the recent years, the opportunity of designing the structure of the porous
matrix.

The pioneering study of fluid flow in porous media was authored by Henry Philibert
Gaspard Darcy. In 1856, he published a report about the design of the water system in
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the city of Dijon, France [45]. Darcy was the first scientist which investigated this topic
proposing a relationship for the fluid flow in porous media, specifically water and sand
beds in his case. Before entering in the specific aspects of the flow modelling in porous
media, we define some properties such as the porosity and the filtration velocity. For a
more complete survey of fluid dynamics and heat transfer in porous media, I refer the
reader to the books by Bear [19], Nield et al. [106] and Kaviany [76].

2.2 Local volume average
At a microscopic scale, the variables of interest for the flow, such as the velocity

field, display considerable irregularities. However, in real problems the variables are
often measured in macro–regions containing several pores. Usually, in these cases, such
variables behave from the macroscopic point of view in a steady and regular way. This is
always the case for every macro–region if we assume that the solid phase is distributed
homogeneously through the porous domain. This macro–region is called Representative
Elementary Volume (REV), which must be larger than the single pore volume but much
smaller than the total volume of the porous matrix. The REV is the smallest differential
volume whose extension would not influence the local average properties calculations.

Figure 2.1: Representative Elementary Volume, from Kaviany [76]

The models for the conservation laws that will be treated in the present work usually
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take into consideration average variables that are based on the existence of the REV. The
local volume average method presented here is based on the work by Whitaker [133] and
this method is also presented in Kaviany [76]. Let V be the total volume of a solid matrix
contained in a surface A, as can be seen in Figure 2.1. A void distribution function a(x)
inside V can be written as

a(x) =

1, if x ∈ f

0, if x ∈ s,
(2.1)

with s representing the solid region and f the void one, occupied by the fluid. Thus, the
local porosity is defined as

Φ(x) = 1
V

∫
V
a(x)dV = Vf

V
, (2.2)

where V = Vf + Vs. The porosity is the ratio between the void volume and the total
volume occupied by the solid matrix and the void. There can be basically three classes
of connections between the pores, namely interconnected, dead end and isolated. The
first one refers to the case where each void connected to more than one pore, the second
one is when the voids are connected only to another pore while the last one refers to
voids not connected at all.

The local volume average of any quantity Υ is then defined as

〈Υ〉 = 1
V

∫
V

ΥdV. (2.3)

By considering a quantity Υ related to the fluid, the local volume average and its
relation with the intrinsic average is

〈Υ〉 = 1
V

∫
Vf

ΥdV = Φ〈Υ〉f = Φ 1
Vf

∫
Vf

ΥdV (2.4)

For the velocity, we might use these two ways of taking this average. When the
averaging process is done by considering just the void space, or the region occupied by
the fluid (Vf ), it is called intrinsic velocity

Intrinsic Velocity: U = 〈u∗〉f = 1
Vf

∫
Vf

u∗dV, (2.5)

while, when the average is taken with respect to the whole REV, we have the well–known
seepage, or filtration, velocity

Seepage Velocity: u = 〈u∗〉 = 1
V

∫
Vf

u∗dV. (2.6)
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By confirming the relation given by Equation (2.4), we have that the integrals at the
right–hand sides of Equations (2.5) and (2.6) are identical, as u∗ is zero in the solid part
of V . In this case, it is possible to obtain a relation between such velocities

u = ΦU. (2.7)
In order to locally average the equations of mass, momentum and energy balance,

it is necessary to introduce the mathematical identity which allows one to write the
average of a gradient or divergence as a gradient or divergence of an average. It is well
developed in the work by Slattery [122] and a detailed version can be found also in the
work by Whitaker [132]. We follow here the derivations present in the book by Kaviany
[76]. After some algebraic manipulations and by considering the Reynolds Transport
theorem, as well as the Green transformation, it has been proved that [122, 132]

∇
∫
Vf

ΥdV =
∫
Ae

Υn dA, (2.8)

where Ae is the limiting surface of V and n is the outward pointing normal vector on the
control surface. Then, the identity for a scalar quantity Υ, according to Kaviany [76], is

〈∇Υ〉 = ∇〈Υ〉+ 1
V

∫
Asf

Υn dA, (2.9)

while for a vector quantity, Υ,

〈∇ ·Υ〉 = ∇ · 〈Υ〉+ 1
V

∫
Asf

Υ · n dA. (2.10)

where Asf is the solid–fluid interface area, as it is displayed in Figure 2.1.

2.3 Mass balance
The continuity equation for clear fluids is

∂ρ

∂t
+ ∇ · (ρu∗) = 0, (2.11)

where ρ is the fluid density. By applying the volume average technique, it becomes

∂〈ρ〉
∂t

+ 〈∇ · (ρu∗)〉 = 0, (2.12)

which, by using Equation (2.10) and taking into consideration that the velocity is zero
at the solid–fluid interfaces, becomes

∂〈ρ〉
∂t

+ ∇ · 〈ρu∗〉 = 0. (2.13)
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By considering an incompressible flow, it is simply written as

∇ · 〈u∗〉 = 0, (2.14)

or
∇ · u = 0. (2.15)

2.4 Momentum balance
In a slightly different way from its modern version, the original Darcy’s law was given

by

Q = AB
(h1 + z1)− (h2 + z2)

L
, (2.16)

where Q is the volume flow rate, A is the area of the porous medium normal to the flow,
B = ρgK/µ is the hydraulic conductivity with K, µ and g denoting the permeability, the
fluid dynamic viscosity and the modulus of the gravitational acceleration, respectively.
Moreover, h is the pressure divided by the specific weight ρg, z is the elevation, L is
the length of the flow path and the subscripts 1 and 2 are relative to the upstream and
downstream positions, respectively [33]. Nowadays, the widely used differential version
of Darcy’s law is

u = K

µ
(−∇p+ f) , (2.17)

where p is the fluid pressure and f is the external body force applied to the fluid per unit
of volume, which in the case of the gravitational force, becomes

u = K

µ
(−∇p+ ρg) , (2.18)

with g being the gravitational acceleration vector.

2.4.1 Theoretical deduction
A wide discussion can be found in the literature about the theoretical derivation of

Darcy’s law. I recommend the works by Slattery [122], Whitaker [132], Gray and O’Neill
[58], Whitaker [133] and Kaviany [76] for the details of the derivation. By considering
the stationary Navier–Stokes equation for creeping flows,

0 = −∇P + µ∇2u∗, (2.19)

where P is the piezometric head, namely
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P = p− ρg · r. (2.20)

By taking the divergence of Equation (2.19), we show that P must satisfy the Laplace
equation

∇2P = 0, (2.21)

which implies, from Equation (2.19), that the velocity must satisfy the biharmonic equa-
tion

∇4u∗ = 0. (2.22)

The velocity must satisfy the no–slip condition at the solid–fluid interface

u∗ = 0 at Asf , (2.23)

in addition, if we define the boundary conditions for u∗ at the entrance and exit of
the REV V , it is possible to demonstrate that u and u∗ are continuous and that the
transformation of the average velocity into the pore–scale velocity is possible via [132, 76]

u∗ = M(r) · u, (2.24)

with r being the position vector showed in Figure 2.1.
It can be shown also that [132]

∇4M = 0, (2.25)

and that the velocity transformation tensor M is dependent on the porous medium
geometry, can vary only spatially within the pore, and it is independent of u. Therefore,
u∗ is a linear vector function of u. An interesting discussion about the closure of this
problem can be found in Whitaker [133] and Barrere et al. [18].

By considering an arbitrary curve, whose tangent is t, we define the curvilinear
coordinate s as

t ·∇ = d
ds. (2.26)

On account of Equations (2.19) and (2.24), the scalar product of t and ∇P can be
evaluated as

t ·∇P = dP
ds = µt · ∇2u∗ = µt · ∇2M · u, (2.27)

after some simplifications, that are reported with more details in Whitaker [132] and
Slattery [122], one obtains
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P(s) = P0 + µ
[∫ s

0

(
t · ∇2M

)
ds
]
· u. (2.28)

The term in square brackets depends only on s and on the geometry. At this point
we can define a transformation vector m, which, in addition to the geometry, depends
on the position r,

m =
∫ s

0

(
τ · ∇2M

)
ds, (2.29)

which allows us to determine P up to an arbitrary constant

P = −µm · u. (2.30)
From Equation (2.8) we can say that

∇
∫
Vf
PdV = −

∫
Ae

(µm · u) n dA, (2.31)

after multiplying both sides by 1/V , we have

∇〈P〉 = −µK0 · u (2.32)

with
K0 = − 1

V

∫
Ae

n
∫ s

0

(
τ · ∇2M

)
ds dA. (2.33)

If K0 has an inverse, one can define K = ΦK−1
0 , then

u = − K
µΦ ·∇〈P〉. (2.34)

By remembering that that P = p− ρg · r, we have,

u = − K
µΦ ·∇ (〈p− p0〉 − ρ〈g · r〉) . (2.35)

where,
〈g · r〉 = 〈r · g〉 = 1

V

∫
Vf

(r · g) dV = −Φ r0 · g (2.36)

where r0 is the position vector locating the centroid of the averaging volume [132]. Since
the pore pressure is given by

〈p− p0〉f = 1
Vf

∫
Vf

(p− p0) dV = 1
Φ〈p− p0〉, (2.37)

we have
u = − K

µΦ ·∇
[
Φ
(
〈p− p0〉f − ρr0 · g

)]
. (2.38)
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We can simplify the gravitational term by considering

∇ [Φ(ρr0 · g)] = ∇(ρr0 · Φg) = ρ∇r0 · Φg + ρr0 · g∇Φ (2.39)

with ∇r0 being the unit tensor,

∇ [Φ(ρr0 · g)] = ρΦg + ρr0 · g∇Φ, (2.40)

which, by assuming a nearly uniform porous medium (∇Φ ∼ 0), becomes

∇ [Φ(ρr0 · g)] = ρΦg. (2.41)

Equation (2.38) then becomes

u = −K
µ
·
(
∇〈p− p0〉f − ρg

)
, (2.42)

or,
µ

K
u = −∇〈p− p0〉f + ρg. (2.43)

2.4.2 Non–Newtonian fluids
A Newtonian fluid is one that reflects the linear relationship between the shear rate

and shear stress, and the parameter that defines the shear stress as a function of the shear
rate is called viscosity. A non–Newtonian fluid usually exhibits a nonlinear relationship
between shear rate and shear stress.

There are different ways of classifying the different kinds of non–Newtonian beha-
viour. Metzner [94] considers that the non–Newtonian fluids may be divided into three
categories, namely purely viscous, viscoelastic and time–dependent. On the other hand,
Shenoy and Mashelkar [121] distinguish first between inelastic and viscoelastic, with
the inelastic being divided then into time–dependent and time–independent. The time–
dependent fluids are subdivided into tixotropic and rheopectic. The time–independent
fluids can be divided into pseudoplastic, dilatant, Bingham plastic and pseudoplastic
with yield stress.

In the present thesis, we will deal only with time–independent non–Newtonian fluids,
specifically with pseudoplastic and dilatant fluids. The apparent viscosity of a fluid is
defined as the ratio between the shear stress and the shear rate. For a Newtonian fluid it
is constant and equal to the viscosity of the fluid. Pseudoplastic fluids, also called shear–
thinning fluids, decrease their apparent viscosity with increasing shear rate. Dilatant
fluids, also called shear–thickening fluids, increase the apparent viscosity with increasing
shear rate [120]. One of the most used models to deal with this kind of non–Newtonian
fluid is the power–law model, namely
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τ = η γ̇n, (2.44)
where τ is the shear stress, η is the consistency factor, γ̇ is the shear rate and n is the
power–law index.

Figure 2.2 shows the different qualitative behaviour of the types of fluid that will be
considered here.

Newtonian

Pseudoplastic

Dilatant

shear rate

sh
ea

r
st

re
ss

Figure 2.2: Qualitative behaviour of different types of non–Newtonian fluid.

In his review, Shenoy [120] presented and discussed different models to deal with
non–Newtonian fluids in porous media. Christopher and Middleman [42] were the first
to propose a modified Darcy’s law that is useful for shear–thinning and shear–thickening
fluids of power–law type. Such a model is given by

ηef
K
|u|n−1u = −∇p+ ρg, (2.45)

where ηef/K coincides with µ/K when the fluid is Newtonian, n = 1, and it is given by

ηef
K

= 2κµ
(

3Φ
50K

)n+1
2 (3n+ 1

nΦ

)
. (2.46)
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Here, ηef is the effective consistency factor of the fluid, K is the permeability, p is
the dynamic pressure, µ is the consistency factor, n is the power–law index and κ is
the tortuosity. The tortuosity factor can be defined in different ways. For instance,
Christopher and Middleman [42], Kemblowski and Michniewicz [78] and Dharmadhikari
and Kale [49] proposed, respectively

κ =


25/12
(2.5)n2(1−n)/2

2
3

(
8n

9n+3

)n (10n−3
6n+1

) (
75
16

)(3(10n−3))/(10n+11)
(2.47)

It is worth to note here that Equation (2.46) may be written as
µa
K

u = −∇p+ ρg, (2.48)

where µa is the apparent viscosity and it is given by

µa = ηef |u|n−1. (2.49)

It is easy to observe a sensible issue in this model. In the limit of vanishing shear
rate, here represented by a vanishing seepage velocity, Equation (2.49) gives a zero
apparent viscosity for shear–thickening fluids (n > 1) and infinite apparent viscosity for
shear–thinning fluids (n < 1). Attempting to deal with this singularities, Nield [103,
104] proposed a modification on the original power–law model, yielding to an apparent
viscosity

µa = µ0
(
1 + C|u|n−1

)
, (2.50)

where C is a constant and µ0 is the apparent viscosity at zero shear rate. This proposed
model is able to deal with the singularities just for shear–thickhening fluids. For n > 1
and vanishing shear rate, the model yields the classical Darcy’s model. On the other
hand, for n < 1 the problem persists.

2.4.3 Limits of Darcy’s law validity
The Darcy’s equation (2.18) is known to be valid for incompressible creeping flows

(low velocities). At high velocities, microscopic scale effects are manifested macroscop-
ically in the failure of Darcy’s law to relate linearly the velocity with the pressure–drop.
The onset of the non–Darcian regime was, in the past, associated with the transition to
the turbulence while, nowadays, we know that this is not correct. Many attempts have
been done in order to deal with this problem in the second half of the 19th century.
Dupuit [53] was the first to propose a correction by trying to include the flow contribu-
tion of the single pores to the global flow characteristics [86]. What Dupuit [53] proposed
was an additional quadratic velocity term on the Darcy equation, namely
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αu + β|u|u = −∇p. (2.51)

By the end of the 19th century, there was a discussion between a group of scientists
that defended the linear Darcy’s equation and another one defending the quadratic form
proposed by Dupuit [86]. After the defence made by Forchheimer [55] of the quadratic
version, Equation (2.51) took his name. The physical reason for the additional quadratic
term, according to Lage [86], is the form force imposed to a fluid by a solid surface.
Newton proposed that this resistive force should be proportional to the average fluid
velocity square. Taking this concept into account, Equation (2.51) may be rewritten as

µ

K
u + Cρ|u|u = −∇p (2.52)

where C is the form coefficient.
At this point, it is worth to discuss the limit of validity of the Darcy equation as

well as the transition to a non–Darcian regime. There are different strategies adopted in
the literature to investigate this transition. Some studies have considered the modified
Reynolds number as the control parameter that must be used to estimate the transition
from viscous dominated flow to form dominated regime, as presented, for instance, by
Hlushkou and Tallarek [64]. The permeability based Reynolds number is given by

ReK = ρUK1/2

µ
, (2.53)

where K is the permeability. The reason why the modified Reynolds number should be
used is argued to be the same reason why it is used to identify a creeping flow in clear
fluids. They argue that in the Darcy regime viscous forces dominate over inertia, so the
Reynolds number should be the adequate parameter to control this transition.

Nevertheless, according to Lage [86] the reason why the modified Reynolds number
should not be used with this purpose is that the quadratic term is not related to the
inertia, as it is commonly said, but it is related to the form forces. He argues that
the correct control parameter should be instead a ratio between form forces and viscous
forces, namely

CρU2

µ
K
U

= ρCK

µ
U. (2.54)

Zeng and Grigg [136] have reached the same conclusion of Lage [86]. In their study,
they compared the criterion employed to identify the transition between the two regimes
based on the modified Reynolds number and the one based on the Forchheimer number.
The conclusion is that the one based on the Forchheimer number is the more adequate.
They defined the Forchheimer number as the ratio between the pressure drop caused by

18



liquid–solid interactions with the pressure drop due to viscous resistance. The Forch-
heimer number has exactly the same definition of (2.54) and it is called Fo in their work.
It is worth to mention here that there are other extensions of Darcy’s law with different
purposes, but it is out of the scope for the present thesis the presentation and discussion
of all of them. For a good review on this subject I suggest the works by Lage [86], Nield
et al. [106] and Kaviany [76].

2.5 Energy balance
The application of the first law of thermodynamics for a porous medium saturated

by a fluid is not so direct as it is for a continuous single–phase medium. In the case of
saturated porous media, we have to take into consideration two important aspects. The
first one is that we are dealing with REV averaged quantities. The second one is that in
a first instance we have two different media that may interact thermodynamically.

In a first moment, the well known model for energy balance in porous media will be
presented. In a second moment, the equations for the energy balance will be derived
by applying the same local average technique as used before for mass and momentum
balance. It is assumed that the solid is rigid, isotropic, that there is no internal heat
production and that viscous dissipation and radiative effects are negligible.

In parallel, it can be said that at the pore scale there can be a temperature difference
between the fluid and solid phases, ∆Td. In the same way, inside the REV there exists a
maximum temperature difference ∆Tl. Finally, over the macroscopic scale of the system
the temperature differences are of order of ∆TL. At this point, it is assumed that

∆Td < ∆Tl � ∆TL. (2.55)

Such an inequality allows us to assume that within the REV (V = Vf + Vs) the solid
and fluid phases are in local thermal equilibrium (LTE), that is,

1
Vf

∫
Vf
T ∗f dV = 1

Vs

∫
Vs
T ∗s dV = 1

V

∫
V
T ∗dV, (2.56)

with the superscript star (*) indicating the microscopic–scale variables. If we consider
the local averages

Tf = 〈T ∗f 〉f = 1
Vf

∫
Vf
T ∗f dV, (2.57a)

Ts = 〈T ∗s 〉s = 1
Vs

∫
Vs
T ∗s dV, (2.57b)

T = 〈T ∗〉 = 1
V

∫
V
T ∗dV, (2.57c)
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we can say that

Tf = Ts = T. (2.58)

The energy balance equation for the solid phase can be then written as

(1− Φ)(ρc)s
∂Ts
∂t

= (1− Φ)∇ · (κs∇Ts), (2.59)

while the one for the fluid phase is

Φ(ρcp)f
∂Tf
∂t

+ (ρcp)fu ·∇Tf = Φ∇ · (κf∇Tf ), (2.60)

where c is the specifc heat of the solid, cp is the specific heat at constant pressure of the
fluid and κ is the thermal conductivity. The subscripts s and f are relative to the solid
and the fluid, respectively. If we use Equation (2.58), we have

Φ(ρcp)m
∂T

∂t
+ (ρcp)fu ·∇T = ∇ · (κm∇T ), (2.61)

where
(ρcp)m = (1− Φ)(ρc)s + Φ(ρcp)f , (2.62)

κm = (1− Φ)κs + Φκf , (2.63)

represents, respectively, the overall heat capacity per unit volume and the overall thermal
conductivity. I remark that if very fast transients are present in the system, the inequality
(2.55) cannot be satisfied and in this case a local thermal non–equilibrium model should
be considered.

2.5.1 Theoretical deduction
In this section, I will follow the derivations made by Kaviany [76], Slattery [123] and

Quintard [112]. It is assumed that the medium is rigid, isotropic, there is no internal heat
production and that viscous dissipation and radiative effects are negligible. To simplify
the treatment, following Kaviany [76], I start with the energy balance equation for the
fluid medium (with κs = 0)

∂T ∗f
∂t

+ ∇ · (T ∗f u∗) = ∇ · χf∇T ∗f , (2.64)

where χf = κf/(ρcp)f . Impermeability is considered at the fluid–solid interface. By
applying the local volume average

∂〈T ∗f 〉
∂t

+ 〈∇ · (T ∗f u∗)〉 = 〈∇ · χf∇T ∗f 〉, (2.65)
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which after applying the relation (2.9) and the boundary conditions, we have

∂〈T ∗f 〉
∂t

+ ∇ · 〈(T ∗f u∗)〉 = ∇ ·
(
χf∇〈T ∗f 〉+ χf

V

∫
Afs

nT ∗f dA.
)
. (2.66)

Now, based on the intrinsic average, the following definitions are introduced

T ∗f = Tf + T ′f (2.67)

u∗ = U + U′ (2.68)

where the variables with the primes are relative to the spatial deviation, and we have
〈T ′f〉 = 0. The convective term can be rewritten as

1
V

∫
V

u∗T ∗f dV = Φ 1
Vf

∫
Vf

u∗T ∗f dV = ΦUTf + Φ〈U′T ′f〉, (2.69)

yielding

∂ΦTf
∂t

+ ∇ · (ΦTfU) = ∇ ·
(

Φχf∇Tf + χf
V

∫
Afs

nT ′fdA
)
−∇ ·

(
Φ〈U′T ′f〉f

)
. (2.70)

Similar to what was already done for the velocity, we introduce a closure constitutive
equation,

T ′f = b ·∇Tf , (2.71)

with b being the vector function that maps the gradient of the intrinsic phase–averaged
temperature into the local fluctuation temperature field (in analogy with the treatment
of turbulence). Again, ∇Φ is assumed to be small, and consequently Φ can be locally
approximated as a constant.

∂Tf
∂t

+ U ·∇Tf = ∇ ·
[
χf

(
I + 1
Vf

∫
Afs

nbdA
)
·∇Tf

]
−∇ ·

(
〈U′b〉f ·∇Tf

)
, (2.72)

where we consider that

〈U′T ′f〉f = 〈U′b ·∇Tf〉f = 〈U′b〉f ·∇Tf , (2.73)

because ∇Tf is constant inside the REV. Now, following Carbonell and Whitaker [35],
we define the tortuosity tensor as

L∗t = 1
Vf

∫
Afs

nbdA, (2.74)
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while the dispersion tensor is

Dd = − 1
Vf

∫
Vf

U′bdV. (2.75)

Then, we can finally write the equation for the fluid phase for the case κs = 0.

∂Tf
∂t

+ U ·∇Tf = ∇ ·
(
χχχfeff ·∇Tf

)
, (2.76)

where χχχfeff is defined as the total effective thermal diffusivity tensor of the fluid phase,
which for the case κs = 0 is given by

χχχfeff = χf (I + L∗t ) + Dd, (2.77)

with I being the identity tensor.
A generalization of Equation (2.76) is possible for the generic case with κs 6= 0.

Under the assumption of local thermal equilibrium, if we add the equations of energy
balance for the fluid and solid phases, we obtain

σ
∂T

∂t
+ u ·∇T = ∇ ·

(
χχχeff ·∇T

)
, (2.78)

where

σ = (ρcp)m
(ρcp)f

, (2.79)

(ρcp)m = (1− Φ)(ρc)s + Φ(ρcp)f , (2.80)

and
χχχeff = κκκeff

(ρcp)f
, (2.81)

with κκκeff being the effective thermal conductivity given by

κκκeff = [(1− Φ)κs + Φκf ] I + 1
V

(κf − κs)
∫
Afs

nbdA− (ρcp)f〈U′b〉f . (2.82)

In the expression for the effective thermal conductivity tensor, we can see three dif-
ferent contributions: a simple average of the thermal conductivity, a correction to the
average due to the tortuosity and finally a contribution due to the dispersion mechanisms.
It is not unusual to see in the literature some works that consider just a simple aver-
age between both thermal conductivities. For an interesting discussion about effective
properties in porous media, please see the work by Quintard et al. [113].
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Chapter 3

Stability theory

In this chapter, the stability theory will be described and discussed. Specifically, one
of the possible definitions of stability of a dynamical system will be presented. Next, the
particularities of the linear stability theory usually considered in the stability analysis of
fluid systems will be described. Finally, the weakly nonlinear approach will be presented
and discussed.

3.1 General description of stability
The stability analysis of a dynamical system aims to identify if, considering a given

equilibrium solution of such a system, it will remain in equilibrium when subject to small
disturbances. It is worth to point out that the equilibrium solution, in a first instance,
can be a steady solution or even a time–periodic one. In the present thesis, just steady
equilibrium solutions are considered.

If a given equilibrium solution is stable, small disturbances are damped in such a way
that the original equilibrium solution is always recovered in an asymptotic limit. On the
other hand, if it is unstable, the disturbances are amplified in such a way that the original
equilibrium state cannot be recovered again. The study of the possible new states that
may arise after breaking the original equilibrium concerns the bifurcation theory which
will be treated later. For a more exhaustive review on the theory of dynamical systems as
well as on the theory of bifurcation I refer the reader to the books by Kuznetsov [85] and
Strogatz [125]. For a systematic review on the stability theory, focused on fluid dynamics
and heat transfer problems, I mention the books by Drazin and Reid [51], Schmid et al.
[118] and Chandrasekhar [38].

Among the different concepts of stability, the one proposed by Lyapunov [90] is
certainly one of the most used in the theory of dynamical systems. Namely, it states
that if x(t) is a dynamical variable and x0 is an equilibrium condition of a given dynamical
system, x0 is said to be stable, in the Lyapunov sense, if for an instant of time t = t0,
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for all ε > 0, there exists a δ(t0, ε) > 0 such that

||x(t0)− x0||< δ ⇒ ||x(t)− x0||< ε, ∀t ≥ t0. (3.1)

3.2 Linear analysis
Linear stability analysis is the branch of stability theory dealing with infinitesimal

disturbances. In general, the disturbances behave as plane waves and can be modelled
by Fourier modes. Once this assumption is made, the original problem can be reduced
to an eigenvalue problem (EVP) and two different approaches can be considered: one
based on the eigenvalues and the other one based on the eigenvectors. The latter one is
called by some authors as “stability without eigenvalue” [128] or “nonmodal stability”
[117]. Traditionally the study of linear stability has been made through the eigenvalue
approach, usually called modal analysis [73].

If one is interested in investigating the short–time dynamic behaviour of the disturb-
ances, the eigenvector analysis is the most suitable choice. The stability analysis without
eigenvalues is based on the loss of orthogonality of the eigenvectors [117] of the linear op-
erator, that may take place only if the linear operator is a non–normal one, which means
that it does not commute with its adjoint. On the other hand, considering that the loss
of orthogonality of the eigenvectors is due to a linear disturbance growth mechanism,
large amplitudes should be observed. This phenomenon is expected to be uncommon.

The eigenvalue analysis, instead, provides information about the asymptotic linear
growth of the single plane waves, or the single Fourier modes. In general, the particular
mode that becomes of interest is the most unstable one, or the one with the largest growth
rate. This kind of analysis can be interpreted as the upper parametric limit, above which
the infinitesimal disturbances present in the system start to grow asymptotically. In the
present study, just the eigenvalue approach is considered. In order to illustrate such an
analysis, consider the following generic dynamical system,

∂q(x, t)
∂t

= Fµ(x, t, q(x, t)), (3.2)

where q is the vector formed by the physical quantities of the problem, x is the spatial
position, t is the time, F is the operator that characterizes the specific problem and µ
is the vector formed by the control parameters. We suppose that such a system has a
stationary solution, called “basic solution” q0,

∂q0

∂t
= Fµ(x, t, q0) = 0. (3.3)

Such a basic solution, is observable if it is stable in relation to the disturbances.
In order to investigate the stability of such a solution, we consider that the physical
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quantities can be decomposed in two parts, namely the one relative to the basic solution
and another one relative to the perturbations,

q(x, t) = q0 + q̃(x, t), (3.4)

with q̃ � q0. After substituting in Equation (3.2), we have that the dynamics of q̃ is
given by

∂q̃(x, t)
∂t

= Fµ(x, t, q0 + q̃(x, t)). (3.5)

The right–hand side of Equation (3.5) can be expanded in a Taylor series, yielding

Fµ(x, t, q0 + q̃(x, t)) = Fµ(x, t, q0) + q̃

(
∂Fµ
∂q

)
q0

+O(q̃2), (3.6)

what allows one to write

∂q̃(x, t)
∂t

=
(
∂Fµ
∂q

)
q0

q̃(x, t) = Lµq̃(x, t) (3.7)

with
Lµ =

(
∂Fµ
∂q

)
q0

(3.8)

being the linear operator of the specific problem. The linearised problem then becomes

∂q̃(x, t)
∂t

= Lµ(x, t, q0)q̃(x, t). (3.9)

At this point, we assume that the disturbances are periodic in space what allow us
to apply a Fourier transform on the disturbance quantities q̃(x, t) [8]

q̂(k, t) = 1√
2π

∫ +∞

−∞
q̃(x, t)e−ikxdx, (3.10)

with its inverse transform given by

q̃(x, t) = 1√
2π

∫ +∞

−∞
q̂(k, t)eikxdk. (3.11)

Once the transformation is applied, we turn the dependence on x into a depend-
ence on k, a parameter with the physical meaning of a wave number. By looking at
Equation (3.11) it is clear that the disturbance is represented by a linear combination of
spatially–periodic wavelike signals. Physically, that means that the disturbances are a
plane waves infinitely wide in space. When applied to Equation (3.9), it yields
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∂q̂(k, t)
∂t

= L̂µ(k, t, q0)q̂(k, t), (3.12)

whose solution is given by

q̂(k, t) =
∑
n

eλntqn(k), (3.13)

whenever λ and q solve the eigenvalue problem

L̂µQ = QΛ (3.14)

where Λ is the diagonal matrix with the eigenvalues λn of L̂µ and Q is the eigenvector
matrix with qn being the eigenvectors. Alternatively, we may assume that the disturbance
solution is an arbitrary superposition of the disturbances, in which each one of the
disturbances may have different amplitudes,

q̂(k, t) =
∞∑
n

Anqn(k), (3.15)

where An is the solution of

dAn
dt = λnAn, (3.16)

that is,
An = An(0)eλnt. (3.17)

The solution of the disturbances linearised equations is then given by

q̂(k, t) =
∞∑
n

An(0)eλntqn(k), (3.18)

where λn is in general complex λn = sn + iω

q̂(k, t) =
∞∑
n

An(0)esnteiωntqn(k), (3.19)

with s being the growth rate of the disturbances and ω the frequency.
Let si be the maximum of all sn for a given k, then we have

If


si < 0 ⇒ Stable
si = 0 ⇒ Neutrally stable
si > 0 ⇒ Unstable

Similarly, the maximum of all si for all values of k is called s1, and occurs when
∂si/∂k = 0, where
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µ(kc) = µc

with kc being the critical wavenumber and µc is the critical value of µ.

3.2.1 Convective and absolute instabilities
Once the problem becomes unstable, it is necessary to distinguish between the nature

of the instability. From the point of view of the linear stability theory, it is possible to
classify the unstable state as convectively unstable or absolutely unstable. The distinc-
tion between both types of instability may be done by looking at the way that a given
equilibrium solution responds to an impulse. If the impulse decays asymptotically to zero
all around the domain, it is said to be stable. However, if it is amplified, the solution is
said to be unstable.

In the case of fluid dynamics, if the disturbances amplify as they are advected away
by the basic flow, they are said to be convectively unstable [68]. That means that by
observing at a fixed point in space, the impulse response decays asymptotically to zero.
On the other hand, if the problem is absolutely unstable, the disturbances grow in time
for a fixed point in space, so that the impulse response eventually starts to affect all the
domain [68].

In his book, Barletta [8] presents a thorough discussion about absolute instabilities
for convective flows in porous media. According to this author, a single normal mode
with a given wavenumber k is convectively unstable if s > 0. On the other hand, a
perturbation F(x, t) is absolutely unstable if it is absolutely integrable over all the real
x-axis and if

lim
t→+∞

|F(x, t)|= +∞, ∀x ∈ R. (3.20)

3.3 Weakly nonlinear analysis
The linear stability analysis provides information about the threshold to the instabil-

ity, as well as information about the wave disturbance modes, but it does not take into
account the interaction between the wave disturbances. As the problem becomes un-
stable from the linear point of view, that is when µ > µc, the equilibrium solution is
not observed any more and the system displays a bifurcation to a different state. In-
formations regarding the new equilibrium solution can be determined by tackling the
problem in different ways. A numerical simulation of the fully nonlinear system as well
as an experimental investigation are two possible choices that can be quite complicated
depending on the kind of problem. In this way, the weakly nonlinear analysis can be
an interesting way of approaching this problem from a theoretical point of view. The
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approach described in this section is similar to that used by Newell and Whitehead [95]
and in more recent papers by Bouteraa et al. [23] and Requilé et al. [115].

Once the instability threshold is exceeded, the disturbances start to grow with a
growth rate that is proportional to the distance from the critical point. In that sense, if
µ > µc we have that s1 > 0. By expanding the growth rate around the critical point, we
have

s1(µ) = s1(µc) +
(
∂s1

∂µ

)
µc

(µ− µc) +O
(
(µ− µc)2

)
, (3.21)

where s1(µc) = 0. Here, for simplicity it will be assumed that ωc = 0 and that no spatial
variations take place in the unstable region (k = kc). Thus, the temporal dynamics of
the amplitude of the unstable modes, given by Equation (3.16), can be formulated as

dA1

dt =
(
∂s1

∂µ

)
µc

(µ− µc)A1, (3.22)

confirming the previous idea that, in the vicinity of the first bifurcation point, the growth
rate varies proportionally to (µ− µc). The disturbances now can be expressed as,

q̂(kc, t) = A1(0)e(
∂s1
∂µ )

µc
(µ−µc)t

q1(kc). (3.23)
The linear dynamics suggests that, around the critical point, the time scale is a

different one, that is called slow time t2 ∼ O ((µ− µc)t). The disturbances solution
around the critical point then become,

q̂(kc, t) = A1(t2)q1(kc), (3.24)
or

q̃(x, t) = A1(t2)q1(kc)eikcx + c.c, (3.25)
with c.c representing the complex conjugate.

The aim of the present analysis is to determine the temporal evolution of A1(t2)
in the vicinity of the instability threshold. When a system bifurcates the first time,
the disturbances start to grow up to the saturation due to the nonlinear terms. If
the nonlinearities are not present, the disturbances grow infinitely in time. Since the
study of the interaction between the disturbances is out of the scope of a linear analysis,
it cannot give any kind of information about the saturation. The weakly non linear
analysis consists in developing the disturbances q̃ as a linear combination of all possible
interaction between the disturbance modes and their complex conjugate. Considering
that the amplitude of A1(t2) is small, we have that at O(A1(t2)) the linear problem is
recovered. At O(A1(t2)2) there is the interaction between the fundamental mode and
itself, yielding a harmonic mode and the fundamental mode and its complex conjugate,
yielding a nonlinear correction to the basic state. At O(A1(t2)3) there are more complex
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interactions. The interaction between the complex conjugate of the fundamental mode
with the harmonic of second order cause resonance with the fundamental mode that
must be eliminated. Similarly, the fundamental mode with the nonlinear correction,
originating another resonant term that must be eliminated as well. The elimination of
these terms means that linear growth is balanced by the resonant nonlinear terms. If
these nonlinear terms are not able to balance the linear growth, that means that it is
necessary to go beyond in the expansion around the criticality. This fact lead us to scale
the amplitude based on the distance to the criticality, namely

A(µ− µc) ∼ A3, (3.26)

which implies that
A ∼ (µ− µc)1/2. (3.27)

From the practical point of view, the analysis consists in applying an asymptotic
series for the disturbances,

q̃ = εq̃1 + ε2q̃2 + ε3q̃3 +O(ε4), (3.28)

and after substituting in the original equations, one can solve the problem for each order.
Then, if we assume that (µ− µc) ∼ O(ε2), we have that A ∼ O(ε). Such an assumption
implies that the new time scale may be defined as

t2 = ε2t, (3.29)

and also that the distance to criticality is given by

µ = µc + ε2µ2. (3.30)

After substituting all these definitions in the original equations, one can finally solve
the problem at first and second order. At third order, in order to determine the first
nonlinear correction to the linear growth, one applies the mathematical condition known
as the Fredholm alternative. It is worth to emphasize that, if the first nonlinear correction
to the linear growth is not enough, it is necessary to go beyond on the expansions, at
least up to the fifth order.
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Chapter 4

Numerical methodology

In this chapter, I will briefly describe the two main approaches employed for the
solution of the eigenvalue problems that are considered in the present thesis, namely the
shooting method and the matrix forming approach.

4.1 Shooting method
In the last chapter, the fundamentals of the linear theory was presented by consid-

ering an auxiliary system in which physical quantities depended just on time (t) and
on a homogeneous direction (x). In this section, I will treat the dependence on t and
x as a dependence on λ and k, that are the complex frequency and the wavenumber,
respectively. In addition, a dependence on a non–homogeneous direction z will be in-
troduced. Usually, the linear differential problem that comes from the stability analysis
is a boundary value problem, which means that the physical problem is bounded in one
or more direction. The linear eigenvalue problem can be solved by employing different
techniques, depending on the information that in sought. If the aim is to understand the
threshold values of the governing parameters for the onset of instability, the shooting
method is a suitable choice. For a more complete treatment of the shooting method, I
refer the reader to the books by Burden and Faires [34] and Hoffman and Frankel [65].

The shooting method consists in transforming a boundary value problem into a double
initial value problem. Then, by using the boundary conditions as target conditions for
a root finding method, one obtains the threshold values of the governing parameters.
Consider a generic linear differential equation like

∂2q
∂z2 = G(λ, k, µ,q), (4.1)

where q is a vector formed by the generic quantities q1 and q2, where q = (q1, q2)T
and G is a linear function of λ, k, µ and q. The other quantities λ, k and µ are the
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same quantities defined in Chapter 3. Considering that the boundaries are defined two,
namely z = 0 and z = H, for each variable two boundary conditions are necessary. For
this generic problem, the boundary conditions are given by

z = 0 : q1 = q01, q2 = q02 (4.2a)

z = H : q1 = qH1, q2 = qH2, (4.2b)

where q01, q02, qH1 and qH2 are, in a first instance, complex quantities. Here, the boundary
conditions are considered as the first type for simplicity, but it could be any kind of
boundary condition.

The shooting method consists in getting rid of the original boundary conditions in
one boundary, creating new unknown initial conditions on the other boundary, and then
solving the initial value problem. The initial value problem must have the same number
of initial values that had before of boundary conditions. That means that for the present
problem two new initial values must be imposed. Since in a first instance the quantities
are allowed to be complex, then the new initial conditions may be written as

z = 0 : ∂q1

∂z
= c1 = cr,1 + ici,1,

∂q2

∂z
= c2 = cr,2 + ici,2. (4.3)

Since the problem is homogeneous, the solution can be found up to a constant. For
this reason, one of the conditions can be rescaled, reducing the boundary conditions to

z = 0 : ∂q1

∂z
= 1, ∂q2

∂z
= c21 = cr,21 + ici,21. (4.4)

Now, it is possible to solve the initial value problem formed by Equation (4.1) together
with Equations (4.2a) and (4.4). The result of q depends on the control parameters. If
one is interested on the instability threshold, has to impose that s = 0, and that λ = iω.
For each value of k, µ, ω, cr,21 and ci,21 the solution of q changes and return a different
value of q(z = H). In the present case, lets consider that for each assigned value of
k we want to know the values of µ, ω, cr,21 and ci,21 that satisfies the neutral stability
condition as well as the original boundary conditions. In practice, we have to solve four
real equations:

{Re [q1(H)− qH1] , Im [q1(H)− qH1] ,Re [q2(H)− qH2] , Im [q2(H)− qH2]}
= {0, 0, 0, 0} (4.5)

and four unknown real variables to recover, namely

{µ, ω, cr,21, ci,21}. (4.6)
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The initial value problem can be solved by any numerical method that solves ordinary
differential equations with a given initial condition. Then, to find the exact values of (4.6)
that satisfies (4.5), a root–finding method is applied. In the present work, the symbolic
computation software Mathematica [69], and their built–in functions, are employed. The
initial value problem is solved by using a fourth order Runge–Kutta method and the
root–finding procedure is carried out by using a Newton–Raphson method.

4.1.1 Critical condition
For each assigned values of k there is at least one correspondent value of µ that

is relative to the neutral stability condition. Once the neutral stability conditions are
determined, one may seek for the absolute minimum of µ over all values of µ(k) that
identifies µc, kc and ωc, i.e. the critical values of µ, k and ω respectively. A method
employed to obtain directly these critical values is by taking the derivative of Equa-
tions (4.2) with respect to the wave number, k, and then by imposing the constraint
dµ/dk = 0, leading to

∂2qk
∂z2 = Gk(λ, k, µ,q, λk,qk), (4.7)

where the subscript k means a parametric derivative with respect to k. The boundary
condition of this new system are given by

z = 0 : qk,1 = qk,01, qk,2 = qk,02 (4.8a)

z = H : qk,1 = qk,H1, qk,2 = qk,H2, (4.8b)

where qk,01, qk,02, qk,H1 and qk,H2 are complex quantities correspondent to the derivative
of the original quantities given by (4.2) with respect to k.

The extended system made of Equations (4.1) and (4.7) is solved by using the same
procedure as described in Section 4.1.

4.2 Matrix forming
As explained in the last section, when using the shooting method, the solution is

given point–by–point, that is for each value of k. The impracticality of building an auto-
matic routine to detect all possible eigenvalue branches when solving Equation (4.1) is
evident. An alternative methodology that gives more control on the different eigenvalue
branches is the matrix forming one, which consists in reformulating the differential prob-
lem given by Equation (4.1), and the subsequent transformation of it in an algebraic
matrix eigenvalue problem. Equation (4.1) can be rewritten as a generalized eigenvalue
problem
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L1q = λL2q, (4.9)

where L1 and L2 are the linear operators which depends on k and µ and contain already
the information regarding the boundary conditions (4.2a) and (4.4). As in the previous
section, λ is the eigenvalue.

In the matrix–forming approach, for each assigned value of k and µ the whole eigen-
value spectrum is calculated, not just specific modes. In the present work the differential
operators are transformed in algebraic ones by adopting the Chebyshev–Gauss–Lobatto
pseudo–spectral method described in Boyd [24], Juniper et al. [73] and El-Baghdady and
El-Azab [54] is used. The differential eigenvalue problem then becomes an algebraic ei-
genvalue problem which can be solved in different ways. In this study, the QZ algorithm
from the Fortran library Linear Algebra PACKage (LAPACK) [7] is used.
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Chapter 5

A horizontal porous layer with
vertical pressure gradient saturated
by a power–law fluid

5.1 Introduction
An important variant of the Horton–Rogers–Lapwood problem concerns a vertical,

instead of horizontal, throughflow in a porous channel. This phenomenon is usually found
in geophysical applications. Zhao et al. [138] approached in their book the convective
heat transfer in geological systems. They pointed out the importance of convection
on the comprehension of different natural phenomena such as mineralization, and how
some natural geological flows are caused by a vertical pressure difference. Among the
pioneering studies that dealt with the onset of convection in horizontal porous channels
with vertical throughflow, those by Sutton [126] and by Homsy and Sherwood [66] deserve
to be mentioned.

Barletta et al. [16] extended the work carried out by Homsy and Sherwood [66] by
tanking into considerations the effects of viscous dissipation. Subsequently, Barletta and
Storesletten [15] took into account the role of the non–Newtonian rheology described
by a power–law model on the onset of instability in a porous channel with vertical
throughflow. Jones and Persichetti [71] investigated the effect of vertical throughflow
under different configurations.

The present study focuses on the investigation of the effect of the vertical throughflow
caused by a pressure gradient on the onset of convection in a porous channel saturated
by a non–Newtonian fluid whose rheology is described by a power–law model. The linear
stability theory is applied and the resulting mathematical problem is solved numerically.
For some specific cases, analytical solutions can be found.

The contents of this chapter is based on the paper by Brandão, P. V., Celli, M.,
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Barletta, A. and Alves, L. S. de B., Convection in a horizontal porous layer with ver-
tical pressure gradient saturated by a power–law fluid, Transport in Porous Media,
doi:10.1007/s11242-019-01328-5 [27].

5.2 Mathematical model
A porous channel with permeable walls saturated by a power–law fluid is considered

here. A local thermal equilibrium between the solid and fluid phases is assumed. The
Oberbeck–Boussinesq approximation is considered as valid and Darcy’s law is generalised
to model the non–Newtonian behaviour of the power–law fluid [120]. The governing
equations, namely the mass balance, the momentum balance and the energy balance
equations, may be written in their dimensional form as

∇ · u = 0, (5.1a)

ηef
K
|u|n−1u = −∇p− ρ0gβ(T − T0), (5.1b)

σ
∂T

∂t
+ u ·∇T = χ∇2T, (5.1c)

where ηef/K coincides with µ/K when n = 1, i.e., the Newtonian case, and it can be
written as in Equation (2.46)

ηef
K

= 2κµ
(

3Φ
50K

)(n+1)/2 (3n+ 1
nΦ

)n
. (5.2)

Here, ηef is the effective consistency factor of the power–law fluid, κ is the tortuosity.
Christopher and Middleman [42] assumed that κ is a constant equal to 25/12. Moreover,
K is the permeability, p is the dynamic pressure, ρ0 is the fluid density at the reference
temperature T0, β is the thermal expansion coefficient of the fluid, g is the gravity
acceleration with modulus g, n is the power–law index, t is the time, σ is the ratio
between the average volumetric heat capacity of the saturated porous medium and the
volumetric heat capacity of the fluid, χ is the effective thermal diffusivity of the porous
medium, µ is the consistency factor and Φ is the porosity.

The horizontal porous channel is limited by isothermal and isobaric permeable walls,
in such way that a vertical throughflow is present and the boundary conditions are given
by

z = 0 : p = p0 + ∆p, T = T0 + ∆T, (5.3a)

z = H : p = p0, T = T0. (5.3b)
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5.2.1 Dimensionless formulation
The following dimensionless quantities can be introduced,

1
H

(x, y, z)→ (x, y, z), H

χ
u→ u,

χ

σH2 t→ t,

T − T0

∆T → T,
p− p0

∆p → p, (5.4)

as well as the dimensionless parameters

Ra = ρ0gβ∆TKHn

ηefχn
, Λ = Hn−1K∆p

ηefχn
, (5.5)

with Ra being the non–Newtonian Darcy–Rayleigh number and Λ a control parameter
based on quantities relative to the fluid and the flow. At this point, one can write the
dimensionless governing equations as

∇ · u = 0, (5.6a)

|u|n−1u = −Λ∇p+RaTez, (5.6b)
∂T

∂t
+ u ·∇T = ∇2T, (5.6c)

where ez is the unit vector in the z direction. The dimensionless formulation of the
boundary conditions is given by

z = 0 : p = 1, T = 1, (5.7a)

z = 1 : p = 0, T = 0. (5.7b)

5.2.2 Steady state
The onset of convection is understood as the modification of a basic equilibrium

solution and the emergence of a different state. The basic state is a steady solution
of the problem where the pressure difference between the boundaries creates a vertical
throughflow. From the local mass balance equation, one can conclude that such a vertical
throughflow is uniform and its dimensionless form involves the Péclet number,

ub = {0, 0, P e}, (5.8)

where the subscript b stands for basic solution and Pe the Péclet number based on the
dimensional vertical velocity due to the pressure difference on the boundaries. The basic
temperature is expressed as

Tb(z) = ePe − ePez
ePe − 1 . (5.9)

36



From Equation (5.6b), one obtains

Pen = −Λdpb
dz +RaTb. (5.10)

On account of Equation (5.9), one obtains an expression for dpb/dz,

dpb
dz = Pe1+n − ePePe1+n + ePePeRa− ePezPeRa

(ePe − 1)PeΛ . (5.11)

Finally, by integrating Equation (5.11), the parameter Λ can be written as

Λ = Pen +
( 1

1− ePe + 1
Pe
− 1

)
Ra. (5.12)

5.3 Linear stability analysis
The x and y components of Equation (5.6b) are

|u|n−1u = −Λ∂p
∂x

(5.13a)

|u|n−1v = −Λ∂p
∂y

(5.13b)

which means u = v = 0 at the both upper and the lower boundaries where the pressure
is uniform. Moreover, from Equation (5.6a) one obtains ∂w/∂z = 0 at the boundaries.

In order to reduce the number of variables and simplify the analysis, one can get rid
of the dependence on the pressure by taking the curl of Equation (5.6b). In this way, the
governing equations are expressed as a function of the velocity and temperature fields

∇ · u = 0, (5.14a)

∇×
(
|u|n−1u

)
= ∇× (RaTez) , (5.14b)

∂T

∂t
+ u ·∇T = ∇2T. (5.14c)

For the linear stability analysis, it is assumed that the physical quantities can be
decomposed into a basic part and another one relative to the disturbances, as explained
in Section 3.2,

u = ub + εũ, T = Tb + εT̃ . (5.15)
Here, ε � 1 represents the order of magnitude of the disturbances. By substituting

Equation (5.15) into Equations (5.14), and by neglecting terms of O(ε2), the linearised
equations are achieved

∂ũ

∂x
+ ∂ṽ

∂y
+ ∂w̃

∂z
= 0, (5.16a)
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n
∂w̃

∂y
− ∂ṽ

∂z
= Ra

|Pe|n−1
∂T̃

∂y
, (5.16b)

n
∂w̃

∂x
− ∂ũ

∂z
= Ra

|Pe|n−1
∂T̃

∂x
, (5.16c)

∂ũ

∂y
− ∂ṽ

∂x
= 0, (5.16d)

∂T̃

∂t
+ w̃

dTb
dz + Pe

∂T̃

∂z
= ∂2T̃

∂x2 + ∂2T̃

∂y2 + ∂2T̃

∂z2 , (5.16e)

z = 0, 1 : ∂w̃

∂z
= 0, T̃ = 0. (5.16f)

After some algebraic manipulations, it is possible to reduce Equations (5.16) to a
formulation involving only the temperature and the vertical component of the velocity,
for the disturbances

n

(
∂2w̃

∂x2 + ∂2w̃

∂y2

)
+ ∂2w̃

∂z2 = Ra

|Pe|n−1

(
∂2T̃

∂x2 + ∂2T̃

∂y2

)
, (5.17a)

∂T̃

∂t
+ w̃

dTb
dz + Pe

∂T̃

∂z
= ∂2T̃

∂x2 + ∂2T̃

∂y2 + ∂2T̃

∂z2 , (5.17b)

z = 0, 1 : ∂w̃

∂z
= 0, T̃ = 0. (5.17c)

It is assumed that the disturbances can be represented as a superposition of normal
modes as already discussed in Section 3.2. Such modes are given by

w̃(x, y, z, t) = ŵ(z) ei(kxx+kyy−ωt), (5.18a)

T̃ (x, y, z, t) = T̂ (z) ei(kxx+kyy−ωt), (5.18b)

where kx and ky are the complex wave numbers in the x and y directions, respectively,
and ω is the complex frequency. By substituting Equations (5.18) into Equations (5.17),
one obtains the differential eigenvalue problem,

ŵ′′ − (k2
x + k2

y)(n ŵ −
Ra

|Pe|n−1 T̂ ) = 0, (5.19a)

T̂ ′′ − Pe T̂ ′ − (k2
x + k2

y − iω)T̂ + ePez
ePe − 1Pe ŵ = 0, (5.19b)

z = 0, 1 : ŵ′ = 0, T̂ = 0, (5.19c)
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where the primes denote derivatives with respect to z. Here, in Equations (5.19a) and
(5.19b) the Squire transformation k2 = k2

x+k2
y is applied. This yields a two–dimensional

modal stability analysis.
The differential eigenvalue problem represented by Equations (5.19) is solved numer-

ically by means of the shooting–method as described in Section 4.1. Once the neutral
stability conditions are established, one may identify the critical values, kc, Rac, and ωc
by seeking for the absolute minimum of Ra on the neutral stability curve. A method to
obtain directly these critical values is described in Section 4.1.1

5.4 Results and discussion

5.4.1 Validation
In order to verify the correctness of the present numerical calculations, the results

for a Newtonian fluid are considered and they are compared with the results available
in the literature. In particular, Jones and Persichetti [71] present the value of Rac as a
function of Pe for different types of boundary conditions, including the ones used in the
present study. In Figure 5.1, a good agreement between the data evaluated by Jones and
Persichetti [71] and those obtained here is displayed. The vertical dashed line represents
the value of Pe beyond which the critical wave number shifts from zero to a positive
value. This situation will be discussed better later on. It is important to remark that
small deviations that can be observed in Figure 5.1 are attributed to the process of
reading the data from the plot.
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Figure 5.1: Critical Rayleigh number as a function of Pe for n = 1: comparison between
present results (continuous line) and those obtained by Jones and Persichetti [71] (dots)

5.4.2 Neutral stability condition
In the present section, the neutral stability condition is presented in the form of

neutral stability curves in the parametric plane (k,Ra). For a given value of the power–
law index n and of the Péclet number Pe, a single neutral stability curve is shown.
Figure 5.2 shows the instability threshold for different values of the power–law index.
Different frames are considered with Pe = 0.1, 1, 2, 5.
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Figure 5.2: Neutral stability curves for Pe = 0.1, Pe = 1, Pe = 2 and Pe = 5 in a
semi-logarithmic scale; dots identify the critical conditions for the onset of convection.

These figures reveal that, for k → 0, the Rayleigh number approaches a finite limit,
Ra0, under all the parametric conditions examined. Moreover, for small Pe, the minimum
value of Ra along these curves, i.e., the critical Rayleigh number, Rac, is located at k = 0
in such a way that Rac = Ra0. However, this condition is not true for all cases. For
instance, one may note that, for Pe = 5, the neutral stability curves relative to n = 1.5
and n = 2 display the critical condition with kc > 0. Furthermore, it is worth to mention
that all the modes pertinent to neutral stability are stationary, i.e., the real part of the
frequency is zero, ωr = 0. Such a result is expected since the throughflow along the
vertical direction implies an invariance by rotations around the z axis. This symmetry
holds also in the classical Darcy–Bénard problem.

5.4.3 Asymptotic analysis for small values of k
The numerical results suggests that an asymptotic analysis can be developed in order

to obtain analytically the neutral stability condition in the limiting case k → 0. The
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power series expansions with respect to k are given by

ŵ = ŵ0 + kŵ1 + k2ŵ2 + . . .+ knŵn + . . . , (5.20a)

T̂ = T̂0 + kT̂1 + k2T̂2 + . . .+ knT̂n + . . . , (5.20b)

Ra = Ra0 + kRa1 + k2Ra2 + . . .+ knRan + . . . . (5.20c)

By substituting Equation (5.20) into Equations (5.19), one obtains a sequence of
boundary value problems to be solved iteratively. Again, the the scale fixing condition
ŵ(0) = 1 is used, meaning ŵ0(0) = 1 and ŵn(0) = 0 for every n > 0. To zero order in k
we have

ŵ′′0 = 0, (5.21a)

T̂ ′′0 − Pe T̂ ′0 + ePez
ePe − 1Pe ŵ0 = 0, (5.21b)

z = 0 : ŵ0 = 1, ŵ′0 = 0, T̂0 = 0,
z = 1 : ŵ′0 = 0, T̂0 = 0, (5.21c)

which yields
ŵ0(z) = 1, (5.22a)

T̂0(z) = −ePe + ePe+Pez(z − 1)− ePezz
(ePe − 1)2 . (5.22b)

At first order in k, the resulting equations are given by

ŵ′′1 = 0, (5.23a)

T̂ ′′1 − Pe T̂ ′1 + ePez
ePe − 1Pe ŵ1 = 0, (5.23b)

z = 0 : ŵ1 = 0, ŵ′1 = 0, T̂1 = 0,
z = 1 : ŵ′1 = 0, T̂1 = 0, (5.23c)

whose solution is ŵ1 = T̂1 = 0. At the second order in k, one has

ŵ′′2 − n ŵ0 + Ra0

|Pe|n−1 T̂0 = 0, (5.24a)

T̂ ′′2 − Pe T̂ ′2 − T̂0 + ePez
ePe − 1Pe ŵ2 = 0, (5.24b)
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z = 0 : ŵ2 = 0, ŵ′2 = 0, T̂2 = 0,
z = 1 : ŵ′2 = 0, T̂2 = 0. (5.24c)

The expressions for ŵ2 and T̂2 are omitted in the interest of brevity. Moreover, the
boundary conditions (5.24) allow one to obtain Ra0 analytically as a function of Pe and
n, namely

Ra0 = 4nPen+1

4− Pe2 cosh (Pe/2)2 . (5.25)

Higher order solutions allow one to determine analytical expressions for Ra1 and
Ra2. One finds that Ra1 = 0 while Ra2 is a function of Pe and n whose signal changes
from positive to negative as Pe increases. Table 5.1 compares the values of Ra0 ob-
tained numerically and those obtained analytically. Numerical data are provided for
k = 10−2, 10−4, 10−6, 10−8 as an approximation of the limiting case k → 0. It is worth
noting that, for k = 10−4, the numerical and the analytical results in the limit k → 0
are in agreement within eight significant.
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Table 5.1: Comparison between numerical and analytical results for Ra considering the
case of vanishing wave number for Pe = 0.1. Subscripts N and A stand for numerical
and analytical, respectively.

n
Ra0,N Ra0,A

k = 10−2 k = 10−4 k = 10−6 k = 10−8 k → 0
0.1 9.5368002 9.5367053 9.5367053 9.5367053 9.5367053
0.2 15.150699 15.150549 15.150549 15.150549 15.150549
0.3 18.051941 18.051763 18.051763 18.051763 18.051763
0.4 19.118887 19.118700 19.118700 19.118700 19.118700
0.5 18.983339 18.983154 18.983154 18.983154 18.983154
0.6 18.094802 18.094626 18.094626 18.094626 18.094626
0.7 16.768746 16.768584 16.768584 16.768584 16.768584
0.8 15.222729 15.222583 15.222583 15.222583 15.222583
0.9 13.603322 13.603193 13.603193 13.603193 13.603193
1.0 12.006115 12.006001 12.006001 12.006001 12.006001
1.1 10.490475 10.490376 10.490376 10.490376 10.490376
1.2 9.0904148 9.0903291 9.0903291 9.0903291 9.0903291
1.3 7.8225039 7.8224305 7.8224305 7.8224305 7.8224305
1.4 6.6916073 6.6915449 6.6915449 6.6915449 6.6915449
1.5 5.6949990 5.6949461 5.6949461 5.6949461 5.6949461
1.6 4.8252782 4.8252336 4.8252336 4.8252336 4.8252336
1.7 4.0724079 4.0723705 4.0723705 4.0723705 4.0723705
1.8 3.4251125 3.4250812 3.4250812 3.4250812 3.4250812
1.9 2.8718114 2.8717853 2.8717853 2.8717853 2.8717853
2.0 2.4012218 2.4012001 2.4012001 2.4012001 2.4012001

For a given value of n, it is important to evaluate the threshold value, Peth, of the
Péclet number such that Rac = Ra0 for Pe 6 Peth. These values can be determined
by imposing Ra2 = 0. Indeed, this condition remarks a change in the concavity of the
function Ra(k) in the vicinity of k = 0. The values of Peth are reported in Table 5.2.
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Table 5.2: Threshold values of Pe, for different values of n, where the critical value of
Ra switches from a vanishing to a finite wave number.

n Peth
0.1 11.776849
0.2 9.3823306
0.3 8.2475072
0.4 7.5280494
0.5 7.0096499
0.6 6.6081057
0.7 6.2822806
0.8 6.0092045
0.9 5.7748272
1.0 5.5699654
1.1 5.3883060
1.2 5.2253331
1.3 5.0777104
1.4 4.9429072
1.5 4.8189603
1.6 4.7043179
1.7 4.5977330
1.8 4.4981891
1.9 4.4048472
2.0 4.3170075

A wider range of values of n, is considered in Figure 5.3 where a plot of Peth versus
n is reported. The results reported in this figure suggest that for n → 0 the threshold
value of Pe tends to infinity, while for n→∞ the threshold value of Pe tends to zero.
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Figure 5.3: Critical Pe as a function of n separating the parametric region where the
onset of instability occurs due to uniform disturbances or not

Figure 5.4 shows Rac as a function of Pe for different values of n. These results show
that the relaxation of the constraint of Newtonian behaviour has either a stabilising or
a destabilising effect depending on the value of the Péclet number. For a given n 6= 1,
there exists a Péclet number such that Rac coincides with the critical Rayleigh number
of a Newtonian fluid (n = 1). This behaviour is illustrated in Figure 5.5, where the
vertical dashed line marks the transition from pseudoplastic to dilatant rheology. The
right–hand frame of Figure 5.4 shows that Rac for the Newtonian case with Pe > 0 is
always larger than its limit for vanishing Pe, i.e. Rac = 12. It is worth to mention that
the range explored in Figure 5.4 is one where kc = 0, so that Rac = Ra0.

A general overview of the critical values of Ra and k is presented in Figure 5.6. The
dotted line in the left–hand frame marks the transition from a low–Pe regime where
kc = 0 to a high–Pe regime where kc > 0. The dashed lines are relative to the values
of Ra0. This transition is highlighted also in the right–hand frame where the plots of kc
versus Pe are shown.
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Figure 5.4: Plots of Rac versus Pe for different values of n.

On account of Eq (5.25), when Pe→ 0, three cases can be considered depending on
the pseudoplastic, Newtonian, or dilatant behaviour of the fluid, namely

lim
Pe→0

Rac = lim
Pe→0

Ra0 =


∞ if n < 1
12 if n = 1
0 if n > 1

. (5.26)

The result agrees with the behaviour displayed in Figure 5.4 and Figure 5.6. In the
absence of vertical throughflow, Pe = 0, the base flow is unstable for dilatant fluids
and stable for pseudoplastic fluids. While for Newtonian fluids the onset of instability
occurs for Rac = 12, which coincides with the result reported by Nield [97] and Jones
and Persichetti [71].
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Figure 5.5: Value of Pe versus n where the non–Newtonian and the Newtonian values
of Rac coincide.
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Figure 5.6: Rac (solid) and Ra0 (dashed) versus Pe for different values of n (left–hand
frame); kc versus Pe for different values of n (right–hand frame).

5.5 Conclusions
The vertical throughflow in a horizontal porous layer with permeable boundaries sat-

urated by a power–law fluid has been investigated in this chapter. The onset of the
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buoyancy–driven instability has been studied by means of a linear analysis and the res-
ults have been reported through the neutral stability curves and the critical values of the
Rayleigh number, Ra, and of the perturbation wave number, k. Governing parameters
influencing the onset conditions are the power–law index, n, and the dimensionless flow
rate, represented by the Péclet number, Pe. It has been shown that the neutral stability
condition for a vanishing wave number always corresponds to a finite value of Ra, de-
noted as Ra0. This regime of infinite wavelength perturbations has been investigated by
employing an asymptotic analysis. A good agreement between the asymptotic solutions
and the numerical solution for k → 0 has been found. Furthermore, for small values of
Pe the neutral stability condition for k → 0 yields the critical Darcy–Rayleigh number,
i.e. Rac = Ra0.

The linear stability analysis evidenced that, for sufficiently small values of Pe, the
pseudoplastic fluids turn out to be more stable than the Newtonian fluids, while the
dilatant fluids are less stable. An opposite conclusion can be made for larger values of
Péclet, where the most stable behaviour is observed for dilatant fluids. Moreover, the
linear instability arises with infinite wavelength perturbations once that Pe is below a
threshold which depends on the power–law index, n. In particular, the threshold value
of Pe is a monotonic decreasing function of n.
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Chapter 6

A vertical throughflow of a
power–law fluid saturating a porous
cylinder with arbitrary cross–section

6.1 Introduction
As commented by Shenoy [120] in his book and pointed out in Chapter 5, convection

heat transfer may be of interest also when non–Newtonian fluids saturate porous media.
Processes involving oil recovery and its enhancement, ceramic processing and filtration
are some examples of non–Newtonian fluid flows in porous media. For these processes,
it can be interesting to deal with vertical throughflows in confined spaces.

As mentioned in the previous chapter, Sutton [126] and Homsy and Sherwood [66]
were two of the pioneers in extending the classical HRL problem by considering the hori-
zontal walls as permeable and consequently allowing the presence of a vertical through-
flow.

More recently, different studies have been done in this direction including more com-
plex effects. Barletta et al. [16] studied the effect of a vertical throughflow on the onset
of convection in a horizontal porous channel, by taking into consideration the effect of
heat generated by viscous dissipation inside the channel. Alves and Barletta [3] invest-
igated the role of a non–Newtonian behaviour on the transition to instability, but yet
considering horizontal throughflow. Barletta and Storesletten [15] investigated the effect
of vertical throughflow on the onset of instability for power–law fluids.

The present chapter presents a study of the effect of the lateral confinement on the
transition to instability for vertical throughflow in a horizontal porous channel saturated
by a non–Newtonian fluid of power–law type. In their paper, Barletta and Storesletten
[14] have already concluded, for the special case of a Newtonian fluid, that the geo-
metry of a vertical permeable and conducting cylinder does not affect the eigenvalue
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problem solution and, consequently, the onset of instability. Although this conclusion
can be expected to hold also for a more complex fluid rheology, this topic is worth to
be investigated. In order to carry out such an investigation, a linear stability analysis is
employed.

The contents of this chapter are based on the paper by Brandão, P. V., Celli, M.,
Barletta, A. and Storesletten, L., Thermally unstable throughflow of a power–law fluid in
a vertical porous cylinder with arbitrary cross–section, International Journal of Thermal
Sciences, doi:10.1016/j.ijthermalsci.2020.106616, [25].

6.2 Mathematical model
A vertical porous cylinder saturated by an Ostwald–de Waele (power–law) fluid is

considered. The cylinder with arbitrary cross–section is bounded by two horizontal
permeable planes, which allow the presence of a vertical troughflow. Let the vertical
z axis be parallel to the gravitational acceleration g, but with opposite direction (see
Figure 6.1). The sidewall boundary is impermeable and adiabatic, while the horizontal
boundary planes, at z = 0 and z = H, are permeable and isothermal with temperatures
T = T0 +∆T and T = T0, respectively. Here, T is the temperature field, T0 is a reference
temperature and ∆T is a positive temperature difference.

g

z

H

Figure 6.1: Sketch of the porous cylinder laterally confined by an arbitrarily shaped
sidewall

6.2.1 Governing equations
When a power–law fluid saturates a porous medium and the flow is driven by the

thermal buoyancy force, the appropriate model can be based on the Oberbeck–Boussinesq
approximation and on the generalized Darcy’s law showed in Equation (2.46). The
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generalised Darcy’s law, together with the equations for local mass balance and energy
balance, yield

∇ · u = 0, (6.1a)
ηef
K
|u|n−1u = −∇p− ρ0gβ(T − T0), (6.1b)

σ
∂T

∂t
+ u ·∇T = χ∇2T, (6.1c)

where u is the velocity with Cartesian components (u, v, w), ηef is the effective consist-
ency factor, K is the permeability and p is the local difference between the pressure and
the hydrostatic pressure, ρ0 is the density of the fluid at temperature T0, while β is the
thermal expansion coefficient of the fluid. Time is denoted by t, σ is the ratio between
the average volumetric heat capacity of the saturated porous medium and the volumetric
heat capacity of the fluid and χ is the effective thermal diffusivity of the porous medium.
The effective consistency factor ηef depends on the power–law index n, on the consist-
ency factor of the power–law fluid, on the permeability K, as well as on the porosity and
on the tortuosity as it can be seen in the Section 2.4.2.

The lateral sidewall of the vertical cylinder, with cross–section A, is bounded by a
closed, piecewise differentiable curve ∂A in the (x, y) plane. The curve ∂A is defined by
the equation

F (x, y) = 0. (6.2)

A vertical throughflow in the porous cylinder is induced by the following boundary
conditions:

z = 0, x, y ∈ A : w = w0, T = T0 + ∆T, (6.3a)

z = H, x, y ∈ A : w = w0, T = T0, (6.3b)

F (x, y) = 0, 0 < z < H : n · u = n ·∇T = 0, (6.3c)

where w0 is the prescribed vertical fluid velocity and n is the unit outward normal to
the cylinder sidewall. Thus, n lies on the (x, y) plane.

6.2.2 Dimensionless quantities
Now, the dimensional quantities and operators are scaled in order to define a dimen-

sionless formulation

1
H

x→ x,
H

χ
u→ u,

χ

σH2 t→ t,

T − T0

∆T → T, H∇→∇, H2∇2 → ∇2. (6.4)
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The dimensionless parameters Ra and Pe are defined as

Ra = ρ0gβ∆TKHn

ηefχn
, P e = w0H

χ
, (6.5)

where g is the modulus of g. The dimensionless parameter Ra is the non–Newtonian
Darcy–Rayleigh number, while Pe is the Péclet number. The instability is possible only
if Ra is positive. On the other hand, Pe may assume both positive and negative values.
A positive Pe means an upward throughflow and a negative Pe means a downward
throughflow.

By employing the dimensionless quantities defined by Equations (6.4) and (6.5),
Equations (6.1) can be written as

∇ · u = 0, (6.6a)
∇× (|u|n−1u) = Ra∇× (Tez), (6.6b)

∂T

∂t
+ u ·∇T = ∇2T, (6.6c)

where ez is the unit vector in the z direction. Equation (6.6b) is obtained by applying
the curl operator to both sides of Equation (6.1b), so that the dynamic pressure field is
eliminated from the original governing equations.

The dimensionless boundary conditions (6.3) can be rewritten in a dimensionless form
as

z = 0, x, y ∈ A : w = Pe, T = 1, (6.7a)
z = 1, x, y ∈ A : w = Pe, T = 0, (6.7b)

F (x, y) = 0, 0 < z < 1 : n · u = n ·∇T = 0. (6.7c)
It is interesting to note that, in the interest of simplicity, the same notation for the
dimensionless equation, F (x, y) = 0, is adopted to characterise the dimensional boundary
in the (x, y) plane. In the former case we deal with dimensionless coordinates. Moreover,
the function F itself is different from that employed with dimensional coordinates, unless
F is homogeneous, which is a special case. In the following, A and ∂A are considered as
the dimensionless cross–section of the cylinder and its boundary, respectively.

6.2.3 Base flow state
A stationary solution of Equations (6.6) and (6.7) is given by a uniform vertical

throughflow with a purely vertical temperature gradient dTb/dz, namely

ub = 0, vb = 0, wb = Pe, Tb(z) = ePe − ePez

ePe − 1 . (6.8)

where the subscript “b” stands for basic state.
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6.3 Small–amplitude perturbations
A stability analysis of the vertical base flow is now carried out under the assumption

of small–amplitude perturbations, as presented in the Section 3.2.

6.3.1 Disturbance equations
The stability of the system is studied by decomposing the flow quantities into a basic

part (6.8) and another one relative to the disturbances. The velocity and temperature
fields are then expressed as

u = Pe ez + εũ, T = Tb(z) + εT̃ , (6.9)

where ũ = (ũ, ṽ, w̃) and T̃ are the perturbation fields and ε � 1 is an infinitesimal
perturbation parameter such that, hereafter, terms O(ε2) are considered as negligible.

Thus, substituting Equation (6.9) into Equations (6.6) yields a linearised system of
governing equations for the disturbances given by

∂ũ

∂x
+ ∂ṽ

∂y
+ ∂w̃

∂z
= 0, (6.10a)

n
∂w̃

∂y
− ∂ṽ

∂z
= Ra

|Pe|n−1
∂T̃

∂y
, (6.10b)

n
∂w̃

∂x
− ∂ũ

∂z
= Ra

|Pe|n−1
∂T̃

∂x
, (6.10c)

∂ṽ

∂x
− ∂ũ

∂y
= 0, (6.10d)

∂T̃

∂t
+ w̃

∂Tb
∂z

+ Pe
∂T̃

∂z
= ∇2T̃ , (6.10e)

which are subject to the boundary conditions

z = 0, 1, x, y ∈ A : w̃ = T̃ = 0, (6.11a)

F (x, y) = 0, 0 < z < 1 : n · ũ = n ·∇T̃ = 0. (6.11b)
For practical reasons, it can be convenient to rewrite the linearised equations accord-

ing to a w̃–T̃ formulation. Thus, by rearranging Equations (6.10) and (6.11), one has

n

(
∂2w̃

∂x2 + ∂2w̃

∂y2

)
+ ∂2w̃

∂z2 =

Ra

|Pe|n−1

(
∂2T̃

∂x2 + ∂2T̃

∂y2

)
, (6.12a)
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∂T̃

∂t
+ w̃

dTb
dz + Pe

∂T̃

∂z
= ∂2T̃

∂x2 + ∂2T̃

∂y2 + ∂2T̃

∂z2 . (6.12b)

z = 0, 1, x, y ∈ A : w̃ = T̃ = 0, (6.12c)

F (x, y) = 0, 0 < z < 1 : n ·∇w̃ = n ·∇T̃ = 0. (6.12d)

With the new formulation, all the boundary conditions must be expressed in terms
of w̃ and T̃ , as in Equation (6.12d). In particular, the boundary conditions for w̃ in
Equation (6.12d) can be derived by evaluating the scalar product of the momentum
balance equation in the (x, y) plane, expressed by Equations (6.10b) and (6.10c), with
the unit normal n to the curve ∂A, namely

n n ·∇w̃ − ∂ (n · ũ)
∂z

= Ra

|Pe|n−1 n ·∇T̃ . (6.13)

Then, by employing Equation (6.13) for (x, y) ∈ ∂A, and by taking into account
Equation (6.11b), it is obtained

n ·∇w̃ = 0, (6.14)

which is the boundary condition for w̃ reported in Equation (6.12d).

6.3.2 Eigenvalue problem
In order to determine the instability threshold, i.e. the neutral stability condition,

the disturbances are expressed as normal modes periodic in time,

T̃ = T̂ (z) f(x, y) ei ω t, (6.15a)

w̃ = ŵ(z) f(x, y) ei ω t, (6.15b)

where ω is the angular frequency and f(x, y) is a solution of the two–dimensional Helm-
holtz equation with Neumann boundary conditions at F (x, y) = 0, namely

∇2
2 f(x, y) = −α2 f(x, y), (6.16a)

F (x, y) = 0 : n ·∇f(x, y) = 0, (6.16b)

where α is the wavenumber.
Due to the symmetry under rotations around the z axis, observed both in the gov-

erning equations and in the basic flow state, the principle of exchange of stabilities is
expected to hold (see, for instance, Alves and Barletta [3] and Barletta and Storesletten
[15]). Thus, the condition ω = 0 can be set. Although this result cannot be proved
theoretically for the present problem, the validity of the principle is verified numerically
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for every case examined in the following. By employing Equations (6.15) and (6.16),
Equations (6.12) yield

ŵ′′ − nα2 ŵ + Ra

|Pe|n−1 α
2 T̂ = 0, (6.17a)

T̂ ′′ − Pe T̂ ′ − (α2 + iω) T̂ + PeG(z) ŵ = 0, (6.17b)

z = 0, 1 : ŵ = T̂ = 0, (6.17c)

Here, the primes denote differentiation with respect to z and G(z) is defined as

G(z) = − 1
Pe

dTb
dz = ePez

ePe − 1 . (6.18)

By looking at the eigenvalue problem defined by Equations (6.17), some conclusions
can be made regarding the role played by the sign of Pe. In principle, Pe may as-
sume either positive or negative values, which corresponds to upward or downward flow,
respectively. From Equations (6.17) one may observe that just Equation (6.17b) is af-
fected by a signal change of Pe, while in Equation (6.17a) Pe appears with its absolute
value. For a downward flow, by applying a simple coordinate transformation, it can
be seen that the eigenvalue problem is mapped onto one with a positive Pe. In fact,
in view of Equation (6.18), the eigenvalue problem (6.17) remains invariant under the
transformation

Pe→ −Pe, z → 1− z. (6.19)

As already pointed out by Barletta and Storesletten [15], the practical effect of this
symmetry is that the eigenvalues, in the present case the pair (ω,Ra), does not depend
on the sign of Pe, while the eigenfunctions (ŵ, T̂ ) experience a reflection with respect to
the mid–plane z = 1/2. Thus, from now, only positive values of Pe will be considered
without any loss of generality.

6.3.3 Three special cases
Three different cases for the lateral confinement are considered here, namely

1. A is a square, with dimensionless side length `;

2. A is a circle with dimensionless radius s. In other terms, ∂A is defined by the
equation F (x, y) = x2 + y2 − s2 = 0;

3. A is an ellipse with dimensionless semiaxes b and d, with b > d. In this case, ∂A
is given by F (x, y) = x2/b2 + y2/d2 − 1 = 0.
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Case I: Square cross–section

If we consider the case of a square cross–section, the boundary conditions are

z = 0, 1; 0 < x < `; 0 < y < ` : w̃ = T̃ = 0, (6.20a)

x = 0, `; 0 < y < `; 0 < z < 1 : ∂w̃

∂x
= ∂T̃

∂x
= 0, (6.20b)

y = 0, `; 0 < x < `; 0 < z < 1 : ∂w̃

∂y
= ∂T̃

∂y
= 0. (6.20c)

The general form of the function f(x, y), after solving the Helmholtz eigenvalue prob-
lem (6.16), is expressed as

f(x, y) = cos
(
m1π

`
x
)

cos
(
m2π

`
y
)
, (6.21)

where m1 and m2 are non–negative integers, while the eigenvalues α are obtained ana-
lytically by

α = π

`

√
m2

1 +m2
2. (6.22)

Therefore, the normal modes are labelled through the pair of integers (m1,m2). The
symmetry of the square cross–section implies that the modes can be commuted, namely
(m1,m2) and (m2,m1) are equivalent, as it is mathematically evident from Equations
(6.21) and (6.22). The ordering of such modes according to the increasing eigenvalues is
reported in table 6.1 for the lowest 11 modes.

Table 6.1: Square cross–section: first 11 modes and the corresponding eigenvalues (6.22)

(m1,m2) α`
(0,0) 0
(1,0) 3.14159
(1,1) 4.44288
(2,0) 6.28319
(2,1) 7.02481
(2,2) 8.88577
(3,0) 9.42478
(3,1) 9.93459
(3,2) 11.3272
(4,0) 12.5664
(4,1) 12.9531
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Case II: Circular cross–section

When the cross–section is a circular cylinder, the boundary conditions can be written
in cylindrical coordinates in the form

z = 0, 1; 0 < r < s : w̃ = T̃ = 0, (6.23a)

r = s; 0 < z < 1 : ∂w̃

∂r
= ∂T̃

∂r
= 0. (6.23b)

Consequently, the general modes f(r, T̂ ) obtained by solving the Helmholtz eigenvalue
problem (6.16) are given by

f(r, T̂ ) = Jm(αr) cos
(
mT̂

)
, (6.24)

where Jm(αr) is the Bessel function of first kind and of order m. In this case, α can be
determined by solving the equation

J ′m(ξ) = 0, ξ = αs. (6.25)

The nonzero values of ξ that satisfy Equation (6.25) form a sequence {ξm,k |m =
0, 1, 2, 3...; k = 1, 2, 3...} where m is the azimuthal mode number and k the radial mode
number. Table 6.2 presents the first 11 roots of Equation (6.25) in increasing order.

Table 6.2: Circular cross–section: first 11 modes and the corresponding eigenvalues (6.25)

(m, k) ξm,k = αs
(1,1) 1.84118
(2,1) 3.05424
(0,1) 3.83171
(3,1) 4.20119
(4,1) 5.31755
(1,2) 5.33144
(5,1) 6.41562
(2,2) 6.70613
(0,2) 7.01559
(6,1) 7.50127
(3,2) 8.01524

Case III: Elliptical cross–section

Barletta [10] studied the effect of lateral confinement by a cylindrical wall with el-
liptical cross-section in the case of a Newtonian fluid saturating a porous cylinder. In

58



that study, the authors assumed Dirichlet boundary conditions for the Helmholtz prob-
lem (6.16) instead of Neumann boundary conditions. Following the same procedure of
Barletta [10], the elliptical coordinates (λ, η) are considered here and are given by

x = c coshλ cosη, y = c sinhλ sinη, (6.26)

where c is the semi–distance between the foci of the ellipse, 0 ≤ λ < +∞ and 0 ≤ η < 2π.
The elliptical boundary is given by λ = λ0, the ratio between the semi–axes is given by
d/b = χ = tanhλ0 and c = b/coshλ0. The limiting case of a circular contour is recovered
when λ0 →∞.

The Helmholtz Equation (6.16) can be solved by separation of variables, with f given
by [1, 14]

f(λ, η) = cem(iλ;C) cem(η;C) , (6.27)

or
f(λ, η) = i sem(iλ;C) sem(η;C) , (6.28)

with m = 0, 1, 2, . . . and
C = α2b2

4 cosh2λ0
. (6.29)

Functions cem and sem are the elliptic versions of cosine and sine, respectively, also
called even and odd Mathieu functions of order m.

The boundary condition (6.16b) is expressed in elliptical coordinates as

∂f

∂λ
= 0, for λ = λ0. (6.30)

Thus, Equations (6.28) and (6.30) imply that the eigenvalues αs can be calculated,
for a given aspect ratio χ, as the positive roots of either,

∂

∂λ
cem

(
iλ; α2b2

4 cosh2λ0

)∣∣∣∣∣
λ=λ0

= 0, (6.31)

or

∂

∂λ
sem

(
iλ; α2b2

4 cosh2λ0

)∣∣∣∣∣
λ=λ0

= 0, (6.32)

where λ0 = arctanhχ and m = 0, 1, 2, . . . .
The software Mathematica 12 [69] offers a suitable environment for carrying out this
computation, by using the built–in functions MathieuCPrime, MathieuSPrime, as well
as Mathieu CharacteristicA and MathieuCharacteristicB.
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The roots of Equations (6.31) and (6.32) can be ordered so that the eigenvalues α form
a monotonic increasing sequence. Analogously to Barletta [10], the modal notation is
implemented here: (e;m, k) and (o;m, k). In fact, (e;m, k) denotes the mode associated
with the kth root of Equation (6.31), for m, k = 0, 1, 2, . . . . Similarly, (o;m, k) is for
the kth root of Equation (6.32), with m− 1, k = 0, 1, 2, . . . . This ordering of the normal
modes, (e;m, k) and (o;m, k), and the associated eigenvalues α b are listed in table 6.3,
for two values of aspect ratio, namely χ = 9/10 and χ = 1/4.

Table 6.3: Elliptical cross–section: first 11 eigenvalues αb in increasing order, with the
corresponding even (e) or odd (o) normal modes: (e;m, k), (o;m, k)

χ = 9/10 χ = 1/4
modes αb modes αb
(e; 0, 0) 0 (e; 0, 0) 0
(e; 1, 0) 1.8485646 (e; 1, 0) 1.8832257
(o; 1, 0) 2.0363607 (e; 2, 0) 3.4701287
(e; 2, 0) 3.1870665 (e; 3, 0) 5.0364174
(o; 2, 0) 3.2253344 (e; 4, 0) 6.5946258
(e; 0, 1) 4.0785718 (o; 1, 0) 6.7389286
(e; 3, 0) 4.4108506 (o; 2, 0) 7.8062030
(o; 3, 0) 4.4170182 (e; 5, 0) 8.1482947
(e; 1, 1) 5.4919288 (o; 3, 0) 8.9350656
(e; 4, 0) 5.5884622 (e; 6, 0) 9.6988909
(o; 4, 0) 5.5893372 (o; 4, 0) 10.116229

6.4 Critical conditions
By solving Equations (6.17), the instability threshold can be determined. That means

that, for each pair (n, Pe), one is able to find the neutral stability condition in the form
of a neutral stability curve in the plane (α,Ra) by using the shooting–method described
in Section 4.1. The minimum value of Ra along the neutral stability curve is its critical
value, Rac. A direct numerical evaluation of Rac is possible by deriving Equations (6.17)
with respect to α. Thus, one obtains additional equations which lead to an extended
eigenvalue problem that is solved in the same way as explained in the Section 4.1.1.

When one takes the limit Pe→ 0 in the Newtonian case (n = 1), the classical Horton–
Rogers–Lapwood (HRL) problem is recovered [106]. This case can be thus employed as
a benchmark to verify the numerical calculations. The analytical solution of the HRL
problem yields Rac = 4π2 and αc = π [106]. A comparison between the numerical data
obtained for extremely small Péclet numbers and n = 1 and the analytical solution
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of the HRL problem is reported in table 6.4. The numerical data are presented with
12 significant figures and a good agreement, with 9 coincident figures, can be observed
already for Pe = 10−4. Figure 6.2 shows the influence of the power–law index n on the
critical values of α and Ra for fixed values of Pe.

Table 6.4: Verification of the numerical values of (Rac, αc) when Pe→ 0

Pe Rac αc

10−2 39.4785571021 3.14159634429
10−3 39.4784190030 3.14159269064
10−4 39.4784176220 3.14159265411
10−5 39.4784176082 3.14159265374

0 39.4784176044 3.14159265359
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Figure 6.2: Values of αc and Rac versus n for different Péclet numbers

All the numerical calculations are carried out by using the Software Mathematica
12 [69]. By using the built-in function called NDSolve one can solve a wide class of
differential equations. In order to ensure the accuracy of the computations, a convergence
analysis is made by choosing decreasing step sizes inside NDSolve, as well as the adaptive
step size method used as a default in NDSolve. Such a convergence analysis is presented
in Table 6.5 through the values of critical wavenumber and critical Rayleigh number.
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Table 6.5: Values of Rac and αc obtained numerically by considering different step sizes
for Pe = 4 and n = 0.6

Step size α̂c R̂ac
0.5 4.28837700268 27.3297991218
0.1 4.28837700268 27.3297991218
0.05 4.28884531862 27.3274560424
0.01 4.28892463671 27.3269209309
0.005 4.28892480058 27.3269197435
0.001 4.28892481182 27.3269196613

Adaptive 4.28892481183 27.3269196613

In order to illustrate the critical temperature difference leading to the instability
for a specific fluid, the properties of the fluid and of the porous medium used in the
Experiment 5 described in Petrolo et al. [110] is considered here. In particular, a porous
medium with porosity 0.5 and H = 0.5 m is considered. In this case, a temperature
difference of 5.60 K must be employed for the onset of the instability.

In Figure 6.3, the most unstable modes for the elliptic case with ξ = 9/10 are showed
as well. This case presents a lower geometrical symmetry with respect to the circular
case, while it allows an analytical expression of the eigenmodes in terms of nontrivial
special functions.
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Figure 6.3: Plots of the eigenfunctions for an elliptic cylinder with ξ = 9/10 relative to
the first 6 normal modes

6.5 Neutral stability condition
Figures 6.4 and 6.5 show the neutral stability curves for the Newtonian case (n = 1),

with Pe = 2 and Pe = 6 respectively. The curves are presented for each one of the three
cases defined in Section 6.3.3. For the case of elliptical cross–section, two different aspect
ratios between the two semi–axis are considered. The numbers above the curves denote
the modes corresponding to each branch. All these curves are generated considering the
lower six modes of perturbation. The critical values of Ra shown in these plots coincide
with those reported by Homsy and Sherwood [66] as well as by Barletta [9].
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Figure 6.4: Marginal stability curves for n = 1 and Pe = 2; different modes (1), (2), . . .
are labelled according to the ordering defined in tables 6.1–6.3
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Figure 6.5: Marginal stability curves for n = 1 and Pe = 6; different modes (1), (2), . . .
are labelled according to the ordering defined in tables 6.1–6.3

Figures 6.6 and 6.7 show the neutral stability curves for non–Newtonian fluid flows
(n 6= 1). In particular, Figures 6.6 and 6.7 are relative to a pseudoplastic fluid, while
Figures 6.8 and 6.9 are drawn for a dilatant fluid. Again the results are presented for
fixed Pe and n and for three different geometries of the cylinder cross–section. The
critical values of Ra displayed in these figures are in agreement with those reported in
Barletta and Storesletten [15].
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Figure 6.6: Marginal stability curves for n = 0.6 and Pe = 2; different modes (1), (2), . . .
are labelled according to the ordering defined in tables 6.1–6.3
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Figure 6.7: Marginal stability curves for n = 0.6 and Pe = 6; different modes (1), (2), . . .
are labelled according to the ordering defined in tables 6.1–6.3
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Figure 6.8: Marginal stability curves for n = 2 and Pe = 2; different modes (1), (2), . . .
are labelled according to the ordering defined in tables 6.1–6.3
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Figure 6.9: Marginal stability curves for n = 2 and Pe = 6; different modes (1), (2), . . .
are labelled according to the ordering defined in tables 6.1–6.3

The lateral confinement changes significantly the selection of the modes and con-
sequently the pattern selection at the onset of instability. However, the critical values
of Ra and α just depend on n and Pe, while they are not influenced by the geometry of
the sidewall. Therefore, in the interest of conciseness, the reader is referred to Barletta
and Storesletten [15] for a thorough discussion of the critical values of Ra and α and of
their dependence on n and Pe.

6.6 The asymptotic solution for large Péclet num-
bers

When |Pe| becomes very large, the convection cells at the onset of instability gradu-
ally tend to display a boundary layer structure, as they tend to be confined to a small
region close to either the lower or the upper boundary, depending on the sign of Pe.

It was already noted in Section 6.3.2 that the eigenvalue problem (6.17) is symmetric
under flow reversal Pe → −Pe. In the following analysis, the Péclet number Pe is as-
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sumed as negative, thus relying on the above mentioned symmetry to infer the behaviour
when Pe is positive. For Pe < 0 and |Pe|� 1, the convective cells concentrate in the
region of to the lower boundary, z = 0. First of all, the quantities z, W , Ra and α are
rescaled by defining

ẑ = z |Pe|, ˆ̂w = ŵ

|Pe|
, R̂a = Ra

|Pe|n
, α̂ = α

|Pe|
. (6.33)

Then, by considering Pe < 0 and ω = 0, Equations (6.17) can be rewritten as

d2 ˆ̂w
dẑ2 − n α̂

2 ˆ̂w + R̂a α̂2 T̂ = 0, (6.34a)

d2T̂

dẑ2 + dT̂
dẑ − α̂

2 T̂ − e−ẑ

e−|Pe| − 1
ˆ̂w = 0, (6.34b)

ẑ = 0, |Pe|: T̂ = ˆ̂w = 0. (6.34c)

By taking the limit |Pe|→ ∞, Equations (6.34) yield

d2 ˆ̂w
dẑ2 − n α̂

2 ˆ̂w + R̂a α̂2 T̂ = 0, (6.35a)

d2T̂

dẑ2 + dT̂
dẑ − α̂

2 T̂ + e−ẑ ˆ̂w = 0, (6.35b)

T̂ (0) = ˆ̂w(0) = 0. (6.35c)

lim
ẑ→+∞

T̂ = lim
ẑ→+∞

ˆ̂w = 0. (6.35d)

Now, one may solve Equations (6.35) by adapting the shooting method mentioned in
Chapter 4.1 to a situation where the eigenvalue problem is defined over a semi–infinite
range, ẑ > 0. To this aim, first the numerical solution of the system (6.35) is developed
by assuming that the conditions for ẑ → +∞ hold, in fact, for a sufficiently large
ẑ = ẑmax. Then, the sensitivity to the choice of ẑmax is tested by gradually increasing
its value. Table 6.6 illustrates the test for a strongly pseudoplastic fluid (n = 0.1), as
this condition turned to present a very large sensitivity to the choice of ẑmax. This table
shows that with ẑmax = 25 one achieves a 6 figures accuracy in the evaluation of both α̂c
and R̂ac.
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Table 6.6: Sensitivity of α̂c and R̂ac to the choice of ẑmax for n = 0.1

ẑmax α̂c R̂ac
10 1.19032239700 5.06444512579
11 1.18047438202 5.05575866872
12 1.17489331882 5.05149305271
13 1.17181039419 5.04941766775
14 1.17014306733 5.04841472535
15 1.16925621114 5.04793225624
16 1.16879049859 5.04770083714
17 1.16854834716 5.04759003274
18 1.16842341049 5.04753703493
19 1.16835934958 5.04751170145
20 1.16832667007 5.04749959597
21 1.16831007088 5.04749381254
22 1.16830167066 5.04749104979
23 1.16829743338 5.04748973009
24 1.16829530211 5.04748909972
25 1.16829423286 5.04748879863
26 1.16829369767 5.04748865481
27 1.16829343035 5.04748858611
28 1.16829329708 5.04748855330
29 1.16829323076 5.04748853763
30 1.16829319781 5.04748853015

On account of Equations (6.33) and (6.35), it can be concluded that, when |Pe|� 1,
the neutral stability value of Ra is proportional to |Pe|n, that is

Ra = R̂a |Pe|n. (6.36)

Table 6.7 shows the critical values of α/|Pe| and Ra/|Pe|n with Pe = 20. In the
same table, these data are compared with the critical values of α̂ and R̂a obtained by the
numerical solution of Equations (6.35) for the asymptotic case |Pe|� 1. The agreement
is good especially for n > 0.4. In every case, the data with Pe = 20 and |Pe|� 1 coincide
within at least 5 significant figures. An useful comparison is one between the trends of αc
and Rac obtained numerically with those obtained by employing the asymptotic solution
data given by Table 6.7.
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Table 6.7: Comparison between the asymptotic analysis (|Pe|� 1) and the numerical
solutions with Pe = 20: critical values of α̂ and R̂a

.

n α̂c α̂c (|Pe|� 1) R̂ac R̂ac (|Pe|� 1)
0.1 1.16833 1.16829 5.04750 5.04749
0.2 1.02929 1.02929 6.56943 6.56942
0.4 0.904532 0.904532 8.92619 8.92619
0.6 0.837517 0.837517 10.9049 10.9049
0.8 0.792457 0.792457 12.6901 12.6901
1.0 0.758867 0.758867 14.3522 14.3522
1.2 0.732280 0.732280 15.9270 15.9270
1.4 0.710389 0.710389 17.4357 17.4357
1.6 0.691853 0.691853 18.8921 18.8921
1.8 0.675827 0.675827 20.3058 20.3058
2.0 0.661746 0.661746 21.6837 21.6837

Figure 6.10 illustrates such trends, where the solid lines are relative to the numerical
solution while the dashed lines denote the asymptotic solution for |Pe|� 1. An evident
coincidence between the solid and the dashed lines is shown for |Pe|> 10 meaning that,
in this range, the asymptotic solution can be considered as a reliable approximation.
It is worth to mention that, for a Newtonian fluid (n = 1), Homsy and Sherwood [66]
reported the values α̂c = 0.759 and R̂ac = 14.3, respectively. Indeed, the agreement
with the data displayed in Table 6.7 is fair. It is important to mention that Homsy and
Sherwood [66] did not describe explicitly the procedure followed to obtain their results.
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Figure 6.10: Critical values of αc and Rac versus Pe for different values of n. The solid
lines are those relative to the numerical solution, while the dashed lines are relative to
the asymptotic solution valid for |Pe|� 1
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6.7 Conclusions
The effects of the lateral confinement with impermeable adiabatic sidewalls on the

onset of thermoconvective instability in a porous medium have been studied. A porous
layer saturated by a power–law fluid has been considered. The layer is laterally bounded
by a vertical cylindrical wall with arbitrary cross-section and it is subject to a vertical
base throughflow. The permeable horizontal boundaries of the porous cylinder are kept
at different uniform temperatures, with heating from below, so that the vertical base
throughflow may display an instability of the Darcy–Bénard type. The modified Darcy
law for power–law fluid is employed to model the momentum transfer. The dimensionless
parameters driving the instability are the power–law index, n, the Péclet number of the
base throughflow, Pe, and the Darcy–Rayleigh number, Ra. Normal mode perturbations
are identified by the wavenumber, α, whose values are constrained by the geometry of the
sidewall boundary. Thus, for a given geometry, only a discrete sequence of wavenumbers
is allowed, which depends on the geometry of the sidewall. The main features of the
instability reported in this study are the following:

• The rheological behaviour of the saturating fluid, i.e. its power–law index n,
does not influence the sequence of the allowed wavenumbers, α. This sequence is
uniquely determined by solving the two–dimensional Helmholtz eigenvalue problem
with Dirichlet boundary conditions defined in the cylinder horizontal cross–section.

• The neutral stability condition is affected only by n and Pe, while the geometry
of the sidewall just contribute to the selection of the allowed wavenumbers.

• There exists an asymptotic solution of the neutral stability problem which holds for
|Pe|� 1. In this regime, the convective cells arising at the onset of the instability
form a boundary layer structure near one of the boundaries. In practice, numerical
data show that such a solution starts to be reliable when Pe is approximately larger
than 10.
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Chapter 7

A Darcy–Carreau model for
nonlinear natural convection of
non–Newtonian fluids in porous
media

7.1 Introduction
Besides the power–law model used to describe the non–Newtonian behaviour of

dilatant and pseudoplastic fluids, there has been an increasing interest for the stability
studies involving other kinds of fluids. Kim et al. [79] and Yoon et al. [135] performed a
linear stability analysis by using the modified Darcy’s law based on the Oldroyd–B model
to study the onset of convection in a viscoelastic fluid confined in a porous medium. It
was demonstrated that for viscoelastic fluids a Hopf bifurcation, as well as a stationary
bifurcation, may occur at the onset of convection depending on the magnitude of the
viscoelastic parameters. For a Hopf bifurcation, Hirata et al. [63] investigated the nature
of the disturbances waves at the onset of instability. The nonlinear interaction between
stationary and oscillatory instabilities is analysed by Taleb et al. [127] by considering
both, a fully nonlinear numerical simulation and also the weakly nonlinear theory. The
oscillatory nature of the instability at the onset of convection was confirmed experiment-
ally by Kolodner [82], by using DNA suspensions in clear fluids.

The modified Darcy’s model for power–law fluids in porous media considers the drag
term in Darcy’s law as µa

K
u, where u is the seepage velocity, K is the permeability of

the porous medium and µa is the apparent viscosity given by

µa = ηef |u|n−1, (7.1)

where ηef is the effective consistency factor and n is the power–law index. An important
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singularity of the power–law model is that, in the limit of a vanishing u, the apparent vis-
cosity goes to infinite for shear–thinning fluids (n < 1 ) and to zero for shear–thickening
fluids (n > 1). To deal with these singularities, Nield [103, 104] proposed a modified
drag term, µ0

K
(1 + C |u|n−1) u, i.e. a modified apparent viscosity,

µa = µ0
(
1 + C |u|n−1

)
, (7.2)

where C is a constant.
By looking at this suggested model, it is easy to observe that for small values of u

and for dilatant fluids (n > 1) one recovers the usual linear Darcy’s law with µ0 being
the fluid viscosity at u = 0. Consequently, as pointed out by Nield [103, 104], the
critical Rayleigh number at the onset of convection becomes independent of the power–
law index and, thus, equal to the classical value for Newtonian fluids, i.e. Rac = 4π2.
Nonetheless, for pseudoplastic fluids (n < 1) in the limit of vanishing v, the apparent
viscosity µa becomes infinite.

Barletta and Nield [12] investigated the onset of mixed convection in a porous layer
heated from below in the presence of a horizontal throughflow, considering both pseudo-
plastic and dilatant fluids. In this study the throughflow is characterized by a Péclet
number Pe in such a way that the classical Darcy–Bénard problem is recovered in the
limit of zero Pe. In this limit, the results obtained by employing the linear stabil-
ity theory showed that Rac tends to infinity for shear–thinning fluids and to zero for
shear–thickening fluids. It is important to remark that these results were obtained by
considering the power–law model, which, as discussed earlier, presents some singularities
in the limit of vanishing throughflow.

Thermal instabilities in clear fluids and in saturated porous media can be considered
as qualitatively similar in a number of aspects. For this reason, in order to understand
qualitatively some phenomena in the field of fluid saturated porous media, it can be
interesting to look at some results in the literature obtained for thermal stability analysis
of non–Newtonian fluids. Chi et al. [40] stated that the neutral stability condition cannot
be determined for shear–thinning fluids described by a power-law model, because of the
unphysical infinite viscosity arising for vanishing shear rate.

Bouteraa et al. [23] studied the Rayleigh-Bénard problem, considering pseudoplastic
fluids, by using a Carreau rhelogical model. By using the weakly nonlinear analysis, they
derived the Landau amplitude equation and found out that the nature of the bifurcation
may be supercritical or subcritical depending on the shear-thinning strength. The nature
of the bifurcation predicted by the weakly nonlinear theory [23] was confirmed by fully
nonlinear two-dimensional numerical simulations by Jenny et al. [70] and by Benouared
et al. [21].

Moreover, Darbouli et al. [44] concluded experimentally that the onset of convection
for all the cases considered happened for a Rayleigh number around Rac = 1800, which
can be considered as almost equal to the Newtonian case. This results agree well with
the linear stability predictions obtained by Liang and Acrivos [88] for the Carreau model.
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This chapter aims to present some novel results obtained by a weakly nonlinear
stability theory for the onset of Darcy–Bénard convection for pseudoplastic and dilatant
fluids. A new model that adapts the Carreau model to porous media is presented as an
attempt to bypass the singularities problem presented by the power–law model in the
limit of vanishing flow rate.

The contents of this chapter are based on the paper by Brandão, P. V. and Ouarzazi,
M. N., Darcy–Carreau model and nonlinear natural convection for pseudoplastic and
dilatant fluids in porous media, Transport in Porous Media, doi:10.1007/s11242-020-
01523-9 [26].

7.2 Rheological model and dimensionless equations

7.2.1 Rheological model
In order to deal with the singularity for shear–thinning fluids (n < 1) at zero shear-

rate in a fluid medium, a regularized form of the power–law model can be used. It is
called Carreau model [36] and it is given by

µ− µ∞
µ0 − µ∞

= (1 + (λ∗γ̇)2)
n−1

2 , (7.3)

where γ̇ is the shear rate, µ∞ is the infinite shear rate viscosity and λ∗ is a characteristic
time for the non–Newtonian fluid, defined as

λ∗ = ( η
µ0

)
1

n−1 , (7.4)

where η is the consistency factor. Usually, µ∞ can be considered as negligible and the
Carreau model reduces to

µ

µ0
=
(
1 + (λ∗ γ̇)2

)n−1
2 . (7.5)

In the same way, the singularities in the limit of vanishing seepage velocity u of the
power–law model for porous media, can be avoided by adopting the following rheological
model, called here the Darcy–Carreau model,

µa
µ0

=
(

1 + (ηef
µ0

)
2

n−1 |u|2
)n−1

2

, (7.6)

noting that, in the limit of high values of |u|, the power–law model (7.1) can be recovered.
Also, the apparent viscosity assumes a finite non zero value µa = µ0 in the limit of a
vanishing seepage velocity |u|, independently of n. In the present study, the following
expression for ηef is employed [108, 89]

ηef = η fp (ΦK)
1−n

2 , (7.7)

76



where fp = 8(−n+1
2 ) 2 (3n+1

n
)n and Φ is the porosity of the porous medium.

By introducing the characteristic time of the non–Newtonian fluid λ∗ defined by (7.4),
the Darcy–Carreau model (7.6) then becomes

µa
µ0

=
[
1 +

(
λ∗ f

1
n−1
p (ΦK)− 1

2 |u|
)2
]n−1

2

. (7.8)

Savins [116], in his review on non–Newtonian flows in porous media, studied the effect
of the tortuosity of the porous medium on the shear rate γ̇∗p , which is proportional to
(ΦK)−1

2 |u|. Longo et al. [89] investigated non–Newtonian axisymmetric porous gravity
currents and demonstrated that it is fundamental to choose a correct range for the shear
rate range for the determination of the rheological parameters. Here, the porous shear
rate is defined as,

γ̇∗p = f
1

n−1
p (ΦK)− 1

2 |u|, (7.9)
and, thus, Equation (7.8) may be written as

µa
µ0

=
(
1 + (λ∗ γ̇∗p)2

)n−1
2 . (7.10)

The Darcy-Carreau model given by Equation (7.10) looks like the Carreau model for
clear fluids (7.5) if the infinite shear rate viscosity µ∞ is considered to be zero.

7.2.2 Mathematical formulation
An isotropic and homogeneous porous cavity of height H and infinitely wide in the

horizontal plane is here considered. The porous channel is saturated by either a pseudo-
plastic or a dilatant fluid and it is heated from the bottom and cooled from the top.
The horizontal walls are considered impermeable and both the upper and lower walls are
kept at constant temperatures, T1 and T0, respectively.

The Oberbeck-Boussinesq approximation is considered valid. The apparent viscosity
is assumed to obey the Darcy–Carreau rheological model (7.8). The equations for mass
balance, apparent viscosity, momentum balance and energy balance can be written as

∇ · u = 0, (7.11)

µa
µ0

=
(

1 + (λ∗ f
1

n−1
p (ΦK)− 1

2 |u|)2
)n−1

2
, (7.12)

µa
K

u + ∇p = ρ0 β (T − T0))g, (7.13)

σ
∂T

∂t
+ u · ∇T = χ∇2T, (7.14)
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subject to the following boundary conditions at the horizontal walls

z = 0 : w = 0, T = T0 + ∆T, (7.15a)

z = H : w = 0, T = T0. (7.15b)
with u = (u, v, w) being the velocity field, T the temperature field, p the hydrostatic
pressure field, µa the apparent dynamic viscosity, µ0 the dynamic viscosity at the zero
shear rate, χ the effective thermal diffusivity, β the fluid thermal expansion coefficient,
K the permeability, ρ0 the fluid density ate the reference temperature T0, σ is the ratio
between the average volumetric heat capacity of the saturated porous medium and the
volumetric heat capacity of the fluid, respectively and g the gravity acceleration with
modulus g.

7.3 Dimensionless equations
The following dimensionless quantities can be introduced

1
H

(x, y, z)→ (x, y, z), H

χ
u→ u,

χ

σH2 t→ t,

T − T0

∆T → T,
K

χµ0
p→ p, (7.16)

which allow one to write the governing equations in their dimensionless form as following

∇ · u = 0, (7.17)
(
1 + α |u|2

)n−1
2 u + ∇P = RaT ez, (7.18)

∂T

∂t
+ u · ∇T = ∇2T, (7.19)

with
Ra = ρ0KHgβ∆T

χµ0
, (7.20)

and
α = λ∗2 fp

2
n−1

1
ΦK

( χ
H

)2, (7.21)

After introducing the dimensionless characteristic time of the fluid λ = λ∗

H2/χ
and

the Darcy number Da = K
H2 , Equation (7.21) can be written as,

α = λ2 fp
2

n−1
1

ΦDa
. (7.22)
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The dimensionless boundary conditions are

z = 0 : w = 0, T = 1, (7.23a)

z = H : w = 0, T = 0. (7.23b)
The basic solution for the flow quantities can be written in dimensionless form as

u = {0, 0, 0}, (7.24)

Tb = 1− z, (7.25)
∇pb = RaTb ez. (7.26)

7.4 Weakly nonlinear analysis

7.4.1 Amplitude equation
As explained in the sections 3.2 and 3.3, in order to investigate the stability of the

conductive state, the flow quantities are decomposed into a basic part and another one
relative to the disturbances

u = ũ(x, z, t), T = Tb + T̃ (x, z, t), p = pb + p̃(x, z, t). (7.27)

After substituting Equations (7.27) into (7.17)-(7.19), eliminating the pressure field
by applying the curl on the momentum balance equation, and introducing the disturbance
stream function ψ defined by

u = ∂ψ

∂z
and w = −∂ψ

∂x
, (7.28)

one is able to have the dimensionless nonlinear governing equations for the disturbances
in terms of ψ and T̃

∇2ψ + Ra
∂T̃

∂x
= NL, (7.29)

∂T̃

∂t
+ ∂ψ

∂x
− ∇2T̃ = −(u · ∇)T̃ , (7.30)

with NL being the nonlinear term

(7.31)
NL = −α(n− 1)

(∂ψ
∂z

)2
∂2ψ

∂z2 +
(
∂ψ

∂x

)2
∂2ψ

∂x2 +

2∂ψ
∂z

∂ψ

∂x

∂2ψ

∂x∂z
+ 1

2

(∂ψ
∂z

)2

+
(
∂ψ

∂x

)2
( ∂2ψ

∂x2 + ∂2ψ

∂z2

) .
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The governing equations can be rewritten in a compact matrix notation as

(L′∂t + L(Ra))q = N. (7.32)

where the vector q = (ψ, T̃ )T contains the disturbance stream function and temperature.
Here, L′ and L are the linear operators

L′ =
(

0 0
0 1

)
, (7.33)

and

L =
 (

∂2

∂x2 + ∂2

∂z2

)
Ra ∂

∂x
∂
∂x

−
(
∂2

∂x2 + ∂2

∂z2

)  , (7.34)

with N being the nonlinear operator. In the vicinity to the linear threshold, a small
parameter ε, which measures the distance to criticality, is introduced by setting Ra =
Rac + ε2R2, where R2 is of order of unity. In this way, the temporal scale is fixed as

t2 = ε2t, (7.35)

allowing the derivative with respect to time to be replaced by

∂

∂t
→ ∂

∂t
+ ε2 ∂

∂t2
, (7.36)

and the evolution equations are obtained by expanding the vector q in power series of ε,
i.e.

q = εq1 + ε2q2 +O(ε3) (7.37)

where the functions qi depend on the slow variable t2. By substituting Equation (7.37)
into the system (7.32), and by collecting coefficients of each order of ε, the following
equations are obtained for each order

(L′∂t + L0)q1 = 0, (7.38)
(L′∂t + L0)q2 = N(2) = RH2, (7.39)

(L′∂t + L0)q3 = −L2q1 − L′∂t2q1 + N(3) = RH3, (7.40)

with L0 being as the linear operator for Ra = Rac, and RHn representing the final
righ–hand side terms. While L2 is given by

L2 =
(

0 R2
∂
∂x

0 0

)
. (7.41)
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At first order, the linear problem is recovered and the first–order variables q1 =(
ψ1, T̃1

)T
are considered to behave as normal modes,(

ψ1, T̃1
)

= A(t2) (Ψ1,Θ1) eikc x+ s t sin(πz) + c. c, (7.42)

where A is the disturbance amplitude, which depends on the slow time t2, s is the tem-
poral growth rate of the disturbances and c. c stands for complex conjugate. Substituting
(7.42) into (7.38) leads to the linear dispersion relation,

s = −(k2 + π2) + k2

(k2 + π2) Ra. (7.43)

The neutral stability condition can be found by setting s = 0 leading to Ra =
(k2 + π2)2/k2. The critical values, that are the minimum values of the curve (Ra, k)
are those expected for the Darcy–Bénard problem, i.e. Rac = 4π2 and kc = π. Such a
result means that the non–Newtonian behaviour of the fluid does not affect the linear
characteristics of the instability, as it was predicted by Nield [104, 103] for dilatant fluids,
for instance. For the present study, this result holds for both dilatant and pseudoplastic
fluids.

By taking into account that ∂s/∂Ra = 1/2 at (Rac, kc), and by assuming that the
wavenumber remain constant in the present analysis k = kc, the Taylor series expansion
in the neighbourhood of criticality for s can be written as

s(Ra) = s(Ra = Rac) + (1/2) (Ra−Rac) + ... (7.44)

with s(Ra = Rac) = 0. This relation states that the linear disturbance growth rate in
the vicinity of the criticality is (1/2) (Ra− Rac), which justifies the introduction of the
slow time scale t2 defined by (7.35).

The eigenfunctions at O(ε) and O(ε2) are, respectively,(
T̃1, ψ1

)
= (1, 2πi) A(t2) eikcx sin(πz) + c. c, (7.45)

T̃2 = − π | A |2 sin(2πz) and ψ2 = 0, (7.46)

with the quantity T̃2 representing a nonlinear correction to the conductive basic of the
temperature and it is due to the interaction of the fundamental mode with its complex
conjugate.

The solutions at first and second order are obtaining by solving the respective equa-
tions for q1 and q2. At third order, on the other hand, there is no need to solve the
equation. Instead, one projects the whole equation onto q†, where q† is the solution of
the adjoint linear problem. Such a procedure yields a solvability condition, known as
the Fredholm alternative as already explained in Section 3.3. The solvability condition
is then applied by considering the following inner product,

〈qi, qj〉 = 1
2π/kc

∫ 2π/kc

0

∫ 1

0
qi · q∗jdz dy, (7.47)
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where q∗j is the complex conjugate of qj. Then, one may reintroduce the original variables
t = t2/ε

2, which yields the amplitude equation

dA

dt
= βA − δ A |A|2, (7.48)

where the explicit expressions for β and δ are given by

β = Ra −Rac
2 and δ = 2 π4 + 10π6 α (n− 1), (7.49)

where β represents the linear disturbance growth rate, determined by the linear stability
analysis, and δ is the Landau constant.

7.4.2 Nature of bifurcations
The Landau coefficient δ in the amplitude equation (7.48) presents two different

nonlinear contributions for the current problem. The first one, i.e. 2π4, is relative to
the nonlinear thermal advection, while the second one, i.e. 10π6 α (n − 1), is relative
to the non–Newtonian character of the fluid. From a physical point of view, the latter
can be related to the variation of the apparent viscosity µa = (1 + (α |u|)2)(n−1)/2 in the
vicinity of the onset of convection, which is given by

dµa
d|u|2

(|u|2= 0) = α
n− 1

2 . (7.50)

Equation (7.50) shows that in the vicinity of the convection threshold, where |u|
may assume small values, the nonlinear correction reduces the apparent viscosity for
pseudoplastic fluids (n < 1), while it enhances the apparent viscosity for dilatant fluids
(n > 1). By introducing the parameter

αp = α |n− 1
2 |= |n− 1

2 | fp
2

n−1 λ2 1
ΦDa

, (7.51)

which may be assumed as a measure of the non–Newtonian effects, the Landau constant
may be written as δ = 2 π4 ± 20 π6 αp, where the positive and negative signs correspond,
respectively, to dilatant and pseudoplastic fluids.

The sign of the Landau constant δ determines the nature of the bifurcation. The
nonlinear coefficient δ is always positive for Newtonian fluids (n = 1) as well as for
dilatant fluids (n > 1). On the other hand, it can be both positive or negative for
pseudoplastic fluids (n < 1). For Newtonian fluids, the classical results of the Darcy–
Bénard convection are recovered. For non–Newtonian fluids, the bifurcation is always
supercritical for dilatant fluids. For the case of pseudoplastic fluids, the nature of the

82



bifurcation depends on the value of αp. There exists a particular value of αp = αtrp related
to a tricritical bifurcation point,

αtrp = 1
10π2 , (7.52)

such that the bifurcation to the unstable state is supercritical when αp < αtrp and sub-
critical otherwise.

Bouteraa et al. [23] investigated the nonlinear stability of the Rayleigh–Bénard prob-
lem considering pseudoplastic fluids. In that case, the nature of the bifurcation is related
to the shear–thinning characteristics of the fluid. In contrast, for the porous medium
case, the nature of the bifurcation is determined by the intrinsic properties of the medium
(here represented by the Darcy number Da) together with the fluid properties. In fact,
by considering the definition of α given by (7.22), the condition required for subcritical
bifurcation can be written as

λ2

ΦDa(1− n) fp
2

n−1 >
1

5π2 . (7.53)

Figure 7.1 shows the bifurcation curves, defined by λ2/(ΦDa) (1 − n) fp 2/(n−1) =
1/(5π2), where the transition from supercritical to subcritical bifurcation may occur, in
the plane (n, λ) for different values of ΦDa. For a given value of ΦDa, the bifurcation is
said to be supercritical below the curve and supercritical above the curve. It can be seen
in Figure 7.1 that when the n approaches n = 1, all the curves go to infinity, certifying
a supercritical bifurcation for all values of ΦDa as it occurs for the Newtonian case. In
the same figure, it can be seen also that decreasing the value of n favours a subcritical
bifurcation. The same can be concluded by looking at the characteristic time of the
fluid λ. If it increases, the transition becomes subcritical and the contrary is true if it
decreases. These results also indicate that the more permeable are the porous materials
the more the bifurcation is likely to be supercritical.
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Figure 7.1: Tricritical bifurcation curves separating regions of subcritical and supercritial
bifurcation in (n, λ) plane at different values of ΦDa corresponding to pseudoplastic
fluids.

7.4.3 Equilibrium amplitude, isocontours and average heat trans-
fer

From the amplitude equation (7.48) it is easy to see that the bifurcation is always
supercritical for dilatant fluids, independently of αp. On the other hand, for pseudoplastic
fluids this is true just for αp < αtrp . In both cases, when the transition is supercritical,
the stable stationary nonlinear equilibrium solution can be written as

(7.54)
|As|=

[
Ra − Rac

Rac

]1/2 1
π

1
(1 ± 10 π2 αp)1/2

= |ANs |
(1 ± 10 π2 αp)1/2 ,

where the positive and negative signs correspond to dilatant and pseudoplastic fluids,
respectively, and ANs is the equilibrium amplitude for Newtonian fluids, which is defined
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by,

|ANs |=
1
π

[
Ra − Rac

Rac

]1/2
. (7.55)

Figure 7.2 presents the supercritical bifurcation diagram showing the equilibrium
amplitude for dilatant and pseudoplastic fluids. The equilibrium amplitude is presented
as a function of the relative distance to criticality for different values of αp. The dashed
curve represent the Newtonian case, the continuous curves the pseudoplastic case and
the dotted curves the dilatant case. This figure shows the pseudoplastic fluid convection
amplitude behaviour when αp increases and approaches the tricritical point αp = αtrp .
From this figure it il clear also that convection in pseudoplastic fluids is stronger when
compared to both Newtonian and dilatant fluids. On the other hand, the dilatant fluid
convection amplitude decreases with the bifurcation parameter αp.

αp/αp
tr

= 0.1,0.2,0.3,0.4,0.5,0.6

αp/αp
tr

= 0.2,0.6,1.0,1.4,1.8,2.2
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0.00
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|As|

Figure 7.2: Finite amplitude of supercritical instability versus the relative distance to
criticality. Continuous curves correspond to pseudoplastic fluids, the single dashed curve
corresponds to the Newtonian case while the dotted curves below correspond to the
dilatant fluids. The arrows indicate the direction in which αp grows.

For pseudoplastic fluids, when αp > αtrp , the bifurcation is subcritical and the cubic
amplitude Equation (7.48) is not able to provide any stable finite amplitude equilibrium.

85



Therefore, in order to obtain such an equilibrium solution it would be necessary to extend
the analysis up to higher orders.

The Nusselt number represents the total heat transfer through the fluid layer induced
by convection and conduction normalised by its conductive contribution. The mean
Nusselt number N evaluated at z = 0 can be given by

Nu = 1− <

(
∂T̃

∂z

)
z=0

>, (7.56)

where < · > stands for the horizontal average over one wavelength of the quantity being
averaged. By applying this definition, one has

(7.57)
Nu− 1 =

[
Ra − Rac

Rac

] 2
(1 ± 10π2 αp)

= (NuN − 1)
(1 ± 10 π2 αp)

,

where NuN represents the Nusselt number for Newtonian fluids,

NuN − 1 = 2
[
Ra − Rac

Rac

]
, (7.58)

which is the same as that derived by Joseph [72].
In analogy with Figure 7.2, Figure 7.3 shows the Nusselt number for Newtonian,

pseudoplastic and dilatant fluids as a function of the relative distance to criticality for
different values of αp. The Newtonian case is presented for comparison purposes. The
dashed, continuous and dotted curves correspond to the Newtonian, pseudoplastic and
dilatant fluids, respectively. It is to be noted that the heat transfer is always stronger in a
pseudoplastic fluid convection, compared to both the Newtonian and the dilatant fluids.
This was expected from the convection amplitude results. Following the definition (7.51)
for αp, one can say that heat transfer is quite intense for strongly shear–thinning fluids
and for weakly permeable porous media. The opposite trend holds for dilatant fluids.
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Figure 7.3: Convective Nusselt number versus the relative distance to criticality. Con-
tinuous curves correspond to pseudoplastic fluids, the single dashed curve in the cen-
ter corresponds to the Newtonian fluid and the dotted curves below correspond to the
dilatant fluids. The arrows indicate the direction in which αp grows.

Figure 7.4 presents the disturbance isotherms for pseudoplastic fluids, considering a
single convective cell in the spatial domain. The results are relative to the linear dis-
turbance solution (a), the nonlinear correction, computed from the nonlinear stability
analysis (b) and the total temperature field (c), including the basic solution. The mag-
nitude of the streamfunction and temperature fields depend on the relative distance to
criticality and on the value of αp. Here, the prescribed values of these two parameters
are, respectively, Ra−Rac

Rac
= 0.1 and αp = 0.5αtrp . From Figure 7.4 (b), it can be seen that

the nonlinear interaction distorts the linear fundamental mode and breaks the symmetry
with respect to the vertical and horizontal midplanes.

Figure 7.5 shows the convective cell pattern in terms of streamfunction (continuous
curves) and the total temperature field (dashed curves) isocontours. The results are
shown for both pseudoplastic (a) and dilatant (b) fluids. In this figure, the streamlines
are seen to be equally spaced between ψ = 0, at the horizontal boundaries, and the
maximum value which lies at the center of the cell. The isotherms are qualitatively
similar to the Newtonian case and consist of hot ascending and cold descending plumes.
The results for dilatant fluids are qualitatively similar.
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Figure 7.4: Disturbance isotherm patterns for pseudoplastic fluids obtaianed by linear
stability (a) and nonlinear stability (b). The total temperature field including the con-
ductive state is represented in (c). The prescribed parameters are Ra−Rac

Rac
= 0.1 and

αp = 0.5αtrp .
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Figure 7.5: Streamline and isotherm patterns obtained for pseudoplastic (a) and dilatant
(b) fluids at Ra−Rac

Rac
= 0.1 and αp = 0.5αtrp .

For non–Newtonian fluids, the dimensionless apparent viscosity is modified spatially
when convection takes place, in contrast to the Newtonian case, where it is uniform and
equal to one. Figures 7.6 show the isolines of apparent viscosity for pseudoplastic (a)
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and dilatant (b) fluids. As expected, the local apparent viscosity µa in the presence
of convection is smaller for pseudoplastic fluids and higher for dilatant fluids, when
compared to the Newtonian fluids. Both figures indicate that µa ∼ 1 near the the center
of the cell and near the corners, which is a consequence of small convective velocities
at these regions. It can be seen also that the minimum of the apparent viscosity for
pseudoplastic fluids is observed at both the middle of the horizontal and of the vertical
boundaries of the cell. The opposite is true for dilatant fluids.
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Figure 7.6: Apparent viscosity isolines for pseudoplastic (a) and dilatant (b) fluids at
Ra−Rac
Rac

= 0.1 and αp = 0.5αtrp

7.5 Conclusions
A novel rheological model for the apparent viscosity of non–Newtonian inelastic fluids

saturating porous media was proposed here. This model can be seen as an extension of
the well known Carreau model for clear fluids to porous media, thus it is called Darcy–
Carreau model. Compared with the model which is usually considered in the literature,
namely the power–law model, the present model displays substantial differences espe-
cially in the limit of small seepage velocities. Since the stability investigations are often
focused on the onset of convection, such a difference may have important implications.

Linear stability results pointed out that the instability threshold for non–Newtonian
fluids considered here is exactly the same as the instability threshold for Newtonian
fluids. Although this result is not new for dilatant fluids, as it was already pointed out
by Nield [104], the present Darcy–Carreau model is able to conclude the same thing for
pseudoplastic fluids.

The nonlinear disturbances behaviour has been investigated by using the weakly

89



nonlinear theory. The effect of the two nonlinear terms in the governing equations,
namely the advection and non–Newtonian apparent viscosity terms, have been determ-
ined. It is shown that the nonlinear effects depend on a single dimensionless parameter
αp(n, λ,Da,Φ), which is proportional to the characteristic time of the fluid λ and is
inversely proportional to the properties of the porous medium, Da and Φ.

Considering that increasing the bifurcation parameter αp means physically making
stronger the non–Newtonian nature of the fluids or decreasing the permeability of the
porous medium, the main results obtained from this analysis may be summarized in the
following way:

• For dilatant fluids, the bifurcation from the conductive state to the convective
state is always supercritical and it does not depend on αp. The amplitude of the
convective rolls and the average convective heat flux decrease as αp increases.

• For pseudoplastic fluids, the nature of the bifurcation depends on the parameter
αp, in such a way that when αp < αtrp the bifurcation is supercritical and if αp > αtrp
it is subcritical. Such a result can be interpreted physically as competition between
the nonlinear advective term and the nonlinear non–Newtonian apparent viscosity
term. While the former tends to induce a supercritical bifurcation, the latter one
promotes a subcritical bifurcation. In the case of a supercritical bifurcation, it has
been found that, by increasing αp, the amplitude of the convective rolls increases
and the average heat flux is enhanced.
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Chapter 8

A Darcy–Carreau–Yasuda model for
non–Newtonian mixed convection in
porous media

8.1 Introduction
As already commented in the last chapter, there has been a substantial increase in the

interest for the study of thermal instabilities in non–Newtonian fluid saturated porous
media. Either viscous or viscoelastic rheology has been taken into account in the last
years [12, 4, 62, 127, 5, 37]. By considering non–Newtonian viscous fluids, one can say
that the simplest rheological model is the power–law model.

Again, one can mention that, in the limit of vanishing throughflow, the power–law
model presents a singularity which emerges in the stability analysis. By considering
the Darcy-Bénard problem without throughflow, the linear stability results show that
the problem is always stable for shear–thinning fluids and always unstable for shear–
thickening fluids. The limitations of the power–law model for the analysis of the onset
of the Darcy-Bénard convection were already pointed out by Nield [103, 104]. In order
to overcome these limitations, Brandão and Ouarzazi proposed in a recent paper [26]
a novel Darcy–Carreau rheological model for the apparent viscosity of non-Newtonian
inelastic fluids flowing through a porous medium.

Recently, Petrolo et al. [110] performed a set of experiments in a Hele–Shaw cell to
investigate both the instability threshold as well as the convective patterns considering
pseudoplastic fluids with non–zero flow rates. The experiments were conducted consider-
ing Xanthan Gum mixtures with different concentrations as working fluids. Moreover, a
two–dimensional linear stability analysis is proposed in that study. The fluid is considered
to be of power–law type with a temperature dependent consistency index. Comparison
between linear stability analysis and experiments pointed out a good agreement between
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theory and experiments concerning the critical wavenumber of the instability and a not
so good agreement between theory and experiments for the critical Rayleigh number.

The objective of the present study is to revisit the Rayleigh-Bénard problem with
non–zero flow rates in porous media as well as in a Hele-Shaw cell. Here, the Darcy–
Carreau model considered in the last Chapter, as well in the paper by Brandão and
Ouarzazi [26], is extended to a Darcy–Carreau–Yasuda model, which is the application
of the Carreau–Yasuda model [134] to saturated porous media. Such a model includes
the power–law behaviour in the limit of sufficiently high values of shear rate and the
Newtonian behaviour in the limit of small values of shear rate. The Carreau–Yasuda
model contains five parameters that allow the interpretation of the fluid rheology from
the experimental results (see Section 8.4.2). Figure 8.1 shows the viscosity distribution
as a function of the shear rate predicted by both the Carreau–Yasuda and the power-law
models with the measured viscosity data [110]. It can be seen from this figure that the
power law model overestimates the apparent viscosity in the limit of small shear rate,
that is the region where the thermal instability is observed experimentally.
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Figure 8.1: Measured data (points) of Experiment 4 extracted from [110] and fitted
Carreau–Yasuda rheological model (continuous line). The dashed line represents the
power–law predictions.

The contents of this chapter are based on the paper by Brandão, P. V., Ouarzazi,

92



M. N., Hirata, S. da C. and Barletta, A., Darcy–Carreau–Yasuda rheological model and
onset of inelastic non–Newtonian mixed convection in porous media, Physics of Fluids,
doi:10.1063/5.0048143 [29].

8.1.1 Darcy–Carreau–Yasuda rheological model
In the previous Chapter, the issues involving the power–law model in the limit of

small shear rate were already discussed. For porous media, the apparent viscosity of the
fluid can be written as in Equation (7.1). For clear fluids, the apparent fluid viscosity is
given by

µa = η γ̇n−1. (8.1)
For fluid saturated porous media, after integrating over a representative elementary

volume, the power–law model introduces the apparent viscosity as given by Equation
(7.1)

µa = ηef |u|n−1, (8.2)
where ηef is the effective consistency factor and u is the seepage velocity.

From the expressions (8.1) and (8.2) of the apparent viscosity µa, it is possible to
define the shear rate γ̇∗p for porous media flows as

γ̇∗p =
(
ηef
η

) 1
n−1

|u|. (8.3)

The ratio ηef
η

, in general, depends on the permeability of the medium K, the power–
law index n and on the porosity of the medium Φ. An expression of this ratio was already
used by many authors as, for instance, Pascal et al. [108] and Longo et al. [89]. It is
given by,

ηef
η

= fp (ΦK) 1−n
2 , (8.4)

where fp = 8(−n+1
2 ) 2 (3n+1

n
)n.

Thus, the porous shear rate (8.3) can be written as

γ̇p = f
1

n−1
p (ΦK)− 1

2 |u|. (8.5)

The power–law model gives singular values of the apparent viscosity for zero shear
rates. Namely, it gives infinite for shear–thinning (n < 1) fluids and zero for shear–
thickening (n > 1) fluids. To deal with these singularities in clear fluids, a regularized
form of the power–law model may be used, namely the Carreau–Yasuda model, which is
given by

µ− µ∞
µ0 − µ∞

= (1 + (λ∗γ̇)a)
n−1
a , (8.6)
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which reduces to (7.3) in the case of a = 2, where the positive constant a is the Yasuda
parameter that represents the transition between the region of small values of shear rate
and the power-law region. The constant µ∞ is the infinite shear rate viscosity and λ∗ is
the characteristic time of the non-Newtonian fluid defined as in Equation (7.4),

λ∗ = ( η
µ0

)
1

n−1 . (8.7)

Usually, µ∞ can be neglected [2] and then the Carreau–Yasuda model reduces to
µ

µ0
= (1 + (λ∗ γ̇)a)

n−1
a . (8.8)

Similarly, the singularities of the power–law model for porous media may be avoided
in the limit of zero seepage velocity u by adopting the so–called Darcy–Carreau–Yasuda
model

µ

µ0
=
1 +

(
ηef
µ0

) a
n−1

|u|a


n−1
a

. (8.9)

Similar to the Darcy–Carreau model presented in the last Section, given by (7.6),
in the limit of high values of seepage velocities the power–law model (8.2) is recovered.
Also, in the limit of vanishing seepage velocities the fluid behaves as a Newtonian one
and the viscosity takes a finite non-zero value µ = µ0 independently of n.

By taking into consideration the characteristic time of the fluid λ∗ defined by (7.4),
and reproduced in (8.7), and the ratio ηef

η
defined by (7.7), and reproduced in (8.4), the

Darcy–Carreau–Yasuda model (8.9) may be written as

µa
µ0

=
(
1 + (λ∗ γ̇∗p)a

)n−1
a . (8.10)

For practical reasons, it can be of interest to write the Darcy–Carreau–Yasuda model
as a function of the fluid and the porous medium properties. The generalized Darcy–
Carreau–Yasuda model (8.10) is given by

µa
µ0

=
(

1 + (λ∗ f
1

n−1
p (ΦK)− 1

2 |u|)a
)n−1

a

. (8.11)

8.1.2 Governing equations
An isotropic and homogeneous porous channel of height H and infinite extension

in the horizontal direction is considered. The porous matrix is saturated by a shear–
thinning or shear–thickening fluid and it is moving at a constant velocity u0 in the
x direction. The system is heated from below and cooled from above. The upper and
lower horizontal walls are considered impermeable and are kept at constant temperatures
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T0 + ∆T and T0, respectively. The Oberbeck-Boussinesq approximation is considered to
hold here. The apparent viscosity is modelled by the Darcy–Carreau–Yasuda model
(8.11). The mass balance, momentum balance and energy balance equations, as well as
the Darcy–Carreau–Yasuda rheological model, can thus be written as

∇ · u = 0, (8.12)
µa
K

u + ∇p − ρ0 β (T − T0)g = 0, (8.13)

σ
∂T

∂t
+ u · ∇T = χ∇2T, (8.14)

µa
µ0

=
(

1 + (λ∗ f
1

n−1
p (ΦK)− 1

2 |u|)a
)n−1

a

, (8.15)

subject to the following boundary conditions at the horizontal walls

z = 0 : w = 0, T = T0 + ∆T, (8.16a)

z = H : w = 0, T = T0. (8.16b)
with u = (u, v, w) being the velocity field, T the temperature field, p the hydrostatic
pressure field, µa the apparent dynamic viscosity, µ0 the dynamic viscosity at the zero
shear rate, χ the effective thermal diffusivity, β the fluid thermal expansion coefficient,
K the permeability, ρ0 the fluid density ate the reference temperature T0, σ is the ratio
between the average volumetric heat capacity of the saturated porous medium and the
volumetric heat capacity of the fluid, respectively and g the gravity acceleration with
modulus g.

Considering the energy equation (8.14) and the boundary conditions (8.16), a pos-
sible basic solution for the temperature is one that leads to a linear vertical thermal
stratification:

Tb − T1 = (1− z/H)(T0 − T1), (8.17)
A horizontal throughflow is imposed,

ub = u0 ex, (8.18)

which implies, according to (8.15), a variation of the basic apparent viscosity of the form,

µa(b)

µ0
=
(

1 +
(
λ∗ f

1
n−1
p (ΦK)− 1

2 u0

)a )n−1
a

. (8.19)

According to the definition of the porous shear rate, given by (8.5), the basic shear
rate for porous media is γ̇pb = f

1
n−1
p (ΦK)− 1

2 u0. Hence, the term λ∗ f
1

n−1
p (ΦK)− 1

2 u0
is the product of the basic porous shear rate γ̇pb and the characteristic time λ∗ of the
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fluid. This product, is known as the Weissenberg number in the literature about non–
Newtonian clear fluids. Since we consider here that the non–Newtonian fluid is saturating
a porous medium, a Darcy-Weissenberg number can be defined as,

Wi = λ∗ γ̇pb , (8.20)

which may be seen as a measure of the influence of non-Newtonian forces on the fluid
flow. By introducing this number, Equation (8.19) can be reduced to,

µa(b)

µ0
= (1 + Wia)

n−1
a . (8.21)

The influence of the non–Newtonian character of the fluid on the apparent viscosity
depends on Wi, n and a. The special cases of n = 1 or λ∗ = 0, which implies Wi = 0, is
correspondent to a Newtonian fluid with viscosity µ0, independently of u0. Prats [111]
has demonstrated that, in this case, the instability threshold, as well as the instability
pattern, do not depend on the flow–rate..

In the limit of zero flow–rate, the Darcy-Weissenberg number is zero, and according
to (8.21), the viscosity is constant and equal to the viscosity µ0 as well. Therefore, we
can expect that, in this limit, the non–Newtonian fluid behaves as a Newtonian fluid.

Figures 8.2 and 8.3 show the variation of µa(b)
µ0

as a function of Wi for a = 2 (i.e.
Darcy–Carreau model (7.6)). Different values of n are considered, for both pseudoplastic
and dilatant fluids. Figure 8.2 shows that an increase in the Darcy-Weissenberg number,
for a fixed value of n, means a decrease in the apparent viscosity. Such a decrease is
more effective for small values of n, that is when the fluid is more shear–thinning. The
opposite is true for dilatant fluids.
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n = 0.1,0.2,0.4,0.6,0.8,1.0
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Figure 8.2: Apparent viscosity normalised by the viscosity at zero shear rate µ0 versus
Darcy-Weissenberg number for a = 2 and different values of n: pseudoplastic fluids.
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n = 1.0,1.2,1.4,1.6,1.8,2.0
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Figure 8.3: Apparent viscosity normalised by the viscosity at zero shear rate µ0 versus
Darcy-Weissenberg number for a = 2 and different values of n: dilatant fluids

The influence of the Yasuda parameter a on the apparent viscosity may be significant
when Wi→ 0 or Wi = O(1). When Wi� 1, Equation (8.21) yields,

µa(b)

µ0
= Wi n−1. (8.22)

In this limit, the apparent viscosity is given by the power-law model and it does not
depend on the Yasuda parameter a.

From Eq.(8.13), it is possible to observe that also the horizontal basic pressure gradi-
ent is influenced by the non–Newtonian nature of the fluid,

−∂pb
∂x

= µ0

K
(1 + Wia)

n−1
a u0. (8.23)

Moreover, the buoyancy force generates a vertical pressure gradient,

∂pb
∂z

= −ρ0 β (1− z/H) (T0 − T1). (8.24)
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8.2 Dimensionless equations and linear stability ana-
lysis

8.2.1 Dimensionless equations
The following dimensionless quantities are introduced

1
H

(x, y, z)→ (x, y, z), H

χ
u→ u,

χ

σH2 t→ t,

T − T0

∆T → T,
K

χµ0
p→ p, (8.25)

which allow one to write the governing equations in their dimensionless form as follows

∇ · u = 0, (8.26)

(1 + (α |u|)a)
n−1
a u + ∇p = RaT ez, (8.27)

∂T

∂t
+ u · ∇T = ∇2T, (8.28)

where α = λ∗ f
1

n−1
p (ΦK)−1

2 χ/H. For a finite Pe, one can write

α = Wi

Pe
. (8.29)

The dimensionless version of the boundary conditions is given by

z = 0 : w = 0, T = 1, (8.30a)

z = H : w = 0, T = 0. (8.30b)
The basic solution may be written in dimensionless form as

Tb = 1− z, (8.31)

ub = {Pe, 0, 0}, (8.32)

∇pb = − (1 + Wia)
n−1
a Pe ex + RaTb ez. (8.33)

The Rayleigh Ra and the Péclet Pe number are introduced, and their definitions are
given by

Ra = ρ0KHgβ∆T
χµ0

, (8.34)

and
Pe = u0 H

χ
. (8.35)

99



8.2.2 Linearised equations
To investigate the stability of the present equilibrium solution, the physical quantities

are split into a basic part and another one relative to the infinitesimal disturbances (see
Section 3.2),

u = ub + ũ(x, y, z, t),

T = Tb + T̃ (x, y, z, t), p = pb + p̃(x, y, z, t). (8.36)

By substituting the decomposed quantities (8.36) into (8.26)–(8.28), and by neglect-
ing nonlinear terms for the disturbances, one has the linearised governing equations for
the disturbances. In order to simplify the analysis, one may apply the curl operator to
get rid of the pressure field in the equations. Thus, by manipulating the equations, it is
possible to obtain the linearised governing equations for the disturbances in terms of the
vertical disturbance velocity and the disturbance temperature, namely

(1 + Wia)
n−1
a

[
∇2 − (n− 1)Wia

1 + nWia
∂2

∂x2

]
w̃−

Ra

[
∇2

2 −
(n− 1)Wia

1 + nWia
∂2

∂x2

]
T̃ = 0, (8.37a)

∂T̃

∂t
+ Pe

∂T̃

∂x
− w̃ −∇2T̃ = 0, (8.37b)

with ∇2
2 being the two–dimensional Laplacian in the (x, y) plane. The equations are

subject to the boundary conditions

z = 0, 1 : w̃ = 0 = T̃ . (8.38)

8.2.3 Dominant modes
The three-dimensional disturbance quantities w̃(x, y, z, t) and T̃ (x, y, z, t), satisfying

the boundary conditions (8.30), can be expressed as

[w̃, T̃ ] =
[
ŵ, T̂

]
exp(ikxx + ikyy − i ωt) sin(πz) (8.39)

where kx and ky are the wavenumbers in the streamwise and spanwise direction, respect-
ively, and ω is the complex frequency. Its imaginary part Im[ω] and real part Re[ω]
represent, respectively, the temporal growth rate and the oscillation frequency of the
disturbance modes.

The neutral stability condition is obtained by imposing Im[ω] = 0, which selects the
most unstable modes at the onset of convection, that is the first ones to experiment
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the transition to instability. By substituting Equations (8.39) into (8.37), the dispersion
relation of the disturbances are obtained

D
(
kx, k

2, Ra,Re [ω] ,Wi, n, a
)

= 0, (8.40)

where k2 = k2
x + k2

y. From the imaginary part of the dispersion relation is obtained that
the exchange of instability holds, that is Re[ω] = kx Pe. By considering this result, the
real part of the dispersion relation yields

(
k2 + π2

)
(1 + Wia)

n−1
a

[
−
(
k2 + π2

)
+ (n− 1)Wia

1 + nWia
k2
x

]
−

Ra

[
−k2 + (n− 1)Wia

1 + nWia
k2
x

]
= 0 (8.41)

From (8.41) it is possible to recover an explicit expression for Ra in the threshold of
instability, namely

Ra = (k2 + π2) (1 + Wia)
n−1
a

(
1 + π2 (1 + nWia)

k2 (1 + nWia)− (n− 1)k2
xWia

)
(8.42)

It is also possible to rewrite Equation (8.42) by adopting the relation kx = k cos(φ). In
that case, φ = 0 represents the transverse instability rolls, while φ = π/2 represents the
longitudinal ones. If 0 < φ < π/2 one has the oblique rolls. For an assigned parametric
combination, (Wi, n, a), the neutral stability condition is represented by computing the
value of Ra that satisfies the condition, for each value of k and φ. For each value of
k there is a corresponding value of Ra relative to the neutral stability condition. The
minimum value of Ra over all values of k is known as the critical value of Ra or Rac.
Mathematically, this means that the derivative of (8.42) with respect to k must be zero.
The critical value of the wavenumber is given by

kc = π

[
1 + nWia

1 + Wia (n+ (1− n) cos2(φ))

] 1
4

, (8.43)

while Rac is given by

Rac = π2 (1 + Wia)
n−1
a

1 +
(

1 + nWia

1 + Wia (n+ (1− n) cos2(φ))

) 1
2
2

. (8.44)

In addition to the dependence on n and Wi, Rac depends also on the angle φ. The
linear pattern selection is the determination of the must unstable type of rolls, that is
the value of φ that returns the lowest value of Ra. From Equation (8.44), it can be seen
that the dependence of the neutral condition on φ appears just in one term. The role of
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its dependence changes depending on the value of n. Equation (8.44) can be rewritten
as

Rac = π2 (1 + Wia)
n−1
a

1 +
(

1 + nWia

1 + Wia h(n, φ)

) 1
2
2

, (8.45)

where

h(n, φ) = n + (1− n) cos2(φ). (8.46)

By looking at Equation (8.46), one can study the linear pattern selection of the
problem. If n = 1, the results are independent of φ and thus h(1, φ) = 1. For n 6= 1, the
maximum of h(n, φ) represents the minimum of Rac. Figure 8.4 shows the dependence
of the function h(n, φ) on n, considering transverse (φ = 0), oblique (φ = π/4) and
longitudinal rolls φ = π/2. It is clear that transverse rolls are the most unstable modes
for n < 1, while for n > 1 longitudinal rolls become the dominant ones. Oblique rolls,
represented here by φ = π/4, are always intermediate.
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Figure 8.4: Function h(n, φ) as a function of n for transverse, oblique and longitudinal
rolls

.
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Thus, the expressions for Rac and kc can be simplified considering the specific cases
of transverse and longitudinal cases. They are given, respectively, by

RaTc = π2 (1 + Wia)
n−1
a

1 +
(1 + nWia

1 + Wia

) 1
2

2

, (8.47a)

kTc = π
[1 + nWia

1 + Wia

] 1
4
, (8.47b)

and

RaLc = 4π2 (1 + Wia)
n−1
a , (8.48a)

kLc = π. (8.48b)

It can be useful to look at the the critical values of Ra and k in the limit of large
Darcy-Weissenberg number (Wi� 1). In the limit of very large values of Wi, Equations
(8.47a), (8.47b) and (8.48a) become

RaTc = π2
(
1 + n

1
2
)2

(Wi)n−1, (8.49a)

kTc = π n
1
4 , (8.49b)

RaLc = 4π2 (Wi)n−1. (8.49c)

By replacing Wi in Equations (8.49a) and (8.49c) by its expression,

Wi = λ∗ f
1

n−1
p (ΦK)

−1
2 u0 =

(
ηef
µ0

) 1
n−1 χ

H
Pe, (8.50)

and by defining a Rayleigh number based on the power–law model Rapl, as it is usually
employed by many authors in the literature (see, for instance, Barletta and Nield [12]
and Petrolo et al. [110]),

Rapl = β g K Hn ∆T
ηef χn

. (8.51)

Equations (8.49a) and (8.49c) can be rewritten as

Rapl Tc = π2
(
1 + n

1
2
)2

(Pe)n−1, (8.52a)

and
Rapl Lc = 4π2 (Pe)n−1. (8.52b)

The critical value of Rayleigh number based on the definition (8.51), and the corres-
ponding critical wavenumbers (8.49b) and (8.48b), correspond exactly with the results
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obtained by Barletta and Nield [12]. Such a result demonstrates that the theoretical
results coming from the power–law rheological model are recovered by using the Darcy–
Carreau–Yasuda model in the limit of large values of Darcy-Weissenberg number. In this
limit, the flow behaviour can be said to be strongly non–Newtonian. For this reason, the
instability regime will be considered as strongly non–Newtonian as well.

In the limit of small values of Darcy-Weissenberg number, the weakly non–Newtonian
regime, a Taylor expansion of RaTc and RaLc yields

RaTc = 4π2
(

1 + (n− 1)(1
2 + 1

a
)Wia

)
, (8.53a)

RaLc = 4π2
(

1 + n− 1
a

Wia
)
. (8.53b)

In the case of Wi = 0, the classical critical results associated with the HRL problem
are recovered, namely Rac = 4π2 and kc = π. Such results mean that, for the zero
flow–rate case and according to the linear stability predictions, the onset of convection
for a non–Newtonian fluid emerges under the same conditions as for a Newtonian one.

Considering the non–Newtonian version of classical Rayleigh–Bénard problem for
clear fluids, the study carried out by Darbouli et al. [44] can be be cited. They conducted
experiments with Xanthan–gum solutions at different concentrations. They concluded
that the onset of convection is observed for all concentrations cases around Rac = 1800,
which corresponds approximately to the Newtonian case. Since the thermal instabilities
in both clear fluids and fluid saturated porous media are qualitatively similar, it is not
surprising that the onset of non–Newtonian convection in porous media corresponds to
the Newtonian results Rac = 4π2. This result is different from that observed by Barletta
and Nield [12] in the limit of zero Péclet number. Namely, Rapl Tc tends to infinity for
shear–thinning fluids and Rapl Lc goes to zero for shear–thickening fluids.

For the general case, the dependence on Wi of Rac and kc at the onset of convection
is presented for different values of n associated to pseudoplastic and dilatant fluids.
Different values of the Yasuda parameter a are considered. Figure 8.5 shows the critical
Rayleigh number for pseudoplastic fluids as a function of Wi for different values of n.
The Yasuda parameter is set here a = 2 and the results are relative to the transverse
rolls. Dashed lines represents the results relative to the power–law model, it can be seen
that in the limit of high values of Wi both results coincide
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Figure 8.5: Critical Rayleigh number for pseudoplastic fluids, normalized by the critical
one for Newtonian fluids (4π2), versus the Darcy–Weissenberg number. Results obtained
for transverse rolls with a = 2 and different values of n. The dashed lines in this figure
are relative to the power-law model.

The critical Rayleigh number is normalized by the classical results for Newtonian
fluids Rac = 4π2, in such a way that the departure from the Newtonian case for n 6= 1
can be observed clearly when Wi increases. Figure 8.5 shows that Wi has a destabilizing
effect. The observed destabilizing effect is stronger for small values of n. A physical
interpretation may be related to the reduction of the apparent viscosity with increasing
shear–thinning effects, making the fluid less able to resist to thermal buoyancy forces.

As already observed, in the limit of high Wi both results coincide. It can be said
that there exists a special value Wit, which depends on n, above which the results start
to coincide. Here, one can approximate this value by Wit ≈ 1. It is worth to remark
also that for Wi < Wit the dashed curves tend to infinity, showing the singularity of
the power–law model for weakly non–Newtonian fluids, in agreement with the results
present in the literature [12]. Consequently, we can state that the power–law model and
the Darcy–Carreau model lead to similar results in the strongly non-Newtonian regime
(i.e. Wi > Wit ≈ 1) while a significant qualitative and quantitative difference between
the two models is observed in the weakly non–Newtonian regime (i.e. Wi < Wit).

Figure 8.6 shows that the critical wavenumber for pseudoplastic fluids is always smal-
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ler than the classical kc = π. This implies that emerging transverse convection rolls have
a larger cross–section for pseudoplastic fluids than for Newtonian fluids.

n = 0.1,0.2,0.4,0.6,0.8,1.0
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Figure 8.6: Critical wave number for pseudoplastic fluids versus the Darcy-Weissenberg
number. Results obtained for transverse rolls with a = 2 and different values of n.

Figure 8.7 shows the critical results for dilatant fluids. The critical Rayleigh number
is again normalized by the Newtonian result Rac = 4π2. In this case, increasing Wi
generates a stabilizing effect. Such a result is also expected, since for dilatant fluids
the apparent viscosity increases with Wi, making the fluid to be more resistant to the
thermal buoyancy forces. Dashed curves represent the results obtained by considering
the power–law model, for comparison, which qualitatively are similar to those obtained
from the present model considering that Wi > Wit ≈ 1. On the other hand, for
Wi < Wit, the critical Rayleigh number predicted by the Darcy–Carreau model (8.49c)
tends to classical result Rac = 4π2, while it goes to zero with the power–law model, as
predicted by Barletta and Nield [12]. For the dilatant fluids, the critical wavenumber for
longitudinal rolls is constant.
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Figure 8.7: Critical Rayleigh number for dilatant fluids, normalized by the critical one
for Newtonian fluids (4π2), versus the Darcy–Weissenberg number. Results obtained for
longitudinal rolls with a = 2 and different values of n. The dashed lines in this figure
are relative to the power–law model.

The effect of the Yasuda parameter a on Rac is illustrated in Figures 8.8 and 8.9,
respectively, for a fixed value of n. These two figures show that, as a decreases the
critical Rayleigh number for pseudoplastic fluids decreases as well, while it increases for
dilatant fluids. The parameter a has then a stabilizing effect for pseudoplastic fluids and
a destabilizing effect for dilatant fluids. It is worth to note also that, for a high value
of Wi, the critical Rayleigh number becomes less dependent on a meaning that, in this
limit, there is no significant difference between the Darcy–Carreau–Yasuda model and
the Darcy–Carreau model.
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Figure 8.8: Critical Rayleigh number for pseudoplastic fluids, normalized by the New-
tonian one (4π2), as a function of the Darcy-Weissenberg number. Results are obtained
for transverse rolls with n = 0.5 and different values of a.
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Figure 8.9: Critical Rayleigh number for dilatant fluids, normalized by the Newtonian
one (4π2), as a function of the Darcy-Weissenberg number. Results are obtained for
longitudinal rolls with n = 1.5 and different values of a.

8.3 Energy budget analysis
In order to better understand the physical mechanisms involved in the thermal in-

stability of shear–thinning and shear–thickening fluids saturating porous media, an en-
ergy budget analysis is here proposed. In a first instance, the momentum equations are
written for the most unstable modes, namely transverse rolls for pseudoplastic fluids
and longitudinal rolls for dilatant fluids. For the sake of conciseness, the procedure is
illustrated here just for pseudoplastic fluids,

(1 + Wia)
n−1
a

[
1 + (n− 1)Wia

1 + Wia

]
ũ = −∂p̃

∂x
, (8.54)

(1 + Wia)
n−1
a w̃ = −∂p̃

∂z
+ Ra T̃ . (8.55)

By multiplying Equations (8.54) and (8.55) by the complex conjugate of ũ and w̃,
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respectively, and by subsequently adding the two resulting equations, one obtains

(1 + Wia)
n−1
a

[
|ũ|2 + |w̃|2 + (n− 1)Wia

1 + Wia
|ũ|2

]
= − ũ∗ ∂p̃

∂x
− w̃∗

∂p

∂z
+ Ra w̃∗ T̃ , (8.56)

where ũ∗ and w̃∗ are the complex conjugate of ũ and w̃ respectively.
Equation (8.56) is integrated over a closed convective cell in the xz plane, where

the presence of impermeable boundaries is assumed in x =constant. By integrating by
parts, applying the Gauss-Green theorem and considering the mass balance equation, a
relationship for the fluctuating energy at the instability threshold is obtained

eth + enN + ed = 0, (8.57)

where each one of the contributions are given by

eth = Rac

∫ 1

0
(w̃∗ T̃ ) dz,

enN = (1 + Wia)
n−1
a

(1− n)Wia

1 + Wia

∫ 1

0
|ũ|2 dz,

ed = − (1 + Wia)
n−1
a

∫ 1

0
(|ũ|2 + |w̃|2) dz. (8.58)

The single contributions eth, enN and ed corresponds to the thermal buoyancy con-
tribution due to the imposed temperature gradient, the non-Newtonian hydrodynamic
energy production generated by the interaction of the basic flow with the horizontal
perturbation velocity u and the viscous dissipation energy, respectively.

Sice ed is negative, the dissipation contribution produces a stabilization effect for the
present case. The contribution enN is positive for shear–thinning fluids, indicating the
destabilizing effect of the non-Newtonian character of the fluid. The same is true for
the thermal buoyancy contribution. Such a destabilizing effect is due to the coupling
between the throughflow and the non-Newtonian nature of the fluid.

By normalizing the energy contributions by the absolute value of the dissipation
contribution |ed|, the momentum energy budget then becomes,

Eth + EnN = 1, (8.59)

with Eth = eth
|ed|

and EnN = enN
|ed|

. The expressions of the perturbations u, w and T̃ can
be given by

T̃ = T̂ exp
(
ikTc x − i kTc Pe t

)
sin(πz), (8.60)

w̃ = ((kTc )2 + π2) T̂ exp
(
ikTc x − i kTc Pe t

)
sin(πz), (8.61)

ũ = iπ

kTc
((kTc )2 + π2) T̂ exp

(
ikTc x − i kTc Pe t

)
cos(πz). (8.62)
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Analytical expressions for Eth and EnN can be obtained by taking into consideration
the expressions for T̃ , ũ and w̃ together with the expressions for Rac and kc, and it is
given by

Eth = (kTc )2π2

((kTc )2 + π2)2

1 +
(1 + nWia

1 + Wia

) 1
2

2

,

EnN = π2(1 − n)Wia

(1 + Wia)((kTc )2 + π2) . (8.63)

The contributions EnN and Eth in the limit of large values ofWi, the so–called strongly
non-Newtonian regime, can be simplified to

Eth =
√
n, (8.64)

EnN = 1−
√
n, (8.65)

while it becomes, for the weakly non–Newtonian regime,

Eth = 1− 1
2(1− n)Wia, (8.66)

EnN = 1
2(1− n)Wia. (8.67)

In these two limits, the non–Newtonian hydrodynamic energy EnN increases when
the power–law index n decreases from n = 1 to n = 0. While the opposite is true
for Eth. The reason is that n is related to the non–Newtonian nature of the fluid, in
such a way that decreasing n means that the shear–thinning nature of the fluid becomes
predominant.

Figures 8.10 and 8.11 show the thermal and non–Newtonian energy variation as
a function of Wi for two cases, namely a = 0.5 and a = 2, respectively. Different
cases of n are considered. It is possible to observe that the non–Newtonian energy EnN
increases as Wi increases, while Eth decreases, indicating that less thermal energy is
needed to trigger the instability. In the limit of high values of Wi, the two energies
tend asymptotically to constant values. The asymptotic value of EnN may be explained
physically by invoking the characteristic time of the fluid λ∗ and the characteristic time
of the flow, which is given by the inverse of the porous shear rate γ̇∗p . The ratio between
these two characteristic times yields the Darcy–Wiessemberg number. Since the linear
dynamics occurs at small times, it is ruled by the characteristic time of the flow for
large values of Wi. Hence, at this time scale, no interaction between the non-Newtonian
characteristics of the fluid and the basic throughflow is expected, leading to a constant
non–Newtonian contribution.

Figures 8.10 and 8.11 also show that for small values of n the curves of thermal and
non–Newtonian contributions switch their role, that is the dominant disturbance energy
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changes. In order to evaluate the precise value of Wi in which the curves intersect, one
may solve the equation Eth = EnN for each values of a and n,

Wia = 3
1− 4n, (8.68)

considering that Wia is always positive, this intersection may be observed just for n <
1/4, or even for n = 1/4 if Wi→∞.
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Figure 8.10: Energy budget analysis for a = 0.5. Upper curves represent the thermal
energy Eth and lower curves the non–Newtonian energy EnN.
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Figure 8.11: Energy budget analysis for a = 2. Upper curves represent the thermal
energy Eth and lower curves the non–Newtonian energy EnN.

8.4 Discussion of the results in relation to common
porous media and to experiments in Hele-Shaw
cell

8.4.1 Application to common porous media
In this section, the interaction between the non–Newtonian nature of the fluid and

the intrinsic characteristics of the porous medium at the onset of mixed convection
is analysed. It is shown that the instability threshold depends on the dimensionless
parameters n, a and Wi. An expression for Wi can be given by

Wi = λ∗ fp
1

n−1 (ΦK)− 1
2 u0, (8.69)

where
fp = 8−

n+1
2 2

(3n+ 1
n

)n
. (8.70)

By introducing the dimensionless time characteristic of the fluid λ = λ∗

H2/χ
, the Darcy

number Da = K
H2 and the Péclet number Pe, Equation (8.69) may be written as

Wi = λ γ̇p, (8.71)
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with γ̇p being the dimensionless porous shear rate given by

γ̇p = fp
1

n−1 (ΦDa)− 1
2 Pe. (8.72)

For shear–thinning fluids, the characteristic time of the fluid, λ∗, commonly varies
from 0.1 s to 100 s. For common porous media the permeability K may vary from
10−20 m2 to 10−7 m2 [106], the filtration velocity u0 is usually smaller than 4×10−4 ms−1

while a typical value for the porosity φ is 0.35. By setting H = 4 × 10−2 m and χ =
10−7 m2 s−1, the dimensionless characteristic time of the fluid λ can vary approximately
from 10−5 to 10−2, while the product of Darcy number Da and the porosity Φ may vary
approximately from 10−5 to 10−18. The impact of the porous properties on the instability
threshold may be investigated by setting the values for λ, n and Pe and by varying the
product (ΦDa). On the other hand, the effect of the throughflow on the instability
threshold may be studied by assigning values to λ, n and (ΦDa) and by varying the
value of Pe. Figure 8.12 shows the dependence on ΦDa of Rac for pseudoplastic fluids.
Péclet number is set Pe = 4 which corresponds to u0 = 4 × 10−5 ms−1. The effect
of ΦDa is then observed to be a stabilizing one. Instead, for a fixed value of ΦDa,
decreasing n has a destabilizing effect, confirming that the shear–thinning characteristic
of the fluid enhances the onset of convection.
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Figure 8.12: Critical Rayleigh number for pseudoplastic fluids as a function of ΦDa.
Results obtained for transverse rolls with a = 2 and different values of n.
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The effect of Pe on the instability threshold can be seen in Figure 8.13 for ΦDa =
10−5. The effect of varying Pe for a fixed ΦDa is qualitatively similar to that of varying
Wi. For both figures, the data for n and λ∗ were extracted from Darbouli et al. [44].
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Figure 8.13: Critical Rayleigh number for pseudoplastic fluids as a function of Pe. Res-
ults obtained for transverse rolls with a = 2 and different values of n.

As discussed before, two regimes of instability can be identified at the instability
threshold, namely a strongly and a weakly non–Newtonian regime. In the first one the
power–law and the Carreau model almost coincide, while in the second one both models
disagree significantly. The condition Wi ∼ 1 is assumed here as an approximative value
of the transitional value of Wi, in which the transition between the two regimes is
observed. From Equation (8.71) it is possible to compute the value of λ in which this
transition should be observed for each value of γ̇p, and it is given by

λ = 1
γ̇p
. (8.73)

Figure 8.14 shows the characteristic time of the fluid as a function of the porous shear
rate representing the transition between both regimes.
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Figure 8.14: Transition map between the weakly and the strongly non-Newtonian regimes
of instability.

8.4.2 Comparison with experiments in Hele-Shaw cell
In this section, the present theoretical results for the instability threshold are com-

pared with some experimental data. Petrolo et al. [110] investigated the onset of mixed–
convection of pseudoplastic fluids in a Hele–Shaw cell. They investigated the onset of
pseudoplastic convection in Hele–Shaw cell by both an experimental and a theoretical
approach, namely they investigated the linear stability of the forced convective state.
Contrary to the present investigation, they considered a power–law model as the rheolo-
gical model. For this reason, if a comparison is sought it is necessary to reformulate the
present results in terms of the Rayleigh number used by Petrolo et al. [110], denoted
here as Ra∗ and defined by

Ra∗ = β g K∗Hn ∆T
η χn

, (8.74)

where K∗ = ( b2)n+1( n
2n+1)n is the permeability used in experiments to evaluate the

Rayleigh number and b is the width of the Hele–Shaw cell. The relation between Ra∗

and the present Ra may be written as,

Ra∗ = ΩRa, (8.75)
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with

Ω = 12
(
H

χ

)n−1
µ0

η

bn−1

2n+1

(
n

2n+ 1

)n
. (8.76)

Almost all data necessary to evaluate Ω and Wi are reported in Table 1 of the work
by Petrolo et al. [110]. The data related to µ0, on the other hand, are not documented
in the paper by Petrolo et al.[110]. Nonetheles, considering that in the supplementary
material of Petrolo et al.[110] the apparent viscosity µa is given as a function of the
average shear rate, for the Experiments 4 and 7, it is possible to estimate µ0 by fitting
the experimental data. The expressions of µa presented here for both Darcy–Carreau
and Darcy–Carreau–Yasuda are considered.

Considering the expression (8.8) of the apparent viscosity given by the Carreau–
Yasuda model, where λ∗ and γ̇p are given by (8.7) and (8.3), the following relation is
obtained

ηef
η

= fhsK
1−n

2 , (8.77)

with fhs = 3(−n+1
2 )(2n+1

n
)n, K = b2/12. At this point, one may recover µ0 and the

Yasuda parameter a based on the experimental data.
For the Experiment 4, n = 0.66 and η = 0.07. Figure 8.1 in Section 8.1 shows the

experimental data (dots) and the Carreau–Yasuda model fit (continuous line) for the
best–fitted a, that is the a with the smaller standard error

Table 8.1 show the parameters recovered from the nonlinear regression of the experi-
mental data. Since the fluid properties for both Experiments 4 and 6 in Petrolo et al.[110]
are similar, the estimated value of µ0 is assumed to be the same for both Experiments 4
and 6.

Table 8.1: Estimated coefficients of the Carreau–Yasuda model using data for experiment
4 in Petrolo et al.[110].

Estimate Standard Error
µ0 0.135022 0.001362
a 0.586851 0.00920399

For experiments 7 and 2, the fluid characteristics are n = 0.55 and η = 0.1. Figure
8.15 shows the adjustment of the Carreau–Yasuda model over the experimental data.
Table 8.2 shows the result for µ0 and the best–fitted a. In this case, it is observed that a
have no significant effects on the final adjustment or on the value of µ0. For this reason,
the parameter a was fixed to a = 2, reducing the Carreau–Yasuda model to the Carreau
model.
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Figure 8.15: Data from experiment 7 of [110] and fitted model, for a = 2.

Table 8.2: Coefficients of the Carreau–Yasuda model estimated from experimental data
of experiment 7 [110].

Estimate Standard Error
µ0 0.583125 0.050362
a 2.89781 0.83957

In table 8.3, the measured values of critical Rayleigh number Ra∗,Ec from the experi-
ments are presented and compared with the present theoretical predictions Ra∗,Tc . The
values of Wi were calculated here considering the definition (8.20) together with the
experimental data.
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Table 8.3: Critical Rayleigh number Ra∗,Ec , index n and Pe as determined experimentally
in [110] and the corresponding Darcy-Weissenberg number Wi estimated by considering
the experimental data. Ra∗,Tc is the critical Rayleigh number determined in the present
work.

Exp. n Pe Wi Ra∗,Ec Ra∗,Tc
Ra∗,Tc −Ra∗,Ec

Ra∗,Ec

2 0.55 52 14.96 6.2 ± 0.6 5.06 - 18%
4 0.66 52 2.03 8.3 ± 0.8 8.52 2.6%
6 0.66 34 0.88 6.3 ± 0.4 7.14 13%
7 0.55 34 6.52 4.7 ± 0.6 6.13 30.4%

Table 8.3 shows that the disagreement between theoretical and experimental results
for the Experiments 2 and 7 is considerable. It is important to note that in such cases
the regime is a strongly non–Newtonian one, considering the high values of Wi. In
this regime, the theoretical instability threshold given by the power–law model is almost
the same as the one given by the present model, namely Ra∗,Tc reported in Table 8.3.
Therefore, the theoretical predictions given by both rheological models display almost the
same discrepancy with experiments for relatively high values of Wi. On the other hand,
Table 8.3 shows that the discrepancy between theory and experiments is significantly
reduced for Experiments 4 and 6. These cases are both relative to a moderate and a
small value of Wi. For these cases, theory overestimated the experimental results by
2.6% and 13%, respectively.

Table 8.4 shows a good agreement between the critical wavenumber of both experi-
mental and theoretical predictions.

Table 8.4: Critical wave number from experimental results (kEc ) and theory (kTc ).

Exp. kEc kTc
2 2.99 ± 0.07 2.71
4 2.85 ± 0.06 2.71
6 3.05 ± 0.07 2.97
7 2.78 ± 0.06 3.01

Among the reasons that may cause the disagreement between theoretical and exper-
imental results, it is possible to mention the possibility of a subcritical bifurcation, the
need to classify the nature of the transition into convective or absolute and the fact that
the present model does not take into account the influence of the yield stress effects, as
observed by Petrolo et al. [110].
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It may be necessary to investigate the contribution of the nonlinear interactions
between the disturbance modes, by employing at least a weakly nonlinear stability ana-
lysis, in order to classify the nature of the bifurcation. In addition, since an open flow
configuration is considered here, the instability nature must be distinguish between ab-
solute and convective. Unfortunately, there is no information regarding the frequency
spectrum of the convective rolls in Petrolo et al. [110], which makes impracticable such
a kind of study.

8.5 Conclusion
The present study aimed to extend the work of Petrolo et al. [110] by introducing

a new rheological model able to avoid the issues of the power–law model. The Darcy–
Carreau–Yasuda model is, in fact, able to describe in a regular way the behaviour of the
apparent fluid viscosity at both regions of small and high values of shear rate. A temporal
stability analysis indicated that the distinction between stationary and oscillatory dis-
turbance modes depends on the non–Newtonian nature of the fluid. For shear–thinning
fluids, the oscillatory transverse rolls are favoured, while for shear–thickening fluids the
preferred are the stationary longitudinal rolls.

In the strogly non–Newtonian regime, i.e. in the limit of high values of Wi, the
present rheological model is reduced asymptotically to a power–law one. In such a regime,
a comparison betewen the present and the power–law model predictions are in a very good
agreement. On the other hand, in the weakly non–Newtonian regime, i.e. in the limit
of small values of Wi, a significant difference between the Darcy–Carreau–Yasuda and
the power–law model is observed. In the limit of zero flow–rate, the power–law model
predicts that pseudoplastic fluids are unconditionally stable, while dilatant fluids are
always unstable. Nevertheless, the results when considering the Darcy–Carreau–Yasuda
model demonstrated that the classical critical value for Newtonian fluids Rac = 4π2 is
recovered in the limit of zero Wi. For Wi < 1, it is observed that Rac decreases for
pseudoplastic fluids as Wi increases. This destabilizing effect is more effective for small
values of n and a.

An energy budget analysis has been employed and clarified that, in addition to the
dissipation contribution to the total disturbance energy, there is a thermal buoyancy
contribution and also a non–Newtonian hydrodynamic energy production. For small
values of Wi, the thermal buoyancy contribution is demonstrated to be the dominant
effect, meaning that the transition has similar characteristics to the Newtonian fluids.
For high values of Wi, instead, the non-Newtonian hydrodynamic energy production
dominates, indicating that the instability is mainly related to the shear–thinning effects.
For moderate values of Wi, it is observed a competition between the two mechanisms.

In addition, a discussion of the results in comparison with some results available in the
literature has been made. Some experimental data available in Petrolo et al. [110] and
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its supplementary material allowed an evaluation and a comparison between the present
results, the theoretical results considering a power–law model, and the experimental
results. The discrepancy found between theory and experiments is relatively large for
both models in the limit of high Wi while the Darcy–Carreau–Yasuda model turned out
to be a more adequate framework for small and moderate values of Wi.
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Chapter 9

A stability study of a generalised
basic state for the isoflux
Darcy–Bénard problem

9.1 Introduction
Different types of boundary conditions for the Darcy–Bénard system have been con-

sidered in the literature, including, for instance, uniform heat flux boundary condi-
tions instead of the classical isothermal boundary conditions on the horizontal walls
[97, 13, 106]. The instability threshold of a Darcy–Bénard problem with isoflux bound-
ary conditions is characterised by infinite wavelength disturbances at the onset and a
critical Rayleigh number equal to 12 [97, 106].

Another type of thermal instability occurring in a porous layer emerges when the ba-
sic flow is composed by a cellular flow, the so–called Hadley circulation [106]. The Hadley
flow is due to the prescribed boundary temperature distributions with a uniform gradient
in a given horizontal direction. Such a concept comes from the study of the physics of the
atmosphere [60, 50]. The fundamental mechanism is explained by the horizontal temper-
ature gradient that induces the appearance of the convective cells. This concept started
to be investigated in the physics of atmosphere, thus in fluid dynamics of clear media, but
its application in the fluid dynamics of saturated porous media has also been investigated
in several papers [131, 99, 100, 105, 101, 93, 92, 75, 102, 31, 32, 30, 11, 17, 106]. The
Hadley flow is a buoyant flow, that emerges in a bidimensional regime, parametrised by
a given horizontal temperature gradient. Weber [131] was one of the pioneers to invest-
igate the instability of a basic Hadley flow in a saturated porous medium. The Hadley
flow in a porous medium is usually caused by a temperature gradient that is inclined
to the horizontal, in such a way that the Darcy–Bénard instability also arises. Among
the different studies dealing with Hadfley flow in porous media, it can be cited that by
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Nield [99], in which he considered the presence of a horizontal pressure gradient acting
on the Hadley cell flow. Important results about the convective or absolute nature of the
instabilities are discussed by Brevdo and Ruderman [31, 32], Brevdo [30] as well as by
Schuabb et al. [119] for the one– and two–dimensional wavepacket dynamics. The effect
of viscous dissipation is taken into consideration in the analysis carried out by Barletta
and Nield [11], while the heterogeneity of the porous medium was considered by Barletta
et al. [17].

The aim of the present study is to revisit the classical Darcy–Bénard problem with
uniform heat flux boundary conditions. A one–parameter class of basic cellular flows
is proposed, which can be reduced to the classical conduction state with the fluid at
rest as a special case. In particular, it will be demonstrated that the isoflux boundary
conditions are compatible with a convective cellular flow of Hadley type with an arbitrary
horizontal temperature gradient. Such a horizontal temperature gradient controls the
magnitude of the circulation, when it tends to zero the classical conduction state of the
isoflux Darcy–Bénard problem is recovered. This generalised single–cell basic flow is
parametrised by the horizontal temperature gradient parameter as well as by a Rayleigh
number proportional to the imposed boundary heat flux. In the present study, they are
independent parameters, in contrast to what happens with the cellular flows described
by Kimura et al. [81].

The stability of such basic states is analysed by considering a small–disturbance ana-
lysis. The instability threshold is investigated by employing a normal mode analysis
and it is displayed in terms of the Rayleigh number and of the horizontal temperature
gradient parameter. The must unstable cases and their nature are discussed. The in-
vestigation is carried out numerically by employing the shooting method [124, 8] and the
Chebyshev–Gauss–Lobatto pseudo–spectral method [24, 73, 54] for the solution of the
stability eigenvalue problem.

The contents of this chapter are based on the paper by Brandão, P. V., Barletta,
A., Celli, M., Alves, L. de B. and Rees, D. A. S., On the stability of the isoflux Darcy–
Bénard problem with a generalised basic state. International Journal of Heat and Mass
Transfer, doi:10.1016/j.ijheatmasstransfer.2021.121538 [28].

9.2 Mathematical Model
A horizontal porous layer with thickness H is considered. Coordinate axes are chosen

so that the x and y axes are horizontal and the z axis is vertical and directed upward.
The horizontal boundaries are impermeable and subject to the same thermal bound-

ary conditions, that is an upward uniform wall heat flux at the bottom (z = 0) and at
the top (z = H). That means that the incoming thermal power at the lower boundary is
considered to be entirely removed from the upper boundary at all given (x, y) position.
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9.2.1 Governing equations
Darcy’s law is employed to model the momentum balance and the Oberbeck–Boussinesq

approximation is assumed. The viscous dissipation effects are considered to be negligible.
The velocity field is denoted by u = (u, v, w), p is the difference between the pressure
and the hydrostatic pressure, T is the temperature field, and t is the time. Hence, the
mass balance, the momentum balance and the energy balance equations are written as

∇ · u = 0, (9.1a)
µ

K
u = −∇p− ρg β (T − T0), (9.1b)

σ
∂T

∂t
+ u ·∇T = χ∇2T. (9.1c)

The dimensional boundary conditions are given by

z = 0, H : w = 0 and − κ
∂T

∂z
= q0, (9.2)

with β being the coefficient of thermal expansion of the fluid, g the gravity acceleration
with modulus g, K the permeability of the porous medium, µ the dynamic viscosity
of the fluid, χ the average thermal diffusivity of the saturated porous medium, κ the
average thermal conductivity of the saturated porous medium, ρ the fluid density, T0 the
reference temperature, q0 the uniform wall heat flux and σ the ratio between the average
heat capacities per unit volume of the saturated porous medium and of the fluid.

The following dimensionless quantities are considered as reference quantities
x

H
→ x, t

χ

σH2 → t, u
H

χ
→ u,

T − T0

∆T → T, p
K

µχ
→ p, (9.3)

where
∆T = q0H

κ
. (9.4)

By considering the last reference quantities, a dimensionless formulation of the gov-
erning equations (9.1) can be written as

∇ · u = 0, (9.5a)
u = −∇p+RaTez, (9.5b)
∂T

∂t
+ u ·∇T = ∇2T, (9.5c)

with the boundary conditions in their dimensionless form given by

z = 0, 1 : w = 0 and − ∂T

∂z
= 1, (9.6)

with ez being the unit vector along the z axis. The modified Rayleigh number Ra can
defined as

Ra = ρβg∆TKH
µχ

. (9.7)
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9.2.2 Basic solution
A generalised stationary solution of Equations (9.5) subject to the boundary condi-

tions (9.6) is proposed here and it is given by

ub = −RaC
(
z − 1

2

)
, vb = 0, wb = 0, (9.8a)

Tb = C x− 1
12 z

[
12−RaC2(3− 2 z) z

]
+ constant, (9.8b)

∂pb
∂x

= −ub,
∂pb
∂y

= 0, ∂pb
∂z

= RaTb. (9.8c)

The subscript b stands for basic solution, while C is an arbitrary constant that con-
trols the magnitude of the temperature gradient in the x direction and, consequently,
the intensity of the horizontal flow. It is worth that the horizontal flow rate is zero inde-
pendently of C. Indeed, for every assigned value of Ra, Equations (9.8) define a class of
solutions of the governing equations by varying the value of the arbitrary constant C. In
the limit of vanishing C, the basic state considered in the classical isoflux Darcy–Bénard
problem analysed by Nield [97] is recovered.

In a first instance, the constant C may assume either positive or negative values
without any significant change in the physical meaning of the solution, since it can be
compensated by simply reflecting the x axis. For the sake of simplicity, the analysis will
focus on the non–negative values of C.

The temperature Tb is defined up to an arbitrary additive constant due to the bound-
ary conditions of Dirichlet type. However, such an additive constant has no impact on
the stability analysis. Figure 9.1 shows plot frames of the isotherms Tb = constant for a
particular case of Ra = 100 with different values of C in order to illustrate the effect of
varying C on the temperature profile. When C = 0 straight horizontal isotherms may be
observed, meaning that the temperature gradient is purely vertical, as already expected
since this is the special case where the basic state corresponds to the classical Darcy–
Bénard problem solution. On the other hand, when C starts to increase, the temperature
gradient gradually becomes less uniform. From Equations (9.8) it is possible to see that
in the limit of high values of C, the x component of the temperature gradient becomes
the dominant one close to the boundaries, while the z component of the temperature
gradient is dominant close to the midplane z = 1/2.
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Figure 9.1: Temperature distribution of the basic solutions characterised by Ra = 100:
each frame is drawn for different values of C.
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It is important to remark that, altough the solution (9.8) formally coincides with
that presented by Kimura et al. [81] and Gueye et al. [59], their physical meaning is
different. In fact, both Kimura et al. [81] and Gueye et al. [59] considered the vertical
sidewalls of the cavity, placed at suitable x = constant positions, as adiabatic walls. The
adiabaticity constraint induces an interconnection between the parameters C and Ra.
In the present analysis, no constraints are assumed for the sidewalls, which implies the
independence between C and Ra.

9.3 Linear stability analysis
In order to investigate the stability of the present system a small disturbance analysis

is considered. Such an analysis consists in decomposing the original quantities into a basic
term and another term relative to the infinitesimal disturbances, as explained in Section
3.2. Such disturbances are considered to behave as normal modes, namely

u(x, y, z, t) = ub(z) + ε û(z) ei(kxx+kyy−ωt),

p(x, y, z, t) = pb(x, z) + ε p̂(z) ei(kxx+kyy−ωt),

T (x, y, z, t) = Tb(x, z) + ε T̂ (z) ei(kxx+kyy−ωt), (9.9)

with ε being a small perturbation parameter, kx and ky the real components of the
wave vector in the streamwise and spanwise directions, respectively, ω the complex fre-
quency and û(z), v̂(z), ŵ(z) and T̂ (z) the eigenfunctions. After linearising the resulting
equations, and by applying the curl operator to the momentum balance equation, it is
possible to get rid of the pressure field. In this way, after some algebraic manipulation,
the linearised disturbance equations can be written in terms of the vertical disturbance
velocity and the disturbance temperature, namely

ŵ′′ − k2 (ŵ −Ra T̂ ) = 0, (9.10a)

T̂ ′′ −
[
k2 − ik cosφRaC

(
z − 1

2

)
− iω

]
T̂

+
[
1− 1

2 RaC
2 (1− z) z

]
ŵ − iC cosφ

k
ŵ′ = 0, (9.10b)

z = 0, 1 : ŵ = 0 = T̂ ′, (9.10c)

where the wavenumber k and the components of the wave vector may be written as

k =
√
k2
x + k2

y, kx = k cosφ, ky = k sinφ. (9.11)

The angle φ indicates the inclination between the x axis and the direction of the
wave vector, with 0 ≤ φ ≤ π/2. In a first instance, the problem is solved for the
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marginal stability condition for each assigned value of C and φ. Each assigned value of
k corresponds to a value of Ra that satisfies the zero growth rate condition . The critical
condition is given by the minimum value of Ra along the neutral stability curve. Hence,
for each assigned value of the pair (C, φ), one can determine the critical values (kc, Rac).
For this purpose, the problem is solved by using the shooting method, as explained in
Sections 4.1 and 4.1.1.

9.3.1 Matrix formulation
The shooting method may be the most convenient numerical approach if one is seek-

ing for the neutral stability condition, or even the critical conditions. However, there
are different ways to approach numerically the differential eigenvalue problem. A pos-
sible alternative approach is the one based on the matrix formulation of the differential
problem, namely the matrix–form approach (see Section 4.2). The main difference of
the matrix–form approach is that it aims to obtain the entire (truncated) spectrum of
the linear operator for each assigned value of (k,Ra). In fact, the differential eigenvalue
problem can be rewritten as

Lq = ωBq, (9.12)
where L and B are linear operators, q is a vector formed by ŵ and T̂ and ω is the complex
frequency, here the complex eigenvalue. Equation (9.12) can be reformulated as[

L11 L12
L21 L22

] [
ŵ

T̂

]
= ω

[
B11 B12
B21 B22

] [
ŵ

T̂

]
, (9.13)

where
L11 = D2 − k2Iq̂L12 = k2Ra I,

L21 =
[
1− 1

2 RaC
2 (1− z) z

]
I − iC cosφ

k
D,

L22 = D2 −
[
k2 − ik cosφRaC

(
z − 1

2

)]
I, (9.14)

with I being the identity matrix, D being the matrix corresponding to the differential
operator d/dz, which is given by the Chebyshev–Gauss–Lobatto pseudo–spectral method
and

B11 = 0q̂B12 = 0q̂B21 = 0q̂B22 = −i I. (9.15)

9.4 Asymptotic analysis for small values of C
As already mentioned, when C = 0 the classical basic state is recovered. It can be of

interest to investigate the problem behaviour in the vicinity of this condition, that is in
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the limit of small values of C. When C vanishes, it is possible to obtain an analytical
solution.

By considering just longitudinal modes (φ = π/2), Equations. (9.10) show that the
eigenvalue problem depends just on C2, which allows one to write the expansions

ŵ =
∞∑
n=0

˜̂wnC2n, T̂ =
∞∑
n=0

˜̂
TnC

2n, Ra =
∞∑
n=0

R̃anC
2n. (9.16)

By substituting Equation (9.16) into Equation. (9.10) at each order j, one has

˜̂w′′n − k2 ˜̂wn + k2
n∑

m=0
R̃am

˜̂
Tn−m = 0,

˜̂
T ′′n − k2 ˜̂

Tn + ˜̂wn − In = 0, (9.17)
where I0 = 0 and

In = −1
2z(1− z)

n−1∑
m=0

R̃am ŵn−m−1, (9.18)

for n > 1.
One may reduce Equations (9.17) to a single equation of fourth order for ˜̂

T . Given
that such a single equation for ˜̂

T0(z) is of linear constant-coefficient type, a substitution
of ˜̂

T0(z) = ebz, (9.19)
leads to the characteristic equation

k4 + b4 − k2(R̃a0 + 2b2) = 0, (9.20)

for which solutions are given by b = ±b1 and b = ±b2, with

b1 =
(
k2 − kR̃a1/2

0

)1/2
, (9.21)

and
b2 =

(
k2 + kR̃a

1/2
0

)1/2
, (9.22)

and the general solution for T̂0 is written as

˜̂
T0(z) = m1e

−b1z +m2e
b1z +m3e

−b2z +m4e
b2z. (9.23)

By applying the appropriate boundary conditions, which can be derived from Equa-
tions (9.10), the values of the coefficients m1 to m4, must satisfy the matrix/vector
equation,
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
−b1 b1 −b2 b2
−b1e

−b1 b1e
b1 −b2e

−b2 b2e
b2

b2
1 − k2 b2

1 − k2 b2
2 − k2 b2

2 − k2

b2
1e
−b1 − e−b1k2 b2

1e
b1 − eb1k2 b2

2e
−b2 − e−b2k2 b2

2e
b2 − eb2k2



m1
m2
m3
m4

 = 0. (9.24)

Nonzero solutions are found by imposing that the determinant of the matrix must be
equal to zero.

For the higher order equations, the general solution should have the same form as
the one at zero order, and it is considered a particular solution of the form

˜̂
T

(p)
j (z) = M1 m1 z e

−b1z +M2 m2 z e
b1z +M3 m3 z e

−b2z +M4 m4 z e
b2z, (9.25)

which, by applying to the equation of j-th order, it is possible to recover the expressions
for the M coefficients.

The implicit expression for the solution of R̃a0 is given by

k2 sinh (b1) sinh (b2) + b1 b2 [cosh (b1) cosh (b2)− 1] = 0, (9.26)
which depends on k. At second and fourth orders, it is possible to obtain explicit solutions
for both R̃a1 and R̃a2. They are, however, omitted here for the sake of conciseness.

9.5 Asymptotic analysis for small values of k
As already mentioned, the case C = 0 corresponds to the classical DB problem, which

critical condition is relative to infinite wavelength disturbances, namely kc = 0. For this
reason, an asymptotic analysis for k → 0 can be useful in order to understand how the
critical conditions are affected by small variations in C. Expanding the variables in a
power series in terms of k, leads to

ŵ =
∞∑
n=0

ˆ̂wn kn, T̂ =
∞∑
n=0

ˆ̂
Tn k

n, Ra =
∞∑
n=0

R̂an k
n. (9.27)

The solutions at each order are given by,

ˆ̂w0 = 0, (9.28a)

ˆ̂
T0 = 1, (9.28b)
ˆ̂w1 = 0, (9.28c)

ˆ̂
T1 = C1 −

1
6i C R̂a0z

2(2z − 3) cos(φ), (9.28d)
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ˆ̂w2 = −1
2R̂a0(z − 1)z, (9.28e)

ˆ̂w3 = 1
120iz(z − 1)[60i(C1R̂a0 + R̂a1) + CR̂a

2
0(2z3 − 3z2 − 3z − 3) cos(φ)], (9.28f)

which allow one to find the solution of ˆ̂
T2 up to an additional integration constant,

ˆ̂
T2 = 1

1440
[
720z2 − 9C2R̂a

2
0z

2 − 120R̂a0z
3 + 60R̂a0z

4+

15C2R̂a
2
0z

4 − 6C2R̂a
2
0z

5 + 2C2R̂a
2
0z

6 + 1440C2−

C2R̂a
2
0z

2(9 + 15z2 − 30z3 + 10z4) cos(2φ)−
240iC(C1R̂a0 + R̂a1)z2(2z − 3) cos(φ)

]
. (9.29)

After applying the boundary conditions, the resulting quadratic equation for R̂a0
provides the following solutions,

R̂a
l

0 = 120
√

5
√

5− 24C2 cos(2φ)− 48C2 + 5
, (9.30)

R̂a
u

0 = − 120
√

5
√

5− 24C2 cos(2φ)− 48C2 − 5
, (9.31)

with the superscripts, l and u, referring to lower and upper, respectively.
It is important to note that, in the limit C → 0, the solutions R̂a

l

0 → 12 and
R̂a

u

0 → ∞ are in accordance with the classical results for C = 0. In addition, in order
to obtain physically meaningful results the solution must correspond to positive values
of the square roots argument. This means that C have to satisfy the inequalities

−
√

5
2
√

6(2 + cos(2φ))
< C <

√
5

2
√

6(2 + cos(2φ))
. (9.32)

Since for the present problem a signal change in C does not imply any important
physical change, the analysis may be restrict to positive values of C here. Therefore, C
must satisfy

C <

√
5

2
√

6(2 + cos(2φ))
. (9.33)

If this condition is not respected, it means that there is no solution for k = 0. This
limit represents for instance

C <

√
5

6
√

2
∼ 0.263523, (9.34)
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for φ = 0, and

C <

√
5

2
√

6
∼ 0.456435, (9.35)

for φ = π/2.

9.6 Discussion of the results

9.6.1 Verification
In this section the convergence analysis as well as a verification of the numerical

calculations are presented. Table 9.1 and 9.2 present the convergence of the calculation
performed in the Mathematica environment for the first and second most unstable modes.
The built–in function NDSolve works with an adaptive step–size mesh by default. So
different fixed step–size mesh results were obtained and compared with those obtained
from the adaptive one in order to ensure the convergence of the computations. The
results shown in Tables 9.1 and 9.2 consider ω as the unknown variable. It can be seen
that the adaptive mesh returns accurate results with at least 9 converged figures.

Figures 9.2 and 9.3, show the convergence of the numerical calculations performed by
considering the matrix–forming approach, that is by using the pseudo–spectral Chebyshev–
Gauss–Lobatto method. As expected for pseudo–spectral methods, the convergence can
be achieved rapidly, for small values of N , and the absolute error reaches a minimum for
a small number of mesh points. The absolute error was calculated by using as reference
solutions the adaptive mesh shooting method results.

Table 9.1: Shooting method convergence: a comparison of the results obtained for dif-
ferent values of the fixed step–size δ employed for the domain discretization. The values
of the angular frequency ω are obtained for C = 0.1, φ = 0, Ra = 600, k = 5 and for the
most unstable mode.

δ Re[ω] Im[ω]
0.1 76.1301413428 71.3389808444
0.05 76.3608999828 71.5537897173
0.025 76.3759942723 71.5688304389
0.0125 76.3768763616 71.5698331905
0.01 76.3769093734 71.5698737008
0.005 76.3769304117 71.5699002616
0.0025 76.3769316885 71.5699019385
0.00125 76.3769317671 71.5699020438

Adaptive 76.3769317723 71.5699020508
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Figure 9.2: Absolute value ε of the difference between the results obtained by employing
the pseudo–spectral method and the shooting method with adaptive step–size mesh. The
parameter ε is plotted for different values of the number of collocation points N as well
as the order of the Chebyshev polynomial. The values of the angular frequency ω are
obtained for C = 0.1, φ = 0, Ra = 600, k = 5 and for the first most unstable mode.

Table 9.2: Same as Table 9.1 but for the second most unstable mode.

δ Re[ω] Im[ω]
0.1 38.2012727048 -43.2049433605
0.05 38.5648973811 -43.5971821585
0.025 38.5954461409 -43.6186157267
0.0125 38.5975837099 -43.6197805121
0.01 38.5976713085 -43.6198220187
0.005 38.5977289672 -43.6198479227
0.0025 38.5977326243 -43.6198494454
0.00125 38.5977328544 -43.6198495374

Adaptive 38.5977328698 -43.6198495434
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Figure 9.3: Same as Figure 9.2 but for the second most unstable mode.

From now on, the adaptive step–size mesh shooting method and the pseudo–spectral
method with N = 21 will be considered. Figure 9.4 shows a good agreement between
the results obtained by both methods.
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Figure 9.4: Growth rate as a function of Ra for C = 0.2, φ = π/2 and k = 1: comparison
between shooting method (continuous line) and matrix forming (red dots) results.

Once the accuracy of the numerical calculations were verified, it is possible to compare
the numerical results with those from the asymptotic analysis for small values of C in
order to evaluate the usefulness of such results. Such an analysis can be quite useful
considering that the C parameter cannot assume high values. Table 9.3 presents a
comparison between the neutral stability results calculated with the shooting method
and those from the asymptotic analysis, considering the zeroth, second and fourth order
approximations. Consistent trends are observed.
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Table 9.3: Comparison between the Rayleigh number Ra obtained by employing the
shooting method and the Rayleigh number obtained by employing the asymptotic ana-
lysis for small values of C truncated at zeroth (R̃a0), second (R̃a0 +C2 R̃a1), and fourth
(R̃a0 + C2 R̃a1 + C4 R̃a2) orders. The values of the Rayleigh number are obtained for
k = 2 and φ = π/2.

C Ra R̃a0 R̃a0 + C2R̃a1 R̃a0 + C2R̃a1 + C4R̃a2
0.001 16.5065313573078 16.5065039553139 16.5066197841567 16.5066197853894
0.01 16.5092450551770 16.5065039553139 16.5180868395888 16.5180991675637
0.05 16.5755829985049 16.5065039553139 16.7960760621851 16.7368123770508
0.1 16.7900117639327 16.5065039553139 17.6647923827987 16.7165734205878

9.6.2 Discussion
In this section the results will be presented and discussed, focusing on the influence

of C and φ on the instability threshold. The results will be presented in terms of neutral
stability conditions and the respective critical conditions. In addition, a discussion about
the dominant stability modes is presented as well. Figure 9.5 presents the marginal
stability condition in terms of neutral stability curves for different values of φ. For every
inclination angle, the most unstable curve is demonstrated to be the one relative to the
case C = 0. For C = 0, the unstable region is a semi–infinite region, starting from the
neutral stability curve and without limitations above. As the value of C increases, the
unstable region limited by these curves starts to become finite and eventually disappears,
indicating the appearance of an upper bound for instability. Such a trend is observed
for longitudinal, oblique and transverse modes.
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Figure 9.5: Neutral stability curves for different values of C, in steps of 0.02, starting
from C = 0 up to C = 0.26, 0.28, 0.36 and 0.44 for φ = 0, π/6, π/3 and π/2, respectively.
Red curves indicate those relative to C = 0.2, 0.3, 0.4.
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Figure 9.6: Neutral stability curve for C = 0. The coloured points define the three
wavenumbers, k = 0.01, 5, 10, employed in the detailed investigation of the influence of
C and φ on the neutral stability curve.

Figure 9.6 shows the neutral stability curve for C = 0. The case C = 0 represents
the classical configuration, whose critical condition is known to be Rac = 12 and kc = 0.
For this case, the results do not depend on φ since there is no preferred direction for the
disturbances.

In order to investigate the role of C and φ on the neutral stability condition, three
points relative to three different values of k are put in evidence in the Figure 9.6. Figure
9.7 shows the effect of varying C on the the marginal Ra for each one of these wavenum-
bers for φ = π/2. In all three cases, there is a maximum value of C above which no
transition is observed. It is possible to see that the maximum C allowed is larger for
small values of k, suggesting once again that Rac is obtained in the limit as k → 0. Such
a result indicates that, as C increases, the unstable region in (k,Ra)–space decreases
until it disappears. Such a condition was already expected from the asymptotic analysis
for k → 0, which says through Equation (9.33) that, for each value of φ, there exists a
maximum value of C above which no unstable modes are observed at all.

138



k=0.01

k=5

k=10

0.0 0.1 0.2 0.3 0.4 0.5
0

50

100

150

200

250

300

350

C

Ra

ϕ=π/2

Figure 9.7: Rayleigh number as a function of C for different values of k and φ = π/2.
Neutrally stable modes are considered.

At this point, Figure 9.8 shows the influence of φ on the maximum C allowed for
each one of the three wavenumbers marked in Figure 9.6. This figure shows that the
maximum value of C monotonically increases with respect to φ for all values of k. This
is an expected result based on the inequalities presented in Equations (9.34) and (9.35).
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Figure 9.8: Maximum value of C, for fixed k and φ, beyond which no neutrally stable
modes are possible.

Figure 9.9 shows a three–dimensional map of the most unstable mode (the one with
higher growth rate) for C = 0.1, containing its growth rate as a function of k and Ra
for φ = 0 (left) and φ = π/2 (right). It can be seen that the growth rate behaviour
is qualitatively different in both cases. While for φ = π/2 the behaviour of the growth
rate is continuous (as it can be observed from the black line), for all value of k when
varying the value of Ra, no such thing occurs for φ = 0. In fact, for φ = 0 there is a
discontinuity in the black line that follows the growth rate as varying Ra for a fixed value
of k. In order to better understand the reason for this qualitatively different behaviour
for different values of φ, a cross–section for a fixed value of k in both three-dimensional
maps is investigated in detail.
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Figure 9.9: Three dimensional map showing the growth rate as a function of the wave
and Rayleigh numbers for C = 0.1 with φ = 0 (left) and φ = π/2 (right).

Figures 9.10 and 9.11 show the data relative to both frequency and growth rate along
such a cross–section. For both cases the chosen cross–section is relative to k = 5, which
is represented by the black line in Figure 9.9.

In Figure 9.10 it can be seen that, as Ra increases, the two most unstable modes
merge at a specific value of Ra. Up to this synchronization point, both modes are
stationary, as it can be seen in the upper–right frame. Looking at the bottom–frame, it
becomes clear what happens. Both modes are stationary for small values of Ra, then,
at a specific value of Ra, the two modes collapse and become two modes with the same
growth rate and the same absolute value of frequency, but with different sings. In fact,
in the bottom–frame of Figure 9.10 these three situation are represented, namely the
eigenvalue spectrum is shown for a value of Ra before the merge, another one just after
the merge and another one for a higher value of Ra.
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Figure 9.10: Temporal growth rate (top left) and frequency (top right) as functions of
Ra as well as the frequency spectra at three different Ra (bottom). Data obtained for
k = 5, C = 0.1 and φ = 0. Solid and dashed lines represent most unstable modes before
synchronization at Ram ' 438.110. Dot dashed lines represents both modes beyond this
point.

Figure 9.11 shows similar data to Figure 9.10, but for φ = π/2. For this case, however,
the synchronization is not observed. Both modes have different temporal growth rates,
as shown in the upper–left frame of Figure 9.11, and remain stationary for all value
of Ra, as shown in the upper–right frame. Nonetheless, it is interesting to note that
their temporal growth rates do become quite close for high values of Ra. This behaviour
change is summarized in the bottom–frame of Figure 9.11, which shows the spectra at
three different Ra within this high Ra region. Thus, synchronization occurs only for
transverse modes (φ = 0) but not for longitudinal ones (φ = π/2).
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Figure 9.11: Same as Figure 9.10, but for φ = π/2. No synchronization occurs.

Now, the investigation can be focused on the influence of C on the stability results.
For C = 0, there is no preferred orientation of the wave vector. On the other hand,
φ plays an important role when C > 0. Figures 9.12 and 9.13 show neutral stability
curves for different values of C for the transverse and longitudinal cases, respectively.
The neutral stability curve is represented by the external thick solid lines. At the interior
of the neutral stability curve there is the unstable region, that is the region in which dis-
turbances modes with positive values do exist. In that region, positive temporal growth
rate isocontours are represented by the thin solid lines. In addition, the synchronization
points, that is the points in which the two unstable modes merge, are shown by the
thick dashed lines whenever present. Since this finite unstable region exists, there exists
also a lower and a upper bound for the critical Rayleigh number. In Figures 9.12 and
9.13 the global maximum growth rates, for each case, is represented by the red dots.
The maximum growth rate point is obtained by an optimization process of the original
problem with respect to Ra and k very similar to the automatic critical point search
employed in a previous work [5]. The additional equations required for this procedure
are obtained by taking derivatives of Equations (9.10) with respect of both Ra and k
and then imposing ∂Im[ω]/∂Ra = 0 and ∂Im[ω]/∂k = 0. Further details can be found
elsewhere [8, 6].

It is important to note that, even in the presence of upper neutral stability bounds,
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the lower bound for the critical Rayleigh number always occurs at k = 0, which can
be analytically determined by Equation (9.30). Another important fact is that all most
unstable modes represented by red dots in Figures. 9.12 and 9.13 have finite wavelength,
i.e. k > 0. Thus, based on a linear analysis, it can be said that the nonlinear saturation
is unlikely to be reached by the infinite wavelength modes in the supercritical region.
However, such an analysis is beyond the scope of the present work. Another important
consideration is the fact that the upper bound for the critical Rayleigh number only
occurs at k = 0 in the limit of high values of C. For these cases, it can be determined
by Equation (9.31).
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Figure 9.12: Neutral stability curves (thick solid lines) and temporal growth rate isolines
(thin solid lines) for different values of C with φ = 0. The red dots identify the maximum
temporal growth rate: Im[ω] = 102.298 at Ra = 366.298 and k = 4.6754 for C = 0.1,
Im[ω] = 21.7067 at Ra = 135.978 and k = 3.61197 for C = 0.15, Im[ω] = 2.58776 at
Ra = 53.3939 and k = 2.46325 for C = 0.2 and Im[ω] = 0.0515489 at Ra = 27.5296 and
k = 0.960554 for C = 0.25.
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Figure 9.13: Same as Figure 9.12 but for φ = π/2. Im[ω] = 144.045 at Ra = 487.596
and k = 6.39767 for C = 0.1, Im[ω] = 17.9898 at Ra = 122.111 and k = 3.74012 for
C = 0.2, Im[ω] = 0.0782786 at Ra = 28.3118 and k = 0.950117 for C = 0.42 and
Im[ω] = 0.0144728 at Ra = 25.8143 and k = 0.622522 for C = 0.44.

9.7 Conclusions
The onset of natural convection in a horizontal fluid saturated porous layer bounded

by isoflux impermeable boundaries was investigated here. The study of the isoflux Darcy–
Bénard instability was investigated from a novel perspective. A one–parameter class of
basic states compatible with the imposed boundary conditions was proposed here. The
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parameter which determines the different states in this class of solutions is the dimen-
sionless horizontal temperature gradient in the x direction, C. The classical conduction
basic state is recovered by setting C = 0. When C 6= 0, the basic states feature infinitely
wide Hadley cells with a zero mean horizontal flow rate.

The onset of natural convection has been investigated by means of a linear stabil-
ity analysis, where the threshold condition has been expressed through neutral stability
curves in the parametric (k,Ra) plane. The orientation of the disturbance wave vector
relative to the axis x is parametrised by the angle φ. Then, φ = 0 describes the lon-
gitudinal rolls, a situation where where the normal mode propagates in the x direction.
Longitudinal rolls are given by φ = π/2 and intermediate values of φ describe the oblique
rolls. The main features of the present linear stability investigation are the following:

• For C = 0, the well–known results for the classical isoflux Darcy–Bénard solution
are retrieved. The orientation angle φ does not influence the transition to instability
for this case. The most unstable modes are stationary and the critical condition is
triggered for kc = 0 and Rac = 12.

• For C 6= 0, the longitudinal rolls (φ = π/2) are the most unstable modes at the
onset of instability, with the critical condition being triggered by infinite wavelength
modes (kc = 0). When C is large enough, the upper critical condition is also
triggered by infinite wavelength modes for high values of C. For smaller values of
C, the upper critical condition is relative to finite wavelength modes kc 6= 0.

• For C 6= 0, the neutral stability condition for longitudinal rolls is always given by
stationary modes, while oblique and transverse rolls (0 ≤ φ < π/2) can be either
stationary or travelling.

• The lower critical value of Rac is determined analytically for every C and is a
monotonic increasing function of C. Thus, among all the one–parameter class of
basic states, the most unstable one is C = 0. On the opposite, the upper critical
value of Ra can only be determined analytically for large enough values of C.
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Chapter 10

Final discussion

In this thesis, novel results regarding the Darcy–Bénard instability were presented. In
order to contribute to a better comprehension of this important field of research, different
features that can be relevant for a wide class of applications were considered. The most
important information sought here was that regarding the instability threshold and the
disturbances pattern selection. The linear stability theory can be the most appropriate
choice for the determination of the instability threshold, but it is not always the case.
In the present thesis, both the linear and the non linear theories were considered.

Among the important results, it is worth mentioning some specific points. For what
concerns vertical throughflow of non–Newtonian fluids in porous media, it can be said
that, according to the linear theory and the power–law model for the apparent viscosity,
pseudoplastic fluids are more stable than Newtonian fluids for small values of Pe and
less stable for high values of Pe. The opposite trend is observed for dilatant fluids. The
dominant instability mode on the transition turned out to be always disturbance waves
of infinite wavelength. On the other hand, the shape of the vertical sidewall does not
affect the instability threshold. However, it affects the linear pattern selection of the
instability. In the case of vertical cylinders, it was found that, in the limit of high values
of Pe, an asymptotic analysis can be done. Numerical results show that such a solution
is reliable from Pe ' 10. Such a result is important because, as it is known from the
literature results, the power–law model for non–Newtonian fluids is more reliable for high
values of Péclet number. In fact, in the limit of small values of Pe, the model presents
an important singularity, which is expected to impact the stability results. Namely, the
model returns a infinite apparent viscosity for pseudoplastic fluids and a zero apparent
viscosity for dilatant fluids. Such results are unphysical. For this reason, novel rheological
models for apparent viscosity in fluid saturated porous media were proposed, namely
Darcy–Carreau and Darcy–Carreau–Yasuda models. By employing these new models,
in the limit of vanishing flow rates, the fluid behaves as a Newtonian fluid. Since this
is a completely new result, a weakly nonlinear stability analysis is performed for better
understand this problem. It was found that the transition from the conductive to the
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convective state for dilatant fluids is dictated by the linear dynamics. On the contrary,
the nature of the bifurcation depends on a parameter that involves the fluid and the
porous medium characteristics.

A comparison with theoretical and experimental results for the onset of mixed con-
vection served to confirm that, in the limit of high values of Pe, the proposed model
agrees with the power–law behaviour. For high values of Pe, the agreement between
experiments and theory was unsatisfactory for both models. On the other hand, for
small values of Pe, it can be seen that the present model seems to be a more adequate
choice.

Finally, a generalised basic state for the Darcy–Bénard problem heated from below
and cooled from above by a constant heat flux was proposed and its instability was
investigated. A one–parameter class of basic states was considered, controlled by the
dimensionless horizontal temperature gradient C in the direction x. The case C = 0 is
the well–known basic state for the isoflux Darcy–Bénard case. This is the most unstable
between all solutions. In that case, the disturbance rolls have no preferred direction.
For C > 0, the longitudinal rolls are the most unstable and, at onset of instability they
are relative to plane wave disturbances of infinite wavelength. In the case C 6= 0, the
disturbance modes are always stationary for longitudinal modes, while they can be either
stationary or not for oblique and transverse rolls.

10.1 Future perspectives
The present thesis brought important novel results to the understanding of Newtonian

and non–Newtonian convection in porous media. This kind of study can be of interest
for a wide range of applications. Among others, I can cite here the development of new
technologies for building insulation, geophysical engineering and food technology. An
accurate modelling of the real world phenomena is a motivation for obtaining useful
theoretical results. This work attempted to fill some important gaps in the literature, as
the understanding of the influence of complex fluid rheologies as well as of more general
equilibrium solutions for the onset of convection in porous media. Among these lines,
some further important information can be sought in the future. Here, I mention the
study of more complex porous matrices and of more complex fluid models.

In general, a real world system is strongly nonlinear, from the mathematical point of
view. For this reason, linear analyses have to be used with care in order to avoid any
loss of generality in the real problem. In this sense, nonlinear analyses may be necessary
for a better comprehension of complex phenomena. In addition, the characterisation of
the instability nature, convective or absolute, is definitely important. Among the future
perspectives, I mention the features of these kinds of instability together with the non-
linear analysis. All these topics are important goals to be pursued. The understanding
of the disturbance behaviour in the unstable parametric region is a further goal that can
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be achieved by means of experimental or nonlinear analyses.
Finally, from the results achieved in the present work it is possible to draw some

possible investigations that may deserve some attention in the future:

• As discussed extensively in the present work, the power–law model presents a
singularity in the limit of vanishing flow–rate. On the other hand, it was concluded
in Chapter 5, where the power–law model was considered, that in the limit of small
values of flow–rate the critical results can be obtained analytically, what is not
true for high values of flow–rate. Such an apparent contradiction deserves to be
investigated in the future more carefully.

• The Darcy–Carreau and Darcy–Carreau–Yasuda models proposed in Chapters 7
and 8 were validated by means of the stability results. Nonetheless, a more rigorous
experimental validation is needed yet.

• The onset of natural convection for pseudoplastic fluids was found to be subcritical
here. However, it was not fully investigated yet, a complete characterization of
the transition as well as of the convective patterns arising after the transition is
needed. In addition, for a more complete understanding of convection involving
dilatant and pseudoplastic fluids, the onset of mixed convection deserves to be
investigated by means of nonlinear analyses in the future as well.

• The results from Chapter 9 showed a lower and an upper critical Rayleigh number,
indicating a closed unstable parametric region. It should be interest investigating
such a closed parametric region from a nonlinear point of view, focusing on the
upper neutral stability condition. Another possible important extension could be
the investigation of the transition to absolute instability, and how it would be
affected by this double neutral stability condition.
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